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EXTENDED T-SYSTEMS

E. MUKHIN AND C. A. S. YOUNG

ABSTRACT. We use the theory of g-characters to establish a number of short exact sequences in the
category of finite-dimensional representations of the quantum affine groups of types A and B. That
allows us to introduce a set of 3-term recurrence relations which contains the celebrated T-system

as a special case.
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1. INTRODUCTION

The T-systems are important sets of recurrence relations which have many applications in inte-
grable systems. The literature on the subject is vast: we refer the reader to the survey [KNS11]
and references therein.

Originally, the T-systems were introduced as a family of relations in the Grothendieck ring
of the category of the finite-dimensional modules of the Yangians and quantum affine algebras
[KR90, KNS94, Nak03, Her06]. More precisely, the T-systems correspond to a family of short
exact sequences of tensor products of Kirillov-Reshetikhin (KR) modules [Her06]. The knowledge
of the T-system is one of the main reasons the KR modules are comparatively well understood.

In this paper we argue that other classes of finite-dimensional modules of quantum affine algebras
can be studied using recursions similar to the T-systems. We call such recursions extended T-
systems. The sense in which they generalize the usual T-system is perhaps most rapidly understood
by examining Figures 3 and 4, in which simple examples of T-system relations (above) and relations
in the extended system (below) can be compared. Let us begin by describing the construction of
these recursion relations.

The irreducible finite-dimensional modules of affine quantum groups are parameterized by their
highest [-weights or, equivalently, their Drinfeld polynomials. Given an irreducible module T, in
many cases there is a natural rightmost and leftmost zero of the set of Drinfeld polynomials of T
We call the irreducible module corresponding to the Drinfeld polynomials of 7" with the rightmost
(resp. leftmost) zero removed the left (resp. right) module, L (resp. R). We call the irreducible
module corresponding to the Drinfeld polynomials of T" with both rightmost and leftmost zeros
removed the bottom module, B. We call T the top module. Obviously, the modules L ® R and
T ® B have the same highest [-weights.

We find that in many cases T'® B is in fact irreducible, and the difference L ® R — T ® B in the
Grothendieck ring is also a class of an irreducible module. In fact this difference is even special,
meaning that it has a unique dominant [-weight. We then proceed to factor the difference into a

product of prime irreducible modules N; and Ns, which we call neighbours. Therefore we obtain a
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short exact sequence

which can be used to express module T" in the Grothendieck ring via smaller (in a natural order)
modules. We note that unfortunately, in general we do not know which of the two coproducts
corresponds to the choice of the arrows in the short exact sequence we made here.

Our starting point in types A and B is the class of minimal affinizations (MA). The MA [CP95,
CP96a, CP96b] form an important class of irreducible modules of affine quantum groups which are
the closest possible analogs of the evaluation modules. The KR modules are simplest examples of
MA, corresponding to highest weights which are multiples of a fundamental weight.

We find that the extended T-system closes among MA in type A. That means that if the top
module T is a MA then all other modules in (1.1) are also MA.

We turn next to type B. Here we find that our extended T-system does not close in the class
of MA (except for the case of By). Namely if T is a MA, the modules L, R, B are also MA, but
N7 and Ny in general are not. Therefore we are forced to consider a slightly more general class
of modules, which we call “wrapping” modules, where the extended T-system does close. The
wrapping modules seem to have properties similar to MA, at least from the combinatorial point
of view. The extended T-system is then a recursion relation which allows one to compute, in
particular, the wrapping modules via fundamental representations.

We proceed to extend our T-system to yet a larger class of modules — the snake modules,
introduced in [MY]. In type A, the snake modules are just modules related to skew Young diagrams,
[NT98]. In type B, the modules related to skew Young diagrams [KOS95] form a subset of snake
modules. The term “snake” is meant to be suggestive of the pattern formed by the zeros of the
Drinfeld polynomials of such modules, c.f. Figure 2.

In this paper we work in types A and B only, where MA, and more generally snake modules,
are thin and special in the terminology of g-characters. Thin means that the Cartan part of the
quantum affine algebra acts in a semi-simple way. This allows one to compute their g-characters
explicitly, which was done [NT98, FM02] in type A and recently [MY] in type B. Then the problem
of the existence of short exact sequences can be reduced to combinatorics.

A natural question is whether extended T-systems exist in all types, as is the case with the usual
T-system. Computations suggest that they do: we give some illustrative examples in Appendix A.
However, it remains a challenge to identify a suitable class of representations — which one would
like to include all minimal affinizations — and to furnish the necessary proofs. Note that minimal

affinizations in other types are not thin [Her07] in general, which makes the analysis more difficult.

The explicit form of several instances of the extended T-system is written in Section 4. For
example, the extended T-system for evaluation modules in type Ay is an equation for the functions
" s =1,...,N, where k € Z, mj € Z>p, i =1,...,N+1—s:

mi,...ms—1lpmi—1,....ms _ pmi,....mspmi1—1,....,ms—1 mi,....mMs—1pmi—1,...ms
Ty T, o =15, T, o + T Tk’

with some natural boundary conditions. In particular, for s = 1, the functions 77 satisfy the usual

T-system.
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The T-systems are functional equations which are widely studied and very important in many
parts of mathematics and physics. We hope that many properties and applications of the T-systems
can be generalized to the extended T-systems. For example, we expect that the extended T-system

has a restricted version, similarly to the usual T-system [IIKNS].

As a first application of the extended T-systems we consider the corresponding extended Q-
system of type Bs. We use it to compute the decomposition of By wrapping modules after restriction

to the finite quantum group, generalizing the results of [Cha95].

In types ADE, there is a recent remarkable conjecture on the cluster algebra relations in the
category of finite-dimensional representations of affine quantum groups [HL10] which includes the
T-system. We should like to think that similar to the T-systems, the extended T-systems would

provide a large family of explicit cluster relations in the cluster algebra.

The paper is organized as follows. Section 2 contains background material. In Section 3 we recall
the definition of snake modules, and define the neighbours of a prime snake. Then in Section 4 we
state our main result, Theorem 4.1. The remainder of Section 4 exhibits various special cases of this
theorem. In Section 5 we apply our result to compute the dimensions and U, (g)-decompositions
of wrapping modules in type Bs. To prove Theorem 4.1, we first recall in Section 6 the machinery
of paths and moves from [MY]; then the proof itself is in Section 7. Appendix A is devoted to
examples of 3-term relations in types C and D. Finally, in Appendix B, we prove a theorem on

thin, special, truncated g-characters which we need in Section 7.

While this paper was in preparation, D. Hernandez and B. Leclerc informed us that motivated
by the cluster algebra conjecture they have also proved a number of 3 term relations in types A
and B.
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discussions. EM would like to thank D. Hernandez for his hospitality during a visit to Paris in
Summer 2010. CY would like to thank TUPUI Department of Mathematics for hospitality during
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of Science (until end Oct 2010) and by the EPSRC (from Nov 2010, grant number EP /H000054/1).
The research of EM is supported by the NSF, grant number DMS-0900984. Computer programs
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2. BACKGROUND

2.1. Cartan data. Let g be a complex simple Lie algebra of rank N and h a Cartan subalgebra
of g. We identify h and h* by means of the invariant inner product (-,-) on g normalized such that
the square length of the maximal root equals 2. Let I = {1,..., N} and let {a;};c; be a set of
simple roots, with {o} }ie; and {w; }icr, the sets of, respectively, simple coroots and fundamental
weights. Let C' = (Cj;)i jer denote the Cartan matrix. We have

2 (Oéi,Oéj> = CZ <ai7ai> ) 2 <ai7wj> = 5ij (aivai> .
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Let 7V be the maximal number of edges connecting two vertices of the Dynkin diagram of g.
Thus ¥ = 1 if g is of types A, D or E, r¥ = 2 for types B, C and F and rV = 3 for Gy. Let

T, = % (o, ). The numbers (r;);er are relatively prime integers. We set

D := diag(ry,...,mN), B := DC;

the latter is the symmetrized Cartan matrix, B;; = ¥ (o, o ).

Let Q (resp. Q1) and P (resp. P*) denote the Z-span (resp. Z>o-span) of the simple roots and
fundamental weights respectively. Let < be the partial order on P in which A < X if and only if
N—-XeQ™r.

Let g denote the untwisted affine algebra corresponding to g.

Fix a ¢ € C*, not a root of unity. Define the g-numbers, g-factorial and g-binomial:

—n

), = Lm0 )= [, (- 1, 1], ["

[n],!

[n—m] ! [m],!"

q—4q m

q q

2.2. Quantum Affine Algebras. The quantum affine algebra U,(g) in Drinfeld’s new realization,
[Dri88] is generated by x;tn (i€l,n€Z), k' (i €I), hin (i € I, n € Z\{0}) and central elements

/2 subject to the following relations:

kik; = kjki,  kihjn = hjnki,

1_ j:Bl
k; i nkl it

jme
. + 9 ] oFInl/2,+
[hz,na$j,m] - :l:_[nBZ ] & ‘ |/ ]n—‘,—m? (21)
+ + +B;;,.* + +B;; . £ .t + +
xi,n+1$j,m q ZJw] mTi n+1 — =q Y $ l‘] m—+1 $j,m+lxi,n7
cr—c"
[hz n h] m] — 571 —-m [nBZ]] 1
q—4q
n m)/2 n—m)/2
+ - 1= 5. /¢2n+m_c ( /(bzn—l—m
[ s 25 m] = i g —qTi ’
+ + + _+ + _ —1 (..
Z Z [ ] xivn‘rr(l) e xi7n7r(k)xj7mxi7n7r(k+l) e xi7n7r(s) - 07 s=1 CZ]’
meXs k=0 qri
for all sequences of integers ni,...,ns, and ¢ # j, where Y, is the symmetric group on s letters,

and (b;tn’s are determined by the formula

Z qbz :I:n = k:z:tl eXp < q—q Z hz :I:mu:tm> . (22)

There exist a coproduct, counit and antipode making Uy(g) into a Hopf algebra.
The subalgebra of U,(g) generated by (k;)ier, (:Ei:o)ie[ is a Hopf subalgebra of U,(g) and is
isomorphic as a Hopf algebra to U,(g), the quantized enveloping algebra of g. In this way, U,(g)-

modules restrict to U,(g)-modules.
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2.3. Finite-dimensional representations and g-characters. A representation V' of U,(g) is of

type 1 if ¢*1/2 acts as the identity on V and
V= @ Vi, Vi ={veV:kv=qgNy} (2.3)
AEP

In what follows, all representations will be assumed to be of type 1 without further comment. The
decomposition (2.3) of a finite-dimensional representation V' into its Ug,(g)-weight spaces can be
refined by decomposing it into the Jordan subspaces of the mutually commuting (JSZ:{: ., defined in
(2.2), [FROS]:

V=V,, v=0iL)ierrezay Ve €C (2.4)
~
where
i,Em

k
V,={veV:3keN Viel,m>0 (qbi —ﬁim>v:o}.

If dim(V4) > 0, ~ is called an l-weight of V. For every finite-dimensional representation of Uy,(g),
the l-weights are known [FR98] to be of the form

o0 . .
V() = iy u = qridesQirides Ry Qi(ug™"") Ri(ug™)
Z = Qi(ug ) Ri(ug=")
where the right hand side is to be treated as a formal series in positive (resp. negative) integer
powers of u, and ); and R; are polynomials of the form
Qi(u) = H (1 —ua)®e, Ri(u) = H (1 —ua)*™,
aceC* aceC*
for some w;q,%iq > 0, @ € I,a € C*. Let P denote the free abelian multiplicative group of
monomials in infinitely many formal variables (Y; 4)icracc+. P is in bijection with the set of [-
weights « of the form above according to

~v=~(m) with m= H Yt (2.5)
i€l,aeC*
We identify elements of P with [-weights of finite-dimensional representations in this way, and
henceforth write V;,, for V,,,,). Let ZP = Z[Ylial} L uec be the ring of Laurent polynomials in
? 1€l,acC*

(Yi.a)icl,acc+ with integer coefficients. The g-character map x, [FR98] is then defined by
xq(V) = Z dim (V) m.
meP

Let Rep(U,(g)) be the Grothendieck ring of finite-dimensional representations of U,(g), and let us
write [V] € Rep(Ugy(g)) for the class of a finite-dimensional U,(g)-module V. The g-character map
defines an injective ring homomorphism [FR98|

Yo : Rep(U(8)) — Z[ V2]

]iel,aec* '

For any finite-dimensional representation V' of Uy (g), we let

A (V) :={m € P :mis a monomial of x,(V)}.
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For each j € I, a monomial m = Hz‘el,aec* YZUCZ“ is said to be j-dominant (resp. j-anti-dominant)
if and only if w4, > 0 (resp. ujq < 0) for all a € C*. A monomial is (anti-)dominant if and only if
it is 4-(anti-)dominant for all ¢ € I. Let PT C P denote the set of all dominant monomials.

If V is a finite-dimensional representation of U,(g) and m € .# (V') is dominant, then a non-zero
vector |m) € V,, is called a highest l-weight vector, with highest l-weight v(m), if and only if

‘bi:it |m) = |m) ’y(m)iﬁit and a;:T |m) =0, foralliel,reZteZ>o.

A finite-dimensional representation V of U,(g) is said to be a highest l-weight representation if
V = Uy(g) |m) for some highest l-weight vector |m) € V.

It is known [CP94a, CP94b] that for each m € P there is a unique finite-dimensional irreducible
representation, denoted L(m), of U,(g) that is highest l-weight with highest [-weight ~(m), and
moreover every finite-dimensional irreducible U, (g)-module is of this form for some m € PT.

For each m € PT, there exists a highest [-weight representation W (m), called the Weyl module,
with the property that every highest I-weight representation of U,(g) with highest I-weight ~(m)
is a quotient of W (m) [CPO1].

A finite-dimensional U,(g)-module V is said to be special if and only if x,(V') has exactly one
dominant monomial. It is anti-special if and only if x,(V') has exactly one anti-dominant monomial.
It is thin if and only if no I-weight space of V has dimension greater than 1. In other words, the
module is thin if and only if the (gzbZ L, )iel rezs, are simultaneously diagonalizable with joint simple
spectrum. A finite-dimensional U, (g)-module V is said to be prime if and only if it is not isomorphic
to a tensor product of two non-trivial U,(g)-modules [CP97].

Let x : Rep(U,(g)) — Z[e*“i];es be the U,(g)-character homomorphism. Let wt : P — P be the
homomorphism of abelian groups defined by wt : Yi,a — w;. The map wt induces in an obvious
way a map ZP — Z[et¥i];c; which we also call wt. Then the following diagram commutes [FR9S8]:

Xq

Rep(Uq(3)) ZP
Rep(Uy(g)) ———— Z[e* e

where res : Rep(U,(g)) — Rep(Ugy(g)) is the restriction homomorphism.

Define A;, € P,i € I,a € C*, by

_ y-ly—1 -1 -1y -1
Mo =Yoo g T1 Vi T1 Vi T1 VieVidVidhs @O
Jl__ ng— 2 Cji:_3

Let Q be the subgroup of P generated by A;,, ¢ € I,a € C*. Let Q% be the monoid generated by
Ali;, i € I,a € C*. Note that wt A; , = «;. There is a partial order < on P in which m < m’ if
and only if m'm=! € QF. It is compatlble with the partial order on P in the sense that m < m’
implies wtm < wtm’.

We have [FMO01] that for all m € PT,

AM(L(my)) CTmi Q™. (2.7)
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For all i € I,a € C* let u; , be the homomorphism of abelian groups P — Z such that

1 i=janda=0
ui,a(Yj,b) = ) (2.8)
0 otherwise.

Let v be the homomorphisms of abelian groups @ — Z such that
v(4jp) = —1.

Note that the (A;q)icr,acc+ are algebraically independent, so v is well-defined.

For each j € I we denote by U, (ag(j)) the copy of U, (5A[2) generated by ¢+1/2, (x;-'fr)rez,

(65 +0)rezng- Let
.7 [Y.il} Ny [Y.ﬂ}
B b |ielaeC* I | gecH

be the ring homomorphism which sends, for all a € C*, Y}, , + 1 for all k # j and Y; , — Y} ,. For
each j € I, there exists [FMO01] a ring homomorphism

Tj L [Yil

+1
. 7 [Y‘ ]
ha ]iEI;aE(C* 5

®2|z%] ,
aeC* b ] ptjipecs

where (Z ,ic;)k#,bec* are certain new formal variables, with the following properties:

i) 7; is injective.
ii) 7; refines f; in the sense that f3; is the composition of 7; with the homomorphism Z[Y}:};l]ag(c* ®
Z|Ziy kpjpecs — Z[Y;q Jaccr which sends Zgp 1 for all k # j, b € C*.
iii) In the diagram

Z [Y.ﬂ} _ T 7 v AV
L@ | ielaeC L7 Jgec ©L] kb | st iipec
Ti B 7 r 1
Z[Yﬂ _ " zlya AVAs,
L4 | ielaeC 7@ Jqec+ ©L&] kb ] gsjvecs (2.9)

let the right vertical arrow be multiplication by ﬁj(Aj_é) ® 1; then the diagram commutes if
and only if the left vertical arrow is multiplication by AJ_Cl

2.4. Truncated ¢-characters. Given a set of monomials R C P, let ZR denote the Z-module of
formal linear combinations of elements of R with integer coefficients. Define

m meR
truncg : P = R; m— (2.10)

0 mé¢R

and extend truncg as a Z-module map ZP — ZR.
Given a subset U C I x C*, let Qu be the subgroup of Q generated by A;,, (i,a) € U. Let Qﬁ
be the monoid generated by AE!, (i,a) € U. For each n € Zx, let Q; (=) De the set of monomials

1,00

in the variables A=Y, (i,a) € U of degree exactly n. Similarly, let Qi( <n) (resp. Qi(>n)) be the

2,a

set of monomials in the variables Afj, (1,a) € U of degree < n (resp. > n).
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Let us call trunc,, o1 Xq(L(my)) the g-character of L(m.) truncated to U. In this we follow
D. Hernandez and B. Leclerc, who made use of g-characters truncated to sets of the form I x
{a,aq,...,aq"'} in [HL10].

Given V, a highest [-weight U, (g)-module with highest monomial my € P*, and U C I x C*, we
say V is thin in U if and only if trunc,, o (xq(V)) has no monomial with multiplicity greater than 1.
We say V' is special in U if and only if m is the unique dominant monomial of trunc,, o (xq(V)).

In the proof of Proposition 7.4 below we need the following result which gives sufficient conditions
for a given set of monomials to be the truncation of a g-character. It is a generalized version of a

similar result in [MY].

Theorem 2.1. Let U C I x C*. Let my € P. Suppose that M C P is a finite set of distinct
monomials such that:

(Z) M C m4 Q[_];

(i) {m4} =P N M;
(i1i) For allm € M and all (i,a) € U, if mAZ_al ¢ M then mA;;Aj,b ¢ M unless (4,b) = (i,a);
(iv) For allm € M and all i € I there exists a unique i-dominant M € M such that

truncﬁi(MQ{]) Xq(L(Bi(M))) = Z Bi(m').

m’EmQ{i} «cxNM

Then

trunc,, o Xq(L(m4)) = Z m (2.11)
meM
and the module L(m) is thin in U and special in U.

Proof. The proof is given in Appendix B. O

2.5. Affinizations of U,(g)-modules. For € PT, let V(1) be the (unique up to isomorphism)
simple U,(g)-module with highest weight . L(m), m € PT, is said to be an affinization of
V(p) if wtm = p [Cha95]. Two affinizations are said to be equivalent if they are isomorphic as
Uy(g)-modules. Let [[L(m)]] denote the equivalence class of L(m), m € P*. For each A € P*
define Dy := {[[L(m)]] : wtm = A}, the set of equivalence classes of affinizations of V(\). Any
finite-dimensional U,(g)-module V' is isomorphic to a direct sum of finite-dimensional simple Uy (g)-
modules; for each A € P let [V : V()] denote the multiplicity of V(\) in V. There is a partial
order < on equivalence classes of affinizations in which [[L(m)]] < [[L(m/)]] if and only if for all
v € PT either

(i) [L(m): V()] < [L(m) : V(v)], or

(ii) there exists a u € PT, > v, such that [L(m) : V(u)] < [L(m') : V(1))
For all A € PT, D, is a finite poset [Cha95]. A minimal affinization of V(\), A € P, is a minimal
element of D) with respect to the partial ordering [Cha95]. Thus a minimial affinization is by
definition an equivalence class of U,(g)-modules; but we shall refer also to the elements of such
a class — the modules themselves — as minimal affinizations. Note that in type A all minimal

affinizations are in fact evaluation representations.
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3. SNAKE MODULES IN TYPES A AND B

In this section we introduce the class of representations to which our results apply, namely the
snake modules, defined in [MY]. We specialize to types A and B: henceforth, g is either ay or by.

3.1. Notation, and the subring Z[Yiikl](i’k)e x- We define a subset X' C I x Z as follows.

Type A: Let X :={(i,k) e I xZ:i— k=1 mod 2}.
Type B: Let X :=={(N,2k+1): k€ Z}U{(i,k) €I xZ:i < N and k=0 mod 2}.

For the remainder of this paper, we pick and fix once and for all an a € C*, and work solely with

representations whose g¢-characters lie in the subring Z[Yzia;k]

of the category of all finite-dimensional U,(g)-modules closed under taking tensor products. It is

(i,k)ex- These form a subcategory

helpful to define also
W= {(,k): (i,k—r;) e X} (3.1)
for we have, as a refinement of (2.7)
Vmy € Z[Y;,aqk](i,k)EX7 Vm € %(L(m-l-))v mm-i_-l € Z[A;iqk](z,k)ew
From now on it is convenient to write, by an abuse of notation,

Y;"k = Y;aqk, Ai,k = Ai7aqk, ui,k = umqk

for all (i,k) € I x Z (c.f. (2.8) for the definition of u; 4. ).

3.2. Snake position and minimal snake position. Let (i,k) € X. A point (¢, k') € X is said

to be in snake position with respect to (¢, k) if and only if

Type A: k' —k > |i’ —i] + 2.

Type B:
i=1i=N: E—k>2 and k' —k=2 mod4
iZi=Nori#i=N: kK —-k>2)i—i+3 and K —k=2/i'—i -1 mod4
i< Nandi < N : K —k>2i'—i|+4 and k' —k=2[i' —i] mod 4.

The point (i', k") is in minimal snake position to (i, k) if and only if ¥ — k is equal to the given

lower bound.

3.3. Prime snake position. Let (i,k) € X. We say that (¢/,k’) € X is in prime snake position
with respect to (i, k) if and only if

Type A: ¢/ +i > K — k> | —i] + 2.

Type B:

i=i=N: AN —2> K —k>2 and kK —k=2 mod4
i#i=Nori#i=N: 2/ +2i—1> kK —k>2li' —i+3 and k' —k=2i'—i—1 mod4
i< Nandi < N: 2/ +2i> K —k>2li’ —i|+4 and Kk —k=2[i'—i] mod 4.
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3.4. Snakes and snake modules. A finite sequence (i, k), 1 <t < M, M € Z>, of points in X
is a snake if and only if for all 2 <t < M, (i, p¢) is in snake position with respect to (i4—1, ki—1).
It is a minimal (resp. prime) snake if and only if successive points are in minimal (resp. prime)
snake position. Minimal snakes are prime.

The simple module L(m) is a snake module (resp. a minimal snake module) if and only if
m= Hi‘il Y;, 1, for some snake (it, kt)1<t<mr (resp. for some minimal snake (it, kt)1<i<nr)-

The meaning of snake position is illustrated in Figure 1. Here and subsequently, in type B we
draw the images of points in X under the injective map ¢ : X — Z x Z defined as follows:

(2i, k) i<Nand 2N +k—2i=2 mod 4
Type B: vi(iyk) = § (4N —2—2ik) i<Nand2N +k—2i=0 mod 4 (3.2)
2N — 1,k) i=N.

Type A: v: (i, k) — (i, k).

(We define ¢ in type A purely in order to make certain statements more uniform in what follows.)

Clearly every snake is a concatenation of prime snakes. Moreover, we have

Proposition 3.1. A snake module is prime if and only if its snake is prime. If a snake module is
not prime then it is isomorphic to a tensor product of prime snake modules defined uniquely up to

permutation.

The proof will be given in §6.7.
We also recall [MY] that for any snake (i, k) € X, 1 <t < M, of length M € Z>1, the following
are equivalent:
(1) L(Hi\il Yi, k) is a minimal affinization;
(2) (it,kt)1<e<nr is a minimal snake and the sequence (i)1<¢<ps is monotonic.
3.5. Neighbouring points. Suppose (i,k) € X and (¢, k') € X are such that (¢, k") is in prime

AN

snake position with respect to (i, k). In this subsection we shall define two finite sequences Xz ;f
and Yijfl of points in X, called the neighbouring points to the pair ((i, k), (', k")). These sequences
each consist of a single point, with an exception in type B where one of them consists of two points.

The motivation for our definition is that if z = L(H(j,f)exﬁf;f' Yj) and y = L(H(M)Eygifl Yie)
then

[L(Yiw)] [L(Yiew)] = [L(YinYirw)] + [2][y];

this will be a special case of Theorem 4.1 below. Neighbouring points are best understood from the
pictures in Figure 2. For example in the generic situation, far from any end of the Dynkin diagram,
the points in X }f uY:; }f L {(4,k), (i, k") } are the vertices of a rectangle as in the following sketch.
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FiGure 1. The points o (resp. m) are in snake position (resp. minimal snake
position) to the point marked o. Of these, the points on or inside the dashed
polygon shown are in prime snake position to o. In type B, we have plotted the
images of points under the map ¢, c.f. (3.2).
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FIGURE 2. In type Aj3 (left) and in type Bs (right), the black dots form a prime
snake. The two neighbouring snakes are shown as triangles and diamonds. The
snake-lowered paths (§6.4) are sketched as dotted lines. In type B, we have plotted
the images of points under the map ¢, c.f. (3.2).
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The formal definition is as follows.

Neighbouring points in type A.

(3G +k+d —K),3(i+k—7+K)) k+i>k —7

X’L:/’k, =
k
N 0 k+i=Fk —i,

v J(GE+K+i—k), 50 +F —i+k)) k+N+1—i>kK —(N+1-17)
R k+N+1—i=k—N—1+4.

Neighbouring points in type B. We define

(X

. (B FYF) (i< N,2N —2i—k=2 mod 4)or (i=N, k=1 mod 4)
ok R (FF BIFY (i< N,2N —2i— k=0 mod 4) or (i=N, k=3 mod 4),
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where
0 i <N,i' <N,k -
(32i+k+2i" — k), 3(2i + k- 2i' + K))) i < N,i' <N,k —
BY 0 i<N,i' =N,k -
" (3(2i+k+2N—-1-K),3(2i+k—-2N+1+F))) i<N,7 =Nk —
(N, k—2N +1+2i')) i=N,i' <N
[0 i=N,i' =N,
(22" +K +2i — k), (20" + K — 2i + k))) i < N,i' <N,k —
(N, k42N —1—2i),(N,k' — 2N + 1+ 2i')) i <N,i' <N,k —
P (N, k42N —1—2i)) i<N,i'=N
" (32N —14+k+2i' — k), 32N —1+k -2/ +k))) i=N,i’' <Nk —
0 i=N,i' <Nk -
((FUN =2+ k—K), 3(k+K))) i=N,i'=N.

3.6. Neighbouring snakes.

13
k= 2i+ 2¢
k< 2+ 2¢
k=2i+2N -1

k<2i+2N—1

k<AN —4—2;— 27
k> 4N — 2i — 27

k<2N —1-2¢
k=2N—1-2¢

Proposition 3.2. Let (it,k) € X, 1 <t < M, be a prime snake of length M € Z>2. Then the

sequences formed by concatenating the sequences of neighbouring points,

. 22,k2 i3,k3 in kg
X(itvkt)lgtgjw = 21 k1 #ng ko #.. #X,

in—1,kn—1°

YZ2J€2 #Yla,ka 4 #Y'l]\/lykl\/l

(itke)1<e<n *= Ligky i2,ko iM—1,knm—1°

are snakes in X with no elements in common.
Proof. By inspection, case by case.

We refer to the snakes X(it,kt)lgth and Y(it,kt)lgth

0

as the neighbours of the prime snake

(it,kt)1<t<pr- The neighbours are generically also prime, but there are exceptions whenever an

A-type end of the Dynkin diagram is sufficiently close that some neighbouring points are “miss-

(3,20)
(3,14)

)

ing”. For example, in the snake on the left of Figure 2, X
(0,17) ¢ I x Z.

= (). The would-be neighbour is

In type A it is clear that every prime snake is strictly longer than its neighbours. In type B

this is not always so, but we do have the following. Let hgt : P — Z, the height map, be the

homomorphism of abelian groups such that hgt Y; ; = r;. Then

Proposition 3.3. For any prime snake (iz, ki) € X, 1 <t < M, of length M € Z>s,

M M
hgt ] Yik <hgt[[Yir and hgt [ Yie <bhgt]]Yia,
(ik)e t=1 ' =1

X(itvkt)lgth Y(itvkt)lgth

with equality only if the type is B and iy = N for all1 <t < M.

Proof. By inspection.
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4. THE EXTENDED T-SYSTEM

4.1. Main results. We now state the main result of the paper.

Theorem 4.1. Let (it,k:) € X, 1 <t < M, be a prime snake of length M € Z>y. Let X :=
X(it,kthgth and Y := Y(itvkt)lﬁtglw
in Rep(Uy(9))-

M-1 M
(e (1)
t=1 t=2

Moreover, the summands on the right-hand side are classes of irreducible modules, i.e.
M-1 M M-1 M
L ( H Yi, ke HYit,kt> =L <H Yiu’%) ® L <H Yit,kt> ) (4.2)
t=2 t=1 t=2 t=1
L{ II Yor I Yae) 22| ] Yax)®L| I Yir |- (4.3)

(3,k)eX (i,k)eY (i,k)eX (3,k)eY

be its neighbouring snakes. Then we have the following relation

M-1 M
JUEDIIZID
t=2 t=1

+ L I Yie || (2| I] Yir ]| 4D

(i,k)eX (i,k)eY

The proof is given in §7. In the case of Kirillov-Reshetikhin modules, the theorem is the standard
T-system, and is proved [Nak03, Her06].

Remark 4.2. The statement in the theorem is equivalent to the existence of a short exact sequence
of Uy(g)-modules, which is either

M-1
0— L H Yir | ®L H Yik — L < Ylmkt) ® L <H Ylmkt)
1

(i,k)eX (i,k)eY t= t=2
M—-1
— L<H Ykat>®L<HYZtkt>%o
t=2 t=1

or the same sequence with arrows reversed. In the special case of Kirillov-Reshetikhin modules, it
is known [Her(06] that with the choice of coproduct in which A(azlfo) = ZL'Z_O R1+k; ®3:2’0 the arrows
are as shown.

We also have the following, whose proof is similar to that of Theorem 4.1.

Theorem 4.3. Let (it, k) € X, 1 <t < M, be a non-prime snake of length M € Z>5. Then we
have the following isomorphisms of Uy(g)-modules:

M—1 M M-1 M M-1 M
L (H th,kt> ® L <H Yz’t,kt> =L (H Yz't,kt> ® L <H Yz’t,kt> =L (H Yii ke HYz‘t,kt> ~
t=1 t=2 t=2 t=1 t=2 t=1

We call the module L(Hi‘i 1 Yi, k) in (4.1) the top module. In almost all cases the height of
the top module is strictly greater than the height of all other participating modules in (4.1), by

Proposition 3.3. In the exceptional case, one neighbour may have the same height at the top
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module, but when this neighbour is treated as the top module in turn, its neighbours have strictly
lower height. Therefore the relations (4.1) allow the classes of snake modules to be expressed in
terms of classes of snake modules of lower height.

Theorem 4.1 constitutes a system of relations among snake modules. We say a class of modules
is closed under the relations (4.1) if and only if whenever the top module is an element of that
class, so too are all the other participating modules. In the remainder of this section, we exhibit
various closed classes of modules and the corresponding sub-systems of relations.

The sub-systems we exhibit all involve only minimal snakes. Note that the relations of Theorem
4.1 are more general than the ones in §4.2-§4.5. Note also that the class of all minimal snake

modules is not closed under relations (4.1).

4.2. Kirillov-Reshetikhin Modules. For any (i,k) € I x Z and m € Z>;, the sequence (i, k +
2tr;)o<t<m—1 is a minimal snake. It is usually called a g-string. Define

m—1

mo._ 0 ._
Tk = H }/;7k+2tTi7 Tk = L.
t=0

It is convenient also to define
) = foralli ¢ I.

1
The Kirillov-Reshetikin (KR) modules are L(7}}). Let us write

m= (L)

The relations of Theorem 4.1 close on KR modules, and we recover the usual T-system:

Type A. For all i € I, k € Z and m > 2,

m—1lmm—1 _ mm mpmm—2 m—1 m—1
Ti,k Ti,k+2 - i,sz',k+2 + Ti—l,k+1Tz’+1,k+1'

Type B. Forall 1 <i< N -1, k€ Z and m > 2,

m—1lmm—1 _ mm pm—2 m—1 m—1
Ti,k Ti,k+4 - i,sz',k+4 + Ti—l,k+2Ti+1,k+2‘

The special cases are i = N — 1 and ¢ = N, as follows: for all £k € Z and m > 2
m—1 m—1 _mm m—2 m—1 2m—2
TN—l,kTN—l,k+4 - TN—l,kTN—1,k+4 + TN—2,k+2TN,k+1=

“Arpm—1 —2 [y Lzt
TN The = TR e TN pie + T T 2 ies: (4.4)

These relations uniquely determine every T} in terms of the classes of fundamental representations,
1
T e

4.3. Minimal affinizations on two neighbouring nodes. The KR modules are the minimal
affinizations of the simple U,(g)-modules V (mw;), m € Z>1, i € I. The relations of Theorem 4.1

also close on the class of minimal affinizations of simple U,(g)-modules of the form V (mw; +nw;y1).
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in type A4, of the 3 term relations in Rep(Uy(g)) from §4.2 and §4.3.

1234 1234 1234 1234
Jf )\
1
a ?
+ )\
1 ?
A )\
1234 1234 1234 1234
Jf )\
1
JF It
.

RAR

FIGURE 4. Examples, in type Bs, of the 3 term relations in Rep(Uy(g)) of §4.2 and §4.3.
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Indeed, given any (i,k) € Z x Z and any m,n € Zx>o, let us define

mmn m n
Ti,k T [L <7Ti,k7ri+1,k+2mm—ri+m+1+max(ri,ri+1)) :|’

mmn m n
Ti+1,k T |:L <7Ti+17k7riyk+2m7‘i+l—Ti+1+7‘i+max(Ti7Ti+1)> ] :

Every minimal affinization of V (mw; + nwit1), 1 <4 < N —1, is of the form T} ;" or 'T‘ZFT . (for

some choice of the a € C* in §3). We have the following relations for all k € Z and all m,n € Z>;.

Type A. Forall 1 <i< N —1,

Tm,n—le—l,n o Tm,nTm—l,n—l + Tm,n—l Tm—l,n
- ik

ik i,k+2 i,k+2 i—1,k+1 T i+1,k+1
m,n—1lmm—1n _ mmnmpmm—1,n—1 Tmn—1 mm—1n
T Tipgs =T 0 T T e Tt i

Type B. For all 1 <i< N —1,

m,n—1mpm—1n _ mpmnmm—1,n—1 m,n—1 m—1,n
T Tipra =T 0T T T e

Forall1<: < N —1,

m,n—1lmm—1n _ mmnmpmm—1,n—1 Tmn—1 mm—1n
T Tipra =T 0 T T e e

Finally, let us define s(\), A € Z, to be 0 if A is even, 1 if A is odd. Then
m, |51 | m2m-1,| 3]
N2 t2 TNt *
Z|,2n—1

Tm,n—1lmm—1n _ mmmnmm—1n—1 |_2
The Thwde = Tk Taede T Tl prit2s0m)

mn—1lmpm—1n _ mm,n m—1n—1
TN e TN ke = TNC TNt pya T

m—1

AL ln
Tn 2 kr1r2sm-1)- (4.5)

Observe that the final pair of relations in (4.5) mix T and T in type B. This is an indication that
in type B the relations of Theorem 4.1 do not close on the class of all minimal affinizations.
Given the classes of KR modules, Ti ¢» the relations above uniquely determine all the TTk’".
Figures 3 and 4 illustrate the fashion in which the 3-term relations of this subsection generalize
those of the usual T-system.

4.4. Minimal affinizations in type A. For this subsection we work in type Ay. Given (a,k) €
Zx7Z,s € L, and (n1,...,ns) € 7%, let ki =k and for each 1 <i <'s, kjy1 = ki +2n; + 1.
Then we define

N1,MN2,5..Ns | __ ni n2 Ns
Ta,k T [L(Tra,kl 7Ta+1,k2 ce 7Ta+s—1,ks):| ’

n1,mn2,..,Ns | _ ni n2 Ns
Ta,k T |:L(7Ta,k17ra—1,k2 te Tra—s-{—l,ks)} '

Given any A =Y, \iw; € PP\ {0}, let a :=min{i € I : X\; > 0} and b :=max{i € I : \; > 0}.
All minimal affinizations of V(A) are of the form Ti‘f,;/\““"”’/\b’l’/\b or 'f‘b)‘”};)‘b’l""’/\““’/\“, keZ. If
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FIGURE 5. Sketches of the Young diagrams for the evaluation modules appearing in (4.7).
Ao Ab-1 Aat+1 Ag—1 Ao Ab-1 Aat+1 Ag Ap—1 o1 Aat+1 Ag
i i T
+ 3 + 3 3
- © — © I J
- L o < L o )
1 Ap—1 Ap—1 Aatl Ao 1 Ap—1 Ap—1 Aat1 Ag—1 1 X Ab—1 Aat1 Ag—1
i — —
+| +| T+
S S + S
— — S]
o |1 o o |1 _ . ~ | s
— < — = — + _
n - H| =
= = . = I
a = b we have the relations of §4.2; otherwise a < b and we have
)‘av)\a‘f’lv"'v)\bflv)‘b_l )‘a_lv)‘a+17"'7)‘b717)\b _ )\117)‘11+17"'7)‘b717)‘b )‘a_lv)‘a+17"'7)\b717)\b_1
Ta,k Ta,k+2 - Ta,k Ta,k+2 (46)
)‘llv)‘a+17"'7)‘b717)‘b_1 )‘a_lv)‘a‘f’l?"'v)\bflv)\b
+ Ta—l,k—i—l Ta—i—l,k-‘,—l ’
AL A1, a+ 1 a — 1A =LA 1, Aa+ 1,00 AL Ab—15-- 5 a+ L Aa A — 1L, Ap— 1, Aa+1,Aa—1
T, Ty kvo =Tyx Ty kvo (4.7)
AL AL 155 Aa+ 1 a —1ARAA =1, Ap_1,--;Aa+1,Aa
+ Ty k1 Ty ki .
For all s > s’ > 1, these relations determine the T7%""* in terms of the T}, "™'; and likewise

the 'fIv‘Zlk”ns in terms of the Tzng""’ms'.
In the conventions of [MY], the modules in (4.7) are the evaluation representations whose highest
gly-weights are given by the Young diagrams sketched in Figure 5.

4.5. Minimal affinizations and wrapping modules in type B. In this subsection we work in
type By. Recall (c.f. §3.4) that if (it,k;) € X, 1 <t < M, M € Z>, is a minimal snake then
LM, Yi, 1) is a minimal affinization if and only if (i;)1<¢<s is monotonic. In type B, however,
monotonicity of the sequence (i¢)1<¢<ps is not in general preserved by the relations in Theorem 4.1:
if a snake has this property, its neighbours may not. This can be seen by considering Figure 2 and
will be manifest in (4.8) below. This motivates us to make the following definition.

Definition 4.4. We say a minimal snake module L([T, Y;,1,) is a wrapping module if and only

if the first coordinates of the points (¢(it, kt)) c.f. (3.2), form a monotonic sequence.

1<t< M

It is easy to see the following proposition.

Proposition 4.5. (i) Every minimal affinization is a wrapping module.
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(i) The relations of Theorem 4.1 close on the class of wrapping modules. O

Now we write explicitly the relations of Theorem 4.1 for wrapping modules.

For convenience, we let ro := 2. Given (a,k) € ZxZ and s € Z>j suchthat 0 <a <a+s—1< N,
and (ni,...,ns) € Z, let ki := k and for each 2 < i <'s, kiyq1 := ki + 2170145 — Ta—144 + Tati +
2max(rg—14i,Tat+i)s and then define

Nn1,MN2,..Ns | __ ni n2 77/5
Ta,k T [L(Tra,kl 7ra+1,k2 . a+s 1 ks):|

Similarly, given (a,k) € ZxZ and s € Z>1 such that 0 <a—s+1 <a < N, and (ny,...,ns) € Z,
let k1 := k and for each 2 < i < s, l;:iﬂ =k + 21T 41— — Tat1—i + Ta—i+2max(ra41—i, Ta—i), and
then define

ThLN2Ms . | [ e s .
a,k (Tra,klﬂ-a—l,kz 7Ta—s+l,k5)

Next, given a, b, € Z such that 0 < a,b < N — 1, and given
(nl,ng,...,nN_a) EZJZVO_G, (ﬁl,ﬁg,...,ﬁ]\[_b) S Z]ZVO_b, and n EZZO,
let: 0y := 4, liyq = l; +4n; +2foreach 1 <i < N —1—a, Iy :=n_q+4nN_aq+ 1, In_p :=
InN+2(2n +1)+3, £;_1 = l; +4n; + 2 for each N —b >4 > 1. Then we define

N—-1-a N—-1-b

Tnl7---7"N7a?2"+1§ﬁN7b7---7ﬁ27ﬁ1 L H a2l H ”] )
al 7Ta+z 16" TN tn b+] 1,7;

i=1 j=1

For any A = }",.; Aiw; € PT\ {0} the minimal affinizations of V/(A) are T)‘“’ atlAo-1X o g

T;b,;)‘b peoAeti A where @ = min{i € T: A; > 0} and b = max{i € T : \; > 0}. Suppose b —a > 2
(if not, we have the relations in §4.2 or §4.3). Then

Aa,Aat 15 -1, = LmAa =1 Aa 41, Ap—1,A AayAat1sm5A0— 1, 0 mAa—LAa 41,0 Ap—1, =1
T 1o Ab—1,A0 — Ly 1o Ab—1, M +1e0Ab =1, A pAa R EA e ' ¥

a,k+4 - ~Tak a,k+4

where

Aa—1Aa415-50p
Aase A1 Ap—1 b N f DA b<N-—-1
_ a—1,k+2 _ )‘a_lv)‘a+17"'7>\N7272)‘N71 _
X = Aa,---,)\thLAN;lJ = Ta+1,k+2 b=N-1 (4.8)
Ta—l,k+2 b=N, TAa—L)\a+17---7>\N72§2)\N71+13L)\TNJ b= N:

at+1,k+2 AR

and

AL Ab— 15 a+ 1, Aa— 1A =1L, A1, Aa+1,0a AL Ab—1,- A at+ 1 AaaAs — L Ap— 15 Aa+1,Aa—1 iy
Tyy b k+2r, =T, Ty ror, + XY,

where, recalling the map s from §4.3, we have

AbsAb—15--Aa+1,Aa—1

Tt 2 b<N -1 SV VRIS WY
~ ~ _ ~ T b< N
2AN—1,AN—2,--sAa+1,Aqa—1 b—1 k+2
X =T b=N-1 v={_ "M
>ZN TL J AN—15Aa+1,Aa b _ N
Ll 221+ LAN -2, Aat1,Aa N— lk 1+2s(An—1 -
TL 2 J + b _ N, +1+ ( N— )

N—1,k+1+2s(An)

Finally, given (A1, ..., AN_1; A AN-1,.-., A, A1) € Z25 7, let a :=min({i € I : \; > 0} U {N})
and b:=min({i € I : \; > 0} U{N}). Suppose a < N —1 and b < N — 1. Then for all k such that
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(a, k) € X we have

A Aat 1o AN 122 BAN — 150 Ak 1A = 1rsAa =L Aad 1 AN 12AFLAN Z 1,0, Ap 1,0

Tavk Ta,k+2
A At 1o AN 12AH BAN 1 Ao b A Aa — L Aad 1o AN - 12A+ BAN C 1 A 1, —1 | =55
=T, % Ta,k+2 + XY, (4.9)
where
A Aat 1o AN—1A2AN 1 FLAN —2,0, Ap 41,0 —1
X — Ta—l,k+2 b<N-—-1
o AasAat 1y AN—1,2,2 AN _1—1 _
Ta—l,k+2 b=N -1,
mAa—LAat 150 AN 23 2AN 1 H LA AN — 15 Ab 1,4
v — Ta+1,k+2 a<N-—1
o ~2>‘N71_17>‘75‘N717"'75‘b+175‘b _
TN,k+1 a=N—1.

. . iy’ S =N — 1,20+ 1M 41,00, Ns
For all s > s’ > 1, these relations determine the T " T"%" and Ta}k Tl et Re

1 < r < s) in terms of the T ™s' MMl g q Tl 1520 F LT gt
bl > bl bl

1L<r' <.
5. WRAPPING MODULES IN TYPE Bs.

As an application of Theorem 4.1, let us compute the dimensions and U, (bz)-module decompo-

sitions of the wrapping modules (§4.5) in type Bs. For all m, k,n € Z>q, let
Q™M = res |L(Yi0Yi4-. Yidm-4
Yo 4m+1Y2 4m43, - - Yo amq2k—1
Y1 am+2k+4Y1 am+2k+8 - - - Y1,4m+2k+4n)
and vak = Qm’kvo. Note that vak’" = Q"vk’m.
Proposition 5.1. For all m,k,n € Z>o we have

2k+1 1 1,2k+1 1,2k+1 1 2k+1 k,2 1Nk,2 1
Qm, —l—,n—i-(gm—i-7 —i—,n_Qm-i-, -|—,n—i-(Qm7 —i—,n_’_Q,n-l—Q,m-‘r’

1,2k 2k+1 1,2k+1 2k k,0k,2 1
QULAQTATL - ATk 4 QROQRAm L,
(Qm+1,0)2 — Qm+2,0Qm,0 4 (QO,2m—|—27

(QUAH1)2 — QUAH2QOk 4 QL3 loQLEE? L0,

Proof. For all ¢ € Z and all m,k € Z>o we have Qu2ktln — resTTl}QkH’n for all n > 0 and

Q™ = res Tg’?l}k = res 'f‘g;n In particular Q™ = res T’ffé and Q%F = res Tgé. The first two
equalities therefore follow from (4.9) and (4.5) respectively. The final two equalities, which are the
usual @-system in type Bs, follow from (4.4). O

Proposition 5.2. For all m,k,n € Z>,

k k
Qm,Qk"rl o @ V(mw:[ + (21 + 1)0}2) Qm72k [ @V(mwl + 210-)2) (51)
i=0 =0
min(m,n) k
Q2k+lin & PV ((m+n—2i)w + (2 + 2k — 2 + 1) ws). (5.2)

i=0 =0
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Proof. We have Q1 = V(w;) and Q%! 22 V(ws). The solution to the relations of Proposition 5.1
with these initial conditions is unique, so it is enough to check that (5.1-5.2) is it. Since the U,(bs)-
character homomorphism x is injective it is enough to check this at the level of U,(by)-characters.
To do so one can use the Weyl character formula: let p be the Weyl vector, W the Weyl group,
¢ : W — Z> the length function, and A € PT; then

e_p

x(V(A)) = N(A), where N(A):= Y (=1)/ewte), (5.3)

Mool ) P

In type Bo, p = w1 +we, W = {id, 01, 09,0102, 0201, 010201, 020102, 01020102} and the numerator
N(A) is a sum of [W| = 8 terms:

N()\lwl + )\2(,«.)2) =

A1+1 ) Ao+l —A1—=1_ Ao+2XA1+43 Ao+A14+2, —Aa—1 —A2—A1—2_ Ao+2A1+43
1 2+1 __ 1 2 1 R T e R M i e VR 1

Y1 Y2
_|_ yl)\2+)\1 +2

Y1 Y2

—Xo—2),—3 “Ao—A1—2 ., Aat1 A+l —Aa—2XA1—3 A=l —Ao—1
Yo RTINS oy T T T T

where y; := e¥i, i = 1,2. To obtain the numerator of x(Q™2**1") one can perform the sum from
(5.2) in each of these 8 terms, since these are geometric progressions. The result is a sum of 8
explicit rational functions of the (y;tl)ie 1; for example, the rational function obtained by summing
the w = id terms is

—2(k+1 .
n+m+1 y2k+2 Yo (k1) _ 1 (y2/y1)2(m1n(m,n)+l) 1
1 2

Y2 —1 (y2/y1)? — 1

It is then a direct finite calculation, which we have performed with the aid of the computer algebra

Y

system Maxima, to verify that the numerators obey the relations of Proposition 5.1. g

The U,(bz)-decompositions of the minimal affinizations in type Bs, i.e. the above expressions
for Q™* can be found in [Cha95].

Corollary 5.3. For all m,k,n € Z>o,
1
dim (Qm’%ﬂ’”) = g(k; + D)+ D) m+Dn+Ek+2)(m+k+2)(n+m+k+3).
Proof. This follows from Proposition 5.2 using the Weyl dimension formula. U

Remark 5.4. Similar methods can also be used to obtain, for all m, k,n € Z>, the decomposition
of Q™2F™ into simple U, (bs)-modules:

min(m,n) i+k

Q= B PV ((m+n—2i)w + (2 + 2k — 2j) wo).
i=0  j=0
Q267 is not the restriction of a wrapping module. We have found with the aid of a computer
algebra system that, in contrast to Q™2**1L7 its dimension does not factor fully to linear factors
with integer coefficients.

Some 3-term relations among minimal affinizations in type Bs, different from the ones in the
present paper, can be found in [MPO7].
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6. PATHS AND MOVES

In order to prove Theorem 4.1 we first recall from [MY] the closed form for the g-characters of
snake modules in terms of non-overlapping paths.

6.1. Paths and corners. For each (i,k) € X we shall define a set &; ;. of paths. For us, a path is
a finite sequence of points in the plane R2. We write (j,¢) € p if (j,£) is a point of the path p.

Paths of Type A. For all (i,k) € X, let

@i,k::{((07y0)7(17y1)7"'7(N+17yN+1)) : yOZZ—i—ky yN+1:N+1_Z+k7

and yiy1 —yi €{1,-1} V0 <i < N}-

We define the sets C), + of upper and lower corners of a path p = ((r, yr))0<r<N+1 € P to be
Cf = {(ny)epirel, =y +1=yrp1},
C, = Any)ep:rel,yp 1=y —1=yrp1}.

Paths of Type B. Pick and fix an €, 1/2 > € > 0. We first define &y for all £ € 2Z + 1 as follows.
e For all £ =3 mod 4,

PNy = {((0790)7(2791)7'“7(2N_47?JN—2)7(2N_27yN—1)7(2N_ Lyn))
yo=L~+2N —1,y;41 —y; €{2,-2} VO<i< N -2
and yv —yn—1 € {1l +e—-1— 6}}.

e For all /=1 mod 4,

PNy = {((4N_27y0)7(4N_4,91)""7(2N+2,ZJN—2),(2N,ZJN—1),(2N_ Lyn))

Yyo=0+2N —1,y;41 —y; €{2,-2} VO<i< N -2
and yv —yn—1€{l+e—-1— 6}}.
Next we define &; ;, for all (i,k) € X', i < N, as follows.

@i,k = {(ao,al,---,aN,C_ZN,...,C_Ll,(_l(]) : (a07a17"'7aN)GyN,k—(QN—Zi—l))
(@g,a1,...,an) € PN k+(2N-2i-1) (6.1)

and any —ay = (0,y) where y> O}.

For all (i, k) € X, we define the sets of upper and lower corners C’;E of apathp = ((jr, Er)) €

0<r<|p|-1
P i, where |p| is the number of points in the path p, as follows:

cr o= L_l{(jr,&n)Ep:jr¢{0,2N—1,4N—2}, 61> 0y, er+1>£r}
U{(N,0) e X: (2N —1,{ —¢) € pand (2N — 1,4 +¢) ¢ p},
Cy = U 6) € 02N — LAN =2}, oy < by Lrsy < £}

)
U{(N,0) e X: (2N —1,4+¢€) €pand (2N — 1,4 —€) ¢ p}.
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where ¢ is the map defined in (3.2). Note that C';,t is a subset of X.

We define a map m sending paths to monomials, as follows:

m : |_| Py — L [Yj,zl](j e ;. prm(p) = H Y, H Yj’_zl. (6.2)
(i,k)ex ’ G.HeCy  (G)EC,
6.2. Lowering and raising moves. Let (i,k) € X and (j,£) € W. We say a path p € &, can
be lowered at (j,£) if and only if (j,£ —r;) € C;f and (j,£ +r;) ¢ C;f. If so, we define a lowering
move on p at (j,£), resulting in another path in 2; ;, which we write as pszfj}l and which is defined
to be the unique path such that m(pfsz%jjel) = m(p)Aj_’l}. A detailed case-by-case description of these
moves can be found in [MY], Section 5.
Let (i,k) € X and (j,¢) € W. We say a path p € &, can be raised at (j,£) if and only if
p= pﬁtzfjjgl for some p’ € Z; 1. If p' exists it is unique, and we define poj ¢ := p'. It is straightforward
to verify that p can be raised at (j,/) if and only if (j,£ +r;) € C, and (j,£ —r;) ¢ C, .

6.3. The highest/lowest path. For all (i, k) € X, define p;."k, the highest path to be the unique
path in &; ;, with no lower corners. Equivalently, pjk is the unique path such that:

Type A : (i, k) € p;,_k
Type B, i < N : Wi, k) € pl,
Type B, i = N: (2N —1,k) — (0,¢) € p?\_f,k'

Define p, ., the lowest path, to be the unique path in &}, with no upper corners. Equivalently, p,
is the unique path such that:

Type A : (N+1—-i,k+N+1)ep;,
Type B, i < N : i,k +4N —2) €p, .
Type B,i=N: (2N =1,k +4N —2) + (0,€) € py -

6.4. The snake-lowered path. Suppose (i,k) € X and (¢/,k') € X are such that (¢/,k") is in
prime snake position with respect to (i, k). There is a unique path in 2 j that has a lower corner
at (¢, k") and no other lower corners: we call this path the snake-lowered path from (i, k) to (¢, k'),
and denote it pf‘}fll‘,ek, By construction, the set of upper corners of pf‘}fll‘,ek, is precisely the disjoint
union Xﬁj;ﬂk, U Yﬁz;fl of the neighbouring points, as defined in §3.5.

Given any two paths p = (2,,yr)1<r<n and p’ = (2,9 )1<r<n, N € Zsg, iIn P, we say p is
weakly above (resp. weakly below) p' if and only if y, < .. (resp. y, > y.) for all 1 <r < n. We
also define

bot(p, p') := (7, max(yr, y))1<r<n;

which is a path in 7, ;, which is weakly below both p and p’ (c.f. Lemma 5.7 of [MY]).

Lemma 6.1. Let p,p’ € &} such that C|

bot(pp) C LK)} and p # pke,,. Then p = py and

P € {pf I -
Proof. If Cl;ot(pm,) = () then bot(p,p’) = p:k and hence p = p/ = p:rk If Cl;ot(pm,) = {(¢,k')} then
bot(p,p’) = pf‘}fiﬁek, and (i, k') € C,,. By inspection the only path weakly above pf‘}fi‘,ek, with a
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lower corner at (i/, k') is piuake,, itself. Thus p’ = pSieke, . By inspection, if (j,¢) € C;;nake then
PN PRI i,k;il k!
(4, £) ¢ C,, for any p € P ;. So finally C =0, i.e. p= pjk O

6.5. Points above/below paths. We say a point (z,y) is strictly above (resp. strictly below) a
path p if and only if z > y (resp. z < y) for all z such that (z,z) € p.

We say a point (z,y) is weakly above (resp. weakly below) a path p if and only if, for any point
(z,z) € p there is a point (x,2’) € p such that 2’ >y (resp. 2/ <y).

6.6. Non-overlapping paths. Let p,p’ be paths. We say p is strictly above p’, and p’ is strictly
below p, if and only if
(v,y) €pand (z,2) €p = y< 2.
We say a T-tuple of paths (p1,...,pr) is non-overlapping if and only if ps is strictly above p; for
all s < t. Otherwise, for some s < t there exist (z,y) € ps and (x, z) € p; such that y > z, and we
say ps overlaps p; in column x.
For any snake (i, k) € X, 1 <t <T,T € Z>, let us define

ﬁ(ihkt)lStSM =A{(p1,....07) :pt € Pi, ks 1 <t <T,(p1,...,pr) is non-overlapping } .

Generically no two corners of any tuple (pi,...,pm) € ?(it,kt)l <1<y, Of non-overlapping paths
coincide. The only exception is in type B where it can happen that, for some ¢, 1 <t < M — 1,
a point (N, /) is an upper corner of p;, r, and a lower corner of p;, ., ,,,. (See Figure 7 in [MY].)
But in that case p;, k, has a lower corner at some (j',¢') € X with ¢/ > ¢. Thus we have

Lemma 6.2. Let (iy, k) € X, 1 <t < M, be a snake of length M € Z>; and (p1,...,pm) €

ﬁ(itykt)lgtglw' If (4,¢) is a lower corner of some path p;, 1 <t < M and no point (j',¢') € X such
that ' > ¢ is a lower corner of any path in (p1,...,pum), then (4,£€) is not an upper corner of any
path in (p1,...,puM). O

Lemma 6.3 ([MY]). Let p and p’ be paths in &; . Then p can be obtained from p' by a sequence
of moves containing no inverse pair of raising/lowering mouves. ([l

The following is Lemma 5.10 in [MY].

Lemma 6.4. Let (i;, k) € X, 1 <t < M, be a snake of length M € Z>1 and (j,,4r), 1 <r <R,
a sequence of R € Z>q points in W. For all (p1,...,pm) € §(,~t7kt)1§t§M and (py,...,phy) €

‘@(it,kthgtgzw

(i) TIiL, m(pp) = T2y mipe) - I Aj_:ZT

(ii) there is a permutation o € Sg such that ((jo(l),ﬁg(l)),...,(jo(R),EU(R))) is a sequence of

the following are equivalent:

lowering moves that can be performed on (p1,...,pan), without ever introducing overlaps, to
yield (p), ..., Phy)-
O

6.7. The path formula for g-characters of snake modules.
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Theorem 6.5 ([MY]). Let (i, k) € X, 1 <t < M, be a snake of length M € Z>y. Then

M M
Xq (L <H Yit,kt>> = Z Hm(pt)' (6.3)
t=1 (ph__ t=1

7
-7PM)6](ztykt)1§t§M

The module L(Hi\il Y,, 1,) 18 thin, special and anti-special.

We can now prove the proposition on prime snake modules stated earlier:

Proof of Proposition 3.1. Let (it, k) € X, 1 <t < M, be a snake of length M € Z>. If it
is not a prime snake then there is an s, 1 < s < M, such that (is+1,ks+1) is not in prime
snake position to (is,ks). Theorem 6.5 and the injectivity of x, imply that L (Hi\il Yn,m) =
L( I, Yz‘t,kt) ®L( Hi\i sl Yz‘t,kt)- By recursion, any snake module is isomorphic to a tensor product
of snake modules whose snakes are prime.

Now consider the case that the given snake is prime. Let U U U’ = {(is, k) : 1 <t < M} be any
set partition with U and U’ non-empty and, without loss of generality, (i1,k1) € U. We shall now

show that

M
L(Hmhkt)% IT Yie|or| I Y] (6:4)
t=1

(3,k)eU (3,k)eU’
The points of U may not form a snake but x, (L (H(i,k)eU sz)) always includes the monomial

[ ke m(p; 1) see eg. [CHI0] Theorem 3. Therefore, the g-character of the right-hand side
contains the monomial
m= [[ me) [[ m@h) (6.5)
(i,k)eU (i,k)eU’
We claim that the g-character of the left-hand side of (6.4) does not contain m. Indeed, suppose
for a contradiction that (p1,...,pym) € ﬁ(ihkt)lStSM is such that m = [], m(p;). Note that m
has at most M factors Yﬁzl.

Consider type A. There is no cancellation between m(p;), m(ps) for any pair t # s. So each
path must have at most one corner, or else m would have too many factors. Therefore each path
is either highest or lowest. Then (6.5) can only hold if for all t € U, p; = Piy ke, and for all t € U’,
P = pj;kt. But there is an s such that (isy1,ks+1) € U" and (is, ks) € U, so, by definition of prime
snake position, pZ+17 Kot overlaps Di g A contradiction.

Consider type B. Cancellations between m(p;), m(ps), t # s, can occur only in column N. Every
path p; has at least one non-cancelling corner. So, by counting, every path p; must have exactly
one non-cancelled corner. Hence, if i, # N then p; must be highest or lowest. So for all ¢t € U such
that it # N, py = p; ;, and for all ¢ € U’ such that iy # N, p; = p:t_,k?t' Dividing (6.5) by these

factors, we have
H m(pt) = H m(p]_\f,kt) H m(p]—i\_f,kt)
;=N teUsiy=N teU’:iy=N
But now if, for some ¢ such that iy = N, p; is not highest or lowest then it has a corner not in
column N, which produces some factor ingl that is neither cancelled nor present on the right-hand
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side of this equation. Therefore for all ¢, p; must be highest or lowest. So for all t € U, p = p;_,,
and for all t € U’, p; = pl'.'; k- But, as in type A, these paths are overlapping: a contradiction. [

7. PROOF OF THEOREM 4.1

Our strategy of proof is influenced by [Her06]. We show that the dominant monomials on the left-
and right-hand sides of (4.1) coincide. We shall see in particular that (4.3) is special, and therefore
simple. Finally, to show that (4.2) is simple we show that for each of its dominant monomials m
other than the highest, the g-character of L(m) contains a monomial which is not present in the
g-character of (4.2).

7.1. Classification of dominant monomials.

Lemma 7.1. Let (is, k) € X, 1 <t < M, be a snake of length M € Zso. Let m' = [[X7" m(p})

be a monomial of Xq(L(Hi‘iIl Yit,kt))’ where (p,...,Ph_1) € §(it7kt)1<t<1wfl are a tuple of non-
overlapping paths as in Theorem 6.5. Likewise, let m = [[, m(p;) be a monomial of xq(L(TTM, Y, k)
where (pa,...,pM) € @(imkt)zgtSM' Suppose m'm is dominant. Then, p; = p;’;kt forall2<t< M
and there exists and R, 1 < R < M, such that p; = p;kt for all1 <t < R and p), snake

= pimkt;itﬂ,ktﬂ
foral R<t< M.

Proof. We shall show by induction on ¢ that, for all ¢ € {0,1,..., M —1}: ppy—¢ = p;;uft,kat ift <
M-1,p),_, € {p:_Mftyk?J\/Ifﬂp'ls']r\l/IaE(ikaﬁiMft+l7]9]\/I—t+1} if ¢ > 0; and moreover if p), , = pz’l_\/l—tka—t
then p)y, , | = p;i_Mftflyk]\/I—t—17 if M —1>1t>0. For the case t = 0, if pp; # p;;w’kM then m'm is
right-negative and hence not dominant. Now assume the statement is true for ¢ — 1. Consider the
monomial n := m(pM_t)EA{7t+17kA{7t+1m(pQ\l—t)' By virtue of Lemma 6.1, it is sufficient to show
that n is dominant.

Suppose for a contradiction that n is not dominant. Let (j,¢) € X be such that u;,(n) < 0 and
for all ¢ > ¢ and all j € I, uj ¢#(n) > 0. That is, ijel is the right-most uncancelled factor Y ~! in
n. If we are in type B and j = N and either pps_4—1 or p,_, ; has an upper corner at (N, /), we
call this the exceptional case.

Suppose we are not in the exceptional case. Then (j,¢) cannot be an upper corner of any path
ps or p, with s < M —t. So ijél is not cancelled by any of these paths. Next, Yj}l is not cancelled
in m(ps), s > M —t+1, because if p/,_; = p??iﬂf?ks,l;is,ks then m(p,) =Y;, , is already cancelled in
m(p._;), and if not then p/, = p:;ks = ps and Yj}l still cannot be cancelled since (4, ¢) is a corner of
pr—t or Py, both strictly above p;’;’ks. Finally ij cannot be cancelled in m(pl), s > M — t: if
(4,¢) is a lower corner of p/,_, then this is immediate from the non-overlapping property, and if (4, ¢)
is a lower corner of py;—; then we use the fact that pas—; is strictly above ppr_iyr1 = paﬁtH’kMitH
and therefore also strictly above p?w_t 41 Thus m/m has a factor ijelz a contradiction since m'm
is dominant.

Now suppose we are in the exceptional case. Necessarily, ipsf—¢ = ipr—t-1 = N and kp_¢ —
kar—t—1 = 2 mod 4. Whichever path has an upper corner at (j,¢) (either par—¢—1 or phy,_, 1,
or both) also has a lower corner at some (j/,¢') € X, ¢/ > (. If there is more than one such
lower corner, we choose the one for which j’ is maximal, i.e. the one closest to the spinor node.

Neither pas—¢—1 nor py, , ; can have an upper corner at (j',¢). Nor can pa/—¢ or p,_,, by the
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condition on kps_¢ — kpr—¢—1. By the non-overlapping property, no path ps or pl, s < M —t —1,
has an upper corner at (j/,¢). No path pl, s > M —t, has an upper corner at (j',¢): if (5/,¢)
is a corner of p/, , ; then this is immediate from the non-overlapping property, and if (j',¢) is

a corner of pps_;—1 then we use the fact that ppr_s—1 is strictly above pyr_¢11 = piM7t+1yk?]\/I—t+1
and therefore also strictly above p,_, 4+1- Next, the factor Yj,_}, is not cancelled in m(ps), s >
M —t+1, because if p,_| = pf;‘all‘oks Vi, UheED m(ps) = Y, k. is already cancelled and if not then
Py = p;;fl,ksfl = ps—1, both strictly below pyr—¢—1 and py,_,_;. It remains to check that Y/
(p;tw etk — t+1) = Yin ik
U =kp—t—1+2(N—35")—1. But (ips—t+1, krr—t+1) is in snake position to (ip/—¢, kyr—t) = (N, kar—t),

$0 kpr—t+1 = kpr—t +2(N —ipr—141) — 1 mod 4 and therefore kpyy—y11 = kpr—t—1+2(N —ipr—t41) +1
mod 4 since kyy—t — kpr—t—1 = 2 mod 4. Hence (j',¢') # (ipf—t+1, km—t+1). Thus m’m has a factor

cannot be cancelled by m(pyr—¢4+1) = as follows. First note

Yj,_é,: again, a contradiction since m’m is dominant.
Finally, that the fact that if p), , = p;&l—t Fars p;;{itil P
non-overlapping property. O

then py, , | = is clear from the

| /\

Proposition 7.2. Let (it, k) € X,

R—1 M—
ki
Us = {H m pZtth H pi?,zt,elwhktﬂ) 1<R< M} : (7-1)

t < M, be a snake of length M € Z>y. Let

Then
(i) Us Ht 2 Y, 1, s the set of dominant monomials of xq(L( M ! 1 Y 5,)® L(Hi‘iz Y 1))

M—1 : :
(ii) Us 12, Y \ { 1 (pfﬁilt(ﬁlt+l,kt+l)nt:2 it7kt} is the set of dominant monomials of

Xq(L(IT; ey 1th kt)®L(Ht:1 Y, 1))

All of these dominant monomials occur with multiplicity one.
Proof. The first part follows immediately from Lemma 7.1, and the second by similar reasoning. [
Proposition 7.3. The module L(H(i,k)EX Yik) (X)IJ(]_[(Z-JC)EY Yi k) is simple. Moreover, it is special.

Proof. Special implies simple, so it is enough to show that L([]; yyex Yir) ® L(I1j pyey Yin) is
special. For brevity let us write X; := Xzzﬁﬁt’kt“ and Y; := YZIZ’I%“. Proposition 3.2 states
that X (= X1 #Xo# ... # X1 and Y := Y # Yo #...# Y1 are snakes with no elements in
common.
Let n be a monomial in xq(L([](; s)ex Yix)) and m a monomial in xq(L([]; kyey Yik)). By
Theorem 6.5 we have
M-1

M-
m p(t,z,k H H p(t,z,k)) (72)

t=1 (Z,k))EXt t=1 (Z kJ)EYt
for some paths p(; 1), With p; ) € P for each 1 <t < M and each (i, k) € X; UY;.
We would like to show that if nm is not highest then it is not dominant. So suppose nm is not
highest, i.e. that at least one of the paths py;xy, 1 <t < M —1, (i,k) € X; UY; is not highest.
Then there exists a (j,¢) € X such that (7, ¢) is a lower corner of at least one of the paths and none

of the paths has a lower corner at any point (j',¢') € X with ¢’ > ¢.
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Let us suppose for definiteness that (j, /) is a lower corner of a path p; ) with (i,k) € X;. If
instead (i, k) € Y; the argument is similar.

By choice of (j,£) and Lemma 6.2, no path pgyir i1y, (i, k") € Xy, has an upper corner at (7, £).
We shall now argue that no path pw.y ), (¢,k") € Yy has an upper corner at (j,£) either. By
choice of (j, £), if p(,i 1) has an upper corner at (j,¢) then pg.; 1y = p;k,. Thus it is enough to
show that (j,¢) ¢ Y.

Suppose (j',¢') € Y is weakly above pjk Then no path in &, has a lower corner at (j/,¢'), so
(7, 0) # (G, D).

Suppose (j/,¢') € Y is strictly below p_k Then clearly (j',¢") # (4,4).

Suppose (j/,¢') € Y is weakly below p} i for some point (i, k') € Xy that succeeds (i,k) in the
snake X. Let us say such a point (j',¢) is shielded. In that case, if D(t;i,k) has a lower corner at
(4, ") then py,y 1y must have a lower corner at some (j", ") with £ > £'. So (5',¢') # (j,£).

In type A, this exhausts all the elements of Y. In type B there is one further possibility: there
can be at most one point (N,¢') € Yy i that is strictly below p;fk and yet is neither shielded nor
strictly below p; - But then ¢/ mod 4 is always such that no path in &, has a lower corner at
(N, ).

Thus indeed none of the paths has an upper corner at (j,¢) € X. Hence nm has a factor Yj}l
and is not dominant, as required. O

7.2. Exclusion argument.
Proposition 7.4. The module L(Hljy2 i) @ L(Ht 1Y, ,) 18 simple.

Proof. We shall show that if n is any non-highest dominant monomial in Xq( (Hiw s Y, k) @

L(IT,Z, Yit,kt)) then x4(L(n)) contains a monomial not present in xq(L([[;Z5 2 . kt)®L(Ht 1 it,kt))‘
This is sufficient, for then L(n) cannot appear in the composition series of L( M 1Y2t k) ®
L(Hi‘il Yit,kt)v which means that the only entry of this series is L ( tz;l i ke Ht 1Y, kt)’ ie.
that indeed the module is simple.

The dominant monomials are catalogued in Proposition 7.2 part (ii). Consider

R—1 M-1
ki
= Hm plt,kt H (pz—'i;,kt) H (pjtnztiﬂrlvktﬂ) (7‘3)
= t=R

for any given R with 2 < R < M — 1. We have

11 k1 H Y;t,kt ) ZR,k:R H H }/Lk- (74)

(3,k)e

snake
it kesie 1,k

This monomial can be written as a product of highest paths, p:k for each factor Y; ; that appears
in this product. In contrast to snake modules, some of these paths overlap. Nonetheless, we can
use Theorem 2.1 to compute enough of the g-character for our purposes.

To do so, let U C ) be the set of points such that performing lowering moves at these points, in

some order, on p;’; Ky Yields penake

e k... Lemma 6.3 states that such a set of points exists. See
RFR;YR+1,FR+1
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for example Figure 6. Define

M= {am(p, ) 'm(p) i p € 2}

where
P = {p € ,@iR,kR : p is weakly above pSHake } .

tRkRIR+1,KR+1
We now argue that (n, M,U) satisfy the conditions of Theorem 2.1. Recall that we are writing
(i, k) for (i,aq"). Property (i) is by definition of M. Property (ii) is true because every path p € &
has a lower corner at some point in {(j,¢) € X : (j,£ —1r;) € U} and u;(n) = 0 for all such points.
Note in particular that w;p, k., (n) = 0. Property (iii) is by inspection. For Property (iv) we
have to show that for every m € M and every i € I there exists a unique ¢-dominant monomial in
MZ[A; klkez N M, say M;, such that

truncﬁi(MiZ[A;l}](j,l)eU) Xq(L(Bi(M;))) = Z ﬁz(m/) (7.5)
m/€mZ[A; klkezNM
It follows from Lemma 6.4 (case M = 1) that there is a unique path p € & such that m =

perform the corresponding raising moves at points (i,k — r;), k € Z, on this path. Thus, if p has

m(p) and further that the only way to produce a monomial in mZ[A; j]kez is to

no lower corner of the form (i, k), k € Z, then M; = m and this is the only term on either side of
(7.5). If p has one lower corner of the form (i,k), k € Z, then M; = mA; _,,, and both sides of
(7.5) are equal to M;(1+ Ai_’,i_n_). Finally, in type B when i = N and ig < N, it is possible that p
has lower corners at (N, k) and (N, k + 2) for some k € Z. In that case M; = mAN p+1AN k-1 and
both sides of (7.5) are equal to M;(1 + AZ_\,}kH + A]_V’lkHAZ_V}k_l).

Therefore Theorem 2.1 applies, and we have

— + -1
trunan[Aﬁ](meU Xq(L(n)) = nm(PiR,kR) Z m(p).
peEP
k
pigi}k;?iR+l,kR+l)'

On the other hand, m’ is not a monomial of x,(L(JTM5" Y, k) ® LT, Y, 1,)). Indeed, sup-

In particular x,(L(n)) includes the monomial m’ := nm(p;;’kR)_lm(
i

pose for a contradiction that m’ is a monomial of y,(L([TX5* Y, r) ® L(TY, Y, 1,)). Then,
by Theorem 6.5, m' = Hi\igl m(p¢) Hi‘il m(p,) for some unique (pa,...,pyp—1) € ﬁ(ihkthgth—l
and (p},....p)y) € P ivke)1<ren- Call these the “inner” and “outer” tuples, respectively. By
Lemma 6.4 the inner and outer tuples are obtained from the inner and outer tuples of n, namely
(p;g,/m’ T ’p;l;thkal’pig?ll:;ﬂRJrlkaJrl’ T ’pilré;%“lavkbl—lﬂlw,klw) and (pl—'t,kﬂ T ’p;l;w,kM>’ cf (7.3), by
performing some sequence of moves, such that no inverse pair of moves is performed on either
tuple. In particular, only lowering moves can be performed on the outer tuple, since we start with

p;g’kl, cen pkaM . In order to reach m’ from n, any lowering move at a point not in U must be
cancelled by a raising move on the other tuple of paths, and at every point in U we must perform
exactly one more lowering move than raising move. Consequently, on the inner tuple we cannot
perform any lowering move not in U. But, by inspection, it is not possible to lower the inner tuple
at any point in U either. So we must perform, on the outer tuple, at least one lowering move at
every point in U. Let K > 1 be the number of lowering moves performed on the outer tuple at the
point (ig41,kr41 —Tig,,) € U. To avoid overlaps, we must also lower the outer tuple K "> K times
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FIGURE 6. See the proof of Proposition 7.4. In type A, with M = 6, suppose
for example that the highest monomial Hi‘i . Y, r, Hi‘i 1Y, 1, 1s as shown on the
left below. Single (resp. double) black circles indicate factors Y (resp Y?2). The
dominant monomial n corresponding to R = 4 is shown on the right. Lowering
n at the points in U, as marked, produces a monomial in x4(L(n)) not present in

M-1 M
XQ( t=2 }/it,kt)XQ(thl }Qt,kt)’

- - = 77’,,,() () () () () () () () (),,
® ®
®© ®
®
U
®

at the point (iry1, kr41+7ip,,) ¢ U. Each of the latter moves must be cancelled by a raising move
at the same point on the inner tuple. But, again, this creates an overlap unless we also perform at
least K’ raising moves at the point (ir41,kr41 —rig,,) € U on the inner tuple. So the net number
of lowering moves at this point is non-positive — a contradiction, since it must be exactly 1. O

Finally, we can prove Theorem 4.1.

A~

Proof of Theorem 4.1. An element of x,(Rep(U,(g))) is determined uniquely its dominant mono-
mials. Therefore the equality (4.1) follows from Propositions 7.2 and 7.3. Finally, L(Hi\i 51 Yi k) ®
LM, Yi,x,) and L(I T kyex Yir) @ L(I1(; gyey Yik) are simple, by Propositions 7.4 and 7.3 respec-
tively. O

APPENDIX A. EXAMPLES IN TYPES C AND D

As noted in the introduction, we believe that extended T-systems exist in all Dynkin types. Such
recursions should allow the classes of (at least) all minimal affinizations to be expressed in terms of
the classes of Kirillov-Reshetikhin modules (and hence, by means of the usual T-system, in terms of
the classes of fundamental modules). Here we discuss some examples which illustrate new features
that arise beyond types A and B.

It should be stressed that all relations in this section are conjectural. We have checked, with
the aid of a computer, that they are correct if one assumes that the algorithm of [FMO1] gives the
correct g-character for all of the irreducible representations that appear.

Since we deal with specific examples only, it is convenient in this appendix to use the shorthand
notation 1o = Y1, 23 = Ya,3 and so on. Also, we write [m] for the class of L(m) in Rep(U,(g)).
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Ficure 7. Illustrative examples of highest monomials of the new types of module
occuring in types Cj (left pair) and D5 (right pair).

2_3
|
2.1 3_1
| |
21 21 31 31
/ / / \ / \
14 14 4, by 44 By

1o 310

Type C5. We use the node numbering
1 2 3

O0—0KO -
Thus 11 = ro = 1, r3 = 2. Let us consider choosing as the top module the minimal affinization
L(302527). It is clear that the leftmost and rightmost factors should be 3y and 27 respectively.
Computations then suggest that

[3025][2527] = [302527][25] + [21141636].

A single neighbour, L(2114163¢), is generated. It is not a minimal affinization, so, as in type B,
the recursion does not close among minimal affinizations. But in type B it was always possible to
interpret the neighbours as “snakes”: that is, to read the factors of the dominant monomial in order
of increasing shift (the lower index), such that, in particular, no non-neighbouring pair defines a
minimal affinization. Here, both L(2;14) and L(2;36) are minimal affinizations, so the structure is
rather to be thought of as pictured in Figure 7.

Thus, when we come to treat L(21141436) in turn as the top module, we should certainly take
21 as the leftmost factor, but it is unclear whether 1g or 3¢ is rightmost. However, it appears that

either choice works. For example, if we pick 3¢ we find the relation

[211416][141636] = [21141636][1a16] + [25][121416][1416)-

Note that there are 3 neighbours, not 2. This is also a feature of the usual T-system in type C. To
complete the recursion, for [211416] we have the relation

2114][1416] = [211416][14] + [25][32],

while [14143¢] actually factors, [141636] = [1416][36]. Thus we have succeeded in expressing [2114163¢],
and hence the original module [3¢2527], in terms of the classes of Kirillov-Reshetikhin modules.



32 E. MUKHIN AND C. A. S. YOUNG

It appears that larger examples work in the same way. If we start with the minimal affinization
L(3_430252729211), we find

[3-430252729][30252729211] = [3-430252729211][30252729] + [38][2-32-12114161811036310)-

In the neighbouring module L(2_32_1211416131193¢310), the factor 2; is “trivalent”, c.f. the picture
in Figure 7. Choosing 319 to be the rightmost factor,

[2-32_12114161811036][2-12114161811036310) = [2-32-12114161811036310][2—12114161811036]
+[30252729][3-2141618110][1-21p12141618110]

and so on. Observe that the neighbours generated here are all, once more, minimal affinizations;
in particular they do not have any “trivalent” factors.

1 2 4
3 .
5

It appears that type D works similarly to type C. Consider the minimal affinization L(2(2235). We
find

Type D5. We use the node numbering

[2022”2235] = [202235”22] + [1113] [314454]

and then if we choose 54 as the rightmost factor of 314454, we find
[3144][4454] = [314454][44] + [22][4244][44].

Here [44, 55] factors, [4454] = [44][54], so the recursion is complete. A more generic starting point
is the minimal affinization L(2_92¢2235): we find

[2-22022][202235] = [2-2202235][2022] + [1-11113][3-1314454]
and then
[3_13144] [314454] = [3_1314454] [3144] + [2022][404244] [5044].

Here there are no common factors. Note that L(5044) is a minimal affinization. Treating it as the
top module, we find

[50][44] = [So44] + [22]-
Noting finally that
[3-131][3144] = [3-13144][31] + [2022][40][5052],
we have all the relations needed to express [2_92¢2235] in terms of the classes of Kirillov-Reshetikhin
modules.

APPENDIX B. ON THIN SPECIAL TRUNCATED ¢-CHARACTERS

In this Appendix we prove Theorem 2.1. We shall need the following two results.

Proposition B.1 ([MY]). Let V be a finite-dimensional U,(g)-module and m,m’ € .# (V). Let
|m) € ker (qﬁfﬁ(u) — ’y(m)li(u)) C Vi, foralli € I. Then, for all j € I, at least one of the following
holds:
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(1) there is an a € C* such that m' = mA,, (resp. m' = mA;;), or

(2) for all r € Z, when xIT |m) (resp. T, |m) ) is decomposed into l-weight spaces, c.f. (2.4),
its component in Vy () = Vi is zero. g

Lemma B.2. Let g =sly. Let m € P. Let U C {1} x C*. Let M € P* be such that L(M) is thin
in U and m is a monomial in trunc, o Xq(L(M)). Then exactly one of (i), (it), (4i1) holds for all
(1L,a) € U:

(1) 0 < Uy gq-1(m) = ug,aq(m) + 1, mAl_i € M (L(M));
(i1) 0 < Uy gq-1(m) < uiaq(m), mAL, € MW (M))\ A (L(M));
(iid) 0> uy gq-1(m), mAyL ¢ M (W(M)).

Proof. The result follows from the known closed forms of all Weyl modules [CP01] and simple
modules, [CP91], in type A;. O

Proof of Theorem 2.1. For convenience, let us define

(M), (B.1)

n)

Xp = trunc,, o - Xq(L(my)) M,, := trunc

n) m4Qp (=
and similarly x<, and M<,,.

Given property (i), to prove the equality (2.11) it is sufficient to establish the following claim for
all n € Z>g.

Claim:

Xn = Z m. (B.2)
meMy,
We proceed by induction on n. The claim is true for n = 0, given Property (ii). So for the inductive
step, let n € Z~g and suppose the claim is true for n — 1.

It follows from Proposition B.1 that all monomials m’ of x,, are of the form mAZ_a1 for some
monomial m of x,—1 and some (i,a) € I x C*. For suppose not: then by Proposition B.1, L(m ),
contains a highest [-weight vector and so generates a proper submodule — a contradiction. Therefore
by the inductive hypothesis all monomials m’ in Y,, are of the form mAZ_; for some m € M,,_1 and
some (i,a) € I x C*. By definition of x,, (i,a) € U.

Property (ii) implies that if m’ € M,, then there exists an 7 € I such that m’ is not i-dominant.
Hence Properties (i) and (iv) together imply that every m’ € M,, is also of the form mA;; for
some m € M,_; and some (i,a) € U.

Consequently, it is enough to consider monomials of the form mA; al for some m € M,,_1 and
some (i,a) € U.

Let M be the unique i-dominant monomial in mQ;}ﬂ( (i}xC*),(>0) NM. Property (iv) asserts that
such an M exists (possibly m = M) and moreover that the simple Uy (s1y))-module L(B;(M)) is
thin in U. Lemma B.2 therefore implies that exactly one of the following three cases applies.

(D) 0 < w4 (M) = Ujgqri (M) + 1, and ﬁz(mAZ_i) € M (L(Bi(M))).
(I1) 0 <t g-ri (M) < Wi agri (M), and Bi(mA; ) € A (W (B;(M))) \ 4 (L(B;(M))).
(II) 0 > w; 40— (m) and Bi(mA; ) & .4 (W(B;(M))).
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We shall now complete the inductive step by showing that in case (I), mAZ-_’ ; appears, with coefficient
exactly 1, on both sides of (B.2), while in cases (IT) and (III), mA;; does not appear on either side
of (B.2).

First observe that by the inductive assumption,

trunCmA;; (i3 xC*).(>0) A(L(my)) = truncmA;; Qb n({i}xC*).(>0)
and by Properties (i) and (iv), M is the unique i-dominant monomial in this set.

Now consider case (I). By Property (iv), mA; L€ M (note that f; is injective when restricted to
m@Qyxc+)- By the injectivity and property (2.9) of the homomorphism 7; we deduce that mA;;
must be a monomial of x,(L(m)). The coefficient of BZ(mAZ_;) in xq(L(B;(M))) is 1, so therefore
mA;,:Cl must have coefficient exactly 1 in x,(L(m4.)), for if it appeared with a larger coefficient it
would not be part of a consistent Upr (s1y())-character.

Now consider case (II). By Property (iv), mA;g ¢ M. Hence by Property (iii), mA;;Aj7b ¢ M
unless (4,b) = (i,a). If mA;;Aj,b is not in m4 Q@ then it is not in A4 (L(m4)) by (2.7). If mAi_,alAM
is in m4 Q™ then v(mAi_,alAj,b) =n — 1 and we can use the inductive assumption. Therefore

mA;jAj,b ¢ #(L(my)) wunless (j,b) = (i,a). (B.3)

Now suppose, for a contradiction, that m’ := mA; i € M (L(my)). Then we can pick a non-zero
Im’) such that for all i € I, |m’) € ker(¢E (u)—~E(m')(u)) C L(my ). By Proposition B.1, for all
reZ, a:;fr Im') =0 for all j # i, and = [m/) € (Lmy ). If 2, [m’) =0 for all r € Z then |m’)
generates a proper submodule in L(m): a contradiction since L(m ) is simple. So for some r € Z,
a;:r |m/) is non-zero and spans the one-dimensional (by the inductive assumption) [-weight space
L(my)m. Therefore |m') ¢ span,cg ;. (L(m4)m), because L(B;(M)) is by definition irreducible,
Bi(m) appears in its g-character, and (;(m’) does not. Now, if m"” € .#(L(my)) and j € I are
such that |m') € span, ¢z ;. L(my)m then wt(m”) = wt(m') + e and hence v(m"mit) =n—1.
So, by the inductive assumption, dim(L(m4),») = 1, and thus Proposition B.1 applies to any
Im"”) € L(my)m». Hence, by (B.3), z; . |m”) has zero component in L(m. ), for all m" # m.
So |m') & span;cj,cz ¥;,.(L(m4)): a contradiction. Therefore in fact m’ is not a monomial in
Xq(L(m4)).

Finally consider case (III). By Property (iv), mAZ_a1 ¢ M. Now mAZ_a1 is not ¢-dominant since
iaqTi (mAZ_i) = —1. But BZ(mAZ_;) is not in the g-character of the Weyl module W (5;(M)), and,
recall, M is the unique i-dominant monomial in mAZ_a1 QJT?“( {i}C)

u
(>0)" Therefore mA;; cannot
appear in x,(L(my)) because it is not part of a consistent Uyr; (slo())-character.

This completes the inductive step, and we have therefore established the claim above, for all
n € Z>o, and hence the equality (2.11). Finally, it follows that L(m.) is manifestly thin in U, and

it is special in U by Property (ii). O
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