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Shared entanglement allows, under certain conditions, the remote implementation of quantum
operations. We revise and extend recent theoretical results on the remote control of quantum
systems as well as experimental results on the remote manipulation of photonic qubits via linear
optical elements.
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I. INTRODUCTION

Consider a maximally entangled state of two particles A and B, for instance, the Bell state

|Φ+〉AB =
1√
2
(|0〉A|0〉B + |1〉A|1〉B). (1)

Imagine now that the state describes a situation where the particles are in space-like separated regions and let us call
Alice and Bob the remote partners with access to particles A and B respectively. We assume that Alice and Bob
can perform arbitrary local operations (LO) on their subsystems, including unitary actions and, possibly, generalized
measurements involving extra ancilla particles. If necessary, Alice and Bob can exchange classical communication
(CC) but global quantum operations involving subsystems A and B are forbidden. The resulting set of allowed
operations is generally referred to as LOCC. When Alice and Bob share entanglement, local actions on a given region
have a non-local effect, in the sense that the state of the remote particle does not necessarily remain insensitive to the
details of the transformation performed miles away. Consider the case of a projective measurement on Alice’s side.
For example, she performs a Stern-Gerlach measurement with the apparatus oriented along an arbitrary unit vector
n̂. Let us call |+〉n̂, the eigenvector corresponding to spin up along the n̂ direction. Whenever she records a spin up
result, the joint state of the system is projected out into the product state |+〉n̂,A|+〉n̂,B, if she records a spin down

result, the joint state of the system is projected out into the product state |−〉n̂,A|−〉n̂,B. Both outcomes happen with
equal probability. Now there are two distinctly different ways to proceed. If Bob were to conduct an independent
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FIG. 1: Two remote partners share bipartite entanglement, represented by the state |χ〉
AB

. Only one of the partners, Alice,
has access to a device that can implement an arbitrary single qubit operation U . Is there an LOCC protocol that can yield a
final state where Bob ends up holding the state U |ψ〉 for any |ψ〉?

measurement on his particles using an Stern-Gerlach apparatus with a random orientation, then he will also register a
random outcome, obtaining an unbiased spin up and spin down distribution along his chosen direction. There will be
no correlations between his measurement outcomes and those of Alice. If however, Bob receives a message from Alice
informing him of her choice of alignment, then the situation changes in a subtle way. His measurement will still give
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random outcomes, but, these outcomes will be perfectly correlated to those of Alice’s measurement outcomes. This
shows that classical communication may be used to correlate actions between partners with the effect that experimental
results will change significantly. In a more complicated setting Alice and Bob would perform measurements along
various non-parallel but correlated axes. This type of correlated measurements then leads to the celebrated EPR
paradox, later formulated by Bell in a testable form and which for years fuelled the discussions about quantum
non-locality [1]. The recent development of the theory of quantum information processing has given an unexpected
twist to this discussion. Shared entanglement supplement by LOCC operations makes possible entirely new forms of
distributed computation and communication [2], as epitomized by the process of quantum state teleportation [3]. In
this article we will focus on a related problem: The remote implementation of quantum operations, and in particular,
the teleportation of unitary transformations [4, 5]. The simplest situation has been illustrated pictorially in Figure
1. One of the remote partners, Alice, has access to a classical device that can implement an arbitrary singe-particle
operation U . There is no need to restrict the dimensionality of the space of allowed operations except for assuming
that it be finite, but possibly very large (See section I for specific details). Using LOCC operations, and provided that
Alice and Bob share entanglement, represented by the state |χ〉αAB in the figure, our aim is to remotely implement
the arbitrary transformation U on Bob’s side, i.e., to design an LOCC protocol that will end up with Bob holding the
state U |ψ〉β for any single particle state |ψ〉β . When we allow for a completely arbitrary U then we will show that
the most economical procedure to achieve this consist of teleporting the state of Bob’s particle to Alice, who applies
the transformation U to the teleported state and then teleports the state back to Bob. No other LOCC protocol
supplemented by shared entanglement will consume less distributed entanglement and have a lower communication
cost. However, when the requirement of perfect remote control for arbitrary operations is relaxed, we encounter
a different situation and state teleportation is no longer the most cost-efficient way to proceed when implementing
restricted sets of operations. Non-trivial protocols become possible and we present examples for these in the special
case of unitary transformations on two-level systems (qubits).

We have organized the presentation as follows. In Section II we present a general proof for the necessary and
sufficient resources required for the remote control of a single qudit operation. This results generalize previous
constraints derived for qubits [4]. Section III analyzes the limitations arising when one attempts to teleport restricted
sets of operations. We will show that arbitrary qubit rotations around a fixed direction can be implemented remotely
without the need of teleporting states between Alice and Bob. Novel results concerning the remote control of identical
copies are discussed in III.a. Recent experimental reports demonstrating the protocol are summarized in section VI.
The final section summarizes our main results and conclusions.

II. A GENERAL RESULT

The most general scenario for the teleportation of an arbitrary unitary operation was discussed in [4] and is related to
the design of universal quantum gates arrays proposed by Nielsen and Chuang [6]. When the device implementing the
unitary transformation U is modelled as a truly quantum system, whose state corresponding to the unitary operation
U will be denoted by |U〉C , we can represent the remote control operator by a completely positive, linear, trace
preserving map on the set of density operators for the combined system. Any such map has a unitary representation
G involving global ancillary systems in state |χ〉AB , so that

G
[

|χ〉AB⊗|U〉C⊗|ψ〉β
]

= |Φ(U, χ)〉ABC⊗
(

U |ψ〉β
)

.. (2)

Note that this unitary representation may be non-local even if the map itself is local. As a consequence, any argument
involving the eq. (2) will provide only lower bounds on the resource requirement. In any specific case one will then
need to find a local protocol that matches these lower bounds. This can indeed be done in any of the instances that we
are considering in the following. The results by Nielsen and Chuang on programmable gate arrays [6] imply that the
control states |U〉C corresponding to different unitary transformations are orthogonal, so that no finite-dimensional
control system can be used to teleport an arbitrary unitary operation. For the remainder of this paper, when we
speak of an arbitrary unitary operation, we will mean one which belongs to some arbitrarily large, but finite, set. We
will also assume that this set contains the identity σ0 = 11 and the 3 Pauli operators σi. The orthogonality of the
control states opens the possibility that different operations can, at least in principle, be distinguished and identified
by Alice if she chooses to perform measurements on the apparatus. Here we are not interested in this approach and
focused instead in assisting the task with shared entangled and LOCC operations [7].

Within this very general formulation, it is possible to derive lower bounds on the amount of non-local resources
that are needed to implement G using only local operations and classical communication. To this end, we should
remember the following basic principles [4, 8]
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FIG. 2: Quantum circuit model using nonlocal unitary gates G1 and G2 for the teleportation of a unitary operation U on a
single particle (See text for details). Alice and Bob have access to the two upper and the two lower wires respectively. The
lowest wire represents the selected single particle state onto which we intend to remotely apply the transformation U .

(a) The amount of classical information able to be communicated by an operation in a given direction across some
partition between subsystems cannot exceed the amount of information that must be sent in this direction across the
same partition to complete the operation (Impossibility of super-luminal communication).

(b) The amount of bipartite entanglement that an operation can establish across some partition between subsystems
cannot exceed the amount of prior entanglement across the partition that must be consumed in order to complete the
operation(Impossibility of increasing entanglement under LOCC).

Principle (a) allows us to establish the fact that at least two classical bits must be sent from Alice to Bob to complete
the teleportation of an arbitrary U. Moreover, by teleporting an arbitrary U according to the general prescription in
Eq. (2), Alice and Bob can establish 2 ebits of shared entanglement and it follows from principle (b) that at least
2 ebits of entanglement need to be consumed to implement G locally, i.e. to teleport an arbitrary unitary operation
[4, 5]. These bounds can be attained by a procedure in which Bob teleports the state of his particle to Alice who,
after applying the unitary transformation, teleports it back to him ( bidirectional state teleportation). This scheme
saturates the lower bounds for the amount of shared ebits and classical bits transmitted from Alice to Bob and
additionally uses two bits of classical communication from Bob to Alice and allows the faithful implementation of U
independently of the dimension of the control system. To be more efficient overall, any other scheme would need less
resources than bidirectional state teleportation. This establishes an upper bound in the overall amount of resources
required for the efficient remote implementation of an arbitrary U as 4 classical bits and 2 ebits.

Note that it would also be conceivable to adopt a different strategy – teleporting the state of the control system
from Alice to Bob who would then implement the control directly onto qubit β. We call this the “control-state
teleportation” scheme. Control-state teleportation is a unidirectional communication scheme from Alice to Bob, so
the absolute lower bound for the communication exchange from Bob to Alice is zero. Obviously, the overall resources
will depend on the dimensionality of the control system C and in general a large amount of entanglement and classical
communication from Alice to Bob will be required if we want to teleport the control system.

Let us focus on the experimental scenario where the black box implementing an arbitrary transformation U is
a macroscopic object, involving a (very) large number of degrees of freedom. The option of teleporting the control
apparatus is then unfeasible, given that it would consume an unrealistic amount of entanglement and classical commu-
nication resources. However, the question remains whether there exists a more economical protocol than bidirectional
state teleportation. We will generalize in the following the results presented in [4] and show that bidirectional state
teleportation is an unconditional optimal way to remotely implement an arbitrary U on a given d-level system (qudit).

Discarding the possibility of control-state teleportation allows us to replace the transformation given by Eq. (2)
with

G2 U G1(|χ〉αAB ⊗ |ψ〉β) = |Φ(U, χ)〉αAB ⊗ U |ψ〉β, (3)

where certain fixed operations G1 and G2 are performed, respectively, prior to and following the action of the arbitrary
U on a qubit α on Alice’s side, as illustrated in Figure 2. We assume that Alice and Bob share initially some
entanglement, represented by the state |χ〉αAB. As before, the purpose of the transformation is to perform the
operation U on Bob’s qubit β. Note that we chose to use a nonlocal unitary representation of the transformation
involved so that G1 and G2 are unitary operators acting on possibly all subsystems. For instance, the transformation
Gi can represent a state teleportation operation. In the following we prove, for systems of arbitrary spatial dimensions,
that this is necessarily the case and that the only way that Eq. (3) can be implemented (locally) is by teleporting the
state |ψ〉β from Bob to Alice, and then teleporting back the transformed state U |ψ〉β from Alice to Bob.

By linearity, the transformed state of systems αAB has to be independent of the particular input state |ψ〉β . and
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the specific operation U [4]. With this we can already show that the operation G1 cannot be trivial. We do this by

first assuming the contrary that G1 = 11, and considering two input states, |ψ〉β and |ψ′〉β such that β〈ψ
′ |ψ〉β = 0,

and two unitary transformations U and U ′ which bring these two states to the same state |γ〉β. Using Eq. (3), this
implies that

G2

(

U |χ〉αAB |ψ〉β
)

= |Φ(χ)〉αAB⊗|γ〉β

G2

(

U ′|χ〉αAB |ψ′〉β
)

= |Φ(χ)〉αAB⊗|γ〉β .. (4)

No universal unitary action G2 can be found to satisfy Eq. (4), as this would require the mapping of orthogonal states
onto the same state. This shows that no universal operation G2 that satisfies Eq. (4) can exist and therefore, for the
U -teleportation to succeed, G1 has to be non-trivial. Finally, we will show that each of the operations Gi implements
a state transfer. Let us rewrite Eq. (3) as

U G1(|χ〉αAB ⊗ |ψ〉β) = G†
2(|Φ(χ)〉αAB ⊗ U |ψ〉β). (5)

Let us denote by {|k〉}d−1
k=0 the canonical basis in the space of sates of qudits. Consider the hermitean operator Π

defined as

Π =

d−1
∑

k=0

(k + 1)|k〉〈k|. (6)

By construction Π is diagonal in the canonical basis and has a non-degenerate spectrum. Since the operations G1

and G2 are universal, we may choose U and |ψ〉β freely. For each |ψ〉β let the operator Uψ be such that Uψ|ψ〉 = |0〉
where Π|0〉 = |0〉. If U = ΠUψ, then

(ΠUψ)G1

(

|χ〉αAB⊗ |ψ〉β
)

= G†
2

(

|Φ(χ)〉αAB⊗ ΠUψ|ψ〉β
)

= G†
2

(

|Φ(χ)〉αAB ⊗ |0〉β
)

.

The RHS is simply (Uψ)G1

(

|χ〉αAB ⊗ |ψ〉β
)

and so, given that the spectrum of the operator Π is not degenerate,

(Uψ)G1

(

|χ〉αAB ⊗ |ψ〉β
)

is the eigenstate |0〉α ⊗ |φ〉ABβ of (Π)α ⊗ 1ABβ. Equivalently,

G1

(

|χ〉αAB ⊗ |ψ〉β
)

=
(

U †
ψ|0〉α

)

⊗ |φ〉ABβ
= |ψ〉α ⊗ |φ〉ABβ . (7)

In other words, the operation G1 necessarily transfers Bob’s state |ψ〉 to Alice’s qubit α. Substituting Eq. (7) into
Eq. (3) then shows that G2 necessarily transfers U |ψ〉 back to Bob’s qubit β. This implies that the state of Bob’s
qubit must be brought to Alice for it to be acted on by the local operator U . This results is tantamount to a no-go
theorem: a local unitary operation U cannot act remotely. From this and the fact that quantum state teleportation is
an optimal procedure for local state transfer, we conclude that the optimal LOCC procedure supplemented by shared
entanglement for implementing remotely an arbitrary unitary action U on a qudit is by means of bidirectional state
teleportation.

III. RESTRICTED OPERATIONS ON QUBITS: TELEPORTING ARBITRARY ROTATIONS AROUND

A FIXED AXIS

In the specific case of qubits, the results presented in the previous section show that if we want the transformation
U to be an arbitrary element of the group SU(2), no LOCC protocol can exist consuming less overall resources than
teleporting Bob’s state to Alice followed by Alice teleporting the state transformed by U back to Bob. This amounts
to two e-bits of entanglement and two classical bit in each direction. The ultimate reason for this result can be
found in the linearity of quantum mechanics and the impossibility of implementing remotely an arbitrary U without
resorting to state transfer belongs to the family of no-go results imposed by the linear structure of quantum mechanics
such as the non-cloning theorem [9].



5

The same way that the no-cloning theorem forbids the replication of general states, should we expect a similar
result if the requirement of being able to implement any U is relaxed? Can we find families of operators that can be
implemented consuming less overall resources than a two-way teleportation protocol?. We want the procedure to work
with perfect efficiency. Imperfect storage of quantum operations have been recently discussed by Vidal et al. [10].
The probabilistic implementation of universal quantum processors was discussed by Nielsen and Chuang [6] and more
recently by Hillery et al in the general case of qudits [11]. We will show that there are indeed two restricted classes
of operations that can be implemented remotely and deterministically using less overall resources than bidirectional
quantum state teleportation and only two (up to a local change of basis). These are arbitrary rotations around a fixed
direction ~n and rotations by a fixed angle around an arbitrary direction lying in a plane orthogonal to ~n [5]. It is easy
to show that if a given protocol would be able to implement remotely certain operation U , the same protocol would
also allow the implementation of a remote control-U . This argument will allow us to establish a lower bound on the
amount of classical communication that needs to be conveyed from Bob to Alice. Consider the case of a non-local
controlled-NOT gate between Alice and Bob [8, 12]. When Alice prepares the state |+〉c = (|0〉+ |1〉)/

√
2, the action

of a controlled-NOT gate with Bob qubit being in either state |+〉B or in state |−〉B is given by

|+〉c|+〉B 7−→ |+〉c|+〉B, (8)

|+〉c|−〉B 7−→ |−〉c|−〉B.

Therefore, this operation allows Bob to transmit one bit of information to Alice and, as a consequence, the teleportation
of U requires at least one bit of communication from Bob to Alice. Summarizing, the physical principles of non-
increase of entanglement under LOCC and the impossibility of super-luminal communication allow us to establish
lower bounds in the resources required for teleporting an unknown quantum operation on a qubit. At least two
e-bits of entanglement have to be consumed and, in addition, this quantum channel has to be supplemented by a two
way classical communication channel which, in principle, could be non-symmetric. While consistency with causality
requires two classical bits being transmitted from Alice to Bob, the lower bound for the amount of classical information
transmitted from Bob to Alice has been found to be one bit.
An explicit protocol saturating these bounds was presented in [5]. This protocol allows the remote implementation
of arbitrary rotations around a given axis n̂ as well as fixed rotations around an arbitrary direction within a plane
orthogonal to n̂. Choosing n̂ to be along the z-direction, operations of the form

Ucom =

(

a 0
0 a∗

)

= ei
φ
2
σz , (9)

with a = eiφ that is, the set of operations that commute with σz , or transformations of the form

Uanticom =

(

0 b
−b∗ 0

)

= σxe
i( φ+π

2
)σz , (10)

which anticommute with σz , i.e., are linear combinations of the Pauli operators σx and σy. Any operation within
this family can be teleported deterministically using a protocol which employs less resources than bidirectional state
teleportation. Remarkably, these are the only sets that have this property as we rigourously showed in [5]. The
entanglement and communication costs can be further reduced if it is a priory known whether the operation U to be
teleported belongs to either the set characterized by eq. (9) or to the set characterized by eq. (10). Figure 3 depicts
the quantum circuit representation of the protocol that allows the deterministic remote implementation of arbitrary
rotations around the z-axis. This is a communication symmetrical protocol where one classical bit is conveyed in each
direction and with an overall entanglement cost of 1 ebit. As always, wiggly lines represent shared entanglement across
the space-like thick solid line. The dotted arrow lines represent the exchange of classical communication following the
measurement of the observable enclosed in the half-ovoid symbol. Squared boxes denote unitary actions performed
after that exchange.
Related results have been recently derived by other authors [13]. Reznik et al studied the deterministic remote
implementation of a class of operations whose complete specification is split between the remote partners. For
instance, single qubit transformations of the form U = eiαAσn̂B , where the rotation angle αA is controlled by Alice
while Bob selects the direction n̂B. In this case, the most economical protocol for the remote implementation of U
consumes 1 ebit and requires the symmetrical exchange of two classical bits. Reznik and Groisman have also analyzed
the probabilistic remote implementation of controlled operations using partially entangled states as a resource [14].
The potential use of this type of protocols for secret sharing schemes was discussed by Gea-Banacloche and C-P Yang
[15].
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FIG. 3: Quantum circuit for the remote rotation of a single qubit. The whole process is divided into three steps whose
experimental implementation using photonic qubits will be described in section IV. The operation G1 makes the coefficients of
Bob’s state visible in the channel via a global action on Bob’s side and subsequent measurement in the computational basis.
One classical bit has to be conveyed from Alice to Bob. For instance, if Alice and Bob share initially the Bell state |φ〉+

AB
and

|ψ〉 = α|0〉
B

+ β|1〉
B

, after completing G1 they share the state α|00〉
AB

+ β|11〉
B

. Next, Alice implements the rotation U on
her side. Operation G2 involves a measurement in the rotated basis followed by the transmission of a classical bit to Bob, who
completes the protocol by applying a final σz operation conditional on Alice’s measurement result.

A. Efficient application of multiple instances of an unknown unitary operation

In this subsection we are going to present a novel result concerning the generalization of quantum remote control.
So far we have considered the question of a single remote application of an unknown unitary operation on an individual
quantum state. One might consider whether the remote application of U on two identical copies of a quantum state
can be carried out with fewer resources than two full ebits and two classical bits of communication in each direction
(ie twice the resource of a single application). In the following we will show that indeed, as long as the two copies of
the quantum state |ψ〉 are both held by Bob a resource reduction can be achieved. In other words, assuming Alice
holds a machine that implements U = eiθσz with an unknown θ and given that Bob holds the state |ψ〉⊗2 we would
like to provide an entangled state shared between Alice and Bob which, when supplemented by local operations and
classical communication, allows for Bob to hold, at the end of the protocol, the state (U |ψ〉)⊗2. In the following we
will provide a protocol that requires an entangled state with log 3 ebits of entanglement. This is clearly less than 2
ebits and therefore represents a resource reduction over the trivial protocol.

The entangled resource is the well-known tele-cloning state [16]

|ψtele〉 =
1√
3

(

|00〉A|00〉B +
|01〉A + |10〉A√

2

|01〉B + |10〉B√
2

+ |11〉A|11〉B
)

(11)

For the following it will be convenient to use the following abbreviations

|0̃〉 = |00〉

|1̃〉 =
|01〉 + |10〉√

2

|2̃〉 = |11〉
Then the total state including |ψ〉⊗2 with |ψ〉 = α|0〉 + β|1〉 is given by

|ψtele〉|ψ〉⊗2 =
1√
3
(|0̃〉A|0̃〉B + |1̃〉A|1̃〉B + |2̃〉A|2̃〉B)(α2|0̃〉 +

√
2αβ|1̃〉 + β2|2̃〉) (12)

let us further define the three unitary transformations

1 = |0̃〉〈0̃| + |1̃〉〈1̃| + |2̃〉〈2̃| (13)

T = |0̃〉〈1̃| + |1̃〉〈2̃| + |2̃〉〈0̃| (14)

T 2 = |0̃〉〈2̃| + |1̃〉〈0̃| + |2̃〉〈1̃| (15)
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and the corresponding controlled operation

UT =

2
∑

k=0

|k̃〉〈k̃| ⊗ T k (16)

We furthermore define the unitary operator

F =
1√
3





1 1 1
1 e2iπ/3 e4iπ/3

1 e4iπ/3 e8iπ/3



 (17)

It is now straightforward to verify that the following protocol will implement U on the two copies of |ψ〉. (i) Apply
UT between the first (second) copy of |ψ〉 as control and the first (second) qubit of Bob’s part of the telecloning state

as target. (ii) Measure Bob’s qubits that are part of the telecloning state. If he finds |k̃〉, then apply operation T k

on Alice’s qubits. (iii) Now she applies U to both of her qubits. (iv) Alice applies F and subsequently performs a

measurement in the {|0̃〉, |1̃〉, |2̃〉} basis. (v) If Alice finds |k̃〉, then Bob needs to apply the operation Fk on his qubits.
The outcome of this procedure is the state (U |ψ〉)⊗2 on Bob’s side.

The procedure requires the transmission of log 3 classical bits in both directions and furthermore requires the
telecloning state as a resource which contains log 3 ebit of entanglement.

Note however, that in this protocol is is strictly necessary that Bob holds both copies of the state |ψ〉 and possesses
the ability to carry out joint operations on both of them. These joint operations would require require further
entangled resources if the two particles on Bob’s side are distant. It is therefore natural to consider the question of
whether one can remotely apply the unitary operation U that Alice possesses onto two identical copies of the state
|ψ〉 that are held by Bob and Charles. If one admits a 50% success rate then this is indeed possible employing a
straightforward generalization of the protocol for remote application of U = eiθσz presented earlier in this section. It
is an interesting open question whether there is a protocol that achieves 100% success probability and requires less
than a shared ebit between Alice and Bob and another shared ebit between Alice and Charles.

IV. RECENT EXPERIMENTAL RESULTS

Recently, the quantum remote control protocol for arbitrary single qubit rotations, shown in Figure 3, was imple-
mented experimentally in a linear optics setup [17]. For that, polarization entangled states generated from spontaneous
parametric down conversion (SPDC) where locally manipulated to generate a three qubit state involving polarization
and path degrees of freedom. In the following we will describe the basic elements of this experiment as well as the
results that have been obtained with this set-up.

We begin with a brief description of the experimental choice of the physical qubit, the gates implementing the local
operations and the entangled states employed.

• Qubits: For photons, both horizontal and vertical polarization states {|H〉 , |V 〉} as well as up and down paths
{|u〉 , |d〉} can represent the logic states {|0〉 , |1〉} of qubits. We will refer to the resulting encoding as polarization
or path qubits respectively.

• Quantum gates: For a polarization qubit, arbitrary unitary rotation can be performed by using half-wave
plate(HWP) and quarter-wave plate(QWP)[18]. The controlled-NOT gate between polarization qubit (control)
and path qubit (target) of the same photon can be implemented by a polarization beam splitter(PBS),

|H〉 |u〉 (|H〉 |d〉) → |H〉 |u′〉 (|H〉 |d′〉), (18)

|V 〉 |u〉 (|V 〉 |d〉) → |V 〉 |d′〉 (|V 〉 |u′〉),

with suitable definition of the incoming and outgoing modes.

• Entangled states: Bi-photon entangled states involving either polarization or path qubits can be generated via
a SPDC process [19]. Here the initial three qubit state of the protocol represented in Fig. 3 will involves
the polarization degree of freedom of Alice’s qubit and the polarization and path degrees of freedom of Bob’s
particle, as explained in detail below.

The concrete experimental setup that was implemented in [17] is showed schematically in Fig. 4. A mode-locked
Ti:Sapphire pulsed laser (with the pulse width less than 200 fs, a repetition rate of about 82MHz and a central
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FIG. 4: Schematic representation of the experimental setup to perform a remote rotation on a single photon [17]. P1, P2

denote polarization beam splitters; HWP are half wave plates; QWP are quarter wave plates; PA is a polarization analyzer;
D1,D2 represent single photon detectors.

wavelength of 780.0nm) is frequency-doubled to produce the pumping source for a SPDC process. A BBO crystal
of 1mm thickness, cut for type-II phase matching, is used as a down converter. Non-collinear degenerated SPDC
generates two photons, A and B, in the polarization-entangled state

∣

∣Ψ+
〉

AB
=

1√
2
(|H〉A |V 〉B + |V 〉A |H〉B)

[19]. Bob employs the PBS (denoted P1 ) to split photon B in two paths {|u〉 , |d〉} and a HWP H1 at 45◦ as a σx
gate is used to flip the polarization in path u. Hence the initial polarization entanglement between the two distributed
photons is converted into polarization-path entanglement,

∣

∣Ψ+
〉

123
=

1√
2
(|H〉1 |u〉2 + |V 〉1 |d〉2) |H〉3 , (19)

where we have relabelled Alice’s photon with the index 1 and the the indices 2 and 3 refer to the path and polarization
degree of freedom of photon B. The polarization state of qubit 3 can be prepared in an arbitrary state |ψ〉3 =
α |H〉3 + β |V 〉3 with identical sets of waveplates, {Hu, Qu} and {Hd, Qd}, in each path [18]. The global state can
therefore be initialized to be of the general form

∣

∣Φ+
〉

12
|ψ〉3 =

1√
2
(|H〉1 |u〉2 + |V 〉1 |d〉2)(α |H〉3 + β |V 〉3). (20)

The three step protocol for the remote rotation of Bob’s polarization qubit is performed as follows:
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i) Encoding (Operation G1): The paths u and d of photon B provide the input for a second PBS (denoted by P2 ) to
perform a CNOT operation, where the polarization acts as the control qubit and the path represents the target qubit.
In the experiment we have ensured that the optical path lengths of u and p are equal to avoid the accumulation of a
relative phase factor between the two terms in eq. (19). The σz measurement on qubit 2 is implemented by reading
out the path information of photon B. If B is in path u’, |ψ〉B is encoded into |ψ〉AB = α |H〉A |H〉B + β |V 〉A |V 〉B.
If B is in path d ’, the two photons will be in |ψ′〉13 = α |V 〉1 |H〉3 + β |H〉1 |V 〉3, which can be transformed into |Ψ〉13
by another HWP at 45◦ acting on photon A. Here we omit the later case without loss of generality.

ii) Remote operation: The operation Ucom can be performed by a pair of QWP at 45◦ with a HWP at ϕ
2 − 45◦

between them. Such device has been used to verify the geometric phase of classical light and photons[20, 21]. For a
single qubit operation, any additional global phase is trivial, so Ucom can be replaced by eiϕ/2Ucom, which can be
realised by one zero-order waveplate at 0◦ tilted in a suitable angle (see [22] for similar application). Here we chose
ϕ = 60◦ and 120◦ by a tilted QWP Q1.

iii) Decoding and Verification (Operation G2): Alice performs her measurement in the rotated basis
{|D〉1 = 1√

2
(|H〉1 + |V 〉1) , |C〉1 = 1√

2
(|H〉1 − |V 〉1)} using a polarizer. Photon A is detected by a single pho-

ton detector (SPCM-AQR-14 by EG&G). Photon B will be collapsed into |ψ′〉3 = Ucom |ψ〉3 for result |+〉1, and
|ψ′′〉3 = Ucomσz |ψ〉3 for result |−〉1. The latter can be converted into |ψ′〉B by a HWP at 0◦, i.e. a σz rotation. The
polarization state of photon B is reconstructed by quantum state tomography using a polarization analyzer and a
detector [18]. The measurements on A and B are collected via coincidence counts with a window time of 5ns.

Results:

The effect of a general quantum operation on a single qubit can represented by a trace-preserving completely positive
(CP) map, i.e. for an arbitrary input state ρ, the output one would be of the form ρ′ = ε(ρ) =

∑

mn χmnEmρE
†
n,

({Em} = {I, σx, σy, σz}) , where χ is a positive Hermitian matrix. In the actual experiment, two main sources of
phase decoherence were identified (for a more detailed discussion see [17]). One is caused by the bi-refringency of
BBO, which induces the partial time-separation between the wave-packets of two polarizations. The other one is the
mismatch of spatial modes in the PBS P2. The CP map representing the dephasing operation can be written as

εd={
√

1+pη
2 Ucom,

√

1−pη
2 Ucomσz} where p is the visibility of the entangled state obtained from SPDC and η is the

visibility of the interferometer formed by the PBSs P1 and P2. These parameters can be measured independently.
Within this formalism, the final state after the action of the net quantum operation, including dephasing, representing
the remote rotation protocol is given by

ρd = εd(|ψ〉〈ψ|) =

(

αα∗ pηαβ∗e−iϕ

pηα∗βeiϕ ββ∗

)

. (21)

Here, to completely characterize the remote operation εe in our experiment, four states {|H〉 , |V 〉 , |D〉 , |R〉 =
1√
2

(|H〉 − i |V 〉)} are used as an input for the initial state of Bob’s polarization qubit. With the four output density

matrices, the χ obtained in the process can then be reconstructed using techniques for quantum process tomogra-
phy [23]. For the σz-rotation Ucom = cosφ/2 + i sinφ/2σz, χi has four non-zero elements, χ11 = (1 + cosφ)/2,
χ44 = (1 − cosφ)/2, χ∗

14 = χ41 = i sinφ/2. The dephasing only changes the value of the four non-zero elements,
χ11 = (1 + p η cosφ)/2, χ44 = (1 − p η cosφ)/2, χ∗

14 = χ41 = ip η sinφ, while leaving the other 12 zero elements
unaffected. The matrices are shown in Fig. 5 for the case of an ideal rotation χi, a dephased rotation χd, and the
effective operation χe obtained in our experiment, where the left six histograms are the real parts for the matrices
for 60◦ and 120◦ rotation through z axis, and the right for the imaginary ones, where the values of the parameter εd
was measured to be p ≈ 0.85 and η ≈ 0.92. New non-zero elements are found in the effective χe. This is introduced
by the imperfection of the polarization beam-splitter. The comparison of the experimental operation εe with the
ideal rotation εi is determined by evaluating the average fidelity with pure input states uniformly distributed over the
Bloch sphere

F [εe, Ucom] =

∫

dψF [εe(|ψ〉, Ucom|ψ〉〈ψ|U †
com]

where

F [ρ, ρ′] = (Tr[

√

√

ρ′ρ
√

ρ′])2

is the output state fidelity [24, 25]. The measured χ yields F 60 = 0.96 and F 120 = 0.86. Although only a rotation
commuting with σz (z-rotation) is operated in our experiment, the same protocol can be implemented for operations
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FIG. 5: Quantum process tomography for the remote σz rotation of 60◦ and 120◦. We have represented the theoretical values
of the χ matrices corresponding to (a) ideal rotation χi and (b) a dephased rotation χd as well as c) the measured rotation χe

performed with the set up depicted in Fig. 4. The real parts of the matrix elements of χ are represented in the chart figures
on the left while the imaginary ones are represented on the right.

anti-commuting with σz (x-rotation) with another HWP at 45◦ at the output port, which acts as a σz operation. The
above scheme can also be generalised to implementing controlled operations which commute or anti-commute with
σz . For example, the control-phase gate commutes with I ⊗σz , σz ⊗ I and σz ⊗σz . An experiment along these lines,
where a non-local CNOT was implemented using linear optics, was reported in [26].

Summarizing, we have implemented a remote rotation by 120◦ about the z axis on a photonic qubit using shared
entanglement and local operations and without performing the rotation directly on the target photons. The whole
process was characterized using quantum process tomography and the results agree with the theoretical predictions.
The scheme can be generalized to implement remotely any operation belonging to the two classes that allow for
protocols different from bidirectional state teleportation [5].
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V. CONCLUSIONS

The linearity of quantum mechanics imposes severe constraints on the type of protocols that can be implemented
by quantum mechanical means. When combining these constraints with those of locality, one arrives at interesting
no-go theorems concerning quantum protocols between spatially separated parties. In this work we have investigated
such questions both theoretically and experimentally. In particular, we have considered the possibility of the remote
implementation of unitary transformations. If Alice holds a tool that allows for the implementation of a unitary
transformation we consider the question whether entanglement and classical communication is sufficient to allow this
unitary transformation be applied to an unknown state of a particle held by Bob. We have considered several scenarios
and, employing linearity, the non-increase of entanglement under local operations and classical communication (LOCC)
as well as the no-signalling condition, several no-go theorems were derived and discussed. We have also identified
situations with restricted sets of operations in which the remote application of unitaries can be achieved in a non-
trivial way, that is, avoiding state teleportation. Despite their theoretical nature, the results of this work have led to
an effort towards the implementation of such protocols and we have described the successful implementation of one
of the theoretical protocols that has been developed in this paper.

It is hoped that these results illuminate further how fundamental properties of quantum mechanics impose con-
straints via linearity, locality and no-signalling but also facilitate new opportunities in the form of generalized mea-
surements and entanglement supplemented by classical communication. The use of multipartite entanglement, as
discussed in section III.a, opens up a new front and further applications for quantum communication are foreseeable.
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