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Impact of Residual Additive Transceiver Hardware

Impairments on Rayleigh-Product MIMO Channels

with Linear Receivers: Exact and Asymptotic
Analyses

Anastasios Papazafeiropoulddember, IEEE Shree Krishna Sharm&Jember, IEEE Tharmalingam Ratnarajah,
Senior Member, IEEEand Symeon Chatzinotaslember, IEEE,

Abstract—Despite the importance of Rayleigh-product
multiple-input multiple-output (MIMO) channels and their
experimental validations, there is no work investigating heir
performance in the presence of residual additive transceir
hardware impairments, which arise in practical scenarios.
Hence, this paper focuses on the impact of these residual
imperfections on the ergodic channel capacity for optimal
receivers, and on the ergodic sum-rates for linear minimum
mean-squared-error (MMSE) receivers. Moreover, the low ad
high-signal-to-noise ratio (SNR) cornerstones are charaerized
for both types of receivers. Simple closed-form expressi@nare
obtained that allow the extraction of interesting conclusbns. For
example, the minimum transmit energy per information bit for
optimal and MMSE receivers are not subject to any additive
impairments. In addition to the exact analysis, we also stug
the Rayleigh-Product channels in the large system regime,nal
we elaborate on the behavior of the ergodic channel capacity
with optimal receivers by varying the severity of the transe@iver
additive impairments.

Index Terms—Ergodic capacity, Rayleigh-product channels,
hardware impairments, massive MIMO, MMSE receivers.

I. INTRODUCTION

or the “keyhole” effect([6]. In such cases, a rank deficiency,
concerning the channel matrix, appears. The physical expla
nation behind this rank deficiency is the description of the
double scattering eff(-ﬂ:t[GJ—[13]. This phenomenon was ex-
perimentally validated in_[8]/ 9], [11], while its mathemnzal
characterization is given by the product of two statistcal
independent complex Gaussian matrices. Interestinglgnwh
the antenna elements and the scattering objects are suifficie
separated, the effective spatial correlations can be @hor
resulting in the Rayleigh-product moBel

Plenty of works have studied the double scattering models in
different settings, and in particular, the double Rayleigtdel,
which is the special case of double scattering model with
identity transmitter, scatter and receiver correlatiortrives.
For example, the derivation of an ergodic capacity uppendou
for this channel was carried out in_]13]. In particular, its
performance with the low complexity linear minimum mean-
squared-error (MMSE) receivers was investigated recently
in [14]. However, the misleading standard assumption in the
context of double Rayleigh channels, considered in theiagis
literature, includes ideal transceiver hardware, whiclfais

Multiple-input multiple-output (MIMO) systems have refrom reality.

ceived an enormous attention in terms of understandi

nglnevitably, practical transceivers present hardware impe

the fundamental capacity limits of various models [2]—[4fections such as high power amplifier_non-linearities and in
However, the potential benefits of MIMO have been mostRhase/quadrature (I/Q) imbalande [15]5[26]. The hardware
considered in rich scattering conditions, described by I fdmpairments can be mainly classified into two categories.

rank channel matrix. In practice, there are environmertgre/
the “richness” is not fulfilled due to insufficient scattegifb]
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In the first category, the effect of hardware impairments
is modeled as a multiplicative factor to the channel vector
causing channel attenuation and phase shifts. Note that thi
factor cannot be incorporated by the channel vector by an
appropriate scaling of its covariance matrix or due to the
property of circular symmetry of the channel distribution,

1The double scattering effect includes both rank-deficieaogl spatial
correlation.

2|t should be noted that the Rayleigh product channel can tead
keyhole in the extreme case of only one scatterer. Although Keyhole
channel has been studied intensively in the literatures &till unclear how
often this appears in real situatioris [9]. However, the Bigyl product is a
generalization of the keyhole channel and can capture a mvigdr range of
scattering environments. In this direction, the next stepld be to consider
parametric channel modes which depend on the angles omtissien and
arrival given a set of scattering clusters. This would regua different
analytical approach since the i.i.d. properties of the okhmoefficients no
longer hold and it is reserved for future work.



when it changes faster than the channel. An example is tleeeivers (MMSE) in both regimes of finite and asymptoticall
phase noise, which accumulates within the channel coherefarge MIMAA. It is worthwhile to mention that the study of
period [18], [27]. On the other hand, the aggregate effedbuble Rayleigh channels is quite important in massive MIMO
from many impairments can be described by an additigystems and millimeter wave (mmWave) communications sug-
system model [[15],[[16],[[22]5[26],[ [28],.129], where thegested for the forthcoming 5G networks. For example, innirba
impairments are modeled as independent additive distortienvironments, double Rayleigh channels are more probable,
noises at the base station (BS) as well as at the user. ltaigd it is crucial to investigate their realistic behavioremh
a well-established model due to its analytical tractab#ihd residual hardware impairments are considered. Due to high
the experimental verifications [116]. These kind of impaintse operating frequencies and wider bandwidths, it is impdrtan
emerge as residual hardware impairments after the applicatto analyze the effect of transceiver hardware impairments
of inadequate compensation algorithms. Several reasauds léor the realistic performance evaluation of mmWave systems
to this inadequacy such as the imperfect parameter estimati36], [37]. In this regard, recent experimental results fie t
caused by the randomness and the time variation of tlerature [37] have demonstrated that the achievable deta
hardware characteristics, the inaccuracy coming fromtdichi in wideband mmWave systems is severely limited by the
precision models, unsophisticated compensation algosth local oscillator phase noise resulted due to the multipliea
etc [15], [16]. In particular, non-ideal hardware sets atdini noise added while performing frequency multiplication @f
capacity limit at high signal-to-noise ratio (SNR), whehet frequency local oscillator to a high frequency.
authors considered only transmitter impairments| [15],],[16 Furthermore, it is of great interest to show how the defi-
[21]. The impact of additive hardware impairments has beefency of the channel matrix, i.e., the number of scatterers
studied for various channel models, e.g., point-to-poiiikd  affects the capacity by means of a thorough analysis in the
channels, amplify-and-forward (AF) relay systems, and heresence of the residual impairments in both the convealtion
erogeneous networks [21]—[23], [28]. This paper grapplesd large numbers of antennas regimes. In fact, althdugh [14
with the thorough investigation of residual additive haadev provides a similar analysis, we clearly differentiate from
impairments in Rayleigh-product MIMO channels, while mukhis, since we incorporate the inevitable residual adelitiv
tiplicative impairments are left for future work. transceiver impairments. In addition, the current papévese
Turning the focus into the emerging technology of massiveto the large system limit, thus leading to further insighfo
MIMO, where a BS is deployed with a large number ofhe best of our knowledge, there appears to be no analytical
antennas and achieves a number of interesting properiiés stesults investigating the impact of transceiver impairtaen
as high gain and the ease of implementation, most works fts- double Rayleigh chann€lsin this direction, this paper
sume ideal transceiver hardwarel[30]+[33]. Given that imass provides the following specific contributions:

MIMO systems are supposed to be implemented with low-cost, e study the ergodic channel capacity with optimal

hardware, and hence are more prone to impairments, this is a receijvers and the achievable sum-rate with linear MMSE
strong assumption. As a result, there is a meaningful tutheof receivers for double Rayleigh channels in the presence
attention towards the direction of previous study regaydive of residual transceiver hardware additive impairments.
hardware impairments [27]. [28]. For example.|[27] showed  gpecifically, we derive novel exact analytical expressions
that massive MIMO systems are more tolerant to hardware, Towards obtaining more engineering insights, we further
impairments. Moreover, the authors in_[28], considering th investigate the low and high-SNR regimes by deriving

additive transceiver impairments, extended the analy4&1j simple closed-form expressions for each type of receiver.
to massive MIMO for arbitrary SNR values. It is worthwhile These results shed more light on the performance of

to mention that the double scattering channel has beendglrea  rank deficient channels in the realistic case, where the
investigated for massive MIMO systems, which is one of  jnevitable imperfect hardware is present.

the prominent technologies for 5G aof [34]. [35]. Moreover, , Based on the proposed system model, we provide the
it should be noted that the keyhole channel is a first step grgodic channel capacity with optimal receivers for dou-
model for characterizing the scattering limitations of Heg hardware impairments in the large system limit by using
frequencies envisaged in the fifth generation (5G) networks g free probability (FP) analysis.

Although these models have limitations in terms of acclyate
matching the measurement campaigns, we believe that tl?

will remain useful tools for theoretical analysis of wirste and imperfect hardware. In Sectibnl Ill, we provide a dethile

system performan@e . ; X )
. . . study of ergodic capacity for Rayleigh-product channelhwi
In thls paper, assuming that th_e cha_nnel sta_te_ Imcormat'8rp1)timal receivers including the characterization of the émnd
(CSl) is not known at the transmitter side but it is perfectl igh-SNR regimes. To this direction, we perform a similar
known at the receiver, we focus on the investigation of the ' '

ergodic capacity with residual transceiver impairmenthi®  4among the linear receivers, we have chosen the MMSE recelvecause
context of double Rayleigh channels with optimal and lineafey provide the higher performance with reasonable coxitpjeespecially,
in the large system regime, where the statistical exprasdiecome determin-
3|t is worthwhile to mention with a fair degree of caution thhis model istic.
has not been validated by measurements and at this stapeultise treated 5The behaviour of double Rayleigh channels in the large sysdimit
as a proposed model rather than the correct model. without any transceiver hardware impairments has beenestuhly in [34].

The remainder of the paper is organized as follows: Sec-
F%¥1m1presents the system and signal models with both ideal



analysis for the sum-rate of linear MMSE receivers in Sereceiver. However, the emergence of various distortiose®i
tion IVl With concern to the large system limit, where thés unavoidable due to residual impairmerits![15],][16].! [23]
numbers of antennas and scatterers tend to infinity, but wj/]. Consequently, hardware transmit impairments indace
a given ratio, Sectiof V elaborates on the investigation afismatch between the intended signal and what is actually
Rayleigh-product MIMO channels in the presence of hardwatt@nsmitted during the transmit processing, and similaaly
impairments in the large antenna regime. Finally, conclgdi distortion of the received signal at the receiver side isipoed
remarks are given in SectignlvI. due to imperfect receiver hardware. As mentioned in Section
Notation: Vectors and matrices are denoted by boldfadE these residual impairments can be modeled in terms of
lower and upper case symbols. Thesymbol denotes the Kro-distortions, which can be: a) multiplicative, when the reed
necker product. The transpose, Hermitian transpose, and trsignals are shifted in phase; b) additive, where the distort
operators are represented by", (-)", andtr(-), respectively. noise is added with a power proportional to the transmitadign
Additionally, T'(z) = [~ t*~te~'dt and G} (x| 5,"75") power and the total received signal power; and c) amplified
are the Gamma function [38, Eq. 8.310] and the Meijer @ermal noise. A generic model, including all these hardwar
function [38, Eq. 9.301], respectively. The form &/B, impairments, is written as
where A and B are matrices, denoteAB~! with B~! — O.H(T 3
standing for the inverse of the matri®. The first and the Yn = OnH(¥nxn +n0en) + Men + &n, (3)
second derivatives are denoted §yor ) andaa—z2 or () , where the additive termsy, ,, and i, denote the distor-
respectively. The expectation operator and the deterrhinian tion noises at timen coming from the residual impair-
a matrix are denoted b [-] and det-), respectively. The nota-ments in the ) antennas transmitter andd antennas re-
tionsCM andC? >N refer to complexi/-dimensional vectors ceiver, respectively, as shown in F[g. 1(b). Moreow®r, =
andM x N matrices, respectively. Thiiag{-} operator gener- diagd e/ ... ei%" '} € CN*N is the phase noise sample
ates a diagonal matrix from a given vector, daddenotes the matrix because of the imperfections in the local oscillator
|der_1t|ty matrix of SIZF..'N. Moreover,b ~ CN(O, ) denotes (LOs) of the receiver, Whil@n:diag{ewg), L ejwyﬂ} c
a circularly symmetric complex Gaussian vector with zer
mean and covariance matri signifies the positive part of
its argument, whileX ~ CA/ (M, ¥ @ ¥) denotes thaX is a
Gaussian distributed matrix with mean mathk € C?*? and
covariance matrix® @ ¥ whereX € CP*P and & € C9*¢
are Hermitian matrices witp < q.

Ea s the the phase noise sample matrix because of
the imperfections in the LOs. The phase noise expresses the
distortion in the phase due to the random phase drift in the
signal coming from the LOs of both the transmitter and the
receiver during the up-conversion of the baseband signal to
passband and vice versa. The phase noise duringtthéme

slot can be described by a discrete-time independent Wiener
process, i.e., the phase noises at the LOs ofriltie antenna

We take into conS|de_rat|on the ca_momcal flat-fading p"?““t' of the transmitter anéth antenna of the receiver are modeled
point MIMO channel withM transmit antennas and receive as [27]

antennas, as depicted in F[g. 1(a). Mathematically spegakin -

Il. SYSTEM MODEL

the received signal in vector form is written as Vmon = Pmn—1 + 05" (4)
y = Hx +z, 1) Ok = 1 + 0%, (5)
. . . m 6
wherex € CM*! is the zero-mean transmit Gaussian velé‘l?ere & > N(0,07,,) and o3¢ ~ N(0,03, ). Note that
tor with covariance matrixE [xx"] = Q = &I, and 9 = 4m? feei Ty, @ = 1,0 describes the phase noise

z ~ CN(0,Iy) denotes the additive white Gaussian nois@crement variance withls, ¢;, and f. being the symbol
(AWGN) noise vector at the receiver. Note thatrepresents interval, a constant dependent on the oscillator, and théeca
the SNR, since we have assumed that the channel gHffuency, respectively. Furthermore, some componems su
and receiver noise power are normalized. Especidly,c @as the low noise amplifier and the mixers at the receiver
CN*M  CN(0,Iy ® I5) represents the Rayleigh-produc?nge”der an amplification of the thermal noise, which appear
MIMO channel, exhibiting flat-fading in the presence of & an increase of its variance [27]. In fact, the total effect

and variance¢, Iy, whereo? = 1 < &, is the corre-

H= LH1H2, (2) sponding parameter of the actual thermal noise. Note that al
VK the impairments are time-dependent because they take new

whereH; € CV*K ~ CN(0,Iy @ Ix) andHy € CE*M ~  realizations for each new data signal. Remarkably, thentece
CN(0,1Ix ®1,,) are random matrices with® quantifying the work in [39] proposed the rate-splitting approach as a rbbus
number of scatterers in the propagation environment [6]. method against the residual multiplicative transceivedivare

Unfortunately, the common assumption of ideal hardwaiejpairments. Although these impairments are residual,[39]
possibly leading to misleading results, is not realisticduese this work showed the robustness of rate-splitting over the
both the transmitter and the receiver suffer from certamultiplicative impairments, while the additive impairmen
inevitable additive impairments such as I/Q imbalance amdn be mitigated with this approach. Note that the topic of
high power amplifier (HPA) nonlinearities [15]. In fact, mitfurther dealing with other methods and strategies to ntiiga
igation schemes are applied at both the transmitter and the residual impairments is left for future work.



Focusing on the manifestation of only the residual additive
transceiver impairments, the generic model, after absgrbie
subscriptn, becomé$

y=Hx+mn)+mn +z (6)
M
=hyam+ Y hai+Hp+n+z,  (7)
i=1,i#m

where, z,,, is the transmit signal from thenth transmit an-

BS (M antennas)

Intended signal

- .

BS (N antennas)
Noise

Received signal
y

Be—n

Rayleigh-Product
Channel
with K scatterers

@)

tenna. A general approach, validated by measurement $esult s antennas)

considers the assumption that the transmitter and thevegcei
distortion noises are Gaussian distributed with their ager
power being proportional to the average signal power [15]
[16], [28], and references therfinin other words, the distor-
tion noises are modelledfhs

UL NCN(Oadthlag (Q1a"'?qM))a (8)

Transmitter Distortion
i

Intended signal
x

BS (N antennas)

Receiver Distortion  Noise

M
l l Received signal
y

» 3 >

Rayleigh-Product
Channel

>
é with K scatterers

(b)

Fig. 1. (a) Conventional Rayleigh-product MIMO system with scatterers

2
e~ CN(O’ 6r o (Q) IN)’ (9) and ideal transceiver hardware. (b) Rayleigh-product MIs{&tem with K
Where5t2 and 53 are proportionality parameters describing thecatterers and residual additive transceiver hardwaraimgnts.
severity of the residual impairments in the transmitter tred
receiver. Moreovery, . . . ¢y are the diagonal elements of thaéhat no CSl is known at the transmitter side but it is perfectl
signal covariance matri@Q. Hence, taking into account for known at the receiver. In particular, the following propiusi
the form of the covariance matri®, the additive transceiver allows us to express the ergodic capacity, when optimal

impairments are expressed as
(10)
(11)

ne ~ CN(O, 53%11\,{),
e~ CN(Ov 5r2pIN)

In the following sections, we provide the theoretical asay

receivers are employed. Actually, it provides the starpiot
for the subsequent derivations.

Proposition 1:The ergodic channel capacity of a practical
Rayleigh-product MIMO channel with optimal linear recaiwe
but with residual additive transceiver impairments undwer t
constrainttr Q < p is given by

and we verify the analytical results with the help of numalric C°P*(p,M,N K ,6;,6,)=E {loggdet(INJrﬁHH“«Ifl)} (12)

results. Subsequently, we illustrate the impact of impairts

on the ergodic capacity of Rayleigh-product channels wimhereq):ﬁgt?HlHQH; T+(p§r2 + 1) Iy.

optimal receivers and the ergodic sum rate of the Rayleigh-

product channels with MMSE receivers.

IIl. ERGODIC CHANNEL CAPACITY ANALYSIS

In this section, we investigate the impact of residual ha
ware impairments on the ergodic channel capacity of Ralyleig 52
product MIMO channels with optimal receivers, when the !
number of antennas is arbitrary, but finite. Also, we assume

8Note that[[T) reduces to the ideal mod@l (1) dor= 6.=0, which indicates
ideal hardware on both sides of the transceiver.

"The circularly-symmetric complex Gaussianity, verifiedpesimentally
(see e.g.,[140, Fig. 4.13], can be also justified by means ef déntral
limit theorem (CLT), since we assume the aggregate coniibbuof many
independent impairments.

8Two basic approaches in the literature are followed for desg the
receive distortion noises. Their difference lies on botle thathematical
expression and physical meaning, where two types of randesniappear
when the received power is measured. The first approachdieslthe channel
variations, while the second one concerns the energytiar&ain the wave-
form/modulation (the Gaussian codebook in our case). Hénseveral works
(e.q., seel[27]), the authors take the average over the wawghodulation,
i.e., the transmit signal, but not over the channel coeffisieFor the sake of
simplified mathematical exposition and analysis, in thigkyeve follow the
second approach, where we take the average over both theethamiations
and the waveform[[23],[28]. Following this direction, ounaysis is more
tractable, while revealing at the same time all the intémgsproperties. It is
worthwhile to mention that the model that is closest to tgalbes not apply
any average.

Proof: It can be seen thdfl(7) is an instance of the standard
MIMO channel given by [[2) for any channel realizations
H,,H, and transmit signal covariance matr@, being a
scaled identity matrix, but with a different noise covadan

/given by

P = EHngdlag (ql, .

+ (62trQ+1) Iy.

,qnr) HyHY
(13)
In such case, the ergodic capacity is written as

CP* (p,M,N,K)= er&zgcng log,det(Iy +HQH"®™)].

Taking into account for the sufficiency and optimality of the
input signalx, since it is Gaussian distributed with covariance
matrix Q = {71 [2], the proof is concluded. Note that there
is no need of optimization of), since we have no CSIT. For

this reason, we use unit covariance. ]
In what follows, we refer tom = max(M,N), n =
min(M,N), p = max(m,K), ¢ = min(m,K), s =

min(K, n), t = max(K,n), andé2 = 1 + 62, as well as for
wr (1467)
po2+1

notational convenience we denofe (p) =

_p__§52
fa(p) = EF.

and




A. Exact Expression Fig.[2 presents the per-antenna ergodic capacity of Rdyleig

Herein, we focus on the study of realistic Rayleigh-produfoduct channels with optimal receivers consideritig= 3,
channels with optimal receivers. In particular, the foliogy = 4, N = 5. Both theoretical and simulated results are
theorem, presenting the ergodic capacity of Rayleigh-pcod presented for the cases with and without residual transceiv
channels with optimal receivers in the presence of hardwdtgrdware |mpa|rmerﬁs The theoretical curve for the case
impairments, being one of the main contributions of thisgrap'Vithout impairments was obtained by following the analy-
is of high interest. sis considered in[[14]. Whereas, the theoretical curves for

Theorem 1:The ergodic capacity of practical RayleighIhe practical case with hardware impairments were obtained
product channels with optimal receivers, accounting feicke 0Y €valuating [(I4). Furthermore, the simulated curves were

ual additive hardware transceiver impairments, is given by ©Ptained by averaging the corresponding capacities m%r
random instances df; andH,. It can be noted from Fid.]2

C'(p, M, N, K, 6,6:)=A(C1(p, M,N, K, b, 6;) that the proposed capacity expression matches well with the
—Cao(p, M,N, K, 6,6,)), (14) Monte Carlo (MC) simulation for the arbitrary finite values o
K, M and N. Most importantly, we note that in the absence
where of residual hardware impairments, .6, = 0, 6, = 0, the
K S Gij per-antenna ergodic capacity monotonically increasds tivi
A= n2 Z Z m (15) increase in the value of. However, in the presence of residual
i=17j=1 hardware impairments, the ergodic capacity first increastis
with the increase in the value @f and then gets saturated after a
s -1 certain value ofp. Besides, the capacity gap in the presence
= (HF (s—i+1)D(t—i+ 1)> 7 (16) ©f impairments as compared to the case without impairments
i increases with the increase in the valugofMoreover, another
important observation from Fid.] 2 is that the per-antenna
ergodic capacity decreases with the increase in the sgverit
of the residual hardware impairments. In particular, theeio
Gl,,=T({t—s+u+v—1). the quality of transceiver hardware (higher severity),ghdier
' the saturation point appears.

and G, ; is the ¢, j)th cofactor of ans x s matrix G whose
(u,v)th entry is

Especially, regarding; for i = 1,2, we have

Ci(p, M, N, K,5,6,) = Gy (fi] “Vi%5"), (A7)

5

45

wherea; =s+2—i—j—t, andas =s+1—p—j.
Proof: See AppendiXB. [ |

Remark 1:In the case of ideal transceiver hardware, whel
0y = 6, = 0, Theorentll coincides with [14, Lemma 3].

The complicated expression of the capacity of optim:
receivers, provided by Theorem 1 does not allow a simp
analysis that would reveal the impact of various systel
parameters. Hence, we focus onto the asymptotic high and |
SNR regimes. In fact, we derive simple expressions enabli
valuable physical insights into the system performance.

—a—0; =0,0, =0
—a—5; = 0.08, 6, = 0.08
—a—0; =0.15, 6, = 0.15

Ergodic capacity C, bits/s/Hz
w

15

7

T T T T L L L L
0 1 2 3 5 6 7 8 9 10

—Simlllated: o = 0,9, = 4
+ Theory: 6, =0,0, =0 Number of Scatterers, K
6 f| = Simulated J; = 0, §, = 0.08
¢ Theory: & =0, & = 0.08 Fig. 3. Per-antenna ergodic capacity versus number ofeseggtfor Rayleigh

Simulated: §; = 0, §, = 0.15
A Theory: 6; =0, 6, = 0.15
— Simulated: §; = 0.08, J, =0
41| © Theory: 6, =0.08, 6, =0
Simulated: §; = 0.15, §, =0
Theory: §; = 0.15, 5, =0

product channels with optimal linear receiveps=£ 20 dB, M = 4, N = 5).

In addition, Fig.[2 demonstrates the effect of different
levels of impairments at the transmitter and receiver sides
In order to evaluate the effect of impairments present in one
side (transmit/receive), the impairment value on the osiiae
(receive/transmit) is set to be zero. It can be observedahat
higher SNR values, the effect 6f is more severe than that of
‘ ‘ 0 and this severity increases as the value of the correspondin

0 5 10 15 20 25 30 3 impairment increases.
Transmit SNR, p (dB)

Ergodic capacity C, bits/s/Hz

. . . . ) 9The impairment values df.08 or 0.15 are selected based on the required
Fig. 2. Per-antenna ergodic capacity of Rayleigh produenobls with  Error Viector Magnitude (EVM) at the transmit-side RF of tHERLsystem[[41L,
optimal receivers for different levels of impairment sétyeat the transmitter ggc. 14.3.4] and we assume that RF distortion at the resigesis similar
and receiver K = 3, M =4, N =5). to the transmit-side RF distortiof [30].



In order to illustrate the effect of the number of scattererS. Low-SNR Analysis
we plot per-antenna ergodic capacity versiisin Fig. [3 |5 the regime of low-SNR, the study of the capacity in
consideringp = 20 dB, M = 4, N = 5. It can be noted {aymg of 5= is preferable than the per-symbol SNR, In
that the per-antenna ergodic capacity first increases \with barticular, he capacity in this region is well approxintte
value of K and then tends to saturate after a certain valug i
: , cording to[[4B] by

Moreover, the per-antenna capacity vergtisdecreases with .
the increase in the severity of the impairments. Also, the E B

. . L. 7 . . opt b . Qopt No
saturation with the variation ix” occurs earlier for the higher C (F) ~ Sy logy &, | (24)
value of impairments. Herein, we observe a known effect 0
taking place in MIMO channels. More specifically, please ) Fopt oot
note that the capacity increases with until K = N = 5. Where the two involved parametegs:— and S;™" represent
Then, the saturation tends to start. The reason behindghighie minimum transmit energy per information bit and the
by increasing the number of receive antennasthe amount Wideband slope, respectively. Interestingly, we can esgre
of received power is increased, but if we increase the numpBgm in terms of the first and second derivativests?* (p)

of transmit antennas in the second MIMO product, the powa$

is split between all transmit antennas, and the power idstea Er . p 1
of increasing, it saturates. Nowmn glg% Cort (p) = Gont 0) (25)
B. High-SNR Analysis 9 |:Copt (O)]z

Due to the complexity of(14) describing the ergodic capac- Sgpt = —sz. (26)

ity, we perform a high-SNR analysis to provide further ifdgy
on the impact of the residual additive transceiver impdidas According to [44], the low-SNR analysis in terms of the

on the achievable capacity in that regime. wideband slope can illustrate : i) how the low spectral effi-
In particular, the high-SNR region is characterized by theiency values are obtained, when a given data rate (b/s) is
affine expansion [42] transmitted through a very large bandwidth. Note that large

plas bandwidth transmission, known also as millimeter-wavedra
C(p, M, N, K,0;,0r) = Soc (—3dB - EOO) +o(1), (18) mission, is an emerging technology for the future 5G systems
Hence, the study of the wideband slope is quite informative.

where the two relevant parameters . . . .
P A scenario includes the case where a given bandwidth is used

C(paj\/jaN7K16t16r)

S, = lim (19) to transmit a very small data rate. As a result, the “wideband
pro0 logy p regime” is to be understood as encompassing any scenario
and where the number of information bits transmitted per rezeiv
. C(p,M,N, K, 0, 06:) dimension is small.
Loo = ,,15{.10 (long - S ) (20) Proposition 3:In the low-SNR regime £ — 0), the

denote the high-SNR slope in bits/s/Hz/@B) and the Minimum transmit energy per information bif:— and

Omin

high-SNR offset in3 dB units, respectively. Note that the wideband slopéﬁ‘gpt of Rayleigh-product channels with
dB=101log;, 2. optimal receivers, accounting for residual additive haaokv
Proposition 2:In the high-SNR regimeg— o), the slope transceiver impairments, are given by
S~ and power offset’., of Rayleigh-product channels with povt 102
optimal receivers, accounting for residual additive haacav b M2 (27)
transceiver impairments are given by Nomin N
Soo = 0 bits/s/Hz (3 dB), (21) and
2KMN
and Pt — . (28
L PW 4 6T O T (1+2)(1+MN+ KM+ N))+ 2K M52 (28)
Lo = E|log, det(%)] ; (22) Proof: See AppendiXD. ]
M e b;bn denotes the minimum normalized energy per informa-
where _ tion bit required to convey any positive rate reliably. hetst-
HSHYH,\Hy if s=M ingly, as in [28], the minimum transmit energy per infornoati

S
W = 174 H'H,H-H} if s=K . (23)  bit 5" does not depend on the channel impairments. Ac-
s=N '

Nomin
H,H H7HY if ; tually, J\];‘;gp, coincides with its value in the ideal case of no
Proof: See AppendiX T. m hardware impairments, i.e., it is inversely proportiorathe
Clearly, the high-SNR slope is zero, i.e., the capacity ofumber of receive antennas, and is independent of the number
optimal receivers increases unsaturated. In most casis, f transmit antennas and the number of scatterers. However,
constant depends on the number of scatterers, since this wideband slope decreases with hardware impairments,
number is the smallest one amodg, K, N in Rayleigh- i.e., the number of information bits transmitted per reeeiv
product MIMO channels. dimension reduces.
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IV. ERGODIC SUM-RATE ANALYSIS OF MMSE
RECEIVERS

Simulated: ¢; =0, §, = 0 =1
+ Theory: §, =0,4, =0
Simulated: ¢; = 0.08, ¢, = 0.08
e Theory: §; = 0.08, §, = 0.08
Simulated: §; = 0.15 §, = 0.15
A Theory: 6; = 0.15, §, = 0.15

N

This is the main section, where the ergodic sum-rate with
MMSE receivers, is obtained under the practical considarat
of additive hardware impairments. Although the probapilit
density function (PDF) of the SINR with MMSE receiver is
not available, we follow an approach similar to [14], [45] to
obtain the exact expression for the rate correspondingédo th
optimal receiver.

More concretely, in the case of recovery of the signalter
multiplication of the received signat with a linear filter, the
instantaneous received SINR changes depending on the tyj
of the filter. Henceforth, our study focuses on the impact of 0.4 : . ‘ : ‘

. . . . . 0 5 10 15 20 25 30
the residual RF transceiver impairments in the case that th Transmit SNR, p (dB)
linear MMSE receiver, having the form

P
@

g
o

I
IS
T

I
IN)
T

i
T

Achievable Sum-rate, bits/s/Hz
o

o
)

Fig. 4. Per-antenna achievable sum-rate of Rayleigh ptochennels with

M MMSE receivers K =3, M =4, N = 5).
W=, /7R;1H”, (29) ¢ )

6

is applied. Note thaR is given by
Ry =H'H+§HH+M (67 +p ") Iy.  (30)

—+— Optimal: §, =0,6, =0

5 |{—e— Optimal: ¢, = 0.08, §, = 0.08

—A— Optimal: §;, = 0.15, §, = 0.15
MMSE: §, =0, §, = 0

4 |==MMSE: §; = 0.08, 6, = 0.08

—e—MMSE: 6, = 0.15, 4, = 0.15

We proceed with the presentation of the correspondir
SINR by following a similar procedure to_[46]. Hence, the
instantaneous received SINR for theth MMSE receiver
element in the presence of residual additive hardware impe
ments can be written as

MMSE ! — —-1. (31
(L + fHA @ H) ]

Achievable sum-rate C, bits/s/Hz

m,m

Taking into account for independent decoding across tt o ‘ ‘ ‘ | |
1 i - i 0 5 10 15 20 25 30
fllter_outputs, the ergodic sum-rate of the system with MMSI Transmit SNR, p (dB)
receiver is expressed by

M Fig. 5. Comparison between optimal and MMSE receivers inlégly
CMMSE(p,M,N,K,ét,&) :ZEW {1og2 (1_’_71MMSE)}. (32) product channels with parameter& & 3, M =4, N = 5).
i=1

assumingK = 3, M = 4, N = 5. As for the case
of optimal receivers in Figl]J2, we demonstrate the perfect
Theorem 2:The ergodic achievable sum-rate of practicalgreement between the analytical and the simulated results
Rayleigh-product channels with MMSE receivers, accountimhe theoretical curves with residual hardware impairments
for residual additive hardware transceiver impairmergads were obtained by evaluating {33) in Theoréin 2. It can be
as depicted from Fig[¥ that the per-antenna ergodic rate of
MMSE opt MMSE receivers decreases with the increase in the sevdrity o
© (p, M, N, K, 01, 0:) = MC™ (p, M, N, K, 6, 0:) the impairments. Another observation is that the rate Gurze

M-_1 Vi . : . . .
— MCoPt < = o.M —1,N, K6, /M 15r> . (33) with the residual hardware impairments saturate after icer

A. Exact Expression

value of p. In order to provide insights on the differences of

optimal receiver and MMSE receivers, we also provide the

whereC (p, M, N, K, d, 6 is given by [I2). comparison between MMSE and optimal receivers in Flg. 5
Proof: See Appendix E. B considering both the cases with and without the impairments
Remark 2:The resemblance of Theordmh 2 with_[14, Thexs expected, the performance of MMSE receivers is less than

orem 1] is noteworthy, however the current Theorem is mofge performance of the optimal for all the considered cases.
general, since it includes the effects of the residual tremsr

impairments by means a% andd,. Whené, = 6, = 0, i.e., ] )

in the case of no hardware impairmenfs] (33) coincides with High-SNR Analysis

Theorem 1 in[[14]. Proposition 4:In the high-SNR regimeg(— o), the slope
In Fig.[4, we compare the per-antenna ergodic achievalflg, and the power offset,, of Rayleigh-product channels

sum-rate of Rayleigh-product channels with MMSE receivevdth MMSE receivers, accounting for residual additive hard



ware transceiver impairments are given by !

. . _ ol
S = s bits/s/Hz (3 dB) ?f M=s (34)
0 if M > s,

Ew_{(s—l)E[lodeet(%)} it M=s g

Ergodic capacity, bits/s/Hz

% if M>s 3r
Proof: See AppendiXF. [ | 5l
Proposition 5 indicates that the high-SNR slope equalg'to —
. . . —— W/o impairments
only if M is smaller thank” and N. However, given that we 1t — W/ impairments & = 0, 3, = 0.151
assume a rank deficient channel, the high-SNR slope becon —— W/ impairments 6; = 0.15, §, = 0
0. The same result occurs when the number of receive anten 0 : : : :
. . .. . . . . -8 -6 -4 -2 0 2 4
is insufficient. The reason behind this is the prevention ¢ Ey/Ny, dB

the perfect cancellation of the co-channel interferendee T
channel becomes interference-limited and the SINR sasirafig. 6. Per-antenna ergodic capacity verdtyy Ny for optimal receivers.
at high SNR, i.e., the achievable rate does not scale with tl

SNR. 8

—— W/o impairments

7F —— W/ impairments d; = 0, 6, = 0.15
—— W/ impairments &; = 0.15, §, =0

C. Low-SNR Analysis

The characterization of the minimum transmit energy per ii
formation bit and the wideband slope, when MMSE receivel
are employed with transceiver hardware impairments, tak
place in this section.

Proposition 5: In the low-SNR regime {4 — 0), the

MMSE
minimum transmit energy per information bﬁfm and the
wideband slopeS)™5E of Rayleigh-product channels with
MMSE receivers, accounting for residual additive hardwar
transceiver impairments are given by

Achievable sum-rate, bits/s/Hz

MMSE ) ) )
By — ln_2 (36) Ey/N,, dB
NOmin N
and Fig. 7. Per-antenna achievable sum-rate vetSpsNy for MMSE receivers.
GMMSE _ 2KMN V. ASYMPTOTIC SUM-RATE ANALYSIS OF OPTIMAL
0 T 2KM&2+(2M —)(N+K)+KN+1)(1+62)) (14 62)° LINEAR RECEIVERS
(37) In this section, we provide the asymptotic analysis in the
Proof: See AppendiXG. m Presence of residual additive transceiver impairmentstfer

Remark 3:Increasing the transmit hardware impairmen'90dic capacity and the achievable sum-rate of Rayleigh-

EMMSE . product MIMO channels with optimal receivers. Employing

b jncreases. Moreover, the wideband slope depends on . . .
both transmit and receive impairments. In fact, when thé-quE’;?OIS from large RMT, and in particular, conducting a free
) ' bability analysis [[1], [[22], [[23], we shed light on the

: . . r
ity of the transceiver hardware becomes worse, the W'debagr}é;ct of hardware imperfections on large MIMO deployments
slope decreases.

. . . ., _Contrary to existing literature that usually employs a date-
Figs.[6 andF7 illustrate the per-antenna ergodic capacily an y g y employ

, ; istic equivalent analysis, we use FP because it requirds jus
the a_lch|evable S“’.“'rate versig/No for opt|mal and MMSE a polynomial solution instead of fixed-point equations, and
receivers, respectively. The results for optimal receiwegere

pltisd by oloing th on-SNR anysispesent n Seff o™ = POV & brough harecterzaon o e o
tion IlI-C. Similarly, for the case of MMSE receivers, thedo b P

. : Rayleigh-product MIMO channels in the large antenna limit.
SNR analysis presented above was taken into account. It cal . . - L
he following variable definitions allow us to simplify the

be noted for the case of optimal receivers, all curves Wig]nalysis Specifically, we denote
and without impairments converge at the minimutyp/Ny ' '

value, i.e.,E,/Nomin. The capacity gap with respect to the N; = HH, (38)
case without impairments increases with the increase in the N, — H,H (39)
value of E,/Ny by means of an increase of the wideband .

slope as lower quality transceiver hardware is used. K = NoNy, (40)




0.5

where the number of transmit and receive antenddsand

N) as well as the number of scatterdtstend to infinity with 0as |
given ratios = 4L and~y = £. Note that the study of the

Rayleigh-product does not mean necessarily fkamust be

0.4 [

small. However, since we examine a rank deficient chan 0351
where M > K, we haves = K. sl
Letting the system dimensions tend to infinity while keepi 5
their finite ratioss and~ fixed, we can obtain the asymptoti ~ ~ |
limit of the capacity per receive antenna, if we divide it by 0z
and write [I2) as s
COpt(P575t, r)= Opt(PﬁVCSt, )= Opt(PﬂV% r), (41) oLy
whereC{®" for i = 1,2 is expressed as 008
1 0
CoPt = 3 s alim Ellog, det(Tyc+ fiH> HYHH ’ ’ ) Lt . . *
K 1 Fig. 8. Ae.p.df ofK (p = 20 dB, K = 100, M = 300, N = 200,
. 8¢ = &, = 0.15).
NKJ\/}N—mo leog2(1+f1K)‘ ( K))
J
(o]
—>7/ log,(1+ f; Kx) f‘g(a:) dz. (42) s
0 .
Note that)\; (+K) is the jth ordered eigenvalue of matrix #[[——Simulated: w/o impairments
+K, and f % denotes the asymptotic eigenvalue probabilit sl % Theory: w/ PO

+ Theory: 6 =0.15, 5, =0
3H Simulated: & =0, 6, = 0.15
A Theory: §; =0, §, =0.15

densny funct|0n (a.e.p.d.f.) qf;K In the asymptotic numbers
of antennas and scatterers limit, the per receive anter
ergodic capacity of Rayleigh-product MIMO channels witt
residual transceiver hardware impairments, is providethiey
following theorerftd

Theorem 3:The per receive antenna ergodic capacity ¢

Ergodic capacity C, bits/s/Hz

Rayleigh-product MIMO channels for optimal receivers ie th WL

presence of additive transceiver impairments, when thebeum )

of transmit and receive antenna&/(and N) as well as the oe

number of scatterer& tend to infinity with given ratios3 o ‘ ‘ ‘ ‘

and~, is given by ’ ’ Transmit SNR, p (4B) ? “

= = 1+ 1Kz Fig. 9. Asymptotic per-ant di i - -
opt o0 ig. 9. Asymptotic per-antenna ergodic capacity versu# = 100, M
C" (p, B, 7, b, 5r)—>"Y/O log, <1+f2K$>f5 (z)dz, (43) 300, N = 200).

where Copt = C°P'/N is the per receive antenna ergodic ca-
pacity, while the a.e.p.d.f. 0% f°° is obtained by finding the

imaginary part of its Stieltjes transfor for real arguments. In Fig.[d, we plot the theoretical and simulated per-antenna
Proof: See AppendixH. B ergodic capacities versysconsideringK = 100, M = 300,

In order to validate our asymptotic analysis of the ergodic cand N = 200. Both the cases with and without impairments
pacity of optimal linear receivers presented in Subsediioh, are presented. From the figure, it can be observed that theo-
we plot the a.e.p.d.f. oK in Fig. [, where the histogram retical and simulated capacity curves for both the consitler
represents the p.d.f. of the matr calculated numerically cases match perfectly. Moreover, as expected, the pemzate
based on MC simulations. Furthermore, the solid line depiatapacity increases with the increase in the value @i the
the a.e.p.d.f. obtained by solving the polymoniall (78) af thabsence of impairments, i.&,, = §, = 0. However, as in the
Stieltjes transform of the corresponding a.e.p.d.f., @meht finite case, the per-antenna capacity tends to saturate afte
applying Lemma 3. A perfect agreement between the resuttsrtain value ofp in the presence of impairments.

obtained from theoretical analysis and MC simulations has _. . .
been obtained, as reflected in Fig. 8. Fig.[10 depicts the per-antenna capacity versundy by

considering parameters(= 10, p = 20 dB, ¢, = 0.15, §, =
10For the achievable rate of MMSE receivers in the asymptatgime, 0-15)- It can be noted that the per-antenna capacity increases
starting with (31), one can find the polymonial for the Sjésittransform with the increase in the value of= % but decreases with the
T o oo ol pebasny v ey g VAl ofs = 4 over the considered range. Another mporian
observation is that the rate of capacity variation with extp

derive the asymptotic capacity expression as done for tse ch optimal ) h o .
receivers. to 8 is much steeper than the capacity variation with
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Lemma 1 ([[48, Egs. 2.87, 2.88]Biven a Gaussiaik x M
channel matrixtf ~ CN (0,1), the S-transform of the matrix
+H"H is expressed as

IS

1
14+ Bz’

w

5 s (2, 8) = (46)

while the S-transform of the matrix%HHH is obtained as

C, bits/s/Hz

[N

1
B+
Lemma 2 ( [[48, Eq. 2.48]):The Stieltjes-transform of

a positive semidefinite matriXX can be derived by its)-
transform according to

(47)

o

)

E%HHH (Iaﬂ) =

[,

gl o o 8

Fig. _10. Asymptotic per-antenna ergodic capacity vegdasd-~ for optimal ﬁx(—l/I)
receivers = 10, p = 20 dB, ¢; = 0.15, §, = 0.15). SX(Q;) = — (48)
Lemma 3 ( [[48, Eq. 2.45]):;The asymptotic eigenvalue
VI. CONCLUSIONS probability density function (a.e.p.d.f.) & is obtained by the
In this paper, we provided an exact characterization ohaginary part of the Stieltjes transfor&for real arguments
the performance of double Rayleigh MIMO channels in thas
presence of residual transceiver hardware impairments. In 1
particular, it was noted that the per-antenna ergodic dgpac /X (x) = lim =3{Sx(x +jy)} - (49)
with optimal receivers first increases with the SNR and then yoor
gets saturated after a certain value of the SNR. The same
behaviour of the ergodic capacity was observed with the APPENDIXB
increase in the number of scatterers. Furthermore, it was PROOF OFTHEOREM[I
Qemonstrated that the_ ergodic c_apac_lty decreases \_Nlth the Proof: First, we denote
increase in the severity of the impairments. Also, it was
observed that the effect of severity of transmit-side acdike- HYHYH H, if s=M
side impairments in the con5|der_ed Raylelgh-F_’roduct MIMO W — 1 HYH HLHY if s=K (50)
system depends on the operating SNR region as well as rern
the finite or asymptotic regimes of the considered system HiHLHZHY i s=N,
dimens_ions. Similar opservations hold for th_e _achievable-s whereH,, H, are given by[(R). We employ Corollary 2 in [49]
rate with MMSE receivers. Notably, the minimum transm'ﬁroviding the PDF of an unordered eigenvajué)\) of the

energy per information bit for optimal and MMSE receivers i§, 5trix HYHYH, H., in order to write [IR) in terms of the
inependent on the additive impairments. Moreover, we dem%ribenvaljesloiw. Especially,p ()) is read as
strated the behavior of double Rayleigh MIMO channels for '

optimal receivers, when the number of antennas and saattere N e , VG

) . A 2 Ki—p+i—12VA )G j

is large. In our future work, we plan to extend our analysis, (\)=2K 51
e Y 1 0 exten S (A T : , (51)

for the case of multiplicative transceiver impairments. i=1 j—1 sU'(p—s+7)

where K is given by [16), and¥, (z) is the modified Bessel

APPENDIXA function of the second kind [38, eq. 8.432.1]. Hence, we have
USEFUL LEMMAS
from (12)

Herein, given the eigenvalue probability distribution ¢un
ti f trix X, id ful definiti e L=
ion fx(x) of a matrix we provide useful definitions °pt(p,M,N,K,5t,5r):S/ 10g2<1+ R )p()\)d/\
0

and lemmas that are considered during our analysis. In the POEA | sy g
; L . . KN T P%
following definitions,d is a nonnegative real number. (52)
Definition 1 ¢-transform [48, Definition 2.11]):The - 0o \
transform of a positive semidefinite matX is defined as = 3/ log, ((1 +62) Ig—M + pd% + 1) p(A)dA
0
>~ 1 00
% (9) —/0 T og/x(@)de. (44) —s/ log, (ﬁ&fz\—kp&f—i—l)p(x\) an. (53)
0

Definition 2: [S-transform [[48, Definition 2.15]] Thes-
transform of a positive semidefinite matX is defined as

Sx(e) = -2 gl (@ + 1) (45)

Substitution of [(Bll) into[{(33) and making use &f[38, eq.
7.821.3] after expressing the logarithm in terms of a Meijer
G-function according tdn(1 + =) = G, (az| g) [50, eq.
8.4.6.5] concludes the proof. [ ]
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APPENDIXC Proof: Obtaining the second derivative olfh G (p)

PROOF OFPROPOSITIONZ by (59), we have
First, we write [IR) as 9 2 2
t o I ndeGp) =t (p) (LS (9SWIY ) g3
CoPt (p,M,N, K 6;,0,) = [10g2 det(<I>—|—MW) —1og2det(<1>)} 9p2 9p2 ap
=E [log2 det((l +67) ﬁw + (02p+1) IS)} (54) where we have used [b61, Eq. 48]. The first derivativeGof
PR ) is given by [61), while the second derivative is obtaineeraft
— log, det(m5tw +(6p+1) Is) following a similar procedure to Lemnia 4 as
L 1+62 W+ 63+l IS 32G p " ’ ’ "
—E|log,det 1+ W (5 +) . (55) 78[)5 L F (0 Alp) 421 (A () F0) A (). (64)
LW + (63 + %)IS

Appropriate substitutions of (64) and {61) infa(63) andsien

Note that in [54) we have considered that, given by [50), algebraic manipulations provide the desired redult atétirsy

hass non-zero eigenvalues. Applying o {55) the definition 0f = 0.

the high-SNR slope, provided by (19), we obtain Herein, having denote@°?* (p, M, N, K, 6, ;) as in [G3),
SoPt — ), (56) we can write for; = 1,2 that

The high-SNR offset, defined by 20), can be derived by Ci (P, M, N, K, b, 0:) =E[log, detf; (p) F +1,)].  (65)

appropriate substitution of (b5). As a result,, reads as We assume thaf SJIays the role ofA in Lemmad B, while

(1+37) %WM?IS)} R el and £y (p) = ZEE. Whenp — 0, we

Loo=E llogQ det(

2 02W + 621, find that f, (0) = f»(0) = 0, while its first and second
derivatives atp = 0 equal to f, (0) = ng' fr (0) = 1?52\4
and f, (0) = 22& L o (0) = —21‘?1\‘; . Thus, using the fact
APPENDIXD that G; (p) = I+ f; (p) F (p), we haveG,; (0) = Iy. By
PROOF OFPROPOSITIONS taking the first derivative of(53), and applying Lemma 4, we
In order to obtain b_ and Sy, we need to derive the have
first and second derlvat|ves of the ergodic capacity. The two ) 1 9
following useful lemmas generalizé [44, Eqgs. 210 and 211], CoP*(0) = m2p E[IndetG (p)] | ,—o
when A depends on, and f (p) does not equal just tp, but ) ,
it is a general function regarding this variable. (f1( ) — f2(0))
Lemma 4: B T E— [trF]
N
5o eI+ £ (5) A (5) -0 “hg (66)

:tr((:[+f(0)A(0))_l(f, (0) A(0)+f (0) A'(O))). (58) sinceE[trF] = KMN. Similarly, the second derivative of
Cort at p = 0 can be written by means of Lemnid (5) as
Proof: First, we obtain the derivative of the first part

o 1 1 62
of (B8) with respect tgp as Eort (0) = — LR [IndetG ()] o
adetG (p) n2 dp?
0 0 59
a—lndeG( p) = 36 G (1) (59) ( ) <( )) (fz( ))) ,
1,y 9G(p) EERTY) In2 E[trF?]
=tr(G™ (p) . (60) ) )
dp B ((1+25t)(1+MN+K(M+N))+2KM5r) N 67)
where we have denote@ (p) = I+ f (p) A (p), and we have KMn2 7
applied [51, Eq. 46]. Note that whereE [trF?] = M?KN (K + N) + MKN (NK +1) by
dG (p) , , taking advantage of [52, Theorem 7]. Appropriate substifigt
o f(p)A(p)+ f(p)A (p). (61) and algebraic manipulations ¢f {66) andl(67), enable us to to
By substituting [(6l1) into[{80), and letting = 0, we lead ¢ by means
to @) u 0 @)
Lemma 5:
APPENDIX E
02 L, ([PGlp)  (9G(p)Y
- = — PROOF OFTHEOREMI[Z
5,2 mdeC(0)=tr <G (p)( 53 ( s ) L:O ,(62) 2

We pursue a standard procedure aslinl [14]] [45]. In par-
whereG (0) andG  (0) are obtained by setting= 0 to (€1) ticular, first, we consider the following property allowirig
and [64), respectively. express theéth diagonal element of an inverse matdx ' with
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regards to the determinant of the matrix and(its)th minor how to acquire the inversg-transform ofK, /K. Thus, we

Z". Specifically, we have obtain the inverse ofik,x (x) by means of this lemma as
[Z_l]ii _ ddee11ZZii. (68) gm;(}K (—z8Sk /K (z)) +1=0. (73)

: . " o
g ) o3, kg st i e LS L LA ONE  n
CMMSE (5 M, N, K, 6, 6,) Mheyic (@) = == e f)zwl(x T (74)

_ P yyHyrHg—1
=ME {k’g? det(IM"‘ KMH2 H® HlH?)]_ Proof: Applying the S-transform to [(4D) and the free
M p . convolution we obtaim;{}K(:z:) as

E |log,det(In +—— (HYHI @ 'H,H,)" )| (69)
; [ t( KM )] Yk k(1) =2g, x (2) Sy, (7)== (75)
The proof is concluded by means of some algebraic manipu- (_5C+1) nel (z+1)= 1
lations, and by noting that x ) KK (B+x) (ya+1)
where in [75), we have applied Definitigh 2 and Lemrmhs 1,
2. Basically, X, (z) and g, (z) are given by [(4b)
whereH,, is the matrixH, after removing itsith column.  and [47) as

(HYHIH, & 'H,)" = HIHI® 'HH,,  (70)

1
APPENDIXF Y, k() = Yr 1 (76)
PROOF OFPROPOSITIONZ and
Starting from Propositiof]2 and following a similar proce- 1
dure to its proof, we obtain the desired results after sévera Y, k(@) = B+a (77)

simple algebraic manipulations and by the property of the . ) .
expansion of a determinant to its minors. In _addltlon, in [75), we have taken into account .the asymp-
totic freeness between the deterministic matrix with bathd

eigenvalueN, and the unitarily invariant matrifN;. Setting

y =x + 1, i.e., making a change of variables, we obtainl (74).
[ |

Similar to the proof of Propositiofi] 3, the derivation ofProposition[6 and[{13) result after some tedious algebraic

MMSE . . . . .
B and SY™SE imposes first the calculation of the firstmanipulations to the following qubic polynomial

Nomin
ivati MMSE _
and second derivatives @f (p, M,N,K,&,0d,)atp = 0. IQ’YSIS(/K -2+ 1) 50312</K
in (Z0), we have —(By=B—=v+az+1)Sk/xk —1=0, (78)

APPENDIXG
PROOF OFPROPOSITIONG

Taking the first derivative of[{33) and using the property

N which providesSk ., and thus,f(z) by means of[(49).

~MMSE _
C (p, M, N, K, 8¢, 0:) = (1+62)In2’ (71) This step concludes the proof.
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