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ABSTRACT

DBSCAN is arguably the most popular density-based clustering algorithm, and it is capable of recovering
non-spherical clusters. One of its main weaknesses is that it treats all features equally. In this paper,
we propose a density-based clustering algorithm capable of calculating feature weights representing the
degree of relevance of each feature, which takes the density structure of the data into account. First,
we improve DBSCAN and introduce a new algorithm called DBSCANR. DBSCANR reduces the number of
parameters of DBSCAN to one. Then, a new step is introduced to the clustering process of DBSCANR to
iteratively update feature weights based on the current partition of data. The feature weights produced
by the weighted version of the new clustering algorithm, W-DBSCANR, measure the relevance of variables
in a clustering and can be used in feature selection in data mining applications where large and complex
real-world data are often involved. Experimental results on both artificial and real-world data have shown

that the new algorithms outperformed various DBSCAN type algorithms in recovering clusters in data.

© 2023 The Author(s). Published by Elsevier Ltd.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

The digital universe is growing in size every year. This wealth
of data being generated are usually stored in digital media, hence
offering huge potential for its automatic mining. Raw data by itself
are unlikely to be useful, and given its size they are very expen-
sive to label. Clustering algorithms follow the unsupervised learn-
ing framework, which does not require labeled data to learn from.
Given a data set Y containing n points, a clustering algorithm will
produce a set of clusters so that the points assigned to a given
cluster are similar according to some measure. These algorithms
have been applied as a dominant data analysis tool in diverse fields
including medicine, marketing, bioinformatics, image processing,
computer security, geography, physics, and astronomy (see for in-
stance [1], and references therein).

There are indeed different approaches clustering algorithms
may employ. Arguably, the most popular approaches are par-
titional, hierarchical, and density-based. Algorithms following
the partitional approach produce a set of K disjoint clusters
S=1{51,53,...,S¢} whose sum of cardinalities equals the cardi-
nality of the data set itself — That is, |Us,csS| = n. Hierarchical
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algorithms go a step further by also producing information about
the relationships between clusters, usually at a high computational
cost. Density-based algorithms define clusters as areas of higher
density, which allows clusters with arbitrary shapes. In this paper
we focus on density-based algorithms. We direct readers interested
in other approaches to the many sources in the literature (see for
instance [2,3], and references therein).

DBSCAN [4] is a classic example of density-based algorithm,
which remains very relevant [5]. It recovers clusters in a two-
step approach: (i) it identifies the core points, that is, a set of
high-density points; (ii) it forms clusters from these core points
by grouping reachable points. Reachability is defined in such a way
that no two points of different high-density regions, separated by a
contiguous low density region, are reachable from each other. This
definition makes DBSCAN intuitive and rather popular among the
density-based clustering algorithms.

Unfortunately, DBSCAN does have shortcomings. Among these
we have: (i) it requires two parameters with no obvious method
to determine their optimum values. In fact, this algorithm is rather
sensitive to these parameters; (ii) it is not particularly suitable for
data sets containing clusters with widely different densities; (iii)
it treats all features equally regardless of their contribution to the
clustering. Various algorithms have attempted to address the short-
comings (i) and (ii), for details see Section 2.

We find (i) and (ii) to be important, but (iii) is particularly in-
teresting. This is an issue because in real-world data sets it is un-
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likely that all features will be relevant. In fact, even among rele-
vant features there may be different degrees of relevance. Hence,
density-based clustering algorithms may benefit from taking into
account the relevance of each feature during the clustering proce-
dure. This princip has been successfully applied to partitional algo-
rithms and hierarchical algorithms (see for instance [6-8], and ref-
erences therein), but no such large research effort has been done
in density-based clustering algorithms.

The main contribution of this paper is two-fold. We first in-
troduce DBSCANR, a density-based clustering algorithm that uses
reverse nearest neighbour to address shortcomings (i) and (ii).
Second, we extend this work by introducing automatic feature
weights. These feature weights are used to model the degree of
relevance of each feature, and can be seen as a generalisation of
feature selection. The latter either selects or deselects a particular
feature. Feature weights assign a degree of relevance to each fea-
ture, a factor between zero and one.

2. Related work

Unfortunately, there is no precise widely accepted definition for
the term cluster. A loose definition often employed is that a cluster
is a compact set of similar points. Clearly, clusters may have dif-
ferent cardinalities, shapes and densities. Density-based clustering
algorithms aim at discovering high-density regions that are sepa-
rated from each other by contiguous regions of lower density [9].
It is intuitive to assign the term cluster to such high-density areas.
These algorithms rely heavily on a density estimation function, but
they do not usually make assumptions regarding the number of
clusters in a data set, or the data distribution. This can lead to the
identification of arbitrarily shaped clusters. In this section we de-
scribe some of the key algorithms related to our research, giving
emphasis to those we experimentally compare with.

DBSCAN is often considered the most popular density-based
clustering algorithm. As such, it can detect clusters of different car-
dinalities and shapes. Given a data set Y containing n points y;,
each described over V features, DBSCAN begins by assigning each
y; €Y into one of three categories: (i) core; (ii) (directly) reach-
able; (iii) outlier. A core point is a y; € Y with at least minPts points
within a distance of €. In other words, let

v

d(yiaJ’j):Z(yiv_ij)Z’ (1)
v=1

and

Ne(y) ={yj €Y : d(yi.yj) < €}. (2)

The point y; € Y is a core point iff |Ne (y;)| > minPts, where minPts
is a user-defined threshold. A point y; is said to be directly reach-
able from y; iff y; is a core point and y; € Ne(y;). A point y; is
reachable from y; if there is a path of points y;, ..., y; where each
point is directly reachable from the previous. Outliers are points
that are unreachable from any other point in the data set. DBSCAN
produces a clustering using the definitions above and following
three simple steps: (i) for each y; € Y, compute N (y;) and identify
the set of core points; (ii) for each core point, identify all reach-
able and directly reachable points; (iii) assign each non-core point
(excluding outliers) to its connected cluster.

DBSCAN produces a clustering based on three things: €, minPts,
and the distance function in use. Under usual conditions € is in-
versely proportional to the number of clusters. A high € leads
to larger neighbourhoods and by consequence a lower number of
clusters, while a low € has the opposite effect. It is often stated
that density-based clustering algorithms are capable of recovering
clusters of arbitrary shapes. This is a very tempting thought, which
may lead to some disregarding the importance of selecting an ap-
propriate distance or similarity measure. This measure is the key
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to produce homogeneous clusters as it defines homogeneity, so it
has an impact on the actual clustering. Most likely the impact will
not be as obvious as if one were to apply an algorithm such as
k-means [10] (where the distance in use leads to a clear bias to-
wards a particular cluster shape, which is something that can also
be exploited [11]). However, the impact of this selection will still
exist at a more local level. If this was not the case, DBSCAN would
produce the same clustering regardless of the distance measure in
place.

OPTICS [12] still requires two parameters, minPts and €, but it
manages to address DBSCAN's inability to deal with clusters of dif-
ferent densities. It does so by taking into consideration the dis-
tance between core points and the minPtsth nearest point when
calculating the reachability distances. This essentially allows OP-
TICS to identify clusters in data of varying density. One should note
that a higher € incurs more computational cost [13].

ISDBSCAN [14] has pioneered the use of reverse nearest neigh-
bour (RNN) [15] in DBSCAN-based algorithms. Let us first make
some important definitions. The nearest neighbour of y; € Y is the
point y; € Y with the lowest distance to y;, with y; # y;. With this,
we can now define the k-neighbourhood of y; as the set NN, (y;)
containing the k-nearest points to y;, with y; ¢ NN,(y;). We can
now make an important definition we will use later on.

Definition 1. The reverse k-neighbourhood of a point y; €Y is
given by

RNN(y;) ={yj €Y :y; e NN, (y))}. (3)

ISDBCAN calculates the k-influence space IS, (y;) = NN,(¥;) N
RNN, (y;). Note that NN, (y;) # ¢ but there is no such guarantee for
RNN; (y;). However, this RNN-based approach allows the algorithm
to capture local densities in different regions of the data space,
leading to the recovery of clusters having heterogeneous densities.
In addition, ISDBSCAN attempts to lower the difficulty of using DB-
SCAN by removing one of its parameters, €, leaving only k (the
number of nearest neighbours) as a parameter.

ISDBSCAN performs the clustering task in two-steps. First, it at-
tempts to identify all outliers in a given data set. It does so by
calculating the k-influenced outlierness of a point y; given by

denk (yj)

INFLOWW) = D 1 dencym)”

Vi€lSk(yi)

(4)

where den; (y;) = W and y; is the kth-neighbour of y;. Second,

the clustering algorithm is applied to the residual data set. This al-
gorithm builds a cluster based on the density of y; if |IS,(y;)| >
2/3k. This was the best threshold identified by its authors. Of
course, it is fair to assume that a different threshold may be found
in experiments on different data sets. Hence, one may even argue
that this threshold is in fact a parameter with no clear method to
identify its optimal value. Such thought leads ISDBSCAN to have
the same number of parameters as DBSCAN.

RNN-DBSCAN [16] aims at reducing the number of parameters
of DBSCAN by adapting ISDBSCAN's RNN,-based density estima-
tion. Thus, RNN-DBSCAN is able to recover clusters with different
degrees of density by setting a single parameter, k. Unlike ISDB-
SCAN, the density of a point is determined by a special combina-
tion of nearest neighbourhood and reverse nearest neighbourhood
instead of the influence space. Given y;,y; € Y there are three sce-
narios for connectivity.

1. The point y; is directly density-reachable from y; if y; € NNy (y;)
and |RNN,(y;)| = k.

2. A point y; is density-reachable from y; if there exists a sequence
of points C = (y;, ..., ¥;j), such that each of these points is di-
rectly density-reachable from the previous, and |[RNN, (y;)| > k.
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3. The point y; is density-connected to point y;, if there is a point
Yt €Y such that both y; and y; are density-reachable from y:.

Using the above, RNN-DBSCAN defines a cluster using a simple
definition: any two points y;,y; € Y belong to the same cluster if
they are density-reachable or density-connected. RNN-DBSCAN in-
deed requires a single parameter to tackle the problem of variable
density clusters, however, it does so considering all the features to
be equally relevant.

Adaptive DBSCAN (ADBSCAN) [17] is a recent advancement
in density-based clustering that requires two parameters, k and
noise_percent (the prior estimate of the noise ratio of the data set).
This algorithm automatically discovers the number of clusters by
initially building a nearest neighbour graph, and eventually divid-
ing the data set into subgraphs. In the latter, two vertices are con-
sidered to be subgraph core points if they are the nearest neighbour
to each other. The density of a point y; € Y is give by

Y diy))
k

p ;) = log , (3)

where yf.‘ is the kth nearest neighbour of y;. The original au-
thors then specify a criteria for a subgraph to be a core sub-
graph based on the existence of a subgraph core point, the value
of noise_percent, the average, quartile, and standard deviation ob-
tained with (5). ADBSCAN is indeed an enhancement of DBSCAN
as it seems to act well on data sets with large density variations.
However, it introduces a new parameter to do so.

Density Peak Clustering (DPC) [18] has recently gained popular-
ity [19-22], due to its effectiveness and intuitive distance threshold
parameter (with a suggested standard value). The general idea be-
hind DPC is that cluster centres are high-density points that are
surrounded by lower-density neighbours, and that these centres
have a high relative distance to other points of higher density. DPC
identifies K clusters and automatically assign points to them. The
local density of point y; € Y is the number of neighbours adjacent
to y; within a user-defined cutoff distance d..

As popular as it may be, DPC is not without weaknesses. Hence,
it has been a target of numerous extensions. DPC-DBFN [23] im-
proves clustering recovery by calculating local densities using a
fuzzy kernel rather than a crisp kernel. Once the cluster centre is
identified, before the label assignment, a new step is introduced
to the DPC clustering process to form the high-density regions
called cluster backbones. This is constructed by labelling a data
point as a dense point, border point or noisy point. A point y; is
a dense point if its density is equal to or higher than the aver-
age density over all points in the data set. Otherwise, y; is either
a border point or a noise point depending on the variance of the
distance between points. DPC-DBFN improves DPC to find clusters
with various densities, shapes, and sizes, however, it introduces a
new controlling parameter to distinguish border points from noise
points.

The above clustering methods enhance DBSCAN, however, they
treat all the features equally regardless of their degree of rele-
vance, which can have a detrimental impact on the clustering.
One could argue that nowadays the most interesting data sets are
high-dimensional. In this type of data meaningful clusters often
appear to be discovered in a particular subset of features rather
than on all the available features [24,25]. A common solution is
to apply a feature selection algorithm before the clustering. How-
ever, this introduces two issues: (i) it assumes that all clusters
have the same relevant features; (ii) it assumes that all selected
features are equally relevant. Both issues go considerably against
intuition. In real-world data sets, it is perfectly possible to have
a set of relevant features in which the relevance of each of them
differs.
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3. DBSCANR and W-DBSCANR
3.1. DBSCANR

In this section we introduce our density-based clustering al-
gorithm, DBSCANR. Very much like DBSCAN (for details, see
Section 2), DBSCANR needs to determine whether a point y; €Y
is core or directly reachable. In the case of DBSCANR this is deter-
mined using reverse nearest neighbour, RNN, (y;) (see Definition 1).

Definition 2. A point y; € Y is said to be a core point if
[RNN, (yi)| > k. (6)

Notice that we use the quantity of reverse nearest neighbours
as the density of a point. So, the density of y; €Y is higher than
that of y; e Y if [RNN(y;)| > [RNN,(y;)|. We can now make an-
other important definition for DBSCANR.

Definition 3. A point y; €Y is said to be directly-reachable from a
point y; € Y, with y; # y; if

1. y; is a core point,
2. yj e RNNk(yl)

The key idea of our method is that, each point in a cluster has
to comprise of at least a given minimum number of points (k) in
its reverse nearest neighbour. This way reverse nearest neighbour-
hood estimates density of a point by discarding those that do not
consider the query point as their nearest neighbour. We find the
above definitions of core and directly reachable entities to be more
robust than those used by DBSCAN, and our experiments support
this statement.

Given the basic definitions above, we can now go further and
introduce other new key definitions for our method.

Definition 4. A point y; €Y is density-reachable from y; e Y with
respect to k, if there exists a sequence of points C = (¥;,...,¥}),
such that each element is directly-reachable from the previous.

Density reachability is the transitive closure of direct reacha-
bility. Any point other than core can not be mutually density and
direct reachable, leading to the asymmetry illustrated in Fig. 1c.
This figure shows the more interesting asymmetric case of this def-
inition in a 2D vector space, which measures distance using (1).
Within cluster S, two core entities are density-reachable from each
other. The same can not be said for the entities that are not core.
The following definition relates those non-core entities to the core
entities they are density-reachable from.

Definition 5. A point y; €Y is density-connected to y; € Y with re-
spect to k, if both y; and y; are density-reachable from y; €Y.

Density-connectivity is a symmetric relation (see Fig. 1b). Sim-
ilar to the approach taken by DBSCAN, a DBSCANR cluster is a set
of density-connected points holding the maximality with respect
to density-reachability.

Definition 6. The purpose of any clustering algorithms is to
split a data set Y containing n entities y; € RY into K clusters
S=1{51.55....,5¢}. Here, we are particularly interested in hard-
clustering so that a given point y; can be assigned to a single clus-
ter Sc €S, and Yf | |S;| = n. Our final clustering satisfies the fol-
lowing conditions:

1. Vy;.y; eY :if y; € Sc and y; is density-reachable from y; wrt. k,
then y; € Sc. (Maximality)
2. Vy;,yj € Sc, y; is density-connected to y; wrt. k. (Connectivity)

Given k, we can recover a cluster in a two-step process. First,
select the core point from the data set with the highest density
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Fig. 1. Reverse nearest neighbour based density-reachability and density-connectivity. (a) y; is density-reachable from g; g is not density-reachable from y;. (b) y; and y,

are density-connected by q.

(see Definition 2), using it to retrieve all related density-reachable
points. Second, assign the latter to the cluster of the core point.

DBSCANR starts with the highest density core point y; € Y from
a sequence of core points C. If there is more than one point with
the same highest density, then one of them is selected uniformly at
random. Afterwards, DBSCANR retrieves all points that are density-
reachable from y; wrt. k. This method, iteratively, recovers all clus-
ters comprising the core points. Finally, each point that does not
satisfy the condition for core point (see Definition 2) will be as-
signed to the cluster of its nearest core point. Although we use only
global values for k, DBSCANR recovers clusters of different densities
and shapes simultaneously (see Definition 6).

Algorithm 1 : DBSCANR (Y, k).
Input
Y: Data set.
k: Minimum number of points.
Output
S: A clustering S = {S1,S,, -+, Sk}

1: Set S« ¢ and C « @.

2: Add each point in Y to C (as per definition 2).

3: Identify the point g € C with the highest density, and remove g
from C.

4: S. = RecoverCluster (C, q, k)

5: If |S¢| > k

Add S¢ to S

6: Remove each point in S; from C
Repeat steps 3 to 6 until |C| has converged.

7: Assign each unclustered point to the cluster of its nearest core
point.

We can formalise the whole algorithm as follows.

In the above, the quantity of nearest neighbours, k, is a user-
defined parameter. The quantity of clusters, K, is automatically
found by the algorithm.

There are reasons why using reverse nearest neighbours makes
our algorithm superior to others. Notice that the k-nearest neigh-
bourhood of a point usually contains k points. However, with re-
verse nearest neighbour no such guarantee exists as local densities
are taken into account. This is particularly helpful when attempt-
ing to identify clusters with very different local densities. For in-
stance, Fig. 2 illustrates the neighbourhood using coloured circles.

Algorithm 2 : RecoverCluster (C, g, k).
Input
C: Core point vector.
q: A point of high density.
k: Minimum number of points.
Output
Sc ¢ A cluster

1: Set seeds < @ and S; < .
2: For each y; e C
If y; € RNN,(q) and y; has never been assigned to S¢
Add y; to seeds.
3: Add q to S, and remove q from seeds (if q € seeds).
4: For each y; € seeds
If y; has never been assigned to S¢
Set q < y;.
Repeat steps 2 to 4 until |seeds| = 0.
5: For each y; € Sc
Add to S¢ all points in NN, (y;) that are not in C and have
never been assigned to S.

Algorithm 3 : W-DBSCANR (Y. k, B).
Input
Y: Data set.
k: Minimum number of points.
B: Weight exponent.
Output
S: A clustering S = {S1,S,, ..., Sk}
W : A set of weight vectors W = {wy, ws, ...

. wi}

1: Set K to be the number of clusters in the clustering produced
by Algorithm 1.

:Setwgy < ¢, forc=1,2,...Kand v=1,2,....V.

: § = UpdateClustering (Y, k, S, W).

: Update feature weights for each cluster (as per Equation 17).

: Repeat steps 3 and 4 until |S| has converged.

vos W N

In Fig. 2(a), the black circle of point 1 along with other coloured
circles of point 2, 3, 4, and 5 corresponds to the k-nearest neigh-
bourhood at k = 3. NN (1) = {2, 3,4}, NN, (2) = {3,4, 5}, NN,(3) =
(2.4, 5}, NN, (4) = {2,3,5} and NN, (5) = {2, 3, 4}.
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(b)

Fig. 2. The neighbourhood are shown in different colours (a) k-nearest neighbourhood at k = 3 (b) reverse k-nearest neighbourhood at k = 3.

Algorithm 4 : UpdateClustering (Y, k, S, W).
Input
Y: Data set.
k: Minimum number of points.
S: A clustering.
W: A set of weight vectors.
Output
S: A clustering S = {S1,S>, -+, Sk}

1: Set C < #.

2: Add each weighted core point in Y to C (as per definition 7).

3: Identify the point g € C with the highest density, and remove g
from C.

4: S. = RecoverCluster (C,q,k, W)

5: If |S¢| > k

Add S; to S

6: Remove each point in S; from C
Repeat steps 3 to 6 until |C| has converged.

7: Assign each unclustered point to the cluster of its nearest
weighted core point.

Algorithm 5 : RecoverCluster (C, g, k,W).
Input
C: Weighted core point vector.
q: Weighted core point with the highest density.
k: Minimum number of points.
W: A set of weight vectors W = {wq,w,, ..
Output
Sc : A weighted cluster

. WK}.

—_

: Set seeds < ¢ and S. < ¢.
2: For each y; e C
Ify; e RNN}(’V (q) and y; has never been assigned to S¢
Add y; to seeds.

3: Add g to S, and remove q from seeds (if q € seeds).
4: Identify y; € seeds, such that y; has not been assigned to any

cluster. Set q < y;. Repeat steps 2 to 4 until |seeds| = 0.
5: For each y; € S¢

Add to S; all points in NNI‘:V(y,-) that are not in C and have
not been assigned to a cluster.

In Fig. 2(b), the coloured circles represent the reverse k-
nearest neighbourhoods of each point at k=3. RNN.(1) =4,
RNN,(2) ={1,3,4,5}, RNN,(3) = {1, 2,4, 5}, RNN,(4) ={1,2,3,5}
and RNN,(5) = {2, 3, 4}. Since point 2, 3, 4, and 5 do not have
point 1 as their neighbour, the reverse nearest neighbour set of
point 1 is empty, hence no circle around point 1 in Fig. 2(b). It is
interesting to note that the empty reverse nearest neighbour set
of point 1 can be associated with the separation of two widely
variable clusters. This indicates that the reverse nearest neighbour
can be used to identify the border point of a widely variable den-
sity cluster such as point 1, without the need of any special com-
bination, while still maintaining the competitiveness in cluster-
ing recovery when compared with DBSCAN and its state-of-the-
art counterparts. Hence, our algorithm can find naturally mean-
ingful clusters rather than clusters that fit a certain static neigh-
bourhood query. Unlike ISDBSCAN and RNN-DBSCAN, we used
only RNN for our neighbourhood calculation rather than any spe-
cial combination of the nearest neighbourhood and its reverse
counterpart.

When two clusters of widely variable densities are separated
by very narrow sparse regions, recovering cluster borders may be-
come difficult. To address this issue only core points are clustered
in the initial clustering recovery step of our algorithm. We take the
view that cluster borders are surrounded by non-core or border
points, in the final clustering recovery step we assigned the bor-
der points to its nearest core neighbour cluster. Within the same
cluster if the density varies, this cluster extension strategy includes
all the points rather than assigning the non-core points as outliers
just because it does not meet the clustering definition based on a
special neighbourhood search condition.

DBSCANR requires a single user-defined parameter, and it is
able to recover clusters of different densities. However, very much
like its competitors DBSCANR still treats all features equally.

3.2. Weighted DBSCANR (W-DBSCANR)

In most pattern recognition tasks different features may have
different degrees of relevance, and this certainly applies to clus-
tering. Even if we assume that all features in a given data set are
relevant, there may be different degrees of relevance. Given a clus-
ter S; €S, one can set the weight of a feature v to be inversely
proportional to the dispersion of v within S; [26]. In other words,
features that are more compact within a cluster are more discrim-
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Table 1
The synthetic data sets we experiment with.
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No noise features

+ 50% noise features + 100% noise features

Entities Clusters Features Noise Features Noise Features Noise
Data set n K \ Features \ Features \ Features
Aggregation 788 7 2 0 3 1 4 2
Grid 655 2 2 0 3 1 4 2
D31 3100 31 2 0 3 1 4 2
Flame 240 2 2 0 3 1 4 2
Mixed 1479 5 2 0 3 1 4 2
Pathbased 300 3 2 0 3 1 4 2
R15 600 15 2 0] 3 1 4 2
Spiral 312 3 2 0 3 1 4 2
Toy 373 2 2 0 3 1 4 2
Diamonds 800 2 2 0 3 1 4 2
Table 2 Table 3
The real-world data sets we experiment with. The real-world data sets with added noise we experiment with.
Entities Clusters Features + 50% noise features + 100% noise features
Data set n K M Entities Clusters Features Noise Features Noise
Banknote 1372 2 4 Data sets n K \ Features \% Features
fris 150 3 4 Banknote 1372 2 6 2 8 4
Ecoli 336 8 7 .
Iris 150 3 6 2 8 4
Seeds 210 3 7 .
BreastC. 699 2 9 Ecoli 336 8 11 4 14 7
BreastT. 106 6 9 Seeds 210 3 11 4 14 7
Liver 583 2 9 BreastC. 699 2 14 5 18 9
. BreastT. 106 6 14 5 18 9
Wine 178 3 13 X
Leaf 340 30 14 Liver 583 2 14 5 18 9
700 101 7 16 Wine 178 3 20 7 26 13
. Leaf 340 30 21 7 28 14
Parkinsons 195 2 22
Leuk 7 3 39 Zoo ) 101 7 24 8 32 16
TeachingA. 151 3 56 Parkinsons 195 2 33 11 44 22
Soya 47 4 53 Leuk ) 72 3 59 20 78 39
Libras 360 15 90 TeachingA. 151 3 84 28 112 56
ALLAML 7 2 7129 Sgya 47 4 87 29 116 58
Carcinom 174 1 9182 Libras 360 15 135 45 180 90
CLL-SUB 111 3 11340
Colon 62 2 2000
GLIOMA 50 4 4434 . W (v.
Lung 203 5 3312 Ly;e i‘e,{,VNk o) . . .
Lymphoma 96 9 2026 2. [RNNY (y1)| > k (i.e. y; is a weighted core point)
ORL 400 40 1024 Definition 8. A point y; is weighted density-reachable from a
Prostate-GE 102 2 5966 . . . J .
Tox-171 171 4 5748 point y;, if there exists a sequence of points CW = (y;, ... ,Yj), such

inatory than those that are less compact. We considerably expand
the above in order to introduce, perhaps for the first time, feature
weighting to a density-based clustering algorithm. Given y;, y; € S
we can calculate their distance using

4
dV (yi.y;) :Zwﬁ,(yiv_ij)z’ (7)
v=1
where 8 is a user-defined parameter, and wy, is the weight of fea-
ture v at cluster S;. Clearly, the balanced use of (7) for density esti-
mation requires each weight to be non-negative and Z‘,le wy, =1
for each cluster S; € S. Hence, the weighted k—neighbourhood of
y; is the set NNXV (y;) containing the k—nearest points to y;, cal-
culated using (7), with y; ¢ NNI‘:V. Notice that in this case the [ in
(7) represents the cluster y; belongs to. The above allow us to re-
visit our definition of reverse k-neighbourhood (RNN,), and present
its weighted version.

RNNY (vi) = {yj € Y : yi e NN ()} (8)

Now, we are ready to make some important definitions for our al-
gorithm.

Definition 7. A point y; is weighted directly density-reachable
from a point y; with respect to k and g, if

that each element is weighted directly density-reachable from the
previous.

Definition 9. A point y; is weighted density-connected to a point
¥;, if both y; and y; are weighted density-reachable from a common
point y;.

Weighted density-connectivity is a symmetric relation. We now
introduce the notion of weighted density-based cluster. Similar to
DBSCAN, a weighted density-based cluster can now be defined as
a set of weighted density-connected points which hold maximality
with respect to weighted density-reachability.

Definition 10. Weighted clusters are a partition of a data set Y
containing n entities y; € RY into K non-empty disjoint clusters
S=1{51,S3,...,5¢}. Here, we are particularly interested in hard-
clustering so that a given point y; can be assigned to a sin-
gle cluster S¢ € S. Thus, the final clustering is a maximal set of
weighted density-connected entities subject to S, NS; = ¢ for k, | =
1,2,...,K and k # [ satisfying the following conditions :

1. Vy;, yjeY :ify; e€Sc and y; is weighted density-reachable from
yi with respect to k and B, then y; e S.. (Maximality)

2. Vy;,yj € Sc : y; is weighted density-connected to y; with respect
to k and B. (Connectivity)

Our proposed clustering algorithm recovers weighted cluster in
two steps. First, it identifies the weighted core points with the
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Results of the experiments on the original synthetic data sets (no noise features have been added). We measure cluster recovery using the Adjusted Rand index (ARI),
F-Measure (FM), Normalised Mutual Information (NMI) and Accuracy (Acc).

Data set CVI  DBSCAN OPTICS ISDBSCAN RNN-DBSCAN  ADBSCAN DPC-DBEN DBSCANR W-DBSCANR
(k/€) (k/mer) (k) (k) (k/p) (k) (k) (k/B)
Aggregation ARl 0.9834 (10/0.06)  0.9082 (7/0.14)  0.9911 (12)  0.9966 (13) 0.9065 (29/0.1) 0.9927 (30) 09978 (12) 1 (17/1.4)
FM 09915 (11/0.06)  0.7016 (7/0.15)  0.9947 (12)  0.9982 (13) 0.0784 (29/0.1) 0.9957 (24)  0.9988 (12) 1 (17/2:2)
NMI 1 (18/0.06) 0.9381 (7/0.15)  0.9958 (9)  0.9958 (8) 0.9435 (29/0.1) 09884 (33) 09957 (12) 1 (17/2.2)
Acc 1 (16/0.06) 0.9489 (7/0.15)  0.9987 (9)  0.9987 (13) 0.9374 (29/0.1) 09962 (24)  0.9987 (12) 1 (17/2.2)
D31 ARl 0.8224 (42/0.04)  0.4649 (27/0.09) - 0.8591 (35) - 0.9541 (83)  0.9354 (35)  0.9445 (33/1.8)
FM  0.9445 (42/0.04)  0.0859 (11/0.14) - 0.948 (35) - 0.9774 (83)  0.9681 (35)  0.9735 (15/3.2)
NMI  0.9917 (27/0.03)  0.3686 (11/0.14) - 0.9656 (35) - 0.9678 (83)  0.9574 (35)  0.964 (16/3.4)
Acc  0.9943 (27/0.03)  0.1246 (11/0.14) 0.9741 (35) - 0.9774 (83)  0.9681 (35)  0.9735 (15/3.2)
Flame ARl 09715 (14/0.12)  0.8969 (7/0.08)  0.9497 (8)  0.9881 (8) 0.0128 (41/0) 0.9666 (6) 0.9833 (8)  0.9833 (7/2.4)
FM  0.9896 (14/0.12)  0.9601 (7/0.08)  0.9774 (8)  0.9942 (8) 0.4138 (41/0) 0.991 (6) 0.9955 (8)  0.9955 (7/1.5)
NMI 1 (3/0.06) 1 (20/0.04) 09621 (8)  1(8) 0.0437 (53/0.5) 09355 (27) 09635 (8) 1 (2/1.1)
Acc 1 (3/0.06) 1 (15/0.05) 0.9957 (8)  1(8) 1 (41/0.05) 0.9917 (6) 09958 (8) 1 (2/1.1)
Grid ARl 0.6377 (4/0.07)  0.8585(5/0.07)  0.9397 (7)  0.9397 (7) 0.1031 (197/0.45) 05207 (299)  0.9457 (4) 1 (4/1.1)
FM 06724 (5/0.07)  0.64 (30/0.02) 09843 (7) - 0.2132 (197/0.45)  0.8609 (299)  0.9859 (4)  0.9859 (4/3.3)
NMI  0.8829 (7/0.07)  0.4288 (21/0.02)  0.8995 (7) - 0.1185 (179/0.45)  0.4832 (299) 0.9075 (4)  0.9075 (4/3.3)
Acc  0.8958 (7/0.07)  0.9398 (5/0.07)  0.9847 (7) - 0.4225 (77/0.5) 0.8611 (299)  0.9863 (4)  0.9863 (4/3.3)
Mixed ARl 1 (2/0.05) 0.9998 (5/0.3) 1(23) 0.9989 (36) 1 (43/0) 06125 (29) 1 (14) 1 (14/1.9)
FM 1 (2/0.05) 0.7987 (7/0.23) 1 (23) 0.9998 (36) 0.4 (43/0) 04831 (31) 1 (14) 1(12/4.2)
NMI 1 (2/0.04) 0.9982 (7/023) 1 (12) 1 (14) 1 (43/0) 06128 (29) 1 (14) 1(12/4.2)
Acc 1 (2/0.04) 0.9993 (7/023) 1 (12) 1(13) 0.9491 (43/0) 0.7904 (31) 1 (14) 1(12/4.2)
Pathbased ARl 0.8948 (9/0.08)  0.7867 (9/0.1) 0.8819 (12)  0.9065 (6) 0.7505 (32/0.5) 0.5756 (96)  0.959 (6) 0.959 (6/1.6)
FM 08116 (3/0.06)  0.6281(9/0.11)  0.959 (12)  0.9671 (6) 0.226 (29/0.2) 0.824 (95) 0.987 (6) 0.9771 (8/1.9)
NMI  0.956 (9/0.08) 1 (4/0.22) 0.8947 (12)  0.9336 (6) 0.7357 (32/0.5) 0.6044 (96) 1 (1) 1 (4/2.3)
Acc  0.9898 (9/0.08) 1 (4/0.22) 0.9726 (12)  0.9862 (6) 1 (25/0) 0.82 (95) 1(1) 1(1/3.2)
R15 ARl 0.9893 (30/0.05)  0.8682 (8/0.22)  0.9743 (26)  0.9857 (30) 0.9098 (42/0.1) 0.9964 (39)  0.9928 (22)  0.9929 (30/1.8)
FM 00995 (30/0.05)  0.8949 (8/0.24)  0.9882 (26)  0.9933 (30) 0.0485 (43/0.15)  0.9983 (39)  0.9967 (22)  0.9967 (30/3.3)
NMI 1 (6/0.02) 0.9916 (8/0.24) 1 (12) 1(12) 0.9666 (42/0.1) 0.9971 (39)  0.9942 (22)  0.9942 (30/3.3)
Acc 1 (6/0.02) 0.9943 (8/0.24) 1 (12) 1(12) 1 (43/0.15) 0.9983 (39)  0.9967 (22)  0.9967 (7/2.2)
Spiral ARl 1 (2/0.04) 0.5617 (5/021) 1 (5) 1(2) 1 (26/0) 0.1487 (4) 1(2) 1(2/1.3)
FM 1 (2/0.04) 0.7367 (12/0.02) 1 (5) 1(2) 0 (26/0) 0.5542 (4) 1(2) 1(2/1.2)
NMI 1 (2/0.04) 1 (9/0.07) 1(5) 1(2) 1 (26/0) 0.204 (19) 1(2) 1(2/1.2)
Acc 1 (2/0.04) 1 (9/0.07) 1(5) 1(2) 1 (26/0.05) 0.5545 (4) 1(2) 1(2/1.2)
Toy ARl 0967 (13/0.06) 1 (32/0.07) 1(17) 0.9917 (15) 1 (36/0.25) 0.8008 (43) 1 (16) 1 (12/1.6)
FM  0.8301(17/0.1)  0.9067 (18/0.12) 1 (17) 0.9991 (15) 0 (36/0.25) 09331 (43) 1 (16) 1(11/2.5)
NMI 1 (8/0.05) 1 (10/0.29) 1(17) 1 (15) 1 (36/0.25) 07198 (43) 1 (10) 1(2/4)
Acc 1 (8/0.05) 1 (3/0.49) 1(17) 1 (15) 1 (36/0.25) 09517 (43) 1 (2) 1(2/1.4)
Diamonds ARl 0.9975 (12/0.06) 09751 (27/0.07) - 0.995 (36) 1 (39/0.05) 1(41) 0.995 (22) 1 (9/1.5)
FM 09994 (12/0.06)  0.9937 (27/0.08) - 0.9987 (36) 1 (39/0.05) 1 (41) 0.9987 (22) 1 (10/1.3)
NMI 1 (35/0.09) 1 (33/0.07) - 1(12) 1 (39/0.05) 1 (41) 1(2) 1 (2/1.6)
Acc 1 (12/0.06) 1 (2/0.6) - 1(12) 1 (35/0) 1 (41) 1(2) 1 (2/1.5)

largest number of similar core points in its neighbourhood. Second,
it retrieves all points that are weighted density reachable from y;.

3.2.1. Calculating feature weights in W-DBSCANR

Feature weighting, can be thought of as a generalization of
feature selection. Under this view, feature selection assigns a bi-
nary weight. A weight of one means the feature is selected, and a
weight of zero means the feature is deselected. Feature weighting
assigns a value, usually in the interval [0, 1], to each feature. In our
model, the higher this value is for a particular feature, the more
relevant the feature is. In fact, we go further and assign a weight
to each feature at each cluster. Feature weighting is a rather intu-
itive approach because even among relevant features there may be
different degrees of relevance. That is, a feature v may have differ-
ent degrees of relevance at different clusters. Also, feature weights
can be used as a starting point for feature selection (see for in-
stance [27], and references therein).

In order to calculate feature weights we introduce a new step to
DBSCANR. This allows us to iteratively update each feature weight
at each cluster based on the current partition. In the first iteration
we set each feature weight, w¢y, to % so that all feature weights
have the same value to start from.

With the above, we can recover K clusters from the first
iteration of our algorithm, and represent this clustering using
graphs. Let G be a graph with K components G, G, .., G,

so that the vertices of G, (with 1 <c <K) represent the data
points of a cluster Sc € S. Given G, we can generate V graphs
Gec1)> G(c2)s -+ G(ev)» SO that each edge of G, (with 1 <v <V)
is the feature-wise distance between its endvertices calculated us-
ing

dv (v, y;
(yﬂ y])_ 9)

cv

d%(yimij) =

The equation above ensures a fair distribution of d" (vi,yj) over
each feature v. Notice that dV (y;,y ;) is calculated over all features.

However, the division by wfv ensures the degree of relevance of a
feature v at cluster Sc € S is taken into account. A lower weight
leads to a higher distance, and by consequence a less compact
cluster.

The above requires a precise definition of compactness. Given a
graph G, ., representing the feature v at cluster S € S, we can cal-
culate its compactness based on the edges of its minimum span-
ning tree (MST), Gl vy after removing all vertices of degree one.
Let

(cv)

B 1, if there exists an edge between y;,y; € S¢ in G}
iie = 10, otherwise.

(10)
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Results of the experiments on the original real-world data sets (no noise features have been added). We measure cluster recovery using the Adjusted Rand index (ARI),
F-Measure (FM), Normalised Mutual Information (NMI) and Accuracy (Acc).

Data set CVI  DBSCAN OPTICS ISDBSCAN RNN-DBSCAN  ADBSCAN DPC-DBEN DBSCANR W-DBSCANR
(k/€) (k/mer) (k) (k) (k/p) (k) (k) (k/B)
Banknote ARl  0.0216 (12/0.21)  0.0214 (42/0.1)  -0.0109 (34) -0.0081 (46)  0.0789 (181/0.5)  0.1216 (178)  0.8433 (14)  0.8513 (14/2.5)
FM 04162 (33/0.18)  0.3584 (40/0.06)  0.4029 (34)  0.4062 (42) 0.2062 (92/0) 0.6112 (178)  0.9586 (14)  0.9868 (35/2.6)
NMI 1 (10/0.03) 1 (26/0.09) 0.0835 (34)  0.0867 (42) 0.0635 (196/0.2)  0.1936 (251) 1 (12) 1(11/3.7)
Acc 1 (10/0.03) 1 (4/0.56) 0.5037 (39)  0.5106 (45) 0.6306 (181/0.5)  0.6786 (178) 1 (6) 1(211.2)
BreastC. ARl 0.8526 (10/0.94)  0.8502 (42/0.17)  0.6505 (45)  0.0404 (8) 0.7828 (179/0.4)  0.2948 (299)  0.8452 (34)  0.8661 (36/1.2)
FM  0.8244 (8/0.58)  0.0576 (20/0.11)  0.912 (45) 0.3964 (8) 0.006 (179/0.4) 0.771 (299)  0.9568 (34)  0.9674 (38/1.5)
NMI 1 (3/0.25) 0 (10/0.11) 0.8399 (28)  0.0299 (9) 0.6912 (179/0.4) 03915 (299)  0.787 (34)  0.8265 (38/1.5)
Acc 1 (3/0.25) 0.6176 (10/0.11)  0.9725 (28)  0.6617 (8) 0.9882 (179/0.45)  0.7725 (299)  0.9599 (34)  0.97 (38/1.5)
BreastT. ARl 0.152 (2/0.48) 0.0148 (4/0.08)  0.0976 (5) 0.2892 (3) 0.3905 (20/0.35)  0.4087 (30) 02773 (3)  0.4532 (3/2)
FM 02339 (2/024)  0.1503 (4/0.08)  0.3673 (5) 0.3977 (3) 0.0842 (20/0.35) 05704 (23)  0.5305 (3)  0.5831 (3/1.4)
NMI 04241 (2/024)  0.1687 (4/0.08)  0.5478 (5) 0.629 (3) 0.5548 (32/0.25) 05472 (24) 07102 (1)  0.7846 (1/2.9)
Acc 03333 (2/0.24)  0.2692 (4/0.08)  0.541 (5) 0.4891 (3) 0.5 (21/0.45) 0.5943 (23)  0.7222 (2)  0.766 (2/3)
Ecoli ARl -0.0084 (4/0.19)  0.4217 (14/0.03) - - 0.4221 (36/0.15)  0.6581 (3) 0.4206 (3)  0.5398 (3/1.7)
FM  0.1607 (4/0.09) - - - 0.1162 (52/0) 0.5115 (2) 04517 (3)  0.4988 (3/1.5)
NMI  0.6687 (4/0.09) - - - 0.4978 (52/0) 0.6268 (3) 0.6423 (1)  0.6423 (1/1.1)
Acc  0.7765 (4/0.09) - - - 0.6465 (52/0) 0.756 (3) 0.5863 (3)  0.6726 (3/1.5)
Iris ARl 0.628 (5/0.25) 0.6063 (13/0.03)  0.4607 (12)  0.4008 (6) 0.886 (40/0) 0.851 (21) 0.8681 (7)  0.9222 (5/1.5)
FM 08434 (5/0.13)  0.8266 (13/0.04) 0.6178 (12)  0.4662 (6) 04122 (42/0.05)  0.9466 (21) 09533 (7)  0.9733 (5/2.1)
NMI 09583 (7/0.13)  0.893 (2/0.22) 0.7111 (12)  0.654 (6) 0.8862 (40/0) 0.8366 (21)  0.8498 (7) 1 (3/3.7)
Acc 09899 (7/0.13)  0.9615(2/0.22)  0.7197 (12)  0.554 (6) 0.8929 (40/0) 0.9467 (21) 09533 (7) 1 (3/1.4)
Leaf ARl - 0.0058 (2/0.08) - - 0.2681 (21/0.3) 0.3646 (2) 0.4096 (2)  0.4136 (2/1.6)
M - - - - 0.0076 (20/0.3) 0.5596 (5) 05327 (2)  0.5796 (3/2.5)
NMI - - - - 0.6472 (21/0.3) 0.7064 (2) 0.8876 (1)  0.9238 (1/2.8)
Acc - - - - 0.0833 (17/0.45)  0.5353 (2) 07283 (1)  0.7816 (1/2.8)
Leuk72 ARl 0.8947 (2/3.4) - 0.7439 (16)  0.8264 (3) 0.743 (28/0.3) 0.8809 (1) 0.8809 (3)  0.8809 (2/1.1)
FM  0.9635 (2/1.7) - 0.9055 (16)  0.9439 (3) 0.4366 (28/0.3) 0.9568 (1) 0.9574 (4)  0.9574 (4/1.1)
NMI 1 (2/0.92) - 0.9366 (10)  0.9437 (3) 0.7227 (28/0.3) 0.8593 (1) 1(1) 1(1/1.4)
Acc 1 (2/0.92) - 0.9828 (10)  0.9848 (3) 0.7826 (28/0.35)  0.9583 (1) 1(1) 1(1/1.4)
Libras ARl 0.0369 (4/1.42)  0.0014 (2/0.17) - 0.2676 (4) 0.2861 (37/0.15)  0.1346 (39) 03752 (5)  0.4141 (5/1.4)
FM 02827 (4/0.71) - - 0.3701 (4) 0.0509 (37/0.15)  0.3102 (6) 0.473 (5) 0.4783 (5/5)
NMI 08451 (4/0.71) - - 0.6401 (4) 0.5629 (37/0.15)  0.4461 (6) 07992 (1)  0.8462 (2/1.3)
Acc  0.6545 (4/0.71) - - 0.4231 (4) 0.4545 (37/0.15) 03194 (6) 05851 (2)  0.7297 (2/1.3)
Liver ARl 0.0521(9/0.08)  0.0565 (11/0.12)  0.0072 (46)  0.032 (9) -0.0003 (179/0.1)  0.0387 (174)  0.0327 (5)  0.076 (10/1.2)
FM 05399 (2/0.82)  0.5404 (4/0.29)  0.4753 (49)  0.5343 (13) 0.1338 (162/0.45)  0.5473 (174)  0.5399 (5)  0.5424 (5/3.7)
NMI  0.0499 (4/0.02)  0.0141 (11/0.13)  0.0063 (46)  0.0084 (13) 0.0078 (162/0.45)  0.0163 (263)  0.4421 (1)  0.2766 (1/4.5)
Acc  0.6822 (41/0.13)  0.7794 (6/0.15)  0.6149 (49)  0.6521 (9) 0.06 (92/0.5) 0.7547 (1) 0.875 (1) 0.7778 (3/2.5)
Parkinsons ARl 0.1877 (7/0.65)  -0.0069 (4/0.08)  0.0834 (10)  0.2473 (5) 0 (89/0) 0.3595 (2) 02967 (8)  0.3891 (4/1.9)
FM 0601 (10/0.47)  0.4282 (4/0.1) 0.5705 (10)  0.6434 (5) 0.1299 (89/0.25)  0.7381 (2) 0.6822 (8)  0.7328 (5/1.5)
NMI  0.6616 (5/0.25) 0 (2/0.32) 0.2718 (10)  0.2626 (5) 0 (89/0) 02736 (11) 1(1) 1(3/4.2)
Acc 09167 (5/0.25)  0.7526 (4/0.1) 0.7832 (10)  0.8177 (5) 0.7541 (89/0) 0.8308 (2) 1(1) 1 (1/1.6)
Seeds ARl 0.4916 (18/0.5)  0.4202 (15/0.06) 0.3855 (12) - 0.4083 (40/0.15)  0.7664 (2) 06132 (3)  0.7909 (9/2.8)
FM  0.7641 (18/0.25)  0.6222 (26/0.04)  0.516 (12) - 0.3829 (57/0.35)  0.9135 (2) 0.8537 (3)  0.9176 (9/4.4)
NMI  0.9368 (16/0.23)  0.9596 (4/0.09) 05773 (12) - 0.482 (55/0.35) 0.7343 (2) 1(1) 1(1/1.7)
Acc 09836 (16/0.23)  0.988 (4/0.09) 06519 (12) - 0.2349 (59/0.4) 0.9143 (2) 1(1) 1 (1/1.5)
Soya ARl 1 (2/6.38) - 0.9776 (5) 0.9776 (4) 1 (22/0.15) 0.5952 (9) 1(2) 1(2/1.2)
M 1(2/3.19) - 0.9868 (5) 0.9868 (4) 1 (22/0.15) 0.8506 (9) 1(2) 1(2/1.6)
NMI 1 (2/3.19) - 1(7) 1(5) 1 (22/0.15) 0.7623 (9) 1(1) 1(1/1.4)
Acc  1(2/3.19) - 1 (4) 1(2) 0.5 (22/0.15) 0.8298 (9) 1(1) 1(1/1.4)
TeachingA. ARl  0.022 (11/3.01)  0.0092 (4/0.02)  0.0182 (9) - 0.0026 (50/0.45)  0.0714 (1) 00119 (3)  0.0339 (10/1.5)
FM 03359 (6/1.44)  0.1795 (4/0.05)  0.3885 (9) - 0 (34/0.2) 03985 (54)  0.4024 (6)  0.4665 (10/5)
NMI 04051 (3/0.02) 02415 (3/0.02)  0.0611 (9) - 0.0499 (50/0.45)  0.1112 (1) 03062 (1)  0.5328 (5/2.6)
Acc 05455 (3/0.02)  0.619 (3/0.02) 0.4552 (9) 0.6667 (45/0.45)  0.4702 (1) 0.6 (2) 0.8 (5/2.6)
Wine ARl 0.4497 (17/0.95) - 0.5635 (9) 0.3738 (3) 0.3967 (32/0.4) 0.8465 (46)  0.7123 (3)  0.8672 (4/1.7)
FM  0.6939 (23/0.51) - 0.817 (9) 0.5526 (3) 02134 (32/0.05)  0.9514 (46)  0.9015 (3)  0.9506 (5/2.3)
NMI 1 (7/0.38) - 0.9057 (9) 0.5871 (3) 0.4164 (35/0.2) 0.8237 (46)  0.8044 (2) 1 (2/2.1)
Acc 1 (7/0.38) - 0.969 (9) 0.6433 (3) 1 (39/0.25) 0.9494 (46)  0.8989 (3) 1 (2/2.1)
Zoo ARl 0.8142 (2/2.05)  0.9106 (4/0.25)  0.4972 (6) 0.7696 (3) 0.543 (32/0) 04185 (31) 08203 (4)  0.7357 (5/1.7)
FM 07298 (2/1.02)  0.5506 (4/0.27)  0.6973 (6) 0.7222 (3) 0 (12/0.5) 0.4842 (19)  0.7484 (4)  0.7462 (5/1.3)
NMI 09279 (2/1.02)  0.9645 (3/0.34)  0.8379 (6) 0.8885 (3) 0.7621 (32/0) 0.5554 (31)  0.8543 (4)  0.8566 (5/1.3)
Acc 09231 (2/1.02) 09831 (3/0.34)  0.7831 (6) 0.8817 (3) 1 (12/0.5) 0.5644 (31)  0.8614 (4)  0.8416 (5/1.3)

We can then measure the compactness of G, with

Cey = Max Z Z

Now that we have a measure of compactness, we would like to

dv (yl,y,

CU

found in the previous iteration (or We, = V-1, if in the first itera-
tion). The optimal w¢, is that which minimises

(11)

M=

c=1v:

minimise it over all clusters and features. Let W, be the weight

>

=1

wh

ck max Z Z

dv (y,,yj

CU

K v
=Y whea.

c=1v=1

(12)
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Results of the experiments on the high-dimensional data sets. We measure cluster recovery using the Adjusted Rand index (ARI), F-Measure (FM), Normalised

Mutual Information (NMI) and Accuracy (Acc).

Data set CVI  DBSCAN OPTICS  ISDBSCAN RNN-DBSCAN  ADBSCAN DPC-DBFN  DBSCANR W-DBSCANR
(k/€) (k/me) (k) (k) (k/p) (k) (k) (k/B)
ALLAML ARl 0.1653 (3/17.23) - 0.0833 (11) - 0.05 (29/0.15) 02037 (7)  -0.035(2)  0.1171(1/1.2)
FM 04836 (3/17.23) - 04805 (11) - 0 (22/0.25) 0.6535 (7) 02516 (2) 0.5 (3/1.3)
NMI 03632 (3/16.99) - 0.6255 (7) - 0.078 (29/0.15) 02491 (5)  0.1204 (2) 1 (1/1.2)
Acc  0.8684 (3/16.99) - 0.931 (7) - 0.1822 (29/0.15)  0.75 (5) 07059 (2) 1 (1/1.2)
Carcinom ARl 02975 (2/2091) - - - 0.5734 (29/0.4)  0.1986 (21)  0.4885 (2)  0.5981 (2/2.3)
FM 04542 (2/2091) - - - 0 (8/0.5) 03506 (2) 05777 (2)  0.6616 (2/2.3)
NMI  0.906 (2/19.85) - - - 0.7033 (34/0.3)  0.4097 (3)  0.8412 (1)  0.8741 (1/2.3)
Acc  0.8667 (2/19.85) - - - 0 (8/0.5) 0408 (21) 07292 (1)  0.7619 (1/2.3)
CLL-SUB ARl -0.0129 (2/156) - - - - 0.2297 (2) 00341 (2)  0.0794 (2/2.1)
FM 01411 (2/1829) - - - - 0.6081 (10) 03985 (2)  0.4424 (2/1.9)
NMI  0.312 (2/15.6) - - - - 04682 (2) 02358 (2)  0.3011 (2/1.4)
Acc  0.5185(2/18.29) - - - - 0.6036 (10) 05472 (2)  0.6296 (2/2.1)
Colon ARl 0.013 (4/14.9) - -0.0101 (12)  0.1307 (3) -0.0178 (29/0.4)  0.1911 (4)  0.1052 (4)  0.2327 (3/2.9)
FM 05133 (6/18.53) - 05016 (12)  0.5581 (3) 0.36 (24/0.3) 0.654 (24)  0.5914 (4)  0.6903 (3/2.9)
NMI 02443 (3/13.25) - 0.0024 (12)  0.195 (3) 0.1064 (28/0.25)  0.1743 (4)  0.0664 (4)  0.3674 (1/2.7)
Acc  0.6364 (3/1325) - 05167 (12)  0.7241 (3) 0.5 (24/0.3) 0.7419 (4)  0.6935 (4)  0.7778 (1/2.7)
GLIOMA ARl 03967 (2/15.86) - - - 0.3235 (8/0.45) 03527 (2)  0.4841(3)  0.5128 (2/1.4)
FM 05536 (3/15.6) - - - 0 (8/0.45) 0.6607 (13)  0.7498 (3)  0.775 (2/1.4)
NMI  0.7368 (2/15.86) - - - 0.492 (11/0.5) 0.5018 (1)  0.9069 (2)  0.9069 (2/1.7)
Acc 07143 (2/1248) - - - 0.7273 (25/0) 0.66 (13) 0.9524 (2)  0.9524 (2/1.7)
Lung ARl 02603 (2/11.46) - 0.263 (10) - 0.4969 (51/0.5) 03588 (2)  0.4413 (3)  0.6364 (5/1.1)
FM 03624 (2/11.1) - 0.6315 (10) - 0.0012 (51/0.5)  0.5568 (20)  0.4891 (3)  0.7012 (5/1.1)
NMI 07337 (4/9.32) - 0.6578 (10) - 0.5758 (60/0) 0.4369 (20) 05559 (3)  0.6922 (5/1.1)
Acc 07535 (2/11.1) - 0.7634 (10) - 0.8333 (60/0) 0.6897 (4)  0.7438 (3)  0.8438 (2/1.1)
Lymphoma ARl 02824 (2/25.63) - - - 0.6461 (17/0) 04346 (1)  -0.0115(2)  0.2843 (2/1.5)
FM 03322 (2/25.63) - - - 0.0055 (17/0) 0.4291 (12) 03606 (2)  0.5596 (2/1.5)
NMI  0.7506 (2/25.63) - - - 0.7831 (17/0) 05303 (1)  0.7626 (2)  0.7686 (2/2.5)
Acc  0.4912 (2/26.68) - - - 1 (17/0) 0.5729 (1)  0.6047 (2)  0.6364 (2/1.8)
ORL ARl 0.1328 (3/4.79) - - - 0.4027 (31/0.15)  0.1863 (35)  0.4377 (2)  0.4575 (3/1.9)
FM 04667 (3/4.79) - - - 0.0214 (29/0.25) 03302 (24)  0.6005 (3)  0.6059 (3/1.7)
NMI 07961 (3/4.79) - - - 0.7957 (31/0.15) 05971 (35)  0.9397 (1)  0.9302 (2/1.2)
Acc  0.5063 (3/4.79) - 0.125 (29/0.25) 03575 (24) 0.7526 (1)  0.8071 (2/1.4)
Prostate-GE ARl 0.0359 (5/16.09) - 0.0204 (21)  0.0003 (5) - 0.0586 (21)  0.0216 (2)  0.0805 (2/1.6)
FM 04534 (2/209) - 0.5024 (17)  0.4195 (5) - 05971 (23) 04218 (5)  0.5567 (6/1.1)
NMI 1 (2/9.85) - 0.0089 (13)  0.0367 (5) - 0.0762 (21)  0.1678 (1)  0.1871 (2/1.2)
Acc 1 (2/9.85) - 05517 (17)  0.53 (5) - 0.6275 (21)  0.6429 (2)  0.7222 (2/1.4)
TOX-171 ARl 0.1497 (4/1421) - 0.1234 (7) - - 0.179 (2) 0.0075 (2)  0.1517 (3/1.1)
FM 02617 (4/14.84) - 0.4109 (7) - - 04514 (2)  0.1893 (2)  0.4358 (3/1.1)
NMI 04812 (3/12.76) - 0.4063 (7) - - 0.2639 (2) 03508 (1)  0.3944 (2/3.1)
Acc  0.6071 (5/13.38) - 0.5455 (7) - - 0.462 (2) 0.56 (1) 0.566 (2/1.3)

We can minimise the above, subject to Z‘,f;l Wey =1 for c=
1, ..., K, with the Lagrange function

\%4 1'%
L:waucw-ﬁ\ 1—ZWCU ;

(13)
v=1 v=1
whose derivative with respect to w is
oL _
T = BwWE ey — A (14)
Equating the above to zero leads to
1 1
AT 1 A\
(ﬂ) = chccf:;1 — W = (,Bccv> . (15)
Summing the above over all features leads to
1 1
A\ AN 1
v=1 “ Yoot (&)™
Finally we have
1
Wy = T (17)

Yua [E]7
We are now ready to present our feature weighted density-based
clustering method W-DBSCANR as follows:

4. W-DBSCANR complexity

Since W-DBSCANR is an extension of the DBSCANR algorithm,
and DBSCANR needs to calculate the k-nearest neighbours of each
point, if n is the cardinality of the data set, the direct implemen-
tation of W-DBSCANR has O(n?) time complexity. The time com-
plexity of W-DBSCANR depends on the following five parts: 1) the
time complexity of finding k-nearest neighbours. The key issue of
DBSCAN-type clustering methods is identifying each point type,
which is a k-nearest neighbour problem. DBSCANR is not any dif-
ferent. Therefore, improving the k-nearest neighbour’s complexity
will improve the computational complexity of DBSCANR and of W-
DBSCANR. Many techniques were proposed to improve the runtime
of the nearest neighbour query. For instance, Kd-tree [28], semi-
convex hull tree [29], and trinary-project tree [30] are some ex-
amples to name but a few. Most of the proposed algorithms de-
generate in higher dimensional space [31]. If Kd-tree is used for
the nearest neighbour query, the time complexity of finding the re-
verse nearest neighbours of each point is O(nlogn) [32]. DBSCANR
computes all pairwise distances to determine the core and non-
core points, which requires 0(n?). 2) the time complexity of find-
ing the core points. Determining the core point requires O(n) time
given the nearest neighbours have already been calculated. 3) the
time complexity of clustering the core points. If ¢ is the number of
core points and r is the number of core points in the reverse near-
est neighbour of the ¢ points, then clustering core points requires
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The results of our experiments on the synthetic data sets with 50% added noise features. We measure cluster recovery using the Adjusted Rand index (ARI), F-Measure

(FM), Normalised Mutual Information (NMI) and Accuracy (Acc).

Data set CVI  DBSCAN OPTICS ISDBSCAN RNN-DBSCAN  ADBSCAN DPC-DBFN DBSCANR  W-DBSCANR
(k/e) (k/mer) (k) (k) (k/p) (k) (k) (k/B)
Aggregation ARl 0.8428 (11/0.15)  0.8583 (27/0.03) - - 0.7619 (45/0.2) 0.7382 (13) 0.7216 (8)  0.8705 (8/2.1)
FM  0.6525 (11/0.15)  0.6041 (9/0.11) - - 0.083 (53/0.4) 0.7054 (10) 0.6434 (9)  0.9975 (19/1.2)
NMI  0.9013 (11/0.15)  0.9702 (9/0.11) - - 0.7868 (45/0.2) 0.8087 (13) 0.9053 (1)  0.9924 (19/1.2)
Acc 09029 (11/0.15)  0.9866 (9/0.11) - - 1 (40/0) 0.8414 (10) 0.7551 (7)  0.9975 (19/1.2)
D31 ARl 02285 (13/0.08)  0.0571 (53/0) - - - 0.2955 (9) 0.288 (9) 0.2998 (10/2.6)
FM  0.3234(13/0.08)  0.2158 (7/0.14) - - - 03671 (10)  0.3852 (9)  0.3995 (10/2.6)
NMI  0.8015 (19/0.08)  0.9059 (5/0.2) - - - 0.6702 (14) 0.8716 (3)  0.9157 (3/4.6)
Acc  0.5632(19/0.08)  0.7725 (5/0.2) - - - 0.3771 (10) 0.6675 (3)  0.7981 (3/1.2)
Flame ARl 05742 (15/0.22)  0.3878 (28/0.03) - -0.0017 (7) 0.0193 (37/0) 0.6777 (63) 0.0078 (7)  0.9833 (8/1.1)
FM  0.8816 (15/0.22)  0.7905 (26/0.03) - 0.5638 (7) 0.1779 (42/0.15)  0.9056 (63)  0.5814 (7)  0.8214 (4/2.8)
NMI 1 (8/0.13) 0.6519 (28/0.03) - 0.1633 (7) 0.0467 (42/0.4) 0.5534 (63) 0.1572 (7) 1 (1/2.2)
Acc 1 (8/0.13) 0.9348 (28/0.03) - 0.5975 (8) 0.6456 (37/0) 0.9125 (63) 0.6 (6) 1(1/2.2)
Grid ARl 0.8277 (6/0.12) 0.8082 (17/0.04)  0.888 (21) - 0.7171 (34/0.45)  0.5785 (3) 0.1533 (4)  0.8867 (7/4.9)
M 0.5229 (20/0.21)  0.5127 (8/0.1) 0.9698 (21) - 0.3719 (40/0) 0.872 (3) 0.6297 (4)  0.9764 (9/1.2)
NMI  0.2735 (6/0.12) 0.68 (2/0.34) 0.8655 (9) - 0.6727 (34/0.45)  0.5619 (3) 1(1) 1(2/1.7)
Acc  0.949 (9/0.1) 0.9316 (16/0.05)  0.9776 (9) - 0.8824 (34/0.5) 0.8809 (3) 1(1) 1(2)1.7)
Mixed ARl 0.6509 (41/0.16)  0.8594 (5/0.21) 0.8435 (14)  0.864 (11) 0.89 (44/0.2) 0.7132 (16) 0.8809 (7) 1 (8/1.5)
FM  0.4335(13/0.12)  0.3199 (9/0.16) 0.6209 (14)  0.5593 (11) 0.2344 (44/0.2) 0.5041 (16) 0.6326 (7) 1 (18/1.1)
NMI  0.7429 (25/0.12)  0.9126 (2/0.43) 0.8368 (12)  0.8153 (11) 0.8143 (44/0.2) 0.6062 (16) 0.8257 (9) 1 (18/1.1)
Acc  0.8842 (26/0.12)  0.8876 (9/0.16) 0.9094 (12)  0.9147 (11) 0.9731 (53/0.5) 0.8465 (16) 09182 (7) 1 (18/1.1)
Pathbased ARl 0.5674 (6/0.12) 0.3361 (38/0.02)  0.1511 (18) - 0.6217 (38/0.45)  0.3689 (131)  0.1663 (5)  0.671 (5/1.3)
FM  0.5546 (8/0.13) 0.5375 (38/0) 03372 (18) - 0.2692 (48/0.5) 0.697 (131) 05377 (5)  0.7407 (31/1.1)
NMI  0.7612 (2/0.02) 0.7867 (3/0.26) 0.2863 (18) - 0.6394 (42/0.5) 0.3835 (4) 1(2) 1(2/3.7)
Acc  0.8161 (8/0.13) 0.8 (4/0.2) 0.4808 (18) - 1 (55/0.15) 0.7067 (131) 1 (2) 1(2/2.2)
R15 ARl 0.1331 (10/0.1) 0.2404 (10/0.14)  0.2352 (9) - 0.2938 (33/0) 0.3647 (6) 0.2447 (7)  0.9893 (8/1.3)
FM  0.4238 (10/0.1) 0.405 (9/0.2) 0.4742 (9) - 0.0947 (34/0.15)  0.5208 (28) 0.4846 (7)  0.995 (13/1.1)
NMI  0.6464 (10/0.1) 0.8872 (6/0.25) 0.713 (9) - 0.7511 (33/0) 0.6767 (7) 0.888 (2) 0.9914 (7/1.2)
Acc  0.5243 (10/0.1) 0.7456 (6/0.25) 0.4789 (9) - 1 (33/0) 0.505 (44) 0.7062 (4)  0.995 (7/1.2)
Spiral ARl 0.0179 (10/0.14)  0.3519 (49/0.01)  -0.0001 (7) - 0.0017 (36/0.5) 0.035 (83) 0.0104 (4) 1 (4/1.2)
FM  0.3187 (15/0.19)  0.3813 (48/0) 0.2325 (7) - 0.1373 (37/0.1) 0.4436 (87) 03101 (4)  0.8394 (6/1.3)
NMI 1 (5/0.07) 0.8269 (4/0.09) 0.0303 (7) - 0.0414 (36/0) 0.0577 (8) 0.7987 (2) 1 (2/1.8)
Acc 1 (5/0.07) 0.9429 (4/0.09) 0.3662 (7) - 1 (36/0) 0.4423 (87) 0.8 (2) 1 (2/1.8)
Toy ARl 0.8249 (14/0.17)  0.6834 (32/0.05) 0.1105 (12)  -0.0358 (10)  0.3125 (29/0.3) 0.4261 (240)  0.6258 (7)  0.779 (7/2)
M 0.6944 (20/0.2) 0.475 (32/0.06) 0.5142 (12)  0.4095 (9) 0.2952 (123/0.5)  0.8015 (240)  0.5077 (6) 1 (15/1.2)
NMI  0.854 (8/0.13) 1 (3/0.3) 0.1363 (12)  0.0461 (10) 0.2627 (29/0.15)  0.3844 (3) 1(3) 1(1/2.4)
Acc  0.9926 (8/0.13) 1 (3/0.3) 0.7707 (12)  0.6935 (9) 0.8107 (29/0.3) 0.8338 (5) 1(1) 1(1/2.4)
Diamonds ARl 0.8368 (17/0.15)  0.0418 (17/0.05)  0.0001 (11) - 0.0015 (43/0.5) 0.8233 (9) 0.9311 (6)  0.995 (7/1.3)
FM  0.9551 (17/0.15)  0.337 (36/0.02) 0.348 (11) - 0.3311 (38/0) 0.9537 (9) 0.9825 (6) 1 (39/1.2)
NMI 1 (35/0.16) 1 (2/0.47) 0.0327 (11) - 0.0139 (114/0.5)  0.7738 (9) 1(1) 1(1/2.4)
Acc 1 (5/0.05) 1 (2/0.47) 05051 (11) - 1 (85/0.4) 0.9538 (9) 1(1) 1(1/2.1)

O(clogc+rc) time. 4) the time complexity of clustering the un-
clustered points to their nearest core points. If there are [ unclus-
tered points and [ is fairly less than the cardinality of the data set,
then clustering | points requires O(l) time. 5) the time complexity
of updating feature weights for each cluster. If t is the number of
iterations required for steps 3 and 4 of Algorithm 3, m is the num-
ber of features, and n is the data points, updating feature weights
for each cluster require O(tmn) time. Thus the time complexity of
W-DBSCANR is O(n?).

5. Set up of experiments

In this section we describe the set up of our experiments. We
experiment with both real-world and synthetic data sets, with and
without added noise features.

The real-world data sets we experiment with were obtained
from the popular UCI machine learning repository [33] and scikit-
feature selection repository [34], for details see Table 2. These data
sets have no missing values, or features with a range of zero. From
some of these data sets we have generated two others by adding
[0.5V] and V noise features, respectively. Here, a noise feature is
one composed entirely of within-domain uniformly random noise.
We have added noise features so that we can evaluate how the
algorithms we experiment with perform under such conditions.

10

The synthetic data sets we experiment with were also also ob-
tained online [35], for details see Table 1. We generated two extra
data sets from each of these in a similar way to what we did re-
garding the real-world data sets.

We have normalised all the data sets we experiment with using

Vv —Yv
~ range(y,)’
We opted for (18) rather than the z-score because the former is bi-
ased towards features under a unimodal distribution. Such features
are inclined to have a lower standard deviation (when compared to
multimodal features) which leads to higher z-score. Hence, features
with a unimodal distribution are likely to have a higher contribu-
tion to the clustering than features with a multimodal distribution.
However, multimodal features are those that are usually of partic-
ular interest during clustering.

The algorithms we experiment with require parameters, we
have set those according to the below. In all cases we attempted
to identify the best possible parameters for each of the algorithms.
All algorithms are deterministic, so the results in our tables are the
best we could find.

Yiv (18)

1. DBSCAN: We experimented with k from 3 to 50 in steps of 1,
and € from the minimum pairwise to maximum pairwise dis-
tances for each data set in steps of 0.01.
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The results of our experiments on the synthetic data sets with 100% added noise features. We measure cluster recovery using the Adjusted Rand index (ARI), F-Measure

(FM), Normalised Mutual Information (NMI) and Accuracy (Acc).

Data set CVI  DBSCAN OPTICS ISDBSCAN RNN-DBSCAN  ADBSCAN DPC-DBEN DBSCANR ~ W-DBSCANR
(k/€) (k/mer) (k) (k) (k/p) (k) (k) (k/B)
Aggregation ARl 0.5994 (12/0.23)  0.0755 (8/0.04)  0.5602 (9) - 0.6433 (48/0.5)  0.628 (7) 0.6257 (4)  0.7407 (5/1.5)
FM 03918 (12/0.23) 0.1824 (6/0.06) 03723 (9) - 0.075 (40/0.05)  0.4803 (3) 0.469 (4)  0.9988 (13/1.2)
NMI  0.7414 (11/0.2)  0.7958 (6/0.06) 0.7 (9) - 0.6079 (48/0.5)  0.6601 (7) 0.8693 (2)  0.9957 (13/1.2)
Acc  0.7636 (11/02)  0.7068 (6/0.06)  0.6917 (9) - 1 (41/0) 0.7373 (7) 0.7857 (2)  0.9987 (13/1.2)
D31 ARl - 0.0056 (10/0.02) - - - 0.1553 (4) 0.0848 (4)  0.0291 (3/1.1)
M - 0.0704 (3/0.2) - - - 0.2243 (80)  0.1909 (4)  0.181 (3/2.4)
NMI - 0.7699 (3/0.2) - - - 0.4651 (4) 0.8067 (1)  0.9299 (1/1.2)
Acc - 0.4959 (3/0.2) - - - 0.2371 (4) 0.4946 (1)  0.7589 (1/1.2)
Flame ARl 0.1367 (15/0.28)  0.0284 (6/0.07)  -0.011 (9) -0.0245 (6) 0.0397 (34/0.15)  0.5031 (41)  0.0539 (3)  0.1028 (3/1.6)
FM 05364 (17/0.3) 03902 (7/0.05)  0.417 (9) 0.3843 (6) 0 (34/0.15) 0.8339 (41)  0.4816 (3)  0.5794 (3/2.1)
NMI 1 (10/0.23) 0 (3/0.15) 0.0822 (9)  0.0256 (6) 0.0672 (34/0.15)  0.4304 (40) 1 (1) 1 (2/4.2)
Acc  1(6/0.17) 0.6453 (7/0.05)  0.6343 (9)  0.588 (6) 0.6667 (57/0.5)  0.8583 (40) 1 (1) 1 (1/1.6)
Grid ARl 07089 (9/0.21)  0.3819 (40/0.03)  0.02 (11) 0.0182 (9) 0.5282 (45/0.5) 02213 (299)  0.467 (4)  0.7664 (4/3.5)
FM 05692 (23/0.31)  0.4289 (40/0.03)  0.4071 (11)  0.4142 (6) 0 (43/0.45) 0.7356 (299)  0.8273 (4)  0.9749 (8/1.2)
NMI  0.2795 (8/0.19) 1 (3/0.19) 0.0662 (11)  0.0672 (6) 0.5063 (55/0.5)  0.2637 (7) 1(1) 1 (1/1.7)
Acc  0.9529 (14/0.19) 1 (3/0.19) 0.5974 (11)  0.5951 (6) 0.8136 (45/0.5)  0.7359 (299) 1 (1) 1(1/1.4)
Mixed ARl 0.5203 (35/0.24)  0.028 (6/0.08) - - 0.033 (53/0.5) 0.631 (7) 0.4079 (4)  0.6919 (4/3.9)
FM 02916 (35/0.24)  0.1301 (33/0.01) - - 0.0952 (54/0.1)  0.3883 (7) 04124 (4) 1 (12/1.1)
NMI  0.6022 (35/0.24)  0.8031 (5/0.11) - - 0.0767 (53/0.5)  0.5414 (7) 0.7331 (2) 1 (12/1.1)
Acc  0.8435(30/023)  0.6444 (5/0.11) - - 0.8049 (53/0.5)  0.8134 (7) 0.74 (2) 1(12/1.1)
Pathbased ARl 03964 (10/0.23)  0.0854 (7/0.05) 02568 (9) - 0.4454 (33/0.45) 02887 (71)  0.3684 (6)  0.4717 (17/1.1)
FM  0.5259 (41/0.37) 0.1846 (6/0.08)  0.622 (9) - 0.1684 (33/0.45)  0.6884 (72)  0.5313 (6)  0.7513 (11/1.3)
NMI  0.7956 (2/0.05)  0.823 (2/0.22) 03761 (9) - 0.501 (33/0.45)  0.257 (71) 0.7755 (1) 1 (1/4.3)
Acc  0.8012 (10/0.23)  0.9231(2/0.22)  0.6947 (9) - 1 (33/0.45) 0.6933 (71) 07273 (1) 1 (1/4.3)
R15 ARl 02323 (2/021)  0.1799 (6/0.07) - - 0.2216 (40/0.05)  0.1735 (38)  0.2053 (4)  0.3546 (5/1.5)
FM 04498 (2/021) 02813 (2/0.34) - - 0.0639 (42/0.1) 03916 (18)  0.4224 (5)  0.9967 (22/1.1)
NMI 09183 (3/0.07)  0.8954 (2/0.34) - - 0.6896 (42/0.1)  0.4921 (4) 07437 (2)  0.9942 (22/1.1)
Acc 07292 (3/0.07)  0.8563 (2/0.34) - - 0.0623 (40/0.05)  0.3533 (31)  0.664 (2)  0.9967 (22/1.1)
Spiral ARl 0.0181 (12/0.25)  0.0083 (5/0.06) - - 0.0023 (37/0.35)  0.0175 (203)  0.0037 (3)  0.0172 (3/3)
FM 02547 (12/0.25)  0.1892 (9/0.04) - - 0.1034 (38/0) 04198 (147) 03353 (3) 1 (8/1.1)
NMI  0.7808 (4/0.12)  0.2856 (3/0.15) - - 0.0463 (38/0) 0.0538 (10)  0.1388 (1) 1 (8/1.1)
Acc  0.6923 (4/0.12)  0.5789 (2/0.28) - - 1 (38/0) 04327 (203)  0.4583 (2) 1 (8/1.1)
Toy ARl 0.7162 (15/0.27) 0.5753 (51/0.04) 0.0783 (7)  0.0881 (5) 0.6485 (30/0.5)  0.6997 (291)  0.1568 (3)  0.578 (5/2)
FM  0.6424 (10/0.27)  0.4625 (42/0.03) 0.4393 (7)  0.4895 (5) 0.2817 (31/0) 0.8967 (291)  0.3937 (5) 1 (8/1.2)
NMI 04987 (12/0.27) 03622 (3/0.22)  0.0379 (8)  0.1043 (5) 0.5085 (30/0.5)  0.5598 (291) 1 (2) 1 (1/2.9)
Acc 09544 (9/0.23)  0.8742 (42/0.03)  0.758 (7) 0.7622 (5) 0.9091 (30/0.5)  0.9249 (291) 1 (2) 1(1/1.2)
Diamonds ARl 0.2398 (30/0.25)  0.0186 (12/0.03)  0.0007 (9) - 0.0004 (64/0.5)  0.6356 (254) 0.0764 (4)  0.3328 (4/3)
FM  0.6616 (30/0.25) 03345 (17/0.03) 03374 (9) - 0.3525 (46/0) 0.8986 (254) 05862 (4) 1 (44/1.2)
NMI 1 (17/0.19) 1 (2/0.25) 0.0202 (8) - 0.0164 (46/0) 0.5349 (254) 1 (2) 1 (1/2.4)
Acc 1 (16/0.19) 1 (2/0.25) 05072 (9) - 0.5038 (67/0.2)  0.8988 (254) 1 (1) 1 (1/1.6)

2. OPTICS: We used a method OPTICS (AutoCl) [36] in order to
obtain flat partition. We set the speed control parameter of OP-
TICS (AutoCl), € to co. The minimum number of points k was
chosen from 3 to 50 in steps of 1, and minimum cluster ratio
m¢- was choosen from 0.01 to 5 in steps of 0.01.

3. ISDBSCAN, RNN-DBSCAN AND DBSCANR: These algorithms have
a single parameter k. We experiment with values of k from 3 to
50 as in [14,16]. As in the other algorithms, the selected k was
that which produced the best cluster recovery.

4, ADBSCAN and DPC-DBFN: Both of them require a user-defined
k. However, ADBSCAN demands one additional parameter, the
percentage of noise in the data set. We experiment with the
parameters within the allowed range based on the authors rec-
ommendation. That is, values from 0 to 0.5 in steps of 0.05.

5. W-DBSCANR: We have two parameters minimum number of
points, k and weight exponent, 8. We maintain the same range
of values of k from 3 to 50 in steps of 1 and 8 was chosen from
1.1 to 5 in step of 0.1.

We evaluated cluster recovery using four commonly used Clus-
tering Valuation Indices (CVI): the Adjusted Rand Index (ARI) [37],
Normalised Mutual Information (NMI) [38], F-measure (FM), and
Accuracy (Acc) [39]. The range of ARI lies between —1 and 1, and
that of all other metrics is between 0 and 1. A higher value indi-
cates better clustering recovery.

1
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Fig. 3. Average per feature (over the three clusters) of the feature weights obtained
by W-DBSCANR on the Iris data set.

6. Experiments
6.1. Experiment on original data sets without noise features

In this section, we discuss the results of our experiments on
the original data sets without noise features (see Tables 1 and 2).
Table 4 presents the results of the eight algorithms we experiment
with, including our proposed two algorithms, on the ten original
synthetic data sets. All of our results are presented in terms of
four evaluation metrics (see Section 5), and all algorithms were
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The results of our experiments on the real-world data sets with 50% added noise features. We measure cluster recovery using the Adjusted Rand index (ARI), F-Measure

(FM), Normalised Mutual Information (NMI) and Accuracy (Acc).

Data set CVI  DBSCAN OPTICS ISDBSCAN RNN-DBSCAN  ADBSCAN DPC-DBEN DBSCANR W-DBSCANR
(k/e€) (k/mer) (k) (k) (k/p) (k) (k) (k/B)
Banknote ARl  0.0414 (28/0.24)  0.0088 (6/0.08)  -0.001 (11)  0.0071 (8) 0.0385 (92/0.5) 0.0578 (2) 0.0089 (3)  0.0535 (3/1.9)
FM 03758 (10/0.3) 03577 (12/0.04) 03597 (11)  0.3777 (8) 0.2055 (67/0) 0.6157 (2) 03819 (8)  0.9311 (17/1.1)
NMI 1 (12/0.17) 1 (4/0.21) 0.0259 (11)  0.037 (8) 0.0502 (171/0.5)  0.0781 (2) 0.058 (3) 1 (2/2.4)
Acc  1(12/0.17) 1 (4/0.21) 0.556 (11)  0.5664 (8) 0.59 (92/0.5) 0.6224 (2) 07778 (2)  1(2/1.9)
BreastC. ARl 0.8424(9/0.76)  0.01 (2/0.12) 0.8303 (50)  0.816 (12) 0.8394 (166/0.5)  0.8241 (266)  0.8609 (48)  0.8717 (32/1.5)
FM 08152 (8/0.85) - 0.9518 (50)  0.9428 (12) 0.0116 (115/0.45)  0.9505 (266)  0.961 (48)  0.9658 (36/2.7)
NMI 07133 (11/0.82) - 0.8977 (20)  0.8087 (18) 0.7371 (166/0.5)  0.7445 (266)  0.7756 (48) 1 (1/1.4)
Acc 09927 (3/0.42) - 0.9855 (20)  0.967 (23) 0.9735 (142/0.45)  0.9542 (266)  0.9642 (48) 1 (1/1.4)
BreastT. ARl 0.1181 (2/0.57) - - - 0.2495 (27/0.25)  0.286 (37) 01917 (2)  0.2842 (2/1.1)
FM 01822 (2/0.57) - - - 0.0535 (28/0) 0.4311 (33) 0.361 (2) 0.4447 (3/2)
NMI 03535 (2/0.57) - - - 0.4064 (27/0.35)  0.4121 (37 0.528 (1) 0.528 (1/1.1)
Acc 02921 (2/0.57) - - - 0.7143 (26/0.4) 0.4623 (3 ) 05333 (1)  0.5333 (1/1.1)
Ecoli ARl 02715 (6/0.36) - - - 0.0803 (42/0.05)  0.2642 (132)  0.298 (3) 0.51 (2/1.2)
FM  0.1629 (6/0.36) - - - 0.0092 (42/0.05)  0.3296 (2) 0.33 (3) 0.3304 (3/2.5)
NMI 04654 (3/0.22) - - - 0.2088 (41/0.3) 0.3705 (2) 0.5608 (2)  0.7252 (1/1.4)
Acc  0.619 (6/0.36) - - - 0.4712 (42/0.05) 05089 (227)  0.5506 (3)  0.6154 (1/1.4)
Iris ARl 0.5286 (2/0.42) 05281 (8/0.08) - 0.4437 (5) 0.5584 (39/0.2) 0.5394 (10)  0.4869 (5)  0.4986 (3/1.3)
FM  0.6129 (5/0.3) 0.6132 (13/0.07) - 0.5013 (5) 0.2222 (34/0.05)  0.7001 (20) 05185 (5)  0.5185 (4/2.2)
NMI  0.7627 (9/0.3) 0.7505 (15/0.07) - 0.6735 (5) 0.7201 (39/0.2) 0.6863 (7) 0.762 (1) 1 (2/2.5)
Acc  0.875 (9/0.3) 0.7505 (15/0.07) - 0.5986 (5) 1 (35/0.35) 0.72 (14) 0.8889 (1) 1 (1/4.4)
Leaf ARl - - - - 0.0925 (20/0) 01352 (32)  0.0031 (1)  0.1295 (2/1.8)
M - - - - 0.0135 (20/0) 0.3117 (2) 0.1948 (1)  0.3294 (2/3.9)
NMI - - - - 0.4516 (19/0.35)  0.506 (2) 0.6945 (1)  0.8158 (1/1.4)
Acc - - - - 0.3333 (20/0) 0.3147 (2) 04257 (1)  0.5889 (1/1.4)
Leuk ARl 0.8741 (6/2.42) - 0.8809 (13)  0.8437 (8) 0.8459 (23/0.35)  0.5613 (3) 0.8809 (3)  0.9186 (2/2.3)
FM 09578 (6/2.42) - 0.9568 (13)  0.942 (8) 0.1959 (23/0.35)  0.7916 (3) 09568 (3)  0.9714 (4/1.4)
NMI 0942 (5/2.28) - 09337 (7)  0.9392 (2) 0.8078 (23/0.35)  0.6358 (3) 0.8684 (2) 1 (1/1.4)
Acc 09844 (5/2.28) - 09818 (7)  0.9833 (2) 0.9444 (23/0.35)  0.7917 (3) 09583 (3)  1(1/1.4)
Libras ARl - - - 0.106 (2) 0.0795 (29/0.5) 0.1565 (2) 02422 (2)  0.2673 (2/1.2)
™M - - - 0.2825 (2) 0.013 (38/0.15) 0.316 (1) 03689 (2)  0.3806 (2/2.7)
NMI - - - 0.4404 (2) 0.3536 (31/0.4) 0.4248 (2) 0.8053 (1)  0.7238 (1/1)
Acc - - - 0.3089 (2) 0.5455 (36/0.35)  0.3222 (1) 0.6364 (1)  0.5833 (1/1)
Liver ARl 0.0397 (5/0.59)  0.0369 (7/0.12)  0.0282 (19)  0.0364 (7) 0.0327 (176/0.05)  0.0327 (2) 00327 (3)  0.0339 (3/1.3)
FM  0.5399 (2/0.99) 04105 (7/0.12)  0.5274 (49)  0.5321 (49 0.1099 (176/0.05)  0.5399 (2) 05399 (3)  0.5399 (3/1.2)
NMI  0.3456 (2/0.14)  0.0166 (2/0.16)  0.0066 (20)  0.0066 (2 ) 0.0057 (176/0.05)  0.0057 (2) 00361 (2) 1(11.4)
Acc  0.75 (2/0.14) 0.0166 (2/0.16)  0.636 (49)  0.6431 (5) 0.7788 (176/0.05)  0.7564 (1) 06667 (1) 1 (1/1.4)
Parkinsons ARl 0.0545 (5/1.1) - 0.1157 (7)  0.0434 (4) -0.0197 (73/0.1)  0.178 (98) 0.0977 (4) 0.1762 (5/1.2)
FM 04723 (4/1.13) - 0.568 (7) 0.5118 (4) 0.2832 (73/0.1) 0.6917 (98) 05377 (4)  0.5582 (4/1.5)
NMI 1 (2/0.78) - 0.1894 (7)  0.0434 (4) 0.0255 (61/0.05) 02322 (73) 02943 (1) 1 (1/3.9)
Acc 1 (2/0.78) - 0.8168 (7)  0.7579 (4) 0.5 (54/0) 0.7436 (1) 07692 (4)  1(1/1.7)
Seeds ARl 03019 (5/0.43) - - - 0.0147 (34/0.05)  0.6228 (53)  0.4235(3)  0.4924 (3/2.7)
FM 04877 (5/043) - - - 0.1027 (34/0.05)  0.8594 (52)  0.7076 (3)  0.8568 (8/1.1)
NMI 07612 (2/0.17) - - - 0.098 (34/0.05) 0.6079 (52)  0.821 (1) 1 (1/1.5)
Acc 07522 (12/0.49) - - 0.3665 (34/0.05)  0.8571 (52) 09333 (1) 1 (1/1.5)
Soya ARl 1 (2/3.89) - 0.934 (7) 0.9598 (4) 1 (22/0) 0.6794 (14) 1 (3) 1(2/1.9)
M 1(2/3.89) - 0.9793 (7)  0.9722 (4) 0.3333 (22/0) 0.811 (10) 1(3) 1(2/1.4)
NMI 1 (2/3.89) - 1(5) 1(3) 1 (22/0) 0.7243 (1 ) 1(2) 1(1/1.4)
Acc 1 (2/3.64) - 1(5) 1(3) 0.5 (22/0) 0.8298 (14 1(2) 1(1/1.4)
TeachingA. ARl  0.0431 (9/2.46) - - 0.016 (6) 0.0026 (31/0) 0.0147 (3) 0.0252 (5)  0.0435 (3/5)
FM 02976 (19/2.58) - - 0.2736 (6) 0.1574 (29/0.4) 0.3989 (2) 0.408 (5) 0.4687 (9/1.1)
NMI 1 (2/1.63) - - 0.0937 (6) 0.0512 (31/0) 0.0354 (3) 01228 (1) 1(11.7)
Acc 1 (2/1.63) - - 0.4 (6) 0.5455 (29/0.4) 0.4305 (3) 0.5 (2) 1(1/1.7)
Wine ARl 0.2088 (4/0.81) - 0.3968 (8) - -0.0013 (39/0.1)  0.4367 (3) 0.0959 (2)  0.4334 (3/2.2)
FM 0369 (4/0.81) - 07423 (8) - 0.2104 (53/0.1) 0.639 (2) 03494 (3)  0.6792 (2/4.1)
NMI 07612 (2/0.56) - 0.7473 (8) - 0.0365 (53/0.1) 0.5787 (3) 07515 (1) 1 (1/1.9)
Acc 07368 (5/0.72) - 0.9016 (8) - 0.3829 (47/0.1) 0.6517 (2) 06923 (1) 1 (1/1.9)
Zoo ARl 08702 (2/1.55) - - - 0.7829 (28/0.3) 0.6095 (1) 0.401 (2) 0.9224 (2/1.9)
FM 07389 (2/1.55) - - - 0.0756 (28/0.3) 0.5937 (3) 0.463 (2) 0.764 (3/2.5)
NMI 09508 (2/1.55) - - - 0.8321 (28/0.3) 0.7147 (1) 07025 (1)  0.9175 (3/1.2)
Acc 09551 (2/1.55) - - - 0.5 (14/0.5) 0.6634 (1) 05743 (2)  0.9109 (3/2.5)

given a good set of parameters (for details see Section 5). Hence,
there are 10 x 4 = 40 results. Under these conditions W-DBSCANR
reached the highest overall scores in 30 of the 40 cases with a
highest ARI and FM in 7, and highest NMI and Acc in 8 of the 10
data sets. In the only data sets it did not (D31 and R15) the differ-
ence in ARI was negligible. We should note that both DBSCANR
and DBSCAN have the second best overall score of 22 and 20
respectively

In Table 5, we present our experiments on 15 original real-
world data sets using 4 evaluation metrics, leading to 15 x 4 = 60
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results. In this set of experiments W-DBSCANR presented the high-
est score in 42 cases of the 60, under the same conditions of
our previous experiment. W-DBSCANR outperforms all other algo-
rithms under experiment in 11 data sets with respect to ARI, NMI
and FM, and in 9 of the 15 data sets when FM is used. The two ex-
ceptions were the Ecoli and the Zoo data sets where W-DBSCANR
falls behind in all 4 evaluation measures. DBSCAN and DBSCANR
did reach the second best possible overall score, the latter using
only a single parameter.
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The results of our experiments on the real-world data sets with 100% added noise features. We measure cluster recovery using the Adjusted Rand index (ARI), F-Measure

(FM), Normalised Mutual Information (NMI) and Accuracy (Acc).

Data set CVI  DBSCAN OPTICS ISDBSCAN RNN-DBSCAN  ADBSCAN DPC-DBEN DBSCANR W-DBSCANR
(k/€) (k/mer) (k) (k) (k/p) (k) (k) (k/B)
Banknote ARl  0.0192 (14/0.39)  0.008 (3/0.14)  0.0105 (9)  0.0032 (8) 0.0107 (73/0.5) 0.0443 (2) 0.0069 (4)  0.0079 (2/1.4)
FM 0376 (11/043) - 0363 (11)  0.3557 (8) 0 (71/0.45) 0.6037 (2) 03974 (4)  0.9585 (14/1.1)
NMI 1 (3/0.16) - 0.027 (11)  0.0234 (8) 0.0193 (80/0.35)  0.0523 (2) 01028 (2) 1 (11/1.1)
Acc 1 (3/0.16) - 05701 (9)  0.5551 (8) 1 (92/0) 0.6071 (2) 0.6 (1) 1(1/4.8)
BreastC. ARl 0.8576 (5/0.9) - 0.8524 (47) - 0.8497 (97/0.5) 0.7973 (234)  0.8661 (15)  0.8606 (17/1.1)
FM 06414 (22/1.16) - 0.9558 (49) - 0.1704 (115/0.05)  0.9414 (234)  0.9622 (15)  0.961 (6/1.3)
NMI 05523 (8/1.05) - 0.8454 (11) - 0.7501 (97/0.5) 0.6828 (234) 1(1) 1(1/2)
Acc 09897 (6/0.73) - 09789 (11) - 0.9634 (97/0.5) 0.9471 (230) 1(1) 1(1/1.7)
BreastT. ARl 0.1091 (2/0.91) - 0.0657 (5) - 0.1963 (26/0) 0.1773 (41)  0.0561 (2)  0.2586 (2/2.2)
FM  0.1665 (2/0.91) - 02868 (4) - 0.0815 (25/0.45)  0.4335 (2) 0.2068 (2)  0.2672 (2/1.8)
NMI  0.4529 (2/0.6) - 04526 (4) - 0.3334 (26/0) 0.3306 (6) 04179 (1)  0.7443 (1/1.2)
Acc  0.4286 (2/0.6) - 05111 (4) - 0.75 (25/0.45) 0.4623 (2) 04167 (1)  0.7895 (1/1.2)
Ecoli ARl -0.0156 (2/0.41) - 0.0661 (6) - 0.1919 (37/0.45)  0.118 (2) 0.0072 (3)  0.2011 (2/1.4)
FM  0.058 (4/0.55) - 0.162 (6) - 0.0087 (37/0.45)  0.3059 (2) 02212 (3)  0.315 (3/3)
NMI  0.6648 (2/0.41) - 0.279 (6) - 0.2908 (37/0.35)  0.2303 (2) 0.1846 (3)  0.6475 (1/1.3)
Acc 04706 (2/0.41) - 04601 (6) - 0.5419 (37/0.35)  0.4494 (2) 0.4107 (3)  0.5588 (1/1.3)
Iris ARl 0.5084 (3/0.49)  0.5543 (6/0.07) 0.3628 (8)  0.4868 (4) 0.5312 (53/0.2) 0.5596 (7) 0.5341 (4) 0.5715 (4/1.8)
FM 06097 (7/0.49)  0.5568 (6/0.09)  0.472 (8) 0.5305 (4) 0.6027 (42/0.1) 0.8059 (3) 0.7591 (4)  0.7591 (4/4.5)
NMI  0.821 (12/0.51)  0.7584 (8/0.09) 0.6685 (8)  0.7036 (4) 0.6964 (53/0.2) 0.6867 (5) 0.7085 (1)  0.7999 (2/1.2)
Acc 09375 (12/0.51)  0.6757 (6/0.09)  0.584 (8) 0.6408 (4) 0.5 (51/0.2) 0.8067 (3) 0.8667 (1)  0.8182 (1/3.9)
Leaf ARl - - - - 0.018 (18/0.4) 0.0936 (29)  0.0024 (1)  0.1368 (4/1)
M - - - - 0.0104 (18/0.4) 02147 (23)  0.1789 (1)  0.2896 (4/1)
NMI - - - - 0.3637 (18/0.4) 0.432 (23) 0.6801 (1)  0.6888 (1/2.4)
Acc - - - - 0.1667 (18/0.4) 02559 (23) 042 (1) 0.4444 (1/1.1)
Leuk ARl 0.679 (9/2.96) - 0.2866 (5)  0.7929 (2) 0.6123 (29/0.4) 0.7131 (3) 0.8809 (3)  0.8809 (3/1.4)
FM 07879 (2/2.77) - 04256 (5)  0.908 (2) 0.1704 (29/0.4) 0.9044 (3) 0.9568 (3)  0.9714 (4/1.1)
NMI 1 (2/2.37) - 07873 (5)  0.9389 (3) 0.589 (29/0.4) 0.7066 (3) 1(1) 1(1/1.3)
Acc 1 (2/2.37) - 07941 (5)  0.9831 (3) 0.9091 (29/0.4) 0.9028 (3) 1(1) 1(1/1.3)
Libras ARl 0.0248 (3/3.63) - - - 0.0346 (44/0) 0.1345 (2) 0.0838 (2)  0.0976 (2/1.3)
FM 01599 (3/3.63) - - - 0.0094 (44/0) 0.2697 (16) 03051 (2)  0.3219 (2/1.3)
NMI 05557 (3/3.63) - - - 0.3117 (44/0) 0.4076 (2) 0.6427 (1)  0.8434 (1/1.1)
Acc 03435 (3/3.63) - - - 0.75 (44/0) 0.3028 (2) 04833 (1)  0.6863 (1/4.5)
Liver ARl 0.0418 (16/0.84) - 0.0502 (13)  0.0299 (12) 0.0283 (145/0.5)  0.0181 (14)  0.0327 (3)  0.0327 (3/1.3)
FM 0539 (66/1.09) - 0.5345 (50)  0.533 (28) 0.1311 (132/0.4)  0.5036 (284)  0.5399 (3)  0.5399 (3/1.1)
NMI 00166 (7/0.73) - 0.0114 (13)  0.0069 (6) 0.0145 (145/0.5)  0.0248 (37)  0.274 (1) 1 (1/1.6)
Acc 07483 (23/0.8) - 0.6508 (13)  0.6425 (6) 0.0086 (132/0.5)  0.753 (1) 0.6667 (1) 1 (1/1.6)
Parkinsons ARl 0.0325 (5/1.61) - 0.0405 (7)  -0.0407 (3) 0.0478 (39/0.5) 0.1009 (98)  0.0407 (1)  0.1043 (3/1.3)
FM 04684 (2/1.64) - 04532 (7)  0.4139 (3) 0.2126 (42/0.4) 0.6367 (98)  0.4109 (3)  0.7013 (4/1.1)
NMI  0.1341 (4/1.64) - 0.1487 (7)  0.0293 (3) 0.0117 (39/0.5) 0.114 (98) 1(1) 0.3163 (1/3.8)
Acc 07712 (5/161) - 07778 (7)  0.7249 (3) 0.765 (39/0.5) 0.7282 (2) 1(1) 0.8205 (8/1.1)
Seeds ARl 0.0804 (12/0.78) - 0.0337 (6) - 0.0308 (30/0.35)  0.3905 (101)  0.0227 (2)  0.242 (3/1.3)
FM  0.3825 (22/0.86) - 03269 (6) - 0 (25/0.4) 0.7091 (54) 02569 (2)  0.8581 (6/1.2)
NMI  0.8656 (6/0.65) - 01174 (6) - 0.1123 (30/0.35)  0.4102 (76) 04773 (1)  0.8572 (1/4.2)
Acc  0.9474 (6/0.65) - 04792 (6) - 1 (28/0) 0.7048 (54) 06364 (1) 0.9 (1/4.2)
Soya ARl 09598 (2/452) - 1(8) 0.9131 (4) 0.3809 (10/0) 0.7207 (3) 1(3) 1(2/1.1)
FM 09722 (2/4.52) - 1(8) 0.9646 (4) 0.0985 (9/0.25) 0.875 (7) 1(3) 1(2/1.1)
NMI 1 (2/4.11) - 1(6) 1(3) 0.6298 (9/0.25) 0.8303 (3) 1(3) 1 (1/1.6)
Acc 1 (2/4.11) - 1(6) 1(3) 1 (10/0) 0.8723 (7) 1(3) 1 (1/1.6)
TeachingA. ARl  0.0101 (17/3.26) - - - 0.0032 (31/0) 0.053 (61) 0.0146 (2)  0.0508 (3/4)
FM 0261 (5/3.12) - - - 0.1234 (30/0.2) 04552 (51)  0.345 (4) 0.428 (6/1.1)
NMI 07403 (2/2.61) - - - 0.0599 (28/0.4) 0.0572 (61) 02192 (1)  0.677 (1/2.9)
Acc  0.8333 (2/2.61) - - - 0.5833 (27/0.5) 0.457 (45) 04444 (1)  0.6667 (1/1.7)
Wine ARl 0.0969 (7/1.18) - - - 0.0109 (54/0) 0.2755 (1) 0.2744 (3)  0.3044 (3/2.1)
FM 04144 (7/1.18) - - - 0 (39/0.3) 0.5487 (79)  0.625 (3) 0.6664 (2/4.4)
NMI 1 (2/0.83) - - - 0.0753 (54/0) 0.3292 (1) 0.3606 (3)  0.8626 (1/4.9)
Acc 1 (2/0.83) - - - 0.4035 (54/0) 0.5843 (2) 0.6461 (3)  0.9333 (1/2.2)
Zoo ARl 08077 (2/1.91) - 02707 (4) - 0.7558 (21/0) 0.8291 (2) 0.6785 (2)  0.9606 (2/4.2)
FM 06954 (2/1.91) - 04045 (4) - 0.085 (21/0) 0.6591 (2) 07016 (2)  0.77 (3/2.9)
NMI 09533 (2/1.75) - 0.738 (4) - 0.8051 (21/0) 0.7882 (2) 0.8261 (2)  0.9162 (1/3.2)
Acc 09429 (2/1.75) - 0.6441 (4) - 0.8929 (18/0.3) 0.8218 (2) 07327 (2)  0.901 (3/2.9)

The results we present in this section support our claim
that density-based algorithms can benefit from feature weight-
ing. Let us analyse the case of a particular data set a bit further.
Figure 3 presents the feature weights obtained by our method, av-
eraged over the three clusters there are in the Iris data set. We
can see a higher weight in features 3 and 4 (petal length and petal
width) than features 1 and 2 (sepal length and sepal width). These
results are very much supported by the literature in partitional
clustering algorithms (see for instance [26]).
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Given popular density-based algorithms tend to degenerate
in higher dimensional space [31], we experiment further with
data sets with a much higher number of features than points.
Table 6 presents the results on 10 well-known high-dimensional
data sets, again under four clustering evaluation indices. W-
DBSCANR has the best performance in 21 cases, while DPC-
DBFN (the algorithm in second place) has the best results in
8 cases.
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6.2. Experiments on data sets with added noise features

In this section, we present the results of our experiments with
the data sets to which we added noise features. We find this
set of experiments rather important because we can be certain
these data sets have irrelevant features. Hence, we are interested
in the behaviour of density-based clustering algorithms in this sce-
nario. More specifically, we show the superiority of W-DBSCANR
(in terms of cluster recovery) over the other algorithms we ex-
periment with. First, we show the catastrophic effect noise fea-
tures can have on data sets. Figures 4 and 5 show plots over the
first and second principal components of the Aggregation and D31
data sets, respectively. In these, it is quite clear that the orig-
inal data sets (those with no added noise features) have clear
clusters. However, as the number of added noise features in-
creases these clusters become less and less clear. This has a di-
rect effect on cluster recovery as our experiments in this section
demonstrate.

Tables 7 and 8 present the results of our experiments on the
synthetic data sets adding 1 (V x 0.5) or 2 (V x 1) noise features
respectively, since these data sets are two dimensional. In this set
of experiments, W-DBSCANR reached the highest expected ARI in
9 + 5 = 14 data sets (9 when adding one noise feature, and 5 when
adding two noise features), and DBSCAN reached the highest ARI
in 2 4+ 2 = 4 data sets. Given the presence of noise features in the
original data set, unsurprisingly, ISDBSCAN and RNN-DBSCAN could
not reach the highest ARI for any of the data sets, and could not
recover the true number of clusters for most artificial data sets
with noise feature under experiment (hence the dashes). We were,
of course, happy to see that our W-DBSCANR reached the highest
possible score of 1 in most data sets. Overall W-DBSCANR domi-
nates with highest score in 35 + 32 = 67 of the 80 cases. DBSCANR
takes the second place with the highest score in 8 + 8 = 16 cases.

Tables 9 and 10 present the results on the noise versions of
the 15 real-world data sets we experiment with. We use the same
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noise model of before, adding 50% and 100% noise features to each
data set (for details see Table 3). W-DBSCANR had results higher
by about 0.15 in average (that is an increase of about 27%) when
compared to the second best performing algorithm, DBSCAN. W-
DBSCANR also reached the highest overall score in 42 + 35 = 77 of
the 60 + 60 = 120 cases. The result for DBSCAN (the second best
algorithm) was 15 + 16 = 31. However, the total average cluster re-
covery of DBSCAN across all 15 data sets and 4 measures is only
1% higher than the proposed DBSCANR. Given the latter has only
one parameter to be optimised (DBSCAN has two), we are tempted
to claim DBSCANR is still rather competitive. Notice that the OP-
TICS, ISDBSCAN and RNN-DBSCAN ceased to find the true number
of clusters in some of the data sets and therefore we were forced
to put dashes under score and parameters.

7. Conclusion and future work

Feature selection has a long history in the machine learning
community. However, even among relevant features there may be
different degrees of relevance. With this in mind this paper in-
troduces, perhaps for the first time, the use of feature weights to
density-based clustering algorithms. Our method, W-DBSCANR, is
capable of generating a set of weights modeling the degree of rel-
evance of features. In fact, it goes a step further by allowing the in-
tuitive idea that a given feature may have different degrees of rel-
evance at different clusters. Clearly, as a clustering method it does
the above without requiring labelled samples.

Our experiments clearly demonstrate that W-DBSCANR outper-
forms other popular and new density-based clustering algorithms
(for details see Section 6). We have demonstrated this is the case
on a number of data sets with and without added noise features,
high-dimensional or not, real-world and synthetic. Our evaluation
made use of four measures, these being the Adjusted Rand Index,
F-Measure, Normalised Mutual Information, and the usual classi-
fication Accuracy. However, this is not to say our algorithm has
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no limitations. For instance, W-DBSCANR has two parameters (the
same number DBSCAN and most others have). One of these, S,
helps define how much higher the weight of a compact feature
should be in comparison to features that are less compact. That is,
with a high B the standard deviation of the weights of a particular
feature within a cluster are lower than with a low S. Although g
seems somewhat stable (its optimal value is usually between 1.1
and 2.5) it would be better to have a method to estimate it. The
same can be said for the other parameter, that is k, the number of
nearest neighbours.

Another limitation with our algorithm (and with the vast major-
ity of feature weighting algorithms in partitional clustering [7]) is
that feature weights are calculated in isolation. This is problematic
when relevance is not found at a particular feature but instead in
a group of features. We envisage that it should be possible to deal
with this problem by grouping features (rather than points) in the
data pre-processing stage. Of course, research is needed to find the
exact way this should be done. The third main limitation of our
algorithm is that feature weights are always used in distance cal-
culations, even if the weight itself is negligible. It may be of benefit
to perform some level of feature selection before applying our al-
gorithm, or any other feature weighting method. Our future work
will address the limitations above.
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