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Momentum Amplituhedron for A/ =6 Chern-Simons-Matter Theory: Scattering
Amplitudes from Configurations of Points in Minkowski Space
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In this Letter, we define the Aharony-Bergman-Jafferis-Maldacena loop momentum amplituhedron,
which is a geometry encoding Aharony-Bergman-Jafferis-Maldacena planar tree-level amplitudes and loop
integrands in the three-dimensional spinor helicity space. Translating it to the space of dual momenta
produces a remarkably simple geometry given by configurations of spacelike separated off-shell momenta
living inside a curvy polytope defined by momenta of scattered particles. We conjecture that the canonical
differential form on this space gives amplitude integrands, and we provide a new formula for all one-loop
n-particle integrands in the positive branch. For higher loop orders, we utilize the causal structure
of configurations of points in Minkowski space to explain the singularity structure for known results

at two loops.
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Introduction.—Recent years have seen remarkable
progress in applying positive geometries [1] to the problem
of finding scattering amplitudes. The most famous example
is the amplituhedron [2-20], which describes scattering
amplitudes and loop integrands in planar N =4 super
Yang-Mills (SYM) in four-dimensional momentum twistor
space, that was based on previous works on positive
Grassmannians [21-23]. More relevant to our work, the
momentum amplituhedron [24-29] describes tree-level
amplitudes in A/ =4 SYM directly in four-dimensional
spinor helicity space, and was recently extended to include
loop integrands [30]. In past years, there has been a continued
interest in extending these ideas to Aharony-Bergman-
Jafferis-Maldacena (ABJM) theory, which has a similar
Grassmannian formulation [31-35]. This led to the discovery
of the ABJM momentum amplituhedron [36-38], which
describes tree-level ABJM amplitudes in three-dimensional
spinor helicity space. Most recently, by considering the
reduction of the kinematics from the four-dimensional
space of massless momenta to three dimensions, the ABJM

amplituhedron WEIL) was defined [39-42] in the three-
dimensional momentum twistor space. This geometry enc-

(0)

odes planar tree-level amplitudes A, and loop integrands

Aff) in its canonical differential form. Importantly, it was
conjectured in [42] that the L-loop integrands can be
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explicitly obtained from the ABJM amplituhedron by sub-
dividing it into smaller pieces that are cartesian products of

tree-level geometry (C,,) times the L-loop geometry (L',SnL))
Wit =ue, x L3, (1)

where C,, are maximal intersections of Britto-Cachazo-
Feng-Witten cells at tree level termed “chambers.” For a
given chamber, the loop geometry is the same, and can be
thought of as a fibration of the loop amplituhedron over the
tree one.

In this Letter we define a close cousin to the ABJM
amplituhedron we termed the “ABJM momentum ampli-
tuhedron” AS,”, that lives directly in the three-dimensional
spinor helicity space. To do that, we utilize the map used in
the recently conjectured construction of the loop momen-
tum amplituhedron for A = 4 SYM [30]. This will define
a geometry whose differential form is the integrand for the
so-called ““positive branch” of the theory. Importantly, the
geometry that we obtain is remarkably basic when depicted
in the space of dual momenta in three-dimensional
Minkowski space. In particular, for a given tree-level
configuration of points in C,, the loop geometry is a

subset of the Cartesian product of L curvy versions of

simple polytopes [43] we denote A" . Remarkably, at one

loop the ABJM loop momentum amplituhedron in a given

chamber is the curvy polytope A", and it is straightfor-

ward to find its canonical form. For each chamber one can

(m)

easily identify vertices of A, and therefore find a general

form of all one-loop integrands Asll) in the positive branch

for scattering amplitudes with n = 2k particles:
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0 1
Q(Tl),Tz A Q(Tl),Tz . (2)

A= 3

(T,\.T,) €TxT*®

Here, Q(TOI >_T, is the tree-level canonical form for a given

chamber that we labeled by a pair of triangulations (T, T;)
of two k-gons formed of odd and even particle labels. The
one-loop differential form Q(Tll)j2 associated with the

chamber (T, T,) takes the form

n

1 a
Q(Tl)»Tz = Z(_l) @y gar1+ Z w;;bc —

a=1 (a.b.c)eT,

§ : w;bc ’

(a,b,c)ET,

and we present its explicit expression later. Results for
other branches can be obtained from (2) by parity oper-
ations defined in [42].

For higher loops, the ABJM momentum amplituhedron

A" is specified by configurations of L points inside A"

that are spacelike separated from each other. By studying
such configurations of points, we are able to give a simple
explanation for the structure of the answer for the two-
loop integrands known for n = 4 [45,46], n = 6 [47], and
n = 8 [48]. To do that, we will utilize the notion of negative
geometries [49] and use the causal structure of the three-
dimensional Minkowski space.

This Letter is organized as follows: we start by recalling
basic facts about three-dimensional Minkowski space
that will set the stage for next sections. Then, we study
configurations of dual momenta that originate from the
definition of the tree-level ABJM momentum amplituhe-
dron that will allow us to define the curvy polytopes A,,m>.
We follow by defining the ABJM momentum amplituhe-
dron at loop level, and detailing its structure at one loop. In
particular, we provide the explicit formula for one-loop
integrands in the positive branch for all multiplicities. The
final section focuses on the two-loop geometry. We con-
clude the Letter with some open questions arising from our
construction.

Three-dimensional Minkowski space.—We will work in
the three-dimensional Minkowski space M with signature
(4, —, —). Scattering data for n-particle scattering in ABJM
is encoded in a set of n = 2k three-dimensional on-shell
momenta ph, a =1,...,2k, u =0, 1, 2, with (p,)> = 0.
We assume that particles with odd labels are outgoing and
the ones with even labels are incoming. This leads to the
following momentum conservation:

> P pi=0. (3)

a odd a even

In planar theory, this data can be equivalently encoded
using dual coordinates,

pZ ::‘Xﬂ

a

+1 _x/:l’ (4)

that define a null polygon in Minkowski space. For
convenience, we choose x; = 0. This allows us to invert
relation (4) to get

b—1

Xp :Z(_l)apa- (5)

a=1

We denote by Z, = {y € M :(x —y)?> = 0} the light cone
of point x.

The on-shell condition p?> =0 can be resolved by
introducing three-dimensional spinor helicity variables
(see, e.g., [50] for a review) and writing

1

v 04 p? !
P p -p® - p?

) =0 (6)

Scattering amplitudes are invariant under the action of the
Lorentz group SL(2) on A and therefore a point in the
kinematic space is an element of the orthogonal
Grassmannian A€ OG(2,2k) =:IC,;, where orthogonality
is defined with respect to 7 = diag(+, —, ..., +, —). In the
following, we will repeatedly use the spinor brack-
ets (ab) = ALA% — 222}

Tree-level — momentum  amplituhedron.—Following
[36,37], the tree-level ABJM momentum amplituhedron

Ag(,’) = ¢pA[OG (k,2k)] is a subset of the kinematic space
ICoi, which is the image of the positive orthogonal
Grassmannian OG (k, 2k) through the map

dn: OG. (k.2k) — OG(2,2k)
CrA=(C-n-N*-A (7

where A € M(k + 2,2k) is a fixed matrix [51]. To get the
desired geometry, in this Letter we slightly modify the
original definition and demand that the matrix A is such
that the image contains points satisfying the following sign-
flip pattern: (ii 4+ 1) > 0 for all i = 1, ..., n; the sequence
{(12),(13),...,(1n)} has k —2 sign flips and all planar
Mandelstams are negative. We found that taking a generic
twisted positive matrix A, i.e., A - 77 has all maximal minors
positive, leads to the correct sign-flip pattern.

Importantly, for every point 1 € Ag,?, when translated to
the dual space we get a configuration of dual points x,,
a =1, ...,n forming a null polygonal loop, that satisfy the
conditions

(x, —x3)? <0, forla—>b|>1, (8)
and all even-indexed points are in the future of their (null-
separated) odd-indexed two neighbors.

These configurations of points x, have a very interesting
and intricate structure. In particular, for any three generic
points x,, x;, and x,. that are not neighbors, we find
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FIG. 1. The region A, that is the compact part of the set of all
points that are spacelike separated from x, for n =4 and n = 6.

two points in the intersection of their light cones
Z, NnZ, NnZ,, one in the future of points (x,,x;.x,),
and one in the past. We denote the future (past) point as
Pive (Pape)- Motivated by our future considerations, let us
define the region of the Minkowski space,

K= (v Mi -2 0 fora=1,n). ()

containing all points that are spacelike (or lightlike)
separated from all x,. This region is nonempty since
X, € Klfo forall a =1, ..., n. Moreover, it can be naturally
divided into two pieces: a compact one that we denote
A,(x,) and a noncompact one A,(x,). We depict the
compact region for n = 4 and n = 6 in Fig. 1. It is easy to
see that the region A,(x,) is a curvy version of a
tetrahedron, while Ag(x,) is a curvy version of a cube.
The latter has two vertices coming from triple intersections
of light cones, p55 and p3,, in addition to the six vertices
x;. For higher n, the shape of A, (x,) is more involved and
starts to depend on the details of the configuration of xs. For
example, for n =8 there are four distinct geometries

Aém) (x,), each of them contains eight vertices x, together
with triple intersections of light cones:

VIAY (x0)] = {x0. Plis: Pisy- Prss: Pass)-
V[Ag) (%)) = {Xas P1375 P3s7s Prass Paes )
VIAY (x0)] = {xa: Plise Pisr Prase Pics -
V[Ag‘) (%)) = {Xas P37+ P3s7s Pras: Pags -

These four cases exactly correspond to the four chambers
for n =8 in [42]! One notices that the labels of the
intersecting cones for each chamber can be thought of
as products of triangulations of two 4-gons: one formed of
odd labels, and one formed of even labels. This pattern
continues for higher n. We found that there are exactly C %_2

different geometries AS{’” for n = 2k particles, where C,, is

the pth Catalan number. All these geometries have n
vertices corresponding to x, together with exactly
(k —2) triple intersections of light cones of points with
odd labels, and (k —2) intersections with even labels.

The geometry changes at nongeneric configurations of
points x,, where an intersection of four light cones is
possible, corresponding to a bistellar flip in one of the

aforementioned triangulations. All curvy polytopes Af{’”

are simple, meaning that each vertex has exactly three
edges originating from it.

We note that the two triangulations of k-gons are more
than just a mnemonic to distinguish distinct geometries:
they in fact provide part of the skeleton of the dual

geometry of Aﬁlm)! The fact that the facets of this dual are

all triangles is equivalent to the statement that polytopes

Aﬁlm) are simple. The triangles with vertices (a, b, c) in

the dual correspond to vertices p,,. of AS,"”. Since the

dual of a triangulation of a k-gon is a planar tree
Feynman diagram for k particles, the skeleton of our
geometry is that of a null polygon between points x,,
with two distinct Feynman diagrams drawn between the
odd and even points, where different choices of Feynman
diagrams label different chambers. Therefore, distinct A,(lm>
correspond to all pairs of two planar tree Feynman diagrams
for k particles.

Loop-level momentum amplituhedron.—Given a fixed
tree-level configuration 1 € ALY , we will define the ABJM

loop momentum amplituhedron using the map

®,: G(2,2k)F - GL(2)*
(Dy,... D) > (L1, )) (10)

that was introduced for A/ =4 SYM in [30]. It is
defined by

Za<b(ab)le;b

(=S (ab) (ab)’

(11)

where the matrix D; is an element of Grassmannian space
G(2,2k) and (ab)p, are 2 x 2 minors of the matrix D;.

Moreover, we define

n n

=Y (1) (bc)dc= > (=1)Aplachi..  (12)

c=b+1 c=a+1

The image ¢; = ®;(D;) is generically not a symmetric
matrix, and therefore in order to adapt this construction to
the ABJM theory, we need to restrict to a subsets of
matrices D; that result in three dimensional off-shell
momenta. This imposes additional constraints on D;, which
correspond to the symplectic condition described in [42].

We define the loop momentum amplituhedron A%{) as
the image of a particular subset D; C G(2,2k) X ... X
G(2,2k) obtained as follows. We take a matrix
C € OG (k) such that A = ¢, (C) and construct its T-dual
version C (see [52]). Then we say that (D, ..., D;) € Dy if
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the matrices ((VL',DII,

(. LYyl

A = o,(Dy). (13)

D, ) are positive for all subsets
L}. Finally, we can define

One loop.—We start our exploration of the loop momen-
tum amplituhedron by examining the one-loop geometry

AS(), which is relatively basic. One straightforward fact
that can be derived from definition (10) is that AS{) c K50,

which means that all point £ E)CEASC) are spacelike
separated from all points x,. What is far less obvious is the
fact that all points of the loop momentum amplituhedron sit
in the compact part Ay (x,) of K. We have sampled
many random points in the image of (13) for n < 10 to
confirm that they are actually equal:

1 m
Agk) = A<2k>’ (14)

where the geometry depends on the choice of tree-level A.
Most importantly, for all points A in the same chamber, the

loop geometry .A(Z}() looks the same, confirming that the
geometry factorizes as in (1).

Knowing the geometry, we can find its canonical differ-
ential form. From the factorization property, we immedi-
ately get that

)30l Al (15)

where fo,)n is the tree-level form associated to the chamber

C,,. In the following we will derive explicit expressions for
), = (AlM). Since AV is just a curvy version of a
simple polytope in three dimensions, the canonical form
should naively be just the sum over vertices of the d log
forms for all facets that meet at that vertex

Qnaive [Aglg)] = Z

(abc) € VIAY]

OCabcWBabes (16)

where

Wgpe = dlog(x —x,)* A dlog(x—x;,)> Adlog(x —x,)>.
The signs o, can be found by demanding that the form is
projective, see [53]. We emphasize that the differential forms
@4 Separately are not dual conformally invariant; however,
the final answer (16) is. The difference in our case compared
to the story of simple polytopes is that the differential form
(16) also has nonvanishing residues at points outside of Ag,:” .
More precisely, it has a nonzero residue at all points p,

(m)

while only one of them is a vertex of A}, . Since

Res wg = 1, (17)

xX= pnh/.

we need to find a form that contributes with opposite signs on
the two points. The natural candidate is the triangle integrand

/.2 3y
4. /x bxbcxacd

a (x_xa) (x_x )Z(X_xc)z

A

D pe

— _ )2
— tdlog- U7X g1og BETH g(xixg)z,
(x_pabc) ( pabc) ( pabc)
(18)
for which
Res wl .= £l (19)
X= pab(‘

Therefore, the form that is supported only on Ag,:') is

Q(A%)) = Z Uabcwfbc = Zo-ahc (a)abc + waAbc)’
(abe)eV[al) (abe)

where the relative sign in the bracket depends on which
solution of the triple intersection is a vertex of the geometry.
Performing case-by-case studies, one finds that all inter-
sections with even labels have negative sign, while all with
odd labels positive sign. We note that the light cones that
meet at vertices x, are given by (x—x,;)*> =0,
(x—x,)?>=0, and (x—x,,,)>=0, and since W’ |, | =
0 these vertices only contribute @,_1,,, 1. We notice that the
form Q[A( )] has a residue of 2 at p%, , whereas there is a
residue of 1 at vertices x,. This is a necessary feature to
ensure projective invariance, and it leads to the correct
integrand. The generalization of positive geometries that
allows for these type of residues has been recently intro-
duced in [20] in the context of the loop amplituhedron.
Therefore, we conjecture that the one-loop ABJM integrand
for the positive branch for any n = 2k is (2). The formula
agrees with the one provided in [42] forn = 4, 6, 8, 10 [54].

As argued in [42], the complete 2k-point ABJM inte-
grand is given by a sum over 2¢=2 different branches. While
our current construction of the geometry gives the integrand
only for the positive branch, the integrands for other
branches can be obtained from (2) by making use of the
parity operations introduced in [42]. These effectively
interchange certain pibc < P.»e» While keeping all points
x, unchanged. Therefore, we can think of other branches as
having exactly the same shape Ag’,':) as the positive branch,
but with some of the triple intersection points swapped. It is
clear that such a parity operation will only flip the signs of
the corresponding triangle integrands, while leaving the
rest of the form unchanged. Therefore, if one is able to
classify all parity operations for given n, the full amplitude
can be derived from our geometric construction by sum-
ming over these relabeled geometries.
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More loops.—In this section we will have a first look at
implications of our construction for the L-loop problem for
L > 1. In this case, each off-shell loop momentum #; is
spacelike separated from all points x, and therefore sits

inside Ag’,’:). However, we also need to impose mutual
positivity constraints that translate into the requirement
that every pair of loop momenta is spacelike separated
(bpll - Lﬂlz)z < 0 for all l], l2 = 1, ,L

This is particularly simple for n = 4 at two loops, where
for a fixed position of momentum ¢, the geometry
accessible to the momentum ¢,, depicted in Fig. 2(a),
does not depend on the position of ;. We are therefore
interested in the region inside A, that sits outside the light
cone of ;. Importantly, the latter intersects the light cones
of points x; and x3 in the future and the light cones of points
X, and x4 in the past. It is not obvious how to directly find
the canonical differential form of this region. We will
however circumvent this problem by considering negative
geometries; see [39,49]. It is clear that

AV UR, =AY x AV, (20)

where Ry = {(£1,¢,) €Ay x Ay (¢ — ¢5)* > 0}. This
region further decomposes into Ry =Ry s,<z, UR4 ¢,
where Ry s, <», (R4 z,<¢,) contains all points for which #,
is in the past (future) of £,. The boundary structure of these
two regions is significantly simpler then the one of Af);
see Fig. 2(b). In particular, the only boundaries accessible
by momentum 7, are (¢, — ¢,)*> =0, (£, — x,)> = 0, and
(£1=x)>=0 [(£1=¢2)*=0, (£,-x)>=0, and
(¢, — x3)* = 0]. By comparing with known results, there
is a natural differential form that we can associate to each of
these regions:

Q(R4s,<s,)
x%3x%4d3fl A d3f2
(£1=x2)* (€1 =x4)2 (€1 = €2) (€2 —x1)* (2 —x3)?

(@) (b)

FIG. 2. The positive (a) and negative (b) part of the geometry
for n = 4 for fixed ;.

and Q(Ryz,»r,) = QRy4r,<4,)|¢, o, Therefore, the two-
loop integrand is given by

QY =0 (1) A QP ()~ QRu s <) - QR r,).
(21)

This agrees with [45].

For higher number of points at two loops, we observe
that, when going to negative geometries, we can again
define two regions, R, s <, and R, ;. ,,, Where loop
momenta are timelike separated and time-ordered. Unlike
for n = 4, we get different regions for £, depending on the
position of Z;. However, there is a simple classification of
all these regions. We focus first on R, <, and notice that
for fixed ¢, the only boundaries for momentum £, are at
(¢, —¢,)> =0 and at the light cones of points x, that
intersect the light cone of #; in the future. There are four
possibilities:

{Ifl nle #Qval nIx3 #g}v (22)
{Ifl nle #Qval nIx5 #g}v (23)
{Ifl nIx3 #Qval nIXS #g}v (24)

{Z/\nZT, #9.Z, NI #0.Z, 0T, #0},  (25)

as depicted in Fig. 3. Similar analysis holds true for
boundaries for #; when ¢, is fixed: the four possibilities
are {2,4}, {2,6}, {4,6} or {2,4,6}. We found that there
are 13 allowed regions in this geometry [notice that region
({2,4}, {1,5}) and its two cyclic rotations are not
allowed], which correspond to the bipartite graphs in [42].
Therefore, it should be possible to rewrite the answer found
there such that each term matches one of these 13 regions.
Similar structure is also present in the n =8 two-loop
answer, and it naturally follows from our construction,
since it reflects which light cones intersects Z, and Z,, in
the past and future. At the moment we do not have a good
understanding of how to associate differential forms to this
regions and leave it for future work.

Finally, by moving to higher loop orders, one can use
negative geometries and study configurations of loop

FIG. 3. Two of the 13 possible regions in the two-loop
geometry for fixed position of ¢, for n = 6.
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momenta inside the region AE{”’ that are (partially) time-
ordered in three-dimensional Minkowski space, as sug-
gested in [39]. Our construction provides a simple
geometric picture that can be used to organize the calcu-
lations based on the causal structure of the corresponding
configuration of loop momenta.

Conclusions and outlook.—In this Letter we defined the
spinor helicity version of the ABJM amplituhedron and, by
translating it to the space of dual momenta, we found a
surprisingly simple geometry associated with the causal
structure of configurations of points in three-dimensional
Minkowski space. This allowed us to find a formula for all
integrands at one loop, and shed some light on the structure
of the answer at two loops and beyond.

Intriguingly, if we knew nothing about amplituhedra,
we could still define A,(x,) as a compact region in the
Minkowski space that is spacelike separated from a null
polygon with n vertices. By studying this region we would
rediscover the structure of scattering amplitudes in
ABJM theory! However, it is far from obvious why
ABJM theory is selected from all possible three-
dimensional quantum field theories. Finding the answer
to this question might shed light on generalizations of our
construction beyond ABJM.

There are many interesting avenues to follow based on
this new picture of scattering in ABJM. The most urgent
one is to better understand the geometry itself and in
particular to provide a constructive way to derive its
differential forms. It will be crucial to check whether the
structure of the answer that we saw at one loop can be
systematically generalized to higher loops, promising all
multiplicity answers for ABJM loop integrands.

Finally, the ABJM momentum amplituhedron is a
reduction of the momentum amplituhedron in N =4
SYM. A natural question that arises is whether a similar
basic geometry lives in the four-dimensional space of dual
momenta in (2,2) signature.

The authors would like thank Song He, Yu-tin Huang,
and Chia-Kai Kuo for useful discussions on their work. We
would like to thank the Dublin Institute for Advances
Studies for hosting the workshop “Amplituhedron at 10,”
which provided the initial motivation for this work.
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