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POPULATIONS OF SOLUTIONS TO CYCLOTOMIC BETHE EQUATIONS

ALEXANDER VARCHENKO AND CHARLES YOUNG

ABSTRACT. We study solutions of the Bethe Ansatz equations for the cyclotomic Gaudin model of
[VY14a]. We give two interpretations of such solutions: as critical points of a cyclotomic master
function, and as critical points with cyclotomic symmetry of a certain “extended” master function.
In finite types, this yields a correspondence between the Bethe eigenvectors and eigenvalues of the
cyclotomic Gaudin model and those of an “extended” non-cyclotomic Gaudin model.

We proceed to define populations of solutions to the cyclotomic Bethe equations, in the sense of
[MV04], for diagram automorphisms of Kac-Moody Lie algebras.

In the case of type A with the diagram automorphism, we associate to each population a vector
space of quasi-polynomials with specified ramification conditions. This vector space is equipped with
a Zs-gradation and a non-degenerate bilinear form which is (skew-)symmetric on the even (resp.
odd) graded subspace. We show that the population of cyclotomic critical points is isomorphic to
the variety of isotropic full flags in this space.
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1. INTRODUCTION

Let g be a complex Kac-Moody Lie algebra and o : g — g an automorphism of order M € Z>.
Let w € C* be a primitive Mth root of unity. We may choose a Cartan subalgebra h C g such
that o(h) = h. We have the canonical pairing <-, > :h*®bh — C, and the simple roots a; € h* and
coroots o € h, where i runs over the set I of nodes of the Dynkin diagram.

Consider the following system of equations in m € Zsq variables t = (t1,...,t,) € C™ and
labels ¢ = (c(1),...,c(m)) € I'™:

0= -y (-3 O 1 (g, o))
— Uk _ . — ok »Se(@)/ )
= t; —whz; P e t; —w't; t; pt 1-w
i#]
j=1...,m, (L1)
where Ag,Aq,..., Ay € h* are weights (with cAg = Ag) and z1,..., 2y are non-zero points in the

complex plane whose orbits, under the action of the cyclic group w?, are pairwise disjoint.
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When o = id, w = 1 and Ay = 0, these equations reduce to the following well-known set of
equations in mathematical physics:

& oay) (o)

_ %)/ c(@)2 e (j) .

0—' r— —— j=1,...,m. (1.2)
7

These are the equations for critical points of the master functions [SV91] which appear in the
integral expressions for hypergeometric solutions to the Knizhnik-Zamolodchikov (KZ) equations.
They are also (at least for simple g) the Bethe equations of the quantum Gaudin model [RV95,
FFR94, BF94].

The equations (1.1) were introduced (for simple g) in the study of cyclotomic generalizations of
the Gaudin model [VY14a, VY14b] — see also [Skr06, CY07, Skr13] — as we recall in §3 below. Let
us call them the cyclotomic Bethe equations. (Cyclotomic generalizations of the KZ equations were
studied in [Enr08, Brol2], and appear in, in particular, the representation theory of cyclotomic
Hecke algebras [VV10].)

It is natural to ask whether the cyclotomic Bethe equations (1.1) can be interpreted as the
equations for critical points of some master function. In the present paper we begin by giving two
different such interpretations. First, they are indeed the critical point equations for a cyclotomic
master function, which we write down in (2.5). But they are also the equations for critical points
with cyclotomic — more precisely Sy, X (Z/MZ)™ — symmetry of what we call an extended master
function, (2.11).

Master functions correspond to weighted configurations of hyperplanes. The cyclotomic master
function corresponds to a hyperplane arrangement in C™ whose hyperplanes include ¢; = wktj,
1 <i<j<m,foreach k € Z/MZ. By contrast, the extended master function corresponds
to a hyperplane arrangement in C"™M but has only those hyperplanes corresponding to the type
A root system, i.e. t; = t;, 1 <1 < j < mM, etc. Because the extended master function is a
master function of this standard form, its critical point equations are the Bethe equations for a
certain standard (i.e. non-cyclotomic) Gaudin model, which we call the extended Gaudin model.
This observation leads to our first result: a correspondence between the spectrum of the cyclotomic
Gaudin model and a “cyclotomic” part of the spectrum of the extended Gaudin model. See Theorem
3.4.

Solutions to the Bethe equations (1.2) form families called populations. Populations were first
introduced in [ScV03, MV04], where a generation procedure was given which produces families of
new solutions to the Bethe equations starting from a given solution. A population is then defined
to be the Zariski closure of the set of all solutions to the Bethe equations obtained by repeated
application of this generation procedure, starting from a given solution. It is known that if g is
simple then every population is isomorphic to the flag variety of the Langlands dual Lie algebra
Lg. This was shown in [MV04] for types A, B,C and in all finite types in [MVO05, Fre05]. (A
population can also be understood as the variety of Miura opers with a given underlying oper; see
[MVO05, Fre05].)

In the present work our main goal is to initiate the study of cyclotomic populations: populations
of solutions to the equations (1.1).

We formulate in §4 a definition of cyclotomic populations for g a general Kac-Moody Lie algebra
and o any diagram automorphism of g satisfying the linking condition. (We also place certain
restrictions on the weight Ag; see 4.1.) The linking condition [FFS96] states that, for every node
i € I, the restriction of the Dynkin diagram to the orbit o%(i) consists either of disconnected nodes
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(in which case 7 has linking number L; = 1), or of a number of disconnected copies of the Ay Dynkin
diagram (in which case i has linking number L; = 2). What the linking condition ensures is that it
is possible to “fold” the Dynkin diagram by the automorphism o. See §2.3 and [FFS96].

In §4 we define the cyclotomic population to be the Zariski closure of the set of all cyclotomic
critical points obtained by repeated application of a certain “cyclotomic generation procedure”,
starting from a given cyclotomic critical point. So the key ingredient is this generation procedure.
Let us describe it, in outline. There is an “elementary cyclotomic generation” step associated to
each orbit ¢Z(i). There are two cases: L; = 1 and L; = 2.

First, suppose ¢ € I is a node with linking number L; = 1. A critical point (¢, c) is represented
by a tuple of polynomials, y = (y;(x))icr, where the roots of the polynomial y;(x), i € I, are the
Bethe variables ts of “colour” i, i.e. those such that c(s) = i. Following [MVO04], one defines a
function of x,

x
0 (wie) = uito) [ €000 [Tup( (e Dae + o), (13)
J€el

depending on a parameter ¢ € C . Here T;(x), i € I, are certain functions encoding the “frame”
data i.e. the points z1,..., 2y and the weights Aq,..., Ay; see (4.5). The Bethe equations ensure
that yi(l) (z;c¢) is in fact a polynomial, and moreover that if we consider the new tuple y*(¢) in
which y;(z) is replaced by yzm (z;¢), then for almost all values of ¢ this new tuple again represents
a solution to the Bethe equations. Call the replacement y s y@ (¢) elementary generation in
direction 1. Now suppose the initial tuple y represents a cyclotomic point. That means

yoj(wx)gyj(:p)’ J GI;

see Lemma 4.5. Since the orbit 0% (i) consists of disconnected nodes of the Dynkin diagram, the
operations of elementary generation in the directions o%(i) commute. By performing each of them
once, in any order, we can arrange to arrive at a new cyclotomic point. See Theorem 4.6.

Next, suppose i € [ is a node with linking number L; = 2. Then for every copy of the A,
diagram, with nodes say j and 7, one must perform the sequence of generation steps j,7,j. Doing
this for each copy of As in turn, in any order, we can arrange to arrive at a new cyclotomic point.
See Theorem 4.20.

When L; = 2 there is a subtlety coming from our assumptions about the weight at the origin,
Ag. Throughout §4, motivated by [VY14a], we assume that (Ag, ;') is non-integral when L; = 2.
That means that the expression (1.3) develops a branch point at the origin. The upshot is that
at certain intermediate steps, the weight at the origin is shifted to s; - Ag, before eventually being
shifted back to Ag. See Proposition 4.10 and compare [MV08].

In either case, L; = 1 or L; = 2, we write y(&) (¢) for the tuple of polynomials representing the
new cyclotomic critical point. It depends on a single parameter ¢. The replacement y — y(©) (c)
is the elementary cyclotomic generation, in the direction of the orbit o%(4).

To a critical point (¢, c) represented by a tuple of polynomials ¢y one can associate a weight A.
See (2.7) and (4.10). For fixed Ag, A1, ..., An, we may regard A as encoding the number of roots
ts of each “colour” i € i, i.e. the degrees of the polynomials y;(x). It is known that A (y®(c)) is
equal either to A (y) or to s; - Ao (y), where s; - denotes the shifted action of the Weyl reflection
in root ;. See [MV04]. We have an analogous statement in the cyclotomic case. Namely, there is
a “folded” Weyl group W with generators s7. See §2.3. And we show that A (y(i"’) (c)) is equal
either to Aso(y) or to s7 - Ao (y). For the precise statement see Theorems 4.6 and 4.20.

We proceed in §5 to treat in detail the case of type A with the diagram automorphism.
Recall first from [MVO04] the structure of populations in type Agr, R € Z>1, for the master
functions associated to marked points z1,...,zy and integral dominant weights Aq,...,Ay. In



4 ALEXANDER VARCHENKO AND CHARLES YOUNG

that setting, every population of critical points is isomorphic to a variety of full flags in a certain
R + 1-dimensional vector space K of polynomials. The ramification points of I are z1,..., 25 and
o0, and the ramification data at these points are specified by the weights Ay, ..., Ay and an integral
dominant weight As. Given a full flag F = {0=FyCF, CF,C--CFry1 =K} in K, pick any
basis (u;(2))2! of polynomials adjusted to this flag, i.e. such that Fj, = spang(ui (), ..., ux(x)).
Then define a tuple of functions y* = (y (z))£_, by

ui (@) = Wr(ui (2), ... ug () /(TF (@) Ty (@) . Ty (2))

where — as in (1.3) above — the (T;(z))E, are functions encoding the “frame” data 21,..., 2y and
Ay, ..., AN, and where Wr(uy(z), ..., ux(x)) denotes the Wronskian determinant. The ramification
properties of K ensure that the y,f () are in fact polynomials. Moreover the map F y” is an
isomorphism of varieties from the variety of full flags in K to the population associated with IC.
The space K is the kernel of a certain linear differential operator D of order R+ 1 (essentially a type
A oper). This operator D can be defined in terms of the (7;(z))E | together with the polynomials
(yi(z))E | of (any) point in the population. (See §5.4.)

Now let us discuss how the picture changes in our present setting. For us, the weight at the
origin Ap need not be integer dominant. We assume it satisfies weaker assumptions given in (5.3).
These assumptions mean that we are led to consider vector spaces K of quasi-polynomials: that is,
polynomials in 23. The local behaviour of these quasi-polynomials near the origin is encoded in
Ag. The remaining ramification points are z1,..., 2N, —21,..., —2nN, and co. See Definition 5.2.

The space of quasi-polynomials K admits a natural Zy gradation K = Ko ® Ksp. We call flags
which respect this gradation decomposable. Decomposable full flags are classified by their type;
see §5.3. In particular the flags F € FLg(K) of a certain preferred type S, (5.14), are sent to
polynomials under the map F + y”. This map of varieties FLg(K) — P(C[x])® is an isomorphism
onto its image. The cyclotomic population is then the set of cyclotomic tuples in this image, i.e.
the set of tuples y”, F € FLg(K), such that y;(z) ~ yry1_i(—x), i = 1,..., R. The question is:
which flags in FLg(K) map to cyclotomic tuples?

To answer this question we introduce the notion of a cyclotomically self-dual space of quasi-
polynomials. The space K has a natural dual space Kt of quasi-polynomials — see §5.5 — and we
say K is cyclotomically self-dual if for all v(z) € K, v(—x) € K. (Compare the very similar notion
of a self-dual space of polynomials in [MV04].) We show that a sufficient condition for I to be
cyclotomically self-dual is that there exists at least one full flag F in K such that y” is cyclotomic
(Theorem 5.14). If K is cyclotomically self-dual then it admits a canonical non-degenerate bilinear
form B. We show that, for all full flags F in K, the tuple y” is cyclotomic if and only if F is
isotropic with respect to B (Theorem 5.17).

Therefore the cyclotomic population is isomorphic to the variety FL§ (K) of isotropic flags of
type S in K. The bilinear form B is symmetric on Ko and skew-symmetric on Kgp, and these
subspaces are mutually orthogonal with respect to B (Theorem 5.23). Hence this variety FLé(lC)
is isomorphic to the direct product of spaces of isotropic flags FL(Kgp) x FLL(Ko).

Acknowledgements. The research of AV is supported in part by NSF grant DMS-1362924. CY is
grateful to the Department of Mathematics at UNC Chapel Hill for hospitality during a visit in
October 2014 when this work was initiated. CY thanks Benoit Vicedo for valuable discussions.

2. MASTER FUNCTIONS AND CYCLOTOMIC SYMMETRY

2.1. Kac-Moody algebras. Let I be a finite set of indices and A = (a; ;)i jer a generalized
Cartan matrix, i.e. a;; = 2 and a;; € Z<o whenever ¢ # j, with a; ; = 0 if and only if a;; = 0.
Let g := g(A) be the corresponding complex Kac-Moody Lie algebra [Kac83, §1], h C g a Cartan
subalgebra, and

g=n_3ohdny
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a triangular decomposition. Let a; € b*, o/ € b, i € I be collections of simple roots and coroots
respectively. We have dim b = |I]| + dimker A = 2|I| — rankA. By definition,
<OZZ',OZ}/> = Ay 4,
where <-, > :h* ® b — C is the canonical pairing.
We assume that A is symmetrizable, i.e. there exists a diagonal matrix D = diag(d;);ecs, whose

entries are coprime positive integers, such that the matrix B = DA is symmetric. Let (-,-) be the
associated symmetric bilinear form on h*. We have (o, oj) = d;a;; and

Moy =2\ o) /(ai ;) for all X € b*.

The form (-,-) is non-degenerate. Therefore it gives an identification h =¢ h* and hence a non-
degenerate symmetric bilinear form on h which we also write as (-, -).

Let P := {\ € b* : (X\,a)) € Z} be the integral weight lattice and Py := {\ € b* : (\, o)) €
Z>o} the set of dominant integral weights.

Let W C End(h*) be the Weyl group. It is generated by the reflections s;, i € I, given by

siA) =A— (N o)y, Aep”
Let p € b* be a vector such that <p, a;/> =1 for i € I. We use - to denote the shifted action of

the Weyl group, i.e.
s-Ai=wA+p) —p, seW Aebh”.

2.2. Diagram automorphism. Suppose o is an automorphism of the Dynkin diagram [Kac83,
§4.7) of A . That is, o is a permutation of the index set I such that

aa—ivgj = aiuj :
Let M be the order of o and let w € C* be a primitive Mth root of unity.

To such a permutation is associated a diagram automorphism g — g of the Kac-Moody Lie
algebra [FFS96], which we shall also write as 0. We have

ob; =F,;, oF;,=F,, aozl-v = ozcvm-, 1€l

where E; € n,F; € n™, i € I, are a set of Chevalley generators of [g,g]. This defines o on the
derived subalgebra [g, g] of g. For the action of o on the derivations i.e. on a complement of [g, g]
in g, see [FFS96, §3.2]. This action may be chosen to ensure that o : g — g has order M and
respects the bilinear form (-,-) on b:

(0X,0Y) = (X,Y) forall X,Y €b.

The action of o on h* is defined by o\ := Moo~ ! so that <O'/\,O'X> = </\,X> for all A € h*, X € b.
Note that then oco; = ay; for all i € 1.
Let g° C g be the Lie subalgebra of elements invariant under . We have

g =n? © b7 &l
with nL = g% Nny and h7 =g Nh.
2.3. The linking condition and the folded diagram. For any i € I let
M; = |{i,oi,0%,...,0M 1}

be the length of the orbit of the node ¢ under the automorphism o of the Dynkin diagram A. Define

M;—1
Liz=1- > ayu, (2.1)
k=1

Note that L; > 1. Following [FFS96], we say that o obeys the linking condition if and only if
L; <2 forall iel. (2.2)
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To understand the meaning of this condition, consider the restriction of the Dynkin diagram to
the orbit of the node i. If L; = 1 then this induced subgraph has no edges at all. If L; = 2 then it
consists of M;/2 disconnected copies of the type Ao Dynkin diagram.

Remark 2.1. If A is of finite type, then all diagram automorphisms obey the linking condition.
Moreover, in all finite types except As,, n € Z>1, we in fact have L; = 1 for every node i: that
is, no two distinct nodes in the same og-orbit are ever linked by an edge of the Dynkin diagram.
In type Asg, the non-trivial diagram automorphism gives L; = 2 for i € {n,n + 1} and L; = 1

otherwise:
AT

Oo—----—0 Oo—----—0
1 n—1 n n+1 n+4+2 2n

Remark 2.2. If A is of affine type then all diagram automorphisms obey the linking condition with

the following exception. In type Asll), n € Z>2, let R be a generator of the cyclic subgroup Cj,41 of

the full automorphism group of the Dynkin diagram (which is the dihedral group Dyy1). Then R
does not obey the linking condition. Indeed, the R-orbit of any node i is the whole diagram, and

Given any diagram automorphism satisfying the linking condition it is possible to define a folded
Dynkin diagram. Let us make a choice of subset
I,CI (2.3)

consisting of exactly one representative of each g-orbit. Then the Cartan matrix A% = (ag,j)i,je I,
of the folded diagram is given by

Remark 2.3. Compare §3.3 of [FFS96], noting that our convention a;; = <ozi, oz}/> differs from that
of [FFS96].

Lemma 2.4 ([FFS96]). If o obeys the linking condition then A% (and its transpose) is a symmetriz-
able Cartan matriz whose type (finite, affine, or indefinite) is the same as that of A. O
For each 7 € I, let us define also

(3

M1
\/70 R . \
a; " =1L E : Aok
k=0

and
M;—1

M;—1
Ef:= ) Eu, F =LY Fu
k=0 k=0
Then we have

[E7,F7] = Sija?, [a;/’U,Eﬂ = Efaf,, [a;/’U,FJ‘»’] =—FJaJ, i,j €1,. (2.4)

Thus oziv’g, E? F?, i € I, generate a copy of (the derived subalgebra of) the Kac-Moody Lie algebra
g(A?%) inside g7 ;= {X € g: 0 X = X}. Next, for all i € I, if we let

M;—1
o . L; 5 : *
Q; = M [eP'F; S b
" k=0
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then <a§’, a}/’a> = aj;. Define W to be the group generated by the elements s € End(h*) given
by
sT(\) i=A— (N Naf, i€l

7

Lemma 2.5. W7 is a subgroup of W. Indeed, we have

- Hk 0 So.kz Li =1
S, = . _ . —
(Hk;é2 ' aki) (Hk;é2 1sak+M¢/2i> (Hk:zéz 150’%) Li=2.

(3

O

2.4. The cyclotomic master function. Let A = (A;)XY, be a collection of N € Z>( integral
dominant weights A; € P,. Let z = (zz)f\i 1 be a collection of nonzero points z; € C* such that
wlz N wsz = () whenever i # j. We shall call A; the weight at z;.

In addition, we pick a weight Ag € h7*. We call Ag the weight at the origin.

Let € = (c(5))jL; be an m-tuple of elements of I, and introduce variables ¢ = (¢;)2;. We shall
say that t; is a variable of colour c(j).

We define the cyclotomic master function ® = @4 ,(t;c; z; A, Ag) associated to these data to be

N M-1
P = Z (% > (A 0" M) + (Ai, Ag) ) log z; + Z D> (A, 0P ) log(z — wFzy)

k=0 1<i<j<n

M-1 N m
=D oy, ot A log(t; — wFz)
k=0 i=1 j=1
M-1 m 1 M-1
+ (0re(iys o e (5)) log (t; — whtj) + ) <§ D (acw, oFacy) — (ac(i)aA0)> log ¢;
k=0 1<i<j<m i=1 k=1
(2.5)
A point t with complex coordinates is called a critical point of the cyclotomic master function if
0P
— =0 =1
atl ) 1 9y 9y m7

M— M-1 k
B ac(] ac(] g acz) 1 (O‘c(j)yo- ac(j))
0= Sy i) 3 Sl 1 (LS CTR) o

k=0 i=1 k=0 i=1 k=1
i#j
(2.6)
for j =1,...,m. Call this system of equations the cyclotomic Bethe equations.

Lemma 2.6. For any \ € b*, é\/[:_ll ()1\5:2) = % é\/[:_ll (01‘1]:2) + (1,\_,21@7)\2) = % é\/[:_ll()\,ak)\). O

Define A, the weight at infinity, to be

M-1 N M—-1 m
Ao =R+ D D Apriy = DD ey (2.7)
k=0 =1 k=0 =1

The group S,, acts on pairs of m-tuples (¢, c) by permuting indices:

p(8,0) = ((tp 1ty 1) (o™ (1), s~ (m)) )

The group Z/MZ acts on pairs (t,c) € C x I by k.(t,c) = (wFt;,o"c). This gives rise to an action
of the wreath product S,V (Z/MZ) := Sy, x (Z/MZ)™ on pairs of tuples (t,c) € C™ x I™.
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Lemma 2.7. Up to an additive constant, the cyclotomic master function ® is invariant under the
pull-back of this action of Sy V(Z/MZ). In particular, if t is a critical point of ®(t;c) then X.t is
a critical point of ®(X.t; X.c), for all X € S;, VW (Z/MZ). O
2.5. The extended master function. The equations (2.6) admit another, closely related, inter-
pretation. Recall the definition of the (usual) master function [SV91]. Namely, let A = (A)Y, be

a collection of N +1 € Z>o weights A; € b*, and let 2 = (zl) be a collection of nonzero points
Zi € C*. Pick m € Z>p, let ¢ = (c(j))j:1 be an m-tuple of elements of I and introduce variables

t= (tj);’ﬁ:l. The master function associated to these data is

N m
P = Z (A A; )log Z Z Qe(j)s A log ) + Z (ac(i)7ac(j)) log(ti — tj).
=0 j=1

0§i<j§N 1<i<g<m
(2.8)
It is a function of the variables ¢, depending on the parameters ¢, Z and A. The critical points of the
master function are those points ¢ with complex coordinates such that 0P Jot; =0for j=1,...,m,

i.e. those points such that the following equations are satisfied:

al (e i) s (Oe()r i) 3
0= b N ZURT g, (2.9)

= t; — % — tj — 1
i#]

In this paper we are concerned with the following special case. Let N = N M, choose (EZ)Z]\Q‘({ to be

Z0=0, Zpimi=wz, k=0,1,....M—1,i=1,...,N, (2.10a)

and choose the weights at these points to be
Ao =Ao, Appnri =o0A; (2.10b)
where z;, A;, i =1,... N, and Ay are as in §2.4. We call the master function in this case the

extended master function, ® = EI;g,o(t; c;z;A;Ag). It is given by

M-1 N
Z (Ao, o Ay) log(—wk ) Z Z (kA 0! Aj) ) log(w”z; —wlzj)
k=0 i=1 k,1=0 1<i<j<n
+ Z Z (F Ay, ol A log(WF — wh)z;
<I<T-11=1

m M-1 N m
Z j), Ao) log(t;) — ZZ(ac(j),kai)log(tj—wkzi)+ Z (ac(iys Qe(y)) log (t; —t5).
j=1 k=0 i=1 j=1 1<i<j<m

(2.11)

and the critical point equations (2 9) take the form

(« (o), Ao) i (are(jys Qi) . =
O—ZZ <(j) + <) —ZM’ j=1,...,m. (2.12)

— Wk . ..
LT —w t Tt —
i]

The group Sy acts on pairs of m-tuples (¢,c) by permuting indices:
p.(t,c) = ((tp,l(l), ), (o D)), - ,c(p—l(m)))). (2.13)

Lemma 2.8. Any master function of the form (2.8) is invariant under the pull-back of this action
of Si. In particular the extended master function (2.11) is invariant. O
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Let us call a point (t,c) € C™ x I'™ a cyclotomic point if we have m = Mm for some m € Zx
and, by acting with some permutation in Sy, we can arrange that

tigmk = W'ty c(i+mk) =o%c(i), i=1,...,m, k=0,...,M—1. (2.14)

Lemma 2.9. This point (t;)™, is a critical point of the extended master function if and only if
(t:))™ is a critical point of the cyclotomic master function, i.e. (t;)7, obeys (2.6).

Proof. Given (2.14), the equation (2.12) for ¢; is nothing but the corresponding equation in (2.6) and
the equation for ¢;  xm, k = 1,..., M —1, is actually the same equation up to an overall factor of wk.
(To see this one must use the compatibility of o with the inner product: (oz,y) = (z,0~'y).) O

Thus, the cyclotomic Bethe equations (2.6) are also the equations for cyclotomic critical points
of the extended master function.

3. GAUDIN MODELS AND THE BETHE ANSATZ EQUATIONS

Our first result, Theorem 3.4, concerns the relationship between critical points and the eigenval-
ues of Gaudin Hamiltonians. Suppose, for this section only, that the Cartan matrix is of finite type,
i.e. that g is semisimple, and that o is an automorphism of g of order M > 1. Recall [Gau76, Gau83]

that the quadratic Gaudin Hamiltonians are the following N + 1 elements of U (g)@)(]\7 R
N dimg L4 ()
. Je@) 1 -
@) .— E E ___e | —
HY ‘ =% 1=0,1,...,N,
7j=0 a=1
i#i
where I,, a = 1,...,dimg, is a basis of g, I® is the dual basis with respect to the non-degenerate

invariant bilinear form (-,-) : g x g — C, and we write X (@) for X acting in the ith tensor factor.
(For convenience we number these factors starting from 0.)

For A € b*, let M) denote the Verma module over g with highest weight A, My := Indﬁ@n+ Cva.
Let us represent the ’H~(i) as linear maps in End (®£\L0 M ]\i). Then the following can be shown

using the techniques of the Bethe Ansatz.

Theorem 3.1 ([BF94, RV95]). To any critical point t of the master function CT), i.e. to any solution
to the equations (2.9), there corresponds a simultaneous eigenvector iy of the linear operators

HO ¢ End(@f\io M[\i). For each i =0,...,N the eigenvalue of H® on vy is

N

— O (A, A)) s (A o)
(%) . o i) J
E '_az-_z % — % Z Zi—t; (3:1)
7 ];0 ) J j= 7 J
JF

The eigenvector Uy is given explicitly by

- N Fc(nll)Fc(né) T Fc(n;iil)Fc(n%i)vAi
=Y ® - 32
ne€Ps fy1 =0 (wnll N w"%) Y (w";rl B w"izi) (wnéi B Zi)
where the sum n € P & | is over ordered partitions of the labels {1,...,m} into N +1 parts. O

The fact that this simultaneous eigenvector is nonzero is proved for g = sl, nondegenerate critical
points in [MVO00], for g = sl,, isolated critical points in [MTV06], and for semisimple g and isolated
critical points in [Varll].
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In [VY14a]!, B. Vicedo and one of the present authors defined cyclotomic Gaudin Hamiltonians.
The quadratic cyclotomic Gaudin Hamiltonians are the elements of U(g)®" given by

M-1 N dlmg M—1dimg

O'pI (4) Ia(z) I( i) ‘
=YYy T ST =3 2. oy Theem
p=0 j=1 a=1 p=1 a=1
J#i
Let us assign to the point z; the Verma module My,, A; € h*. In other words, let us represent
these Hamiltonians as linear maps

N
H® ¢ End (@ MAZ.> ., i=1,...,N. (3.3)
i=1

Let (in this section, §3) Ag € h?* be the weight given by

M-1 .,
Ao(h) = 3 W. (3.4)
r=1

Theorem 3.2 ([VYl4a]). To any critical point of the cyclotomic master function, i.e. to any
solution t to the equations (2.6), there corresponds a simultaneous eigenvector Y of the linear
operators HW, i =1,...,N. The eigenvalue of H® on 1y is

N 1 m —1 M—-1
. A, i
PO <Aw0A Y e, <AZ,A0 )43 Buoth) ) 35)
i ] s=1

2 wst; 1 —ws
j=1 s=0 J
J#

The explicit form of the eigenvector ¥ is

M—
]:1 s=0

pa knZ ~ knl ~ knl ~ kni
ot (Fc(ni))o- 2 (Fc(né)) c..0 Pt (Fc(nl ))J Pi (Fc(nl ))VAi

p;—1 D

N
¢t = Z ® k i kni k kni k
nePy n =l (W "Mwy —w 2w, ). (w szlw —w "Piw, | (w b Wi — 2
(k1,0 km ) ELT, 1 2 plfl P; Mp;
(3.6)

where §(X) 1= wo(X). O

On the other hand, consider the (usual) quadratic Gaudin Hamiltonians in the special case (2.10).
We refer to this situation as the extended Gaudin model, and write H) as ’ng)t Note that

M-1 N
H), € Bnd (MAO ® X ®Mom> . i=0,1,...,NM. (3.7)
k=0 =1

The following is then a corollary of Theorem 3.1.

Corollary 3.3. To any critical point of the cyclotomic master function, i.e. to any solution t
(4)

to the equations (2.6), there corresponds a simultaneous eigenvector of the linear operators Ho,,
1=0,1,...,nM, such that H'®, has etgenvalue zero and, for eachk =0,... M—1andi=1,...,N,

ext

the ezgenvalue ofH Me) s given by wFE; with E; as in (3.5).

ext

n [VY14a] o : g — g is allowed to be any automorphism commuting with the Cartan involution, not necessarily
a diagram involution. A posteriori the Bethe equations and energy eigenvalues depend on the inner part of o only
through the definition of Ao, (3.4).
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Proof. Let t be the corresponding (by Lemma 2.9) cyclotomic critical point of the extended master
function ®. Then the result is a special case of Theorem 3.1, by substituting (2.10) and (2.14) into
(3.1). (To see that #% has eigenvalue zero note that

ext
N Y (A(),O’ Az) Uy (A0708ac(j))
0—wsz Z 0 — wst =0
i=1 s=0 j=1 s=0
M—-1 _s —s o M-1,6 —s __ : _
because ) .~ w0 Ag = Ao Y, w ®=0since oAy = Ag and M > 1.) O

In summary, we have the following observation.

Theorem 3.4. To any critical point of the cyclotomic master function there corresponds both
a simultaneous eigenvector (3.6) of the Hamiltonians HD of the cyclotomic Gaudin model and a

sitmultaneous eigenvector (3.2) of the Hamiltonians ’Hglm)t of the extended Gaudin model, 1 =1,...,n,

with the corresponding eigenvalues equal and in both cases being given by (3.5). O

Remark 3.5. The operators H®) and ’HS) are acting in different spaces, (3.3) and (3.7) respectively.

xt
It would be interesting to relate these operators by some means independent of the Bethe ansatz.

4. CYCLOTOMIC GENERATION PROCEDURE

In [ScV03, MV04] a procedure was introduced which generates new critical points of master
functions starting from a given initial critical point. There is an “elementary generation” step
associated to each i € I. The Zariski closure of the collection of all critical points obtained by
recursively applying elementary generations in all possible ways is called the “population” to which
the initial critical point belongs.

The extended master functions, (2.11) above, are master functions of the standard form (unlike
the cyclotomic master functions (2.5)). Modulo subtleties coming from the fact that the weight Ag
at the origin need not be dominant integral, that means the generation procedure can be applied.

In this section we describe this generation procedure and go on to show how, given a cyclotomic
critical point, one can obtain new cyclotomic critical points by applying the elementary generation
steps in certain carefully chosen combinations. The resulting collections of cyclotomic critical points
will be called “cyclotomic populations”.

4.1. Conditions on Ag. In the remainder of the paper we assume that o is a diagram automor-
phism obeying the linking condition (2.2). That means for each i € I, either L; =1 or L; = 2.

In addition, in this section, §4, we place the following conditions on the weight Ay € ho*.

For each i € I such that L; = 1, we suppose that

(Mo, o)) € Zxo (4.1)
and
(Ao,of) +1=0 mod M/M;. (4.2)
For each ¢ € I such that L; = 2, we suppose that
2(Ao, ) + 1 € Zxo. (4.3)

Remark 4.1. One can verify that these conditions are satisfied by the weight Ay of (3.4) in the
case of diagram automorphisms of finite-type Dynkin diagrams. Our assumptions on Ag in the
treatment of type Ag in §5 below are weaker.
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4.2. Tuples of polynomials. To any pair (¢;c) with ¢ € C™ and ¢ € I, we may associate a
tuple of polynomials y = (y1(z),...,y-(z)), given by

yiz) = [[ @—¢;), iel (4.4)

We say that this tuple y represents the pair (t;c). We consider each coordinate y;(z) only up to
multiplication by a non-zero complex number, since we are only concerned with their zeros. So the
tuple y defines a point in the direct product P(C[z])/! of |I| copies of the projective space P(Clz]),
where Clz] is the vector space of complex polynomials in x.

Conversely, given any y € P(C[z])/!| we may extract the pair (t;¢) € C™ x I'™ such that (4.4)
holds. This pair is unique up to permutation by an element of Sy; see (2.13).

Define T;(x), i € I, to be

M-1

N
= H H gj—w Zs <0 As,a > (45)

s=1 k=0
We say that a tuple of polynomials y = (yi(z))ier € P(C[z])/!l is generic (with respect to
(Ti(z))ier) if for each i € I, y;(x) has no root in common with Tj(z), or with any y;(x), j € I\ {i},
such that <04], > # 0.

Note that if y represents a critical point of the extended master function &D(t; c; z;A), (2.11),
i.e. its roots obey (2.12), then the tuple y must be generic.

4.3. Elementary generation: the L; = 1 case. Throughout this subsection, we suppose ¢ € [ is
such that L; = 1. That means that the simple roots a,x;, ¢ = 1,..., M;, are mutually orthogonal.
Equivalently it means that the reflections s x; € W, i = 1,..., M;, are mutually commuting.

Let ygi) () be of the form

z) / “eldoat) 6 [T wse) (¥ ae, (4.6)

jel

so that y@

;(x) is a solution to the equation

Wi(yi(a), 5" ) = 2020 ) T] wyla) (), (@7
Jen{i}
where Wr(f(z), g(x)) := f(z)¢'(z) — f'(2)g(x) denotes the Wronskian determinant.

Proposition 4.2. If y represents a critical point then yi(i) (x) is a polynomial.

Proof. We have <A0, > € Z>p as in (4.1), and for each s € {1,..., N}, A, is integral dominant
<AS, av> € Z>o. So the integrand is a rational function with poles at most at the points t,,
p € {1,...,m}, for which c(p) = i. Consider such a point t,. Note that

0 Ao, a,a
%log$<0 > )(x —tp) Hy] J

Jjel

N 0 kA; oY > <A0 <a >
» “e(p) ’ C(p c(i)s Ye(p)
Z ey Z R (4.8)
#p

k=0 =1

This vanishes at x = ¢, by virtue of the critical point equations (2.12). It follows that the residue of

the integrand at ¢, vanishes: indeed, this residue is (%x<A°’aiv>ﬂ(x)(x—tp) [Lcryi@ <°‘J’°‘Z > a=t,
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which vanishes if (4.8) vanishes. This shows that ygi) (x) is an entire function. It is of polynomial
growth for large x. Therefore it is a polynomial. O

If yZ@ (x) is any solution to (4.7) then so too is ygi) (z) + cy;(z) for any ¢ € C.

Thus, given any tuple y representing a critical point we have, for each value of a parameter ¢ € C,
a new tuple of polynomials (), obtained from the tuple y by replacing y;(z) with yZ@ (z) + cyi(z).
We say y@ is obtained from y by generation in the ith direction, and we call y(¥ the immediate
descendant of y in the ith direction.

Proposition 4.3 ([MV04]). The tuple of polynomials y D is generic for almost all c. If y® is
generic then it represents a critical point. O

I

The tuples y* describe a projective line in P(C[z])/!. It will be useful to have the following

specific parameterization of this line. There exists a unique solution yi(l) (x) to the equation (4.7),
call it y(l)(x; 0), such that the coefficient of 24°8¥: in yzm (;0) is zero. Let us define

y (@5¢) == 4\ (2;0) + eyi(a), (4.9)

and define y®(c) € P(C[z])!!! to be the tuple obtained from the tuple y by replacing y;(x) with
yi(l) (;0) 4 cy;(x). '
We say generation in the ith direction is degree-increasing if deg yi(l) > degy; for almost all c.

Recall that there is a weight at infinity, Ao, associated to any critical point. For the critical
point represented by y this weight is, cf. (2.7),

N M-1
Aso(y) = Ag + Z Z of A, — Zaj degy;. (4.10)
s=1 k=0 jeI

For fixed Ag, Ay,...,An we can think of A as encoding the degrees of the polynomials y;. Note
that deg y(l) (;0) = degy; + <AOO, az-v> + 1. Tt follows that the weight at infinity of 3 (0) is

Aoo — (<Aoo,a;/> + 1) = Aoo — <Aoo + p, a}/>ai =5S; " Aoo (411)
This establishes the following lemma.

Lemma 4.4. Generation in the ith direction (with L; = 1) is degree-increasing if and only if A
is i-dominant, i.e. (Moo, ) € Z>.

If generation in the ith direction is degree-increasing, then the weight at infinity associated with the
critical point represented by y(z)(c) s S; - Aoo. Otherwise it is Ao for all ¢ # 0 (and s; - Aso for

)
c=0). O
4.4. Cyclotomic generation: the L; = 1 case. We continue to suppose that i is such that
L, =1.

If y represents a cyclotomic point then its immediate descendant ¢ in the ith direction gener-
ically does not. However if, starting from a cyclotomic critical point, we successively generate in
each of the directions ¢¥i, k = 1,..., M;, in turn, in any order, then we can arrange to arrive at a
(new) cyclotomic critical point. This is the content of Theorem 4.6 below.

Let ~ denote equality up to a constant (independent of x) nonzero factor. Recall the definition
(2.14) of a cyclotomic point.

Lemma 4.5. A tuple of polynomials y represents a cyclotomic point if and only if

Yoj(wzx) >~ yj(x)
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forall j € 1. If yj(x) and ysj(x) share the same leading coefficient for all j € I, then the tuple y
represents a cyclotomic point if and only if

Yoj(wr) = wIBYiy;(z)
forall j € 1. O

For the rest of this subsection, we suppose y represents a cyclotomic critical point. Hence
in particular 0Ay, = As. Let y-(z)(a:;c) = 1(3( ) + cyi(x) be as in (4.9). (So y-(z)(a:;c) is a
7)

(2 (2
parameterization of the space of solutions to (4.7).) Define y(?)(c) to be the tuple of polynomials
given by

©)

(0.0)( k Dy we),  k=0,1,...,M;— 1, (4.12)

Yo, (Wiwic) = whdesy

and y(w

i )(m;c) = y;(z) for j € I'\ oZi. Recall s¢ from Lemma 2.5.

Theorem 4.6. For almost all ¢ € C, the tuple y(i"’)(c) represents a cyclotomic critical point. The
exceptional values of ¢ form a finite subset of C.

The weight at infinity of y*7)(c) is s7 - Ao if <Aoo,oz;/’a> € Zxo. Otherwise it is Ao for all
c#0, and s{ - A for c=0.

Proof. First let us show that y(»?) represents a cyclotomic point for all ¢ € C. Comparing our
definition of y(»?) with the criterion in Lemma 4.5, one sees that it is enough to check that

i (%)
y (@M o) = WM ANy O (3 ).
Inspecting (4.6), we see that this equality holds for all ¢ € C if and only if
WMilAsotpal) _ (4.13)
But now, given (4.10) and the assumption that As, s = 1,...,n are integral, the following lemma

implies that (4.13) holds if and only if we impose the condition (4.2) on Ao.
Lemma 4.7. Suppose A € h* is an integral weight. Then, for any j € I,

M-1
Z <akA,a]V>Mj =0 mod M.
k=0
Proof. We have
M-1 M-1 M M;—1 M;—1
< Z akA,a}/>Mj = <A, Z a_ka}/> ’M a <A, Z a}/> e MZ.
k=0 k=0 7 k=0 k=0

Now we show that y(®?) represents a critical point for all but finitely many ¢ € C. Note that
from definition (4.5) we have

T, (wz) = A DL T M)y e (4.14)
Hence, in view of (4.10),

{05 Ty o ) [T wi(wa) yleser) = g{hoar >Tm~(ww)Hyaj(wx)_<“”j’“gi>

jel jel

_ w{tal) [ p{a0ay) (@) [T vs(@) ~(ea) | (a15)

jel
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Note also that since L; = 1, no node j in the orbit of ¢ is linked by an edge of the Dynkin diagram

to 4. That is, no y; for j in the orbit of ¢ appears on the right of (4.7). Hence, for k =1,...,M; —1,

y((j,;j) (x; ¢) obeys the equation

W)y (2:0)) = a0 D) [Tyl (0, (4.16)
jel\{o*i}
and the tuple y(i’g) is indeed the result of generating in each of the directions i, 074, ...,cM: =1 (in

any order). It follows from Proposition 4.3 that y(9) is generic for almost all ¢, and represents a
critical point whenever it is generic.

The statements about the weight at infinity follow from Lemma 4.4 and §2.3. This completes
the proof of Theorem 4.6. ([l

4.5. Elementary generation: the L; = 2 case. For this subsection we suppose that ¢ € [ is
such that L; = 2. That implies M; is even and the restriction of the Dynkin diagram to the nodes

o%i consists of % € Z>; disconnected copies of the Dynkin diagram of type Ag, as sketched below.

(4.17)

M;/2;

Here, for brevity, we write 7 := o

Remark 4.8. Among finite and affine types, only the case M;/2 =1 occurs.
We define y(i) (z) by

o (a) = i) a0l )t [0ty Tye) (0,
0 jel
Here the limits fom mean that ygi) (x) is holomorphic at x = 0. This condition defines the integral
uniquely, since <A0, ozz/> ¢ 7 by our assumption (4.3).
(@)

Proposition 4.9. If y represents a critical point then y;

deg ygi) =degyi + (Asc — Ao, ) ).

(z) is a polynomial. It has degree

Proof. The proof is as for Proposition 4.2. O
(4)

i

Let y@) = (yj(l) (x))jer be the tuple of polynomials whose ith component y
remaining components are the same as those of y, i.e.
y§i) (x) =y,(xz) forall jel\{i}.
Let (t(i); c(i)) denote the pair represented by this tuple in the sense of §4.2. It turns out that t(®
is not in general a critical point of the extended master function <I>(t(i); c); z; A), i.e. it does not
in general obey the equations (2.12). Instead, the following result gives the analogous collection of
equations that it does obey, provided y@ is generic.

(z) is as above whose
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Proposition 4.10. Ify represents a critical poz’nt and y@ is generic, then

(si A, cu)(p N A (oA, o > <O‘c<i>(r)’acvu)(p)>
Z Z O e Z @ _G) =0
s=1 k=0 t zS rir#£p til’ tr

for each p.
Proof. By (2.12) for each root t, in the tuple ¢ we have

<Ao= LR (oM aly) (ac(r), ag(p))
+ZZ o —wk _Z%Tzo. (4.18)
s=1 k=0 rir#£p

For all roots of colours j € I such that <ozj, V> = 0 this is immediately equivalent to the required
equation. So we must consider roots of colour 4, and roots of colours j € I such that <aj, > < 0.

By definition of y-( D

. (x) we have

Wi(o), o400 y00 @) = 0007 @) [Ty~ (0 ) (1.19)
JF#i
or equivalently

yi@) (@) 1+ (Aoay)  T@)Tlz9i(@) (e >. (4.20)
y(@) 4O v @)y (2)
By definition of (¢(),c(?), the left-hand side of (4.20) is

1 1 1 + <A0,a;/>
> — - > ol . . (4.21)

T:C(T):’i tr’ r;c(i) (7‘):@ T —1r

Now suppose j € I is such that <0z], > € Z<o. By definition y( )( ) = y;(x). Suppose t, is a
root of y;(z), i.e. suppose c(p) = j. Slnce y represents a critical pomt vy must be generic, and
hence t, is not a root of y;(x). By our assumption that y(i) is generic, t, is not a root of yi(l) ()
either. Hence the right-hand side of (4.20) is zero at = t,, and so, in view of (4.21), we have

1 1 1+ (Ao, o)
> - > OR <tpo >:0'

re=i P 0 rc() (r)=i tp — tr

7
On adding this equation multiplied by <az, > to the equation (4.18), we arrive at

>

=0,

A7\'/_ i7VA+7 N M kAS) clv
<OO‘J> (a %>< U +ZZ<J O‘J Z <O‘<>(

r)
tlg’) s=1 k=0 t(l wkzs rIrFED tp _t

which is the required equality (since s; - Ag = Ag — <A0 + p, a}’)ai).
(1)

It remains to consider roots of colour . First note that y;(x) and y;

Indeed, if ¢ were a common root of y;(z) and y@ (x) then the right-hand side of (4.19) would have

1
to vanish at = ¢. In other words y;(z) would have a root in common with the right-hand side of
(4.19). But by our definition of what it means for y to be generic, §4.2, this is impossible.

Suppose tl(,) is any root of yz( )( ). By our assumption that y® is generic, it follows from (4.19)

and Lemmas 4.12 and 4.13 below that

(z) have no common roots.

201+ (Ao,0))  (Ao.af) (SN~ (0FAs0)) (e ai) _
(4) o 0) - Z @ _ + E 0 _,0 0, (4.22)
tp ty s=1 k=0 p —W'Zs  pazp lp —lr
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which is the required equality. O
Remark 4.11. Propositions 4.9 and 4.10 also follow from Theorem 3.5 in [MV08].

Lemma 4.12. For any o € C, if g(x) = z¢ H;-Izl(x—sj) where (sj)le are all distinct and non-zero,
then

J@| 20 2
g/(;p) a=sp B Sk * ]Z:; Sk — Sj‘
J#k
g
Lemma 4.13. If Wr(f(z), g(x)) = W(z) then
P@) W) g@) (W@ @) - W) @)
g'(x)  Wi(x) f(x)g' ()W (x) '
Proof. We have W Wr(f,g)) = W/ Wr(f,g). Hence
W(x)f(x)g"(x) = W'(2) f(2)g'(x) = W(x)f"(z)g(x) — W(2)f'(x)g(x)
and hence the result. O

To deal with the case in which y(® fails to be generic, we shall also need the following observation,
which follows from (4.19).
Lemma 4. 14 For any 7 € I such that <0z], > <0, ift is a root of both y;(x) and y@ () then it

(2

s a root of yi ( ) with multiplicity 2. In particular, if t is a root of both y(x) and y@ (z) then it

2

is a root of yi(i) () with multiplicity 2. O
Now we define
9 ) g & O T ©
=) [ el () *
(VT s ()~
) / §1+2<A070¥>T1(§)y’ (© HJ#;%SS) d¢. (4.23)

Proposition 4.15. Ify represents a critical point then yﬁi’i

2 )(x) 18 a polynomial.

Proof. By our assumption (4.3) that 2<A0, a) > +1 € Z>, the integrand is regular at = 0. Hence,
by Lemma 4.14, it is a rational function with poles at most at those roots of y;(z) that are not also

(@)

roots of y, (). Let t, be any such root. The residue of the integrand at £ = ¢, is
(i) (@) (a0 )
0 2 <A a\-/> Yi (:E) H];ézzy] ( ) o
—(x—t O% T ,
5z ) yi(z)?

T=tp

which must vanish, because according to Proposition 4.10 the following vanishes:

yz(Z)(‘T) H];ézzy] <a]’a >
ya(@)?

2 _1\2 <A(),Oc;/> ]
5, J08@ — 1)z Ti(x)

T=tp
1+2 Ao, N M 1<crkA,oz <Oé (i)(),ay>
—+Z DD ey el Dl
s=1 k= p rir#£p tp_t?"

(Note (Ag, ') = (Ao, ) since oAg = Ag). O
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The polynomial y—(m) (x) is defined up a to the addition of a constant multiple of y;(z), coming

(2
from the constant of integration in (4.23).

We say generation in the ith direction from vy is degree-increasing if deg y;’i) () > degy;(z).
Generation in the ith direction is degree-increasing if and only if
(Moo + praf +07) > 0. (4.24)
Indeed, if (4.24) holds then
degy!" (x) = degya(w) + (Ao + p ) +a)) > degys(w) (4.25)
for all values of the constant of integration. If (4.24) does not hold then deg yz(z’i)(x) < deg yz(x),
with equality for all but one value of the constant of integration in (4.23).

Let yf(m) (z;0) be the unique solution to (4.23) whose coefficient of 298 ¥ is zero. The degree of
yi(“) (z;0) is always given by
deg " (w;0) = degyi(z) + (Ao + p, 0 + ),
whether or not generation is degree-increasing. (Note that <AOO + p,a) + o > is odd, by our

assumption (4.3), and in particular not zero.)
Let then y®9(c) = (yj(»“) (x;¢))jer be the tuple of polynomials whose 7th component is

yf(m) (z;c) = yz(z’i) (;0) 4 cyz(x) (4.26)
and whose remaining components are the same as those of (¥, i.e.
ywie) =y (@), and (@) =y @) =yia) forall jel\{ia).
Let (t(”); c(“)) denote the pair represented by this tuple in the sense of §4.2.
The following result says that whenever y(»%)(c) is generic, this new pair (£ (c),c() obeys
the same form of equations as did (¢, c().

Proposition 4.16. If y represents a critical point then, for all c € C such that y(“)(c) s generic,
we have

M-1 <JkAs,a§57i)(p)> B Z <ac(ivi)(r)’al/(i,i)(p)>

— — — — =0
ty(¢) o @ —wkn 5 570 -6
for each p.
Proof. The proof is analogous to that of Proposition 4.10. g

(4,7,2)

Finally, we define y; " (z; ¢) by

\Y

. ) x (1) (¢ . o Ys _<°‘j’°‘i >
yi(z,z,z) ($; C) _ yz(z) (l‘) x<Ao,a;/>+l / £<Ao,aiV>Ti(£) Yz (57 C) H]EI\{Z,Z} Yj (g) . df
’ <5<A°v“iv )y <s>>

W& engin (&) {eoe)
y (€)?

(x;¢) is holomorphic at « = 0. This condition defines the

— ) (@) a0l )1 /0 g {toa) =2y ) de. (4.27)

(4,7,%)
7

Here the limits fom mean that y
integral uniquely.

(4,7,9)

Proposition 4.17. For all ¢ € C, if y represents a critical point then y;, " (x;¢) is a polynomial.
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Proof. Pick any root t,(f’i) of y

Indeed, we have

(@)

)

(x) = yi(z’i) (z). The residue of the integrand at & = t®% is zero.

0 @) en i (@) ()

9 i —(Ag,) )—2
log( — #)Pa~ Moty )

yi(l) ()2 2=t
_ oal) =2 SN M) g (adig) o)
tg,i) i ACOR = tg,i) PO
and this vanishes by Proposition 4.16. d

Let y(#5)(¢) = (y](lm) (x;¢))jer be the tuple of polynomials whose ith component is y50) (2 ¢)
as above and whose remaining components are those of y®(c), i.e.
yz(i’i’i) (xz;¢) = yg’i)(x; c), and y](-i’i’i) (x) =y;(z) forall jell\{iz}.
Let (t(i’”); c(i’“)) denote the pair represented by this tuple in the sense of §4.2.

Proposition 4.18. Ify represents a critical point and y(i’“)(c) is generic, then y(i’“)(c) represents
a critical point. That is, the pair (t°%'(c),c""") obeys the equations

N M-1 <O'kAs,Oé(\:/(p)>

tg’m (c) s=1 k=0 t](jﬁ,i)(c) — whz,

. <aC(7‘)’ a(\:/(p)> 0 (4 28)
Z (858) ¢y _ 4(5,29) '
rir#£p t (C) by (C)

for each p.
Proof. The proof is analogous to that of Proposition 4.10. g

We say y(“»)(c) is obtained from y by generation in the ith direction, and we call y»9)(¢) the
immediate descendant of y in the ith direction. We have the following; cf. Lemma 4.4.

Lemma 4.19. Generation in the ith direction (with L; = 2) is degree-increasing if and only if
<Aoo +p,042\-/ + a¥> € Zg-

If generation in the ith direction is degree-increasing, then the weight at infinity associated with
the critical point represented by yi(l’”) (c) is (s45¢5i) - Aoo. Otherwise it is Aoy for all ¢ # 0 (and
(sistsi) - Ao for e =0). O

Proof. Recall that (4.25) holds if and only if (4.24) holds. Note also that

degy"™ = degy; + (Ao + p,a) + o). (4.29)

By direct calculation, one verifies that
(sisi5i) - Ao = Ao — (a7 4 ) (Moo + p, o) + ) (4.30)
so we have the result. O

4.6. Cyclotomic generation: the L; = 2 case. We continue to suppose that ¢ € I is such that
L; =2.

Suppose for the rest of this subsection that y represents a cyclotomic critical point. Define
y () (c) to be the tuple of polynomials given by

yG (Wrase) =y wre), G Wrare) =y (wre), k=0,1,.., M2 -1, (4.31)

and y(»i’a)

i (wie) = yj(x) for j € I\ o%i.
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Theorem 4.20. For almost all ¢ € C, the tuple y(i"’) (x;¢) represents a cyclotomic critical point.
The exceptional values of ¢ form a finite subset of C.

The weight at infinity of y ) (z;c) is s7 - Ao if <Aoo +p,af + oz‘{> € Z>1. Otherwise it is Aoo
for all ¢ # 0, and s7 - A for c = 0.

Proof. First let us show that y(&?) (x; ¢) represents a critical point for all but finitely many ¢ € C.
As in the proof of Theorem 4.6, we first observe that y(»?) is indeed the result of generating in
each of the directions i, 01, . .., oMi/2=1; (in any order). By Proposition 4.18 it is enough to check
that y(i’“)(c) is generic for all but finitely many ¢ € C. This follows from (4.32) and Lemma 4.22,
below.

The statements about the weight at infinity follow from Lemma 4.19 and §2.3.

Finally we must check that y(:7) (x; ¢) represents a cyclotomic point. Given Lemma 4.5 and the
definition (4.31), it is enough to check that

= (4,7,1) ;o
yz(z’l’z)(—x; c) = (—1)degyi ygl’“)(x; c). (4.32)
This is effectively a statement about the case of type Ao and we are in the setting of §5 below, with
R =2n,n=1,p = 1. The statement (4.32) follows from Theorem 5.34 and Lemma 5.36. O

Lemma 4.21. We have
7,00 eo 0D (17
y " () = (DT ;)
foralljel. O
Proof. Note first that from (4.14) we have

M—-1

Ty(~z) = (- 1)\ T B ey
for all j € I. It follows that
o (=) = (cprt (o) O ),
Then, from the definition of yz(m) (x;¢) and (4.25) we have that
Y (s 0) = (—1)desn "y (: )
if and only if ¢ and ¢ are related by ¢ = (—1)2+<A°°’°‘fv+°‘iv>é. Since the Ag, s = 1,..., N, are
integral, we have

9

(_1)<Aoo,oe;/+oc%/> _ (_1)<A0,a;/+oc%/> _ (_1)2<Ao,a;/> -1
using oAy = A and the property (4.1). O
Lemma 4.22. For all but finitely many ¢ € C, yi(i’f’i)(x;c) and yii’z’i)(—:n;c) have no root in
common.
Proof. Recall yzi’m) (x;¢) = yz(m) (x;¢). Consider the leading behaviour in small ¢. As ¢ — 0, some
deg y; of the roots of yi(w) (x;¢) tend to the degy; roots of y;(x). By the assumption that y was
generic and cyclotomic, none of these are roots of y;(—x) ~ y;(x).

Recall (4.25) and the fact that (Ao + p, @ + @) is odd, by the assumption (4.3).

If (Aoo + p,af + ) <0, then these are all the roots of yi(m)(x; c).
(z.)

If (Ao + p,a) + a7 ) £ 0 then the remaining (A + p, o) + o) > 0 roots of 33" (x;¢) tend to
the roots of the equation cx<A°°+p oY +ay) +1 = 0. This limiting set of roots multiplied by —1 does
not intersect itself. This implies the lemma. O
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4.7. Definition of the cyclotomic population. Suppose y € ]P’((C[x])” | is a tuple of polyonomi-
als representing a cyclotomic critical point.

Recall the definition of y(iv")(c), from §4.5 when L; = 1 and from §4.6 when L; = 2. We say
y(49) (c) is obtained from y by cyclotomic generation in the direction i.

Let us define the cyclotomic population originated at y to be the Zariski closure of the set of all
tuples of polynomials obtained from y by repeated cyclotomic generation, in all directions ¢ € I.

5. THE CASE OF TYPE Ag: VECTOR SPACES OF QUASI-POLYNOMIALS

5.1. Type A data. Throughout this section we specialise to g = slgp+1. We shall treat in parallel
the cases where R = 2n — 1 and R = 2n, n € Z>o. We have the usual identification of h = h* with
a subspace of (R + 1)-dimensional Euclidean space, given by o; = o) = €41 — €, i = 1,..., R,
where (¢;)! is the standard orthonormal basis.

Let 0 : g — g be the unique non-trivial diagram automorphism, whose order is 2. The nodes [

of the Dynkin diagram, and the action of ¢ on these nodes, are as shown below.

o—----—50—0—0—----—"0 (51)
1 n—1 n n+1 2n—1
A
Oo—----—0 Oo—----—0 (52)
1 n—1 n n+1 n+2 2n

WhenR:2n—1,thenLizlforalliGI,andMi:{1 z‘:n
2 i#£n.
2 1=nn+1

) and M; =2 for all i € I.
1 otherwise

When R = 2n then L; = {

Let (2;)Y; be nonzero points z; € C* such that z; + z; # 0 whenever i # j. Let Ay,..., Ay be
dominant integral weights.
We suppose the weight at the origin, Ay € h*, obeys 0Ag = Ay (as always). That is,

<A0,0é;/> = <A0,OZ§+1_Z->, 1= 1, . ,R.

In addition, we pick and fix an integer p € {0,1,...,n}, and suppose that

(Mo,o)) € 2Zxo/M; ifi ¢ {p,R+1—p} (5.32)
and
1 _1)=f_113 if p <
<A0,0é;)/>€ 2(2Z20 1) { 272727"'} lfp_R/2 (53b)
2Z>0+1=1{1,3,...} ifp=nand R=2n—1.

Note the following particular cases:

e If R =2nis even and p = 0 and then (5.3) just says that Ay is dominant integral.
e If R=2n—11is odd and p = 0 then Ag is dominant integral and <A0, O‘X> is even.
e If R=2n—11is odd and p = n then Ay is dominant integral and <A0, ozx> is odd.

In the case p = n (and any R) our choice of Ay obeys the assumptions set out in §4.1.
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5.2. Vector spaces of quasi-polynomials. Let

N
Ty(x) = (A0l H(m — zs)<AS’aiv>(x + 28)<AR“*S’°‘2'V>, iel. (5.4)

s=1

Thus Tj(z) = x<A°aiv>TZ(a:) with T;(x) as in (4.5). )

In view of (5.3), Tj(z) € Clz] for all i ¢ {p,R+1—p}. f 0 <p < R+1—p < R then T,(x) and
Try1_p(z) belong to $_%(C[:E]. If p=R+1— p then T)(z) € Cla].

We define the degree, deg p, of a Laurent polynomial p(x) € (C[:E:t%] to be the leading power of x
(for large x) that appears in p(x) with non-zero coefficient.

We will call any polynomial in z3 a quasi-polynomial.

A vector space V C (C[x%] of quasi-polynomials is decomposable if

V=VNCl]®VNazCla.

A tuple of quasi-polynomials is decomposable if each element lies in either C[z] or x%(C[x] In
particular, a decomposable basis of a decomposable vector space V C (C[:E%] is one in which each
basis vector lies in either Cx] or l‘%(C[:E]

Define the divided Wronksian determinant of quasi-polynomials uq,...,ur € (C[x%] by
; k
Wr(uq, ..., ug) <d]_1ui>
Wrl(ug, ..o uy) = =t R Wr(uq,...,u;) = det . , 5.5
(u1 k) le—lT2k—2 Ty (u1 k) doi—1 it (5.5)
fork=1,...,R+1.
Define
N

Ai=Ag+ ) (A +0Ay), (5.6)

s=1

and suppose Aw € b* is a dominant weight such that A — Ao = > icr kicy for some k; € Z>o. Such
a weight defines numbers dy,...,dp+1 € Z/2,0<dy < --- < dp+1, by

di = (A—Ax,e1),  dp={(A—(s1...5-1) As,c1), k=2,...R+1. (5.7)
Lemma 5.1. We have
dp =di + (Ao +pyaf +--+a)_1), k=2...,R+1 (5.8)

Hence, for allp >0, di,...,d, and drya—p,...,dr+1 are integers while dyi1,...,drt1—p are half
odd integers, i.e. have the form m + % formeZ. If p=0 then dy,...,dry1 are all integers. [

Proof. We have dj, — dy = <1~Xoo +p—(s1. ..sk_l)(]&oo + p),61> = <1~Xoo + p,e1 — (Sp—1- ..sl)el> =
<Aoo + p, €1 — ek> and hence (5.8). O

Definition 5.2. We say a vector space of quasi-polynomials IC C (C[:E%] has frame T, ..., Tr; Aso
if the following conditions hold:
(i) There is a basis (uk(x))kRill of I such that deguy = di, for each k =1,..., R+ 1.
(ii) For any z € C\{0} and v1,...,v, € K,k =1,..., R+1, the divided Wronskian Wr'(v1, ..., vy)
is regular at z, and moreover, WrT(vl, ..., V) is nonzero at z for suitable vy,..., vg.
(iii) For all vy,...,v; € K, k= 1,..., R+ 1, the divided Wronskian Wr'(v1,...,v;) has at z = 0
an expansion of the form ZmEZ>0 /2 amx™ and moreover this expansion has nonzero ag for
suitable vy, ..., Ug.
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In the remainder of this section, K will denote a decomposable vector space of quasi-polynomials
with frame Ti, ..., Tr; Ao

Conditions (11) and (iii) specify the ramification conditions of K at every point z € C. Condition
(i) specifies the ramification conditions at co. See [MVO04, §5.5]. The degrees 0 < d; <dg < --- <
dr+1 will be called the exponents of K at infinity.

Note that conditions (ii) and (iii) together imply in particular that I has no base points. That
is, there is no z € C such that u(z) = 0 for all u € K. They also imply the following important
lemma.

Lemma 5.3. For all vy,...,v, € K, k=1,..., R+ 1, the divided Wronskian Wr'(vy,...,v;) is a
quasi-polynomial. O

Since K is decomposable it follows from condition (i) that I admits a decomposable basis (u;.C)RJrl

such that deguy = dj for each k. We call any such basis a special basis.

Lemma 5.4. Any two special bases (uk)kR;rll and (uk)1§+11 are related by a triangular change of
basis, uj, = ngk apju;, such that ap; = 0 whenever dy, — d; ¢ 7Z. O
Lemma 5.5. Let m € Z>1. Let ny,...,ny be non-negative integers. Then
m . m(m=1)
Wr(z™, ..., a"m) = g2oim T H (n; —nj).
1<j<i<m
O
Lemma 5.6. Let (u;(z))"h! be a special basis of K. Then
Wil (ug, .. upyr) = H (di — dj).
1<j<i<R+1

Proof. By Lemma 5.3, Wrf(uy,..., ups1) € (C[x%] We must show that it has degree zero and
compute the constant term. From the condition that A — Ay € Z>p[a)icr it follows that 0 =
(A= Ao, —(R+1)e1 + Ry + (R— 1) + -+ + 2a),_; + a},) and therefore

(R+1)dy = (A — Ao, Ray + (R — D)oy + -+ + 20} + af). (5.9)
Then (5.8) implies
R+1
(R+1)R
Zd + = (A,Ray + (R—1)ay + - +2a% 1 +a}). (5.10)
The result follows by Lemma 5.5. g

Corollary 5.7. Wr'(v1,...,vgs1) is a constant (independent of x) for all vi,... ,vpy € K. O

Let (uk)erll be a special basis of K. Introduce the subspaces

Ksp := spanc(u, ..., up) @ spanc(Urt2—p, - - -, UR+1)
Ko := spang(upt1, ..., URt+1—p), (5.11)
so that
K =Ksp ® Ko.

By Lemma 5.4, these definitions of do not depend on the choice of special basis (uk)RJrl

5.1 we have that, whenever p > 0, then
Ksp =KNClz], Ko=Knaz2Clal. (5.12)

Exceptionally, when p = 0, we have Kg, = {0}, Ko = K C Clz].
Given a decomposable subspace V', we write sdim V for the pair of numbers

sdimV := (dim V N Kgp| dim V N Ko).

By Lemma
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5.3. Flags in K. Let FL(K) denote the space of full (i.e. R+ 1-step) flags in K.

We say an r-step flag F = {0 = Fy C F; C F, C --- C F, =K} in K is decomposable if each F},
is decomposable.

The space of decomposable full flags in K has (R;;l) connected components. These connected

components are labeled by 2p-element subsets @ C {1,..., R+1}. Define FLy(K) to be the subset
consisting of the flags F = {0 = Fy C F} C ... Fry1 = K} such that for each k,

110) if keQ

sdim F}, — sdim Fj,_1 = {(0‘1) i kg0

We call elements of FLg(K) flags of type Q.
For each @ the variety FILg(K) is isomorphic to the direct product of full flag spaces FL(Kgp) x
FL(Ko). The isomorphism

nQ - FL(/CSP) X FL(/CC)) — FLQ(/C) (5.13)
sends a pair of flags Fy  C --- C Fyp 4, F1— C -+ C Fryi1—9p— to the flag [y C --- C Fg, where
F, = Fkl,—i- b Fk27_, ki = |Q N {1, ,k’}|, ko =k — kq.

Call a 2p-element subset Q C {1,...,R + 1} symmetric if Q is invariant with respect to the
involution k& — R + 2 — k. In particular, the following subset S is symmetric

S:={l,.,p,R+2—p,...,R+1}. (5.14)
If (uk)ngll is a special basis of I then the full lag F = {0 = Fy C F} C F5 C --- C Fry1 = K}

defined T)y
Fy, = spang(uq, ..., ug), k=1,....,R+1, (5.15)
belongs to FLg(K). By Lemma 5.4 this flag is independent of the choice of special basis.
To any full flag F = {0 C F} C F5, C -+- C Fry1 = K} in FL(K) one can associate a tuple

y' = (yi(2)E, € P(C[mé])R. Namely, let (uf(m))fill be any basis of I such that
Fj, = spang(uf , ..., ul), k=1...,R+1. (5.16)
(we say such a basis is adjusted to F) and then let
yl = Wrl(uf, ... ul), k=1,...,R. (5.17)

By Lemma 5.3, these are quasi-polynomials.

We have the shifted action of the Weyl group of type Ar on weights as in §2.1. The weight at
infinity Aoo(y”), as in (4.10), belongs to the shifted Weyl orbit of Ao, [MV04, §3.6]. It is equal to
A if and only if F is the flag given in (5.15).

The map F — y” defines a morphism of varieties,

B : FL(K) — P(C[z'/?)E.
This morphism  defines an isomorphism of FL(K) onto its image, as in Lemmas 5.14 — 5.16 of

[MV04].

Lemma 5.8. The image B(FLs(K)) of the variety of flags of type S lies in P(C[z])¥, i.e. consists
of tuples of polynomials.

Proof. In the exceptional case p = 0 no fractional powers are present at all and the result is clear.
Suppose p > 0. Let F € FLg(K) and let (uf )ft] be a basis of K adjusted to F. By inspection
one sees that because F € FLg(K), Wr(uf ,...,u3 ) lies in C[z] (resp. ZE%(C[JJ]) for precisely those
k such that the product TF~!...Ty_; lies in Clz*'] (resp. a;%(C[xil]). For each k, Lemma 5.3
guarantees that yj € (C[x%] Hence in fact y{ € Clx]. O
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Lemma 5.9. The tuple 3(F) = y” is decomposable if and only if F is a decomposable flag. If F
is a decomposable flag of type Q then

fe{ Clz] if [SAQN{L,...,k} €2Z
k

e S\ sicl] if 1SAQN{L,... k) €27 + 1,

where SAQ := (S\ Q)U(Q\ S) denotes the symmetric difference of S and Q. In particular y” is
a tuple of polynomials if and only if Q = S. O

5.4. Fundamental differential operator and the recovery theorem. To any given a tuple

y = (yi(z)E, € P(C[x%])R of quasi-polynomials, we may associate a differential operator D(y),
defined by

D(y) = (8 — log’ M) (8 — log’ yrTiTh .. TR_I) . (8 — log’ y2—ﬁ) (8 — log’ y1>

YR Yr-1 Y1
H
R R—i
S | P
_ <8~—10g'yR+1 - ]>, (5.18)
=0 YR—i
with the understanding that yo = yry1 = 1. Here 0 := 9/0x and log’ f := f'(x)/f(x).
As in [MV04], we have the following.
Theorem 5.10. Let y € S(FL(K)). Then K = ker D. O
5.5. The dual space Kf. Let X! be the complex vector space
KT := spanc{Wrf(v1,...,vR) 1 v1,...,0p € K} C (C[:E%] (5.19)

The space K is a space of quasi-polynomials by Lemma 5.3. The spaces KT and K are dual with
respect to the pairing

(,):KITxK—=C
defined by
(vl,WrT(vg, L UR41)) = Wit (v1,va, ..., URL1).
Given any basis (u;(x))F5! of K there is a basis (W;(z))R%! of KT defined by
Wi =Wrl(uy,...,%,...,ug1) €KY, i=1,...,R+1, (5.20)
where u; denotes omission. We have
(ui, W) =0 if i #j, (ui, W;) # 0. (5.21)

Let dJ{ > > d];[“_1 be the numbers given by

dJ}f%—i—l = —<A—AOO,GR+1>, dL = —<A—(SR...S]€)'1~XOO,6R+1>, k:1,...,R,
cf. (5.7). We have
dl =db,, + (Ao +p,0f +---+0a¥), k=1,...R, (5.22)
by an argument as for Lemma 5.1.

Lemma 5.11. Let (u,(a:))f:rll be a special basis of K. Then deg Wy, = dT, k=1,...,R+1, and
the basis (Wk)gill is decomposable.
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Proof. From A — A € Z>o[a)ier we have 0 = <A — Ao, (R + Depqr + af + 20y + -+ (R —
1)a},_; + RaY,), and hence

(R+ 1), = (A~ Aw,af +2a) + - + Ra}). (5.23)

Now
deg Wry1 = deg Wil (uy, ..., ug)

R

R(R—-1
=Zdi—%%A,(R—l)aw---w%_ﬁ
=1
R(R-1)

=Rdi + (A +p, (R—1)aY + -+ af_y) — 5 — (A (R—1)af 4+ +ap_y)

=Rdi + (Ao — A, (R—1)aY + -+ +af_y), (5.24)
where we used (5.8). Hence, using (5.9), we have
(R+1)deg Wgy1 = R(A — Ao, ReY + (R— 1) +---+ 2% | + k)
—(R+1{A A, (R—DaY + - +a}_y)
=(A- Aoy 420 +--- + Raf) (5.25)
since R(R+1—k)— (R+1)(R—k) = k. Comparing this with (5.23) we see that dEH = deg Wgry1.

Then for the remaining Wp, we note that degWgr11 — deg Wy = dp — dryq1 for k=1,..., R. And
by (5.8) and (5.22),

di, — dpy1 = —(Aeo +pya) + -+ af) = dfy | —d.

Thus d}; =degWj for k =1,..., R+ 1. Finally, since the basis (uk)fill is decomposable and each
Ty, lies in either C[z*!] or x%(C[xil], it follows that (Wj);] is decomposable. O

5.6. Cyclotomic points and cyclotomic self-duality. Let us fix (—1)™ := ™™ for m € Z/2.
Then given a monomial ¢(z) = 2™, m € Z/2, we define g(—z) := (—1)™z™. We extend the

transformation ¢(x) — ¢(—x) to Laurent polynomials in 23 by linearity.
We say that K is cyclotomically self-dual if
u(z) € K & u(—z) e KT
Lemma 5.12. If K is cyclotomically self-dual then
di +drio—kr = R+ (N, o) +- +ap) k=1,...,R+1.

Proof. If K is cyclotomically self-dual then we must have dj = d% 4o_pr k=1,..., R+1. Comparing
(5.8) and (5.22) we see that implies that

<1~Xoo+p,ay+...a,¥> =dp+1—dy :dEH_k—dEH = </~Xoo+p,ozlv%+1_k—|—...a¥z>, k=1,....R
and hence
(Moo, @) = (Aoos fpir_p)s k=1,...,R.
Therefore
dp +dpia—k = 2d1 + (Ao +p,0f + - +a}), k=1,...,R+1,
and so, because the right-hand side here does not depend on k,

R+1

2 > dj, k=1,...,R+1L (5.26)
7j=1

di + dryo—k = Rl
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Recall (5.10) and the definition (5.6) of A. Using now the fact that (A, o)) = (A, 0¥ ,_;),
i=1,...,R, we have

R+1
(R+1)R R+1
> d; - 5 =5 (Mol ++ap). (5.27)
j=1
Thus, given (5.26), we have the result. O

If K is cyclotomically self-dual then there is a non-degenerate bilinear form B on K defined by
B(u(x),v(z)) = (u(z), v(-z)) (5.28)
1.e.
B(u,v) = Wr'(u,v1,...,vg), where v(—z)=Wrl(vy,...,vp).
Let us call a tuple of quasi-polynomials y € P(C[x%])R cyclotomic if
Ue(—2) = ypi1w(@),  k=1,.. R

Proposition 5.13. Let F € FL(K). If the tuple 5(F) € ]P’((C[x%])R is cyclotomic then F is a
decomposable flag.

Proof. Let y* = B(F). To prove that F is decomposable it is enough to show that each entry ykf
of this tuple lies in C[z] or in 2!/2C[z]. For each k = 1,..., R we have y] (z) = x%ak(az) + bi(z)
for some polynomials ax(z) and by(z) in z. If y” is cyclotomic then yri1—k(z) ~ vl (-z) =
(—1)%:5%%(—:5) + bi(—x) for each k. That is, agt1-x(z) = (—1)%ckak(—x) and bri1_k(z) =
ckbi(—z) for some non-zero constants c;. But that means

1
ar(z) = (—=1)2cry1-kaR+1-%(—T) = —CRy1-KCLaL(T)
be(z) = crt1-kbR11-K(—7) = +cr1-kCrbi () (5.29)
from which we conclude that at least one of ay(x) and by (x) must vanish. O

Theorem 5.14. Suppose 5(FL(K)) contains a cyclotomic tuple. Then K is cyclotomically self-dual.
Proof. We shall need the following identity among Wronskian determinants.

Lemma 5.15 ([MVO04]). Given integers 0 < k < s and functions fi,..., fs+1, we have

WE(WE(f1, oy Fsmh e vy s Fot1)s
Wr(fla---yfs—ka---7};7fs+1)7---7
Wr(flu"wfs—kuf:—k-l-lw” 7f8+1)) = Wr(fla'~'7fs—k) (Wr(fl7’-’ 7f8+1))k7

where f denotes omission. O

To prove Theorem 5.14 we argue as for Theorem 6.8 in [MV04]. Let F € FL(K) be a full flag
in K and (u,(x))ffll a basis of K adjusted to this flag. Let y = y” be the corresponding tuple of

quasi-polynomials as in (5.17), and (W;(z))R%! the corresponding basis of KT as in (5.20). Then

Theorem 5.14 follows from the case £k = R + 1 of the following lemma.
Lemma 5.16. If y is cyclotomic then

spanc (ui(—x), ..., up(—2x)) = spanc(Wr41, Wr, ..., Wgio k), k=1,...,R+1.
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Proof. Let us prove the lemma by induction on k. For k = 1 we have

ui(—x) = y1(—x) ~ yr(z) = Wrl(ur,...,ug) = Wri

as required. Assume the statement holds for all values up to some k. For the inductive step it is
enough to show that

Wr(ui (=), ..., up(=2), Wrt1-k) = Wr(ui(—2),.. ., up(—=2), ug41(—2)). (5.30)
Indeed, (5.30) is an inhomogeneous differential equation in Wgyi_i(z) and if it holds then it
must be that Wgryi_(z) is proportional to ugy1(—2z) modulo spanc(ui(—x),...,ux(—=z)), which

is sufficient given the inductive assumption.
By the inductive assumption, we have

Wr(ui(—z), ..., uk(—2), Wr+1-)
~Wr(Wgy1, Wr, ..., Wry1-k41, WRy1-1)

= Wr (Wr(ul, e URAT—k—1s -y UR, UR+1),

Wr(ug, o s URI 11y« UWRy UWR+1)s - -

Wr(ug, ..., UR+1—k—1, UR+1—ks - - - ,uRH))/(TfE_ITfH_?’ .. T}z_l)k"'l
= Wr(ut,...,up—y) (Wr(ut, ..., up1))" J(TFEITES TR

the final equality by Lemma 5.15. Since WrT(ul, cey URt1) = Wr(ug, ... ,uRH)/TfETf_l .. T}z is
a nonzero constant by Lemma 5.6 we therefore have

Wi W W (TF ... Th*
r(ur (=), ..., up(—2), Wry1-) =~ Wr(ug, ... ,uR_k)(TlR_l e
Wr(uq,...,ug—k) = .
= FRH1-k—2 71 T}’%-~T}12+1—k- (5.31)
7} T

Now we may use again the fact that y is cyclotomic, so yx(—z) ~ yri1-k(z). In view of (5.17)
that implies

Wr(u, .. yug-y) Wr(u(=2),.. upn (=2))

P p T The). T (-a) (3%

Recall that Try1—k(z) ~ Tk (—x). Hence we have indeed that
Wr(ui(—x), ..., up(—x), Wre1—k) ~ Wr(ui(—x),...,upr1(—x)), (5.33)
as required. O
This completes the proof of Theorem 5.14. d

Given a subspace U C K, let
Ut :={veK:Bu,v)=0forallueU}

denote its orthogonal complement in I with respect to the bilinear form B. Recall that a full flag
F={0=FyCF, CF,C- - CFrCFry1 =K} e FL(K) is called isotropic with respect to B if
Fy=Fp,_,fork=1,...,R.

Theorem 5.17. Suppose K is cyclotomically self-dual. A full flag F € FL(K) is isotropic if and
only if the associated tuple y” is cyclotomic.

Proof. Let (u;(x))F%! be a basis of K adjusted to F, so that we have (5.17).
For the “only if” direction, suppose y” is cyclotomic. By Lemma 5.16,

Fi = spang(u, . .., ug) = spanc(Wrt1(=2), ..., Wria—k(—2)).



POPULATIONS OF SOLUTIONS TO CYCLOTOMIC BETHE EQUATIONS 29

We also have Fi,,_, = spanc(ui, ..., upt1—k) " = spanc(Wre1(—2), ..., Wria—i(—z)) by (5.21).
Therefore Fj, = FJ%H— i

For the “if” direction, suppose F = {F}} is isotropic. Since F} = F}%H_k, and given (5.21), we
have two bases for Fj, namely (uq,...,u;) and (Wgr41(—2),..., Wgio_r(—x)). So to prove that y
is cyclotomic it suffices to establish the following lemma, which is the converse of Lemma 5.16.

Lemma 5.18. If
spanc (ui(—z), ..., up(—x)) = spanc(Wr41, Wr, ..., Wgio_k), k=1,...,R+1,
then y is cyclotomic.

Proof. Examining the induction in the proof of Lemma 5.16, one sees that we also have, by a

similar induction, that if spanc(ui(—z),...,ux(—2)) = spanc(Wgt1, Wg, ..., Wgyo_i) for each k
then (5.32) must hold for each k, which says that y is cyclotomic. O
This completes the proof of Theorem 5.17. O

In view of Proposition 5.13 we have the following corollary.
Corollary 5.19. If F € FL(K) is isotropic then F is decomposable. O

5.7. Witt bases and the symmetries of the bilinear form B. We say that (rk)fill is a Watt
basis of the cyclotomically self-dual space K if

Wt (r1, oo Py TREL) ™ TRyo—k(—1), k=1,...,R+1. (5.34)
The following lemma gives a useful alternative characterization of Witt bases.
Lemma 5.20. The basis (rk)kRill is a Witt basis if and only if
B(ri,rj) =0 whenever i+ j# R+ 2. (5.35)
Proof. Suppose (uk)kR;rll is a basis of K and let (Wk)kR;rll be as in (5.20). Then (Wi(z))™! and
(ui(—x))! are two bases of Kt and so u;(—2) = Efjll C;jWj(x), for some invertible matrix Cj;.

We have B(u;,uj) = Zfill C’jkWrT(ui,ul,uQ,...,ﬂk,...,uRH) = (—1)i_1C’jiWrT(u1,...,uR+1).
Hence (5.34) is equivalent to (5.35). O

R+1
k

Theorem 5.21. Every cyclotomically self-dual space K has a special basis (1), which is also

Witt basis, and in which in fact
Wil (re, oo Ty rRyr) = (—1) 798 Rk o (—2), k=1,...,R+1. (5.36)

Proof. Let (uk(x)),?;rll be a special basis of . We may suppose that the ug(z) all have leading

coefficient 1. Let (W (z));] be the basis of K as in (5.20). By Lemma 5.11, deg W}, = dL. By
Lemma 5.5, we have

~ dl
Wi = Wrl(u1,... G, ..., upe1) = Dpae 4 ...,

where ... indicates terms of lower degree in z and where
Dp= [ (di—dy), k=1,...,R+1.
1<j<i<R+1
ik, j#k

Since K is cyclotomically self-dual we must have
_ gt _
d =dp. o 1 k=1,...,R+1.

and
Wy = WI“T(ul, cey Uy ooy URY1) = Dk(—l)_dR+2*kuR+2_k(—$) + ...
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Now from (5.8) we have

dp —d; = dry2—1 — dry2—k; 1<k<I<R+1,

using which one verifies that

Dy = Dpioi, k=1,...,R+1.

Given this equality, if we set

then we have

1 R+1 1
. 2 T 2R-2
qi ‘= uka H Dj
Jj=1

WrT(qla v 7(/]\]% s 7qR+1) = (_1)_dR+27kQR+2_k(—$) —+ ...

In this way, we arrive at

R+1

Wt (g1, o G- qra1) = (1) 2 %o j(—2) + Y qrio—j(—2)d,,  k=1,...,R+1,
j=2

(5.37)

for some constants c,i That is, we have

Wrt(q1, ..., qr-1,9R, Gr+1) = (=1) "¢ (—2)

WI'T((]I, - sqR—1, 6R7 qR+1) = (_1)_d2q2(_gj) + C}%ql(_gj)
WrT(qlv s 7(/]\R—17 qR, qR+1) = (_1)_d3

We define

so that

Wil (r1,72,03, - -+, qr—1,qR, Qr11) = (—1) i (—2)
Wrl(r,72, 03, -+ qr-1,qR, qr+1) = (—1)"2ro(—2)

WrT(le 72,43, - - - 7(/]\R—17 4R, qR+1) = (_1)_d3

for some new constants EZC, and we then define

(—1)"%rg o= (—1)"®qg + ép_yr2 + Ry,

and so on. By an obvious induction, we arrive at a Witt basis (ry,) 2!

03(~2) + ch_142(~2) + cp_1q1(~2)

qs3(—x) + 5%%_17"2(—:17) + 5}3_17"1(—:17)

i1 - By construction degry = d.

Finally, note in (5.37) that c,i can be non-zero only when dj, — d; € Z since both sides lie in either

Clx] or ZE%(C[JJ] Therefore this Witt basis (rk)kpjll is special.

Lemma 5.22. Let (ry)i2] be the Witt basis of Theorem 5.21. Then Wi (ry, .

.. 7TR+1) =1.
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Proof. We have

R+1 LR
WrT(ql’ T 7(]R+1) = WI'T(’LLI, s ,UR+1) H Dlz H D] e
k=1 j=1
R+1 1
= WI"T(’LLl, . ,uR_|_1) H Dk AL
k=1
But then noting that
R+1
H Dy, = H (d; — dj)R_l
k=1 1<j<i<R+1

and recalling Lemma 5.6, one finds
WI'T((]I, v 7qR+1) =1
and hence the result. O

Theorem 5.23. The subspaces Ksp, and Ko are mutually orthogonal with respect to B.
The bilinear form B is skew-symmetric on Ks, and symmetric on Ko.

Proof. Let (rk)kRill be the special Witt basis constructed in Theorem 5.21. From (5.36) and Lemma
5.22, we have

B(rg, Tpea—p) = (—1)dre2=pthtl 9 R41, (5.40)
and B(r;,r;) = 0if i +j # R+ 2. This implies in particular that g, and Ko are mutually
orthogonal. By Lemma 5.12 it also gives

B(rk, rRy2—k)B(TRy2—k, k) = (—1)<A’a1v+m+a1v*>7 k=1,...R+1

Recall the definition of A, (5.6). Now (As + oAs,af + -+ + a},) € 2Z for each s = 1,..., N,
since Ay is integral. Therefore it follows from (5.3) that

<A,a¥—|—---+a¥z>6{

Consider the case p > 0. Then we have
B(rg,rrto—k)B(rreo—g,m5) = -1,  k=1,...,R+1. (5.41)
Recall from (5.12) that degry and degrpr s are both half odd integers if k = p+1,...,R +
1 — p, and are integers otherwise. Hence, by (5.40), B(rg,7rio—k) and B(rgis_,rr) lie in

{(—1)%, (—1)_%} ifk=p+1,...,R+1—pandin {1, -1} otherwise. Combining this statement
with (5.41) we find

—B(T‘R+2_k,7‘k) k=1,....p,R+2—p,...,R+1
B(ri,rrez-k) =\ | g B
+B(rri2—k,mk) k=p+1,...,R+1-p

2Z+1 p>0
27 p=0.

which is the required result.
Finally, consider the case p = 0. Then

B(rker-i-Q—k)B(rR-i-Q—kark) = 17 k= 17"'7R+17
and since in this case degry is integral for all k, this implies
B(rg,rry2-k) = B(rry2—k,7x),  k=1,...,R+1
as required. 0

The following are corollaries of Theorem 5.23 together with Lemma 5.20.
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Corollary 5.24. Every Wiit basis (rk),?;rll of K is decomposable. O
A basis (rg)f1! of K such that
Bij = B(Ti,Tj) = 5R+2—i,jbi (542)
with
(—1)F k=1,...,p
by :=<¢ +1 k=p+1,....,.R+1—p

(-D)f+H=F E=R4+2-p,...,R+1
is called a reduced Witt basis. By Lemma 5.20, reduced Witt bases are Witt bases.

Corollary 5.25. Any Witt basis can be transformed to a reduced Witt basis by a suitable diagonal
transformation followed by a suitable permutation of the basis vectors. O

Corollary 5.26. For any Witt basis (rk)gill of K, the full flag F ={F, C F» C--- C Fry1 =K}
given by Fy, = spanc(ry,...,rx), k=1,..., R+ 1, is isotropic (and hence the corresponding tuple
y” is cyclotomic by Theorem 5.17).

Conversely, given any isotropic full flag F = {F) C F» C -+ C Fry1 = K} there is a Witt basis
(rk)gill such that Fj, = spanc(r1,...,71%), k=1,..., R+ 1. If in addition F is of type S then this
basis can be chosen to be a reduced Witt basis. O

Lemma 5.27. The full flag F given in (5.15) is isotropic and hence the corresponding tuple y” is
cyclotomic.

Proof. We can choose the special basis (uk)kRill defining F to be the Witt basis of Theorem 5.21.
Then the result follows from Corollary 5.26. O

5.8. Isotropic flags. Recall from §5.3 the notion of a symmetric subset of {1,..., R+ 1}.

Lemma 5.28. Let Q C {1,...,R + 1} be a 2p-element subset. The variety FLo(K) contains an
1sotropic flag if and only if Q) is symmetric. O

Lemma 5.29. If Q is symmetric then the variety FLé(IC) of isotropic flags is isomorphic to the

direct product of spaces of isotropic flags FLL(ICSP) x FLY(Ko) and the isomorphism of these
varieties is given by the map ng defined in (5.13). g

In view of these lemmas and Theorem 5.17, we have the following description of the subspace of
all cyclotomic tuples within the image B(FL(K)) C P((C[:L'%])R.

Theorem 5.30. The irreducible components of the space B(FL*(K)) of all cyclotomic tuples are
labeled by symmetric subsets Q C {1,...,R+ 1}. The components do not intersect and each is
isomorphic to FL(Kgp) x FL(Ko). O

5.9. Infinitesimal deformation of isotropic flags of type S. The connected Lie group of
endomorphisms of K preserving B acts transitively on the variety of isotropic full flags of type
Q, FLé(IC), for each symmetric subset @ C {1,..., R + 1}. In particular it acts transitively on
FLE(K), and hence on the cyclotomic tuples of polynomials in the image 8(FL&(K)) C P(Clz])®.
We shall describe the infinitesimal action of this group on S(FL%(K)).

The connected Lie group of endomorphisms of K preserving B preserves each of the subspaces
Ksp and Ko. Thus this group is the product Sp(Kgp) x SO(Ko) of the group of special symplectic
transformations in End(Kg,) and the group of special orthogonal transformations in End(Ko). Its
Lie algebra sp(Kgp) @ s0(Ko) consists of all traceless endomorphisms X of K such that

B(Xu,v) + B(u,Xv) =0
for all u,v € K.
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Pick any isotropic full flag F = {F} C F» C -+ C Fry1 = K} of type S. Then B(F) = y” is

a cyclotomic tuple of polynomials by Lemma 5.8. Let (rk),?;rll be a reduced Witt basis such that

Fy, = spang(ry,...,7%), k=1,..., R+ 1. Such a basis exists by Corollary 5.26.

This choice of basis gives identifications Kgp = C?% and Ko = CT1~2 and hence sp(Ksp) = sps,
and 50(Ko) = s0p11-2p. The Lie algebra spy, has root system of type C),. The Lie algebra sog1-2,
has root system of type D,,_, if R = 2n — 1 is odd and of type B,,—, if R = 2n is even.

Let (E”)ZR;;ll be the basis of End(K) defined by

E@j’f’k == 57;ij.
The lower-triangular subalgebra of sp(Ks),) = spy, is generated by

Xk = Ext1k + Erto—k R+1-k> k=1,...,p—1,
and
Xp = ERrto—pp-
When R = 2n — 1, the lower-triangular subalgebra of s0(KCo) = s02,,—2, is generated by
Y = Ek—i—p,k—i—p—l - E2n—p—k+1,2n—p—k7 k=1,...,n—p—1,
and
Yn—p—l = Ek-l—p—i—l,k-l—p—l - E2n—p—k+l,2n—p—k—1-
When R = 2n, the lower-triangular subalgebra of s0(Ko) = s09,,—2p+1 is generated by
Zy = Ek—i—p,k—i—p—l - E2n—p—k+2,2n—p—k+17 k=1,...,n—p.
These generators define linear transformations belonging to End(Ksp) @ End(Ko).
Remark 5.31. The Lie algebra so(Ko) @sp(Ksgp) is contained in the simple Lie superalgebra osp(K)

of all orthosymplectic transformations of the space K. See [Kac77] for the definition. It would be
interesting to understand the role of this superalgebra here.

For any k = 1,...,p and all ¢ € C, the basis e***r is again a Witt basis of K. Let e“** F denote
the corresponding isotropic flag and B(e“X* F) the corresponding tuple representing a cyclotomic
point. Let us describe the dependence on c of this tuple.

For k=1,...,p— 1, we have

ey = (P1y e s P15 Tk CTh s Tht 1y - - s TR—ks TR4+1—k + CTR42—k» TR4+2—k» - - » TR+1)
and hence
B F) = (- Y1 k(@) Ulgts -+ s Yhesr— oo YRk (%) Yhegaps -+ Y1)
where
yr(z,e) == Wrl(ry, ..., rp_1, 7% 4+ crpg1)
=yl + Wil (re, ey, rrgn) (5.43a)
and
Yrt1—k(@,¢) == Wil (71, ..., PR_g, TRk + CTRA2k)
= yl][%:—i-l—k + CWI‘T(Tla ey TR—ks TR42—k)- (5.43b)

Finally (for k = p) we have

eCXrp = (1. Tp—1,Tp + CTR42—p, Tpt1s- -, TR+1)
and hence
X F F F F
ﬁ(ec p]:) = (yl yree 7yp—17yp($7c)7yp+17"'7"' 7yR+1)
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yp(x7 C) = WYT(Tlv ey Tp—1,Tp + CTR+2—I))
= y;: + cWrT(rl, ey Tpe1, TR+2_p), (5_44)
The flows in P(C[z])® corresponding to the generators of s0(ko) can be described similarly.

5.10. Populations of cyclotomic critical points in type A. Recall the definition of the ex-
tended master function ®, (2.11). In the setting of the present section (see §5.1) it has the explicit
form

N N
EI\)(t;C;Z;A;A()) = Z(A()aAz)(log( Zz —Hog Zz +Z AlaAR"rl i 10g 2z;
i=1 i=1
+ ) (AnAjlog(zi—z) + Y. (Aryi-i, Aj)log(—2 — )
1<i<j<n 1<i<j<n
+ Z (Ai, Apt1—j)log(zi + 2;) + Z (Art1-i, Art1-j5)log(—2i + )
1<i<j<n 1<i<j<n
n N m N
=3 (acg), o) log(t) = D> (), Ai)log(t; — 21) = Y (ac(s), Arga—i) log(t; + z)
7j=1 =1 j=1 i=1 j=1
+ (ac(iys aey)) log(ti — t5)  (5.45)
1<i<j<m
and the critical point equations (2.12) become
N N 0
. ’A i . ,A N, i
=y e B g (e M) | (e ho) g (aeicen) gy )
1 t — ZZ =1 tj + z; tj Z‘;l tj —1;
i#J

Given a tuple of polynomials y € P(C[x])®, we have the pair (¢,c) € C™ x I"™ represented by
y in the sense of §4.2. We say the tuple y represents a critical point of d if t is a critical point of
&D(t;c;z;A; Ag), i.e. if (¢,c) satisfy the equations (5.46).

The following theorem says that we can go from cyclotomic critical points of the extended master
function EI;, (5.45), to decomposable cyclotomically self-dual vector spaces of quasi-polynomials.

Theorem 5.32. Suppose y € P(C[z])® represents a cyclotomic critical point of ®, (5.45).

The kernel ker D(y) of the fundamental differential operator D( ), §5. 4, is a decomposable cy-
clotomically self-dual vector space of quasi-polynomials with frame Ty, . .., Tr; Moo, where Ao is the
unique dominant weight in the orbit of Aso(y), (4.10), under the shz'fted action of the Weyl group
of type Ag.

There exists an isotropic flag F € FL (ker D(y)) such that y = B(F).

Proof. Arguing as in [MV04] — see especially Lemma 5.10 — we have that ker D(y) is a vector space

of quasi-polynomials with frame T, ..., Tr; A, and that the flag F € FL(ker(D(y))) such that

B(F) = y can be constructed as follows. Define quasi-polynomials yZ(Z’H'l""’k), 1 <i< k<R,
recursively by

. _
Wl”(y;(€ Vuk) = vk Thtin,
Wiy "R ) = yi—szy,(fll’ "), i<k

(2

(recall we set yo = yr+1 = 1 for convenience). Set u; = y; and uy = yg ok for = 2,...,R+1.
Then (uk)kRill is a basis of ker D(y). Moreover Wri(u1,...,u) = yu, k = 1,...,R. That is,
B(F) = y for the flag F = {F}} given by Fy = spanc(u1,...,ux), k =1,...,R+ 1. Since y is
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cyclotomic, Theorem 5.14 states that ker D(y) is cyclotomically self-dual. By Lemma 5.9, F is a
decomposable flag of type S, and by Theorem 5.17 it is isotropic. O

Conversely, we have the following, arguing as in Lemmas 3.1, 3.2 and 5.15 in [MV04] and using
Theorem 5.17.

Theorem 5.33. Let K be a decomposable cyclotomically self-dual vector space of quasi-polynomials
with frame Ty, ..., Tr; Aoo.

Suppose there exists an isotropic flag F € FL§(IC) such that the tuple y” is generic. Then y”
represents a cyclotomic critical point of @, (5.45). O

Since being generic is an open condition, the set of generic tuples in the image S(FL&(K)) is
either empty or it is open and dense in B(FLZ (K)).

Starting from an initial tuple y that represents a cyclotomic critical point of (TJ, (5.45), we may
let K = ker D(y) as in Theorem 5.32. Then we have the variety

B(FLg (K)) & FL*(Ksp) x FL*(Ko), (5.47)

where the isomorphism here is by Theorem 5.30. Almost all of the tuples in 3(FLg (K)) are generic

and hence represent cyclotomic critical points of ®. Call this variety B(FLE(K)) € P(C[z])® the
cyclotomic population originated at y.

5.11. The case p = n. Consider the case p = n in (5.3). Namely, suppose that we are either in

e type Ay, 1 with Ag integral and <A0,0zn> odd, or

e type Az, with (Ag,a)) € Z for all i < n and (Ag,a)) € 3(2Z>0 — 1) = {—3,3,3,...}.
Then Ay obeys the assumptions from §4.1 and so we are in the setting of §4. That means we have
two notions of a cyclotomic population: the one in the previous subsection, and the one in §4.7.

Let us show that these two notions coincide.

Theorem 5.34. Let p = n in (5.3). Let y represent a cyclotomic critical point of the extended
master function ® of (5.45). Then the variety B(FLE(K)) is isomorphic to the variety of isotropic

full flags in a complex symplectic vector space of dimension 2n. The cyclotomic population in
P(C[z])f originated at y in the sense of §4.7 coincides with this variety B(FL%(K)).

Proof. When p = n we have either Ko = {0}, if R=2n —1, or Ko = C, if R = 2n. In either case
FL*(Ko) is a point, and (5.47) reduces to

B(FLg(K)) = FL*(Ksp),

i.e. B(FLL(K)) is isomorphic to the variety of isotropic full flags in the vector space Kg, & C*"
endowed with the symplectic form B, .

Starting from any such isotropic full flag, F € FL%(IC), we choose a reduced Witt basis adapted
to F (Corollary 5.26). Then every other flag in FL&(K) can be reached by an element of the
lower-triangular (as in §5.9) unipotent subgroup of Sp,,,. This subgroup is generated by the one-
parameter groups corresponding to negative simple root generators X, of §5.9. Lemmas 5.35
and 5.36 below show that the flows in B(FLg(K)) generated by the X} coincide with notion of
cyclotomic generation from §4. That shows that the set of all tuples of polynomials obtained from

y by repeated cyclotomic generation, in all directions 7 € I, contains a non-empty open subset of
B(FLE(K)). Therefore it is dense in 3(FL& (K)). Hence its Zariski closure is B(FLE (K)) itself. O

Lemma 5.35. The image ((e“*+F) € P(Clz])® coincides with the tuple y*)(1/c) of Theorem
4.6, for every k =1,...,n —1 (and also for k =n when we are in type Agr = Azp_1).
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Proof. Tt is enough to note that, in view of (5.43) and Lemma 5.15, we have
Wi (yi, yu(z, ) = Thyi_1yin

WE(Y Pt — s YR+ 1—1 (T, €)) = TR 1KYk YTos 2k
O

It remains to consider the case k = n in type Ao,.

Lemma 5.36. In type As,, the image B(e~*»F) € P(C[z])*" coincides with the tuple y™) (1/c)
of Theorem 4.20.

Proof. We have (5.44) with p = n. Namely,

ECXn'r = (rla ey Tn—1,Tn + CTp2, Tt 1, Tnt2, - - - 7T2n+1)
and hence
Xn _
/B(ec f) - (y{:? e 7yrf—17yn(x7c)7yn+l(x7 C)uyrf+27 e 7y£1+1)
where
yn($7 C) = WrT(le sy Tp—1,Tn + C'r'n+2)
= yn]: + CWI'T(Tl, sy -1, Tn—l—Q) (548)
and
(z,¢) == Wrl(r1,. .., " 1,70 + CPaio, Tit)
Yn+1(T, 1, s ITn—1yTn n+2, 'n+41
= y,ﬁrl + CWFT(T‘l, ey Tp—1,Tn+2, T‘n+1). (549)
Now let
1§Ln) = WrT(T17 s 7Tn—17rn+1)-

Then by Lemma 5.15 we have
Wr(yr]L:a (n)) = Tnyf—lyfﬂ

n

Wiyl 1, yn1(z,0)) = —cLn1yMyi s

Wr(y, yn(, €)) = TpYn—1yn+1(z, c).
This establishes the lemma. ]
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