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Abstract
Hybrid processing in millimeter wave (mmWave) communication has been proposed as
a solution to reduce the cost and energy consumption by reducing the number of radiofrequency (RF) chains. However, the impact of the inevitable residual transceiver hardware
impairments (RTHIs), including the residual additive transceiver hardware impairments
(RATHIs) and the amplified thermal noise (ATN), has not been sufficiently studied in
mmWave hybrid processing. In this work, the hybrid precoder and combiner are designed,
which include both digital and analog processing by taking into account the RATHIs and
the ATN. In particular, a thorough study is provided to shed light on the degradation of the
spectral efficiency (SE) of the practical system. The outcomes show the steady degradation
of the performance by the ATN across all SNR values, which becomes increasingly critical
for higher values of its variance. Furthermore, it is shown that RATHIs result in degradation of the system only in the high SNR regime. Hence, their impact in mmWave system
operating at low SNRs might be negligible. Moreover, an increase concerning the number
of streams differentiates the impact between the transmit and receive RATHIs with the
latter having a more severe effect.

INTRODUCTION

The major identified cornerstones of fifth-generation (5G)
communications are millimeter wave (mmWave) transmission,
massive multiple-input multiple-output (MIMO) systems, and
small cell networks [1]. Specifically, mmWave frequencies have
attracted a lot of interest because they can grant large amounts
of the unexploited spectrum which could be used for boosting
the data rates. In particular, almost 252 GHz of spectrum, found
in the interval 30–300 GHz, could be used for mobile broadband [2]. Nevertheless, the high absorption of the wavelengths
in mmWave frequencies from all sorts of materials, the short
propagating distances, and the low number of established paths
between the transmitter and receiver have led to the extensive
study of the physical layer in mmWaves [3]. Notably, massive
MIMO systems have been proposed as a means to compensate
the increased path-losses [1].

Precoding/combining is required for the realization of efficient wireless communication systems as this aids the multiplexing of data streams. Typical sub-6 GHz cellular systems apply
entirely digital precoding/combining that operates at the baseband level and requires a single radio frequency (RF) chain per
antenna. However, the large number of antennas, suggested by
5G communications, and the hardware constraints significantly
increase the cost and power consumption of several components, for example, analog-to-digital converters (ADCs). Therefore, the development of entirely digital precoding/combining
mmWave deployments becomes a challenge in practice [4].
One way to address a large number of RF chains is to perform precoding/combining only in the RF domain using analog
beamforming. With this approach, phase shifters are used to
steer transmit and receive beams along with the propagation
directions. Thus, only one RF chain is required to achieve
communication. However, analog beamforming is limited by
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its inability to perform any form of interference cancellation [5]. Therefore, a hybrid precoding/combining mmWave
design has been proposed, which utilizes more RF chains
than analog beamforming but much less than the fully digital
precoding/combining, providing a good interplay among cost,
complexity, and data rate performance [6]. The study of hybrid
precoding/combining indicates that two prominent architectures for the implementation of massive MIMO techniques in
mmWave networks are the sub-array architecture and the fully
connected architecture. In the former, an entire antenna array is
divided into sub-arrays, each of which is connected by a phase
shifter to one RF chain, whereas, in the latter, each RF chain
is coupled with its own phase shifter [5, 7]. In addition, hybrid
precoding/combining has been shown to provide near-optimal
performance when compared to the digital unconstrained case
[6–14]. For example, the authors in [8] considered a hybrid
multi-user uplink equalizer but did not model the hardware
impairments explicitly as we do in this work while the work in
[12] derived a semi-analytic bit error rate expression of a hybrid
analog/digital orthogonal frequency-division multiplexing
(OFDM) system accounting for the non-linear effects of the
power amplifier.
The standard strong assumption among these hybrid precoding works concerning mmWave MIMO communications concerns the use of perfect hardware components. However, in
practical applications, the RF front-end (where amplification
and down-conversion of signals occur) operates at dynamic
ranges of frequencies which are much higher than the operating
frequencies of the baseband [15]. On this basis, the signal processing at baseband level cannot remove the residual transceiver
hardware impairments (RTHIs) arising from nonlinearities
of the amplifier, quantization errors, In-phase/Quadrature
(I/Q) imbalance, and mutual coupling between antenna ports
[16–18]. Unfortunately, RTHIs present an unavoidable challenge towards the design of commercially attractive mmWave
MIMO transceivers. Moreover, massive MIMO systems possibly used for mmWave communication should employ lowquality circuits, which are more susceptible to RTHIs, in order
to be a cost-efficient technology [19, 20]. Therefore, the focal
point of this paper is to scrutinize the impact of RTHIs on
hybrid processing mmWave systems.
In the literature, RTHIs and their impact have been studied
extensively in the case of standard well-known massive MIMO
systems functioning at lower frequencies, for example, [21–30].
Specifically, residual additive transceiver hardware impairments
(RATHIs) and amplified thermal noise (ATN) appear as the
two major imperfections [22, 25]. The additive impairments are
modelled as power-dependent Gaussian additive noise [23, 27],
and results from [27] show that the transmitter distortions have
a greater impact than the receive RATHIs. However, in the case
of mmWave MIMO systems, only a few works have considered
RTHIs in mmWave MIMO systems [31–35]. In [31], the performance of an mmWave system employing analog beamforming under RTHIs is evaluated by using a logarithmic model,
which assumes that the combiner losses are only dependent

on the number of RF chains. However, analog beamforming
is not robust for multi-stream and multi-user scenarios. In [32],
although the major RTHIs are studied, the study is based on
orthogonal frequency-division multiplexing (OFDM) modulation, while in [33] and [34], digital precoding was assumed to
obtain the coverage probability in the realistic case of randomly
located base stations. Notably, a first attempt to address the
impact of HIs was made in [35], where the authors also considered multiplicative phase noise (PN). However, therein, the SE
expression is incorrect. Specifically, we applied the expectation
operator to the PN random variable in the SE expression while
that was incorrect. We found this mistake recently. Though several attempts were made to find a solution and correct the formula (including the PN), we realized that the existence of an
analytical expression for the SE with PN is rather unlikely to
exist. Therefore, the presence of PN has been excluded and
the formula has now been corrected. Hence, different to previous works, our goal is to provide a more insightful and realistic
study for hybrid (not only digital) processing MIMO systems in
mmWave frequencies.

1.1

Motivation and Contribution

The motivation of this work is based on the fact that the
majority of existing studies in mmWave communications for
5G networks rely on the common assumption of operating with
perfect hardware. While these works have provided valuable
insight into the performance of mmWave MIMO systems
under various considerations, it is a dire necessity to take into
account for RTHIs and assess correctly their effect on mmWave
systems before their practical implementation. Thus, taking into
consideration the results from [10], which has not accounted
for any RTHIs, we develop a general model for the introduction
of the RTHIs in mmWave systems, and provide an analysis
that will shed light on the realistic potential of hybrid MIMO
systems in mmWaves. Notably, the proposed analysis is based
on the methodology in [10], but appears to have significant
differences, in order to tackle with the presence of RTHIs. In
other words, existing results cannot be applied and insightful
modifications are required. Moreover, contrary to [35], which
includes flaws, we perform a thorough and strict analysis to
cover the corresponding literature gap.
Our contributions are summarized as follows:
∙ We consider a hybrid transceiver with RATHIs and ATN
and study their impact on the spectral efficiency (SE) in a
point-to-point MIMO communication setup in the mmWave
bands. In particular, we derive a novel expression for the mutual information, which takes into account the considered RTHIs. To the best
of our knowledge, the number of works such as [12] concerning the study of RTHIs in mmWave systems with hybrid
precoding is limited.
∙ We design the hybrid precoders and combiners over practical mmWave MIMO channels with RTHIs by exploiting
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the concept of sparse modeling [10], and employ Orthogonal Matching Pursuit (OMP) [36] to solve the corresponding optimization tasks1 . Moreover, we compare the analytical
proposed results to those from spatially sparse hybrid precoding under the impractical assumption of perfect hardware
to provide realistic performance and design guidelines of the
SE in mmWave MIMO systems.
∙ We provide extensive simulation results, which highlight the
interplay of the key factors of the system with the individual
impairments. Especially, we elaborate on the effect of each
individual imperfection on the SE. Interestingly, RATHIs
result in the degradation of the system performance mostly
in the high SNR regime while ATN results in degradation
across all SNRs. However, ATN prevails at low SNR values, while RATHIs emerge as more severe at higher SNRs.
These conclusions provide important guidelines for design
implementation, and show the importance of studying the
RTHIs.
The remainder of this paper is organized as follows. Section 2
presents the parameters of the mmWave MIMO system model
with hybrid precoding. In Section 3, we provide a description of
the various RTHIs under consideration and obtain the SE under
their inevitable presence. Next, in Section 4, we provide the
hybrid precoder design over practical mmWave MIMO channels with RTHIs. Section 5 presents the numerical results, and
Section 6 concludes the paper.
Notation: , b , b, and B denote a set, a scalar, a vector,
and a matrix, respectively. The notations B−1 , B𝖧 , BT denote
the inverse, the Hermitian, and the transpose of matrix B,
respectively. Moreover, (B)i, j denotes the entry of matrix B
in the i th row and j th column. The zero vector of length L is
denoted as 0L , the zero matrix of dimension K × L as OK,L
and a square zero matrix with K rows/columns is denoted as
OK . Also, tr(B) is the trace of B and ||B||F expresses the
Frobenius norm of B. The notation b ∼  (0N , 𝚺) denotes a
circularly symmetric complex Gaussian vector of length N with
zero-mean and covariance matrix 𝚺, while  (0N , 𝚺) signifies
the corresponding real Gaussian variables. Moreover, 𝔼[⋅]
denotes the expectation operator, IN is the N × N identity
matrix, and diag(b) creates a diagonal matrix with diagonal
entries from the vector b. Finally, [B|A] represents horizontal
concatenation of matrices with B and A having the same row
dimension.

2

SYSTEM MODEL

We begin the analysis with an ideal mmWave MIMO system
with hybrid precoding. Then, based on this architecture, we
1
The consideration of RTHIs increases the difficulty and complexity of the hybrid precoding design problem, and we need to reformulate the optimization problem and redesign
the optimization algorithm with respect to the ideal case. The presence of RTHIs leads to
deviation from the achieved SE reported in [10]. In particular, the channel precoder differs
(from the one in [10]) by a multiplicative scalar term, which depends on the RTHIs. As
a result, if realistic RTHIs are considered, the SE saturates instead of increasing with the
SNR, as it was shown in [10].

3

introduce the RATHIs and the ATN, which are inevitable in
practical implementations. Hence, we result in a realistic design
that is illustrated in Figure 1.

2.1

Conventional model

A typical mmWave MIMO system is constituted by an M antenna transmitter communicating with a receiver including
N antennas through Ms data streams. Especially, multi-stream
communication is allowed in the case that the transmitter
consists of M F transmit chains obeying to the constraint
Ms ≤ M F ≤ M . Also, in a hybrid design, the transmitter is
F
composed of a digital baseband precoder, FB ∈ ℂM ×Ms
(with M F transmit chains), and an M × M F analog precoder, FF . The analog precoder, FF , is implemented by phase
shifters. Note√that its elements have equal norm satisfying
|(FF )i, j | = 1∕ M . Thus, the discrete-time transmit signal is
expressed by x = FF FB s with s being the Ms × 1 symbol
𝜌
vector that satisfies 𝔼[ss𝖧 ] = IMs . Concerning the total
Ms

power constraint of the precoder FB , it is normalized based
on ||FF FB ||2F = Ms . Taking into account a narrowband2
block-fading channel model [37], the N × 1 received signal is
written as
yr = HFF FB s + z,

(1)

where H expresses the N × M channel matrix3 satisfying
𝔼[||H||2F ] = MN , while z expresses the Gaussian noise vector,
that is, z ∼  (0, 𝜎2 IN ). Similarly, the receiver includes N F
chains and analog shifters obeying to Ms ≤ N F ≤ N to process
the received signal, which becomes
ys = W𝖧B W𝖧F HFF FB s + W𝖧B W𝖧F z,

(2)

where WB denotes the N F × Ms baseband digital combining matrix, and WF denotes the N × N F analog combining
matrix that is √
implemented using phase shifters and obeys
|(WF )i, j | = 1∕ N .
In the case that the transmission uses Gaussian symbols, the
SE of the aforementioned perfect mmWave MIMO channel is
expressed as
(
)
𝜌 −1 𝖧
̄
(F)
= log2 |IMs +
R W HFF𝖧 H𝖧 W| ,
Ms

(3)

where R = 𝜎2 W𝖧 W denotes the noise covariance matrix with
W = WF WB and F = FF FB [38].

2
Notably, the study of the impact of RTHIs in wideband channels in terms of analytical
closed-form results is the topic of the ongoing research.
3
Implicitly, this model relies on the hypothesis that both the transmitter and receiver are
aware of the perfect channel H because the focus is on the impact of RTHIs and not on
the effect of the knowledge of the channel.
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FIGURE 1

2.2

A schematic diagram of a realistic hybrid mmWave network with RTHIs

Channel characterization

In mmWave communication, the channels experience unique
characteristics compared to traditional MIMO systems in sub-6
GHz frequency bands. Specifically, the statistical fading distributions become inaccurate because of: (i) the spatial selectivity,
(ii) the high path-loss, and (iii) the increased antenna correlation,
since mmWave transceivers are cost efficient when their antenna
arrays are very densely collocated. With these characteristics, the
extended Saleh–Valenzuela model to mmWave MIMO channels [39, 40] enables us to describe mathematically the mmWave
MIMO channel by a narrowband clustered channel in poor scattering environment characteristics as4
√
H=

L
MN ∑
𝛼 a (𝜙 )a𝖧 (𝜃 ),
L l =1 l r l t l

(4)

where L expresses the average path loss between the transmitter and the receiver, and 𝛼l denotes the complex gain of the
th path assumed to follow the Rayleigh distribution. In other
words, 𝛼l ∼  (0, ā ) with l = 1, … , L and ā being the average power gain. Given that our motivation is to focus on the
impact of RTHIs, we consider only 2D (horizontal) beamforming at both the transmitter and the receiver. Hence, the variables
𝜃l ∈ [0, 2𝜋] and 𝜙l ∈ [0, 2𝜋] correspond to the l path of the
azimuth angles of departure and arrival (AoDs/AoAs) of the
transmitter and receiver, respectively. Similarly, the corresponding antenna array response and steering vectors are described by
ar (𝜙l ) and at (𝜃l ), respectively. Although the results obtained in
this paper can be considered for arbitrary antenna deployments,
in this work we assume uniform linear arrays (ULAs). Hence,
the array steering vector of the transmitter is written as
[
at (𝜃l ) =

1
√
M

1, e

j

2𝜋
𝜆

d sin(𝜃l )

,… ,e

j

2(M −1)𝜋
𝜆

]T
d sin(𝜃l )

,

(5)

4
From the physical aspect, it expresses a geometric model with L scatterers, where each
scatterer is assumed to contribute a single propagation path.

where 𝜆 and d denote the wavelength and distance between the
antenna elements, respectively. Similarly, the response vector at
the receiver is expressed as
[
ar (𝜙l ) =

3

1
√
N

1, e

j

2𝜋
𝜆

d sin(𝜙l )

,… ,e

j

2(N −1)𝜋
𝜆

]T
d sin(𝜙l )

.

(6)

RTHIs IN HYBRID PROCESSING

In practice, the hybrid transceiver of a MIMO system depends
on various residual impairments as depicted by Figure 1. Next,
we present these impairments in terms of their models which
can be described both physically and mathematically. Specifically, we focus on: (a) the residual additive power-dependent
imperfections at the transmitter and receiver, and (b) the ATN
at the receiver side.

3.1

RATHIs

One inevitable category of RTHIs includes the RATHIs that
result from the antenna coupling, I/Q mismatch, and the quantization noise in the Digital-to-Analog Converters (DACs) at the
transmitter and the Analog-to-Digital Converters (ADCs) at the
receiver, Also, RATHIs approximate generic non-linearities, and
the leakage between subcarriers due to calibration error [15],
[41, Ch. 14]. Especially, the distortions at the transmitter take
place from a discrepancy between the signal to be transmitted and the generated signal. Similarly, the reception processing at the receiver includes the distortion of the received signal.
Notably, these impairments are expressed in terms of additive
random variables in the signal model.
Concerning the mathematical representation of RATHIs, we
denote Q being the transmit covariance matrix having diagonal
elements q1 , … , qM . Measurement results suggest that the additive transmitter and receiver distortion noises can be described
by random variables that follow circularly symmetric complex
Gaussian distributions with average power analogous to the
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signal power [16, 18]. From the physical point of view, the Gaussianity can be motivated analytically by the central limit theorem, where the distortion noise describes the aggregation of
the contributions from a large number of impairments [15, 19].
Mathematically, the additive imperfections at the transmit and
the receive sides are described by
𝜼t ∼  (0M , 𝚲),

(7)

𝜼r ∼  (0N , 𝚼),
𝜅t2

where 𝚲 = diag{q1 , … , qM } and 𝚼 =
𝜅r = 0, we result in the ideal model.

3.2

𝜅r2 HQH𝖧 . When 𝜅t

=

(
SE = log2 |IMs +

𝜌
Ms

)
R̃−1 W𝖧 HFF𝖧 H𝖧 W| ,

Hybrid processing with RTHIs

ỹs = W𝖧B W𝖧F H(FF FB s + 𝜼t ) + W𝖧B W𝖧F (𝜼r + 𝝃 )
= W𝖧 HFs + W𝖧 e,

(9)

where F = FF FB , W = WF WB and e = H𝜼t + 𝜼r + 𝝃 . Equation (9) differs from (2) in terms of the RATHIs incorporated at
the transmitter and receiver, that is, by means of 𝜼t and 𝜼r , while
we have also included the ATN at the receiver side through 𝝃 5 .
Specifically, in our setting, we have
(
𝜼t ∼ 

0M , 𝜅t2

𝜌
I
Ms M

)
,

(10)

)
(
𝜼r ∼  0N , 𝜅r2 𝜌HH𝖧 ,

(11)

where 𝜅t2 and 𝜅r2 are proportionality constants expressing the
severity of the RATHIs at both sides of the system, respectively.
Although the considered RTHIs describe indirectly the nonlinearities of the power amplifiers, their critical role in mmWave transmission could result in a future work providing an
in-depth study by applying the model in [12].

(12)

where R̃ = W𝖧 Re W and
Re = 𝔼{ee𝖧 }
(
)
𝜌
= 𝜅t2 + 𝜅r2 𝜌 HH𝖧 + 𝜎𝜉2 IN .
Ms

ATN

Inserting the RTHIs into the analysis, the received signal is written as

5

Lemma 1. The SE of an mmWave MIMO system with RATHIs and
ATN is expressed as

(8)

The amplified thermal noise has an impact only on the receiver,
and it is described by an increase in the variance of the thermal
noise due to an amplification of the thermal noise by receiver
components such as the low noise amplifiers and mixers in
the receiver hardware and interference leakage from other frequency bands [20]. Hence, the total ATN effect, 𝝃 , is described
by a complex Gaussian distribution with zero mean and variance 𝜎𝜉2 IN satisfying 𝜎2 ≤ 𝜎𝜉2 , where 𝜎2 expresses the parameter of the actual thermal noise. Notably, the thermal noise is
time-dependent because it results from samples taken from a
white noise process passed through an amplified “filter”.

3.3

Notably, each one of the RATHIs corresponds to the ratio of
the additive distortion noise variance over the signal power, and
in practical systems, they are known as Error Vector Magnitudes
(EVMs) of the transceiver [41].

Proof. Please see Appendix A.

(13)
□

According to Lemma 1, we observe that the impact of RTHIs
is hidden in the covariance matrix, thus, degrading the SE. In
addition, a clear dependence with the transmit power and the
number of data streams is shown.

4
SPATIALLY SPARSE PRECODING
FOR AN mmWave MIMO CHANNEL
WITH RTHIs
The focus of this section concerns the maximization of the SE
described by (12) by means of the appropriate design of the
hybrid mmWave precoders (FF , FB ) and the hybrid mmWave
combiners (WF , WB ). The maximization demands for the joint
optimization of four matrix variables being the mmWave precoders and combiners with non-convex constraints on FF and
WF . It is well known that an exact solution is not possible to
be obtained due to the intractability of the corresponding problem [42]. Hence, we address this issue by following a method
similar to [10], where the joint precoder-combiner optimization
was decoupled. However, the proposed analysis, including the
RTHIs, requires different manipulations, being insightful at the
same time. For instance, the authors in [10] employed a compact
SVD (based on the rank of the channel matrix) for their analysis.
In our case, the decomposition of the channel matrix requires a
different approach. In particular, we used the full SVD, which is
required for the factorization of the matrix in (13). Hence, we
distinguished between two cases N ≥ M and N < M for the
analysis purposes.

4.1
Hybrid precoder design for an mmWave
MIMO transmitter with RTHIs
Having as a focal point the optimization of the SE, we start
by designing the hybrid precoders (FF , FB ) that maximize the
mutual information of a practical mmWave MIMO channel with
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RTHIs by means of Gaussian signaling. We rely on the assumption that the receiver can achieve optimal nearest-neighbour
decoding of the received signal, ỹr [10]. Thus, the mutual information is provided by
(
)
𝜌 −1
(F) = log2 |IN +
Re HFF𝖧 H𝖧 | ,
(14)
Ms
where
ỹr = H(FF FB s + 𝜼t ) + 𝜼r + 𝝃 .

(15)

The assumption that the receiver is aware of the received
signal yr to perform optimal nearest-neighbor decoding is not
realistic in practice. Therefore, the received signals should be
combined before decoding. The design of the mmWave hybrid
combiners in the analog and digital domains will be examined
in a subsequent section.
The optimization problem, providing the precoders FF , FB ,
takes the form
opt

FF ,FB

s.t. FF ∈ F ,
||F||2F = Ms ,

(16)

with F expressing the set of M × M F matrices which represent the feasible F precoders with constant-magnitude entries6 .
Given the non-convexity of the constraint FF ∈ F , no general
solutions exist. For this reason, we reformulate (16), in order to
obtain near-optimal precoders that can be constructed in practical applications.
Firstly, we consider the use of Singular Value Decomposition (SVD) to the channel matrix H, that is, H = U𝚺V𝖧 , where
U and V are N × N and M × M unitary matrices, respectively.
Also, 𝚺 is an N × M matrix consisting of singular values on its
main diagonal in decreasing order. To this end, the matrix Re
can be decomposed as Re = UDU𝖧 , where
T

D = 𝛽𝚺Σ
𝜅t2 𝜌
Ms

+ 𝜎𝜉2 IN ,

(17)

+ 𝜅r2 𝜌. Hence, after several algebraic manipula-

tions and using the Sylvester’s determinant identity, the mutual
information in (14) yields
(
)
𝜌 T −1
𝖧
𝖧
(F) = log2 |IM +
𝚺 D 𝚺V FF V| .
(18)
Ms
Next, we write the matrices 𝚺 and V for the case where N ≥
M as
⎡ 𝚺1 OM ,K ⎤
s
⎥
⎢
𝚺 = ⎢ OK,Ms 𝚺2 ⎥ , V = [V1 V2 ],
⎥
⎢O
⎣ L,Ms OL,K ⎦
6

Remark 1. The difference to the ideal case, which is one of
the major contributions of this work, is that by considering the
RTHIs in a practical scenario the optimal precoder cannot be
realized anymore, as we will present next. Specifically, we should
note that in [10] the authors used the compact SVD (which is
more economical), yielding a diagonal 𝚺 matrix of dimension
rank(H) × rank(H). However, in our analysis the full SVD is
required for the decomposition of Re and derivation of D as in
(17), which leads to (18).

opt

1 : (FF , FB ) = arg max (F)

and 𝛽 =

where 𝚺1 is of dimension Ms × Ms (with the Ms largest singular values of the channel matrix), and 𝚺2 is K × K with K =
M − Ms and L = N − M . Note that the matrices V1 and V2
are M × Ms and M × K , respectively. In particular, the optimal precoder for H with no constraints is Fopt = V1 . Given
that the optimal precoder V1 cannot be expressed by means
of F, we are approaching the optimal V1 so that the mutual
information corresponding to V1 F (or V𝖧1 F ) is approximately
equivalent.

Contrary to [10], the optimization problem includes the RTHIs.

Assumption 1. The parameters of the mmWave MIMO system
define the hybrid precoder close to the optimal unitary precoder
V1 . Specifically, the mathematical conditions necessitate V𝖧1 F ≈
IMs , or equivalently, the matrix IMs − V𝖧1 FF𝖧 V1 ≈ OMs , that is,
to be small. Additionally, V𝖧2 F ≈ OK,Ms holds, which alternatively states that the singular values of V2 F are small.7
Making use of the partition in (19), the term V𝖧 FF𝖧 V in (18)
can be expressed as
V𝖧 FF𝖧 V =

V𝖧1 FF𝖧 V2

]

V𝖧2 FF𝖧 V1 V𝖧2 FF𝖧 V2
[
]
A11 A12
=
.
A21 A22

(20)

We also have
2
OMs ,K
OMs ,L ⎤
⎡𝛽𝚺1 + 𝜎𝜉2 IMs
⎥
⎢
2
2
𝛽𝚺2 + 𝜎𝜉 IK OK,L ⎥ ,
D = ⎢ OK,Ms
⎢ O
OL,K
𝜎𝜉2 IL ⎥⎦
⎣
L,Ms

(21)

which can be used for the calculation of the following matrix
product
B=
[
=

(19)

[ 𝖧 𝖧
V1 FF V1

𝜌 T −1
𝚺 D 𝚺
Ms
B1 OMs ,K

OK,Ms

B2

(22)

]
,

(23)

7
These approximations are expected to be tight in the system conditions under investigation including a large number of transmit antennas, correlated channels, and transmit chains
Ms < M F ≤ M .
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where
B1 = (𝜌∕Ms )𝚺21 (𝛽𝚺21 + 𝜎𝜉2 IMs )−1 ,

(24)

B2 = (𝜌∕Ms )𝚺22 (𝛽𝚺22 + 𝜎𝜉2 IK )−1 .

(25)

The inversion of D is straightforward, since it is a diagonal
matrix. Taking (19)–(25) into account, the mutual information
can be simplified to
(
][
] )
[
|
B1 OMs ,K A11 A12 ||
|
(F) = log2 |IM +
OK,Ms B2
A21 A22 ||
|
(
(
)
|
|
|
(a)
|
|
= log2 |IMs + B1 A11 | + log2 ||IK + B2 A22
|
|
|
)
|
(
)−1
− B2 A21 IMs + B1 A11 B1 A12 ||
|
(
)
(b)
|
|
≈ log2 ||IMs + B1 V𝖧1 FF𝖧 V1 || ,
(26)
|
|
where in (a) we have employed the identity for determinants regarding the Schur complement, and (b) results from
Assumption 1 that A12 , A21 , and A22 are approximately
equal to zero. The elements of the diagonal matrix B1 are
given by

(B1 )i,i =

𝜌 2
𝜎 (i )
Ms 1
𝛽𝜎12 (i ) + 𝜎𝜉2

𝜎12 (i )
,
=( 2
)
𝜅t + Ms 𝜅r2 𝜎12 (i ) + Ms ∕𝜌̄

(27)

where 𝜌̄ = 𝜌∕𝜎𝜉2 denotes the SNR and 𝜎1 (i ) is the i th singular
value of the partitioned 𝚺, that is, 𝚺1 . Further manipulations to
(26) enable its simplification to
(
(
)
|
|
|
|
|
(F) ≈ log2 |IMs + B1 | + log2 ||IMs −
|
|
|
)
(
)−1 (
)|
IMs + B1 B1 IMs − V𝖧1 FF𝖧 V1 ||
|
(
)
((
(b)
|
|
)−1
≈ log2 ||IMs + B1 || − tr IMs + B1
|
|
(
))
×B1 IMs − V𝖧1 FF𝖧 V1
(
)
(c )
|
)
|
(
≈ log2 ||IMs + B1 || − 𝛽tr IMs − V𝖧1 FF𝖧 V1
|
|
(
)
|
|
|
|
= log2 |IMs + B1 | − 𝛽Ms + ||Ṽ𝖧1 F||2F ,
|
|
(a)

where in (a) we have applied the identity I + B1 A11 = (I +
B1 )(I − (I + B1 )−1 B1 (I − A11 )); (b) follows from Assumption 1, because the eigenvalues of matrix C = (IMs +
B1 )−1 B1 (IMs − V𝖧1 FF𝖧 V1 ) are small leading to the approximation log2 (|IMs − C|) ≈ log2 (1 − tr(C)) ≈ −tr(C); (c ) is derived
by using the high SNR approximation
(
)−1
lim IMs + B1 B1 = 𝛽IMs ,

̄
𝜌→∞

(29)

where 𝛽 = 𝜅t2 + Ms 𝜅r2 and
Ṽ1 =

√
𝛾V1 ,

(30)

with 𝛾 = (𝛽 + 1)−1 , which concludes the analysis. Note that
we have replaced the chordal distance by the Euclidean distance by exploiting the manifold’s locally Euclidean property
since Approximation 1 denotes the closeness between these
two points.
The analysis for the case where N < M is similar and for
brevity is presented in Appendix B.
Remark 2. The difference with respect to the ideal (impractical)
scenario provided by [10] can be clearly seen by means of 𝛽, B1 ,
and Ṽ1 , which include the impact of RTHIs.
Remark 3. From (30), we observe that in the case of ideal
hardware, where no RATHIs (𝜅t2 = 𝜅r2 = 0) and insignificant
amplified thermal noise occur, the expression for the mutual
information (28) coincides with [10] since 𝛾 = 1. However,
in practice both terms 𝜅t2 and 𝜅r2 are non-zero leading to a
degradation in the mutual information of the system, as we will
demonstrate in Section 5.
Obviously, a closer look at the third term of (28) reveals that
if F was unitary, it would express the squared chordal distance
between Ṽ1 and F, which is represented by two points on the
Grassmanian manifold. Based on Assumption 1, we are qualified to substitute the chordal distance by the Euclidean distance
given by ||Ṽ1 − F||F . This is quite useful, since it serves our aim
to maximize (F). Thus, our focal point will be the maximization of tr(Ṽ 𝖧1 F) instead of ||Ṽ 1 − F||2F , bearing in mind their
equivalence due to the assumption (see [10] for more details).
Thus, the optimization problem in (16) can be rewritten as
opt

opt

2 : (FF , FB ) = arg min
FF ,FB

s.t.

||Ṽ1 − FF FB ||F
FF ∈ F

(31)

||FF FB ||2F = Ms .

(28)

In other words, the task is to find the projection of a scaled
version of Ṽ1 , onto the set of precoders having the form of
F = FF FB with FF belonging to the set of F . Note that this
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projection takes place by means of the standard Frobenius term.
However, finding the projection in closed form presents an
algorithmic intractability due to the non-convexity introduced
by the set F [43, 44].
Exploiting the properties of the mmWave MIMO channel,
we result in a near-optimal solution of (31) by certain observations. Specifically, (1) an orthonormal basis regarding the row
space of the channel is formed by the columns of the unitary
matrix V, (2) a basis is formed for the same space by the linearly independent array response vectors at (𝜃l ), (3) as a consequence of properties (1), and (2), the optimal precoder Ṽ1 can
be expressed as a linear combination of vectors at (𝜃l ), and (4)
since at (𝜃l ) are constant-magnitude phase-only vectors that can
be implemented at RF using analog phase shifters, the mmWave
transmitter can employ M F of the vectors at (𝜃l ) and define arbitrary linear combinations of at (𝜃l ) by using the digital precoder
FB . As a result, a linear combination, minimizing ||Ṽ1 − F||F ,
can be constructed. Hence, the optimization problem 2 can
be formulated by accounting for the restriction on the set F to
at (𝜃l ). In fact, we have
opt

opt

3 : (FF , FB ) = arg min
FF ,FB

s.t.

||Ṽ1 − FF FB ||F
(l )

FF ∈ {at (𝜃l ), ∀l }

(32)

||FF FB ||2F = Ms .
The purpose of 3 is to find the optimal low dimensional
representation of Ṽ1 in terms of the optimal basis formed by
(l )
at (𝜃l ). Embedding FF into the optimization objective, we lead
to
opt

4 : (F̃B ) = arg min||Ṽ1 − At F̃B ||F
F̃B

s.t.

)
(
||diag F̃B F̃𝖧B ||0 = M F

(33)

||At F̃B ||2F = Ms ,
where At = [at (𝜃1 ), … , at (𝜃L )] is an M × L matrix containing
the array response vectors, while F̃B is an L × Ms matrix.
opt
opt
The roles of matrices At and F̃B in obtaining FF and FB
are auxiliary as far as the sparsity constraint ||diag(F̃B F̃𝖧B )||0 =
M F is concerned. This suggests that F̃B cannot have more than
M F non-zero rows. Actually, when F̃B includes exactly M F nonzero rows, M F columns of At are chosen. In such a case, the
opt
opt
baseband precoder, FB and the RF precoder, FF will be
obtained by M F non-zero rows of F̃B and the corresponding
columns of At , respectively.
The problem described by (33) is analogous to approximation
problems for signal recovery by multiple measurement vectors
[36, 45, 46]. Based on the OMP method [36], we amend the
pseudo-code describing the precoder in [10], in order to consider the RTHIs. Specifically, we introduce Algorithm 1, resulting in the precoder solution. First, we find the vector at (𝜃l ),
which is more correlated to the residual Fres in Step 6. The

ALGORITHM 1 Spatially Sparse Precoding with RATHIs by OMP
1

Require Ṽ1

2

FF = Empty Matrix

3

Fres = Ṽ1

4

for i ≤ M F do

5

𝚿 = At𝖧 Fres

6

k = arg max (𝚿𝚿𝖧 )l,l

7

FF = [FF |At ]

8

FB = (F𝖧F FF )−1 F𝖧F Ṽ1

9

Fres =

l =1,… ,L

(k)

Ṽ1 −FF FB

||Ṽ1 −FF FB ||F

10

end

11

FB =

12

return FF , FB

√

Ms

FB
||FF FB ||F

optimal precoder Ṽ1 obtains its maximum projection in the
direction of this vector. Next, Step 8 describes the least-squares
solution to FB in an OMP fashion, that is, on the restricted
set of columns included in the matrix FF . The selection of
the M F beamforming vectors will require M F iterations. Then,
the construction of the precoding matrix FF will have taken
place, and the optimal baseband precoder FB will have been
obtained.
Remark 4. The difference to the OMP algorithm used in sparse
precoding is that of a scaling factor in the optimal solution V1 ,
leading to a suboptimal precoder Ṽ1 . In the presence of hardware impairments, Ṽ1 will be the best possible precoder that can
be approximated/solved by any method (not just OMP).

4.2
Hybrid combiner design for an
mmWave MIMO receiver with RTHIs
This section focuses on the practical design of the combiners in both analog and digital domains. Given that the realistic receivers will combine the received signals before detection,
we concentrate in the design of the hybrid combiners (WF , WB )
to ensure the minimization of the mean squared error (MSE)
between the transmit and receive signals in a realistic mmWave
MIMO channel with RTHIs.
Hence, the combiners (WF , WB ) will be provided by means
of the optimization problem, taking the form
]
[
opt
opt
1: (WF , WB ) = arg min 𝔼 ||s − W𝖧 yr ||22 ,
WF ,WB

s.t.

(34)
WF ∈ F ,

where F denotes the set of N × N F matrices describing the
feasible F combiners, and having constant-gain entries. In this
opt opt
case, we consider the optimal precoders, (FF , FB ) to be fixed
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since they have been determined by the transmitter. Analogous
to the precoder design, no general solutions are known to (34)
because of the non-convex constraint, WF ∈ F . Interestingly,
an exact solution to the MSE optimization problem in (34)
would have been possible with the implementation of matrix
inversion lemma as in [10, 47] without hardware impairments.
For such a case, we suggest an approximation of (34) enabling us
to obtain the optimal combiners minimizing the MSE between
the transmit and receive signals. The method follows similar steps with those used in solving constrained minimum
MSE (MMSE) problems in [48]. First, we rewrite the objective function of (34) that is, 𝔼[||s − W𝖧 yr ||22 ] = tr(𝔼[ss𝖧 ]) −
2ℝ{tr(𝔼[sy𝖧r ]W)} + tr(W𝖧 𝔼[yr y𝖧r ]W).
Remark 5. It is important to note that the design of the combiners relies on the decoupling of the precoding and combining processes as we have assumed fixed optimal precoders
opt
(FF , FBopt ). Although this decoupling decreases the complexity involved in the design of practical mmWave precoders and
combiners with transceiver RTHIs, care must be taken as oversimplification can lead to received power losses. A precaution to
note will be addressed afterward.
To this end, we introduce a term independent of the combiners, that is, tr(W𝖧M 𝔼[yr y𝖧r WM ]) − tr(𝔼[ss𝖧 ]), where WM is the
common conventional solution to the unconstrained MMSE
problems described by
]−1
[ ] [
W𝖧M = 𝔼 sy𝖧r 𝔼 yr y𝖧r
.
(35)
Using yr in (1), we obtain
W𝖧M

)−1
(
𝜎 2 Ms
1
𝖧
𝖧
I
= √ F H HF +
F𝖧 H 𝖧 .
𝜌 Ms
𝜌

(36)

(37)

(38)

] ]
]
[
[
[
−2ℝ{tr(𝔼 W𝖧M 𝔼 yr yr W )} + tr(W𝖧 𝔼 yr y𝖧r W)
(
]
[
)
= tr (W𝖧M − W𝖧 ) 𝔼 yr y𝖧r (WM − W)
]1∕2
[
(WM − W ) ||2F ,
= || 𝔼 yr y𝖧r

(a)

WF ,WB

s.t. WF ∈ F .

(40)

In other words, we aim to find the projection of the combiner (having no constraints) WM onto the set of combiners (by
means of the weighted 𝔼[yr y𝖧r ]) having the form W = WF WB
with WF existing in a set of F . Comparable to the design of the
optimal precoders in Section 4, it is algorithmically intractable to
find this projection in closed form due to the non-convexity of
the set F . Accordingly, we exploit the aforementioned properties of the mmWave MIMO channel to result in a near-optimal
solution to (40). Specifically, an orthonormal basis is formed for
the columns of WF by the linearly independent array response
vectors, ar (𝜙l ) so that the receiver utilizes N F of the vectors
ar (𝜙l ) at the RF using analog phase shifters.
For this reason, we can rewrite the optimization problem 2
by restricting the columns of WF to have the form of ar (𝜙l ) as
follows
]1∕2
[
opt
opt
(WM − W ) ||F ,
3 : (WF , WB ) = arg min|| 𝔼 yr y𝖧r
WF ,WB

(l )

s.t. WF ∈ {ar (𝜙l ), ∀l }.

(41)

Herein, the task is to find the optimal combiner in terms of
the optimal basis formed by ar (𝜙l ). Moreover, by inserting
opt
(l )
WF into the objective function results in 4 providing WB
as
opt

Given that 𝔼[sy𝖧r ] = W𝖧M 𝔼[yr yr ] from (35), and having in mind the equivalence of tr(𝔼[sy𝖧r ]W) and
tr(𝔼[sy𝖧r ]𝔼[yr y𝖧r ]𝔼[yr y𝖧r ]−1 W, (37) becomes
(
])
[
(W) = tr W𝖧M 𝔼 yr y𝖧r WM

]1∕2
[
opt
opt
(WM −W ) ||F ,
2 : (WF , WB ) = arg min|| 𝔼 yr y𝖧r

4 :(W̃B )

Denoting the objective function of (34) as (W) and including the independent term tr(W𝖧M 𝔼[yr y𝖧r WM ]) − tr(𝔼[ss𝖧 ]), the
function takes the form
(
])
( [ ])
[
(W) = tr W𝖧M 𝔼 yr y𝖧r WM − tr 𝔼 ss𝖧
( [ ])
{ ( [ ] )}
+ tr 𝔼 ss𝖧 − 2ℝ tr 𝔼 sy𝖧r W
] )
[
(
+ tr W𝖧 𝔼 yr y𝖧r W .

where (a) follows from the definition of the Frobenius norm.
Due to (38), the optimization problem becomes

(39)

]1
]1
[
[
= arg min || 𝔼 yr y𝖧r 2 WM − 𝔼 yr y𝖧r 2 Ar W̃B ||F ,
W̃B

)
(
s.t. || diag W̃B W̃𝖧B ||0 = N F ,

(42)

where Ar = [ar (𝜙1 ), … , ar (𝜙L )] is an N × L matrix that
includes the array response vectors, and W̃B is an L ×
Ms matrix.
The solution of the optimization problem, delineated by 4 ,
can be obtained by means of the modified OMP method presented in Section 4. Hence, Algorithm 2 results in the solution
of the combiner while having first found the vector ar (𝜙l ) and
then designed N F beamforming vectors to express the optimal
opt
WF . Having determined WF , the calculation of the optimal WB
is achieved at Step 8.
As already mentioned, it is imperative to avoid any oversimplification of the practical mmWave MIMO transceiver design
with RTHIs as this can lead to losses in the received power.
To avoid this, it becomes pertinent to start the design with the
more constrained side of the mmWave MIMO system. In other
words, the algorithms presented do not have to be carried out
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ALGORITHM 2 Spatially Sparse Combining with RATHIs by OMP
1

Require WM

2

WF = Empty Matrix

3

Wres = WM

4

for i ≤ N F do

5

𝚿 = A𝖧r 𝔼[yr y𝖧r ]Wres

8

k = arg max (𝚿𝚿𝖧 )l,l
l =1,…
[ ,L
]
(k)
WF = WF |Ar
(
)−1 𝖧 [ 𝖧 ]
WF 𝔼 yr yr WM
WB = W𝖧F 𝔼[yr y𝖧r ]WF

9

Wres =

6
7

WM −WF WB

||WM −WF WB ||F

10

end

11

return WF , WB

TABLE 1

Simulation Parameters

Notation

Parameter

Values

M

Number of transmit antennas

64

N

Number of receive antennas

64

𝜎2

Thermal noise variance

−174 dbm/Hz

Ms

Number of transmit streams

3

MF

Number of transmit RF chains

4

NF

Number of receive RF chains

4

in succession. In fact, a rule of thumb to achieve minimal losses
in the design is to compare the number of RF chains at both the
transmitter and receiver of the mmWave system. The smaller
of the two indicates which side is more constrained and the
design must begin from there. For example, if M F < N F , then
the design should start with Algorithm 1 to find the optimal
precoders before going on to determine the optimal combiners
by means of Algorithm 2. The converse would be applicable
if M F > N F , and such design would begin with designing
the combiners first. In this case, since Algorithm 2 assumes
fixed precoders, we apply the assumption that F = Ṽ1 . Having
found the optimal combiners, an effective channel (W𝖧 H)
is formed and then we apply SVD to obtain the equivalent
unitary and diagonal matrices, that is, W𝖧 H = U𝚺V𝖧 . Finally,
Algorithm 1 can be used to obtain the optimal precoders using
the new V.

5

NUMERICAL RESULTS

In this section, we depict the analytical results, and particularly,
the impact of the RTHIs to the SE given by (28). Notably, we verify the mathematical expressions by simulations, and we depict
the impact of the various RTHIs on the SE, provided by (12).
The simulation parameters, presented in Table 1, are inspired
by related studies on non-ideal hardware and mmWave MIMO
wireless communications [10, 19]. Especially, the selection of
the nominal values for the RTHIs is based on the correspond-

FIGURE 2 SE versus the SNR in a 64 × 64 mmWave MIMO system
depicting the effect of RATHIs

ing values for systems operating in sub-6 GHz frequency bands
since no such values exist for systems in the mmWave range.
However, our results achieve to shed light on the impact of
RTHIs on mmWave systems with hybrid precoding. However,
since it is expected that mmWave communication will rely on
massive MIMO systems, the values of RTHIs that have been
used in this work correspond to the values that will be met
in mmWave transmissions. The values of all other parameters
will be provided during their use. Specifically, let a transmitter
communicate through multiple channel streams to the receiver
by 8 clusters and 10 rays per cluster. The distributions of the
azimuth and elevation angles of arrival (AoAs) and departure
(AoDs) follow Laplacian probability density function having
an angular spread of 7.5◦ . We assume equal transmit power
𝜌 in all precoding and combining solutions. Basically, we will
̄
employ 𝜌̄ expressing the signal to noise ratio, that is, SNR = 𝜌.
The ATN follows the Gaussian distribution. Our objective is to
examine the impact of each hardware impairment separately, as
shown below.

5.1

Evaluation of RATHIs

In Figures 2 and 3, we focus on how the RATHIs affect the
SE by neglecting the impact of ATN. Specifically, in Figure 2,
we present the SE versus the SNR by varying the RATHIs,
that is, by varying 𝜅t2 and 𝜅r2 , respectively. In particular, we
have not selected arbitrary values, but values adopted from system measurements in [19]. We observe the negligible effect
of the RATHIs at low SNRs, which means below 0 dB since
the saturation of the SE with comparison to the ideal case
starts later. Especially, when SNR > 0 dB, the degradation of
SE increases with more severe RATHIs in terms of 𝜅t2 and 𝜅r2 .
This is a very interesting result for mmWave systems implying
that the RATHIs will have a small effect on their performance
since mmWave communications are basically identified by
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FIGURE 3 SE versus the number of streams in a 64 × 64 mmWave
MIMO system depicting the effect of RATHIs

transmission in the low SNR regime. Another important observation in Figure 2 shows that the receiver distortion impairments contribute a higher amount of degradation to the SE
than the transmitter impairments. As illustrated in the figure,
for an SNR of 0 dB, when we set 𝜅r2 = 0 and 𝜅t2 = 0.152 , the
SE is degraded by about 10 bps/Hz whereas when 𝜅t2 = 0 and
𝜅r2 = 0.152 , the SE is degraded by 12 bps/Hz. This observation is quite interesting and useful. It suggests that in the case
of communication at the high SNR regime, a possible design
scheme could be to keep 𝜅t2 constant and varying the quality of
receiver hardware in order to achieve the desired SE. Moreover,
in the case of better quality hardware, the degradation is lower
as can be seen, for example, when 𝜅r2 = 0 and 𝜅t2 = 0.082 .
Figure 3 depicts the variation of the RATHIs with respect to
the number of streams. From the figure, it can be seen that an
increase in the number of streams Ms above 3 yields a different
degradation of the SE for 𝜅t2 and 𝜅r2 . Especially, the impact of
the transmitter distortions on the system stays constant, yielding
a decrease in SE from the ideal case of about 8 bps/Hz while
the decrease in the SE due to receiver distortions starts from
about 10 bps/Hz and increases. In addition, it can be observed
that for a lower number of streams, that is, Ms = 1, 2, the
receive and transmitter distortions contribute almost the same
to the degradation to the SE. This result is specifically important for the design considerations of mmWave systems and validates the suggestion in the literature that the increase in the
number of streams improves the accuracy of hybrid precoding
schemes.

5.2

Evaluation of ATN

In order to show the impact of ATN on the SE, we assume that
RATHIs have no impact. Hence, we illustrate the SE versus the
SNR by varying 𝜎𝝃2 based on measurements [19]. In particular, in

11

FIGURE 4 SE versus the SNR in a 64 × 64 mmWave MIMO system
depicting the effect of ATN

FIGURE 5 Comparison of the SE versus SNR in a 64 × 64 mmWave
MIMO system depicting in the same figure the effect of RATHIs and ATN

Figure 4, we observe a constant degradation in SE for all SNRs,
which worsens with increasing 𝜎𝝃2 . As a result, the ATN should
be taken into account in the design of mmWave communication systems.
Figure 5 presents a comparison of the SE performance by using ideal hardware versus imperfect hardware
with (𝜅t2 = 0, 𝜅r2 = 0.152 ), (𝜅t2 = 0.152 , 𝜅r2 = 0), (𝜅t2 = 0, 𝜅r2 =
0.082 ), (𝜅t2 = 0.082 , 𝜅r2 = 0), 𝜎𝝃2 = 1.5𝜎2 , and 𝜎𝝃2 = 3𝜎2 . These
baseline hardware imperfection values differ by the same ratio,
in other words, the two corresponding values of RATHIs and
1
ATN have the same ratio of . It can be observed from the
2
figure that ATN increases monotonically with the SNR. Evidently, receiver distortions have the greatest impact causing the
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erature and observed their impact on the SE. The outcomes
revealed that the receiver distortions degrade the system performance more, than the transmitter distortions. Moreover, the
ATN, which causes a constant degradation to the SE, becomes
increasingly critical for higher values of its variance at the low
SNR regime. Furthermore, we examined how the key system
parameters, such as the number of streams, affect the impact
of RATHIs. Remarkably, among other observations, we noted
that an increase in the number of streams increases the impact
of the receiver additive distortion. Also, mmWave systems with
low SNR communication are not susceptible to RATHIs which
become more severe if we select transmission at higher SNR.
These observations could be considered among others as design
options to improve the SE of realistic mmWave MIMO systems
with hybrid precoding and unavoidable RTHIs.

FIGURE 6 SE versus the SNR in a 64 × 32 mmWave MIMO system
depicting the effect of RATHIs

most degradation in SE when compared with the performance
using ideal hardware. Notably, when comparing the degradation
between each separate impairment for a given specific ratio at
low SNR, ATN performs the worst until −15 dB. However, at
higher SNR values, RATHIs become more severe.
Figure 6 relies on similar settings as Figure 2 but contrary
to previous figures that assume M = N , it shows the SE performance for M = 32 and N = 64. Hence, compared to 2, we
observe that a variation of M from 64 to 32 affects the SE. However, in the case of variation of N , the SE does not change.
These properties can also be observed by means of the SE
expression given by (28). Shedding further light, we notice that
the SE decreases when M decreases. Also, although RATHIS
result in SE saturation, they have a weaker impact on the performance. For example, for an SNR of 0 dB, when we set 𝜅r2 = 0
and 𝜅t2 = 0.152 , SE is degraded by about 4 bps/Hz whereas
when 𝜅t2 = 0 and 𝜅r2 = 0.152 , SE is degraded by 6 bps/Hz,
which are lower compared to Figure 2.

6

CONCLUSION

Hybrid processing (precoding/combining) solutions are prominent in mmWave MIMO communication as they provide a
balance between cost, complexity, and system performance in
terms of SE. Even though RTHIs are unavoidable in a communication system, their effects have not been adequately taken
into account in mmWave systems with hybrid precoding as prior
studies with hybrid precoding have assumed perfect hardware.
Hence, the aim of this paper was to examine the effect of RTHIs
on mmWave MIMO systems with hybrid precoding. In particular, we provided a full analysis of the impact of RATHIs
and ATN on the performance of a hybrid precoding system
operating in mmWave frequency bands. Therefore, we considered realistic hardware impairment values from the related lit-
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APPENDIX A: PROOF OF LEMMA 1
The SE is obtained by means of (9) based on the covariance
matrix of the additive noise e, which is given by
Re = 𝔼{(H𝜼t + 𝜼r + 𝝃 )(H𝜼t + 𝜼r + 𝝃 )𝖧 }
𝖧

(a)

= H𝔼{𝜼t 𝜼t𝖧 }H𝖧 + 𝔼{𝜼r 𝜼𝖧r } + 𝔼{𝝃 𝝃 }

(b)

=

𝜅t2 𝜌
HH𝖧 + 𝜅r2 𝜌HH𝖧 + 𝜎𝜉2 IN ,
Ms

(43)

where (a) is due to the statistical independence of each random
variable with the rest, and (b) is due to (10) and (11).
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APPENDIX B: ANALY SIS FOR THE CASE
WHERE N < M
In this case, the partition for the matrix with the singular values
is given by
[
]
𝚺1 OMs ,K ′ OMs ,L′
𝚺=
,
(44)
OK ′ ,Ms 𝚺2 OK ′ ,L′
where L ′ = M − N and K ′ = N − Ms . From (17), we now
obtain
[
]
D1 OMs ,K ′
D=
OK ′ ,Ms D2
⎡𝛽𝚺21 + 𝜎2 IM
OMs ,K ′ ⎤
𝜉 s
⎥.
=⎢
2
2
⎢ OK ′ ,M
𝛽𝚺
+
𝜎
I
′⎥
K
2
s
𝜉
⎦
⎣

(45)

Following a similar approach, the matrix B equals
B=

𝜌 T −1
𝚺 D 𝚺
Ms
[

=

B1 OMs ,K
OK,Ms

]
,

(46)

∈ ℂK ×K .

(47)

B2

where B1 is given by (24) and
[
B2 =

𝜌
Ms

𝚺22 D−1
2

OL′ ,K ′

OK ′ ,L′

]

OL′ ,L′

Thus, by substituting (47) and (24) into (18) we can derive (26)
for the case where N < M by following a similar approach
regarding the analysis.

