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1. Introduction
1.1. Higher current algebras and homotopy Manin triples

Manin triples are fundamental objects in integrable systems and quantum groups. Recall that a Manin triple
(a,{—|—=),a4,a_) is a Lie algebra a with a symmetric nondegenerate invariant bilinear form, and two isotropic Lie subal-
gebras a4 C a such that a =¢ a4+ @ a_ as vector spaces [12]. One important class of examples arises when a is a current
algebra: namely, one may take

1=g®C((2), a;=g®C[z]], a-=g®z 'Clz7"] (1)

and (x® f(2) | y ® 8(2)) = k(x|y)res; f(2)g(2), with g any finite-dimensional simple Lie algebra over C and «(—|-) its
standard bilinear form. (See, e.g., [9,3].)

Here the commutative algebras C[[z]], of formal Taylor series, and C((z)), of formal Laurent series, can be seen as
algebras of functions

Cl[z]l =T'(Disc1, ),  C((2)) =T(Discy, O),

on, respectively, the formal disc Disc;, and the punctured formal disc Discy := Disc; \ {pt.}, in complex dimension one.

It is natural to try to extend this to higher dimensions, but an apparent obstacle arises: in dimension n > 2, the structure
sheaf © admits no more sections over the punctured disc Disc,’ = Discy \ {pt.} than it does over the disc Disc, itself:
I'(Disc;’, @) = I'(Discy, @) = C[[z1, ..., zx]l. So the would-be higher current algebra g ® I'(Disc;’, @) seems to be “missing
all the negative modes”. However, Faonte, Hennion and Kapranov [18] - and see also [33,34,25] - make the following
observation: one may replace these algebras of functions by their derived analogs, RF(Discz,@) and RF(Disczx,@). By
definition RT'(Disc}’, @) is a cochain complex whose cohomology computes the sheaf cohomology of O, as we recall in
§2.4 below. And it is well known that the structure sheaf O has higher cohomology when n > 2. In this paper we focus
exclusively on the case of dimension n =2, where one has

Cl[w, z]] =0
H*Disc;,O) = w1z ICw™,z7] o=1
0 otherwise.

One sees that natural candidates for the “missing” negative modes reemerge in the first cohomology. Moreover, as stressed
in [18], the derived sections form more than just a cochain complex: RI'(Disc}, O) is naturally a differential graded (dg)
commutative algebra (unique up to zigzags of quasi-isomorphisms). Thus, one obtains the dg Lie algebra

g ® RI(Discy, 0),

which it is natural to call a higher current algebra.

The first goal of this paper is to give an analog of the Manin triple (1) above, in complex dimension two, following this
philosophy. To do so, we first need to clarify what it should mean to give a Manin triple in the differential graded setting.
We give our definition in Section 6: roughly speaking, it says that a homotopy Manin triple (in dg Lie algebras) is a triple of dg
Lie algebras and maps of dg Lie algebras between them

Ly [
ay —a<—a_,

such that there is a homotopy equivalence a ~ a; @ a_ of dg vector spaces; together with an invariant pairing (— | —) on a
which is non-degenerate up to homotopy, and for which aL are isotropic, again up to homotopy.

Manin Ls-triples - or strongly homotopy Manin triples of L., algebras - have been defined previously in [37]. The
definition we give here is compatible with that definition in a sense we discuss in Appendix C.

Then our first result, Theorem 14, gives an example of such a homotopy Manin triple. We call it a “local” homotopy
Manin triple because it is associated to the formal punctured polydisc at a point in complex dimension two. Namely it has

a=g® RI'(PDisc;, ), a4 =g® RI'(PDisc;, 0) = g @ C[[w]] ® C[[z]] (2)
and a_ a certain differential graded Lie algebra whose cohomology is a copy of
Hl@=zgew 'z 'Clw!,z71

sitting in cohomological degree one.

(We shall explain the meaning of the polydisc, PDiscy, in a moment.)

Next, our main result is Theorem 24, which exhibits what we call a “global” homotopy Manin triple. It is an analog, in
complex dimension two, of another important and familiar class of Manin triples, namely those of the form
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N N
a=g@PCx-a), ar=g0EClix-all

i=1 i=1

and

a-=9®CWXq, _ay 3)
where C(x)g° . denotes the commutative algebra of rational expressions in x vanishing at oo and singular at most at the
finitely many distinct points ag, ...,ay € C. One may think of these points

ai,...,an

as marked points or punctures in the complex plane. This family of Manin triples is - after introducing a central extension -
closely related to rational Gaudin models [16] and rational conformal blocks on the Riemann sphere; see [14] and references
therein.

The homotopy Manin triple (a,a4,a_) we introduce in Theorem 24 is also defined by a finite collection of distinct
marked points,

(W1,21), ..., (Wn, ZN),

which now live in C2. For a and a, it has direct sums of copies of the dg Lie algebras mentioned in (2) above, one for each
marked point:

N N
a= g ® RT(PDisc; (Wi, z). 0), a4 =P g ® RO(PDisca(w;, ), O),
i=1 i=1
and it has
a— = gGlobal»

a certain dg Lie algebra which we shall describe in detail in Section 8 below.

We should stress that the existence of this homotopy Manin triple of Theorem 24 should not be seen as particularly
surprising, conceptually. It is essentially implicit already in [18]: see Proposition 1.1.4 there and Proposition 8 below. Our
main goal in the present paper is rather to give explicit models, in dg Lie algebras, for the various derived algebras above
and the maps between them, and to give explicit descriptions of the various homotopies. Our hope is that these models
will prove to be useful for doing concrete calculations.

Now we indicate how we construct these models and introduce the other main theme of the present paper, which is
what we call the rectilinear setting.

1.2. The rectilinear setting

At this point we are about to do something which, to an algebraic geometer, will probably appear mildly barbarous.
Rather than starting with the usual affine space A2 = Spec C[w, z], in this paper we are going to start instead with the
product in topological spaces of two copies of the affine line A!. We shall call the resulting space,

Recty := Al xToP AT

rectilinear space. It has the same set of closed points as AZ, namely {(a, b) € C2}, but very many fewer generalized points:
it has points corresponding to the rectilinear lines w =a and z=a, a € C, but it lacks points corresponding to all the other
algebraic curves:

[
| =
A2 Recto

We get a ringed space (Recty, ©) where O is the sheaf of commutative algebras whose spaces of local sections are
spanned by products f(w)g(z) of rational functions.
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Similarly, locally, in place of the formal 2-disc Disc; = Spec C[[w, z]], we shall work with the product in topological
spaces of two copies of the formal 1-disc,

PDisc; := Disc; x TP Discy,

which we shall call the formal rectilinear polydisc. Like Discy, it has a single closed point, (0, 0), and generalized points
corresponding to the lines w =0 and z =0, but it lacks points corresponding to all the other germs of algebraic curves:

Disco PDisco

This choice breaks symmetry, and results in a space with fewer good properties: A2 is an affine scheme; Rect, is merely
a ringed space. To motivate it, let us give some background on the problem in mathematical physics we are seeking to
develop tools to address.

1.3. Motivation

We are ultimately interested in solving the spectral problem for integrable quantum field theories in 1 4+ 1 spacetime
dimensions. The specific approach we have in mind originates in the paper [15], in which Feigin and Frenkel make the
important observation that certain integrable quantum field theories can be seen as quantum Gaudin models of affine type.
See also [17]. And indeed, Vicedo [54] showed that large classes of classical integrable field theories can be realized as
classical Gaudin models of affine type. See also [10,39,40,1].

By “solving the spectral problem for an integrable quantum theory”, we mean roughly speaking defining a hierarchy of
mutually commuting conserved quantities (“higher Hamiltonians”) and then characterizing their joint spectra on suitable
classes of representations.

Quantum Gaudin models of finite type are among the best-understood quantum integrable systems. In particular, there is
a complete description of their higher Hamiltonians, which generate what is known variously as a Bethe or Gaudin algebra
[21,45,46,53], and of the spectra of these higher Hamiltonians, which is given in terms of certain local systems called opers
[4,20,47]. This description can be interpreted as the geometric incarnation of the Langlands correspondence [22].

At least from one perspective, tools from chiral conformal field theory — namely, vertex algebras and rational conformal
blocks - are key to establishing these results. These rational conformal blocks are defined on the spectral plane, i.e. the copy
of the complex plane C with marked points which defines any rational Gaudin model; a Gaudin model of finite type is not
in any sense a field theory itself.

Quantum Gaudin models of affine type are less systematically understood (though see [15,17,42,43,57,35,23]). One prob-
lem is that it is difficult to extend tools which work in finite type to affine types; see e.g. [58] for an attempt to do so for the
Wakimoto construction/Feigin-Frenkel homomorphism. In any case, any attempt to generalise from a finite type algebra g to
an affine type algebra g is almost bound to be missing half of the story if both are merely regarded as Kac-Moody algebras,
because it ignores the geometrical interpretation of g as a centrally extended current algebra, associated to a punctured
disc; which is to say, morally speaking, that it ignores the fact that the Gaudin model is describing a field theory. Indeed,
vertex algebras, and the additional control they give over the representation theory of g, should again enter the picture, but
these vertex algebras should be associated to a copy of C which is quite distinct from the spectral plane. In the case of
chiral conformal field theories at least, this new copy of C is morally the worldsheet of the field theory.

Thus, one expects to be in a situation in which there are two copies of the complex plane in play,

(Cspectral plane X (Cworldsheeta

whose interpretations are conceptually quite distinct. Let w, z be the Cartesian coordinates. It is natural to think that one
will ultimately want to attach representation-theoretic data to:

e rectilinear lines, e.g. fibres (w = a) over points in the spectral plane,
e points (a, b), and probably also
o rectilinear flags, e.g.

(a,b) c (w=a) c C%. (4)

It is much less clear that one needs other curves such as (w =2z) or (w = z2) in this context; at the very least, the
rectilinear lines and flags certainly enjoy a preferred status. To say much the same thing another way: one expects to

4
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encounter functions belonging to C(w) ® C (2), such as ;.- 1, but the function -, for example, looks very strange in
this context since the physical meanings of the coordinates w and z are so different.
It is these intuitions which lead us to consider the rectilinear space (Recty, O) we sketched above.

With this digression on motivations complete, let us return to describing the contents of the present paper.
1.4. The rectilinear adelic complex

In view of the discussion above, one would like to have an explicit model for the derived spaces of sections RI'(—, O) of
the structure sheaf O on rectilinear space Rect,, and one would like this model to have the property of being well-adapted
to eventually attaching data to rectilinear lines and flags, as well as closed points.

That leads us to construct a model of RI'(—, O) in the spirit of the adelic complexes for schemes due to Parshin [52]
and Beilinson [5]. Their construction involves associating a commutative algebra to each flag of subschemes. The algebra
associated to a given flag is defined by an elegant and rather intricate procedure of repeated localizations and completions.

In our case, what considering merely the topological product Rect; = A! x™P Al of affine lines buys us is that (a) we
get a much smaller set of flags, consisting only of the rectilinear flags and (b) the algebras attached to flags are simpler to
describe. The resulting rectilinear adelic complex is given in Section 4, where the main result is Theorem 6.

Subsequently, when we move to considering the homotopy Manin triples of Theorem 24, we need only a finite collection
of flags, built from the finite set of those rectilinear lines which intersect our chosen collection of marked points (w;, Zi),N: 1°

In each case, the rectilinear flags form a semisimplicial set, and this gives rise to a semicosimplicial commutative algebra.
Then, by applying the Thom-Whitney functor whose definition we recall in Section 5, we get a dg commutative algebra.

1.5. Triangular decompositions of enveloping algebras

Our final collection of results concerns the universal enveloping algebras. Recall that, in the usual case of Lie algebras, a
Manin triple (a, (—| —), ay,a_) encodes in particular a decomposition of a as the direct sum in vector spaces of two Lie
subalgebras, a =c a_ @ a4. That in turn gives rise to an isomorphism

U@ =U(a-)®@U(ay)

between the enveloping algebras; it is an isomorphism of vector spaces and, moreover, of (U(a-), U(ay))-bimodules [11].

In our present setting, of homotopy Manin triples of dg Lie algebras, we get something similar, at least in the special
case that the homotopy equivalence of dg vector spaces a >~ a_ & a is actually a strong deformation retract (we recall the
definitions in §3.9 and Section 9 below)

Y — )
a

That turns out to be true of our local homotopy Manin triple from Section 7. The resulting triangular decomposition is given
in Section 9, Corollary 29. On the other hand it is not true of the global homotopy Manin triple of Section 8. The remainder
of Section 9 is dedicated to introducing a certain modification of the global homotopy Manin triple for which this extra
condition does hold; see Theorem 33 and its Corollary 34.

(The need for strong deformation retracts here is related to the fact that we insist on staying with dg Lie algebras and
their dg associative enveloping algebras, rather than going to the less concrete but perhaps conceptually more natural setting
of Ly, algebras and their envelopes. This choice is motivated by nothing deeper than the authors’ impression that PBW-type
statements become rather subtle for L., algebras; see [38] and references therein including [2,44].)

1.6. Outline

This paper is structured as follows. A

After defining rectilinear space (Rect, ©) and the formal rectilinear polydisc (PDisc;, O) in Section 2, we introduce in
Section 3 the semisimplicial set of rectilinear flags and associated semicosimplicial algebras. Then in Section 4 we introduce
the rectilinear adelic complex.

The Thom-Whitney, or Thom-Sullivan, construction is recalled in Section 5.

Then in Section 6 we give our notion of what it means to have a homotopy Manin triple, before giving our two classes
of examples in Section 7 and Section 8. These sections contain the main results of the paper, Theorem 14 and Theorem 24.
Finally, results about the enveloping dg associative algebras are collected in Section 9.

Acknowledgements. The authors would like to thank Jon Pridham for useful discussions. CY is grateful to Leron Borsten and
Hyungrok Kim for useful discussions and many helpful suggestions.

The authors gratefully acknowledge the financial support of the Leverhulme Trust, Research Project Grant number RPG-
2021-092.
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2. Rectilinear space and the formal rectilinear polydisc
We work over C. The tensor product ® means ®¢ throughout.
2.1. The affine line A and the formal disc Disc;

Recall that one thinks of the polynomial algebra C[z] as the algebra of functions on the affine line A' := SpecC|[z], its
prime spectrum. The prime ideals of C[z] are 0 and (z — a)C|[z] for every a € C, so that as a set

Al={niuc,
where 7 is the generic point. The nonempty open sets in the Zariski topology are the complements A1\ {cq, ..., ¢k} of finite
collections of closed points ¢; € C, and the structure sheaf

O:0pen(AH% — CAlg; OA'\ {c1,....q}) =C(2)¢

..... Ck

assigns to such an open set the algebra C(2), ..., of rational expressions in z singular at most at the missing points. The
stalk ata e C is Oy := h_r)nuBa o) = S(le[z], the localization of C[z] away from the ideal generated by (z—a) or in other
words the algebra of rational expressions in z with no singularity at z=a. At the generic point 5 the stalk is O, = C(2),
the field of all rational expressions in z.

The completion of C[z] with respect to the maximal ideal (z — a)C|z] is the algebra C[[z — a]] of formal power series.
One thinks of it as the algebra of functions on the formal disc at a, Discq(a) := Spec C[[z —a]]. The prime ideals of C[[z—a]]
are 0 and the unique maximal ideal (z — a)C[[z — a]], so that as a set the formal disc at a has exactly two points,

Disci(a) = {n. a},

namely the generic point which we again call 7, and the closed point a. (When we wish to refer to an abstract copy of the
formal disc, we shall sometimes write pt. for the closed point Disc; = {5, pt.}.) The only nonempty open sets of Discy(a)
are Discy(a) itself and the punctured formal disc at a, Discy (a) := Discq \ {a} = {n}. The structure sheaf, which shall denote

by 0, is given by
Oisci (@) =Cllz—all,  Oisc] (@) = C((z—a)) (5)

where C((z—a)) is the algebra of formal Laurent series. Its stalks are Oq = C[[z—a]] and (’3,, = C((z—a)). Note that there

are embeddings of algebras Oy — @a and Oy — (’3,, given by expanding in formal (Laurent) series in the local coordinate
z—a.

Both the punctured affine line and the punctured formal disc are again affine schemes: A\ {a} = SpecC[(z — a)*!] and
Discy (a) = Spec C((z — a)).

2.2. Rectilinear space Rect,

Let us denote by
Recty := Al xTP A

the product in topological spaces of two copies of the affine line. Thus, Rect; is the set-theoretic product A! x A!, endowed
with the product of the Zariski topologies. Let w, z: C x C — C be the Cartesian coordinates. As a set, Rect, consists of

All the points (a, b) € C2

All the lines (w =a) forae C
All the lines (z=»b) for be C
The generic point E.

Here, we are adopting the suggestive notations (w =a) and (z =b) for (a, n) and (7, b) respectively, and we write E for the
generic point (7, n7). The closure of the line (w = a) consists of the line and all its points: {(w =a)} ={(w =a)}u{(a,b):
b € C}; the closure of the generic point E is all of Recty: {E} = Rect;. Complements of closures of lines form a base of the
open sets. Thus, every nonempty open subset is the complement of finitely many closed points and the closures of finitely
many lines:

m n p
U =Rect \ | J{w=ap}\ | J{@=bp}\ (Jl(ex, di}- (6a)

i=1 j=1 k=1
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Let O : Open>® . — CAlg be given by

Recty
am @ C Dby, by- (6b)

This is a sheaf in commutative algebras. Its restriction maps are all injections.
In this way, we get a ringed space (Recty, O) which we call rectilinear space. Its algebra of global sections is the polyno-
mial algebra O(Recty) = C[w] ® C[z] = C[w, z]. The stalk at any closed point (a, b) € C? < Rect; is

O@p =Sz 'Clwl® S, 'Clz],

which is a local ring: its unique maximal ideal is (w — a)O(q p) + (z — b)O(q p). However, the remaining stalks are not local
rings: for example, the stalk of O at the generic point E € Rect; is

Or=C(w) ® C(2).
2.3. The formal rectilinear polydisc PDisc;

Let us denote by

PDiscz(a, b) = Discq (a) x TP Discy (b)

the product in topological spaces of two copies of the formal disc. As a set PDisc;(a, b) consists of four points:

The closed point (a, b) € C?2
The line (w =a)

The line (z =b)

The generic point E.

We call PDisc;(a, b) the formal rectilinear polydisc, and

PDisc; (a, b) := PDiscz(a, b) \ {(a, b)},

the punctured formal rectilinear polydisc, at (a, b). Let O be the sheaf in commutative algebras on PDiscy(a, b) given by

O(PDisca(a, b)) = O(PDisc; (a, b)) = C[[w —a]] ® C[[z — b]] (7)
O(PDiscz(a, b) \ {(w =a)}) = C((w — a)) ® C[[z — b]]
O(PDiscz(a,b) \ {(z=b)}) = C[[w —al] ® C((z — b))
O({E) =C((w —a)) ® C((z— b))
whose stalks are
Op=C(w-a)®C((z-b)  Ow=a=Cllw—all®C((z—b))
Oz=by = C((w — ) ® C[[z — b]] Oy = Cl[w —al] ® C[[z — b]].

(It is the external tensor product of the structure sheaves on the two factors Discj.) R
When we identify PDiscy(a, b) as a subset of Rect; in the obvious way, there are embeddings of algebras Oy < Oy for
every point x € PDisc,(a, b), given by expanding in formal series in both the local coordinates, w —a and z — b.

2.4. Derived global sections and higher sheaf cohomology

There is a vital difference between the disc Disc; and the polydisc PDisc,. If we remove the closed point from the Discy,
the algebra of global sections of the structure sheaf gets bigger, as we see in (5):

I'(Disc1, O) = C[[z]]1 € C((2)) = ['(Disc;, O).

By contrast, if we remove the closed point from the polydisc in dimension two, we don’t get any more sections than we
had before, as we see in (7):

I'(PDiscz, O) = C[[w]] ® C[[z]] = ['(PDisc;, O).

The same is true of Rect, compared to the affine line A'. If we remove a single point ¢ € C from the affine line, the
algebra of global sections of the structure sheaf goes from the polynomial algebra C[z] to the algebra C(z). = C[(z — ¢)*1]

7
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of Laurent polynomials. By contrast, note the lack of dependence on the (c,dy) in (6): we may remove any finite number
of closed points as we wish and no more global sections appear.

This is a classical phenomenon which occurs also for the structure sheaf on the usual affine plane A? .= SpecC[w, z]. It
has an analog in the complex-analytic setting, known as Hartog’s theorem (see e.g. [36, Theorem 1.8] or [27]): in complex
dimension at least two, every holomorphic function on a punctured polydisc can be analytically continued to a function on
the unpunctured polydisc.

As stressed in [18,34], and in [25], one should think that the “missing” global sections over the punctured space have
not vanished, but merely moved to higher cohomology. Recall that the derived space of global sections RT™®(PDisc5, @) of

the sheaf O on PDisc; is the cochain complex defined, up to zigzags of quasi-isomorphisms, by the requirement that its
cohomology computes the sheaf cohomology of 0,

H*(RT'(PDiscy, O)) = H*(PDisc}, O).

There is higher cohomology in the case of the punctured polydisc (cf. Corollary 17 below)

Cliwll® Cl[z]] k=0
H¥(PDisc}, O) = {w='z-IClw~",z71] k=1
0 k¢ {0,1}

One can think of w=1z=1C[w~1,z71] here as the higher analog of the negative modes z~'C[z~'] ¢ C((z)) in the one-
dimensional case.

Our aim in the present paper is to construct explicit models of spaces of derived sections, in our rectilinear setting, with
the following properties:

e we want models both for the local situation, i.e. for RT'(PDisc5, 0), and for the global case RT'(Rect; \ {closed points},
0);
e we want these models to make explicit the global-to-local maps

RT(Rect; \ | J{(ai. bi, ©)}) — RT(PDisc3 (i, by). 0),

1

that are the higher analogs of taking formal Laurent expansions;
e ultimately we want models in dg commutative algebras, rather than just dg vector spaces.

Our motivation is that we want explicit models, in dg Lie algebras, for the higher analogs of the usual current Lie algebras
g® C((t)) = g ® I'(Discy’, 0), and their global analogs, and the dg Lie algebra maps between them.

Models in dg commutative algebras for derived sections can be obtained in various ways; see [34, Appendix A]. The
construction we use centres on the Thom-Sullivan-Whitney functor, whose definition we recall in Section 5.

The starting point is the familiar definition of sheaf cohomology. Recall that the sheaf cohomology of O on PDisc} is, by

definition, the cohomology H'(PDisczx, 6) := H*(F) of any resolution

0-0—->7F > rFl—» ..

of O by flasque sheaves. We shall construct such resolutions, of O and of O, in the spirit of the adelic complexes for
schemes due to Parshin [52] and Beilinson [5], but adapted to our simpler rectilinear spaces, PDisc; and Rect, (which are
not schemes).

Remark 1. For more on adelic complexes, see e.g. [31,50,49,51]. In the case of schemes, the algebras attached to flags
of subschemes are defined by repeated localizations and completions - see [49], especially §3.2 and §3.3, and references
therein. One of the ways in which our present rectilinear setting is simpler is that, because we just have a topological
product of affine lines, the algebras we attach to flags below will be merely products of algebras appearing in that familiar
case. Another is that we simply have a much smaller semisimplicial set of flags, because we need only the rectilinear flags.
<

3. Semicosimplicial algebras associated to rectilinear flags

We must first introduce semisimplicial sets of rectilinear flags, and algebras associated to them: these will be the building
blocks of our models for spaces of derived sections.
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3.1. Rectilinear flags

Given any subset U C Rect; (open or not), let Flag,(U) for n =0, 1,2 denote the set of n-step flags in U:

Flag,(U) := {(ao, ..., ap) € U" : {ao} € --- C {an}}.

(Thus, Flag; (Recty) consists of points-in-lines and lines-in-the-surface, and Flag,(Rect;) consists of points-in-lines-in-the-
surface.)
Let

a' : Flag, .1 (U) — Flag,(U);
(ap, ...,an+1) = (@o, ..., G, ..., 0n41)

be the map given by removing one space from a flag, for i =0,...,n+1 and n =0, 1, 2. These maps endow Flag, (U) with
the structure of a semisimplicial set, as we recall below. For intuition, one should visualise the example of the finite set
of flags Flag,(PDiscy(a, b)) for the formal rectilinear polydisc PDiscy(a, b) C Rect, at the closed point (a, b). It consists of
exactly four vertices, five edges and two 2-simplices, while the set Flag, (PDisc; (a, b)) C Flag,(PDiscz(a, b)) of flags in the
punctured formal rectilinear polydisc has exactly three vertices, two edges and no higher simplices:

(a.b) (= =b) (= b)

(w=a) E (w=a)e o E

Flag, (PDiscs(a, b)) Flag, (PDisc; (a, b)) (8)

3.2. Semisimplicial sets

Let A denote the category whose objects are the finite totally-ordered sets

[n:={0<1<---<n}, neZso,

and whose morphisms are the strictly order-preserving maps 6 : [n] — [N]. Such maps are injections and exist only for
n < N. They are generated by the coface maps

) J j<i
d¥:[n]— [n+1];
iiml—>Mm+1]; j— it1 i

fori=0,1,...,n+ 1 (together with the identity maps idj,)) for n =0, 1, 2,.... One thinks of the category A as follows:

21 = 111 &= [0].

A semisimplicial object Z in a category C is a functor Z : A°? — C. In particular, a semisimplicial set S : A°° — Set is a
semisimplicial object S in the category of sets. For each n, S([n]) is called the set of n-simplices of S. The maps 3] :=
S} : S([n+11) — S([n]) are the face maps of s.!

In our present case, we have the functor

Flag(Rect) : A°P — Set

given on objects by [n] — Flag,(Rectz) and on morphisms by df — 9. One may think of the semisimplicial structure on
Flag, (Rect) as follows:

Flag, (Recty) E; Flag; (Rect) —= Flagy(Recty).

1 Simplicial sets are defined in the same way but with “strictly order-preserving”, i.e. increasing, replaced by “weakly order-preserving”, i.e. non-decreasing,
in the definition of A. Simplicial sets have extra structure (degenerate simplices and degeneracy maps) which we shall not need here.

9



L. Alfonsi and CA.S. Young Journal of Geometry and Physics 191 (2023) 104903

3.3. The comma category Al S

Given any semisimplicial set S : A°? — Set, let A|S denote the category whose objects are the simplices of S, and
in which there is a unique morphism f — F if f is a subsimplex of F, ie. if f = ¢(F) for some morphism ¢ of
S(A°P), and no morphisms f — F otherwise. One can regard A S as a partially ordered set. For example, the category
A | Flag, (PDisc;(a, b)) is the partially ordered set given by

((a,b)) ——— (@, b), (z=b)) +——— ((z=D))

\

((a,b), (z=b),E)

/

g

((z=b),E)

(W=a) ——— (W=a).F) «— () (9)

There is another useful way of regarding the category A|S. Recall that the Yoneda embedding A —— Yoneda [A°P, Set]

embeds A as a full subcategory of the category of semisimplicial sets, by sending [n] € A to the standard n-simplex
A" := Homax (—, [n]). We can then regard A | S as the comma category associated to the diagram of functors

Is

A Yoneda [A% Set]

That is: we can think that an object of A | S is by definition a copy of the standard n-simplex A" for some n together with
a map of semisimplicial sets A" — S; and a morphism from (A" — S) to (AN — S) in A|S is a morphism ¢ : A" — AN
of semisimplicial sets such that the diagram

A”%AN

S
commutes. An advantage of this perspective on A S is that we get the functor

F ful
ALS orgetfu A Yoneda Yoneda [AOp Set]

which forgets about the maps of the simplices into S. We can think of this functor as a diagram in the category [A°P, Set]
of semisimplicial sets. (Its colimit is S itself.)

10
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For example the image of A | Flag, (PDiscz(a, b)) in the category of semisimplicial sets is the diagram

A Al A
A2
VAN
Al Al Al
Ny
AZ
Al Al Al (10)

Intuitively speaking, this tells us how to build Flag,(PDiscz(a, b)) by sewing together standard simplices.
3.4. Semicosimplicial algebras

A semicosimplicial object A in a category A is a functor A: A — A, i.e. an object of the functor category

[A, AL

The relevant categories A for us are commutative algebras, Lie algebras, and the differential graded analogs of these. When
it is not necessary to be more precise, we shall refer to objects of .4 as algebras and to semicosimplicial objects in A as
semicosimplicial algebras.

Thus, a semicosimplicial algebra A has, by definition, an algebra A([n]) € A of n-cosimplices, for each n € Z-¢, and coface
morphisms d’,? :A([n]) > A(In+1]),i=0,1,...,n+ 1 between them:

L A2) = A1) £ A((0D).

Actually, our semicosimplicial algebras will have a finer structure than this: they will arise from semisimplicial sets (of
flags) by first attaching algebras to individual simplices (i.e. individual flags) of a given semisimplicial set. It is useful to keep
track of this structure, and to that end we make the following definition.

3.5. S-algebras

Given a semisimplicial set S, define the category of S — objects in A or S-algebras to be the functor category

[AlS, Al

i.e. the category whose objects are functors A|S — A and whose morphisms are natural transformations between such
functors. Given an S-object in A there is a natural way to recover a semicosimplicial object in 4. Namely, given a functor
A:AlS— A, we may define a functor TTA: A — A as follows. We set

MAY(nh = [] Ay
fes(n)
and if ¢ : [n] - [N] in A then the morphism (ITA) (¢) : (ITA) ([n]) — (ITA) ([N]) is given by its restrictions to the factors
Ag:
(TTA) (@)a, = [ A(f—F)
FeS(IND: S($)(F)=f

(Recall that A(f — F): Ay — Af. A given n-simplex f may belong to the boundary of infinitely many N-simplices of S,
and for that reason we need the direct product [] rather than the direct sum €p. On the other hand, any given N-simplex
F has only finitely many boundary n-simplices, so there are only finitely many factors Ay such that f — F is a morphism
of A|S, and thus the restriction of (HA)(¢)(HA([n])) to the factor Afr is a well-defined sum of finitely many terms.)

Lemma 2. This I defines the action on objects of a functor

M=TIIs:[A|S, Al — [A, A]

from S-objects in A to semicosimplicial objectsin A. O

11
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Remark 3. This functor IT is left adjoint,

[AA] L7 [A]S,A],

I

to the pull-back u*: B+ u*(B) = B o u of the forgetful functor u: A|S— A. <«
3.6. Semisimplicial subsets and the restriction morphism

The other fact we need concerns semisimplicial subsets of S. Suppose R is a semisimplicial subset of S, by which we
mean that for each n the set of n-simplices of R is a subset of the set of n-simplices of S, R([n]) C S([n]) and that the
face maps respect these embeddings of sets. That is, the embedding maps i([n]) : R([n]) < S([n]) define a morphism of
semisimplicial sets i : R — S, i.e. they are the components of a natural transformation i

between the functors R and S. We get a functor Ali: AJR — A ]S between the corresponding comma categories. Given
an S-object A in A we have then also its restriction A|g, an R-object in .A. Namely, A|r is the composition

AIR—>ALS A A

This defines a functor [A| S, A] - [AlR, A]; A A|g. (That is, A|g := (A|i)*A.) We can then form two semicosimplicial
objects in A, namely ITsA and TTRA|g.

Lemma 4. There is a morphism of semicosimplicial objects in A,

T Hg/‘\—) HRA|R

given by

id R
”'Af:{;)Af ;;R.

Remark 5. Note that while we also have the obvious embedding maps (ITg A|g)([n]) < IIsA([n]), these do not in general
define a morphism of semicosimplicial algebras ITgA|gr — I1sA. Indeed, we get failures of naturality whenever f € S([n])
and F € S([N]) are such that f € R([n]) and yet F ¢ R([N]). <

3.7. First example

We now turn to an example which will play a central role. Let CAlgemb denote the category whose objects are commu-
tative (C-)algebras and whose morphisms are embeddings of commutative algebras.

Let PDisc, := PDiscy (0, 0) be the formal rectilinear polydisc at the point (0, 0). To give a Flag, (PDiscz)-object in CAlgemb,
i.e. a functor

A | Flag, (PDisc;) — CAIg®™,

is by definition to give a certain commuting diagram of commutative algebras and embeddings between them, cf. (9) and
(10). Let us define such an algebra, Appisc,, as follows.

12
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Cliwll ® Cl[z]] —— C((w)) ® C[[z]] +—— C((w)) ® C[[z]]

N
N

Appisc; ‘= C[[w]] ® C((2))

N
N\

Cliwll® C((2)) B B

where B is the commutative algebra

B:=C((2)) ® C((w)).
That is, Appisc, (f) := B for all simplices f with only the following exceptions:
Appisc, ((0, 0)) := C[[w]] ® C[[z]]
Appisc, (W = 0)) := Appisc, ((0, 0), (w = 0)) := C[[w]] ® C((2))
Appisc, ((Z = 0)) := Appisc, ((0, 0), (z=0)) := C((w)) ® C[[z]].

Let APDisc; denote the restriction, in the sense of Lemma 4, of the Flag, (PDisc;)-algebra Appisc, to a Flag, (PDisc;)-algebra:
APDichX := Apbisc, |Flag,(PDisc;)-
3.8. The associated cochain complex of a cosimplicial algebra
Let CCh(A) denote the category of cochain complexes in .A. There is a functor

C:[A, A] — CCh(A); A (C°(A),d)
which assigns to any semicosimplicial object A in A a cochain complex (C*(A), d) concentrated in nonnegative degrees, its

associated complex. (See e.g. [55, §8.2.1 and §8.4.3].) For each n > 0 the space C"(A) is a copy of A([n]) put into cohomolog-
ical degree n,

C"(A) :=s"A([n])

and the differential d¢ =}, di;, df; : C"(A) — C"t1(A), is given by the alternating sum of the coface maps,
db =s7'o (AW} — AWd]) + -+ (=D)AL, ) .

Here we use the standard notation

s": CCh(A) — CCh(A4); s"V:=Mnl®V

where [n] is the one-dimensional graded vector space concentrated in cohomological degree —n. In particular if V is con-
centrated in degree 0 then s™"V is concentrated in degree n.

13



L. Alfonsi and CA.S. Young Journal of Geometry and Physics 191 (2023) 104903

3.9. Homotopy equivalences and deformation retracts

Recall that a map f:V — W of cochain complexes V, W € CCh(A) is a homotopy equivalence if it is invertible up to
homotopies, in the sense that there exists a map of cochain complexes g: W — V in the opposite direction such that

go f~idy and fogx~idw.

Here we used 2~ to indicate that two cochain maps are homotopic, meaning that there exists a cochain homotopy between
them. That is, in this case, there are maps in A

h:vP—v"™!  and k:W'—> w"!
for each n, such that

gof—idy =[h,dy]l:=hody +dy oh

fog—idw =[k,dw]:=kodw +dw ok.

This situation is often denoted
AN
hC Vg =W Dk

As a special case, if go f =idy holds exactly then V is a deformation retract of W:

!
VW D
g

See for example [41, §1.5.5].

Every homotopy equivalence is a quasi-isomorphism of cochain complexes, i.e. it gives rise to an isomorphism in coho-
mology. For cochain complexes in vector spaces, i.e. for dg vector spaces, the converse is also true. To see this, it is enough
to note H*(V) is always a deformation retract of V. See e.g. [41, §9.4.3]. (Recall we work over C, here and throughout.)

4. The rectilinear adelic complex

We are now in a position to define the complex which will model the derived sections of the sheaf O on rectilinear
space Rect;.

The main result of this section is Theorem 6. Let us remark that the subsequent sections of the paper are self-contained
and can be read independently of this section.

Recall that Flag,(U) is the semisimplicial set of flags in a subset U C Recty of rectilinear space, as in §3.1. There is
manifestly an embedding of semisimplicial sets Flag,(U) < Flag,(V), cf. §3.6, whenever U C V, and these embeddings
compose correctly, i.e. we get a functor

Flag, () : Opengec;, — [A%, SetlFl, peer,): U > Flag,(U)
to the category of embedded semisimplicial subsets of Flag, (Rect;).> We recognize the (inverse) limit

l(ir_n Flag, (U) = Flag, (PDisc;(a, b))
U>(a,b)

as the semisimplicial set Flag, (PDiscy(a, b)) of flags in the formal rectilinear polydisc at the point (a, b) € C2.
Now let us define a Flag, (Rect)-object A in commutative algebras, i.e. a functor

A: A | Flag, (Recty) — CAlg

as follows: every flag, i.e. every simplex, is sent to C(w) ® C(z) with only the following exceptions:
A((a, b)) :==S;'C[w]® S, 'Clz] (12a)

2 Here, given any semisimplicial set S, we let [A°P, SetJe‘sle denote the category of its embedded semisimplicial subsets, i.e. the category whose objects
are tuples (R, R < S) consisting of a semisimplicial set R and an embedding of R into S, and whose morphisms (R, R < S) — (T, T < S) are morphisms

. R—— T
R — T such that the diagram (VR commutes.

14
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A((a,b), (w=a)) :=A((w =a)) := S, 'C[w] ® C(2) (12b)
A((a,b), (z=b)) :=A((z=b)) :=C(w) ® S, 'Clz] (120)

for all a, b € C. By restriction, we obtain also a Flag, (U)-object Ay in commutative algebras for every subset (open or not)
U C Recty.

At this point, we would like to apply the functor IT of §3.5 to obtain a semicosimplicial algebra 1Ay for each open U.
There is however a crucial subtlety. To get the resolution we seek of the sheaf O, it is necessary to modify the definitions
of the algebras of 1-simplices and 2-simplices:

MAy(0):= [[ A®F)

FeFlagy(U)

Ay ([1]) := [x:(xF) € ]_[ A(F) : (13)
FeFlag, (U)

for all but finitely many flags of the form F = ({pt.} C (line)),
xr actually belongs to A({pt.}), and

for all but finitely many flags of the form F = ((line) C E),
xr actually belongs to A((line))

Ay ([2]) := {x = (xp) € ]_[ A(F):

FeFlag, (U)

for all but finitely many flags F = ({pt.} C (line) C E),
xr actually belongs to A({pt.}).

We obtain a sheaf in semicosimplicial algebras U + IT'Ay. The restriction maps IT'Ay — IT’Ay for U C V just consist in
throwing away some terms in the products and are manifestly surjective. Thus this sheaf is flasque. On taking the associated
cochain complexes we obtain a flasque sheaf in cochain complexes in commutative algebras

U~ C*(IT'Ay).

Theorem 6. This sheaf U — C*(IT'Ay) on Rect; is a flasque resolution of O.
Thus, C*(IT'A) is a model for the derived sections of O:

RI*(U, 0) ~C*(IT'Ay),
for each open U C Rect,.

Proof. The proof is given in Appendix A. O

The Thom-Whitney construction, Section 5, provides another model, Th®(IT'A), which comes equipped with the structure
of a dg commutative algebra.

For completeness, we note also the following. Let Appisc, be the Flag(PDiscy)-algebra from §3.7. It restricts to a Flag(U)-
algebra Ay for each open U C PDisc; and this defines a sheaf U — ITAy in semicosimplicial commutative algebras on
PDisc;.

Theorem 7. This sheaf U — C*(ITAy) on PDiscy is aﬂqsque resolution of@.
Thus, C*(T1A) is a model for the derived sections of O:

RT*(U, 0) ~C*(TTAy),
for each open U C PDisc;. O

4.1. Remark on completed local rings

In place of the definition (12) of A, we could make the following alternative choice:

A((a, b)) :== C[[w —a]] ® C[[z — b]] (14a)
A(@a,b),(w=a)):=C[[w—all®C((z—b)) A(w=a)):=C[[w—al]®C(2)
A((@,b), (z=b)):=C((w—a))®C[[z—b]] A((z=b)):=C(w)®C[[z—b]]

15
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A((a,b), (z=b),E):=C((w —a)) ® C((z—b))  A((z=b),E) :==C(w) ® C((z— b))
A((a,b), w=0a),E):=C((w-a)®C((z—b)) A((w=a),E):=C((w—0a)®C(z)
AE) :=C(w)®C(2) (14b)

(The proof of Theorem 6 in Appendix A goes through with an additional step: one checks that CTT’Ay ~ CIT’Ay for suitably
small open sets V.)

This choice of A vs. A has an analog in the familiar case of the affine line A, where, at the level of global sections, one
has the usual short exact sequence,

0—Clx]—> Cx) ® ]_[ Cl[x — a]] — ]‘[ C((x—a)) = 0,
aecC aecC

but also the following one,

0—>Clxl->Cwea [[S;'Clxi— [[cw —o.
aecC acC

(The elements of l_[;e(C C (x) are called rational or non-complete adeles. See e.g. [24].)
4.2. Global sections as the homotopy kernel

In the familiar case of adeles for complex dimension one, we may also consider puncturing the affine line A! at only a

prescribed finite collection of closed points {aq,...,ayn} of our choice, and we get the following short exact sequence
N N
0 — ClxX] = CXay....ay ® P Clix—aill > P C((x—a1)) > 0 (15)
i=1 i=1

which, more conceptually, is

N N
0—TI'(A",0) > T(A"\ {a1,....an}), 0) & P Oy > ED T (Disc] (@i, O)) — 0.
i=1 i=1

One way to interpret this exact sequence is to say that the space of global sections I'(A!, ©) is the kernel of the map into
the tuples of sections over the punctured discs:

N N
I'(Al, ©) = ker (F(Al \{a1,....an}, 0) & @ O, -~ @ T'(Disc] (ai, @)))

i=1 i=1

(and this is true whether we choose to complete the local rings Oq or not, cf. §4.1).

As explained in [18], this statement has a derived analog: the space of global sections becomes a certain homotopy kernel.
In our case, the statement is Proposition 8 below. This is nothing but a restatement of [18, Proposition 1.1.4] in our rectilinear
setting, and the argument below is merely an expanded version of the argument given there’

As we saw in Theorem 6, the cochain complex

C :=C*(IT'(A)) (16)
models the derived space of global sections of O on Rect;

RT*(Recty, ©) ~C*(IT'(A)).
Now let

X:{(a],b]),...,(GN,bN)}

denote a finite collection of marked points in C x C. Flags in the semisimplicial set of rectilinear flags Flag,(Rect;) either
start at one of the marked points, or they do not; thus, by definition of the unnormalized cochains functor C®, we have

3 Though any errors which have appeared in it are of course due to the present authors.
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! / !

= J] an= [ Aane J] AN (17)
f eFlag, (Recty) f eFlag,, (Recty\x) f €Flag, (Recty)
:foCX

Here, we recognise the first of the two summands on the right as the space C of the complex

1 :=C*(IT'(ARect,\x)) = RT'(Rect; \ X, O) (18)
which we know models the derived space of sections of © on Rect; \ X. We want to interpret the second summand on the
right in (17). When n =0, it is nothing but

P Ad@bh= P Own =:CJ. (19)

(a,b)ex (a,b)ex

which we may choose to think of as the degree zero space of a complex 0 — Cg — 0. For n > 1, we need the following
observation about the definition (12): for any flag* fo C fi C... whose first space is a point, we have

A(foc fic...)=A(f1C...).

(The only cases to check are those in (12b) and (12c) and A((a, b) C E) = A(E).) If fo = (a,b) is one of the marked points
then the truncated flags f; C ... on the right here belong to our semisimplicial set of flags Flag,(PDisc; (a,b)) in the
punctured polydisc at this marked point. Using this fact, we get that, for n > 1,

/

= J] AnH=6EP Cn_1(H(A|F1ag<pnisc;(a,b)))) (20)
f eFlag, (Recty) (a,b)ex
:foex

(note the degree shift). We know the complexes appearing on the right here, namely
C.(H(A|Flag,(PDisc; @by)) = RI*(PDisc; (a, b), 0),

model the derived algebra of sections of O on the punctured formal rectilinear polydiscs at the marked points (a, b) € Xx.
The 0-step flags in C, form a semisimplicial subset of Flag, (Recty), i.e. A C5 is a full subcategory of A | Flag,(Recty). (It
just consists of isolated points.) We get the C;-object in commutative algebras Alc,, which just sends, cf. (12),

A:{(@ b)) S;ICIWI® S, ' Clzl = O p)

for each marked point (a, b) € x.
Thus, as a graded vector space, we have that

C=(C1eCes'(3)", ie "=Cedecy! (21)

for each n, for these complexes C, Cq, C; and C3 we defined in (16), (18), (19) and (20). The differential of the complex C*
is given, in matrix form, by

_ dc, +dc, 0
dc = ( d _de, (22)

where d is a (degree zero) cochain map
d:C1®Cy— (3

defined by our choices above. Conceptually, d|c, is the sum of the maps
Oa,by = '(PDiscy(a, b), O) — RF(PDisczX (a,b), 0)

while d|c, is the diagonal map
RT'(Recty \ X, 0) — RF(PDisczX (a,b), 0).

But presented as in (21), (22), one recognises the complex (C*®, d¢) as the mapping cocone Cocone(d) of the cochain map

d. (See e.g. [48], or [55, Chapter 10], and note that Cocone(d) =s~! Cone(d).) In turn the mapping cocone represents the
homotopy kernel hoker(d) of the map d, so we arrive at the following statement.

4 Here and occasionally elsewhere, we use a suggestive but rather loose notation: the flag is strictly-speaking the tuple (fo, f1,...) with {fo} c{fi} C....
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Proposition 8 (Following [18] Proposition 1.1.4). The space of global sections of O on rectilinear space Rect; is the homotopy kernel of
the map d:

I'(Recty, O) =
hoker [ RM(Rect; \ X, 0) & €D O 4 @ Rr(pisc; (@.b).0) |, o
(a,b)ex (a,b)ex
5. The Thom-Whitney-Sullivan functor
Now we describe the tool we use to produce models of derived spaces of sections which come equipped with the
structure of differential graded commutative or Lie algebras. In the literature it goes by the name of the Thom-Sullivan
[30,6,34] or Thom-Whitney [19] construction.

5.1. Polynomial forms on the standard algebro-geometric simplex

There is a semisimplicial> commutative differential graded algebra

Q: A% — dgCAlg

defined as follows. For each n > 0, Q([n]) is the commutative differential graded algebra

Q([n]) :=Clto. ....ta: dtg, ... dta] /(> t; =1, dt;)
i=0 i=0

with t; in degree 0 and dt; in degree 1, for each i, and equipped with the usual de Rham differential. One should think of
Q([n]) as the complex of polynomial differential forms on the standard algebro-geometric n-simplex. For any map ¢ : [n] —
[N] of A,

Q(¢) : QNI — Q([n])
is the map of dg commutative algebras defined by t; — Zjed)—](i) tj.

5.2. The functor Th

Suppose g: A — dgLieAlg is a semicosimplicial differential graded Lie algebra. We can construct the bigraded vector
space C** whose spaces are

i = [a = @wm=0 € [ RUmD? @ gtm))? :

m=>0

(ild® g(@) an = () ®id)ay in Q([n])? @ g(IND?

for alln < N and all maps ¢ : [n] — [N] ofA}. (23)

It is a bicomplex, with the de Rham differential d? : CP9 — CP*+1.9 and the internal differential of g, d‘é : CP4 — CP-9+1 The
Thom-Whitney complex (Th®(g), dty,) is by definition the corresponding total complex

Th'(g) = P ™

p+q=n

with differential

dry :=d +dg.

That is,

dimw®a) =do®a+ (-1)¥“wdga.

5 It is actually simplicial, i.e. it has degeneracy as well as face maps, but we shall not need this.
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As a cochain complex Th®(g) is quasi-isomorphic to the total complex Tot®(g), Tot"(g) = P +q=n CP(g9), of the unnor-
malized cochain complex, cf. §3.8, of the dg Lie algebra g [56] [29, §4]. A quasi-isomorphism /P: Th(g) — Tot(g) is defined
by integrating over the simplices; see [30, §5.2.6]. In fact an explicit deformation retracts

;
C Th(g) = Tot(g)

is known [13]; see [19, §6] and references therein.
The great advantage of the Thom-Whitney complex is that it comes with the structure of a differential graded Lie algebra.
The graded Lie bracket is given by

[w®a,T®bl:=(-1F"%C"wAT®Ia,b]

for all a,b € g([n]) and w, T € Q([n]), for each n. One obtains a functor, the Thom-Whitney functor, from semicosimplicial
differential graded Lie algebras to differential graded Lie algebras,

Th: [A, dgLieAlg] — dgLieAlg.
Entirely analogously, one has a functor
Th: [A, dgCAlg] — dgCAlg

(which we also denote Th) from semicosimplicial dg commutative algebras to dg commutative algebras.

Any Lie algebra can be regarded as a differential graded Lie algebra concentrated in degree zero, and any commutative
algebra can be regarded as a differential graded commutative algebra concentrated in degree zero. So the functors above
restrict to functors

Th: [A, LieAlg] — dgLieAlg, and Th:[A, CAlg] — dgCAlg

which will actually be all that we need here.
5.3. Thom-Whitney complex of an S-algebra

Suppose S is a semisimplicial set and
g:A|S — dgLieAlg
an S-object in differential graded Lie algebras, in the sense of §3.5. On composing the functor IT:[A| S, dgLieAlg] —
[A, dgLieAlg] with the Thom-Whitney functor, we get a functor
Tholl:[A]S, dgLieAlg] — dgLieAlg.

There is an intuitively clear geometrical interpretation of the differential graded Lie algebra Th(g). Recall that an S-algebra
assigns an algebra to each simplex of the semisimplicial set S, and specifies maps between them. We can realize S geomet-
rically and consider polynomial differential forms on S, with the form on each simplex valued in the corresponding algebra.
It is natural to consider forms compatible with the maps between these algebras in the obvious sense. And indeed we see
CP-q of (23) becomes

cPa— {a —@orepsan e || QUdimx)? @ g7
X€Lp S([n])

(id® g(@) ax = (¢p) ®id)ax in Q([dimx])P ® g(X)

forallmaps¢:x—>XofA¢S}. (24)
That is, an element of CP:7 consists of an g(x)-valued polynomial differential form ay on each simplex of x of S, such that
whenever x is a simplex of S on the boundary of another simplex X in S, then the pullback to x of the form ay agrees with
the image, under the map g(x) — g(X), of the form ay.

If R is a semisimplicial subset of S then we have the morphism of semicosimplicial algebras 7 : [TA — T1(A|g) of
Lemma 4 and hence, by functoriality of Th, a map

Th() : Th(A) — Th(A|R) (25)

This is just the map which pulls back a differential form on S to one on R.
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5.4. Example: the dg Lie algebra gppy:
p g 3 gPDlsczX

It is helpful to see an example of the functor ThoIl in action.
Let g be a finite-dimensional simple Lie algebra. Recall from (8) the semisimplicial set Flag, (PDisc} ), and from (11) our
definition of the Flag, (PDisc; )-algebra APDisc;:

Cliwll® C((2)) B B B C((w)) ® C[[z]]
where

B=C((w)) ® C((2)).
We shall write

gI’Disc2X =Th(g ® APDisczx)

for the resulting differential graded Lie algebra of Thom-Whitney forms. Explicitly, pDiscy consists of pairs of differential
forms:

Srviscs = [ (#(9) = F(9) + F(5)ds, ¥(5) = () + G()ds)
f(5),F(s),8(5),G(s) e g® C((w)) ® C((2)) foralls,
Fy =g,
f(0) eg@CIWI 8 C(@), g0 eg®C((w) @CILz1}. (26)

We should think of these forms as painted onto the edges of the semisimplicial set Flag, (PDisc}), cf. §5.5:

(w=0) E (z=0)

¢ (s) = f(s) + F(s)ds Y (s) = g(s) + G(s)ds

5.5. Conventions for coordinates on simplices

For us, every 2-simplex corresponds to a flag of the form point pt. C (line) C E. (Compare (8).) On each individual such
simplex, we choose coordinates (s, t) as follows.

s=1

(line) E

pt.

s —1
Thus, on each simplex:
e ds is a nonzero constant one-form that vanishes on the edge pt. C (line)

e dt is a nonzero constant one-form that vanishes on the edge (line) C E

e these one-forms agree, ds = dt, on the edge pt. CE.
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6. Homotopy Manin triples

As we discussed in the introduction, our main goal in the present work is to give higher generalizations of certain Manin
triples which are important in the theory of integrable systems.

To that end we must first clarify what such a generalization of a Manin triple should mean. We begin by expressing the
usual definition of a Manin triple of Lie algebras in a form amenable to generalization. Recall that we work over C, here
and throughout. A Manin triple (a, at, t+, (— | —)) is the data of

(1) Lie algebras a, a4, a_,
(2) Lie algebra maps a4 Sa a_, and
(3) a map of vector spaces (— | —):a®a— C,

subject to the following conditions:

(i) the map of vector spaces (t4,t_):ay @ a_ — a is an isomorphism.
(ii) the map (— | —):a®a— C is
- symmetric: (x|y)=(y|x) for all x,y € a.
- invariant: ([x, y]|z)+(y|[x,z]) =0 for all x, y,z € a.
(iii) the map (— | —):a® a — C is non-degenerate: If (x| —) =0 as maps a — C then x=0.
(iv) both a4 and a_ are isotropic, i.e. the maps

(tz(=) [1£(=) rax @ax — C

dre zero.

Having expressed the definition this way, it seems natural to make the following generalization to dg Lie algebras:

Definition 9. A homotopy Manin triple (of dg Lie algebras) (a, a+, t+, {(— | —),n) is the data of

(1) dg Lie algebras a, a4 and a_
(2) dg Lie algebra maps a Sa a_, and
(3) a (degree zero) map of dg vector spaces (— | —):a®a— s "C

subject to the following conditions:
(i) the map of dg vector spaces (t4+,(—):a+ @ a_ — a is a homotopy equivalence
(ii) the map (— | —):a®a— s "C is

- (graded) symmetric: (x| y) = (—1)8*8"Y (y | x) for all x € a8, y € a8V,
- invariant:

(X, y112) + (=D (y | [x,2]) =0
(dax | y) + (=D * (x| dqy) =0

for all x € a®¥*, y € a®Y and z € a®"%.
(iii) the map (— | —): a® a — s "C is non-degenerate up to homotopy: If (x| —) ~ 0 then x >~ 0 (i.e. x is exact).
(iv) both a; and a_ are isotropic, i.e. the maps

(te() [te(=) rar ®ap —s'C

are homotopic to zero.
Let us make several remarks about this definition.

Remark 10. Recall that in the category of dg vector spaces, every quasi-isomorphism is a homotopy equivalence (cf. §3.9).
Consequently, conditions (i) (iii) and (iv) respectively could be replaced with the following equivalent demands:

(i) the map (¢4, ¢—) induces an isomorphism of graded vector spaces
H(ay) @ H(a_) Zgrvect H(a)
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(iii’) the map of graded vector spaces

H(a) @ H(a) » s~ "C

induced by (— | —) is non-degenerate (on the nose).
(iv’) both H(ay) and H(a_) are isotropic (on the nose) as subspaces of H(a). <

Remark 11. For a suitable notion of the dual a* of a, condition (iii) is equivalent to
(iii”) The map a — s~ "a* induced by (— | —) is a homotopy equivalence.

(For us a is often a cochain complex in topological vector spaces, and the appropriate dual cochain complex has spaces
Hom®(a", C) consisting of the continuous linear maps to C with its discrete topology. For example, in the case of C[[t]]
with its t-adic topology, one has Hom ™ (C[[t]], C) =t~ 1C[t~'], as one wants.) <

Remark 12. Let dgLieAlg® denote the full subcategory of dgLieAlg whose objects are those dg Lie algebras that are both
fibrant and cofibrant in some model structure (for example, in the standard projective model structure on dgLieAlg induced
from the standard projective model structure on dgVect [28]). Recall that in dgLieAlg® every quasi-isomorphism is a homo-
topy equivalence, i.e. is invertible up to homotopies. One sees that if a, a+ and b, b1 are objects in dgLieAlg® and a >~ b and
a+ >~ b, then a Manin triple structure for a, a+ induces a unique Manin triple structure for b, b. <

Remark 13. Kravchenko gives a definition of a Manin Ly.-triple, or strongly homotopy Manin triple, in [37]. We discuss the
relationship between that definition and Definition 9 in Appendix C. <«

7. Local homotopy Manin triple

With the above definition of a homotopy Manin triple in place, we are ready in this section to give our first main
example of such a structure. Namely, we define a homotopy Manin triple associated to the punctured formal rectilinear
polydisc PDisc;. See Theorem 14 below. It can be seen as a higher analog of the Manin triple (1) from the introduction.

Recall first the dg Lie algebra Oppisc; We defined in §5.4. It plays the role of the Lie algebra g ® C((2)) = g ® I'(Disc], @)
in the Manin triple in (1). Now we define the two dg Lie algebras which will be analogs of g ® C[[z]] and g® z~'C[z~1].

7.1. The dg Lie algebras g+ and g_—
Let

g+ =g @ C[[w]] ® C[[z]],

regarded as a dg Lie algebra concentrated in degree zero. Let

g-= Th(g ® Al:D;sc;)’

where we introduce another Flag, (PDisc})-algebra A;D’iscx, given by
2

0—— wlzlcw 1,z «——w iz ICcw !,z —— w iz ICw L,z 1]+——0

Explicitly then, g_ consists of pairs of differential forms:

o- = {(#©) = F© + F©)ds, () =g(5) + G(s)ds) :
f(s),F(s),8(s),G(s) eg@w 'z 'C[w™',z7"] foralls,
fH=g, f@O)=0, g0)= 0},
cf. (26). We have the maps of dg Lie algebras

iy i
g+ — gI’DisczX < g-

where i, : gy — 9pDiscs sends f € g4 to the constant function f € pDisc * and i : g_ — IpDiscy is the map of dg Lie
algebras coming from the canonical embeddings, using Lemma 2 and functoriality of Th.
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7.2. The bilinear form
Now we define on 9ppisc; @ Symmetric invariant form
(=1-) :gPDisczx ® gPDisczX —s7'C.
(Recall s~1C is a copy of C put into cohomological degree 1.) We pick an orientation of Flag(PDisc5): let

T=((w=0),E) - ((z=0),E)

be the 1-chain whose boundary is X = (w =0) — (z=0). Observe that, in the notation of §5.4, we have

/(ds,—ds):/ds+/ds:2.
x Al Al

Fora,begand w, A € Th(APDisczx), we set

1
(aQ@w|b®1) = s_lilc(alb)[resw res,w A A
)

where K(—|—) denotes the standard invariant symmetric bilinear form on the simple Lie algebra g, and where

res;: C((1) > C: Y fit" > f4
k
is the residue map. Then we extend (— | —) by linearity to all of pDiscy ® 9pDiscs -

7.3. Manin triple
The main result of this section is then the following.
Theorem 14. These data
(Oppiscy » 8+ 8—» I i, (= =)
constitute a homotopy Manin triple in dg Lie algebras, in the sense of Definition 9.

Proof. Condition (i) is Proposition 15 below. For condition (ii), graded symmetry is clear, and invariance is Proposition 19.
For the nondegeneracy and isotropy conditions (iii) and (iv), it is convenient to establish the equivalent statements about
cohomologies from Remark 10. We do so in Proposition 20. O

We start with the following, which is fundamental for us.

Proposition 15. At the level of dg vector spaces, g— @ g is a deformation retract of 9pDiscy
I
fe X
9- Do+ # gI’Dlsc2 :) h

Proof. The maps i and i_ of dg Lie algebras define the map of dg vector spaces

[=iy @i-:9- ® g+ — Ippiscy

(Note that it is not a map of dg Lie algebras: the images of g+ and g_ in Oppisc; are not mutually commuting.)
We must define a map

P gppiscy — 9- 9+

and a homotopy h : 9ppisc; — OpDisc -
Let

w(s) = (¢(5), ¥ (s)) = (f(s) + F(s)ds, g(s) + G(s)ds)
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be the element of 9ppisc; We introduced above, cf. (26). To define the map P and the homotopy h, we first note that we get
a unique decomposition
o=ttt +o T +o (27)

coming from the direct sum decomposition of vector spaces

C((w)) ® C((2))
=c C[wlI®Cll2]l ® Clwll®z 'Clz7 e wlClw 1®Cllz]l ® w iz 'Cw™!,z71].

We observe that =~ may be interpreted as an element of g_, and define

P():= (0", o |s=1). (28)
We should then also set h(w™ ") =0, for indeed @™~ =10 P(w™ ") holds exactly.
Next we define
s 1 s
h(w™1)(s) = / F~T(s)ds’, / F~(shds' + f G H(shds'
0 0 1

which we may sketch as

(w=0) E (z=0)

N
r e

The choice of base point for these integrals is fixed by the following consideration. The coefficient function F~*(s) of the
one-form F~T(s)ds obeys no conditions at s = 0 in general, and yet we need the function h(F~T(s)ds) to vanish there,
since w~IC[w 11 ® C[[z]] N C[[w]]® C((z)) =0.
We then indeed have that
[dhIfTs), g ) =hod(f (). g7 N =(FT6).g7 T () —g T+ 7))
=(f""s), 87T 6)

and

[d, h](F~*(s)ds, G~ (s)ds) =d o h(F~t(s)ds, G~ T (s)ds) = (F T (s)ds, G~ (s)ds).
That is, [d, hlo™t =™ .
For the same reasons, for the component '~ we are forced to integrate from the other end. We set
1 s N
h(w™)(s) = / Gt (shds' + / FT=(shds’, / Gt (shds',
0 1 0

which we may sketch as

(w=0) E (z=0)

A
A

and then we have [d, hloT~ =wt~.
For the component w** the new feature is that f¥+(s) can have a non-zero constant term. We set

h(@™)(s) = / Ft+(shds’, / Gt (s")ds’
1 1

which we may sketch as

(w=0) E (z=0)

A
Y
«

We then have
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[d, hI(fTF(s), 7T () =hod(fTF(s), g (s))
=T -, gt —gtta)
=), g™ ) - (FFT D, gt ()
=(id—ToP)(f**(s),g""(s))

and

[d, hI(FT T (s)ds, GTF(s)ds) = d o h(FTT(s)ds, GTH(s)ds) = (F* T (s)ds, GTT(s)ds).

This completes the proof that [d, h] =id — I o P. It is clear on inspection that the relation id = P o I holds exactly. O
The next statement shows that the cohomology of g_ is a copy of g@ w—1z=1C[w~!,z~1] in cohomological degree one.

Proposition 16. There is a deformation retract dg vector spaces
i
sTlg@w lz7 ICw 27 == g- D
p

Proof. We let

1
i(s ) := Ea(ds, —ds),

1
p((f(s) + F(s)ds, g(s) + G(s)ds)) :=s" /(F(s’) — G(s"))ds'
0

and finally
h((f(s) + F(s)ds, g(s) + G(s)ds))

s 1 s 1
= (/ F(shds' + %s/(F(s’) — G(s)ds), /G(s/)ds’ — %s[(F(s’) — G(s’)ds’)) )

0 0 0 0

Then p(i(s—la)) =s~! /01 ads’ :sfla/g ds’=s"la, so poi=id, and

(hod)((f(s) + F(s)ds, g(s) + G(s)ds))
=h((f'(s)ds, g'(s)ds))

1
=(f+ ES(f(l) — f(0) — g(1) + g(0)),
1
g(s) — ES(f(l) — f(0) — g(1) + g(0))) = (f(5), &(5)).
since f(1)=g(1) and f(0) =0 = g(0), while
(doh)((f(s) + F(s)ds, g(s) + G(s)ds))

s 1 s 1
=d (/ F(sHds' + %s/(F(s’) — G(sds), /G(s’)ds’ — %sf(F(s’) — G(s’)ds’) )
0 0 0

0

1
= (F(s)ds, G(s)ds) + % /(F(s’) — G(sds')(ds, —ds)
0

and here we recognize the last term as i(p(((f(s) + F(s)ds, g(s) + G(s)ds)))), so that
id—iop=[d,h]

as required. O

On combining this with Proposition 15, we get the following corollary.
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Corollary 17. At the level of graded vector spaces

g ® Cl[w]] ® Cl[[z]] k=0
Hk(ngisc;): g®W_1Z_](C[W_1,Z_]] k=1
0 k¢{0,1}

Remark 18. Since H* (8ppisc;) is a retract in of IpDiscy in dgVect, it is possible to endow it with the structure of an Ly
algebra via the homotopy transfer theorem, cf. Appendix C. <«

Proposition 19. The symmetric bilinear form (— | —) is IpDiscs -invariant, i.e.

([x, ¥y112) + (=DE*EY(y | [x,2]) =0
(dx|y)+ (=1 *(x|dy)=0

forallx,y,z e pDiscy -

Proof. The first part is clear, given the g-invariance of K(—l—). For the second part, we recall that d(a ® w) =a® dw in our
setting, and we have

(a®da)|b®A +(=1)F"®? (@ w| b ®dr)
- —/ca|b /reswreszd(w/\k)
b

1
=51 5 k(alb) resy res; (@ A A) [w=0 — (@ A L) |z=0) -

Obviously both the pullbacks here (w A A)|w=0 and (w A A)|,—o receive contributions only from the degree zero components
of w and A. Both vanish after taking the residues res,, res;, because w and XA obey the boundary conditions in (26). O

Proposition 20. The pairing (— | —) induces a non-degenerate pairing

-1
H(gPDisc;) ® H(gPDisc;) —-s C,

with respect to which both H(g+) and H(g—) are isotropic.

Proof. Recall that Ho(ngisczx) =g+ :=9g® C[[w,z]] and the map i, : g4 — 9pDiscy of Proposition 15 maps elements of g
to constant g,.-valued O-forms on FlagPDisc;’. Similarly, the map
~ o 11— — 14 1 i
H](ngisc;) s lgew 7 lIciw Lz 15 - = OpDiscs

from Proposition 16 and Proposition 15 maps elements of H1(gPDiSC2x) to multiples of the 1-form (ds, —ds). The pairing
(— | —) restricts to a manifestly non-degenerate pairing between them:

0 1 -1
H (gPDisc;) ®H (gPDisczx) —s C
&, y) = (i () [1-((¥)))
while HO(gPDiSCZX) and Hl(gPDisczx) are isotropic. (This establishes the result, because H(g,) = Ho(ngisczx) and H(g-) =
H1(9PDisc§)~) =
This completes the proof of Theorem 14.
7.4. The unpunctured polydisc

Now we turn to the dg Lie algebra for the unpunctured formal rectilinear polydisc:

gpDisc, := Th(g ® Appisc,)-

The next statement implies in particular that gppisc, and g4 := g ® C[[w]] ® C[[z]] are quasi-isomorphic. The proof is an
instructive warm-up for the global cases in the next section.
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Proposition 21. There is a deformation retract of dg vector spaces

1
i h
9+ & 9PDisc, D

in which both I and P are maps of dg Lie algebras.
Moreover, we may choose the map P to be given by pull-back of the non-singular part to the 0-simplex E:

P(w):=w""|g

Proof. It is helpful to sketch the idea first:
(z=0)

(w=0)
An element of gppisc, is given by a pair of forms, one on each of the two 2-simplices of PDiscy,

w=(d,V¥)

valued in g ® C((w)) ® C((2)). We give the definition of h on the first of the two simplices as they are ordered here; the
situation on the second is similar. In the coordinates s, t from §5.5, we have

D(s,t) = f(s,t) + fs(s,0)ds + fe(s, )dt + for (s, t)ds A dt (29)
for some coefficient functions, and we define

h(®) :=a(P) + b(P)
with

t t
a(®) (s, t) = /ft(s,t’)dt/ — /fst(s,t’)dt’ ds (30)

and

N

/ (fs(s'.s") + fe(s'.s)) ds’

0

b(®)(s,t) :

Observe that the definition of h is compatible with the boundary conditions. In particular, on the “far edge” t =1, i.e.
(z=0) CE, the boundary condition is empty since the space attached to this edge, g ® C((w)) ® C((2)), is the same as
that attached to the 2-simplex it borders.

We then compute, first,

t
(doa(®))(s,t) = /fm(s,t’)dt/ ds + fi(s, Hdt — fi(s, s)ds + fs (s, t)ds A dt

and

(@o d(®))(s, t) = a(fj (s, 0)ds + f (s, O)dt + (fer(s,6) — fs.2(5,0)) ds A dt)

t t
/ fa(s,thdt" | — / (fea(s,t) — fsa(s,t')dt’ | ds

t

f(s,0) = f(s,8) — /fm(s, thdt" | ds + fs(s, t)ds — fs(s, s)ds,

N
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and so find that

(Id, al(®))(s, 1) = (s, 1) — f(s,5) — fe(s, 5)ds — fs(s, s)ds.
(Here we recognize f(s,s) + (fs(s,S) + ft(s,s))ds as the pullback of the form ® to the 1-simplex pt. C E on which s =t.)
Next we compute
(dob(®))(s,t) = fs(s,s)ds + fi(s,s)ds

and

(bod(@)(s,6) =b(£1(5,0)ds + f (5. 0dt + (fe1(5.0) — f.2(s,0)) ds A )
:[(f,1(s’,s’)+f,2(s’,s’)) ds’:fas/f(s’,s’)ds/
0 0

= f(s,5) - f(0,0)

which means we have

([d, bI(®)) (s, t) = f(s,5) + fs(s,s)ds + fi(s,s)ds — f(0,0)

Thus, in total, we see that

([d, h](®)) (s, t) = @(s, 1) — f(0,0).

Then we define P : gppisc, — g+ to be the map w +— f(0,0) = w|(0,0)), picking out the pullback of w to the vertex
{(0,0)}, and I : g+ — gppisc, to be the embedding of an element of g as a constant function. This ensures that P o I =id
and that the equality above becomes

[d,h]=id—10oP,

which completes the proof that g is a retract of gppisc,-

It remains to establish the “moreover” part of the proposition. Above, we chose to set P(w) = w|(,0)}. In what follows, it
will be helpful to note the following alternative choice for the maps I, P, h. We keep the definition of I. We let P : gppisc, —
g4 be the map w+ f(s=1,t=1)"" =w™ |, picking out the pullback of the regular part of w at the vertex E. And we
let h be given by

0
hnew (®) = hoia (P) + / (fss" . sHTH + fe(s/,sHTT)ds’
1
Then (d o h(®))(s, t) is unaltered (we have added a constant), while (h o d(®))(s, t) receives the extra term
0

fas/f(S’, s Hds'= (0,007 — f(1, )™ = £(0,0) — f(1, )"

1
so that

(d, hI(@)(5, ) = D(5,6) — f(s=1,t=D*F

as we now need with our new definition of P. O

7.5. Pictorial notation for homotopies and retracts

The proofs above are prototypes of the sort of computation we shall need in many places below. The general strategy
remains the same: given a polynomial form «w on some semisimplicial set, we shall pick a decomposition, much as we did
in (27), chosen to ensure that each summand has empty boundary conditions on at least some boundaries. Then, summand
by summand, we shall retract away from those boundaries, in a sense we now discuss.

Recall our conventions for coordinates from §5.5.

Let V5 denote the complex consisting of C-valued polynomial differential forms on a 2-simplex subject to the boundary
condition that they must vanish on pullback to some given choice of (none, one, two, or all three) of the edges s =0 and
s=tand t=1.
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Let V—; denote the complex of C-valued polynomial differential forms on the boundary 1-simplex at s = t, and with the
boundary condition inherited from V» (e.g. unconstrained, required to vanish at one or both boundary vertices, or required
to vanish identically).

In the proof of Proposition 21 we actually established part (i) of the following lemma. The other parts are very similar.
Lemma 22 (Retracting from a triangle to an edge).

(i) If the boundary condition on the edge t = 1 is empty, then there is a deformation retract

is
Vst T Va D a
where p : VA — Vs—; is the restriction map pulling back the form to this boundary, where i : Vs_; < V 5 is given by

is: f(8)+ fs(s)ds+— f(s) + fs(s)ds (31)

and where the homotopy a : Vo — VA is given in (30).
(ii) if the boundary condition on the edge s = 0 is empty, then there is a deformation retract

it
Vst # Va D a
where p is as in part (i), where i : Vs—y < V 5 is given by

ic: f(O) + fe(Odt = f(O) + fe(Odt (32)

and where the homotopy d: VA — V a is given by, cf. (29),

S S
a(P)(s,t) = /Bdﬁm/+ f&@ﬁ&’m
t t
(iii) if the boundary condition on the edge s = t is empty, then there are deformation retracts

is it
Viz1 <T} Va DC and Vs—o <T> Va DF

where p are the relevant restriction maps, is and i; are as in (31) and (32) respectively, and where the homotopies are given by

t t
c(®)(s, t) == /ft(s,t/)dt’ — /fst(s,t/)dt’ ds.
1 1

C(D)(s, t):

N N
/fs(s’,t)ds’ + /fst(s’,t)ds’ dt. o
0 0

This deformation retracts, and in particular their homotopies, can be conveniently encoded pictorially. Cases (i) and (ii)
are

L8 = s=1
t Do t
....... | Lt =1
(line) } E (line) E
s=t | pt. ° s=t pt. °

while the cases in (iii) are
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; s=1 ; s=1
....... S t=1 Lt =1
(line) 2 E (line) E
s=t pt ’ s=t pt ’

In the proof of Proposition 21 we also established the following.

Lemma 23 (Retracting from an edge to a point). If the boundary condition at the vertex s =t = 1 is empty, then there is a deformation
retract

i
1% =t=0 % =t b
om0 T Vet O
(where Vs_;—q is either 0 or C, depending on the boundary conditions). O

Deformation retracts compose, so we obtain deformation retracts corresponding to sequences of such moves. The proof
of Proposition 21 contains one example of such a sequence: first two triangles retract to their common edge; then that edge
retracts to a point. In what follows we need a variety of similar but more intricate cases. For example consider the picture

(z=0)
(wb 0) (w27 O)

(w=wi) (w = wy)

Provided the boundary condition on the edges (wq,0) C (z=0) D (w3, 0) is empty, this picture defines a deformation
retract from the complex of C-valued polynomial differential forms on this semisimplicial set to the complex of C-valued
polynomial differential forms on the boundary (w = wq) CE D (w = wy).

In what follows, we shall use this pictorial notation freely. A representative example of the explicit calculations such
pictures represent is given, in full detail, in Appendix B.

8. Global homotopy Manin triple

In this section we give the second of our two main examples of homotopy Manin triples: see Theorem 24. We shall use
throughout the pictorial notation for homotopies introduced in §7.5 above.
The Manin triples of this section are defined by a collection of marked points in rectilinear space, as we now describe.

8.1. Marked points

We continue to let w,z:C x C — C be the Cartesian coordinates. Pick N > 1. Let z= 2z, ..., zy be pairwise distinct
points in C. Let w= w1, ..., wy be pairwise distinct points in C. Let Rect;(N) denote the subset of Rect; consisting of
e The closed points (w;, zj) for all i # j, i, je{1,...,N}
e The lines (w =w;) forie{1,...,N}
e The lines (z=1z) forie{l,...,N}
e The generic point E.
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We may sketch these data as follows:

This gives rise to the semisimplicial subset Flag,(Rect;(N)) of Flag,(Recty). In contrast to the latter, it has finite sets of
n-simplices, for each n.

8.2. Sketches of Flag, (Recty (N))

It is helpful to be able to visualise at least parts of the semisimplicial set Flag,(Rect;(N)). For example we may restrict
our attention to the following lines and points, and draw the corresponding simplices of Flag, (Recty(N)):

(z=2z1)
(w2, 21)
— 2 — 23
E
(w=w1) (w = w2)
zZ=2
w = w1 w = Wy
(w1, 23) (w2, 23)
(2 = 23)

At least in the case of three marked points, it is actually possible draw the whole semisimplicial set Flag, (Rectz(3)):

(w2723) (w1,23)
Z = Z3
L zZ = Z3
wW = W2 w = w1
(wa, 21) E (wr, 22)
. 2 = 2z9
z =2 Z =z
r— 2 — 21
w = w3
w = w1 w=wy W=w3
(w3, 21) (w3, 22)

8.3. Global dg Lie algebra ggiobal

Let Agect,(v) be the Flag, (Recty(N))-object in commutative algebras given as follows. Let us write C(w)g for the C-
algebra
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CW)P = {rational expressions in w vanishing at oo and with poles at most at the points} .

wW={wi,..., Wy}

We assign, to every simplex of Flag, (Recty(N)), the commutative algebra

Cw)y @ C(2)y°

with only the following exceptions:

Arecty ) ({(Wi, 2))}) 1= CW) (wy) ® C@D7 )
Arect, ) ({(Wi, 2))} C{z =2}}) := Apectyv) ({2 = 2;}) := C(W)y ® C (D)
Arecty N ({(Wi, )} C{w = Wi}) := Arect, vy (W = Wi}) 1= C(W) () ® C(2)7°

for all i, j such that the given flag belongs to Flag, (Rect;(N)).
We continue to let g be a finite-dimensional simple Lie algebra. Let ggjopa denote the dg Lie algebra

9Global := Th(g ® ARect,(N))-

Note that the exceptions above are precisely the simplices on the boundary of Flag, (Rect; (N)). Thus, concretely, ggiopal is the
dg algebra of polynomial differential forms on Flag, (Rectz(N)), valued in g ® C(w)yy ® C(2)3°, subject to these boundary
conditions.

8.4. Local dg Lie algebras

Let us introduce the dg Lie algebras

N

N N
gepiscs = P o+ (i 2) =P a@ Cliw —will @ Cliz =zl ppises = ED Topiscs (wi 20
i=1 i=1 i=1

and define two maps of dg Lie algebras,

IGiobal : 9Global —> Oppiscs™ » Ipiscs : 9PDiscs = Oppiscs* -

Summand by summand, the map Ipjss is defined in the same way as the embedding g, — IpDiscs from §7.1. The map

Igiobal iS given by taking formal Laurent series around (w, z) = (wj, z;) and restricting to the relevant semisimplicial subset,
for each i. More precisely, to define Igopal, Observe that Flag,(PDisc2X (wj, zj)) is a semisimplicial subset of Flag,(Recty(N)),

for each i=1,...,N. We get the restriction of Agect,(v) t0 a Flag,(PDisczX (wj, z;))-algebra AReCtZ(N)IFlag (PDiSCS (wi.20))" and

there is an evident map of Flag, (PDisczX (wji, z;))-algebras
ARecty(N) |iag, (PDiscs (wy.z1)) — APDiscs (wy.z)

given by taking formal Laurent expansions. Hence, by Lemma 2 and Lemma 4 we get the map of semicosimplicial algebras

nARECtz(N) - l_[AR'ECtZ(N)|Flag,(PDisc§< (wi,zi)) 1_[APDisczx(w,‘.z,')

and therefore, by the functoriality of Th, a map of dg Lie algebras

I&lobal - 9Global = 9pDiscy (wi,z) (33)
for each marked point (w;, z;). The resulting diagonal map is Igjopal:

N

. i
IGlobal = @ IGlobal'
i=1

8.5. The pairing

For each marked point (wj, z;), we have an invariant bilinear form (—|—)" on 9pDisc (wi.zi) defined as in §7.2 and
Proposition 20. Let us use the same notation (— | —) for the resulting diagonal pairing
N

(AB):=) (Ai|By)

i=1

between two elements A = (A;) and B = (B;) of gppjsesx = @?le BpDiscy (wy,z)*
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8.6. Manin triple

The main result of this section is the following.
Theorem 24. The data

(gPDisch , 9PDiscs» UGlobal» IDiscs» IGlobals (— | —))

constitute a homotopy Manin triple in dg Lie algebras, in the sense of Definition 9.

Proof. Most of the rest of this section is devoted to establishing condition (i), the homotopy equivalence of ggiopal D gpDiscs =
Oppiscs*» Which is Theorem 25 below. For condition (ii) and (iii) there is essentially nothing new to check, given Proposi-
tion 19 and Proposition 20. For the isotropy condition (iv), we once more choose to establish the equivalent statements
about cohomologies from Remark 10. We do so in §3.7. O

We have the map from the direct sum of ggiopar and gppiscs as dg vector spaces:

I'= (Igiobal, Ipiscs) : 9Global © IPDiscs —> Ippiscs™ -

Let us stress that this is not a map of dg Lie algebras from the direct sum of ggiopai and gppiscs as dg Lie algebras, for the
same reason that the analogous map in the usual one-dimensional case is not a map of Lie algebras: the images of ggiobal
and gppiscs iN Pppjscsx are not mutually commuting.

The following statement justifies our definition of ggiopar: it establishes that, up to homotopies, ggiobar provides a dg
vector space complement to gppiscs iN Gppjscs -

Theorem 25. This map I is a homotopy equivalence of dg vector spaces. That is, there is a homotopy equivalence of dg vector spaces:

hciobal+Noffdiag. I
9Global @ 9PDiscs — IPDiscs™ :> hpjgesx

Proof. We shall construct a map of cochain complexes

P = Pgiobal ® Phpiscs : IpDiscs* —> BGlobal D @PDiscs

inverse to I up to homotopies. We shall first define Pgjopa and then check that Pgjgbal © Igiobal iS homotopic to the identity
on ggobal- Then we shall define Ppjscs and check the remaining homotopy relations.

Our first step is to define the map Pgjopa). Morally, the idea here in our case in dimension two is the same as in the case
of dimension one from, e.g., [16]: we want to use the “singular parts” of an element of gpp;,..x to construct an element of

9Global-
An element @ € gpp;ssx 1S a tuple w = (a)i)f’:], Wi € Bppiscy (wi.z)" and we shall define Pgjopaj(@) summand by summand,

N

. i . i .
Pgiobal(@) := Z PGloba](wl)v PGlobal : gPDiSCZX(Wi,Zi) — YGlobal -
i=1

Given w; € IpDiscy ) we have, just as in (27), the decomposition

(wi,z
a)i=a)i+++a)i_+~|—wi+_+a)i__ (34)
coming from the decomposition of the vector space C((w — w;)) ® C((z—z;)) into the polar and regular parts with respect
to each of the local coordinates, w — w; and z — z;. In particular, the = part can be interpreted as a rational function
vanishing at infinity, via the embedding of commutative algebras

w—w) M z—z)"'Clw —w) ™", z—z)" 1> Cw)y @ C@)3".
Now, we have

w; ()= (d; (), ¥ (5)
as in (26), and we define PiGlobal (wj) to be the element given as follows,

33



L. Alfonsi and CA.S. Young Journal of Geometry and Physics 191 (2023) 104903

(W 23)

Pélobal(wi) = (w=w;) (w = wy)
¢;  (s) ; (1)
o; () |97 (1)

(wi, 2¢) (w, 2¢)

(2= 2) (35)

for each k, ¢ #i. If k= ¢ then the lower right square is absent.

Observe that this obeys the continuity conditions on internal edges: in particular, along the edges of the form
((wk, Z0), E) it is continuous because ¢~ (1) = f~~(1) =g~ (1) =¥~ (1). Note also why Pgjopai(@;) obeys the boundary
conditions: since w; ~ has poles only at w = w; and z = z;, the boundary conditions are non-trivial only on the edges of
the form ((wy. z), (z=1z)) and ((wj, z¢), (w = w;)), and here they are obeyed because ¢~~(0) =0 and ¥~ (0) =0, by
the boundary conditions on w; ™ itself.

Let us stress that while Igjopal : §Global = Oppiscs* 1S @ map of dg Lie algebras, Pgiobal : Oppiscs* — 9Global 1S @ map of dg
vector spaces only.

Lemma 26. There exists a homotopy hgiobal : §Global —> 9Global SUch that

id g opa — PGlobal © Iglobal = d o global + Agiobal © d

holds as an equality of cochain maps gciobal = 9Global-

Proof. We have the decomposition of vector spaces

Cwiw ®C@¥ =c Pw—-w)z—zp 'Clw—w) ' (z—z))7"]
ij
coming from taking partial fractions in each global coordinate, z and w. In this way an element w € gglobal has partial
fraction decomposition

N
H= Z Hij (36)

i,j=1

where w;; is a polynomial differential form on Agect,(v) With coefficents in (w — wi) N (z— zj)‘l(C[(w —w)~ L (z— zj)‘1].
We shall define hgjopai () summand by summand,

N

hgiobar () := Z hicjlobal(ﬂij) (37)
i.j=1

The argument is similar to that in the proof of Proposition 21, and we shall use the pictorial notation from §7.5.

First consider a summand g, with k # €. By definition of Pgigbal, Pgiobal © IGiobal (Mke) = O vanishes, so we must arrange
our homotopy to contract id(igg) = ke to zero (just as, in Proposition 15, we had to contract w*¥ to zero). The boundary
conditions mean that uy, must vanish when pulled back to any of the edges drawn as thick dashed lines in the sketch at

the left below, and we define h’é‘lobal to be the map drawn on the right:
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(= = 2j) (2 = 2j)
(wi, 25) (wi, 25) (wi, 2j) (wr, 25)
//
(w = w;) (w = wy,) h’églobal(/j’) = (w=wy) (w = wg,)
D
/.
(ws, z¢) (Wi, 2e) (wi, z¢) (wg, 2¢)
(z = 2) (z = 2)

Here we have sketched part of the semisimplicial set Flag, (Rect;(N)) corresponding to some i, j with i # j and i, j ¢ {k, £}.
Special cases occur when k = j or i = ¢ or both, and when i = j, but these special cases just correspond to omitting one or
more of the squares, and in a way which, one sees, does not obstruct us in retracting back to the point (wy, z¢) as above.
One may then verify by direct calculations that

[d, hgiobatl (ke) = ke — Mk, el(wy,ze) = Mike — 0 = ke

as we wanted. The details of this calculation are given in Appendix B.
It remains to consider the diagonal summands ;. The new feature is that the semisimplicial set of edges of
Flag, (Rectz(N)) on which w;; vanishes is no longer contractible to a single vertex:

(z=z)
(wr, 2:)
E
(w = w;) (w = wy)
(wi,zg) (wksz)
(2= 2)

(if k = ¢ here then the lower right square is absent). We set

(z=2)
— (Wi, 2i)
i E
hGlobal(:U’) = (w=wy) (w = wg)
3 y
(wi, z¢) (wr, 2e)
(z=zp)

Again, one may verify by direct calculation that

[d, hgiobatl (i) = ii — Pglobal (Igiobat (4ii))

with Pgjopal as we defined it in (35) above. O

We continue with the proof of Theorem 25. The next step is to construct a map of dg vector spaces

Pnpiscs : Oppiscs* —> 9PDiscs

such that

idg,. .« — IGlobal © Pciobal = Ipiscs © Piscss (38)

i.e. such that for any w € gpp;scs», the difference

@ := w — Igiobal © Pciobal (@) (39)

is equal to Ipjscs © Ppiscs(@) up to homotopy.
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We define Ppjscs by

Pises(@)i := (@i — Igiobal (Pgiobal @) T [s=1 = (@} |s=1) (40)
- cf. (28) and (34). By construction, we have @; ~ = 0. It remains to find a homotopy hpjscsx : Oppiscs* — Ippiscs* CONtracting
@, &; ", and the non-constant terms in @; . This can be done much as in the proof of Proposition 15. We may write &
as

&= (@), iy = ($i(5) = fi(s) + Fi(s)ds, Yii(s) = Zi(s) + Gi(s)ds), _; _y
and set

N S
s @190 = | [Frrsras’s [T (41)
1 1

where we stress that we are defining hpjsesx (w) and it is the components of @ that appear on the right. Using the fact that
IGlobal © Pglobal 1S @ cochain map, and so commutes with d, we then have

[d, hpises< 10f;71(5), g (5)) = (hpises< o D (fTF(s), g ()
=T e -8 e - Tm)
=), 5 o) - D@

and
[d, hpiscs< I(F* (5)ds, G (s)ds) = (d o hpiscs ) (F; T (s)ds, G (s)ds)
= (F"(s)ds, G (s)ds).
That is,
[d, hpjscsx ](a);H_) = 67)1++ - CT);H_|S:1 = (id — Iglobal © Pclobal — IDiscs © PDiscs)(U)?n'—)
as we want.

The argument for a)l.+ ~and w; * is similar, again following the prototype in the proof of Proposition 15. (In fact, observe
that 0~ =&~ and ;" =&, 1)

This establishes that (38) holds, as we wanted. That is, I o P is homotopic to the identity map idg, . ..

To complete the proof of Theorem 25 it remains to check that P oI is homotopic to the identity map idg,,.®gppiscs- We
already defined the required homotopy for the global part Pgjopal © Iglobal, in Lemma 26. The restriction of P oI to gppjscs iS
the identity map on the nose, i.e. we have

Po I|gPDiscs = PDiSCS o IDiSCS = lngDiscs’

and it is manifest that Pgjopal © Ipiscs = 0 vanishes. However, the map P o I does have a nonzero off-diagonal component

Ppiscs © IGlobal * 9Global — @PDiscs

which we must show is homotopic to zero.

Lemma 27. Foreachi=1, ..., N, we have
N
Ppiscs (Iglobal ()i = tw—wj,z—z; Z MkelEs
k,£=1
k£ LA£i#£k

where . = Z?” =1 Mij is the partial fraction decomposition of an element |4 € ggiobal as in (36).

Proof. First, note that the operation of restricting (i.e. pulling back) a polynomial differential form on the semisimplicial set
Flag(Rectz(N)) to the vertex E factors through the operation of first restricting it to Flag(PDisc; (w;, z;)) for any one of the
punctured formal rectilinear polydiscs PDichX(w,-, Zi).

We have Igiopa(t); ~ = wii. Therefore the restriction of the polynomial differential form Pgjopal (/Giobal (i4)) € gGlobal tO
the vertex E of Flag(Rect;(N)) is given by Z?’zl Wjjle, according to our definition (35) of Pgjopal- Thus the restriction of
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Igiobat (Pciobat (Igiobat (4)))i to the vertex E of Flag(PDisc; (wj, z)) is given by the Laurent expansion tw_w; z—z 2?’21 MiilE-
By definition (40) of Ppjscs, We find, for each i =1, ..., N, that

Piscs(Igiobal (4))i = (IGlobal (4)i — IGiobal (Pciobal (IGiobal ()T |E

N N N
=lw—wj,z—z; Z Hkele — ZijIE =lw—wj,z—z Z MkelE
k,t=1 j=1 k, t=1

KO£ [ ke bictk

as required. O

We may then define

hoffdiag. - 9Global = YPDiscs

to be the map given in terms of the partial fraction decomposition (36) of w € ggiopal by

N
hofrdiag. ()i := tw—w;,z—z Z hlgiobal(ﬂkZNE
k,e=1
ktbotik
E
N
=lw—wj,z—z Z / Mklf|((wk,z£),5) (42)
k,0=1
ke ik W20

(the integral is over the edge of Flag(Recty(N)) joining (wy, z¢) to E). Then indeed d(hofrdiag. (£)); = 0 and

hottdiag. (A(1))i = Ppiscs (Igiobal (4))i — 0 = Ppiscs (Ig1obal (1))i-

Thus we have shown that Ppjscs o Igiobal =~ 0, as we wanted.
This completes the proof of Theorem 25. O

8.7. The cohomology and the pairing

As in the proof of Proposition 20, the pairing (— | —) restricts to a non-degenerate pairing

I-Io(gl:'DiSCS>< ) ® H] (gPDiscs>< ) - S_]C

between H®(gppiscsx) = ppiscs and H'(gppjsesx ), and these subspaces are again both manifestly isotropic. Therefore it is
enough to establish the following.

Proposition 28. There is a deformation retract of dg vector spaces

L
1 LN
H' (gppiscs) —— 9Global D h
(We stress that neither 7t nor ¢ here are maps of dg Lie algebras.)

Proof. Let g/ :=Th(g®A__ ,
PDisc; (wj,z;)
disc at the marked point (wj, z;). As in Proposition 16 we have the deformation retract of dg vector spaces

1 :
H (gPDisc;(wi,zi)) p— o

for each i. Deformation retracts compose. So to prove the result it is enough to show that there is a deformation retract of
dg vector spaces

) denote the copy of the dg Lie algebra g_, cf. §7.1, associated to the punctured formal

) f
N 1 *>
@i 0 —" 9Global hgiobal
i=1 z oa:> oba

And indeed, we have a dg Lie algebra map Iigi gl — 9pDiscs (wi.zi) defined as in §7.1, and the dg vector space map PiGlobal :
9pDisc (w;,z;) > 9Global from (35). We let
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N
f::@fl’ f' = PGioba © Ig_ : 8% — GGlobal-
i=1
In the other direction, let
N . . .
g:@gl’ g i Tggpa (i)
i=1

i
where | Globa

glo fI =0 for i # j). The homotopy h¢iepal here is the same as in Lemma 26. As there, it contracts all the off-diagonal pole
terms f;; in the partial fraction decomposition of w,

, was defined in (33) and p;; is as in (36). On inspection, one sees that glofi= idgL for each i (and that

[d, hgiobatl (1if) = Kij, i#]

and retracts each diagonal term w;; to the semisimplicial subset Flag(PDisczX (wji, z;). By direct calculation one checks that
[d. hioparl (i) = i — f1(g' (i). O
9. Triangular decompositions of enveloping algebras
The main results of this section are Corollary 29 and Corollary 34.
9.1. Local case

In this section we establish the following corollary of Proposition 15.

Corollary 29. There is a deformation retract of (U(g-), U(g+))-bimodules

0
U@ @U@ &2 UlGiey) i

u(p)

Proof. Consider the deformation retract
AN
0-© 0+ T Uiy D

of Proposition 15. The cochain map [ o P : ppiscy > pDiscy is a projector (because (IoP)o(IoP)=I10o(Pol)ol=
Ioidg_gg, o P =10 P). Its image is a dg subspace which we can and shall regard as an embedded copy of the dg vector
space g @ g+. We get also the projector ingD_ . — o P onto a dg subspace

lSCz

gt = (g, =10 P)(@ppisc)-

gI’Disci<
and we obtain the direct sum decomposition of cochain complexes,
1
Oppisc; =9- D9~ Do+ (43)
To be concrete, recall the decomposition (27) of an element w € 9pDiscs - The decomposition above is
wo=(0 0o to T+t -0y, 0T 21)

We are therefore in the setting of the following lemma, which is essentially the dg analog of Proposition 2.2.7 and (a
special case of) Proposition 2.2.9 of [11].

Lemma 30. Suppose a~ < a and a* < a are embeddings of dg Lie algebras, and a < a an embedding of dg vector spaces, such
that

aZa @atdat
as dg vector spaces. Then
U(a) ZU(a”) ® Sym@at) ® U(a™)

as dg vector spaces and, moreover, as (U(a™), U(a™))-bimodules. O
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In view of this lemma, we have the isomorphism of (U(g-), U(g+))-bimodules

U (@ppiscy) = U(g-) ® Sym(g™) @ U(g+)-

To prove Corollary 29 it remains to show that our homotopy h from Proposition 15 gives rise to a retract of (U(g-), U(g+))-
bimodules

U

U(g-) ® U(g+) W> U(g-) ® Sym(g™) ® U(g+) h

To do that, we adapt an argument taken from the proof of [26, Proposition 2.5.5]. The natural embedding and projection
maps of dg vector spaces

C =sym’(gt) = Sym(gh)
give rise to maps U(I) and U(P) of free (U(g-), U(g+)-bimodules
ua

U(g-) ® U(gy) %}) U(g-) ® Sym(gh) ® U(gy).

=

Now, our homotopy h : ppisc; — OpDiscy from Proposition 15 by construction preserves the decomposition (43), and is zero

on the summands g, and g_. So it defines a map g+ — g which, abusively, we continue to call h. (In the language of [26],
our homotopy obeys the side conditions and our retract is thus a strong deformation retract or contraction.) As maps g+ — g,
we have

[d, h] =id.

Recall that any map of dg vector spaces V — V extends uniquely to a derivation of the free dg commutative algebra
Sym(V). In particular, we may extend h and id to derivations of Sym(g=). But the extension of id to a derivation is just the
map which multiplies each element of the dg subspace Sym™(g') by a factor of n, for each n > 0. So we obtain that

[d, h”Sym"(gi) =n idSym”(gl)

for each n > 0. We may therefore define the required homotopy

h:U(g-) ® Sym(gh) ® U(gy) — U(g-) ® Sym(gh) ® U(g)
to be

~ 1 .
h:=id® Zﬁmsymngl ®id

n>1

for then [d, h] is indeed the identity on each subspace U(g-) ® Sym"(g) ® U(g;) with n> 1, and is by definition zero on
U(g_) ® Sym®(g1) ® U(g,). Thus finally we get that

[d,h]=id — U(I) o U(P),

as required. It is evident that hisa map of (U(g-), U(g+))-bimodules. This completes the proof of Corollary 29. O

Next, we would like to do something similar in the global case, while staying in the world of dg algebras. For that
purpose, we would really wish to have a deformation retract, rather than merely a homotopy equivalence as we have in
Theorem 25.

We shall obtain a result in this direction in Theorem 33 below. There are two steps:

First, we shall introduce, on both sides of the map I, additional summands associated to all unpunctured discs
PDiscy(wj, zj) at the “off-diagonal” points (wj, zj), i # j. Indeed, arguing as for Theorem 25 it is not hard to see that
there is also a homotopy equivalence

N N
I
hciobal 9Global @ g+ (wi, zj) % @Gpnisc;(wf,z,-) © @ 8PDiscy(wi.zj) h
ij=1 i=1 i#]
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(Note that by paying the price of introducing these extra points, we get rid of the off-diagonal terms in the homotopy on
the left.)

Second, we introduce new models for all the summands on the right (at both the punctured and unpunctured discs).
These models are chosen to be sufficiently large that we can reconstruct an element of ggjopa On the nose, rather than
merely up to homotopy, from its image under I.

We turn to these enlarged models now.

9.2. Big models for the local algebras

Now we model the disc algebras as Flag, (Rect,(N))-objects.
Pick any (i, j) € {1,..., N}2. We set A;{ectz(m to be the Flag, (Rect;(N))-object in commutative algebras given as follows.
We assign, to every flag/simplex of Flag, (Recty(N)), the commutative algebra

C((w —w)) ®C((z - z))),

with only the following exceptions:

ARectz(N)({pt JC{w=w;}) = Rectz(N) ({w=w;}) =C[[w - w;]]®C((z— z;j))

Rectz(N)({Pt } - {Z = Z]}) Rectz(N)({Z = Z]}) = C((W - Wl)) ® (C[[Z - Z]]]
and (when i # j)

Agectzw)({(wi’ zj)}) = Cllw — w;i]l ® C[[z — zj]].
Let gglobal denote the dg Lie algebra

gGlobal =Th(g® ARectz(N)) (44)

Thus, gglobal is the dg algebra of polynomial differential forms on Flag, (Rectz(N)), valued in g@ C((w — w;)) ® C((z — z)),
and subject to boundary conditions above - which now, in contrast to ggiopar in §8.3), are only on the boundary simplices
corresponding to the flags intersecting the point (w;, z;).

The next lemma says that gglobal provides another model for OPDisc (w;.z}) (for i # j) and that gglobal provides another

model for 9PDisc (wj,z)"

Lemma 31. There are deformation retracts of dg vector spaces,
8ii ii
9PDisc} (wy,zi) A 9Global :)h“
and
8&ij
gPDiscz(Wi.Zj) <T gGlobal Dhu
1
for i # j, where the maps gij, fij, &ii, fii are maps of dg Lie algebras.
Proof. We consider first gglobal. Since Flag,(PDisczX (wj, zi)) is a semisimplicial subset of Flag,(Rect;(N)), we get the re-
striction of Agect,(v) tO a Flag,(PDisczX (wj, zj))-algebra, and we recognise the latter as a copy of APDiSC; wi.z)" Hence, by
Lemma 2 and Lemma 4 we get the map of semicosimplicial algebras ITAgect,n) — HAPDisc; wi.z0) and therefore, by the
functoriality of Th, a map of dg Lie algebras
L i
fii * 9Giobal = 9pDiscy (wi,z)*
Now we define the map gj;. Consider an element
(U(S) = (¢ (S)v W(S)) € gF‘Discﬁ< (wi,z;)

cf. (26). Let gji(w) € gglobal be the polynomial differential form on Flag, (Rect;(N)) given as follows:
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(wi, 2i)

gii(w) == (w = w;) (w=wy)

(w3, z¢) (wg, 2¢)
(2 = 2p)

(If k = ¢ then the lower right square is absent.)
First, observe that this does define a map of dg Lie algebras 9pDisc (wy.z) OGioba- ANd it is evident that

fii o gii(w) = w.
It remains to show that, for all u € gﬁlobap

gii o fii(u) = w + [hy;, d] ()

for some suitable homotopy h;; : gglobal — gglobal. And indeed, by direct calculation, one checks that a suitable homotopy is
given as follows, in the pictorial notation we introduced in §7.5:

(z=z)
> (W, 2i)
E
hu(,uf) = (w=wyg) (w=wy)
\ 3
(’wi,Ze) (wk,Z[)
(z = 2p)

(Here we have highlighted the edges on which the boundary conditions are non-trivial.)
Now we turn to gglobal for i # j. This case is very similar to the previous case of g¢, .. with the following modification
to the definition of the map g;;:

(z=2j)
(”LUZ',Z]') (wk,z]-)
) (=) 9(s,0) [ (s, 1)
wi, 2j
) ’(/J(S,t) B ¢(87t) ¢(t71)
Gij gb(s,t) = (w=wy) (w = wy)
_— #(5,1) (1, 1)

(wi, 2¢) (wg, z¢)

(where, again, squares can be absent in special cases). O

Deformation retracts compose, so in view of Proposition 21, we get the following corollary. Let
g =g ®Cllw — will ® Cl[z — zj11. (45)
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Corollary 32. Pick any i # j. There is a deformation retract

. I .
o ] y
9+ <—— YGlobal :)h'f

in which both I and P are maps of dg Lie algebras.
Moreover, we may choose the map P to be given by pull-back of the non-singular part to the 0-simplex E:

P(w):= g O
9.3. Global deformation retract

Let

N N
b ij . 1j
9PDiscs -= @ g1 and 9pDiscs* ‘= @ 9Global
i, j=1 i,j=1

cf. (45) and (44). We have the dg Lie algebra maps

—_~— —_~—

Ipiscs : 9PDiscs = Oppiscs™ and IGiobal : 9Global —> Ippiscs* -
Theorem 33. There is a deformation retract of dg vector spaces

_——  I=Ugiobal: Ipises)

9Global @ OPDiscs <« OpDiscs® h
P=PGlobal® Ppiscs

Proof. We first define the map Pgjobal. An element of @ € gppioc 1S @ tuple
— (N i
© = (@ij); j_1 Wij € Biobal-
Given wjj € gglobal we have, just in (27), the decomposition

o e
wij=w; to; to; T

coming from the direct sum decomposition of the vector space C((w — w;)) ® C((z—z;)) into the parts polar/regular parts
with respect to each of the local coordinates, w — w; and z — zj. In particular, the =~ part can be interpreted as a rational
function vanishing at infinity, via the embedding of commutative algebras

w—w)"'z—z) 'Clw —w) ™, 2= 2z) 1> Cw)y @ C@)5°.

Making implicit use of these embeddings, we set

N
Pgiopai (@) := Z ;.
i.j=1

It is then manifest that

Pgiobal © Igiobal = idgg gy -
(Indeed, we have the decomposition of vector spaces
Cw)yw ® C2)5° =c Pw—wp~'z—zp 'Clw—w)~!, z—2z))7"]
ij
coming from taking partial fractions in each global coordinate, z and w. In this way an element i € ggopar has partial
fraction decomposition yu = Zl’»\,’ =1 Mij where p;; is a polynomial differential form on Agect,(vy with coefficents in (w —

wi) " (z—z)) 'CL(w—w) ™", (z—z;)"']. We see that Igiopai(14);; = pij for each i, j, and so we have (Pciobal  IGiobal) (14) =

le\f]‘i] IGlobal(M)§7 = Z?,’j:l Ml] — M)
Observe that

Pgiobat © Ipiscs = 0.
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Next we define the map Ppiscs : Gppiscs< — OPDiscs Of dg vector spaces. Let us define

@ := ® — Igiobal © Pglobal (@)
much as we did in (39), and then set
PDiscs(a))ij ZZCT);+|E

for each i, j. Our goal is now to show that idg/v — I o P is homotopic to zero. For any w € g;lesc:X' we have

PDiscs ™

(id

— Io P)(w)ij = wij — (Igiobal © Pglobal(@))ij — (Upiscs © Ppiscs(@))ij

— o — ot
= Wij — Wy; lE

9PpDiscs ¥

It follows from our definitions that &5; ~ =0. Thus we have again to find a homotopy contracting cT)f]E

¥ and the non-constant
terms in @;;*. We define the homotopy h : Gppiscsx — Gppiscs* a5 follows. Consider first h(w);;*. It needs obey no nontrivial

boundary conditions, and we define it to be given by the integrals of (c’?)),.*JTJr encoded in the following picture:

(2= zj)

(wi, 25) (wk, z5)
(w = w;) - (w = w)
(w3, ze) (Wi, 2e)
(z = 2)

(We stress the integrals here and below are over @ not w. The situation is analogous to that in (41).)

Again, in this picture, the squares at the top left, top right, lower left, and lower right are absent in the special cases
i=j, k=j,i=¢ and k = ¢ respectively.

Now we consider h(a))ft. Here we must distinguish the cases i # j and i = j.

First suppose i # j. Consider h(w)lf. It must vanish on the edges (pt., (w = w;)), since (w — w))'C[(w — w))~11N

C[[w — w;]] = 0. Similarly, h(a))?JT_ must vanish on the edges (pt., (z= zj)). In either case we may define the action of the
homotopy in the same way:

(z = 2j) (7 = 2j)
(wi, z5) >— (wk, 25) (wi, z5) (Wi 25)
— \ —
h(w)ij+ = (w=wy) (w = wyg) h(w);; = (w=wy) (w = wg)
Y Y Y Y
(wi, ze) ( : (Wi ze) (wi, ze) ( : (W 2¢)
z2=2z Z =z

Next suppose i = j. Then the top left square in the pictures above is absent, but on the other hand we are guaranteed
that the lower left and upper right squares are present, i.e. i # £ and k # j. We retract back to a boundary where the form
vanishes as follows:

(z=z) (z=z)
(wg, 2:) (wg, 2i)
_ E — E
h(w)z’j+ = (w=wy) (w = wy) h(w);; = (w=wy) (w = wy)
(wi, 2¢) ( : (wg, 2¢) (wi, 2¢) ( : (wg, 2¢)
Z2=2z z=2z

Finally, we set of course h(a))i;‘ =0.
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With these definitions, we obtain

w—1oP(w)=1I[d,h](w)

for each i, j, as required. This completes the construction of the homotopy h : gppiscsx — Oppiscs<» and hence the proof of
Theorem 33. O

Corollary 34. There is a deformation retract of (U (ggiobal), U (g/pB_/iscs))—bimodules

— U] — -
U (gciobal) ® U (gppiscs) W U (9ppiscs*) D h

Proof. This follows from Theorem 33 in the same way that Corollary 29 followed from Proposition 15. O

Data availability
No data was used for the research described in the article.
Appendix A. Proof of Theorem 6

We must show C*(IT'A) is a flasque resolution of O. As we noted before the statement of Theorem 6, C*(IT'A) is certainly
flasque. What remains is to check that the stalks of C*(IT’A) resolve the stalks of O.

Let us consider the stalks at a point p € Rect,. It is enough to show that, given any open U > p, there exists an open V
with p € V C U such that I'(V,C*(IT'A) = C*(IT'Ay) is a resolution of O(V).

We may suppose V is of the form

V =Recty \ U{(W =a}\ U {(z=bj)}

i=1 j=1

i.e. that it has no isolated missing points, only missing lines.

(Indeed, every open neighbourhood of p is of the form U = Rect; \ L, {(w = api\ U’}zl {(z= b’].)} \ U,’:Zl{(c;(, d)},
as in (6). Suppose p is a closed point (a,b) € C x C. Then given such a U we may take V = Rect; \ [Ji; {(w =a)}\
UT:] {(z= b/j)} \ Ull’(/:1 {(w=c)}\ U}:]b {(z=d,)}, which is an open subset of U, containing the point (a, b), and of the
form we wanted. If Ci’;liiead p is a line (kvt =a) or (z=D>), or the generic point E, the argument is similar.)

Let us regard the space

OV) =CW)q,...an ® C(@Db,,....b,

,,,,,

of sections of O over V as a complex concentrated in degree zero:

0—->0WV)—>0

It is enough to show that C*(IT'Ay) is homotopy equivalent to this complex.
To do that, we shall use the fact that the associated complex C*(IT'Ay) and the Thom-Whitney complex Th®(IT'Ay) are
homotopy equivalent, as we recalled in §5.2. We shall show that O(V) is a deformation retract of Th*(IT'Ay):

*i> . /
(0—0(v)—0) = Th*(ITAy) Dh (46)

The argument below is similar to that in the proofs of Theorem 25 and Theorem 33. The only new ingredient conceptually
is that the semisimplicial set Flag, (V) now consists of uncountably many copies of Flag, (PDisc;), one for each closed point
(c,d) € V, appropriately sewn together along edges of the form (line) C E. The restricted products IT" are needed to keep
the sums finite in the definition of the homotopy h.

A cochain @ € Th*(IT'Ay) is a polynomial differential form on Flag,(V), valued in C(w) ® C(z) and subject to cer-
tain boundary conditions: namely for each (c,d) € V, Ay restricts on the embedded copy of Flag, (PDiscy(c,d)) to the
Flag, (PDisc;(c, d))-algebra
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STICwl® S 'Clzl — C(w) ® S 'Clz] «+—— C(w) ® S; ' Clz]

N
@/ S

S7ICIwl® <C(z) Cw)®C(2) (47)

%
C(W) M(Z) \

STICWI®C(z) —— CW) ®C(2) +—— C(W) ® C(2)

Every element of C(w) ® C(z) has a partial fraction decomposition, in w and then z, which is a sum of finitely many
terms. Thus we have the direct sum decomposition of vector spaces

CweC@=covie @ w-o'Clw-01eCw

cé¢lay,..., am}
& P Cwi..a@z-d'Clz-d)]
dé¢{b1,....bn}

In this way, our polynomial differential form @ decomposes uniquely as a sum
w=wow)+ Z w: + Z w).

Here, it must be the case that after pulling w back to any individual simplex S of Flag,(V) only finitely many summands

are nonzero, so that w|s correctly takes values in C(w) ® C(z). Which summands contribute, though, can depend on which

of the uncountably many simplices one considers, so it need not be true that only finitely many summands are nonzero.
We define the homotopy h to act diagonally with respect to this decomposition,

h(w) :=how)(wov)) + Z he(we) + Z h)(w)),

as follows. The summand @, must vanish when pulled back to the boundaries (pt., (w = c)), and, in the same notation we
used in the main text above, we define h¢(w.) to be a retract back to this boundary:

(z=4d)
(c,d) (e,d)
he(we) = (w=rc) (w=c¢e)
(e, f) (e, f)
(z=1)

for every d, f ¢ {b1,...,bn} and e ¢ {ay,...,am, c}. What has to be checked is that for any simplex S, the resulting sum
> c¢{ar,...am) Nlc(@c)|s has only finitely many non-zero terms. This is what the conditions in the definition (13) of TI" ensure.
For example, consider a flag ((w =e), E). By our definition h(w)|(w=e),r) receives contributions from all flags ((w =c),E) in
this sum. But for all but finitely many such flags, the pull-back w|(w=c),r) actually takes values not just in A((w =¢),E) =
Cw)®C(2) butin A((w =c)) = S;1C[w]® C (z), which means that the pullback of the summand w to this flag actually
vanishes. Similarly, consider a flag ((e,d), (w = e), E). By definition h(®)|e,q),(w=e),E receives a contribution from all flags
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((c,d), (w=c),E) and ((c,d), (z=4d),E) for c ¢ {bq, ..., bm, e}, but at most finitely many of these contributions are actually
nonzero.

We define h);(w)) similarly to be given by retracting to the boundary of Flag,(V) defined by (z=d).

We define hp(y) to be the retraction to the vertex E: for every c,d ¢ {a1,...,an} and e, f ¢ {b1,..., by},

(z=d)
(e,d) (e, d)
hovy(wWow)) = (w=c) : (w=e)
Y
(e, f) (e, f)
(z=1)

In this case there are no potentially infinite sums: for example, hov)(@o V)l ((c,d),(w=c),E) T€ceives contributions only from
@OW)l((e.d),(w=c),E) A @O |((c.d).E)-

We let i be the map embedding an element of O(V) as a constant O-form on Flag(V). (Observe that it obeys all the
boundary conditions). We let p be the map which picks out the component in O(V) of the pull-back of a form to the vertex
E:

p(@) :=wow)le
With these definitions, one checks that (46) is a deformation retract of dg vector spaces, as we wanted to show. This
completes the proof of Theorem 6.

Appendix B. An example computation in detail

Suppose that @ is a C-valued polynomial differential form on the semisimplicial set shown on the left below. Assume
that the boundary conditions on & are that it must vanish on the dotted edges shown. We define h(®) to be given as
shown on the right.

]

We now describe in detail what we mean by this pictorial definition of h(®), and show that it implies that

[d, h](®) = D.

Let us label individual 2-simplices by letters A, B, C, D

A| B
C

D

and write ®4 for the form @ on the simplex labelled A, etc, and likewise h(®)4 etc for h(®). On each individual 2-simplex
we use the coordinates from §5.5; as in the main text, the vertex E is the one in the centre, and the vertices corresponding
to closed points are the outer corners. We have

dA(s,t) = fAGs, ) + fA(s, )ds + fA(s, O)dt + fA(s, t)ds Adt

for some coefficient functions f4, fsA, ftA, fs?, and similarly on the other 2-simplices.
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Consider first the simplex labelled D. We define

h(®)P .= a(®P) + b(dP)

with a and b as in the proof of Proposition 21. Exactly as in that proof, one then has

[d, h(®)]° (s, 0) = @ (s,0) — fP(0,0),

and in our present case fP(0,0) =0 by the boundary conditions.
Now consider the simplex labelled A. We define

1
eyt i=a(oh) + B + [ (265 + P65)) o
0

a(d)(s, t) == (/ fs(s', t)ds/) + (/ fst(s/,t)ds/) dt
t t

with

and

t
b(®)(s, 1) := ( / (fs(s',s) + fe(s'.sD) ds/)

1

The computation is then similar to that in the proof of Proposition 21. Indeed, we have

(doa(®))(s,t) = fs(s, )ds — fs(t, )dt + (/ fs.2(s, t)ds’) dt + fy (s, t)ds A dt
t

and

@o d(@)(s.0) =a(£1(5, s + F2(5, 0 + (fe (5.0 = fi2(5.0) ds A de)

= (/ f,1(5’,t)ds/) + (/(fm(s/,t) - fs,z(S’,t))dS’) de
t t

= f(s,6) = f(t,0) + fe(s,O)dt — fe(¢t, )dt — ( / fs2(s', t)ds’) dt,
t

and therefore

At the same time, we have

(dob(®))(s, t) = fs(t, t)dt + fe(t, )dt

and

(b od(@))(s, t) = 'E( F1(s,0ds+ fo(s,0dt + (fr1(s,6) — fs2(s,0)) ds A dt)

t

1

=ft,n—f1,1.

t
f (F1(5.5) + f2(s'.s)) ds = f 3y £ (5. s)ds’
0
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(48)

(49)

(50)

The final term in our definition (48) above gives an additional contribution of fP(1,1) — f2(0,0) to [d, h](®)". In total, we

see that

(Id, k1 @A (s, t) = s, 6) — FAA, D+ P2, 1) — £P(0, 0).
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But f4(1,1) = f2(1,1) by continuity of the form & at the central vertex, and, once more, f°(0,0) =0 by the boundary
conditions.
Now consider the simplex labelled C. We define

h(®)C (s, t) := (D) (s, £) + h(@)P (s, 1)
=c(®)(s,0) +a(®®)(s, 1) + b(®P)(s, 1) (51)

where a, b remain as in the proof of Proposition 21, and where we introduce

t t
c(®)(s, t):= fft(s, tHhdt' | — /fst(s, tHhdt' | ds.
1 1
Then we see that
t
(doc(P))(s,t) = / fra(s,t)dt’ | ds+ fi(s, )dt + foe(s, t)ds A dt
1

and

(cod(®))(s,t) = c(f,l (s, 0)ds + f2(s, )dt + (fm (s,t) — fs2(s, t)) ds A dt)

t t
=‘/mmwM/— /Mﬂ&ﬁ—ﬂﬂwmm/$
1 1

t
— fs.t) — fs. 1) — fﬂﬂ&ﬁﬁ ds+ fy(s, )ds — fs(s, 1)ds,
1

and therefore

(Id, c)(@)) (s, 1) = D(s, 1) — f(s,1) — fs(s, Dds.

From our previous calculations (in the proof of Proposition 21) we know that

([d,a+ b1(®))(s, 1) = f(s,1) + fs(s, 1)ds — (0, 0).
Continuity of the form & on the edge between the 2-simplices C and D is the statement that
Fs, D+ fs(s, ) ds = f(s, DP + fs(s, 1)Pds.
Thus our definition (51) of h(®)€ implies that
[d, h1(®)“ (s, t) = @(s,0)C — fP(0,0) = &(s,0)C. (52)
Finally, we turn to the vertex labelled B. We define
h(®)B (s, t) :=a(DP) (s, t) + h(®) (¢, )
=W(DB) (s, 0) + (@) (6, 1) + a(@P)(t, 1) + b(@P)(t, 1)
for the same functions @, c, a, b as above. According to (49), we have
[d, a(®@B) (s, t) = DB (s, 0) — @B (¢, 1),
and here
P, =P o+ £, ode+ fP e, ode
= Ot 0+ fEE 0de+ FE&E Hde = (¢, 0)
by the continuity condition on the edge between the 2-simplices B and C. We have also, from (52), that
[d, hI(@)(t, t) = DE(t, b).
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We conclude that

[d, h1(®)B (s, t) = B (s, b).

This establishes that [d, h](®) = ® on each of the labelled simplices. The same is true on the remaining 4 simplices, by
symmetry.

Appendix C. Homotopy Manin triples in L., algebras

In the main text of this paper we choose to work with dg Lie algebras. Our definition of homotopy Manin triples in
Section 6 extends straightforwardly to the larger category of Ly, algebras. In this appendix we give this generalization, and
relate it to notion of Manin L, triples due to Kravchenko [37].

Indeed, Definition 9 goes over to Ly, algebras unmodified except that one should generalize the invariance condition, as
follows.

Definition 35. A homotopy Manin triple (of Loo algebras) (a, a+,t+, {(—|—),n) is the data of

(1) Lo algebras a, ay and a_
(2) Lo algebra maps a4 Has a_, and
(3) a (degree zero) map of dg vector spaces (— | —):a® a— s "C

subject to the following conditions:

(i) the map of dg vector spaces (t4,(—):a+ @ a_ — a is a homotopy equivalence
(ii) the map (— | —):a®a— s "C is
- (graded) symmetric: (x| y) = (—1)8*8"Y (y | x) for all x € a8, y € a8Y.
- cyclic: for each of the brackets £,(—, ..., —): a® — s27¥q,
(€1, .. X1, %) | X0) + (=108 (0 (x1, ..., X1, X0) | i) = 0.
(iii) the map (— | —):a® a — s "C is non-degenerate up to homotopy: If (x| —) >~ 0 then x >~ 0 (i.e. x is exact).
(iv) both a; and a_ are isotropic, i.e. the maps
(e (=) [1x(2) rax ®ar — s 'C
are homotopic to zero.
Kravchenko gives a definition of a Manin Ly, triple, or strongly homotopy Manin triple, in [37]. Here we relax the

definition given there slightly, in two ways: we do not insist the Ly, algebras be finite dimensional, and we allow the
bilinear form to be degree-shifted.

Definition 36. A Manin L, — triple (g, g+, (— | —),n) is a triple of L algebras (g, g+, g—) equipped with a nondegenerate
bilinear form (— | —) : g ® g — s "C, such that

(i) g+, g— are Lo, subalgebras of g such that g =g, & g_ as (dg) vector spaces

(ii) g+ and g_ are isotropic with respect to (— | —)
(iii) the bilinear form is cyclic; that is, for each of the brackets €;(—, ..., —) : g® — s2~¥g of g,
(€1, .. X1, %) | X0) + (=180 (x1, ..., X1, X0) | X¢) = 0.

It is immediate that

Proposition 37. Every Manin L triple in the sense Definition 36 is a homotopy Manin triple of Lo, algebras in the sense of Defini-
tion35. O

To make a statement in the reverse direction, we need the notion of homotopy transfer of algebraic structures. Recall
- from e.g. [19, §3,86] and references therein, and cf. [41, §9.4.3-9.4.5] - that one has a homotopy transfer theorem for
Lo algebras: if a is an Ly algebra then any homotopy equivalence of dg vector spaces a >~ b induces the structure of an
L~ algebra on the dg vector space b, in such a way that a >~ b becomes a quasi-isomorphism of L., algebras. In particular
the cohomology H(a) is a deformation retract of a in dg vector spaces, so it gets an Lo, algebra structure. This structure is
compatible with the usual graded Lie algebra structure on H(a) - in particular, it has vanishing differential - but typically
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has non-vanishing higher brackets. In this way, every L., algebra a is quasi-isomorphic to a minimal model, H(a). Since
minimal models have vanishing differential, two minimal models are quasi-isomorphic precisely if they are isomorphic.

Under certain conditions on the retract of a onto H(a), it is also possible to transfer the cyclic structure: see [7, Appendix
B] and cf. [8].

Proposition 38. Let (a, ai, t+, (— | —), n) be a homotopy Manin triple of L, algebras in the sense of Definition 35. Assume the retract
of a onto H(a) allows the cyclic structure to be transferred from a to H(a). Then (H(a), H(ay), H(a_)) gets the structure of a Manin
Loo-triple (with shift n) in the sense of Definition 36.

Proof. As we noted in Remark 10, we certainly have that

(i) the map (t4,¢—) induces an isomorphism of graded vector spaces

H(ay) @ H(a-) =grvect H(a)

(iii") the map of graded vector spaces

H(a) ® H(a) > s "C

induced by (— | —) is non-degenerate.
(iv’) both H(ay) and H(a_) are isotropic as subspaces of H(a).

By the homotopy transfer theorem H(a+) and H(a) are minimal Ly, algebras. Moreover the maps H(t+) : H(ax+) — H(a)
are maps of Lo, algebras. (Indeed, by the decomposition theorem for Ly, algebras - see e.g. [32], especially equation (2.55)
- one has quasi-isomorphisms of Lo, algebras I+ : H(a+) - a+ and P :a— H(a); and H(t+) = P o t4 o I+ is then the
composition of these Lo, algebra maps.)

By assumption, the bilinear form on the cohomology H(a) induced by the bilinear form (— | —) on a remains cyclic for
the Ly, structure on H(a). O
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