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A B S T R A C T 

We present relativistic magnetohydrodynamic modelling of jets running into hydrostatic, spherically symmetric cluster 
atmospheres. For the first time in a numerical simulation, we present model cluster atmospheres based upon the universal 
pressure profile (UPP), incorporating a temperature profile for a ‘typical’ self-similar atmosphere described by only one 
parameter – M 500 . We explore a comprehensive range of realistic atmospheres and jet powers and derive dynamic, energetic, and 

polarimetric data which provide insight into what we should expect of future high-resolution studies of AGN outflows. From 

the simulated synchrotron emission maps which include Doppler beaming we find sidedness distributions that agree well with 

observations. We replicated a number of findings from our previous work, such as higher power jets inflating larger aspect-ratio 

lobes, and the cluster environment impacting the distribution of energy between the lobe and shocked regions. Comparing UPP 

and β-profiles we find that the cluster model chosen results in a different morphology for the resultant lobes with the UPP more 
able to clear lobe material from the core; and that these different atmospheres influence the ratio between the various forms 
of energy in the fully developed lobes. This work also highlights the key role played by Kelvin–Helmholtz instabilities in the 
formation of realistic lobe aspect ratios. Our simulations point to the need for additional lobe-widening mechanisms at high jet 
powers, for example jet precession. Given that the UPP is our most representative general cluster atmosphere, these numerical 
simulations represent the most realistic models yet for spherically symmetric atmospheres. 

Key words: methods: numerical – galaxies: jets, clusters. 
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 I N T RO D U C T I O N  

he modelling of the lobes of active galactic nucleus (AGN) jets
egan with analytical approaches such as the k ey w ork of Scheuer
 1974 ) and later on Kaiser & Alexander ( 1997 ). Access to high-
erformance computing in recent years has fuelled modelling using 
umerical simulations: varying the input parameters of our models 
nd comparing the output with observations tells us much about the 
onditions and processes in the AGN. Early simulations, such as 
he 2DHD model of Norman et al. ( 1982 ) confirmed the predictions
ade by Blandford & Rees ( 1974 ) about bipolar jets creating hot

pots and a bow shock at the jet head, followed by a contact
iscontinuity between the lobe and shocked ambient medium. More 
ecent models incorporate more of the physics of actual AGN’s, such 
s the 3DRMHD work of Mignone et al. ( 2010 ) who find that 3D
odels reveal kink instabilities which are not seen in similar 2D 

odels. Recent re vie ws of numerical modelling of jets include Mart ́ı
 2019 ), Komissarov & Porth ( 2021 ), and Bourne & Yang ( 2023 ). A
ey role for modelling now is to predict the images which will be
aptured by the next generation of X-ray satellites such as Athena 
Nandra et al. 2013 ), and of radio telescopes such as the Square
ilometer Array (Carilli & Rawlings 2004 ). 
The primary factor which shapes large-scale jet structure is the 

ower of the jet (Rawlings & Saunders 1991 ; Worrall 2009 ; O’Dea &
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aikia 2021 ). Using a method based upon observations of the jet
erminal hotspots, Godfrey & Shabala ( 2013 ) obtained jet powers
or FR IIs in the range 10 38 to 10 39 W; in good agreement with
ther researchers using a variety of techniques (Gitti, Brighenti & 

cNamara 2012 ; Ghisellini et al. 2014 ). Kaiser & Alexander ( 1997 )
ound that greater powers ( Q > 10 37 W) formed FR IIs; similar
elations have been demonstrated by the simulations of Massaglia 
t al. ( 2016 ) and Ehlert et al. ( 2018 ). Furthermore, relativistic MHD
imulations conclude that at the intermediate power between FR I 
nd FR II, it is other factors such as the density ratio, Lorentz factor,
nd magnetic field strength which determines whether the lobe is FR
 or FR II (Mignone et al. 2010 ; Mukherjee et al. 2020 ; Massaglia
t al. 2022 ). Massaglia et al. ( 2022 ) note that the observation epoch
lso plays a role as many features are time-dependent. Perpendicular 
hocks close to the radio core have been shown to form in jets with
ide initial opening angle (Krause et al. 2012 ; Yates-Jones et al.
022 ). Particle acceleration at such shocks could be responsible for
he brightening of FR I jets at flaring points. 

The structure of the cluster atmosphere is also a k ey f actor which
ill influence the morphology of the lobes. Early researchers used 
niform distributions (Norman et al. 1982 ; Koessl & Mueller 1988 ;
ind et al. 1989 ) which could only represent real atmospheres
 v er short distances; an impro v ement on these is the now widely
sed and more realistic β-model (Reynolds, Heinz & Begelman 
002 ; Basson & Alexander 2003 ; Zanni et al. 2003 ; Krause
005 ). Observ ations of po werful radio sources has demonstrated
hat asymmetries in the distribution of ionized gas is correlated 
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ith the structural asymmetry of the radio lobes (Pedelty et al.
989 ; McCarthy, van Breugel & Kapahi 1991 ; Gopal-Krishna &
iita 2000 ), which indicates that environmental asymmetries play

 role in creating structural asymmetries in the radio lobes; as
emonstrated in numerical models of jets propagating through
nhomogeneous environments (e.g. Jeyakumar et al. 2005 ; Gaibler,
rause & Camenzind 2009 ; Gaibler, Khochfar & Krause 2011 ;
ates-Jones, Shabala & Krause 2021 ; Yates-Jones et al. 2023 ); in
articular, Tanner & Weaver ( 2022 ) demonstrated that lower power
ets are impacted more and Wagner & Bicknell ( 2011 ) and Wagner,
icknell & Umemura ( 2012 ) showed that inhomogeneities in the

CM impact the transfer of energy from the lobe to the surroundings.
urthermore, using an environment derived from a simulation of a
ynamically active cluster represents another step towards greater
ealism (e.g. Heinz et al. 2006 ; Mendygral, Jones & Dolag 2012 ).
uch large scale motion of the ICM disrupts the jets and plays a
ignificant role in spreading out the energy injected (Morsony et al.
010 ; Bourne & Sijacki 2017 ; Bourne, Sijacki & Puchwein 2019 ;
ourne & Sijacki 2021 ). Dynamic modelling has also been used to

nv estigate self-re gulated feedback (Meece, Voit & O’Shea 2017 ;
hlert et al. 2023 ), accretion rates (Prasad, Sharma & Babul 2015 )
nd energy transfer mechanisms (Ehlert et al. 2018 ). For re vie ws see
eece et al. ( 2017 ) and Bourne & Yang ( 2023 ). In this work we
odel a spherically symmetric hydrostatic profile; similar models

ave been used by others to investigate feedback mechanisms and
nergy transfer (e.g. Yang & Reynolds 2016a , b ; Weinberger et al.
017 , 2023 ). Ho we ver, for the first time in a numerical simulation,
e use the universal pressure profile (UPP; Arnaud et al. 2010 ) as a
eneralized hydrostatic, spherically symmetric cluster atmosphere. 
The numerical model used in this study is a development of

hat described in Hardcastle & Krause ( 2013 , 2014 ) and English,
ardcastle & Krause ( 2016 , 2019 ) (henceforth referred to as Paper
, Paper 2, Paper 3, and Paper 4). In all these previous papers
e used a β-atmosphere, but here we use the more realistic UPP

tmosphere, as well as a jet with a higher Lorentz factor ( γ = 10)
hich matches well with the values seen on parsec scales. The model

lso employs stretched grids in order to model the central regions at
 much higher resolution and so enable a considerably narrower, and
o more realistic, injection cylinder. In Section 2 we will present the
PP atmosphere used in this study, including the temperature profile

nd the ambient magnetic field. In Section 3 we describe how the
imulated atmosphere is implemented and the jet parameters used.
ur results are presented in Section 4 ; in Section 5 we discuss the
ndings and our summary and conclusions are found in Section 6 . 

 CLUSTER  ATM O SPH ER ES  

.1 Galaxy cluster density and pr essur e distributions 

he X-ray emission from the hot plasma in galaxy clusters was
tudied by Cavaliere & Fusco-Femiano ( 1976 ) who developed a
odel in which the material of the cluster has a density profile

escribed by King’s approximation (King 1962 ). This self-consistent
sothermal model is referred to as the β-model and is widely used to
escribe the density profile in clusters of galaxies, it can be written 

( r) = ρ0 

[ 

1 + 

(
r 

r c 

)2 
] − 3 β

2 

, (1) 

here ρ0 is the density at the centre of the cluster, r c is the ‘core
adius’, and β is an indication of the gradient beyond the core radius.
espite its wide use in simulations, it has long been recognized that
NRAS 526, 3421–3440 (2023) 
he β-model does not adhere well to observations, particularly near
he core where observations indicate a ‘cusp’ rather than the constant
ensity produced by the beta model (Frenk et al. 1988 ). 
The Navarro, Frenk and White (NFW) model also describes the

ensity profile of the cluster and is an impro v ement on the β-model.
he authors describe the NFW as a ‘universal’ density profile; it was

he result of conducting a series of N -body simulations of higher
esolution than previous studies (Navarro, Frenk & White 1995 ).
his remo v ed the constant density of the β-model and replaced it
ith more of a ‘cusp’. 
Based upon observations of X-ray clusters with Chandra and on

umerical simulations on scales larger than these, Nagai, Kravtsov &
ikhlinin ( 2007 ) proposed a ‘generalized’ NFW (GNFW) model in
hich they parametrized the profile further; instead of expressing

heir distribution in terms of density (as the β and the NFW models
ere) they expressed it in terms of the gas pressure of the cluster.
he version below is that presented by Arnaud et al. ( 2010 ) and is
ritten in terms of the average scaled pressure p at a normalized
istance x (equation 3 ) from the cluster centre, the profile is 

 ( x ) = 

P 0 

( c 500 x ) 
γ
[
1 + ( c 500 x ) 

α
]( β−γ ) /α , (2) 

here P 0 is the pressure at the centre of the cluster and the parameters
, α, β are respectively the central slope ( r � r s ), intermediate slope
 r ∼ r s ), and outer slope ( r � r s ). The scale radius r s , is defined as the
adius where the logarithmic slope of the density profile is α = −2;
nd the concentration is defined as c 500 ≡ R 500 / r s . R 500 represents the
adius of the cluster corresponding to a mean mass density contrast
f 500 times the critical density of the Universe. These parametrized
alues are linked to real values of pressure P ( r ) and radial distance r
sing the scaling relations 

 ( r) = p( x) P 500 and x ≡ r/R 500 , (3) 

here p ( x ) is the normalized pressure and is linked to the average
caled profile p ( x) by an empirical term which reflects the deviation
rom standard self-similar scaling: 

( x) = p ( x) 

[
M 500 

3 × 10 14 h 

−1 
70 M �

]α( x) 

, (4) 

here α( x ) is a variable in x linked to the mass of the clus-
er and the dimension-less Hubble constant h 70 = h / H 0 , where
 0 = 70 kms −1 Mpc −1 . P 500 is the ‘characteristic pressure’ which

s dependent upon mass and redshift as follows 

 500 = 1 . 65 × 10 −3 h ( z) 8 / 3 
[

M 500 

3 × 10 14 h 

−1 
70 M �

]2 / 3 

h 

2 
70 keV cm 

−3 , 

(5) 

here h ( z) is the ratio of the Hubble constant at redshift z to its
resent value, h ( z) = H ( z)/ H 0 . M 500 is the mass contained within the
adius R 500 at which the mean mass density is 500 times that of the
ritical density of the Universe at the cluster redshift ρc ( z). M 500 and
 500 can be found from one another; from the definition of M 500 we
ave 

 500 = 

4 π

3 
R 

3 
500 500 ρc ( z) where ρc ( z) = 

3 H ( z) 2 

8 πG 

, (6) 

here G is the gravitational constant and H ( z) =
 0 

√ 

�M 

(1 + z) 3 + �	 

where, for a flat 	 CDM cosmology,
M 

= 0.3 and �	 

= 0.7. These relations are the GNFW model and
he correct choice of parameters will result in a very good fit to
he pressure profiles of galaxy clusters (as shown in appendix C of
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Table 1. UPP parameters. The data used in Arnaud et al. ( 2010 ) is based 
upon 33 local ( z < 0.2) clusters drawn from the REFLEX catalogue and 
observ ed with XMM–Ne wton with mass in the range 10 14 M � < 10 15 M �. 
The data used by He et al. ( 2021 ) is derived from simulations compared with 
X-ray data (REXCESS). 

References P 0 c 500 γ α β

Arnaud et al. ( 2010 ) 8.130 h −3 / 2 
70 1.156 0 .3292 1 .0620 5 .4807 

He et al. ( 2021 ) 5.048 h −3 / 2 
70 1.217 0 .433 1 .192 5 .490 

A  

h  

c  

c
i

2

A  

f
p
o  

i

i  

r  

i
s  

S
2  

f
p
B  

2
l
a
d
m  

(  

w  

t
l  

w
b
c  

p
t  

d
R
W  

s

2

I  

c  

g  

t
a  

g  

c

c  

C  

f

w  

g
a

R

w  

a
w  

m
b  

(  

w
(

 

B

3

3
a

T  

m
o
i  

X  

1  

i  

g  

o
v  

s
d  

o  

b  

s  

2  

d  

e
v  

f  

B

A  

a  

m
t  

A
a
d

1 We assume that the model cluster is at a distance of z = 0. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/526/3/3421/7283181 by U
niversity of H

ertfordshire user on 19 D
ecem

ber 2023
rnaud et al. 2010 ). From the UPP cluster pressure profile described
ere and using a cluster temperature profile (see Section 2.3 ) we
an reco v er the density profile using the ideal gas law p = nkT . A
omparison between the β and the UPP density profiles can be seen 
n Fig. 11 . 

.2 The uni v ersal pr essur e pr ofile 

rnaud et al. ( 2010 ) derived an average GNFW profile (see Table 1
or the parameter values). For their choice of parameters the scaled 
ressure profiles do not show any significant dependence on mass; in 
ther words equation ( 4 ) reduces to p( x) = p ( x) and so their model
s self-similar. 

When X-ray measurements are used to estimate cluster masses, 
t is assumed that the cluster is in equilibrium (i.e. a perfectly
elaxed cluster) (e.g. Arnaud et al. 2010 ); ho we ver, observ ations
ndicate that clusters are not all relaxed as non-thermal pressure 
upport is also present (e.g. Schuecker et al. 2004 ; Sanders, Fabian &
mith 2011 ; Walker, Sanders & Fabian 2015 ; Hitomi Collaboration 
016 ; Hofmann et al. 2016 ; Siegel et al. 2018 ; Eckert et al. 2019 );
urthermore, simulations of clusters undergoing mergers or feedback 
rocesses substantiate these observations (e.g. Vazza, Roediger & 

r ̈uggen 2012 ; Nelson et al. 2014 ; Gupta et al. 2017 ; Vazza et al.
017 ; Bennett & Sijacki 2022 ) demonstrating that cluster formation 
eads to significant non-thermal gas processes such as turbulent flows 
nd bulk motions. Neglecting the kinematics leads to a systematic un- 
erestimation of the masses of galaxy clusters: this is the hydrostatic 
ass bias. He et al. ( 2021 ) describe how they employ a simulation

the Mock-X analysis framework) devised by Barnes et al. ( 2021 )
hich is able to model the evolution of clusters, including the non-

hermal pressure support, and simulate X-ray emission. Their study 
eads to the debiased values for the GNFW parameters (see Table 1 )
hich can be considered to be more accurate than those provided 
y previous studies; in addition, they confirmed the self-similarity 
onclusion of Arnaud et al. ( 2010 ) in that this set of generalized
arameters does not depend upon mass. Their findings indicate that 
he UPP of Arnaud et al. ( 2010 ) is ≈ 5 per cent higher than their
ebiased pressure values at the centre, rises to ≈ 20 per cent at 
 500 and reaches almost ≈ 35 per cent in the outermost regions. 
e will use the debiased UPP values of He et al. ( 2021 ) in this

tudy. 

.3 Cluster temperature profile and magnetic fields 

n a cool core cluster the temperature rises steeply away from the
entre and reaches a peak around a tenth of R 500 , then reduces
radually towards large radii. The core is believed to be at a lower
emperature as a result of radiative cooling; the inner regions are 
t a higher pressure than the β-model predicts and this leads to a
reater luminosity and so shorter cooling time than the rest of the
luster. Without compensation through a heating mechanism, the 
ore temperature falls (Fabian 1994 ). Vikhlinin et al. ( 2006 ), using
handra data for a sample of nearby relaxed clusters, derived the

ollowing radial variation of temperature T ( r ): 

T ( r) 

T mg 

= 1 . 35 
( x/ 0 . 045) 1 . 9 + 0 . 45 

( x/ 0 . 045) 1 . 9 + 1 

1 

(1 + ( x/ 0 . 6) 2 ) 0 . 45 
, (7) 

here x ≡ r / R 500 is the parametrized radial distance and T mg is the
as-mass-weighted temperature, defined by Vikhlinin et al. ( 2006 ) 
s: 

 500 hh ( z) = 830 

(
T mg 

5 keV 

)1 . 47 / 3 

, (8) 

here h = 0.72 and all other quantities are defined abo v e. The
uthors point out that their temperature profiles are self-similar 
hen scaled to the same o v erdensity radius, which is in agree-
ent with previous authors. In addition, they cite good agreement 

etween their M –T relation and that produced by other authors
e.g. Arnaud, Pointecouteau & Pratt 2005 ). In this study we
ill employ the temperature profile described by Vikhlinin et al. 

 2006 ). 
The theory of cluster magnetic fields suggests that they scale as
 ∝ n 1 / 2 e ; further details can be found in Appendix A1 . 

 SI MULATI ON  SETUP  

.1 Creating a uni v ersal pressure profile (UPP) model 
tmosphere 

he UPP is a self-similar profile with one input variable: cluster
ass; 1 it represents observed cluster profiles more faithfully than any 

ther model atmosphere. The cluster mass is implemented as M 500 

n units of h 

−1 
70 × 10 14 M �. From observations Planck Collaboration

VI ( 2013 ) provide values for M 500 for clusters in the range 1 to
5 × 10 14 h 

−1 
70 M �; although other authors have found that the UPP

s a good fit outside this range [e.g. Sun et al. ( 2011 ) in their study of
roups of galaxies in the range 10 13 to 1 . 5 × 10 14 h 

−1 
70 M �]; examples

f clusters towards the upper limit are very rare. We will use M 500 

alues in the range 0.33 to 9 × 10 14 h 

−1 
70 M �; the parameters are

ummarized in Table 2 . Pressure, temperature, density, and entropy 
istributions for the UPP cluster atmosphere for a range of values
f M 500 are displayed in Fig. 1 . These average pressure profiles can
e compared with those of individual clusters from the REXCESS
ample, upon which they are based (Arnaud et al. 2010 ; He et al.
021 ); as well as temperature profiles (Vikhlinin et al. 2006 ) and
ensity profiles (Croston et al. 2008 ). Furthermore, the variation of
ntropy with distance is derived from the temperature and density 
alues (see caption) and compares fa v ourably with profiles derived
rom observations (e.g. Donahue et al. 2006 ; Ghirardini et al. 2017 ;
abyk et al. 2018 ). 
Following the methodology of Huarte-Espinosa, Krause & 

le xander ( 2011 ), P aper 2, P aper 3, and P aper 4; we implement
 cluster magnetic field which is multiscaled, tangled and has a
agnitude related to the cluster density profile. A summary of 

he techniques used to create this magnetic field can be found in
ppendix A2 . The pressure and density profiles are interpolated, 

long with the three magnetic vector potentials, into the PLUTO 

omain at the initialization step. 
MNRAS 526, 3421–3440 (2023) 
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M

Table 2. UPP and equi v alent β-profile atmosphere parameters used to create the pressure, temperature, and density distributions 
for a range of realistic cluster atmospheres. The M 500 value represents the mass of the cluster; the other six values are input into 
PLUTO . P 500 , R 500 , p 0 , and r c are all input in simulation units of pressure, length, pressure and length; whereas T mg is in Kelvin. 
The parameters p 0 , r c , and β define the equi v alent β-profile (see Section 5 ). Each run has a label (e.g. jetXX haloYY) where XX 

represents the power of the jet with values of 0.5, 1, 2, or 4 × 10 38 W; which are indicated by XX having values of 05, 10, 20, and 
40 (see Table 3 ) and YY indicates the mass as shown in this table. 

run M 500 P 500 R 500 T mg p 0 r c β

( ×10 14 h −1 
70 M �) (sim.) (sim.) (K) (sim.) (sim.) 

jetXX halo03 0.3333 2.2598 × 10 −8 232.90 1.0076 × 10 7 5.03891 × 10 −7 16 0.48 
jetXX halo10 1 4.7007 × 10 −8 335.91 2.1276 × 10 7 9.2651 × 10 −7 27 0.51 
jetXX halo30 3 9.7778 × 10 −8 484.46 4.4922 × 10 7 1.9059 × 10 −6 39 0.50 
jetXX halo90 9 2.0339 × 10 −7 698.71 9.4849 × 10 7 3.9827 × 10 −6 72 0.70 
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.2 Ensuring the gravitational stability of the UPP model 
tmosphere 

tarting with the equation for hydrostatic equilibrium for a spheri-
ally symmetric cluster, the pressure e x erted by the atmosphere p ( r )
s assumed to be balanced by the dark matter potential 
 ( r ) as 

d p( r) 

d r 
= −ρ( r ) 

d 
 ( r ) 

d r 
, (9) 

here ρ( r ) is the cluster density profile. Using the equations of the
PP (see Section 2.1 ), we derived the following expression for the
ark matter potential: 

 ( r) = 

kT 

μm u 

ln 
[
x γ ( 1 + ( c 500 x ) 

α) ( β−γ ) ]
. (10) 

his can be compared with dark matter potentials for the β-profile
Krause 2005 ) or the NFW-profile (Binney & Tremaine 2008 ). The
MHD module of PLUTO requires the input of the gravitational field

trength to hold the gas in place, this is derived using 	 g = −∇
 to
ive: 

	  = − k B T 

μm u c 2 

[
( β − γ ) 

( R 500 / ( c 500 r) ) α + 1 
+ γ

] 	 r 
r 2 

, (11) 

here r = 

√ 

x 2 + y 2 + z 2 and x , y , and z are distances in the three
artesian coordinate directions; m u is the atomic mass unit; c is the

peed of light; k B is the Boltzmann constant, and T is the temperature
n Kelvin. In this model it is assumed that the gas has no self-gravity
nd that it is held in place entirely by the dark matter potential. The
as fractions ( f gas = M gas / M tot ) of our model clusters range from
.053 to 0.051 (from low to high mass) which are at the lower end of
he range of observed gas fractions (e.g. Wicker et al. 2022 ) These
o w v alues may be in-part due to the debiased values of the UPP
arameters we employ which indicate gas pressure values (and so
ensities) significantly lower than that predicted by the assumption
f hydrostatic equilibrium (see Section 2.2 ); they may also be due to
 possible trend in gas fraction with redshift, whereby lower redshift
lusters have a lower gas fraction and we have placed ours at z = 0
such a relation is hinted at by Wicker et al. 2022 ). 

The nature of the UPP is that there is a cusp at the centre
f the atmosphere; Arnaud et al. ( 2010 ) highlight that at small
adii, this is not realistic, and that a reliable distribution is only
xpected from tens of kpc from the centre. The difficulty in terms
f coding this aspect of the atmosphere is that the large gradient in
ressure towards the centre, when discretized, results in irregularities
etween the interpolated pressure distribution and the body force
mplemented within PLUTO ; these irregularities manifest themselves
s acceleration of the material, and so the atmosphere is not balanced
n the very centre. The way to get around this problem is to cut off
NRAS 526, 3421–3440 (2023) 
his unstable cusp at a suitable distance from the centre (we used a
istance of 4.2 kpc, determined by the resolution used) and created
 zone of constant value in that vicinity (i.e. set the pressure value
ithin a certain radius to be equal to the pressure value at that radius).
he corresponding alteration to the body force also needs to be made

o stabilize this area (i.e. set the gravitational field strength to zero). It
hould be noted that the injection cylinder injects the jet at a distance
f 6.3 kpc from the centre, and so the region cut off does not impact
he progression of the jet. We checked the stability of our atmospheres
y running our model, without a jet, for 200 simulation time-steps
equi v alent to 68 . 5 Myr); in this time a typical RMHD jet would
ave progressed to the edge of the datacube. The flat distribution at
he very centre of the cluster creates a small discontinuity at its edge
hich settles o v er time, otherwise the profile is static. 

.3 Simulation set up 

 or consistenc y, we use the code units of P aper 3. The simulation unit
or density, length, and pressure are set to ρ0 = 3 . 01 × 10 −23 kgm 

−3 ;
 0 = 2.1 kpc, and p 0 = ρ0 c 2 = 2.7 × 10 −6 P a, respectiv ely . Finally ,
he simulation unit for the magnetic field is calculated from B 0 =
 

√ 

4 πρ0 , giving 1.84 μT. 
The simulations are carried out on a static 3D Cartesian grid

entred on the origin and extending to a length of 300 kpc in
ach direction. The central patch is a 4.2 kpc cube in width and
s represented by 50 grid points in the y and z-directions and 10 grid
oints in the x-direction; this provides sufficient resolution for the
nd of the injection cylinder (see below). Either side of the central
atch is a geometrically stretched grid of 200 cells in the y and z-
irections and 300 cells along the x-direction. The resolution along
he y and z-directions ranges from 0.084 kpc at the centre to 6.9 kpc
t the grid boundary; along the x-direction the resolution ranges from
.42 kpc at the centre to 2.1 kpc at the grid boundary. The cell count
s, therefore, ( n x , n y , n z ) = (610, 450, 450); all outer boundaries are
et to ‘periodic’. 

An injection cylinder is positioned in the centre of the grid, with the
wo jets running along both directions of the x-axis. The advantage
f this set-up is that AGNs are bipolar outflows and it may be that
he out-flowing jet from one side will influence the jet on the other
hrough back-flow of the radio lobes (e.g. Krause & Camenzind
003 ; Krause 2005 ; Antonuccio-Delogu & Silk 2010 ; Hardcastle &
rause 2013 ; Cielo et al. 2014 ; Hardcastle & Krause 2014 ). We
se a jet radius of 0.2 simulation units (0.42 kpc); a comparatively
mall value compared to Paper 2, Paper 3, and Paper 4. As well as
roviding a more realistic radius, this choice results in higher density
njection for the same jet power and this helps get the jet onto the grid
nd reduces the clouds of ejecta surrounding the injection region (a
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Figure 1. UPP pressure (top), temperature, density, and entropy (bottom) 
profiles for the values of M 500 (in units of ×10 14 h −1 

70 M �) used in this 
study. Distance is from the centre of the cluster. Pressure and density are 
measured in simulation units, in which p 0 = 2 . 7 × 10 −6 Pa and ρ0 = 3 . 01 ×
10 −26 g cm 

−3 . Specific entropy is calculated as K = T n 
−2 / 3 
e -, where T is the 

temperature and n e is the electron number density (Voit, Kay & Bryan 2005 ); 
here we sho w v alues normalized to the value at a distance of R 500 . The gradual 
decrease in temperature with distance beyond the maximum is not easily seen 
for this range of distance, a more significant decrease would be visible out to 
∼ 1 Mpc. 
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roblem identified in Paper 3); this is particularly important for this
ork as the UPP has a higher density at the core than the equi v alent
-atmosphere. We keep the injection cylinder half-length the same 
s our previous work at 3.0 simulation units (6.3 kpc). 

Paper 4 highlighted the problem of material falling into the side 
f the injection cylinder: this problem increases with the UPP as a
esult of higher pressure values around the core. In order to solve this
roblem, we created a thin layer around the curved surface of the
ylinder (an annular cylinder) of 0.05 simulation units (0.105 kpc) 
nd implemented a zero-gradient boundary condition between it and 
he surrounding material for the magnetic field, density, tracer, and 
critically) pressure [similar to the method employed by Mukherjee 
t al. ( 2018 , 2020 )]. 

We used PLUTO version 4.4-patch2 for this study (Mignone 
t al. 2007 ); all of the runs were carried out on the University of
ertfordshire High Performance Computing facility. Each job was 

un on 384 Xeon-based cores, taking between one and four weeks
ach. An output file was written by PLUTO every 50 simulation time-
teps (every 0.34 Myr). 

We use the special relativistic magnetohydrodynamics (RMHD) 
hysics module, HLLD approximate Riemann solvers and a second 
rder dimensionally unsplit Runge–Kutta time-stepping algorithm, 
ith a Courant–Freidrichs–Lewy number of 0.3. A divergence 

leaning algorithm is used to enforce ∇ · B = 0; we calculated
he absolute value of the relative divergence error [as defined by
akmor & Springel ( 2013 )] and found typical values of ∼10 −3 . The
odel assumes a single-species relativistic perfect fluid (the Synge 

as) which is approximated by the Taub-Mathew equation of state 
Taub 1948 ; Mathews 1971 ); for numerical stability reasons, shock
attening was enabled through the use of a more dif fusi ve Riemann
olver (HLL) and limiter (MIN-MOD); our simulations are non- 
adiative for both jet and cluster material. 

.4 Model jet parameters 

he jet is injected with a constant velocity of 0.994985 c ; this
orresponds to a Lorentz factor of γ = 10, well within the range
bserved in jets (see Section 1 ). The jet power Q RMHD of a jet in SI
nits, from English et al. ( 2016 ); 

 RMHD = πr 2 j νj 

[
γ ( γ − 1) ρj c 

2 + 

� 

� − 1 
γ 2 P j + γ 2 B 

2 

2 μ0 

]
, (12) 

here r j is the radius of the jet, ρ j is the jet density, B the magnetic
eld strength, c is the speed of light, μ0 is the permeability of free
pace, ν j is the velocity of the jet (in units of the speed of light), γ is
he Lorentz factor, � is the adiabatic index, and P j is the pressure of
he jet. 

As in Paper 3 we limit our study to jets with equal contributions
f enthalpy and kinetic energy (i.e. the first and second terms of
quation 12 ). We inject a helical magnetic field. The longitudinal
omponent is set to a constant value B l (for a particular jet power)
nd the toroidal component is implemented as 

 y = B t ( z / r ) and B z = B t ( y / r ) (13) 

or r < r j where r j is the radius of the jet. For this study, using
et20 halo30 as the fiducial run, the jet values of B l and B t were
etermined such that the values of the total magnetic energy of the
obes when they have extended to an average length of 250 kpc
s ∼10 −2 the thermal energy (and B t and B l contribute equally).
alues for other runs were scaled up and down in proportion to

he injected power, all values can be seen in Table 3 . Note that
n this model the toroidal component undergoes an unrealistic 
mplification at early times as the field lines are stretched by the
apidly, outwardly expanding jet. This is suppressed by gradually 
ncreasing the toroidal component from zero to maximum in the first
0 time steps (6.85 Myr); from that point the injected field is constant.
he magnetic field evolution for the fiducial run can be seen in Fig. 2 .
he ratio of magnetic energy density to thermal energy density in the

obe for all runs can be seen in Fig. 7 where it can be seen that this
MNRAS 526, 3421–3440 (2023) 
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Table 3. Parameter values for the range of jet powers used in this study; power 
is measured in watts whereas the jet density ( ρj ), pressure ( P j ), longitudinal 
( B l ), and toroidal ( B t ) magnetic fields are all measured in simulation units. 
Each power is run into an atmosphere (marked as YY here) of either 03,10, 30, 
or 90 which represent atmospheres of M 500 = 0.33, 1, 3, and 9 × 10 14 h −1 

70 M �
(see Table 2 ). 

Run Power ρj P j B l B t 

10 38 W 10 −6 sim. 10 −6 sim. 10 −3 sim. 10 −3 sim. 

jet05 haloYY 0.5 0.6452 0.2043 0.280 1.350 
jet10 haloYY 1 1.2903 0.4091 0.403 1.909 
jet20 haloYY 2 2.5806 0.8175 0.570 2.700 
jet40 haloYY 4 5.1612 1.6358 0.806 3.818 

Figure 2. Magnetic field evolution in the lobe (LHS) and the ratio between 
the magnetic and thermal energy in the lobe (RHS) for the fiducial run 
(jet20 halo30). The magnetic field of the jet is injected with both toroidal and 
longitudinal components (i.e. helical injected field); the values were chosen 
so that the total magnetic energy of the lobes is ∼10 −2 the thermal energy, 
and the toroidal and longitudinal components are roughly equal in terms 
of magnetic field energy, once the lobes have reached an average length of 
250 kpc (see the text). 
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 alue v aries with lobe length, jet power, and mass of atmosphere;
alues range from ∼2 × 10 −3 to ∼3 × 10 −2 for evolved lobes across
he range of parameters studied. 

.5 Post-processing 

 ollowing P aper 3, the jet is injected with a conserved tracer quantity
f value of 1.0 (and zero elsewhere). Lobes are defined by tracer
alues > 10 −3 . The bow shock surface (between the shock and the
ndisturbed ambient medium) is identified in a similar way to the
racer, by line-tracing from the edges of both sides of the volume
owards the centre and finding where the radial v elocity e xceeds the
efined value of 75 kms −1 . 

 RESU LTS  

.1 Dynamics 

ig. 3 shows density images for all runs when they have progressed
o 250 kpc, these are taken as slices through the centre of the xy-
NRAS 526, 3421–3440 (2023) 
lane. Qualitativ ely, we observ e sev eral features also present in
ur previous simulations, particularly those of Paper 3. We observe
hat some simulations have sufficient buoyancy to lift lobe material
lear of the central regions of the simulation, in particular the
igher mass atmospheres and the lower power jets. The higher
ass atmospheres have greater values of gravitational potential

nd so will e x ert a greater force on the rising bubbles – but the
o wer po wer jet simulations can clear the central regions of lobe
aterial simply because they take longer to reach 250 kpc and so the

uoyancy forces act for longer. It is clear that the axial ratio varies
ignificantly across these simulations; higher mass atmospheres and
o wer po wer jets create lo wer v alues for axial ratio by inflating less
longated prolate spheroidal bubbles than higher power and lower
ass atmospheres. Many of our runs have asymmetric lobes, this is

ue to the slight density perturbations in the initial environment of
ur models; these are more pronounced than in our previous work
s a result of the lower power jets used here (lighter jets are more
usceptible to their path being altered by such inhomogeneities).
obe asymmetries are a feature of real lobes (e.g. Hardcastle et al.
997b ). 
Fig. 4 shows the evolution of the lobe dimensions for all runs in this

tudy and has much in common with both the non-relativistic runs of
aper 2 and the mildly relativistic runs of Paper 3. The progression
f the jet through the cluster is go v erned by the balance between
he lobe pressure and momentum flux of the jet with the density and
ressure of the ambient material at the end of the lobe. As expected,
igher power jets progress faster through the same environment as a
esult of the greater density and so momentum flux of such jets (given
e have a fixed injection speed). Similarly, the richer environments

esult in the same power jet progressing slower as a consequence of
he higher ambient pressure and density of the cluster material. The
volution of lobe length is more linear than our previous work with

models; this is because the β-profile has a near-uniform density
t the core which slows the jet until it reaches a steeper density
lope further out; whereas the UPP has a decreasing density slope
hroughout the run as a result of the cusp at the centre. As expected,
he higher power jets accelerate away from the more dense core, but
e also found that the higher mass atmospheres (provided the power
f the jet was low enough) resulted in the shock front decelerating
t longer lengths – corresponding to the inflated lobes seen in the
ensity images of Fig. 3 . 
The bottom panel of Fig. 4 demonstrates that these simulations

re not self-similar – a constant value for volume length −3 would be
xpected for self-similarity. This finding agrees with our previous
ork, is a feature of other simulations (e.g. Krause 2005 ) and
bservations (e.g. Hardcastle & Worrall 2000 ). It is also clearly
een in the density images of Fig. 3 where low power jets moving
nto rich environments progress more slowly than high power jets
oving into poor, and so have lobes of smaller aspect ratio (i.e. are

 atter). We w ould e xpect the slower jets to hav e a smaller aspect ratio
s they take longer to reach 250 kpc and so the transverse expansion
which is near-adiabatic) progresses further. It seems likely that KH
nstabilities also play a role in determining the aspect ratio as the
obes have time to lift away from the cluster core and expose the
ast-flowing jet to the near-stationary ambient medium, the jet is
o longer protected by the lobe and KH instabilities set in. These
nstabilities disrupt the base of the jet and ef fecti vely increase the
pening angle of the jet-launch, resulting in a larger working surface
t the jet termination and so decreases the advance speed of the
obe further. The impact of the disruption to the jet caused by KH
nstabilities can be seen in Fig. 17 . 
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Figure 3. Logarithmic density images (xy-slice) for the full range of runs, each presented once the simulated radio galaxy has extended to an average lobe 
length of 250 kpc. Cluster mass M 500 , jet power P , and time to reach an average lobe length of 250 kpc, t 250 are shown in each image. 
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.2 Energetics 

he total thermal, kinetic, magnetic, and potential energies contained 
n the lobe and shocked regions can be plotted against time to
nv estigate the efficienc y of the energy injection process. An example
s presented in Fig. 5 which is for a jet of power = 1 × 10 38 W
unning into an atmosphere of M 500 = 3 × 10 14 h 

−1 
70 M �. The total

nergy measured in the simulation is almost identical to that injected 
nto the system, as expected. 

The ratio of the energy stored in the shocked region to that
tored in the lobes (Fig. 6 ) shows us that more powerful jets and
o  
ower mass atmospheres both result in a greater fraction of the
nergy going into the shocked region. The values seen here are
enerally higher than those of our previous studies; this is likely
o be a result of using what are ef fecti vely lo wer mass (and more
ealistic) atmospheres than those used previously. The values in 
his study (ranging from about 1 to 4) are double the values we
bserved in our previous work, although smaller than those found 
n the simulations by Perucho, Quilis & Mart ́ı ( 2011 ), Perucho et al.
 2014 ), and Perucho, Mart ́ı & Quilis ( 2019 , 2022 ) who find values
n excess of 10; ho we ver, their set-up is considerably different to
urs and involves a jet perturbation which may influence the transfer
MNRAS 526, 3421–3440 (2023) 
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Figure 4. Evolution of lobe length (top), volume (middle), and the ratio of volume to the cube of lobe length (bottom) for all runs. 
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f energy from the lobe to the shocked region. In Paper 1 and in
articular Paper 2 we identified that the environment played a role
n determining the ratio of shocked to lobe energies: in particular,
he greater the density slope the greater the fraction of energy found
n the shocked region (i.e. for the β-profile this was measured by
he parameter β). For our UPP runs, the density slope is much
reater at the core of the cluster and so our current, higher, values
an be explained as following this same trend. As highlighted in
ection 4.1 , KH instabilities impact the lower power jets moving

nto richer environments more and result in fatter lobes. A number of
tudies suggest that such turbulence in the ICM does not contribute
ignificantly to the heating of the ICM (e.g. Bourne & Sijacki 2017 ;
einberger et al. 2017 ; Martizzi et al. 2019; Gilkis & Soker 2012 ;
illel & Soker 2016 , 2017 ). We also conclude that the turbulence

n our models does not appear to significantly contribute towards
eating of the ICM as our models with the greatest jet disruption
esult in a smaller fraction of the total energy going into the shocked
e gion. An alternativ e e xplanation is pro vided by Tang & Churazov
 2017 ): in their simulations of rapid outbursts they found that more
 xplosiv e emission events resulted in a greater proportion of the
njected energy going into shocks, with up to ∼ 88 per cent for
NRAS 526, 3421–3440 (2023) 
nstantaneous/e xplosiv e emission and ∼ 0 per cent for the longest
nd most gentle injection. The rapidity of the injection, therefore,
lays a major role in determining the significance of the heating
ffect; this agrees with our results as our high-power jets moving into
oor environments have the most rapid expansion and the greatest
eating effect. 
The ratio of magnetic energy density to thermal energy density

Fig. 7 ) varies with power, atmospheric mass, and lobe length in
 systematic way: all lines appear to be roughly cubic in form;
o wer po wer jets have greater v alues at shorter lobe lengths and
hen decrease with increasing lobe length, whereas higher power jets
ncrease monotonically. Atmospheric mass alters the ratio such that
or all powers, higher mass increases the ratio at shorter lengths,
ut decreases it at longer; there is a cross-o v er point on the graph
here all atmospheres have the same ratio (roughly) for a particular
ower. Through their work in comparing models with observations,
 ̈ohringer, Chon & Kronberg ( 2016 ) find that the magnetic energy
ensity is two orders of magnitude smaller than the thermal energy
ith the ratio falling in the range 5 −7.5 × 10 −3 ; this means that

he magnetic fields in clusters are considered not to be dynamically
mportant (i.e. plasma beta ≡ P th / P B ∼ 100). Fig. 7 indicates that
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Figur e 5. Ener gies in the lobe and shocked regions as a function of time for 
jet10 halo30. 
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he magnetic field is not dynamically important, given that all runs
ave values ∼0.01, although it is possible that it could be locally
ynamically important. 

.3 Synchr otr on emission and polarimetry 

e simulate Stokes I , Q , and U ; and from these we calculate the
olarization and the magnetic field direction. We follow the method 
mployed in Paper 2 and Paper 3; a summary of this can be found in
ppendix B . 
By integrating the synchrotron emission over the whole of the 

ource for each simulation data cube we produce graphs for the total
uminosity against lobe length; Fig. 8 shows the results of such an
igure 6. The ratio of the energy contained in the shock to that contained in the
tmospheres (jet05 halo90 and jet10 halo90) can be seen to have erratic lines here; t
speed falls below 2.5 × 10 −4 c ) is abo v e the advance speed in the outer cluster an
ompleteness. 
nalysis for the full range of power and atmospheric mass used in
his study when viewed at various angles to the jet axis. In line
ith similar plots from Paper 2 and Paper 3, at 90 ◦ the luminosity

nitially increases with lobe length and then begins to level out,
ometimes reaching a maximum or a plateau. In keeping with Paper
 we find that atmosphere used impacts the luminosity (in Paper 2
he parameters r c and β for the β-profile were varied). The general
rend is that for higher mass atmospheres the higher the synchrotron
utput. On our 90 ◦ chart we have included horizontal lines based
pon the relation between jet power and the synchrotron luminosity 
t 151 MHz by Willott et al. ( 1999 ); this relation predicts that Q ∝
 

6 / 7 
151 . Here we have normalized this to our results for jet power
 × 10 38 W (ignoring the highest mass) at late times. Whilst there
s reasonable agreement, our results suggest a relation with a power
reater than 6/7. The fact that our results differ to those of Willott et al.
 1999 ) is to be expected as they assumed a power-law atmosphere
n their model whereas we used the UPP; and their relationship
oes not capture the time evolution that we observe. Clearly this
elation would also have to be adjusted to incorporate viewing angle
f it were to be used on all our plots. Varying the angle of view
as a significant impact on the emission luminosity, particularly for 
ngles ∼1/ γ and less (where γ is the Lorentz factor) as Doppler
oosting of the jet becomes significant (about 6 ◦ in our study) and
he emission from the jet dominates o v er that of the lobe. We must
emind ourselves that we have made a number of assumptions about
he pressure, magnetic field structure, and electron energy spectrum 

f a real jet, and so the results we present here for viewing the jet
t small angles must be regarded with caution; nevertheless, end-on 
ets are observed (e.g. blazars, Blandford, Meier & Readhead 2019 )
lthough we feel that the amount of Doppler boosting is exaggerated 
n our models. Movies showing the simulated synchrotron emission 
t various angles and lobe lengths can be found at http://uhhpc.herts.
c.uk/ ∼ms/synchrotron.html . 

We created simulated synchrotron 2D emission maps; an example 
an be seen in Fig. 9 where the angle of view has been progressively
ncreased in order to observe the simulated Doppler boosting. We 
lso created emission maps for Stokes Q and U and P (polarized
MNRAS 526, 3421–3440 (2023) 

 lobe, against lobe length for all runs. Lo w po wer jets in the highest mass 
his is due to their low shock advance speed such that the method of detection 
d so the shock front is not identified accurately; full runs included here for 
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Figure 7. The ratio of magnetic energy density to thermal energy density variation with lobe length for all runs. 

Figure 8. Evolution of synchrotron luminosity with lobe length for all runs viewed at various angles to the jet axis as indicated: 90 ◦ (top left), 30 ◦, 20 ◦, 10 ◦, 
5 ◦, and along the jet axis (0 ◦). The black horizontal dashed lines on the top-left plot represent the emission predicted by Willott et al. ( 1999 ), which has been 
normalized to the 1 × 10 38 W lower cluster mass lines at late times (see the text). The line for lowest power run in the highest mass atmosphere (jet05 halo90) 
becomes erratic once it has progressed beyond 150 kpc; this jet finds difficulty in punching its way through the ambient medium and the tracer mixes more than 
other runs and falls below the threshold of 10 −3 , and so the location of the lobe becomes unreliable and is included here for completeness. 

i  

a  

a  

c  

c  

t  

a  

v  

a  

e  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/526/3/3421/7283181 by U
niversity of H

ertfordshire user on 19 D
ecem

ber 2023
ntensity); examples can be seen in the top panel of Fig. 10 and
re very similar to those produced by our previous work in Paper 2
nd Paper 3, although a greater level of fine detail is revealed as a
onsequence of the higher resolution used in the current study. We
an o v erlay a synchrotron emission map with vectors with magnitude
NRAS 526, 3421–3440 (2023) 
hat represents the magnitude of the fractional polarization and with
 direction corresponding to that of the magnetic field. Such an image
iewed at 90 ◦ to the jet axis is presented in the middle panel of Fig. 10
nd shows the same trends found in our previous work in that the
volved lobe polarization is higher at the edges where the magnetic
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Figure 9. Sequence of synchrotron emission maps; top image observing 
down the jet axis, each subsequent image is positioned an additional 10 ◦ from 

the axis, the bottom image is looking down the counterjet. Images for a jet of 
power 2 × 10 38 W running into an atmosphere of M 500 = 9 × 10 14 h −1 

70 M �
with jet extended to an average length of 250 kpc; arbitrary logarithmic 
brightness scale. Doppler boosting of the jet and counterjet is visible at small 
angles to the jet-counterjet axis; note that the logarithmic scale makes this 
appear less pronounced; the true magnitude of the Doppler boosting of the 
jet is more easily seen in Fig. 8 . 
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eld direction is parallel to the lobe-shock boundary. Furthermore, 
n the bottom panel of Fig. 10 we demonstrate that these findings are
lso true when observing from an angle (here at 30 ◦ to the jet axis), in
ommon with what was found in the simulations of Huarte-Espinosa 
t al. ( 2011 ) and seen in observations by Hardcastle et al. ( 1997b ).
hese similarities give us confidence that the conclusions drawn from 

ur previous work remain valid for these more relativistic and higher
esolution studies which use a more realistic helical magnetic jet 
njection. 

 DI SCUSSI ON  

.1 Comparisons with the β-model 

ere we draw comparisons between our UPP models and β-models 
n order to establish whether our UPP model leads to different results
rom the established β-profile. We also compare our results with 
bservations of Doppler boosting and observations of radio jets, and 
eport on our resolution study. 

There is no established way to create an equi v alent β-profile from
 UPP profile: Hardcastle ( 2018 ) present a graph comparing these
wo profiles, and it is clear that they differ considerably at the cluster
entre in particular. Starting with a UPP profile, we derived the
qui v alent β-profile using an iterative technique beginning with the
eneral profile of ρ0 = 1.0 simulation units, r c = 0.1 R 500 and β = 0.5;
nd then varied each of these three parameters by a small amount and
inimized the difference between the two profiles. The UPP profile 

as a ‘core radius’, defined by Arnaud et al. ( 2010 ) as r = 0.1 R 500 ;
here is no indication that this is equi v alent to the β-profile r c but it
ives an order of magnitude value to start with; the initial ρ0 and β
re typical values employed by Paper 2 and Paper 3. The ‘best fit’
-model values we derived for each UPP model atmosphere can be
een in Table 2 . 

Density profiles of the UPP and corresponding β-model for the 
ange of cluster mass used in this study can be seen in Fig. 11 . The
wo models differ most at the cluster centre and follow very similar
urves out to the limit of this study (i.e. 300 kpc). Beyond this range
f study, the cluster density is comparatively low for both models
nd so any variation at large distances would have an insignificant
mpact on the progression of the jet and lobe in comparison with

oving through the higher density regions closer to the core. 
Govoni et al. ( 2010 ) provide β-model parameters for the much-

tudied Coma cluster of ρ0 = 3 . 5 × 10 −3 m 

−3 , r c = 245 kpc, and
= 0.654. We would not expect these to be exactly replicated in

n ‘average model’ such as the UPP, although one would hope that
alues would be the same order of magnitude. Assuming a Coma
luster mass with M 500 = 2 . 9 × 10 14 h 

−1 
70 M � (Lyskova et al. 2019 ),

nd so using our cluster mass of M 500 = 3 × 10 14 h 

−1 
70 M �, as well

s the general temperature profile used in this study (see Section 2.3 )
hich has a central temperature value of 2.4 keV, we read off the
arameters from Table 2 and converting from simulation units we 
btain: ρ0 = 1 . 4 × 10 −3 m 

−3 , r c = 95 kpc, and β = 0.54 and so we
o have the correct order of magnitude and values derived from the
PP which differ from observed values by no more than a factor
f ∼3. 
We ran a jet of power 1 × 10 38 W into a M 500 = 3 × 10 14 h 

−1 
70 M �

tmosphere (jet10 halo30) and the same power jet into the equi v alent
-atmosphere (beta10 30) (see Table 2 for parameter values). Both 

uns extended to 250 kpc and density images can be seen in Fig. 12
ith dynamic and energetic comparisons presented in Figs 13 and 
4 . The atmosphere model chosen impacts the morphology of the
obe as well as its dynamics and energetics. The UPP is more able to
MNRAS 526, 3421–3440 (2023) 
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M

Figure 10. Synchrotron emission maps for jet20 halo90 with lobe extended to 250 kpc. Top panel: (from top left) Stokes I (synchrotron emission), Q , U , and the 
polarized intensity P = 

√ 

Q 

2 + U 

2 (bottom right). Middle and Lo wer panels sho w synchrotron emission maps o v erlaid with v ectors representing the direction 
of the magnetic field and the magnitude of the linear polarization. Middle panel viewed at 90 ◦ to the jet axis and lower panel at 30 ◦. Arbitrary brightness scale used. 
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lear lobe material from the central regions and so leads to a more
istinct pair of bubbles whereas the β-model forms one elongated
hape where the lobes remain merged at the centre. Ho we ver, gi ven
he rich variety of observed lobe shapes, examples can be found
hich correspond to both shapes seen here: 3C 438 has lobes which

re more separated whereas 3C 20 has lobes which merge near the
ore (radio images of these lobes and others can be seen in Hardcastle
t al. 1997b ). The β-model has a higher aspect ratio at early times
Fig. 13 ) although differences become negligible once lobe lengths of
undreds of kpc are reached; this is consistent with the atmosphere
odels given that the major difference between β and UPP is at

he core. Comparisons are more marked for the evolved lobes when
onsidering the energetics: the top chart of Fig. 14 shows that the lobe
n the β-model passes on energy to the shocked region less efficiently
t early times but ends up transferring the greatest by 250 kpc. Simi-
arly the magnetic/thermal ratio of the lobe is lower at early times but
nds up being greater at late times (Fig. 14 , bottom). The values for
ndividual lobes have been plotted on Figs 14 (and 13 ) and these give
n indication of the variability within these runs; this demonstrates
NRAS 526, 3421–3440 (2023) 
hat there is a genuine difference between the UPP and β-model
tmospheres which impacts their energetics, particularly at late times.

.2 Synchr otr on imaging 

s seen in Section 4.3 , our model reproduces the expected Doppler
oosting of the jet when viewed along (or at small angles to) the
et axis. This effect can be measured by the brightness ratio ( I j / I cj )
nd a plot of jet base sidedness can be created from observations
y rotating the synchrotron image of a bipolar jet by 180 ◦ about the
ucleus and dividing the jet image by the counterjet (e.g. Laing 1996 ;
ardcastle et al. 1997a ). We copy this methodology for the simulated

mission of jet05 30 viewed at 30 ◦ to the jet axis to obtain Fig. 15
top). This ratio of jet base sidedness can also be derived from the jet
ulk velocity β and viewing angle θ as (e.g. Laing 1996 ) 

I j 

I cj 
= 

[
1 + β cos θ

1 − β cos θ

]2 + α

, (14) 
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Figure 11. Fitting the β-profile to the UPP by minimizing the difference 
between the two curves (by varying the β-model parameters ρ0 , r c , and β). 
Continuous lines are for the UPP atmospheres and dashed lines are for the 
corresponding β-profile. Note that the log–log plot used here highlights the 
difference at the core. 

Figure 12. Logarithmic density images (xy-slice) for a jet of power 
1 × 10 38 W and moving into a UPP atmosphere of M 500 = 3 × 10 14 h −1 

70 M �
(top) and the same power jet moving in to the equi v alent β-atmosphere 
(bottom). Parameters used to create these two atmospheres can be seen in 
Table 2 . Both models shown have progressed to 250 kpc and take almost 
exactly the same time to do this (56 Myr for jet10 halo30 and 57 Myr for 
beta10 halo30). 
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Figure 13. Evolution of length (top) and the ratio of volume to length 3 (bot- 
tom) for jet10 halo30 (UPP run), beta10 halo30 ( β run); jet10 halo30 highres 
(UPP high resolution run) and jet10 halo30 lo wres (UPP lo w resolution run). 
See Fig. 12 for density images of jet10 halo30 and beta10 halo30. The thick 
line is the average for the two lobes and the thin lines are for individual lobes; 
this gives a sense of the scatter between the lobes. 

Figure 14. Evolution of the ratio of shocked region to lobe region energy 
(top) and lobe magnetic to thermal energy (bottom) for jet10 halo30 (UPP 
run), beta10 halo30 ( β run); jet10 halo30 highres (UPP high resolution run) 
and jet10 halo30 lo wres (UPP lo w resolution run). See Fig. 12 for density 
images of jet10 halo30 and beta10 halo30. The thick line is the average for 
the two lobes and the thin lines are for individual lobes; this gives a sense of 
the scatter between the lobes. 
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here α is the synchrotron spectral index (taken to be 0.5). This
ormula assumes isotropic emission in the rest frame and so can 
nly be used as an approximation. From our simulation we calculate 
he brightness ratio using both the left hand (simulated synchrotron 
rightness ratio) and right hand (bulk velocity) sides of equation 
 14 ) to produce Fig. 15 (bottom). The line derived from the bulk
elocity falls from the initial maximum more smoothly than that 
erived from the brightness ratio, this is to be expected as an isotropic
MNRAS 526, 3421–3440 (2023) 
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M

Figure 15. A grey-scale image of jet sidedness (top) for jet05 halo30 viewed 
at 30 ◦ to the jet axis. It is constructed by rotating the simulated synchrotron 
image by 180 ◦ about the nucleus and dividing by itself. Values abo v e 5 are 
saturated in this image. Longitudinal jet sidedness profiles (bottom) derived 
from the simulated image of jet sidedness (shown abo v e) and also from the 
simulated bulk velocity measures (see the text). 
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Figure 16. 3C349 at 1.80-arcsec resolution. Contours at 
0.25 ×( −2, −1,1,2,4,....) mJy beam 

−1 . Image taken from Hardcastle 
et al. ( 1997b ). 
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agnetic field has been assumed for the bulk velocity calculation,
hereas the brightness ratio calculation incorporates the variation

n the simulated magnetic field. A very similar evolution for the
imulated brightness ratio was found by Laing ( 1996 ) (their fig.
) from their synchrotron observations of 3C 31, a decelerating
et. Measurements of the bulk velocity of our jet show that it
s also decelerating in this inner region; this is as a result of
 uoyancy ha ving lifted the lobe and exposed the jet to the ambient
aterial which is entrained into the edge of the jet and so slowing

t down. 
Fig. 16 shows an image of the radio galaxy 3C 349 (reproduced

rom Hardcastle et al. 1997b ); this can be compared with the
ynchrotron image of Fig. 10 (top left), the images of Fig. 9 or
he density images of Fig. 3 . Fa v ourable similarities can be noted
ncluding: the approximate axial ratio, the effect of buoyancy which
hins out the radio-emitting lobe from the central regions, the rough
arge-scale symmetry, and the o v erall length. Note that the example
hosen (3C 349) is imaged close to 90 ◦ to the jet axis as otherwise
oppler boosting would complicate comparisons with the density

mages presented here. The presence of Kelvin–Helmholtz (KH)
nstabilities on the lobe surface and the small-scale morphological
 ariability is e vident in our simulated density and synchrotron
mages as a result of density inhomogeneities in the ambient cluster;
hese are also evident in the observed radio image. In particular,
ome of our lower power runs produce fatter lobes in the vicinity
f the cluster centre, but then the lobe growth increases once it
eaches lower density material in the outer cluster and subsequently
roduces a ‘neck’, a similar feature is seen on the upper lobe of
C 349. 
NRAS 526, 3421–3440 (2023) 
.3 Lack of hotspots 

s discussed in our earlier work (Paper 3), our models do not
eproduce the hot spots characteristic of ‘edge brightened’ FR II
adio galaxies (these are clearly visible in observations such as
ig. 16 ). Knots and hotspots are synchrotron emission created by
ighly energetic particles; these features are normally far from the
njection and recollimation sites near the central nucleus such that
diabatic losses (Longair, Ryle & Scheuer 1973 ) and spectral ageing
e.g. Kardashev 1962 ) would prevent particles of sufficient energy
eaching them so that there needs to be local acceleration of particles,
uch as the process of dif fusi ve shock acceleration (DSA; Bell 1978 ).
e mapped the internal Mach number of our simulations: � β/ � s βs ;
here � is the Lorentz factor, β is the bulk velocity in natural units

nd the subscript s denotes values for the sound speed (see Fig. 17 ).
e found that the jet has a Mach number in excess of 1 for almost

ll its length, and so a shock could take place along the jet right
p to the tip of the lobe. Simulations by Massaglia et al. ( 1992 ,
996 , 1997 ) indicate that the evolution of KH instabilities at the
urface of the jet results in the formation of shocks which may be the
ause of knots. Such disruption of the jet through KH instabilities
ay also be a factor influencing the termination of the jet in wide-

ngle tail radio sources (Hardcastle & Sakelliou 2004 ; Hardcastle,
akelliou & Worrall 2005 ), particularly where a hotspot is seen at the
ase of the plume. In our simulations we can see that shortly before
he end of the lobe the Mach number falls to subsonic levels as the jet
ncounters decelerating material back-flowing into the lobes; and the
et terminus mo v es around in these snapshot images, in keeping with
he description of Scheuer ( 1974 ) and his ‘dentist drill’ model; we see
hat this feature is increased when a jet of the same power is injected
nto a richer environment as this reduces the Mach number and so
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Figure 17. Internal Mach number ( � β/ � s βs ) for a jet of power 10 38 W running into an atmosphere of M 500 (measured in units of ×10 14 h −1 
70 M �): 0.3 (top 

left), 1 (top right), 3 (bottom left), and 9 (bottom right). Images are of x-y slices through the midpoint and the plots are of the maximum Mach number in the 
y-z plane at that distance from the core (to take into account the mo v ement of the jet out of the x-y slice shown). 
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eads to a less stable jet. We note also that in the richer environments
he lobe lifts away from the core of the AGN through buoyancy and
xposes the outer surface of the jet to the higher density ambient
aterial; this should reduce the stability of the jet and in our models
e see significant disruption through entrainment and deceleration 
f the outer surface of the jet leading to a ‘sheath’ of slower moving
aterial around the ‘spine’ of the jet; the slower moving sheath is
ore susceptible to KH instabilities. We suspect that the creation of

his sheath of material may be due to our boundary conditions when
aunching the jet, resulting in an amplification of the KH instabilities
eyond what would be realistic. 

.4 Aspect ratio 

he aspect ratio of our models varies significantly (see Fig. 3 ). FR
I’s tend to form prolate spheroidal-shaped lobes with an axial ratio 
etween 1.3 and 6 (Leahy & Williams 1984 ) with the largest fraction
etween 1.5 and 2 (Mullin, Riley & Hardcastle 2008 ), where axial
atio is defined as the ratio of length to width. Our lower power
ets moving into richer environments fall well within these ranges, 
lthough our higher power jets are at and beyond the upper range.
he jet power and cluster masses of our models match well those
een in observations, and so there must be another feature of high
ower jets which is missing from our models. Numerical simulations 
imit the resolution by means of a minimum grid size and so reduce
he growth of instabilities experienced by the model jet as it moves
hrough the material within the lobe which would otherwise slow the
et’s progress (e.g. Mignone et al. 2010 ); this effect explains why the
obe growth is often slowed when higher resolution simulations are 
onducted in convergence testing (e.g. Krause & Camenzind 2001 ; 
erucho et al. 2019 ). Sometimes a method is employed to compensate 
or the reduced instability growth by limiting the flow of the jet so the
odel has time to form realistic-shaped lower aspect-ratio lobes. One 

uch technique is to introduce a helical perturbation to the injection-
MNRAS 526, 3421–3440 (2023) 
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 elocity; this is achiev ed through applying small v elocities normal to
he jet flow at the injection cylinder, for example in the simulations of
erucho et al. ( 2019 , 2022 ) where a sum of normal sinusoidal velocity
erturbations of different angular frequencies is used. They observe
 very stable jet (phase I) up to 100 kpc, and beyond this (phase II)
 ‘dentist drill’ phase whereby the jet is appreciably disrupted; they
efer to this second phase happening in their model as a result of
he ‘wobble’ introduced and cite irregularities near the jet head as
vidence of helical oscillations (e.g. Harwood et al. 2016 , 2017 ). The
hase II results in a decrease in the advance speed and subsequent
ecrease in aspect ratio. In our simulations we do not employ such
 model, instead relying upon the numerical noise of our simulation
nd the asymmetrical fluctuations in density created at set-up to
eviate the jet as it traverses the non-uniform atmosphere; whilst
his is sufficient for low-power jets, it was not sufficient to prevent
he higher power runs from forming unrealistically high aspect ratio
obes. 

Ho we ver, it is well known that at least some powerful FR II radio
ources are at the same time large, have a stable jet, and a fat lobe
e.g. Pictor A; Hardcastle et al. 2016 ). A straightforward explanation
f the fat lobes may then be jet precession. Other indicators of jet
recession have been identified in recent simulations (Horton et al.
020a ; Horton, Krause & Hardcastle 2020b ; Giri et al. 2022 ) and
re frequently seen in powerful radio sources (Krause et al. 2019 ).
t appears difficult to explain these findings otherwise. While it
as been widely demonstrated that lighter jets inflate fatter lobes
e.g. Krause 2005 ; Gaibler et al. 2009 ; Guo 2015 , 2016 ; Su et al.
021 ; Weinberger et al. 2023 ) and that interaction with the an
nhomogeneous ICM can significantly alter the morphology of the
obe (e.g. Wagner & Bicknell 2011 ; Wagner et al. 2012 ; Mukherjee
t al. 2018 ; Mukherjee, Bicknell & Wagner 2021a ), lowering the jet
ensity at constant power would require an increase in the Lorentz
actor. We already use a Lorentz factor of ten, which is towards the
pper end of plausible values, as constrained, e.g. by multi-epoch
ery long baseline interferometry data. Hence our jet densities could
ot plausibly be much lower. We are therefore left with jet precession
s the best explanation for fat radio lobes in galaxy clusters. 

.5 Resolution study 

n increase in resolution tends to result in a simulation which takes us
loser to physical behaviour and closer to convergence (e.g. Krause &
amenzind 2003 ; Perucho et al. 2019 ). In their resolution study of 3D
MHD jets Mignone et al. ( 2010 ) found that higher resolution jets
ere able to maintain their Lorentz factor better than equi v alent lo wer

esolution runs; whereas Weinberger et al. ( 2023 ) showed that the
dentification of convergence of their models was non-trivial as the
actors influencing the length of the jet depended upon the resolution
sed, with lower resolutions being influenced more by numerical
iffusion and higher resolution more by KH instabilities resulting
n a turnaround in their jet distance versus time plot, also compare
ith Krause & Camenzind ( 2001 ). Through the use of stretched grids
e have a higher resolution at the centre of our simulation than our
revious studies: In comparison with the uniform grids of Paper 2,
aper 3, and Paper 4 the resolution in the x-direction is 3.75 times
igher and in the yz-plane is 18.75 times higher at the centre. In order
o judge to what degree resolution influences our models we ran
imulations with different numbers of grid points in the x-direction.
n our normal-resolution runs, we have a geometrically stretched
one of 300 cells on either side of the central uniform zone; in
ur low resolution run we replaced this with a zone of only 150
ells on either side of the central uniform zone, which essentially
NRAS 526, 3421–3440 (2023) 
alved the number of grid points in the x-direction. In our high
esolution run we increased the stretched grid to 300 cells on either
ide of the central uniform zone, and so essentially doubled the
esolution along the x-direction. We compared the progression of the
obe and the lobe volume length −3 ratio for jet10 halo30 for all three
esolutions (see Fig. 13 ) and found very similar results, particularly
or the two highest resolutions. Whilst not identical, the fact that
he runs all cross in a number of places suggests that the variability
etween the runs is slight and may be influenced not so much by
esolution but by the interpolation of mapping the initial conditions
nto a different grid at startup, impacting the exact evolution of the
urbulence. Ho we ver, our energy analysis (Fig. 14 ) indicates a more
ignificant dif ference: the lo wer resolution run follo ws a separate
ath, whereas the higher resolution average lines often fall within the
ariation indicated by both of their separate lobes, particularly away
rom the cluster centre. We conclude from this limited resolution
tudy that models of evolved lobes are very close to being converged
n terms of both dynamics and energetics with models of twice the
esolution along the x-axis. 

 SUMMARY  A N D  C O N C L U S I O N S  

e created numerical models of realistic cluster atmospheres by
tilizing the UPP of Arnaud et al. ( 2010 ), applied a typical tem-
erature profile of a cool core cluster, and ran relativistic helically
agnetized jets into them. We modelled cluster atmospheres o v er the

ange of typically observed masses, from the group-cluster boundary
p to high-mass examples and our jet powers varied from the FR
/FR II boundary up to high-energy values. In keeping with our
revious work, this cluster model also incorporates a multiscale,
angled magnetic field which is related to the cluster density profile
Huarte-Espinosa et al. ( 2011 ), Paper 2, Paper 3 and Paper 4]. 

This study has built upon our previous work and impro v ed some
spects of those models, moving closer to realism. Our use of
tretched grids has enabled a much greater resolution along the jet
xis and so a smaller and therefore more realistic jet injection cross-
ectional area (100x smaller than that used previously). This has
emo v ed the unrealistic plumes of lobe material which were created
round the cluster core in our previous models (see Paper 3). In this
ork we have employed relativistic jets with a Lorentz factor of γ =
0, well within the established range of values observed for real jets,
hereas our pre vious relati vistic studies (Paper 3 and Paper 4) used
 value of γ = 2.7, which is very much at the lowest boundary of the
ange of realistic values. In addition, our use of a helical magnetic
eld (rather than injecting a purely toroidal field) is another step
loser to realism. 

In keeping with our previous work, we find that higher power
ets inflate lobes with a larger aspect-ratio, progress faster, and
reate larger volume lobes for the same age. In addition, we again
emonstrate that the cluster environment has a significant influence
n the evolution of the lobe and we see that atmospheres with a larger
ass (measured by M 500 ) inhibit the growth of the lobes more and

esult in a lower aspect ratio. In our previous work we found that the
atio of shocked energy to lobe energy was a constant, whereas here
e find that this increases with jet power and decreases with cluster
ass. Our results for the total synchrotron luminosity follow a very

imilar pattern to that of our previous work (increases with jet power)
lthough previously we found little variation with atmosphere; here
e find that lower power jets are impacted more by the cluster
ass, the general trend being that lower mass atmospheres result in

reater luminosity. It was seen that, within the range of parameters
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tudied here, the jet power has a much greater influence on the total
ynchrotron luminosity than cluster mass. 

Synchrotron imaging, maps of the Stokes parameters, and charts 
ndicating the direction of the magnetic field are very similar to those
e created in our previous work, showing the filamentary structure 

n a greater level of detail as a result of the higher resolution in the
entre of the model; fa v ourable comparisons can also be made with
he simulations of other researchers (e.g. Matthews & Scheuer 1990 ; 
regillis, Jones & Ryu 2001 ) and with observations (e.g. Saikia &
alter 1988 ; Hardcastle et al. 1997b ). In this study we have also seen

he impact of Doppler boosting on the synchrotron image and created 
idedness plots which resemble those derived from observations of 
C 31. 
Our simulations are the first to use the UPP in a numerical

imulation of jet feedback and the resultant density and synchrotron 
mages of the lobes compare very well with images of radio galaxies
rom observations. Using the same jet parameters, we created 
n equi v alent β-profile atmosphere and conclude that whilst the 
ynamics of the UPP and β-profile are very similar (particularly 
t large distances from the core), the greatest differences lie in the
nergetics where significant variations can be seen in the distribution 
f energy between the lobe and shock regions and also between the
agnetic and thermal energies of the lobes. There is also a significant
orphological difference in that, for the parameters chosen for 

omparison, the UPP profile enables more lobe material to escape 
he centre of the cluster and form two distinct lobes on either side
f the injection cylinder, whereas the β-model does not provide 
ufficient buoyancy to achieve this. In real clusters, cold material 
urrounding the cluster core impedes the progression of jets; in 
ddition, rising bubbles lift material away from the cluster core which 
ould otherwise have been accreted onto the SMBH and so starve it
f material from which to form the jets. This process would result in
he jets carrying less energy and so reduce the energy carried away by
he bubbles. Such thermostatic control of an AGN is a key element of
he feedback loop of real clusters (McNamara & Nulsen 2007 , 2012 ;
ang & Reynolds 2016b ), which regulates the power of the jets; our
odels have a constant power and so we do not model this aspect of
GN feedback. 
Our simulations have highlighted the role of instabilities in the 

rogression of the jet. Where the jet is exposed to the ambient
edium through the buoyancy of the lobe having remo v ed it from

he core of the AGN, we observe the growth of KH instabilities;
lthough we believe these have been exaggerated by our jet injection 
oundary condition through the formation of a slower moving sheath 
round the jet. While short-wavelength modes of the KH instability 
n the surface of the jets are suppressed through resolution effects, 
his happens in a similar way for all simulations. The preferential 
uppression of the KH instability in the high power jets is hence likely 
ainly caused by the shielding by the low-density lobes. This drives 

he latter to high aspect ratios, greater than what is generally seen in
bservations. Our work highlights the limitations of such numerical 
imulations and points to the need to introduce a mechanism to 
ncrease the jet working surface at extended distances, this can be 
one with the introduction of a ‘wobble’ such as that used by Perucho
t al. ( 2019 , 2022 ). Lobes wider than those seen in our simulations
an easily be produced using a precession mechanism, which can be 
aused by a supermassive secondary or a misaligned accretion disc 
Krause et al. 2019 ; Horton et al. 2020a , b , 2023 ). The latter can,
o we ver, also be related to a binary supermassive black hole (Nealon
t al. 2022 ). 

Where our images depart from current observations, this is due to 
he lack of non-thermal particles in our model; this means that shock
cceleration cannot be simulated and so the knots and hot spots
ormally seen are absent. Ground-breaking work is being carried 
ut by others on this area [see Mukherjee et al. ( 2021b ) and Yates-
ones et al. ( 2021 )] which have been successful in reproducing the
eatures of DSA. Similarly, our models do not take into account
adiative losses or spectral ageing, unlike the work of Yates-Jones 
t al. ( 2021 ). 

Future papers will use this UPP atmosphere model to probe the
ynthetic X-ray emission from the hot gas at the centre of the cluster
nd also to further investigate synthetic radio polarization images of 
hese clusters, extending our previous work to these more realistic 

odels. 
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PPEN D IX  A :  CLUSTER  MAGNETIC  FIELDS  

1 Theory of cluster magnetic fields 

he radial scaling of the cluster magnetic field strength with density 
istribution was first put forward by Jaffe ( 1980 ). Kunz et al. ( 2011 ),
rom theoretical work on the viscous heating of the ICM suggest a
agnetic field which scales as B ∝ n 1 / 2 e . This result is also reco v ered

y Bonafede et al. ( 2010 ) from rotation measure (RM) observations
f the Coma cluster. This relation is assumed by many authors (e.g.
igure A1. Variation of magnetic field strength with distance from the 
luster centre at t = 0 for a UPP atmosphere with M 500 = 3 × 10 14 h −1 

70 M �. 
ndividual colours are along separate radii from the centre, the black line is 
he average of these. All values are normalized to 7 μG. 
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iniati 2015 ; Miniati & Beresnyak 2015 ) and can be expressed as 

B 

2 

8 π
= η

3 

2 
nk B T , (A1) 

here η is the energy density ratio between the magnetic field and the
hermal energy density. If the magnetic field strength decreases as the
quare root of the thermal electron density, then the gas must remain
n o v erall hydrostatic equilibrium since the magnetic energy density
ecreases in proportion with the gas energy density. Through their 
ork in comparing models with observations, B ̈ohringer et al. ( 2016 )
nd that the magnetic energy density is two orders of magnitude
maller than the thermal energy with η (in equation A1 ) falling
n the range 5–7.5 × 10 −3 ; this means that the magnetic fields
n clusters are considered to be dynamically unimportant. In this 
tudy we will employ a magnetized cluster with a dynamically 
nimportant magnetic energy density scaling with the gas energy 
ensity, producing a distribution dependent upon the model chosen 
or the density distribution. 

2 Creating the model cluster magnetic field 

e define a vector potential of the form 

˜ A ( k) = A ( k) e iθ ( k) , where
 is the wav e-v ector ( k 2 = k 2 x + k 2 y + k 2 z ), i is the unitary complex
umber and A and θ are the vector’s amplitudes and phases (compare
ribble 1991 ). Values for θ ( k ) are then drawn from a uniform random
istribution, whereas values for A ( k ) are drawn from a Rayleigh
robability distribution, given in polar form as: 

 ( A, θ ) d A d θ = 

A 

2 π | A k | 2 exp 

(
− A 

2 

2 | A k | 2 
)

d A d θ, (A2) 

here | A k | 2 ∝ k −ζ /2 . It is then possible to transform 

˜ A ( k) to real space
y employing an inverse Fourier transform. The three vector potential 
omponents are then used to provide the magnetic field strength (i.e.
 ( x ) = ∇ × A ( x )) resulting in an isotropic divergence-free tangled
agnetic field: 

 B k | 2 = C 

2 
n k 

−n (A3) 

here n = ζ − 2 and C 

2 
n is the power spectrum normalization.

uarte-Espinosa et al. ( 2011 ) then employed a Kolmogorov-like 3D
urbulent slope n = 11/3, which is based upon both theoretical studies
f how CMFs evolve (Vazza et al. 2009 ) and observations of pressure
uctuations in the Coma cluster (Schuecker et al. 2004 ). 
Huarte-Espinosa et al. ( 2011 ) allowed the magnetized plasma to

elax for a period of time (118 Myr) before injecting their jets to
nsure that the atmosphere was stable. Ho we ver, here we follow the
ethod introduced in Paper 2 and cut the scale of f belo w ∼3 pixels to
 v oid injecting high-spatial-frequency structure into the simulations 
this is done by removing the wav ev ectors greater than 1/3 of the
yquist frequency in Fourier space). These high frequencies would 
ave been damped out by numerical diffusion within a short space
f time at the start of the run. This, therefore, provides a more useful
aseline at t = 0 such that jets can be introduced into a near-stable
nvironment from the very start of the run, maximizing valuable 
omputer-processing time. For consistency we will follow Paper 3 
n setting the field strength to 0 . 7 nT when the density (in simulation
nits) is unity (a realistic value derived from observations of the
oma cluster by Feretti et al. 1995 ). The introduction of the tangled
agnetic field in our model creates a small amount of turbulence in

he initially static ICM due to magnetic tension; the ratio of kinetic
nergy to thermal energy as a result of this was measured to be ∼10 −6 

nd so our cluster models are, to a good approximation, relaxed. Our
ethodology contrasts with the work of some other researchers who 
MNRAS 526, 3421–3440 (2023) 
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eliberately set out to investigate dynamic cluster environments (e.g.
hlert et al. 2018 , 2021 ). We will follow Paper 3 in increasing the
agnetic field energy density in proportion to the gas energy density

equation A1 ) and so B ∝ 

√ 

n e . The variation of the magnetic field
trength with distance from the cluster centre can be seen in Fig.
1 where its variable and multiscaled nature is evident. Plasma β
alues were calculated for the atmosphere shown in Fig. A1 with
ypical values falling in the range 10 2 − 10 3 ; these coincide with
alues found in the literature (e.g. Melville, Schekochihin & Kunz
016 ; Bourne & Yang 2023 ) and indicate that the magnetic field of
ur cluster models is not dynamically important. 

PPENDIX  B:  SIMULATED  POLARIMETRY  

he polarized emission from the lobe can be characterized by means
f the Stokes parameters. First, relativistic aberration needs to be
ccounted for; this is where the angle between the light ray and the
elocity direction in the observer’s frame of reference θo will be
ifferent to that of the object’s frame θ s when moving at relativistic
peeds. The formula is (Einstein 1905 ) 

cos θo = 

cos θs − β

1 − β cos θs 

, (B1) 

here β is the velocity in units of the speed of light. Therefore,
e define here B x and B y as the components perpendicular to the

berration-corrected projection axis. The Stokes I (total intensity) and
tokes Q and U (polarized intensities) parameters are then calculated
in simulation units) by summing the following relations o v er the
mission volume 

 I = p 

(
B 

2 
x + B 

2 
y 

) 1 
2 ( α−1) 

( B 

2 
x + B 

2 
y ) D 

3 + α, (B2) 
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 Q 

= μp 

(
B 

2 
x + B 

2 
y 

) 1 
2 ( α−1) 

( B 

2 
x − B 

2 
y ) D 

3 + α, (B3) 

 U = μp 

(
B 

2 
x + B 

2 
y 

) 1 
2 ( α−1) 

(2 B x B y ) D 

3 + α, (B4) 

here p is the local thermal pressure, α is the power-law synchrotron
pectral index, which is taken to be α = 0.5 corresponding to an
lectron energy index p = 2 and μ is the maximum fractional
olarization for a given spectral index: for α = 0.5: μ = ( α +
)/( α + 5/3) = 0.69. D is the Doppler factor, given by 

 = 

1 

γ (1 − β cos ( θ )) 
, (B5) 

here γ is the Lorentz factor and θ is the angle between the
rojection vector and the velocity vector of the cell. The scaling
actor to convert from simulation units to SI units is given as j 0 =
 . 133 × 10 31 WHz −1 sr −1 , where a constant observing frequency of
51 MHz has been assumed. The Stokes parameters can then be used
o calculate the linear polarization � 

 = 

√ 

Q 

2 + U 

2 

I 
. (B6) 

iven the magnetic field is perpendicular to the electric field, then
he observable direction of the magnetic field (projected onto the
ky) θB is given by 

B = 

1 

2 
arctan 

(
U 

Q 

)
+ 

π

2 
. (B7) 
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