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A B S T R A C T 

P arsec-scale separation supermassiv e black hole binaries in the centre of g as-rich g alaxy merger remnants could be surrounded 

by massive circumbinary discs (CBDs). Black hole mass and spin evolution during the gas-rich binary inspiral are crucial 
in determining the direction and power of relativistic jets that radio observations with LOFAR (Low-Frequency Array) and 

SKAO (Square Kilometer Array Observatory) will probe, and for predicting gravitational wave (GW) emission that the IPTA 

(International Pulsar Timing Array) and LISA (Laser Interferometer Space Antenna) will measure. We present 3D hydrodynamic 
simulations capturing gas-rich, self-gravitating CBDs around a 2 × 10 

6 M � supermassive black hole binary, that probe different 
mass ratios, eccentricities, and inclinations. We employ a subgrid Shakura–Sunyaev accretion disc to self-consistently model 
black hole mass and spin evolution together with super-Lagrangian refinement techniques to resolve gas flows, streams, and 

mini-discs within the cavity, which play a fundamental role in torquing and feeding the binary. We find that higher mass ratio 

and eccentric binaries result in larger cavities, while retrograde binaries result in smaller cavities. All of the simulated binaries 
are expected to shrink with net gravitational torques being ne gativ e. Unlike previous simulations, we do not find preferential 
accretion onto the secondary black hole. This implies smaller chirp masses at coalescence and hence a weaker GW background. 
Critically this means that spin alignment is faster than the binary inspiral time-scale even for low-mass ratios. When considering 

initially misaligned systems, the orientation of the mini-discs around each black hole can vary significantly. We discuss the 
implications of this behaviour for black hole spin alignment and highlight the need for broader parameter space studies of 
misaligned systems to understand the impact on black hole recoil velocities. 

Key words: accretion, accretion discs – black hole physics – gra vitational wa ves – methods: numerical – quasars: supermassive 
black holes – black hole mergers. 
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 I N T RO D U C T I O N  

ithin the standard lambda-cold dark matter ( � CDM) cosmological
odel of our Universe (White & Rees 1978 ; Peebles 1982 ; Blu-
enthal et al. 1984 ; Davis et al. 1985 ), cosmic structure formation

roceeds hierarchically in a bottom-up fashion. Small mass structures
orm first and then grow in mass via ‘smooth’ inflows and mergers
o form larger mass objects as cosmic time progresses (Navarro,
renk & White 1995 ; Mo & White 2002 ; Fakhouri & Ma 2008 ;
uo & White 2008 ; Genel et al. 2009 ; Fakhouri, Ma & Boylan-
olchin 2010 ; O’Leary et al. 2021 ). Mergers of cosmic structures
ave been studied extensively (Toomre & Toomre 1972 ; Barnes 1992 ;
oylan-Kolchin, Ma & Quataert 2005 ; Cox et al. 2006 ; Naab &
rujillo 2006 ; Conselice 2014 ; Fiacconi, Feldmann & Mayer 2015 ;
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albot, Sijacki & Bourne 2024 ), and are a crucial mechanism in
alaxy evolution. Not only does this lead to the mass assembly of
ark matter haloes and galaxies within but, in some cases significant
mounts of gas can be funnelled to the centre of the remnant galaxy
hat can drive both star bursts (Barnes & Hernquist 1991 , 1996 ;

ihos & Hernquist 1996 ; Di Matteo, Springel & Hernquist 2005 ;
opkins et al. 2006 , 2013 ; Cox et al. 2008 ), and also potentially
lack hole growth and activity (Di Matteo et al. 2005 ; Hopkins et al.
006 , 2007 ; Johansson, Naab & Burkert 2009 ; Barai et al. 2014 ; Gao
t al. 2020 ; Pierce et al. 2023 ). 

While the exact nature of gas delivery to supermassive black holes
n the aftermath of a galaxy merger is not yet fully understood,
alaxies hosting supermassive black holes (see e.g. Ferrarese &
erritt 2000 ; H ̈aring & Rix 2004 ; G ̈ultekin et al. 2009 ; Kormendy &
o 2013 ; McConnell & Ma 2013 ; Sahu, Graham & Davis 2019 )

re expected to undergo multiple major mergers with similarly
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ized galaxies o v er their cosmic lifetime (see e.g. O’Leary et al.
021 ; Hu ̌sko, Lacey & Baugh 2022a , and references therein).
ence, it is natural to expect that during the merging process,
ue to the dynamical friction, supermassive black holes present in 
arent galaxies will sink towards the centre of the merger remnant 
ystem and form a ∼ parsec-scale supermassive black hole binary 
Begelman, Blandford & Rees 1980 ; Mayer et al. 2007 ; Mayer 2013 ;
olpi 2014 ; Khan et al. 2016 , 2018 ). Depending on the baryon
ontent of the local environment, the hardening processes of such 
 supermassive black hole binary prior to gravitational wave (GW) 
mission may proceed through several different channels, such as 
hree-body encounters with stars (Quinlan 1996 ; Milosavljevi ́c & 

erritt 2001 , 2003 ; Berczik et al. 2006 ; Sesana, Haardt & Madau
006 ; Rantala et al. 2017 ) or a third black hole (Hoffman & Loeb
007 ; Bonetti et al. 2018 ; Mannerkoski et al. 2021 ), as well as
nteractions with a gaseous circumbinary disc (CBD, e.g. Cuadra 
t al. 2009 ; Nixon et al. 2011a ; Roedig et al. 2012 ; D’Orazio,
aiman & MacFadyen 2013 ; Nixon, King & Price 2013 ; Farris

t al. 2014 ; Moody, Shi & Stone 2019 ; Mu ̃ noz, Miranda & Lai 2019 ;
u ̃ noz et al. 2020 ; D’Orazio & Duffell 2021 ; Franchini, Sesana &
otti 2021 ; Franchini, Lupi & Sesana 2022 ). If both supermassive
lack holes are accreting then they should appear as dual AGN (active 
alactic nuclei), with a number of such objects observed on � kpc
cales (see fig. 1 in Chen et al. 2022 ). On scales of � 1 − 10 pc
nly a handful of binary candidates have been observed, for example 
sing very long baseline interferometry (VLBI, Rodriguez et al. 
006 ; Bansal et al. 2017 ; Kharb, Lal & Merritt 2017 ), while on even
maller sub-parsec scales candidate binaries have been inferred, for 
 xample, from light curv es (Sillanpaa et al. 1988 ; Graham et al.
015 ; Chen et al. 2020 ; Millon et al. 2022 ). We refer to the re vie w
f De Rosa et al. ( 2019 ) for further discussion of dual AGN in
he multimessenger era. Notwithstanding the difficulties of these 
bserv ational ef forts and possible systematic biases, the low number 
f observed binaries tantalizingly suggests that the hardening process 
ay be efficient with the majority of binaries merging into a larger

upermassive black hole within the age of the Universe. 
The Advanced LIGO (Laser Interferometer Gra vitational-Wa ve 

bservatory) and Virgo collaboration opened the GW window onto 
ur Universe when they made the first detection of merging stellar
ass black holes (Abbott et al. 2016 ), and has been followed by

he observation of an intermediate-mass black hole (Abbott et al. 
020 ). More recently, the first tentative detections of a nHz GW
ackground, expected to be produced by a cosmic population of 
erging supermassive black holes, were made by members of the 

nternational Pulsar Timing Array (IPTA, Verbiest et al. 2016 ; Agazie 
t al. 2024 ); NANOGrav (Agazie et al. 2023a ), the Parkes PTA
Reardon et al. 2023 ), and joint results from the European and
ndian PTAs (EPTA Collaboration 2023 ). An upper limit on the 
train amplitude of individual supermassive black hole binaries was 
lso presented (Agazie et al. 2023b ). Future space-based missions, 
uch as LISA (Laser Interferometer Space Antenna), will provide a 
antastic opportunity to observe ∼ 0 . 01 − 100 mHz frequency GWs 
mitted by individual supermassive black hole merger events over 
 wide range of masses (peaking between ∼ 10 4 –10 7 M �) and out
o very high redshifts (Amaro-Seoane et al. 2017 , 2023 ). It is hence
f great importance to provide detailed theoretical predictions on 
he merger rate of supermassive black holes, binary parameters, 
nd also on the likely black hole spin magnitudes and orientation 
efore merger. The concerted effort of theoretical predictions and 
uture observations will be a unique way not only to probe spin
volution and hence black hole radiative efficiencies but also the 
mount of gravitational recoil merger remnants will experience 
Campanelli et al. 2007 ; Gonz ́alez et al. 2007 ; Lousto & Zlochower
011 , 2013 ; Lousto & Healy 2019 ; Sperhake et al. 2020 ). This
ill shed light on the occupation fraction of supermassive black 
oles in galaxies, which impacts predicted GW detection rates (e.g. 
esana 2007 ; Blecha & Loeb 2008 ; Sesana, Volonteri & Haardt
009a ), the likelihood of offset holes and the amount and spatial
elivery of feedback from AGN. As well as determining individual 
W events, merger rates and binary properties additionally directly 

mpact the expected form of the stochastic GW background (e.g. 
ajagopal & Romani 1995 ; Phinney 2001 ; Enoki et al. 2004 ; Sesana
t al. 2004 ; Sesana, Vecchio & Volonteri 2009b ; Kelley et al. 2017 ;
iwek, Kelley & Hernquist 2020 ). 
A v ery interesting re gime, especially for multimessenger science, 

omprises of merging supermassive black hole binaries in gas-rich 
nvironments. Here, it is expected that both supermassive black 
ole feeding and feedback processes could be of rele v ance, which
ay lead to significant spin evolution both via direct extraction of

pin energy (Blandford & Znajek 1977 ; Tchekhovsk o y, Narayan &
cKinney 2011 ; Talbot, Bourne & Sijacki 2021 ) and the impact on

nflowing gas dynamics (Talbot, Sijacki & Bourne 2022 , 2024 ). Sim-
lations of merging g as-rich g alaxies suggest that a non-negligible
raction of gas loses angular momentum and is hence efficiently 
unnelled towards the central region of the merger remnant (Barnes &
ernquist 1991 , 1996 ; Mihos & Hernquist 1996 ; Barnes 2002 ; Di
atteo et al. 2005 ; Hopkins et al. 2006 , 2013 ; Mayer et al. 2007 ,

010 ; Cox et al. 2008 ; Johansson et al. 2009 ; Capelo et al. 2015 ;
apelo & Dotti 2017 ). Such a gas-rich environment provides a
rime opportunity for the formation of massive CBDs around the 
upermassive black hole binary, for example via the circularization 
f infalling gas clouds (Dunhill et al. 2014 ; Goicovic et al. 2016 ,
017 , 2018 ) or the excavation of a cavity within a larger nuclear gas
isc by the binary (Souza Lima et al. 2020 ). 
In prograde binaries, gravitational torques from the CBD have 

raditionally been invoked to facilitate the extraction of angular 
omentum to drive the shrinking of the binary before it enters the
W regime (see e.g. Pringle 1991 ; Artymowicz & Lubow 1994 ,
996 ; Ivano v, P apaloizou & Polnarev 1999 ; Gould & Rix 2000 ;
rmitage & Natarajan 2002 , 2005 ; Lodato et al. 2009 ). Ho we ver, gas

hat resides inside the cavity of a CBD, such as streams or mini-discs,
an also affect the binary orbital evolution by supplying material 
or accretion and acting as an additional source of gravitational 
orques (see e.g. MacFadyen & Milosavljevi ́c 2008 ; Cuadra et al.
009 ; Roedig et al. 2011 , 2012 ; Shi et al. 2012 ; D’Orazio et al.
013 ; Farris et al. 2014 ; Miranda, Mu ̃ noz & Lai 2017 ; Mu ̃ noz
t al. 2019 ; Tiede et al. 2020 ; Dittmann & Ryan 2022 ; Franchini
t al. 2022 ; Siwek, Weinberger & Hernquist 2023b ). In particular,
imulations that resolve the mini-discs and gas flows within the 
inary orbit ( R < a) find that net torque from this region is generally
ositive, while the net torque from larger radii is generally ne gativ e
Roedig et al. 2012 ; Tang, MacFadyen & Haiman 2017 ; Mu ̃ noz
t al. 2019 ; Tiede et al. 2020 ; Franchini et al. 2022 ; Siwek et al.
023b ). With this in mind, several recent studies have found that
he total net torque acting on a binary can, in some scenarios, be
ositive and lead to binary expansion (e.g. Miranda et al. 2017 ; Tang
t al. 2017 ; Moody et al. 2019 ; Mu ̃ noz et al. 2019 , 2020 ; Duffell
t al. 2020 ; Heath & Nixon 2020 ; Tiede et al. 2020 ; D’Orazio &
uffell 2021 ; Dittmann & Ryan 2022 ; Wang, Bai & Lai 2023 ;
iwek et al. 2023b ; Dittmann & Ryan 2024 ). These simulations

ypically invoke a (locally-)isothermal equation of state and neglect 
elf-gravity. There is only a limited number of simulations that 
nstead consider self-gravitating, massive CBDs (Cuadra et al. 2009 ; 
oedig et al. 2011 , 2012 ; Roedig & Sesana 2014 ; Franchini et al.
MNRAS 534, 3448–3477 (2024) 
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021 ). These simulations, which additionally employ an adiabatic
quation of state with β−cooling (see Section 2 ) to regulate the disc
tability, universally find that binaries shrink. A further complication
hat has only been addressed by a handful of works is the effect of

isaligned (Nixon et al. 2013 ; Dunhill et al. 2014 ; Aly et al. 2015 ;
oody et al. 2019 ) and retrograde (Nixon et al. 2011a ; Dunhill

t al. 2014 ; Roedig & Sesana 2014 ; Heath & Nixon 2020 ; Tiede &
’Orazio 2024 ) CBDs, with the latter behaving quite differently to

he prograde case due to lack of resonant torquing by the CBD and
roviding a promising channel to shrink binaries. 
The main aim of this paper is to build on existing literature and
odel for the first time both the mass and spin evolution of black

oles in massive gra vito-turb ulence CBDs, as well as analyse the
eneral CBD and binary evolution. To achieve this, we perform a suite
f high-resolution simulations of gas-rich CBDs around live binaries
hose properties are expected to place them in the observing range
f LISA (Amaro-Seoane et al. 2017 , 2023 ). We consider different
onfigurations by varying the binary mass ratio, eccentricity, and
nclination angle (including fully retrograde binaries). In order to
esolve streams and mini-discs within the CBD cavity we employ
 super-Lagrangian refinement technique (Curtis & Sijacki 2015 )
hat vastly impro v es the resolution around each black hole (see also,
ranchini et al. 2022 ). Additionally, given the important implications
f black hole spin on both the GW emission and black hole recoil
elocities, we employ the subgrid accretion disc model of Fiacconi,
ijacki & Pringle ( 2018 ) to track both the mass and spin evolution of

he black holes. The paper is organized as follows; in Section 2 , we
resent the numerical code adopted, physical modules included and
ur setup of the initial conditions for the simulations performed. In
ection 3 , we outline the main results, including the evolution of the
BD and binary, an analysis of the expected torques experienced by

he binary and the black hole growth and spin evolution. In Section 4 ,
e put these results into the context of the existing literature and
iscuss their implications, while in Section 5 , we summarize our
ain conclusions. 

 N U M E R I C A L  SIMULATIONS  

.1 Initial conditions 

he binary and CBD setup that we model is generally scale-free
eaning that it is rele v ant to a wide range of scenarios and the
ajority of results we present can be rescaled with respect to the

ystem mass and length. Ho we ver, for this work we employ the
ubgrid accretion disc model of Fiacconi et al. ( 2018 ) to track the
lack hole spin evolution, which requires us to define a physical
ass and length-scale for our simulations. Therefore, we consider

upermassive black hole binaries with initial total mass M bin =
 •, 1 + M •, 2 = 2 × 10 6 M � and mass ratio 0 . 1 ≤ q ≡ M •, 2 /M •, 1 ≤

. We chose these parameters to be in the binary parameter space that
ould be of the largest interest for LISA (Amaro-Seoane et al. 2013 ).
he binary is initially on a Keplerian orbit with eccentricity of either
 = 0 or 0.5 and initial semimajor axis a = 2 pc, corresponding to
 period of t bin = 0 . 187 Myr. The peri- and apocentre of the binary
re aligned along the x-axis. 

A gaseous CBD surrounds the binary in the xy-plane and initially
xtends between R in = 2 a = 4 pc and R out = 7 a = 14 pc from its
entre of mass. The binary and the disc are not necessarily coplanar.
or misaligned systems, the orbital plane of the binary crosses the
isc mid-plane only through the y-axis with an inclination angle i;
or reference, i = 0 ◦ and 180 ◦ correspond to prograde and retrograde
NRAS 534, 3448–3477 (2024) 

c  
oplanar orbits, respectively. The disc follows the surface density
rofile 

( R) = � 

(
R 

R in 

)−α

, (1) 

here α = 2. The normalization � is chosen to enforce M cbd /M bin =
 . 1, where M cbd is the total mass of the CBD. 
The vertical structure of the CBD is constructed by assuming

hat the aspect ratio H /R ≈ c s ( R ) /V K ( R ) is constant, where c s ( R)
nd V K ( R) are the local isothermal sound speed and the Keplerian
elocity for M bin , respectively. Therefore, the temperature profile of
he CBD, c 2 s ( R) = ( H /R) 2 V 

2 
K ( R) ∝ R 

−1 , can be normalized after
hoosing the value of the aspect ratio. Since we include self-gravity
n the CBD, we use the Toomre parameter Q to impose the normaliza-
ion. Specifically, we choose Q ≈ 3( H /R)( M bin /M cbd ) = 1 . 5, which
orresponds to an initial aspect ratio H /R ≈ 0 . 5 M cbd /M bin . We do
ot include any additional explicit source of viscosity beyond the
ntrinsic (low) numerical viscosity, instead relying on the angular
omentum transport due to self-gravity (e.g. Cuadra et al. 2009 ).
he vertical structure of the CBD is locally sampled from a Gaussian
istribution with a standard deviation given by H ( R). The CBD is
nitially in nearly Keplerian rotation with azimuthal velocity 

 

2 
φ ( R ) = 

GM bin 

R 

[ 

1 + 

3 

4 

q 

(1 + q) 2 

(
R 

a 

)−2 
] 

− 3 c 2 s ( R ) , (2) 

here the term in the square brackets represents the correction for
he tidal field of the binary and the last term accounts for the gas
ressure (see e.g. equation 2 in Mu ̃ noz et al. 2020 ). We do not
nclude the contribution of the CBD potential in this equation, noting
hat despite this the CBD remains stable throughout the simulation
here the CBD self-gravity is self-consistently taken into account.
ote that we do not add any additional velocity dispersion to the gas.
he black hole binary and CBD are the only components simulated

n this work. While contributions from other components (e.g. stars
nd dark matter) could be important in dense galactic nucleii for low-
ass/large separation binaries, we neglect them here to isolate the

ffects of the CBD–binary interaction and to ensure that the system
emains scale-free. 

Table 1 summarizes the properties of the supermassive black
ole binaries explored in this work. We explore 1:1, 1:3, and 1:10
ass ratio binaries denoted by q01, q03, and q10, respectively, and

onsider circular ( e = 0), eccentric ( e = 0 . 5), coplanar prograde
 i = 0 ◦), misaligned ( i = 45 ◦), and retrograde ( i = 180 ◦) binaries.
 or e xample, the 1:1 mass ratio, circular, coplanar prograde binary
imulation is labelled q01e00i00. The binary and CBD, as expected,
orque each other from the outset of the simulation, that is, also
uring the relaxation phases (see Sections 2.2 and 2.3 ). To consider
he 45 ◦ inclined binary evolution in a pre-relaxed system, we have
n additional simulation, q03e00i45mod, in which we take the
03e00i00 run after the two initial relaxation phases, rotate the binary
nd cavity region about the y−axis in order to be inclined with respect
o the CBD by 45 ◦ and track its subsequent evolution. 

.2 Numerical code and simulation setup 

he simulations presented in Table 1 are performed using the
oving-mesh hydrodynamical code AREPO (Springel 2010 ; Pakmor

t al. 2016 ), which solves the Euler equations on an unstructured
oronoi tessellation that mo v es with the flow. The fluid dynamics
re solved using a finite-volume, second-order reconstruction scheme
oupled with an exact Riemann solver. The unstructured mesh adapts
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Table 1. Summary of the characteristics of the performed runs. Note that: (i) M bin = 2 × 10 6 M �; (ii) q ≡ M •, 2 /M •, 1 ≤ 1. From left to right: simulation 
label, initial mass ratio q, initial eccentricity e, initial inclination angle i between the binary orbital plane and the CBD midplane, initial Eddington ratio f Edd , 1 

for M •, 1 , initial Eddington ratio f Edd , 2 for M •, 2 , initial α accretion disc and black hole angular momentum ratio for M •, 1 , initial α accretion disc and black hole 
angular momentum ratio for M •, 2 , misalignment angle between J • and J d for M •, 1 , misalignment angle between J • and J d for M •, 2 . 

Label q e i f Edd , 1 f Edd , 2 ( J d /J •) 1 ( J d /J •) 2 θ1 θ2 

( ◦) ( ◦) ( ◦) 

q01e00i00 1 0 0 3 × 10 −3 3 × 10 −3 0.71 0.71 76.6 64.7 
q03e00i00 1 / 3 0 0 2 × 10 −3 6 × 10 −3 0.65 0.81 64.7 76.6 
q10e00i00 1 / 10 0 0 1 . 5 × 10 −3 1 . 5 × 10 −2 0.65 1.02 76.6 64.7 
q01e05i00 1 0.5 0 3 × 10 −3 3 × 10 −3 0.71 0.71 64.7 76.6 
q03e05i00 1 / 3 0.5 0 2 × 10 −3 6 × 10 −3 0.65 0.81 64.7 76.6 
q10e05i00 1 / 10 0.5 0 4 × 10 −3 1 × 10 −2 0.49 1.15 64.7 76.6 
q01e00i45 1 0 45 3 × 10 −3 3 × 10 −3 0.71 0.48 86.1 96.3 
q03e00i45 1 / 3 0 45 2 × 10 −3 6 × 10 −3 0.65 0.55 55.0 104.4 
q10e00i45 1 / 10 0 45 1 . 5 × 10 −3 1 . 5 × 10 −2 0.44 1.02 113.3 14.6 
q03e00i45mod 1 / 3 0 45 2 × 10 −3 6 × 10 −3 0.44 0.81 110.0 57.2 
q03e00i180 1 / 3 0 180 1 × 10 −3 3 × 10 −3 0.79 0.99 64.7 76.7 
q10e00i180 1 / 10 0 180 1 × 10 −3 1 × 10 −2 0.72 1.15 64.7 76.6 
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y locally refining and derefining in a quasi-Lagrangian way to 
aintain a typical gas mass m 

target 
g per cell. The initial conditions are

ampled with 10 6 initial mesh elements in the CBD corresponding 
o a target mass m 

target 
g = 0 . 2 M �. We employ the hierarchical time

ntegration scheme described in Springel et al. ( 2021 ), which splits
he Hamiltonian into ‘fast’ and ‘slow’ components, that is, those 
n short versus long time-steps, respectively. With this approach, 
nteractions between particles/cells on the smallest time-steps (up to 
 

max 
direct = 2048) are solved using direct summation, while a standard 

ctree approach is used for all other interactions. This is primarily 
one for efficiency, to a v oid unnecessary tree constructions for small
umbers of particles, but has the added benefit of more accurately 
alculating the gravitational forces between the black holes and their 
earest neighbours, which are on the shortest time-steps, via direct 
ummation. We discuss the implications of using this approach, 
ompared to using solely direct summation or a tree to solve for the
ravity in Section 3.2.2 . The black holes have gravitational softening 
engths ε• = 0 . 01 pc, while gas cell softenings adapt with the cell
ize down to a minimum of εg = 0 . 005 pc. 

We evolve the system assuming an equation of state for an ideal
uid, P = ( γ − 1) ρu , where ρ is the gas density, u is the specific

nternal energy, and γ = 5 / 3 is the adiabatic index, appropriate for
 monoatomic ideal gas. We also allow the gas to cool radiatively
hrough a simple β-cooling prescription, with the rate of cooling 
iven by (

d u 

d t 

)
cool 

= − u 

t cool ( R) 
, (3) 

here the local cooling time-scale t cool ( R) is proportional to the local
rbital time �−1 

K 

( R), namely t cool ( R) = β( GM bin R 

−3 ) −1 / 2 , where, as
tated abo v e, M bin is the total binary mass and R is the distance
o the binary centre of mass. We discuss the implications for
he chosen cooling prescription and its implementation further in 
ection 4 . We set β = 10; this choice allows the gas to cool slowly
ithout fragmenting 1 (Gammie 2001 ; Rice, Lodato & Armitage 
005 ; Cuadra et al. 2009 ; Franchini et al. 2021 ), and eventually makes
he CBD settle into a marginally stable configuration with Q ∼ 1. 
 We note that while β = 10 is appropriate in our simulations, it has been 
hown that in radiation-pressure-dominated discs much larger vales of β ∼ 50 
re necessary to prevent fragmentation (Chen et al. 2023 ) 

t  

2  

R  

C  

b  
his choice implicitly assumes a source of heating that prevents rapid
ooling and fragmentation of the CBD, which could, for example, 
ome from stellar heating (Thompson, Quataert & Murray 2005 ; 
odato et al. 2009 ). 
The initial conditions are evolved for 50 binary orbits correspond- 

ng to about 1 . 5 t cool at the outer edge of the CBD (note this is the first
f two relaxation periods, see also Section 2.3 ). During this relaxation
eriod, the binary perturbs the inner edge of the disc, inducing shocks
nd spiral waves that propagate from the cavity through the CBD.
he shocks increase the temperature in the disc, in particular close

o the inner rim of the cavity, where the aspect ratio of the CBD,
 /R, can reach ≈ 0 . 1 and the Toomre parameter grows to a few

efore cooling can efficiently radiate the excess energy. After a few
inary orbits, streams of low-density gas from the cavity edge start
o develop and bring fresh material close to the two black holes. 

.3 Black hole refinement 

nflow from the CBD is set by the interplay between the binary grav-
tational torque on the inner edge of the cavity and the mechanism of
ngular momentum transport in the CBD, that is, gra vito-turb ulence
n our configuration. In addition, the binary dynamics are determined 
y a combination of physical processes including gravitational 
orques from the CBD, streams, and mini-discs within the cavity 
nd accretion. As such, proper modelling of mass transport through 
he cavity is critically important and relies on the capability of
esolving relatively low-density features, such as streams funnelling 
as towards the binary. This is intrinsically hard to achieve in (nearly-
Lagrangian approaches that would naturally maintain low resolution 
n underdense regions. We can overcome this limitation in AREPO by
sing the super-Lagrangian refinement scheme presented by Curtis & 

ijacki ( 2015 , 2016 ; see also the recent simulations of Franchini et al.
022 , for a similar approach). Super-Lagrangian refinement allows us 
o focus both mass and spatial resolution locally around each black
ole particle in the simulation. Specifically, the scheme splits and 
erges cells within R ref around each black hole to force the maximum

ell size of the mesh elements to decrease linearly from R 

cell 
max at R ref 

o R 

cell 
min at the centre. Cell radii are allowed to remain within a factor

 of the local maximum. We set R 

cell 
max = 0 . 2 pc and R 

cell 
min = 0 . 01 pc;

 

cell 
max is chosen to match the typical size of the mesh cell just inside the
BD cavity, while R 

cell 
min is equal to the gravitational softening of the

lack holes. We have chosen an e-dependent value for R ref , namely
MNRAS 534, 3448–3477 (2024) 



3452 M. A. Bourne et al. 

M

Figure 1. Effect of the super-Lagrangian refinement on the evolution of the 
cavity. Panels (a) and (b) compare the surface density of the gas (top row) 
and the mesh structure (bottom row) after 100 binary orbits without and with 
super-Lagrangian refinement switched on during the last 50 binary orbits, 
respectiv ely. P anels (c) and (d) show the evolution of the binary semimajor 
axis (normalized to the initial value) and eccentricity , respectively , for the 
cases without (orange solid curve) and with (light blue dashed curve) this 
e xtra refinement, respectiv ely. The light blue dot marks when the super- 
Lagrangian refinement is acti v ated. 
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2 In the following, we will refer to the large-scale, hydrodynamically resolved 
gaseous disc surrounding the binary as the ‘CBD’, to the compact, hydrody- 
namically resolved gaseous discs around each black hole as the ‘mini-discs’, 
and to the subgrid, analytic α-discs as ‘accretion discs’. 
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 ref = 3 and 5 pc for e = 0 and 0.5, respectiv ely; moreo v er, we set
 ref = 2 pc for runs with i = 180 ◦ because the cavity edge forms

t closer distances from the binary (see Section 3.1 ). These choices
uarantee that the refinement region slightly crosses the edge of the
avity into the CBD, enforcing continuity in the mesh structure. The
efinement may lead to the creation of very low mass cells; such
ccurrences are prevented by the lower limit m min = 10 −5 m 

target 
g for

ells within the refinement region. 
Fig. 1 shows the effect of the super-Lagrangian refinement on

he evolution of the cavity for run q01e00i00 as a representative
xample. We compare the evolution after 100 binary orbits without
ny refinement and with the refinement acti v ated during the last 50
rbits to allow for the system to relax. Gaseous streams connecting
he cavity edge to the black holes that can be barely seen without
NRAS 534, 3448–3477 (2024) 
efinement are significantly better resolved thanks to the super-
agrangian refinement. The streams ef fecti vely bring material close

o the black holes and lead to the formation of gaseous ‘mini-
iscs’, otherwise absent without refinement. The development of
hese features also has an impact on the dynamical evolution of the
inary. As already shown by previous work (Roedig et al. 2011 ,
012 ; Tang et al. 2017 ; Mu ̃ noz et al. 2019 ; Tiede et al. 2020 ;
ranchini et al. 2022 ; Siwek et al. 2023b ) and further discussed

n Section 3.2.2 , the gravitational torques caused by the gas streams
nside the cavity fundamentally contribute to the binary evolution. As
he super-Lagrangian refinement allows for the streams penetrating
he cavity to be better resolved, the gravitational torques are more
rominent. While in the run without refinement the shrinking of the
inary semimajor axis appears to slow after ∼ 50 t bin , the binary
n the run with refinement continues to shrink after this time,
hough we do not see appreciable differences in the evolution of
he eccentricity. The lack of difference suggests that the eccentricity
volution is primarily due to the binary being torqued by the CBD,
hich remains unchanged between runs with and without refinement.
his is consistent with the findings of Roedig et al. ( 2011 , 2012 ),
ho claim that eccentricity evolution arises due to gravitational

nteractions between o v erdensities at the inner edge of the CBD
nd the binary. After the β-cooling relaxation, all simulated systems
re furthermore relaxed with the super-Lagrangian refinement for
0 additional binary orbits. Thus, the o v erall relaxation phase lasts

18 . 7 Myr, corresponding to ≈ 3 t cool ( R out ), after which the CBD
ttains a nearly steady state and we use the resulting snapshot as
nitial conditions to be further evolved for 500 t bin including the
ccretion and spin evolution model originally presented by Fiacconi
t al. ( 2018 ) and discussed in the next section. 

.4 Black hole spin model 

he accretion disc model of Fiacconi et al. ( 2018 ) assumes that each
lack hole is surrounded by a subgrid accretion disc following the
nalytical thin α-disc solution 2 (Shakura & Sunyaev 1973 ). The black
oles and accretion discs are described by their masses and angular
omenta, self-consistently coupled through mass accretion and the
ardeen–Petterson effect (Bardeen & Petterson 1975 ; Scheuer &
eiler 1996 ; King et al. 2005 ; Martin, Pringle & Tout 2007 ; Perego
t al. 2009 ; Dotti et al. 2013 ). Moreo v er, the system composed of
he black hole and the accretion disc is subjected to an inflow of
atter and angular momentum as dictated by the hydrodynamical

imulations. We refer the reader to Fiacconi et al. ( 2018 ) for a
horough description of the model. 

The accretion model requires the initial black hole mass and spin,
he initial mass and accretion rate of the accretion disc, and the
irections of the angular momenta to be specified (see Table 1 ). The
pin of a black hole depends on its merger and accretion history,
ith the properties of the accretion flow (i.e. how chaotic or coherent

t is) determining whether or not a black hole is ef fecti vely spun
p (Volonteri et al. 2005 ; King & Pringle 2006 , 2007 ; Volonteri,
ikora & Lasota 2007 ; Dotti et al. 2013 ; Sesana et al. 2014 ). We
ssume that both black holes are initially highly spinning as a result
f previous evolution and we assign black hole spins of a •, 1 , 2 = 0 . 9,
onsistent with current observational constraints for ∼ 10 6 M � black
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oles (Reynolds 2019 ). The time-scale, τalign , on which black hole 
pin aligns with respect to the accretion disc angular momentum 

cales as a 5 / 7 • (see equation 12 ) and so in choosing high spin values
e are able to apply something of an upper limit on values of τalign .
he accretion disc is initiated with a mass of M d = 10 −3 M •, 1 , 2 , and
ngular momentum that is aligned with the angular momentum of the 
urrounding mini-disc. On the other hand, the black hole spins have 
een given arbitrary initial orientations with respect to the accretion 
isc angular momentum (shown in Table 1 , noting that some of the
ccretion disc angular momenta are counter-rotating with respect to 
he black hole spin in some of the misaligned set-ups). Given that
he initial spins of individual black holes will be determined by their
ccretion and merger histories prior to forming the binary, they do not
ecessarily need to be aligned, neither with each other nor their initial
ini-discs, at the outset of our simulations. The initial accretion rate 

hrough the subgrid accretion disc is set to be about the same for both
lack holes and close to the initial mass inflow rate measured inside
he mini-discs. Finally, the initial accretion disc–black hole angular 

omentum ratio, J d /J •, is set to ensure consistency between the
nitial f Edd and other black hole and accretion disc properties (see 
quation 8 ). 

Finally, we note an important modification we made to the original 
ccretion model. In Fiacconi et al. ( 2018 ), the mass inflow rate
˙
 inflow and the specific angular momentum of the inflowing material 

L inflow were calculated with a kernel-weighted interpolation from a 
olume encompassing a mass of 32 m 

target 
g , typically slightly larger 

han the size of the mini-discs. While we employ the same approach
o estimate Ṁ inflow , we have adjusted how we measure L inflow as 
espite the central weighting this approach tends to o v erestimate its
agnitude compared to that of the gas resolved on scales of the

ubgrid accretion disc (typically by a factor of a few). Instead, we
nly take the direction of L inflow and we assign the magnitude of
he inflowing gas specific angular momentum to L inflow = L d , where
 d is the instantaneous specific angular momentum of the accretion 
isc. This means that the condition originally imposed in Fiacconi 
t al. ( 2018 ) requiring L inflow ≤ L d is automatically satisfied and
e assume that all inflowing gas would be able to circularize onto

he subgrid accretion disc. In practice we typically find reasonable 
greement between L d and the specific angular momentum of gas on 
cales of the subgrid accretion disc. 

 RESULTS  

.1 Properties of the circumbinary discs 

fter the relaxation phases, we run the system for an additional 
00 t bin during which the CBD outside the ca vity ev olves in a nearly
teady state. Fig. 2 compares density projections for all runs at time
 = 100 t bin . Each run is presented by two panels, one showing the
hole disc (orange/purple colour map) and the other zoomed-in to the 

avity region (blue/green colour map). As expected, all simulations 
how rather similar CBDs at large distances from the cavity edge, 
xcept for the cases of misaligned binaries with i = 45 ◦, where the
BD becomes warped owing to the gravitational torque of the binary 

see further discussion in Section 3.2.3 ). Since we have aligned the
mage in the binary orbital plane, the CBD appears distorted because 
f projection effects (i.e. it does not lie in the binary orbital plane),
hile otherwise, it resembles the companion runs with i = 0 ◦. Promi-
ent spiral arms across the CBD piling up close to the cavity edge
epresent a common feature across different simulations (including 
revious works that model self-gravitating CBDs, e.g. Cuadra et al. 
009 ; Roedig et al. 2012 ; Franchini et al. 2021 ). The spiral arms
re maintained by the interplay of cooling and local shock heating
nduced by self-gravity in the CBD, preventing fragmentation into 
elf-bound clumps and maintaining a gra vito-turb ulent state in the
isc. Gra vito-turb ulence is the main process responsible for mass and
ngular momentum transport in the CBD. According to the analysis 
f Gammie ( 2001 ), gra vito-turb ulence may be described through the
f fecti ve α-parameter αSG = (4 / 9) [ γ ( γ − 1) β] −1 ≈ 0 . 04, where the
ast approximate equality holds for our parameter choices. For typical 
alues of gas surface density and sound speed as measured from the
imulations close to the cavity edge, we expect mass transport rates
˙
 = 3 πν� ≈ 5 × 10 −3 M � yr −1 . Ho we v er, the comple x nature

f the system, driven by binary torques and gas hydrodynamics 
n full 3D geometry, means that the mass flows through the disc
ary with time and while instantaneous mass inflow rates similar to
his estimate are achieved, gas can also move outwards leading to
ime-averaged net inflow rates � 10 −4 M � yr −1 measured directly 
rom the simulations, with fluctuations of factor ∼a few between 
ifferent runs (see Fig. 11 ). This suggests that at least qualitatively
nd on av erage o v er time, the CBD behaves like an α-disc, albeit
ith a lower net inflow rate than predicted from idealized analytic

stimates. 
It is interesting to note that the strength and spatial distribution of

piral arms and the o v erall shape of the CBD is affected by the binary
ass ratio and our initial choice of orbital parameters. Ho we ver,
ost of the morphological diversity between various runs appears 

lose to and inside the cavity. The cavity edge is not circular as its
hape is continuously stirred by the gravitational perturbation from 

he central binary. This in turn triggers the formation of streams of
as penetrating the inner region of the cavity and providing fresh
as to the mini-discs (see also, Roedig et al. 2012 ; Shi et al. 2012 ;
’Orazio et al. 2013 ; Farris et al. 2014 ; Ragusa, Lodato & Price 2016 ;
iranda et al. 2017 ; Mu ̃ noz et al. 2019 ; Tiede et al. 2020 ; Franchini

t al. 2022 , noting, ho we ver, that not all of these simulations capture
he mini-discs themselves.). 

Except for the q = 1 case, where the whole system is symmetric
nd both black holes alternatively induce the formation of the streams
epending on surface density fluctuations close to the cavity edge, the
econdary black hole is typically associated with the most prominent 
tream. The size of the cavity decreases for lower values of the mass
atio q, with a similar trend being seen in fig. 3 of Siwek et al.
 2023a ). This indicates that the torques e x erted by the binaries that
o v e the inner edge of the CBD outwards become less ef fecti ve at

oing so for low q values. Indeed, we find that the cavity becomes
arger for all prograde binaries, except for the q10e00i00 case, which
tays roughly constant albeit with a less well-defined edge. 

On the other hand, the retrograde ( i = 180 ◦) cases all exhibit
hrinking cavities as the CBD inner edge mo v es inwards. This is
xpected due to differences between the binary–disc interaction in 
he prograde versus retrograde cases. In prograde discs, gravitational 
orques act to reduce the binary separation while transporting angular 

omentum and the inner edge of the CBD outwards (e.g. Pringle
991 ; Cuadra et al. 2009 ; Lodato et al. 2009 ). On the other hand, in
he retrograde CBDs the net gravitational torques are ne gativ e and
ue to a lack of resonances are significantly weaker, which promotes
ontinued inflow of material and a smaller cavity (Nixon et al. 2011a ;
oedig & Sesana 2014 ; Bankert, Krolik & Shi 2015 ). 
Typically, the sharp inner edge at 2 a is lost rapidly during

elaxation. For the eccentric cases in particular the inner edges of
he CBDs are disturbed and mo v e outwards. In the high eccentricity
uns, the cavity edge is less sharp than in the cases with nearly
ircular orbits, with cavities also being more extended and containing 
ore diffuse material. The diffuse material is produced by the 
MNRAS 534, 3448–3477 (2024) 
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Figure 2. Gas surface density maps projected on the xy-plane along the z-axis of all the simulations in Table 1 at time t = 100 t bin . For each pair of images, 
the one on left-hand side shows the CBD, while the one on the right-hand side shows a zoom in the inner cavity region. The blue and red filled circles, on the 
left and right of each panel, respectively, mark the position of the primary and secondary black holes, respectively. The red curves for the first three simulations 
show the Roche lobes projected on the xy-plane. The red arrows in the last two simulations highlight the location of the dynamical friction w ak e. Both the 
appearance and properties of the CBD and the mini-discs are affected by the binary mass ratio and orbital parameters. 
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ydrodynamical interaction between the streams and the central 
inary. At the apocentre, the cavity edge is maximally perturbed 
nd the streams start to develop; by the time the black holes reach the
ericentre, their relative velocity with respect to the streams increases 
nd the faster motion of the black holes makes streams wind up. The
treams are eventually mixed and dispersed just after the pericentric 
assage when the separation between the two black holes increases 
gain. 

The binary parameters also have a large impact on the sizes of
he mini-discs. As already pointed out by Artymowicz & Lubow 

 1994 ), the radial extent of the mini-discs changes with the mass
atio of the binary and the eccentricity of the orbit. For circular
rbits, the mini-discs surrounding the primary and the secondary 
lack holes grow and decrease, respectively, as the binary mass ratio 
ecreases, approximately following the shape of the Roche lobes as 
hown in Fig. 2 . When highly eccentric orbits are considered, the
izes of the mini-discs are reduced by the tidal truncation induced at
he pericentre. In all cases, the mini-discs show spiral arm patterns 
nduced by the interaction with and the circularization of the infalling 
treams, as well as bridges of material between the two mini-discs
ypically following the primary. 

Barring the mini-disc around the primary black hole in the 
10e00i180 case, mini-discs appear significantly less developed in 
etrograde binaries compared to the prograde cases. In the q = 1 / 3
etrograde run, a tiny circum-primary mini-disc forms, while the 
econdary black hole does not develop a clear mini-disc and accretion 
ostly proceeds through episodic and very thin streams of gas 

lunging toward the black hole. Similarly, no mini-disc forms around 
he secondary black hole in the retrograde q = 1 / 10 run either. The
etrograde binary orbits in a cavity that is less depleted of material
hen compared with the corresponding prograde cases. No obvious 
as streams seem to penetrate the cavity. The binaries develop 
iny perturbations in the background material that resemble the 
 ak es caused by dynamical friction, in particular for the q = 1 / 10

imulations, where more material diffuses in from the CBD inner 
dge. While the whole cavity resembles a Type II gap between the
ini-disc around the primary and the CBD, as observed in protoplan- 

tary disc calculations (Rafikov 2002 ; Nelson & Papaloizou 2003 ; 
rida & Morbidelli 2007 ), we note that the processes controlling gap

ormation differ for prograde and retrograde systems (see e.g. Ivanov 
t al. 2015 ). 

Fig. 3 shows the time evolution of the CBD surface density, aspect
atio, and Toomre parameter Q profiles for our different simulations. 
espite fluctuations due to the formation of spiral arms, the CBD

oughly maintains the original ∝ R 

−2 profile o v er time. The surface
ensity profiles peak near the cavity edge, which we indicate by 
he v ertical gre y lines in each panel. This can be compared to the
ertical black dotted line, which indicates the original location of 
he CBD inner edge and illustrates whether or not the CBD mo v es
utwards (as for prograde binaries) or inwards (as for retrograde 
inaries). The surface density filling the cavity (i.e. to the left of
he grey vertical line) of binaries with mass ratios q ≥ 1 / 3 and i =
 

◦ tends to decrease o v er time, particularly for circular binaries.
imilar but weaker behaviour is seen for q = 1 / 10 binaries (i.e. run
10e00i00 and q10e05i00); ho we ver, the cavity surface density is
ypically larger, therefore confirming the tendency of the q = 1 / 10
ases to have more diffuse material inside the cavity. 

The evolution of the cavity gas content is determined by the 
alance between the inflo w/outflo w of material from/to the CBD
riven by the interaction with the binary and accretion onto the black
oles that slowly depletes the mini-discs that are built up during the
econd relaxation phase of the simulation. On the other hand, we see
n opposite trend for counter-rotating binaries, where, particularly 
n the case of the q10e00i180 binary, the surface density inside the
avity slightly grows o v er time, as the torque e x erted by the binary
s less ef fecti ve in maintaining the cavity than in the prograde cases.
or the eccentric cases, the CBD edge is significantly further out and

s not so sharp due to interaction between the secondary black hole
nd the CBD. 

For systems in which the binary and CBD are initially coplanar
 i = 0 ◦ and 180 ◦), the aspect ratio and Toomre parameter are gen-
rally constant within the CBD for R � 6 − 7 a. For these systems,
he aspect ratio typically ranges between ≈ 0 . 03 and ≈ 0 . 06 and
he Toomre parameter is ≈ 1 . 3 − 1 . 5, with little dependence on the
inary properties. Such values are indeed suggestive of a gravito- 
urbulent steady state in the CBDs, where spiral arms continuously 
orm and disperse with no fragmentation into self-gravitating bound 
lumps. Ho we ver, de viations from these values can be seen at
arly times for binaries that are not initially coplanar with their
BD ( i = 45 ◦), which undergo significant evolution as the binary
nd warped CBD come into alignment (see Section 3.2.3 ). For all
inaries, inside the cavity, the aspect ratio grows to � 0 . 1 because
f the presence of the mini-disc and the Toomre parameter Q 
 1.
he mini-discs are indeed generally less dense and hence thicker 

han the CBD, ho we v er, the e xact values of these quantities within
bout 1 . 5 a should be taken with a pinch of salt due to the mini-
iscs and streams resulting in the geometry of the system departing
ignificantly from axisymmetry as assumed by the profiles. On the 
ther hand, outside ∼ 7 a, that is, be yond the original e xtent of the
BD in the initial conditions, all the profiles evolve significantly. 
e typically see a progressive reduction of both the aspect ratio

nd the Toomre parameter o v er time, corresponding to an increase
n the surface density. This happens because the very outer and
nderdense regions of the CBD, produced by the initial readjustment 
f the disc during the relaxation phase, are still experiencing the
low action of radiative cooling. As the temperature decreases, 
he outer regions of the discs become progressively thinner and 
enser with time, explaining the evolution of the �, H /R, and Q
rofiles. 

.2 Binary evolution and torques 

.2.1 General behaviour 

hile some studies of CBDs include analytic binaries, with the 
inary orbit pre-determined and fixed (e.g. Mu ̃ noz et al. 2019 , 2020 ;
iwek et al. 2023b ) in the simulations presented here we include a

ive binary (see e.g. Cuadra et al. 2009 ; Roedig et al. 2011 , 2012 ;
ranchini et al. 2021 ) whereby its evolution arises naturally through

ts interaction with the gas via gravitational torques and accretion. 
ig. 4 shows the time evolution of every binary’s semimajor axis
nd eccentricity. The figure is further divided into three columns that
ompare circular and eccentric binaries (left), corotating coplanar and 
orotating misaligned binaries (middle), and coplanar and counter- 
otating binaries (right). As already seen in previous studies that 
onsider the evolution of a live binary in a self-gravitating CBD
Cuadra et al. 2009 ; Roedig et al. 2012 ; Franchini et al. 2021 ), the
eneral behaviour is that the semimajor axis of the binary decreases
nd the eccentricity increases o v er time. As a consequence, the
ngular momentum of the binaries, defined as: 

 bin = μ

√ 

GMa 
(
1 − e 2 

)
, (4) 
MNRAS 534, 3448–3477 (2024) 
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Figure 3. Time evolution of radial profiles of key CBD properties for our simulation suite. For each row, the top panels show the gas surface density, with 
dashed curves highlighting the initial ∝ R 

−2 profile; the middle panels show the aspect ratio H /R estimated as c s /V φ ; and the bottom panels show the Toomre 
parameter Q . Light- and dark-grey shaded areas highlight the marginal stability and instability regions for Q , respectively, in the limit of a razor-thin disc. The 
vertical dotted lines in all panels indicate the original inner edge of the CBD at 2 a = 4 pc, while for comparison the vertical grey lines indicate the location of 
the CBD density peak, illustrating that for prograde binaries the CBD mo v es outwards (especially in the case of eccentric binaries), while for retrograde binaries 
it mo v es inwards. 

Figure 4. Time evolution of the semimajor axis (top panels), and eccentricity (bottom panels), of all the simulated binaries. From left to right: comparison 
between circular and eccentric binaries; comparison between corotating coplanar and corotating misaligned binaries; comparison between coplanar and counter- 
rotating binaries. Blue, purple, and yellow curves refer to mass ratios q = 1, 1 / 3, and 1 / 10, respectively. The dark- and light-grey shaded areas indicate the 
initial relaxation phases without and with the super-Lagrangian refinement, respectively. The middle panels also include the q03e00i45mod binary evolution. 
Overall we find that the interaction of the binaries with their CBD leads to shrinking of the semimajor axis and eccentricity growth, and expect the binaries to 
be driven towards merger. 
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here μ = M 1 M 2 / ( M 1 + M 2 ) and M = M 1 + M 2 are the binary
educed and total mass, respectively, 3 decreases over time (by ∼a 
e w −10 per cent ), e ven considering the mass evolution of each
omponent due to external accretion that may lead to an increase in
he binary angular momentum (Roedig et al. 2012 ). We should also
aveat that, as we discuss further in Section 3.2.2 , the gravitational
orques experienced by the binary can be sensitive to numerical 
ffects, in particular the choice of gravity solver. 

We do not observ e an y ob vious trend in the evolution of a as a
unction of the mass ratio q; ho we ver, we notice that for eccentric,
nclined, and retrograde q = 1 / 10 binaries, their semimajor axis
ecreases most significantly. As we discuss in Section 3.2.2 , the 
volution of the binary separation and hence angular momentum 

s dominated by the gas gravitational torques acting on the black 
oles. Different re gions pro vide positiv e and ne gativ e torques on the
inaries and it is the balance of torques from gas in the vicinity
f the binary at R < a (typically positive), and gas at R > a that
argely comprises of streams and the CBD (typically ne gativ e) that
re important in determining the net torque experienced by the binary. 
n all cases where the q = 1 / 10 binaries shrink more rapidly we find
hat they experience strong negative torques (see Fig. 7 ), while the
10e00i00 binary experiences a relatively weaker simulated torque. 
o we ver, upon accurately calculating torques in post-processing we 
nd that the simulated torque is likely an underestimate in this case
nd that the q10e00i00 binary should likely shrink more rapidly (see 
ection 3.2.2 for further discussion). 
Some recent studies that employ an exact analytic binary potential 

ave been used to explore binary eccentricity evolution, with the 
xpectation being that binaries with zero initial eccentricity should 
emain circular, while non-zero initial eccentricities should either 
hrink or grow towards some critical value (e.g. D’Orazio & Duffell 
021 ; Zrake et al. 2021 ; Siwek et al. 2023b ). This being said studies
hat include live binaries find that eccentricity can grow even when 
he binary is initially circular (e.g. Cuadra et al. 2009 ; Franchini et al.
021 ). We find mild eccentricity growth in all of our binaries except
or in the retrograde cases (see also, Tiede & D’Orazio 2024 , for
etrograde eccentricity evolution). The eccentricity generally tends 
o grow slightly faster for the q = 1 / 3 cases than for equal-mass
inaries, regardless of the other parameters. This tendency with the 
inary mass ratio is inverted for the q = 1 / 10 cases, where the
ccentricity growth is the slowest, except for the binaries starting 
ith high initial eccentricity e = 0 . 5. Cuadra et al. ( 2009 ) found that

ccentricity growth of an initially circular binary only starts once 
he CBD develops asymmetries. However, while our CBDs develop 
symmetries fairly quickly, the eccentricity for our initially circular 
inaries starts to grow from t = 0. This being said, recent work of
ranchini et al. ( 2021 ), also finds mild early eccentricity growth
hen simulating massive gra vito-turb ulent CBDs around circular 
inaries. 
A very different behaviour is shown by the counter-rotating 

inaries. Their eccentricity does not significantly grow o v er time, 
s has been seen for circular retrograde binaries in the recent work of
iede & D’Orazio ( 2024 ). Ho we ver, Nixon et al. ( 2011a ) discuss

hat the eccentricity growth depends on accretion onto (or gas 
aptured by) the secondary, showing that if the secondary is able to
ccrete efficiently at apocentre (but not pericentre) then an initially 
ircular orbit can gain eccentricity. Unlike in Nixon et al. ( 2011a ),
he secondary black holes in our retrograde simulations accrete a 
 M i = M •,i + M d ,i is the sum of the mass of the black hole and the accretion 
isc. 

e  

s  

f  

c  
egligible amount of mass (see Section 3.3.1 ), as such, a similar
hannel of eccentricity growth due to accretion does not occur in our
imulations. The o v erdense w ak e lagging behind the counter-rotating
inary and the low eccentricity are features reminiscent of the action
f dynamical friction on a massive body embedded in a rotating
ackground (Dotti et al. 2007 , 2009 ). Additionally, as the cavity is
ore permeated by diffuse material, the counter-rotating black holes 

xperience a headwind gas motion. As we show in Section 3.2.2 ,
he retrograde binaries experience strong ne gativ e torques, with the
ontinuous refilling of the cavity leading to the steep and continuous
hrinking. This is in contrast to the prograde cases in which the cavity
s slowly cleared of gas, the CBDs expand and the shrinking of the
inary appears to slow down. 

.2.2 Torque analysis 

ravitational torques from the CBD and gas within the cavity, 
ncluding the mini-discs and streams, are critical in determining 
he binary evolution (e.g. Cuadra et al. 2009 ; Roedig et al. 2012 ;

u ̃ noz et al. 2019 ). In this section, we calculate the gravitational
orques e x erted by the gas on the binaries, and decompose them
y their spatial contributions. This means we are able to analyse
he dominant origins of such torques and their net influence on
he binary separation. As well as allowing us to predict whether
r not the binaries should grow or shrink, comparisons between the
imulated binary evolution and post-processed torques from both 
irect-summation and tree-based force calculations let us assess the 
ppropriateness of the numerical techniques we employ. 

Fig. 5 shows time-averaged maps of the gas surface density and
orque surface density for every coplanar run. Panels on the left-
and side show initially circular binaries and are split into prograde
top) and retrograde (bottom) runs, while panels on the right-hand 
ide are for eccentric binaries and show maps at both pericentre
top) and apocentre (bottom). For each run, the top panel shows gas
urface density, while the bottom panel shows the surface density of
he torque component directed along the binary angular momentum 

ector. The maps are produced by averaging over ∼ 100 snapshots 
etween t = 200 t bin and 300 t bin . Torque surface density maps show
oth positive (red) and negative (blue) torques with respect to the
inary angular momentum vector, which act to change the binary 
ngular momentum. The surface density maps further illustrate many 
f the features discussed in Section 3.1 and provide a useful reference
hen considering which gas primarily torques the binaries. 
If we first consider the prograde, circular binaries, we find that all

he binaries experience torques from gas in the dense inner edge of
he CBD and just inside the cavity. In the case of q = 1 / 10 binary,
here are clear torques from the gas that has mo v ed into the cavity,
ith the stream feeding the secondary clearly visible. We also note

hat there are significant torque contributions from the gas in and
round the black holes. For the retrograde binaries, the inner edge
f the CBD has mo v ed inwards and there is more diffuse gas within
he cavity that torques the binary. For the q = 1 / 3 case only small,
enuous mini-discs form around the black holes, although gas around 
he black holes and in the streams feeding them still contributes to
he torques. In the q = 1 / 10 case, a clear mini-disc forms around the
rimary and contributions to the torques from gas around the primary
nd streams feeding the secondary are seen. Finally, in the case of the
ccentric binaries, the torquing of the binary varies depending on the
tage of the orbit – at pericentre, when the black holes are furthest
rom the CBD inner edge, the dominant contribution to the torques
omes from gas around the black holes, while at apocentre there
MNRAS 534, 3448–3477 (2024) 
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Figure 5. Time-averaged surface density and torque maps for all the coplanar runs between 200 t bin and 300 t bin . Each simulation is identified by its label 
from Table 1 . For eccentric runs ( e = 0 . 5), both the averages at the apocentre and at the pericentre are shown. The inner dashed circle indicates the radius 
corresponding to the semimajor axis for runs with e = 0 and to the apo- and pericentre for the runs with e = 0 . 5; the outer dashed circle at R = 2 a = 4 pc 
indicates the initial cavity rim location. It can be seen that there are both positive and ne gativ e torques acting on the binary, in the mini-discs, the central cavity, 
including the gas streams and further out in the CBD. The spatial location and strength of these torques depends on the binary mass ratio and orbital parameters. 
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re additional important contributions from material in the CBD and
rom the streams and diffuse gas that exists in the cavity. 

Taking a more quantitative approach, similar to Roedig et al.
 2012 ), we calculate average profiles of the gas torque density,
 τ/ d R, acting on the binary, along the direction of the binary angular
omentum. From left to right, the columns in Fig. 6 show circular

rograde binaries, eccentric binaries at pericentre and apocentre,
nd circular retrograde binaries, respectively. From top to bottom,
he panels are for binary mass ratios of q = 1, 1 / 3, and 1 / 10,
espectively (misaligned binaries are discussed in Section 3.2.3 ).
or each binary, we create five profiles, each of which is generated
y averaging over 100 orbits. 4 We additionally split each profile into
he gas torques from two radial regions; namely close to the binary
within R = a = 2 pc for circular orbits or R = a(1 ± e) = 2 ± 1
c for eccentric runs) indicated by the grey shaded region, and at
arger radii without shading. For each region, we integrate the profile
o find the net torque and use solid lines if the net torque in the region
s positive (i.e. would increase the binary angular momentum) and
ashed lines if the net torque in the region is negative (i.e. would
ecrease the binary angular momentum). The vertical dashed line in
ach panel corresponds to the CBD density peak from Fig. 3 and
ndicates the location at which the CBD transitions to the cavity
egion. 

All of the runs show spikes in the torque profiles at small radii
corresponding to gas in and around the mini-discs), followed by
moother variations in the cavity and CBD. Specifically, there is
ypically a ne gativ e torque within the cavity followed by varying
NRAS 534, 3448–3477 (2024) 

 To ensure consistency with the eccentric binary profiles, for which the 
pocentre/pericentre snapshot from each orbit is used, for the non-eccentric 
inaries we randomly select one snapshot per orbit when calculating the 
verage profiles. The same approach is additionally taken for the profiles in 
ig. 10 . 
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ositiv e and ne gativ e peaks at the outer edge of the cavity/inner
dge of the CBD. First considering the circular, prograde binaries, as
ighlighted by Roedig et al. ( 2012 ), while peaks in the torque profiles
t large radii (such that they are within the main body of the CBD)
ould be associated with outer Lindblad resonances (OLRs, see also,
rtymo wicz & Lubo w 1994 ), one should be careful applying such

n interpretation to peaks that appear within the cavity region (but
eyond the mini-discs). These are associated with gas streams and
re expected to have a kinetic origin. Gas within R < a provides net
ositive torques on the binary, while outside of this region, the gas
rovides a net negative torque, dominated by the gas in the cavity
nd inner edge of the CBD. As we discuss later (see Fig. 7 and
able 2 ), on average the net torque acting on the binary is negative
nd acts to shrink it. This is due to the magnitude of the net ne gativ e
orque at R � a generally being larger than the magnitude of the
et positive torque at R � a, however, as we discuss in Section 4
he exact balance is likely sensitive to the gas thermodynamics
see e.g. Roedig et al. 2012 ; Franchini et al. 2022 ; Wang et al.
023 ). 
In the case of the eccentric binaries, we see that, as discussed in

elation to Fig. 5 , at pericentre the torques are dominated by gas
lose to the black holes, with its net torque being either positive or
e gativ e. At apocentre, the profile features look somewhat more akin
o the circular case, with net torques from gas close to the black
ole being positive but those from gas in the cavity and CBD being
e gativ e. Again, on av erage the o v erall net torque acting on the binary
s ne gativ e. 

While the rough location of peaks and troughs in the prograde cases
emain the same, their magnitude reduces o v er time, particularly
n the central region. This is likely a reflection of the declining
verage surface density in the cavity (see Fig. 3 ), which arises due
o a combination of black hole accretion and the CBD moving
utwards due to being torqued by the binary (see discussion in
ection 3.3.1 ). 
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Figure 6. Average radial profiles of the gas torque density, d τ/ d R, acting along ˆ J bin , for all in-plane binaries. The left and rightmost columns show the circular 
pro-grade and retrograde binaries, respectively, while the central two columns show the initially eccentric binaries at pericentre (left) and apocentre (right). 
Each row shows binaries with mass ratios of q = 1, 1 / 3, and 1 / 10, from top to bottom, respectively. Each profile is produced by averaging over 100 orbits 4 , 
while the line colours indicate the time range as shown in the legend. Profiles are split into two radial regions representing gas inside and outside the binary 
region ( R = a = 2 pc for circular orbits or R = a(1 ± e) = 2 ± 1 pc for eccentric runs) with solid/dashed lines indicating whether the integrated net torque in 
each region is positi ve/negati ve. Vertical dashed lines indicate the peak CBD density from Fig. 3 . In general, we find that material close to the binary, that is, 
comprising the mini-discs, acts to torque up the binary, while gas at larger radii provides a net ne gativ e torque. Ov erall, the net torque acting on the binaries 
tends to be ne gativ e, driving them to shrink. 

Figure 7. Average values for the torque component along the binary angular 
momentum vector experienced by each binary compared to the estimated 
gravitational and accretion contributions. Coloured squares show the average 
torques o v er 500 binary orbits, while error bars sho w the 1 σ v ariation on 
an orbit-by-orbit basis. Specifically we show the actual torque experienced 
by the binary based the evolution of its angular momentum (yellow, τ sim 

bin ) 
as well as two estimates for the gravitational torque using either a pure 
tree approach (blue, τ tree 

grav ) or pure direct summation (purple, τ direct 
grav ) and 

an estimated accretion torque (pink, τ est 
accretion ). Shaded squares show the 

estimated total torque experienced by the binary when adding τ est 
accretion 

to either τ tree 
grav or τ direct 

grav . The average gravitational torques are al w ays 
ne gativ e, while accretion torques are al w ays positive. All total average torque 
experienced by binaries in the simulation is ne gativ e, with most values being 
generally consistent with those found by post-processing methods. Some 
binaries, particularly misaligned binaries can show larger differences between 
actual and estimated torques, ho we ver, only the q01 e00 i45 binary exhibits a 
qualitative disagreement between the method in terms of the sign of the o v erall 
torque. 
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In Table 2 , we pro vide the av erage torques e xperienced by each
inary (directed along its own angular momentum vector) split 
nto separate time bins of ∼ 100 orbits each and decompose the
ontributions into being from gas at R < a sep , R > a sep , and all gas.
pecifically, a sep is the measured binary separation at the time torques
re calculated, that is, this would be a for circular binaries and
ary between a(1 − e) and a(1 + e) for eccentric binaries moving
etween apo- and pericentre, taking into account the evolution of 
 and e o v er the course of the simulation (see Fig. 4 ). The colour
oding scales linearly from 0 to ±5, that is, brighter colours represent
tronger torques, with red and blue representing positive and ne gativ e
orques, respectively. We find that in the majority of cases, even
hough the absolute average torque e x erted from inner and outer
egions typically decrease over time, the net gravitational torque 
rom all gas only sho ws relati vely mild evolution (although short-
erm fluctuations do occur, see Fig. 7 ). 

Finally, the retrograde circular binary exhibits many more sharp 
ariations in the torque profiles, indicative of the more complex 
istribution of gas that fills the cavity region. As discussed in Nixon
t al. ( 2011a ), a retrograde circular binary does not excite resonances
ithin the CBD, and so peaks and troughs seen here should not
e interpreted as such. The fact that the radial location of peaks
nd troughs within the CBD region itself vary further supports this
y showing that the torques are not produced from consistent well-
efined resonant radii. Overall, while throughout the simulation some 
egions switch from providing net positive and net negative torques 
o the binary, on average the binary experiences a strong ne gativ e
orque, as sho wn quantitati vely in Table 2 . Specifically, we find that
he torques within the cavity and CBD roughly cancel each other out
n the retrograde run and it is the gas within the vicinity of the black
oles that dominates the net torquing of the binary. 
To get a sense of the o v erall importance of the gravitational torques

n the evolution of the binary we can compare the total gravitational
MNRAS 534, 3448–3477 (2024) 
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Table 2. Averages of the gravitational torque component along the binary angular momentum vector (in units of 10 −6 GM 

2 
bin a 

−1 ) experienced by the 
different binary systems. We show the total torque e x erted by all gas, as well as individual contributions from gas at R < a sep and R > a sep , where a sep is 
the measured binary separation at each time torques are calculated ( a for circular binaries and varying between a(1 − e) and a(1 + e) for eccentric binaries). 
Averages are calculated in five time bins of 100 orbits each. From left to right the columns show: simulation label, re gion o v er which torque is calculated, 
and five columns for separate time bins. The colour coding scales linearly from 0 to ±5, that is, whereby brighter colours represent stronger torques, with 
red and blue representing positive and negative torques, respectively. In the majority (although not all) of cases the absolute torques exerted by the inner and 
outer regions tend to decrease, although only mild evolution is seen in the overall average gravitational torque acting on the binary. 
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orque e x erted on the binary by the gas to the accretion torque (the
f fecti ve torque experienced by the binary due to linear momentum
onservation when accreting gas) and to the simulated rate of change
f the binary angular momentum. The total gravitational torque
cting on the binary is given by 

grav = M 1 ( r 1 × a 1 ) + M 2 ( r 2 × a 2 ) , (5) 

here M i , r i , and a i are the mass, position, and gravitational
cceleration 5 of each black hole particle (which includes the subgrid
NRAS 534, 3448–3477 (2024) 

 In practice, a i can be either the total gravitational acceleration or that only 
ue to the gas, because for each black hole the acceleration due to the other 
lack hole provides no contribution to the total torque in equation (5). 

v  

w  

e  

b  

w  
accretion disc) and i = 1 or 2 refer to the primary and secondary
lack holes, respectively . Additionally , the linear momentum of
ccreted material is added to each black hole during each accretion
vent, which results in a change in the i th black hole’s angular
omentum of 

 J acc ,i = � j 

(
r i × m j v j 

)
, (6) 

here m j and v j are, respectively, the mass accreted from and
elocity of the the j th cell and the sum is performed o v er all cells from
hich gas is accreted. In practice, we do not log every accretion event

xplicitly and for the purpose of analysing the torques experienced
y the binary we estimate it from the simulation output. To do this,
e calculate the expected specific angular momentum contribution of
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ccreted gas for each black hole, that is, L gas ,i = � J acc ,i /� j m j from
ach snapshot and estimate the total change in angular momentum 

ue to accretion as 

 J est 
acc = �M 1 ̄L gas , 1 + �M 2 ̄L gas , 2 , (7) 

here �M i and L̄ gas ,i are, respectively, the change in mass of 
he i th black hole particle and the specific angular momentum of
ccreted gas averaged over consecutive snapshots. We then define an 
f fecti ve accretion torque as τ est 

accretion = � J est 
acc /�t , where �t is the

ime between snapshots. 
Torques can act to change both the magnitude and direction of

J bin . To isolate the torque that acts only to change the magnitude of
he binary angular momentum, which determines whether the binary 
hrinks or expands, we take only the component along the binary 
ngular momentum v ector. F or in-plane binaries, this is essentially 
he total torque, ho we ver, this is not the case for misaligned binaries
see Section 3.2.3 ). We calculate averages for the rele v ant torque
omponent o v er 500 binary orbits and sho w v alues found for each
imulation by the coloured squares in Fig. 7 . For the gravitational
orques, we make two estimates, one in which the black hole 
ccelerations are calculated via a pure tree method ( τ tree 

grav , shown in
lue) and one in which the accelerations are calculated via direct 
ummation o v er all gas cells ( τ direct 

grav , purple). This allows us to
ompare these methods with each other and to the simulated binary 
ngular momentum evolution – which in general shows reasonably 
onsistent results. Estimated accretion torques, τ est 

accretion , are shown 
y the pink squares, which we additionally add to the gravitational 
orque estimates and show as faded squares to illustrate the total 
xpected torque in each case. Finally, by directly measuring the 
hange in | J bin | from the simulations we can calculate the average
otal torque, τ sim 

bin , experienced by the binary along its angular 
omentum vector, which is shown by the yellow squares. The 

ertical bars represent the 1 σ scatter in orbit averaged values, that is,
ow much the torques vary on an orbit-by-orbit basis. 
In the majority of cases, the gravitational torques measured using 

he tree versus direct summation are in reasonable agreement with 
ach other and, at least for coplanar binaries, with torques derived 
rom the binary evolution when taking estimated accretion torques 
nto account. Ho we v er, non-ne gligible differences between the tree
nd direct summation method are evident in some runs, particularly 
or misaligned binaries. In all cases, the mean torque experienced by 
he binary is closer to the value calculated using the tree approach.
his suggests that for these runs the hybrid force calculation we 
mploy does not perform so well at reco v ering the torque one would
xpect from a pure direct summation force calculation and would 
ndicate that we may require a larger value of N 

max 
direct . This being

aid, it does result in less variation in the torques experienced by the
inary that are in general more consistent with variations expected 
rom direct summation calculations. For all binaries, we find that the 
ravitational torque estimates result in the same qualitative behaviour 
n providing negative torquing of the binary. 

Referring back to Fig. 4 and the discussion in Section 3.2 , apart
rom in the circular prograde systems, the q = 1 / 10 mass ratio
inaries shrink more rapidly compared to their higher mass ratio 
ounterparts. From Fig. 7 , we can now see that this is because the
 = 1 / 10 binaries typically experience strong ne gativ e net torques
eading to rapid extraction of their angular momentum. In the case 
f the q10e00i00 binary, the average simulated torque is likely 
nderestimated by a factor of ∼ 2, and so like the other q = 1 / 10
inaries, we would expect it to show more rapid shrinking than 
ts higher mass ratio counterparts (although still likely less rapidly 
han other q = 1 / 10 systems). While we reserve a discussion of
orques in the misaligned binaries to Section 3.2.3 , we note here that
he faster shrinking of inclined binaries compared to their in-plane 
ounterparts exhibited in Fig. 4 is potentially due to o v erestimating
he gravitational torques acting on the binary, with the predicted 
ehaviour of the q01e00i45 binary from this torque analysis to be
hat it gains angular momentum opposed to losing it. These small
nconsistencies highlight the need to accurately calculate gravity 
orces on the fly for full self-consistent evolution of a live binary. We
lso note, ho we ver, that our estimates for the accretion torques may
e o v ersmoothed as we only estimate their values between snapshots
nd may be missing episodes of low or high angular momentum
as accretion at intermediate times. Finally, for retrograde binaries, 
e find a negligibly small accretion torque. This is because the

ccretion prescription we employ, which requires net gas inflow onto 
he black hole, results in very little accretion onto the secondary (see
ection 3.3.1 ). If we were to use less conserv ati ve accretion criteria
or which more accretion occurs onto the secondary black hole, we
ould expect it to accrete material with angular momentum opposite 

o that of the binary and hence lead to more rapid shrinking of the
inary (e.g. Nixon et al. 2011a ). 

.2.3 Misaligned binary evolution 

o far our analysis has focused on binaries for which the angular
omentum vector is aligned or anti-aligned with that of the CBD.

n this section, we consider binaries that are initially inclined by 45 ◦

ith respect to the CBD. Fig. 8 shows evolving density projections
or the q03e00i45mod run in the x − y (top) and x − z (bottom)
lanes. As is most clearly seen in the bottom row, the binary and gas
orque each other in such a way as to align the angular momentum
f the CBD and the binary, as shown by the white and green arrows,
espectively. This proceeds by driving a warp through the CBD 

uch that gas at the inner edge of the disc aligns first and gas at
rogressively larger radii aligns as the system evolves. This process 
as been explored in several previous works (e.g. Miller & Krolik
013 ; Nixon et al. 2013 ; Dunhill et al. 2014 ; Aly et al. 2015 ; Moody
t al. 2019 ), and is analogous to the Bardeen–Petterson effect that acts
o align black holes and their accretion discs (Bardeen & Petterson
975 ; King et al. 2005 ; Nixon, King & Pringle 2011b ). 
The evolution of the torques acting on misaligned binaries is 

xplored in Fig. 9 , which shows the evolution of the x , y , and z
omponents of the gas torque acting on the binary. We calculate 
oth the torque experienced by the binary from the rate of change
f the binary angular momentum ( τ sim 

bin , solid) and that calculated in
ost-processing using a direct summation method ( τgrav , dashed), as 
ell as adding the estimated accretion torque ( τgrav + τacc , dotted,

lthough this is essentially indistinguishable from the τgrav curve). 
he lines represent the torque av eraged o v er 10 orbits, while the
haded regions indicate the 1 σ scatter. Each panel represents a 
ifferent simulation, with all four initially misaligned binaries shown, 
s labelled. There are only very small differences in τ sim 

bin and τgrav ,
howing that the instantaneous evolution of the binary angular 
omentum is well captured. Additionally, there is a negligible impact 

rom accretion torques, showing that the global binary angular mo- 
entum evolution is dominated by the gravitational interaction with 

he gas. Ho we ver, as we discuss belo w this is not necessarily the case
or the magnitude of the angular momentum. The binaries initially 
xperience large torques, with the amplitude of each component 
scillating and damping as the binary and CBD align. As discussed
n Section 2.1 , the runs in which the binary is initially misaligned
ndergo some re-alignment during the relaxation phase and to verify 
MNRAS 534, 3448–3477 (2024) 
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Figure 8. Surface density maps for the q03e00i45mod binary illustrating the evolution of the CBD and black hole binary. The x − y and x − z projections are 
shown in the top and bottom rows, respectively with the time of the image shown in the top left of each panel in the bottom row. The primary and secondary 
black holes are shown by the blue and red points, while the green and white arro ws sho w the angular momentum vectors of the binary and CBD, respectively. 
As the system evolves, the binary and CBD torque each other such that their angular momenta move to align, resulting in the production of a warp in the CBD 

that propagates outwards with time. 

Figure 9. Evolution of the x (blue), y (pink), and z (yellow) components of 
the torque experienced by the binary in misaligned cases, as shown by the solid 
line. For comparison the post-processed gravitational torque experienced by 
the binary estimated with a direct summation method is shown by the dashed 
lines, while the estimated gravitational plus accretion torque is shown by 
the dotted lines. The actual and post-processed torques match very well and 
show that the torquing is dominated by the gravitational component. Initially 
large torques oscillate and damp as the binary and CBD angular momentum 

realign. The q03e00i45mod run shows a ∼ 100 t bin offset compared to the 
other misaligned binaries due to their misalignment being initialized after the 
relaxation. 
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his has a limited impact on our results we perform an additional run,
03e00i45mod, in which we artificially misalign the cavity region of
he q03e00i00 run to be at 45 ◦ to the CBD after the initial relaxation
hase. Comparing this run to the q03e00i45 run, we see that they
how similar behaviour albeit with a time of fset. The of fset roughly
orresponds to 100 orbits, that is, the relaxation time, although this
s not exact. 

Isolating the torques that solely change the magnitude of the binary
ngular momentum, Fig. 10 shows, as in Fig. 6 , average radial profiles
f the gas torque density, d τ/ d R, acting along the direction of the
inary angular momentum vector for the inclined runs. Each panel
epresents a different binary and colours illustrate different time
anges with each profile being produced by averaging over 100
NRAS 534, 3448–3477 (2024) 
rbits 4 . The profiles show broadly similar trends to their in-plane
ircular counterparts with several sharp features from gas within the
inary orbit ( R < a = 2 pc) and smoother peaks and troughs at larger
adii. Additionally, as in the in-plane binaries, the gas at smaller radii
rovides a net positive torque to the binary, while gas at larger radii
rovides a net negative torque, which is also shown quantitatively in
able 2 . Comparing to the equi v alent coplanar binaries, we expect
rom the direct summation calculations, that the misaligned q = 1
nd 1 / 3 systems should experience stronger positive torques in the
 < a sep region and generally less ne gativ e gravitational torques
 v erall. The misaligned binaries typically also experience mildly
tronger positive accretion torques. For the q01e00i45 system in
articular, combining the estimated accretion torque with the torque
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stimated from direct summation would lead to a net positive torque 
n the binary. This suggests that accretion torques could play a 
articularly important role in determining the binary evolution for 
nclined systems. Ho we ver, as we outline in Section 4 , e ven though
he total torque acting on the q01e00i45 binary that we estimate in
ost-processing is positive, we still expect the binary to shrink. 
We finally note that comparing the q03e00i45 and q03e00i45mod 

uns, we find that the ‘modified’ run experiences a stronger ne gativ e
orque leading to its more rapid shrinking at later times as seen in
ig. 4 . Ho we ver, it is worth noting that the post-processed torques
stimated from direct summation are much more similar between 
hese two runs, and differences in the accretion torques that may 
ead to different binary evolution are likely an artefact of how the

odified binary was created, as at least initially, it continues to 
xperience somewhat coherent accretion from the mini-discs that 
ere artificially realigned with the binary after relaxation, while 

he q03e00i45 run experiences a less coherent flow throughout its 
volution (see Section 3.3.2 and Fig. 14 ). 

.3 Black hole and accretion disc evolution 

aving considered the evolution of the binary and its interaction 
ith the CBD, in this section, we delve deeper into the evolution
f the black holes and their subgrid accretion discs. Specifically, we 
ook at gas accretion onto the black holes and hence their mass as
ell as spin evolution. This is important as both the binary mass

atio, the magnitude and the orientation of the black hole spins have
mportant consequences for GW emission and the remnant black 
ole properties, including its recoil velocity. 

.3.1 Accretion 

onsidering accretion onto the black holes, Fig. 11 shows mass 
nflow rates onto each black hole particle by the blue (primary)
nd red (secondary) shaded re gions. Specifically, these re gions show 

he 5th–95th percentile range of the inflow rates within time bins
f length 5 t bin . The corresponding solid blue and red lines show
he accretion rate through the subgrid accretion disc onto each 
lack hole. While there are fluctuations in the inflow rates on to
he accretion disc–black hole system, the rate at which material 
ltimately reaches a black hole is mediated by the subgrid accretion 
isc (see equation 8 below for analytic form of Eddington rate 
hrough the accretion disc). This results in the black hole accretion 
ates being smoother, and at times lower, than the instantaneous 
nflow rates. The green line shows mass flow rates through the cavity,
alculated at R = 2 a = 4 pc for circular binaries and R = 3 a = 6 pc
or eccentric binaries. Solid lines show net inflow and dashed lines
how net outflow, both averaged over ∼ 5 binary orbits. Mass flows 
hrough the inner edge of the CBD and cavity fluctuate between 
eing inflowing and outflowing, with the net rate being roughly 
onsistent with, although generally slightly lower than, the binary 
ccretion rate. This is likely an effect of the relaxation period we
mpose during which accretion is prohibited and the mini-discs 
 uild up reserv oirs from which the black holes subsequently accrete.
hile in our simulations the CBD provides a roughly constant 

upply of material to the cavity, leading to a somewhat steady state,
n reality black hole and/or stellar feedback, or a more dynamic 
nvironment, may change this scenario. As mentioned in Section 2.1 , 
uantities on resolved scales of the simulation can generally be 
resented in a scale-free manner, ho we ver, the subgrid accretion disc
odel requires us to set a physical scale. As such, physical values
pplicable to our fiducial model parameters are shown on the left-
and axis of Fig. 11 and can be applied to all quantities presented. To
llustrate how quantities might change for different system param- 
ters we additionally show scale-free quantities on the right-hand 
xis, ho we ver, strictly speaking these are only applicable to CBD
nflo w/outflo w rates and the simulated inflow rates onto the black hole
articles, but not the mass flow rates through the subgrid accretion
isc. 
As discussed in Section 2.4 , the subgrid accretion disc model

equires black hole accretion rates to be initialized and are set to
he values provided in Table 1 such that Ṁ acc ,i = f Edd , i M •,i /ηi τSalp ,
here τSalp = 450 Myr is the Salpeter time, and the growth rate of

he black hole is given as Ṁ •,i = (1 − η) Ṁ acc ,i . Subsequent evolution
hen depends on the mass and angular momentum evolution of the
ubgrid accretion disc, which itself depends on the resolved gas 
nflows feeding the disc. In all cases, we find inflow rates onto
he primary black hole to exceed those onto the secondary. Inflow
ates onto the secondary black hole in a system often exhibit much
arger fluctuations when compared to inflow rates onto the primary, 
hich are typically smoother. Counter to our findings, a number 
f previous works have found that due to the secondary black hole
ypically inducing a stronger gas stream from the cavity it experiences 
referential accretion o v er the primary (e.g. Roedig et al. 2012 ; F arris
t al. 2014 ; Duffell et al. 2020 ; Mu ̃ noz et al. 2020 ; Dittmann & Ryan
021 ; Siwek et al. 2023a ). We expect that differences in our findings
re related to the modelling of the gas viscosity and thermodynamics
ithin the cavity. While we employ an adiabatic equation of state with 
−cooling many of the previous works mentioned abo v e employ a

locally-)isothermal equation of state instead. In addition the exact 
odelling of the black hole accretion may have an impact, with

revious works making use of sink particle prescriptions opposed to 
he inflow rate calculation that we employ. We discuss these points
nd their implications for our results further in Section 4.3 , noting
hat several other previous studies also find preferential accretion 
nto the primary black hole (e.g. Ochi, Sugimoto & Hanawa 2005 ;
anawa, Ochi & Ando 2010 ; Young, Baird & Clarke 2015 ). In

he most extreme case, inflow rates onto the retrograde binaries, 
articularly onto the secondaries can be greatly inhibited. This leads 
o declining black hole accretion rates as the subgrid accretion disc

ass is depleted. This is likely a result of our conserv ati ve accretion
riterion of requiring net inflow onto the black hole and may have
mportant implications for the evolution of retrograde binaries (see 
.g. Nixon et al. 2011a ). 

Comparing the top two ro ws, inflo w rates onto eccentric binaries
how increased scatter due to the more complicated gas dynamics 
ithin the cavity compared to the circular binaries. This is illustrated

n Fig. 12 , which shows a face-on gas density projection for the
10e00i00 and q10e05i00 binaries in the top and bottom rows, 
espectively. In the circular orbit case, the streams feeding both 
lack holes and the primary mini-disc persist throughout the orbit. 
o we ver, for the eccentric binary, the streams form and disperse,

nd although a mini-disc remains around the primary it is much less
xtended and recei ves ne w gas from streams more sporadically than
n the circular binary case. The misaligned binaries also give rise
o more complex gas dynamics in the cavity, ho we ver, as sho wn in
he third row of Fig. 11 , instead of leading to a general increase the
catter of inflow rates (compared to the in-plane circular binaries), 
xhibit more long time variations, particularly onto the secondary 
lack holes. One feature to note is for the q10e00i45 run, in which
he subgrid accretion rate onto the primary experiences a slight spike
ollowed by a sudden drop at ∼ 120 orbits. This is simply down
o the nature of the equation determining the black hole accretion
MNRAS 534, 3448–3477 (2024) 
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Figure 11. Evolution of inflow and accretion rates onto each black hole. Specifically the primary and secondary black holes are shown in blue and red, 
respectiv ely, with shaded re gions indicating the range of inflow rates calculated onto the α accretion discs, while the solid (red and blue) lines show the accretion 
rate onto each black hole from the subgrid α accretion disc. Additionally, inflo w/outflo w rates through the cavity are shown by the green solid/dashed lines, 
respectively. In general, primary black holes experience higher inflow rates and accretion rates. Inflow rates onto secondary black holes, as well as onto black 
holes in high eccentricity binaries, exhibit more fluctuations than inflows onto primary black holes and for circular binaries. Note that scale-free units provided 
on the right-hand side of the figure should only be applied to quantities within the simulation domain, that is, inflo w/outflo w rates, and not the black hole 
accretion rates from the subgrid accretion disc model. 
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ate, Ṁ acc = f Edd M •/ητSalp , where from Fiacconi et al. ( 2018 ), the
imensionless Eddington rate is given as 

 Edd ≈ 0 . 76 
( η

0 . 1 

)(
M d 

10 4 M �

)5 (
M •

10 6 M �

)−47 / 7 

×
(

a •J d /J •
3 

)−25 / 7 

, (8) 

here η is the spin-dependant radiati ve ef ficiency and τSalp is the
alpeter time. Variations in f Edd are dominated by changes in the
isc mass, M d and angular momentum, J d , which both decrease
uring the first ∼ 120 orbits as Ṁ acc > Ṁ in and almost balance with
ach other. Ho we ver, after a brief increase in the accretion rate the
 d decreases sufficiently to result in a sharp decline in the black hole

ccretion rate. After this Ṁ acc < Ṁ in and the accretion rate stabilizes
or the remainder of the simulation. A similar although less dramatic
rocess is seen after ∼ 140 orbits in the q03e00i45mod run. 
NRAS 534, 3448–3477 (2024) 
.3.2 Spin evolution 

s well as modelling black hole mass growth, the subgrid black
ole model allows us to study the evolution of the black hole spin
nd angular momentum of the subgrid accretion disc. In particular, an
nderstanding of black hole spin alignment is important to determine
he recoil velocities of black hole merger remnants (Campanelli
t al. 2007 ; Gonz ́alez et al. 2007 ; Lousto & Zlochower 2011 , 2013 ;
ousto & Healy 2019 ; Sperhake et al. 2020 ). Specifically, relativistic
umerical simulations predict that very high recoil velocities, up to

5000 km s −1 , can be achieved if the black hole spins are large
nd misaligned (Lousto & Zlochower 2011 , 2013 ; Lousto & Healy
019 ). Such velocities would be able to eject black holes even from
 ery massiv e galaxies, remo v e them from the pool of future black
ole mergers and hence impact the GW background (Rajagopal &
omani 1995 ; Phinney 2001 ; Enoki et al. 2004 ; Sesana et al. 2004 ).
n the other hand, if the black hole spins are both aligned with

he binary angular momentum, much smaller recoil velocities are
xpected. Furthermore, black hole spin magnitude and orientation is
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Figure 12. Time sequence of gas surface density maps focusing on the cavity region for one representative orbit of an initially circular (q10e00i00, top row) 
and eccentric (q10e05i00, bottom row) binary. The sequences show more erratic dynamics in the eccentric case, with triggering, development and destruction 
of gas streams reaching the secondary black hole first and then partially feeding the mini-disc surrounding the primary black hole. 
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undamental if we want to study black hole-driven jet (and associated 
ind) feedback (see e.g. Tchekhovsk o y et al. 2011 ; Yuan & Narayan
014 ; Liska et al. 2018 ; Talbot et al. 2021 , 2022 ). 
Gerosa et al. ( 2015 ) developed an analytic model of black hole

inary evolution in a CBD assuming the system is coplanar. Based
n this model, the time-scale on which the spin of each black hole
ould align with its accretion disc’s angular momentum is given as 

align = 3 . 4 
τSalp 

f CBD 

αAD 

F ( q) 

(
1 

α2 

H 

R 

)2 / 3 

×
{

a 
2 / 3 
•, 1 

(
1 + q β−1 

)
/ 
(
q β−1 + q β

)
[Primary] 

a 
2 / 3 
•, 2 

(
q + q β

)
/ ( 1 + q ) [Secondary] , 

(9) 

here f CBD = Ṁ CBD τSalp /M bin is the dimensionless Eddington rate 
f material feeding the cavity from the CBD, αAD = 0 . 1 is the
ssumed α−viscocity of the accretion disc, α2 is the vertical 
−viscosity parameter given as (Pringle 1992 ; Ogilvie 1999 ) 

2 = 

1 

α

2 
(
1 + 7 α2 

)
4 + α2 

, (10) 

 /R is the accretion disc aspect ratio, which for this analysis
e set to 0.01, and F ( q) is the fraction of material flowing into

he cavity that is accreted by the binary components and takes 
he form F ( q) = 0 . 8054 + 0 . 984 log ( q) + 0 . 3818 log 2 ( q), where the
umerical coefficients were found by Gerosa et al. ( 2015 ) as best
ts to the simulation results of D’Orazio et al. ( 2013 ). Finally, β
etermines how material accreted by the binary is distributed between 
he primary and secondary black holes such that f Edd , 2 /f Edd , 1 = q −β ,
hereby values of β > 1 imply preferential accretion onto the 

econdary black hole. Gerosa et al. ( 2015 ) compared the alignment
ime-scales to the predicted binary inspiral time due to interaction 
ith a CBD which is given by 

CBD 
in = 

3 

4 

( 1 + q ) M cbd /M bin + q 

( 1 + q ) 2 
τSalp 

f CBD 
. (11) 

he full deri v ation of this equation is given in Gerosa et al. ( 2015 ),
ut in essence is an interpolation between the analytical predictions 
or binary inspiral times in three different mass regimes, either 
 •, 2 << M cbd << M •, 1 (Lin & Papaloizou 1979 ; Artymowicz &

ubow 1994 ; Armitage & Natarajan 2002 ), M •, 2 ∼ M cbd << M •, 1 
Syer & Clarke 1995 ; Ivanov et al. 1999 ; Lodato et al. 2009 ;
aruteau & Masset 2013 ), and M •, 2 � M •, 1 (Rafikov 2013 ). 
Applying the Gerosa et al. ( 2015 ) model to our setup parameters,

n Fig. 13 , we plot the predicted spin-alignment time-scales as a
unction of binary mass ratio, q, for the primary and secondary
lack hole in the blue and red shaded re gions, respectiv ely, while the
reen dotted line shows the predicted inspiral time. The alignment 
ime-scales are represented by shaded regions to illustrate the ∼ 2 . 5
ncertainty in warp propagation theory. Similarly to Fig. 11 , we
ho w physical v alues applicable to our fiducial setup on the left-hand
xis, and scale-free values on the right-hand axis. The latter can be
reely used for the inspiral time-scales, but only approximately apply 
o the alignment time-scales under certain simplifying assumptions, 
hich are discussed later in this section. The top panel shows the

esults of the analytic modelling assuming preferential accretion onto 
he secondary black hole, that is, β = 2, as originally assumed by
erosa et al. ( 2015 ). This model leads to inhibited accretion onto the
rimary for low q binaries and results in spin-alignment time-scales 
or the primary black hole that exceed the inspiral time and hence
pin alignment is not expected for these systems. This issue can be
lleviated if a larger fraction of material feeding the binary ends up
ccreting on to the primary black hole. To illustrate this in the bottom
anel we set β = 1, implying equal accretion rates onto each black
ole. In this case, alignment time-scales reduce for the primary and
ncrease for the secondary black hole, with all times being less than
he inspiral time down to q = 1 / 10. 

We stress that behaviour discussed in the abo v e paragraph arises
rom the analytic modelling of Gerosa et al. ( 2015 ). We additionally
lot alignment times taken directly from our subgrid accretion disc 
odel to illustrate expected behaviour from our simulated systems. 
he accretion disc model of Fiacconi et al. ( 2018 ) assumes that spin
lignment occurs on a time-scale of 

align ≈ 0 . 17 

cos ( π/ 7 ) 

(
M •

10 6 M �

)−2 / 35 (
f Edd 

η0 . 1 

)−32 / 35 

a 5 / 7 • Myr . (12) 

sing this definition, median-alignment time-scales for primary and 
econdary black holes are shown by the blue circles and red squares,
especti vely, while dif ferent line styles indicate different binary 
ccentricities and inclination angles, as shown on the legend. Vertical 
ars on each point illustrate the 5th–95th percentile range. We only
nclude snapshots after the first 100 orbits to limit any possible
MNRAS 534, 3448–3477 (2024) 
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Figure 13. Spin alignment and binary inspiral time-scales extracted from 

the simulations and based on the analytical model of Gerosa et al. ( 2015 ). 
Analytic predictions are illustrated by the shaded blue and red regions, which 
show spin-alignment time-scales as a function of binary mass ratio for the 
primary and secondary black holes, respectively, and the dotted green line, 
which shows the binary inspiral time. Simulated black hole alignment time- 
scales (with associated scatter) are shown by the blue and red points for the 
primary and secondary black holes, respectively, with different runs indicated 
by the lines styles. The range of binary inspiral times found in the simulations 
are shown by the green hatched region. The top and bottom panels differ by 
the assumed accretion rate ratio between the primary and secondary black 
holes, f Edd , 2 /f Edd , 1 = q −β , with β = 2 . 0 and 1.0, respectively. In general, 
we find that black hole spins align with their accretion discs on time-scales 
of � the binary inspiral time and in the majority of cases much more quickly. 
The lack of preferential accretion onto secondary black holes means that spin 
alignment can also efficiently occur for the primary black hole in low-mass 
ratio systems. Note that the scale-free units provided on the right-hand side 
of the figure are exact for the binary inspiral time and at best provide only an 
approximate guide for spin-alignment time-scales (see the main text for the 
necessary assumptions). 
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nfluence from the initial subgrid parameter choices. The evolution
f τalign given by equation ( 12 ) as well as the black hole spin–black
ole spin, τ bh 

bh , and black hole spin–binary angular momentum, τ bin 
bh ,

lignment time-scales measured directly from the simulations are
hown in Fig. A1 . We note here that in the case of initially coplanar
inaries both the analytic time-scale and the time-scales measured
rom the simulations generally match very well. Ho we ver, in initially
isaligned systems, non-negligible differences can occur between

hese different alignment time-scale estimates, which we discuss
urther below and in more detail in Appendix A . Finally, the green
atched regions indicates the range of inspiral times calculated from
NRAS 534, 3448–3477 (2024) 
he simulation data o v er the same time period. The upper bound of the
reen hatched region follows the analytical expectation for inspiral
imes from equation ( 11 ), but in general, the simulations exhibit
aster rates of binary shrinking notwithstanding that our CBD is in a
uasi-steady state. 
Several interesting features are clear from our simulations, first,

hile the alignment time-scales for secondary black holes are close to
he region predicted by the analytical model, the majority of primary
lack holes also have alignment time-scales in this region and do
ot follow the blue track predicated by Gerosa et al. ( 2015 ). This
ehaviour largely stems from differences in the black hole accretion
ates in our simulated binaries and those assumed by Gerosa et al.
 2015 ), with the fact that our simulations do not exhibit preferential
ccretion onto the secondary black hole playing a key factor. We
nd that β is al w ays less than one and often close to zero, and
 larger fraction of material entering the cavity accretes onto the
rimary black hole (and onto the binary in general) in low q systems.
hese conditions result in more efficient spin alignment for primary
lack holes even at low q values. The only outliers from this general
ehaviour occur for the retrograde binaries, which, apart from the
 = 1 / 10 primary black hole, experience much less accretion than
n other binary setups. As such these points are almost entirely
etermined by the initial parameters of the subgrid accretion disc and
heir points could be seen as something of an upper bound. Had these
lack holes experienced similar levels of accretion as that observed in
he other binaries then they would show much shorter alignment time-
cales. Barring these outliers, spin alignment occurs on time-scales
horter than the inspiral time-scale, often at rates � 0 . 2 × τin , mean-
ng that for the parameter space studied here, and for our assumed
ccretion disc model (see Section 4.5 for a discussion of caveats)
e would expect spins to be aligned by the time black holes reach
erger. 
In this work, we have assumed that the binary lives in an

nvironment where hardening due to stellar interactions can be
eglected. Ho we ver, if the binary were to reside in a massive
tellar bulge or central nuclear star cluster, stellar scattering may
rovide an additional channel to shrink the binary (Quinlan 1996 ;
ilosavljevi ́c & Merritt 2001 , 2003 ; Berczik et al. 2006 ; Sesana et al.

006 ; Rantala et al. 2017 ). Combining results from Milosavljevi ́c &
erritt ( 2003 ) with the M − σ relation of Ferrarese et al. ( 2006 ) and
uadra et al. ( 2009 ) provide an approximate estimate for the time-

cale of binary shrinking due to stellar interactions as a function
f binary mass and separation. It suggests that for our binary mass
 M bin = 2 × 10 6 M �), on ∼ parsec scales stellar scattering could be
ore ef fecti ve than a CBD at shrinking the binary, and would proceed

n time-scales shorter than spin alignment. Ho we ver, this should be
een as an approximate guide, given the dependence on the chosen
 − σ relation and more generally on the exact stellar properties

f the system. In any case, for sub-parsec separations as well as
cenarios in which the binary does not reside in a stellar bulge or
uclear star cluster we expect that the CBD would dominate binary
hrinking. In addition, given that τalign used in our subgrid model
s approximately inversely proportional to f Edd and only weakly
epends on M • (see equation 12 ), one might expect the ratio of
align /τ

CBD 
in to be roughly constant upon rescaling of the system,

hat is, for spin alignment to al w ays occur on time-scales shorter
han binary shrinking due to the CBD. Ho we ver, this behaviour
hould be seen as a qualitative guide and only approximately applies
nder the assumption that the mass flow rate through the subgrid
ccretion disc follows the mass inflow rate from larger scales. As
vident from equation ( 8 ), f Edd depends on a range of factors that
ay change upon rescaling the large-scale simulation properties, not
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ithstanding the fact that changes in accretion rates that would arise
rom such rescaling could lead to different accretion disc structures 
hat would alter the alignment time-scales. 

In addition to the potential role of stellar scattering shrinking the 
inary, there is another caveat to the Gerosa et al. ( 2015 ) model and
nalysis we perform here – namely that for this line of argument to
ork one has to assume that the whole system is coplanar. Ho we ver,

f this is not the case, while black hole spins may align with their
ccretion flow, there is no requirement, at least initially, for the 
ccretion flows and hence the black hole spins to be aligned with
ach other. To explore this further, in Fig. 14 we show the angular
omentum evolution of different components of the system as polar 

rojections. Quantities associated with the primary and secondary 
lack holes are shown by blue and red, respectively, with spins shown
y thick lines initiated by circles and accretion disc angular momenta 
y thin lines initiated by squares. We also show the angular momenta
f accreted material, which we refer to as the mini-disc angular 
omenta, although note that in some instances a well-defined mini- 

isc may not exist and instead this is simply representative of the gas
ocal to the black hole. We only show mini-disc angular momenta 
t times when there is inflow onto the black hole as illustrated by
aded blue and pink points for the primary and secondary black hole,
espectiv ely. The points hav e transparenc y lev els that scale with the
nstantaneous inflow rate. The binary and CBD angular momenta 
re shown for misaligned binary runs by thick dashed lines initiated 
y diamonds. Each projection represents a different binary setup as 
abelled, and the total change in the angle between the black hole
pins, �θbh 

bh , is shown in the bottom left of each panel. 
First, for all in-plane binary cases, the accretion disc angular 
omenta generally remain aligned with the z−axis (i.e. at the pole), 

lbeit with some small deviation and possible precession. The black 
ole spins, which are initially not aligned with this axis, progressively
e-orientate towards the z−axis, and hence each other. Concerning 
he mini-disc angular momentum, there are a few behaviours to 
ote. In the circular binary case, the mini-disc angular momenta 
re on average aligned with the z−axis, although the distributions 
f orientations in the case of the secondary black holes become 
roader for low-mass ratios. We find that larger deviations from 

−axis alignment generally correspond to times in which inflow rates 
nto the subgrid accretion disc are weaker, which fits with a picture
n which the lower mass mini-discs around secondary black holes in 
ow q systems are more susceptible to disruption. Somewhat larger 
ariations in the mini-disc angular momenta are seen in the eccentric 
inaries, for both the primary and secondary black holes, reflecting 
he dynamics of the cavity gas and episodic nature of the mini-discs
s the binary mo v es between apo- and pericentre. In the retrograde
inaries, there are clear inflows onto the primary black holes that are
n average aligned with the z−axis, with more scatter in the q = 1 / 3
ase compared to the q = 1 / 10 case, reflecting that the latter exhibits
 long-lived coherent mini-disc. On the other hand, the q = 1 / 10
inary shows no inflows onto the secondary black hole, and while 
n the q = 1 / 3 binary there is some inflow, its angular momentum
an vary o v er a wide range of angles, with no coherent or long-lived
ini-disc or accretion flow forming. Barring the primary black hole 

n the q = 1 / 10 case, the lack of coherent long-lived inflows in the
etrograde binaries results in limited evolution of the black hole spin
rientations. 
In all of the coplanar cases, the nature of the systems means that

he assumptions used for the analysis presented in Fig. 13 are valid.
ext, we consider cases in which the binary and CBD are initially
isaligned. In these cases, we additionally show the binary and CBD

ngular momenta by the green and purple dashed lines, which evolve 
owards aligning with each other. In the q = 1 case, the mini-disc
ngular momenta also tend to reorient towards a common axis with
ittle scatter, with the accretion disc angular momentum approaching 
he same direction. The black hole spins also appear to mo v e towards
lignment, with any periods of growing misalignment between the 
lack hole spins and binary angular momentum being short and 
ccurring early in the evolution (see Fig. A1 ). This suggests that in
he q = 1 case, the analysis presented in Fig. 13 should still hold if
he system remains coplanar in the long term. 

For lower mass ratio binaries, while the binary and CBD angular
omentum mo v e towards alignment along a common axis, the mini-

isc angular momentum varies significantly (see also, Moody et al. 
019 ), even after the misalignment between the binary and CBD
as reduced significantly. This is especially evident for mini-disc 
aterial around primary black holes, and leads to the accretion disc

ngular momenta also varying; sometimes exhibiting a precession- 
ike motion. Considering the evolution of the black hole spin, we
nd that the misaligned accretion can result in deviations with 
espect to the initially coplanar systems. This is particularly evident, 
or example, for the secondary black holes in the q03e00i45 and
10e00i45 runs, as well as the primary black hole in the latter run.
his being said, the o v erall trend is for the relative angle between

he black hole spins to decrease in all binaries considered (see
θbh 

bh values on each panel of Fig. 14 , as well as its evolution in
ig. A2 ). We do, ho we ver, note that when considering the alignment
volution between black hole spin and binary angular momentum 

see Appendix A and Fig. A1 ), their relative motion leads to periods
uring which the spins become more misaligned, suggesting that, at 
east in the early stages, alignment between a black hole’s spin and
he binary can be inhibited. In the long term, if the system is able
o ef fecti vely globally align to become coplanar and subsequently
volve unperturbed, spin alignment should be expected (Miller & 

rolik 2013 ; Gerosa et al. 2015 ). We stress, ho we v er, that we hav e
tudied only a small parameter space in initial black hole spins,
BD inclination angles and eccentricities here. It is also important 

o highlight that we have not considered regimes in which disc
reaking/tearing occurs, and that the subgrid accretion disc angular 
omentum only couples to the resolvable scales via accretion and 

s not impacted by the external tidal field of the gas and companion
lack hole, which could also effect the evolution of both the accretion
isc and black hole spin (Gerosa, Rosotti & Barbieri 2020 ; Nealon
t al. 2022 ). We discuss these points further in Sections 4.3 and 4.4
nd note that we suggest that longer term simulations in a range
f more realistic environments would be critical to fully understand 
he late time evolution of the black hole spin orientation in low- q,

isaligned systems and its implications for GW emission and black 
ole recoil velocities. We additionally note that for two such systems
q10e00i45 and q03e00i45mod), the black hole spin and accretion 
isc are initially highly misaligned and in a retrograde configuration. 
he extent of any initial misalignment of the black hole spin could
e an important factor in the alignment process that requires further
xploration. 

 DI SCUSSI ON  

he simulation of binaries and their interaction with surrounding 
BDs is a rich area of research (see e.g. Lai & Mu ̃ noz 2023 , for a

ecent re vie w), ho we ver, the v ast parameter space in terms of both
he binary and CBD properties make developing a comprehensive 
nderstanding of this topic a formidable task. Many simulations of 
BDs (e.g. D’Orazio et al. 2013 ; Miranda et al. 2017 ; Moody et al.
019 ; Mu ̃ noz et al. 2019 , 2020 ; D’Orazio & Duffell 2021 ; Siwek
MNRAS 534, 3448–3477 (2024) 
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M

Figure 14. Polar projections of the evolution of the black hole spins (thick solid lines initiated by circles) and subgrid accretion disc angular momenta (thin 
solid lines initiated by squares), with quantities associated with the primary and secondary black holes are shown by blue and red, respectively. The angular 
momenta of mini-disc material is shown by the blue and pink points (around the primary and secondary black holes, respectively), with their transparency level 
scaling with the gas inflow rate onto the corresponding black hole. For misaligned runs, the binary and CBD angular momenta are additionally shown by thick 
dashed green and purple lines initiated by diamonds, respectively. The total change in the angle between the black hole spins, �θbh 

bh , is shown in the bottom left 
of each panel. In general, coplanar runs clearly tend towards alignment between black hole spins and the global angular momentum vector, ho we ver, mini-discs 
in low q misaligned systems do not align rapidly which may initially impact the global alignment in such systems. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/4/3448/7756893 by guest on 30 O
ctober 2024
NRAS 534, 3448–3477 (2024) 



Dynamics of spinning SMBH binaries 3469 

e  

a
c  

t  

g  

p  

F  

s
s
s
R  

p
e  

(  

d  

l

4

O  

t  

o  

G
g
h
G
a
d
1  

N  

w
b
K  

1  

s
f
(  

R  

e  

D  

D

t  

t  

a  

n  

s  

e  

2
t  

a  

t  

o
p

t
(  

e  

a
e
i
(  

D  

2  

p  

t  

s
a  

a

w  

s
e  

e

w  

A
p  

o
b
F  

a  

t  

a
e

 

t
i  

P
s  

e  

t
s
f  

d  

e  

N  

2  

M  

e  

(  

a
s  

2  

f  

D  

D  

t  

l  

w  

g
a

g
W
S
s  

e

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/4/3448/7756893 by guest on 30 O
ctober 2024
t al. 2023b ) mak e tw o k ey assumptions: (i) the gas can be treated
s isothermal (or locally isothermal), meaning that heating due to 
ompression or shocks is assumed to rapidly radiate away, and (ii)
he CBD self-gravity can be neglected. We instead consider the self-
ravitating regime, which has only been studied in a handful of
revious works (e.g. Cuadra et al. 2009 ; Roedig et al. 2011 , 2012 ;
ranchini et al. 2021 ), and similarly employ an adiabatic equation of
tate with β-cooling such that the CBD remains marginally Toomre 
table. The CBD, which is prevented from fragmenting, forms spiral 
tructures that act to transport angular momentum (e.g. Lodato & 

ice 2004 , 2005 ; Franchini et al. 2021 ). We have performed a
arameter study with respect to the binary mass ratio, q, eccentricity, 
 and inclination angle, i, while fixing the initial total binary mass
 M bin = 2 × 10 6 M �) and properties of the CBD. In this section, we
iscuss our results further and put them into the context of the wider
iterature. 

.1 Evolution of prograde binaries 

ne of the key questions to address is how the interaction between
he binary and CBD alters the separation of the binary and whether
r not CBDs can drive binaries from pc to mpc scales on which
W emission can bring the binary to coalescence. Specifically, both 
ravitational torques (Section 3.2.2 ) and accretion onto the black 
oles (Section 3.3.1 ) can modify the binary angular momentum. 
ravitational torquing by a CBD has traditionally been invoked 

s a mechanism to extract angular momentum from a binary and 
rive it towards merger (e.g. Pringle 1991 ; Artymowicz & Lubow 

994 , 1996 ; Ivanov et al. 1999 ; Gould & Rix 2000 ; Armitage &
atarajan 2002 , 2005 ; Lodato et al. 2009 ). In particular, OLRs
ithin prograde CBDs provide a mechanism through which the 
inary and CBD can exchange angular momentum (Lynden-Bell & 

alnajs 1972 ; Goldreich & Tremaine 1979 , 1980 ; Lin & Papaloizou
986 ). Ho we v er, as we hav e shown, gas within the cavity, including
treams and mini-discs, also torque the binary and provide material 
or accretion, which offers additional channels for binary evolution 
see also, MacFadyen & Milosavljevi ́c 2008 ; Cuadra et al. 2009 ;
oedig et al. 2011 , 2012 ; Shi et al. 2012 ; D’Orazio et al. 2013 ; Farris
t al. 2014 ; Miranda et al. 2017 ; Mu ̃ noz et al. 2019 ; Tiede et al. 2020 ;
ittmann & Ryan 2022 ; Franchini et al. 2022 ; Siwek et al. 2023b ;
ittmann & Ryan 2024 , for previous examples of such processes). 
Roedig et al. ( 2012 ) utilized high-resolution simulations to analyse 

he gravitational torques acting on the binary. Similar to our results,
hey found that gas within the cavity makes a telling contribution; gas
t R < a provides a net positive torque and gas at larger radii provides
et ne gativ e torques. Similar results hav e also been found in multiple
imulations that resolve mini-discs (e.g. Tang et al. 2017 ; Mu ̃ noz
t al. 2019 ; Tiede et al. 2020 ; Franchini et al. 2022 ; Siwek et al.
023b ). Roedig et al. ( 2012 ) attribute positive torque within R < a 

o super-Keplerian inflows that bend in front of the black holes, while
t R > a, there is a combination of torques facilitated by OLRs in
he CBD and torques within the cavity that are purely kinematic in
rigin. This picture is consistent with the torques identified in our 
rograde binary systems, for example in Figs 5 and 6 . 
Accretion onto the binary can additionally provide ef fecti ve 

orquing due to both changing the black hole masses and velocities 
e.g. Roedig et al. 2012 ; Shi et al. 2012 ; Mu ̃ noz et al. 2019 ; Tiede
t al. 2020 ; Franchini et al. 2021 , 2022 ; Siwek et al. 2023b ). The
nisotropic component of the accretion torque (arising from differ- 
nces in velocity between the black hole and accreting material), 
s generally found to be small compared to the gravitational torque 
Tang et al. 2017 ; Duffell et al. 2020 ; Tiede et al. 2020 ; D’Orazio &
uffell 2021 ), although not necessarily negligible (Mu ̃ noz et al.
019 ; Siwek et al. 2023b ). Accretion torques presented in this
aper refer to the total change in binary angular momentum due
o accretion, which is al w ays positive and in the majority of cases
ubdominant compared to the gravitational torques given the low 

ccretion rates. The o v erall evolution of the semimajor axis is given
s (Roedig et al. 2012 ) 

ȧ 

a 
= 

2 τbin 

J bin 
+ 

2 e 

1 − e 2 ̇
e − Ṁ bin 

M bin 
− 2 ̇μ

μ
, (13) 

hich is found by differentiating equation ( 4 ), re-arranging and
etting J̇ bin = τbin . Neglecting the eccentricity term and re-arranging 
quation ( 13 ), we can define the maximum torque under which an
qual mass, circular binary shrinks, 

τbin < 

3 

8 
Ṁ bin 

√ 

GM bin a , 

� 1 . 12 ×
(

Ṁ bin 

2 × 10 −4 M �yr −1 

)
10 −6 GM 

2 
bin a 

−1 , (14) 

here we use M 1 = M 2 = M bin / 2 and assume Ṁ 1 = Ṁ 2 = Ṁ bin / 2.
s such, binaries experiencing a positive torque can still shrink 
rovided Ṁ bin is sufficiently large (see e.g. Roedig et al. 2012 ). From
ur post-processed direct summation torque estimates, the q01e00i45 
inary should experience a positive torque (see Section 3.2.2 and 
ig. 7 ), that would increase J bin . Ho we ver, gi ven the binary’s average
ccretion rate of ∼ 2 × 10 −4 M �yr −1 , equation ( 14 ) suggests that
he limiting torque is roughly an order of magnitude greater than the
verage torque experienced by the q01e00i45 binary. Therefore, we 
xpect this binary to shrink. 

In all bar one case (the q01e00i45 binary), we expect the average
otal torque (i.e. gravitational plus accretion) experienced by binaries 
n our simulations to be ne gativ e, and that every binary should shrink.
revious works simulating high-mass, self-gravitating CBDs have 
imilarly found binary shrinking (e.g. Cuadra et al. 2009 ; Roedig
t al. 2012 ; Roedig & Sesana 2014 ; Franchini et al. 2021 ). Ho we ver,
his behaviour is not universal. Recent works, which typically neglect 
elf-gravity and assume a (locally-)isothermal equation of state, have 
ound that net torques acting on a binary are suf ficiently positi ve to
riv e e xpansion (e.g. Miranda et al. 2017 ; Tang et al. 2017 ; Moody
t al. 2019 ; Mu ̃ noz et al. 2019 , 2020 ; Duffell et al. 2020 ; Heath &
ixon 2020 ; Tiede et al. 2020 ; D’Orazio & Duffell 2021 ; Wang et al.
023 ; Siwek et al. 2023b ). As highlighted in the re vie w of Lai &
u ̃ noz ( 2023 ), circular binaries abo v e a mass ratio of q ∼ 0 . 1 − 0 . 3

xpand, while for mass ratios below q ∼ 0 . 05 − 0 . 1 they shrink
e.g. Duffell et al. 2020 ; Mu ̃ noz et al. 2020 ; Siwek et al. 2023b ),
lthough recent parameter studies suggest that such behaviours are 
ensitive to both the disc thickness and viscosity (Dittmann & Ryan
022 , 2024 ). Eccentric binaries have also been observed to expand
or particular combinations of e and q (e.g. Mu ̃ noz et al. 2019 ;
’Orazio & Duffell 2021 ; Siwek et al. 2023b ), although D’Orazio &
uffell ( 2021 ) note that initially eccentric binaries ( e � 0 . 1) tend

owards an equilibrium eccentricity ( e � 0 . 4) where the binaries are
ikely to shrink. Clearly, to elucidate this issue in future works it
ill be of crucial importance to explore both the roles of gas self-
ravity and realistic thermodynamic modelling both within CBDs 
nd critically the mini-discs. 

Simulations of massive CBDs have traditionally employed La- 
rangian simulations leading to restricted resolution in the cavity. 
e address this issue using a super-Lagrangian refinement scheme. 

imilarly, Franchini et al. ( 2022 ) compared traditional ‘Lagrangian’ 
imulations of a massive ( M cbd /M bin = 0 . 1) CBD to simulations
mploying ‘hyper-Lagrangian’ refinement. They find that while 
MNRAS 534, 3448–3477 (2024) 



3470 M. A. Bourne et al. 

M

p  

t  

m  

(  

f  

i  

f  

s  

fi  

R  

v  

b  

o  

e  

a  

w  

t
 

h  

e  

t  

d  

o  

t  

w  

l  

t  

t  

m
(  

f  

d  

t  

h  

o  

w  

d  

2  

t  

e

4

W  

r  

B  

a  

2  

a  

2  

a  

t  

o  

a  

t  

n  

p  

e  

m  

g  

a  

fi  

t  

W  

s  

r
 

d  

t  

t  

p  

i  

v  

s  

w  

s  

g  

v  

(  

v  

a  

o  

s  

A  

p  

a  

m  

g
 

t  

t  

w  

R  

b  

i  

2  

o  

t  

e  

3  

b  

(  

d
(  

t  

w  

w  

F  

D  

L  

L  

b  

w  

I  

g  

g  

b  

t  

t  

a  

c  

e

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/4/3448/7756893 by guest on 30 O
ctober 2024
ositive torques from gas at R � a can lead to mild binary expansion,
his is sensitive to choices of disc temperature and thickness. Like
any other simulations that find binary expansion, Franchini et al.

 2022 ) assumed an isothermal equation of state and did not account
or self-gravity. Varying the level of β−cooling, from β = 0 (locally
sothermal) to β = 4, Wang et al. ( 2023 ) found binary expansion
or the majority of values e xplored e xcept for 0 . 7 � β � 0 . 9. The
imulations presented in our work, as well as others that regularly
nd binary shrinking (e.g. Cuadra et al. 2009 ; Roedig et al. 2012 ;
oedig & Sesana 2014 ; Franchini et al. 2021 ) instead employ higher
alues of β � 10. More massive CBDs, such as those considered
y these simulations, potentially drive more rapid initial shrinking
f the binary due to stronger gravitational interactions (Franchini
t al. 2021 ). We also note that Roedig et al. ( 2012 ) found that using
n isothermal equation of state in the cavity leads to significantly
eaker gravitational torques compared to the adiabatic case, leading

o slower evolution of the binary semimajor axis. 
The viscous torque, which is proportional to α ( H /R ) 2 , determines

ow rapidly material is transported to OLR locations, with the
xpectation that thicker and more viscous discs promote resonant
orquing and hence more ef fecti ve shrinking of the binary (see e.g.
iscussions in Heath & Nixon 2020 ; Franchini et al. 2021 ). Despite
ur simulations having low intrinsic viscosity and equilibrium
hickness ( H /R ∼ 0 . 05), we find that binaries shrink. Other recent
orks have found that thicker discs and/or higher viscosities may

ead to binary e xpansion. F or e xample, Heath & Nixon ( 2020 ) found
hat for isothermal CBDs, with fixed α−viscosity, thick discs led
o binary expansion due to accretion of high angular momentum
aterial (see also, Franchini et al. 2022 ). While by varying H /R 

or Mach number) at fixed kinematic viscosity, ν, Tiede et al. ( 2020 )
ound expansion of binaries in thick discs and shrinking in thin
iscs driven by gravitational torques, Dittmann & Ryan ( 2022 ) found
hat binary expansion is insensitive to the value of ν in thick discs;
o we ver, in thin discs binaries continue to expand for high values
f ν, but shrink ever more rapidly for decreasing values of ν. Other
orks have instead varied α for a fixed H /R, finding only negligible
ifferences in the accretion rate normalized torques (Duffell et al.
020 ; Mu ̃ noz et al. 2020 ), although Franchini et al. ( 2022 ) found
hat the level of viscosity determined whether or not their binary
ntered a phase of expansion. 

.2 Retrograde and misaligned binaries 

hile many simulations model coplanar prograde systems, the initial
elative alignment between a CBD and binary could be arbitrary.
lack hole growth via randomly orientated accretion events, such
s chaotic accretion via many small clouds (King & Pringle 2006 ,
007 ), means that the binary may interact with many misaligned
ccretion events and CBDs before eventually merging (Nixon et al.
013 ). For misaligned binaries ( i = 45 ◦), we find, as expected from
nalytical theory (Nixon et al. 2011b ), that the binary and CBD
orque each other and eventually align via the outward propagation
f a warp (see Fig. 8 ). The radial gravitational torque profiles (Fig. 10 )
re qualitatively similar to those of in-plane counterparts, although
he q = 1 and 1 / 3 misaligned binaries experience overall weaker
e gativ e gravitational torques, which is a consequence of stronger
ositive net torques from gas at R < a (see Table 2 ), and in general
 xperience stronger positiv e accretion torques. Simulations of a
isaligned q = 1 binary by Moody et al. ( 2019 ) exhibit similar

eneral behaviours to ours in terms of the warping and binary–CBD
lignment, although for both misaligned and in-plane systems they
NRAS 534, 3448–3477 (2024) 
nd binary separation growth. Similar to our work, they also find
hat the mini-disc orientations are variable in misaligned systems.

e discuss the implications of such variability in the context of our
imulations on spin alignment, recoil velocities, and GW detection
ates in Sections 3.3.2 and 4.4 . 

While in our simulations, and those of Moody et al. ( 2019 ), the
isc warps, under certain conditions the disc may instead break or
ear (Nixon et al. 2013 ; Aly et al. 2015 ). Nixon et al. ( 2013 ) found
hat discs can break at a wide range of inclination angles. They
rovide analytical limits for the radius within which disc breaking
s expected for both viscous and inviscid CBDs. Based on their
iscous limit we might naively expect to see disc breaking in our
imulations. Ho we ver, there are se veral dif ferences between our
ork and that of Nixon et al. ( 2013 ), such as the gas equation of

tate (isothermal vs adiabatic with β−cooling), the inclusion of self-
ravity that induces stabilizing spiral arms, and the treatment of
iscosity. The inviscid regime whereby the warp propagates as a wave
Papaloizou & Pringle 1983 ), and may be more applicable to our low
iscosity simulations, suggests a breaking radius within the cavity
nd hence we would not expect disc breaking. While all CBDs in
ur simulations end up aligning with the binary, Nixon et al. ( 2011b )
how that counter-alignment is also possible if cos i < −J cbd / 2 J bin .
ly et al. ( 2015 ) further found that alignment to stable polar orbits is
ossible around highly eccentric binaries. Both Nixon et al. ( 2013 )
nd Aly et al. ( 2015 ) find that disc tearing can lead to angular
omentum cancellation and accretion of low angular momentum

as by the binary that could aid binary shrinking. 
Dunhill et al. ( 2014 ) studied the formation of CBDs from infalling

urbulent gas clouds on both prograde and retrograde orbits, finding
hat misaligned discs can align or counter-align with the binary,
ith the retrograde CBDs driving more significant binary evolution.
etrograde CBDs, therefore, pro vide a promising av enue to driv e
inaries towards coalescence. Resonant torques, facilitated by OLRs
n prograde CBDs, do not occur in retrograde systems (Nixon et al.
011a ). Therefore, while prograde CBDs are expected to move
utwards, retrograde CBDs are not, with gas more readily filling
he cavities (e.g. Nixon et al. 2011a ; Roedig & Sesana 2014 ; Bankert
t al. 2015 ). This behaviour is seen in our simulations (e.g. in Figs 2 ,
 , and 5 ), and while shrinking of a appears to slow for prograde
inaries, it continues to decrease quite rapidly for retrograde cases
see Fig. 4 ). We find that the evolution of retrograde binaries is
ominated by gravitational torques originating from gas at R < a 

see Table 2 ), which, unlike the prograde case, provide net negative
orques with respect to the binary angular momentum. Similar results
ere found by Tiede & D’Orazio ( 2024 ), who additionally found that
hile initially, circular binaries remain circular (as we also find, see
ig. 4 ), eccentric binaries become ever more eccentric. Tiede &
’Orazio ( 2024 ) additionally find that for e � 0 . 55, retrograde
indblad resonances can be driven in the CBD (see also, Nixon &
ubo w 2015 ). An alternati ve mechanism to shrinking retrograde
inaries via gravitational torques was shown by Nixon et al. ( 2011a )
ho instead find that accretion can drive binaries to coalescence.

f accretion is efficient at apocentre but not pericentre, eccentricity
rowth can occur even for an initially circular binary. Negligible
rowth of the secondary black holes in our simulated retrograde
inaries is likely due to a combination of differences in the gas
hermodynamic modelling, the lack of a robust mini-disc around
hese black holes, and the requirement for net inflow in order to
ccrete gas. With respect to the latter, a less restrictive accretion
riteria may lead to eccentricity growth similar to that seen in Nixon
t al. ( 2011a ). 
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.3 Evolution of black hole properties 

he varied population of supermassive black holes that reside in 
he centres of galaxies (Ferrarese & Merritt 2000 ; H ̈aring & Rix
004 ; G ̈ultekin et al. 2009 ; Kormendy & Ho 2013 ; McConnell & Ma
013 ; Sahu et al. 2019 ), including dwarfs (Reines, Greene & Geha
013 ; Mezcua et al. 2016 ; Kaviraj, Martin & Silk 2019 ; Birchall,
atson & Aird 2020 ; Reines et al. 2020 ), gain their mass through

 combination of accretion and merger events over cosmic time. 
umerous simulations have been performed to study accretion onto 
inaries (e.g. MacFadyen & Milosavljevi ́c 2008 ; Shi et al. 2012 ;
’Orazio et al. 2013 ; Farris et al. 2014 ; Miranda et al. 2017 ; Duffell

t al. 2020 ; Mu ̃ noz et al. 2020 ; Wang et al. 2023 ; Siwek et al. 2023a ).
s highlighted by Roedig et al. ( 2012 ), simulations that excise the
inary region commonly assume a limiting case whereby all material 
nflowing at R = a is accreted, howev er, the y find a reduction in the
ccretion rate of ∼ 25 per cent as material is stirred and slingshotted 
ack towards the CBD. While total black hole accretion rates in 
ur simulations are roughly equal to the mass flow through the 
avity, man y e xceed it slightly, which is likely a result of the second
elaxation phase we employ, during which accretion is prohibited 
nd the well-defined mini-discs form. 

We show inflow rates onto black holes in Fig. 11 and similarly
o previous works we find that they vary on time-scales of ∼ t bin 

e.g. MacFadyen & Milosavljevi ́c 2008 ; Cuadra et al. 2009 ; Roedig
t al. 2012 ; Mu ̃ noz & Lai 2016 ; Lai & Mu ̃ noz 2023 ; Wang et al.
023 ). While these fluctuations, driven by the binary orbit and 
nduced accretion streams, are common among simulations, some 
dditionally show long-term variability on a time-scale of ∼ 5 t bin 

ssociated with the formation of a lump at the inner edge of the CBD
MacFadyen & Milosavljevi ́c 2008 ; Shi et al. 2012 ; D’Orazio et al.
013 ; Mu ̃ noz & Lai 2016 ; Miranda et al. 2017 ; Lai & Mu ̃ noz 2023 ;
ang et al. 2023 ), although this is only expected when gas can cool

apidly Wang et al. ( 2023 ). 
Many simulations find that accretion occurs preferentially onto 

he secondary black hole and drives the binary mass ratio towards 
nity (e.g. Roedig et al. 2012 ; Farris et al. 2014 ; Duffell et al. 2020 ;
u ̃ noz et al. 2020 ; Dittmann & Ryan 2021 ; Siwek et al. 2023a ). In

ur simulations we do not observe this behaviour, instead finding that 
ccretion occurs preferentially onto the primary black hole, which 
as important implications for spin alignment and GW emission. A 

ey difference in our work is that we employ an inflow-regulated 
ccretion model (described in Section 2.4 ), while the vast majority 
f other simulations employ some form of sink particle prescription, 
hereby gas residing within a fixed sink radius is removed from

he simulation domain and added to the black hole. This change 
n approach may affect the accretion rate onto both black holes, 
o we v er, we e xpect the impact of this difference to be small given that
ur model will still remain dependent on the amount of mass in the
icinity of each black hole. Hence, the thermodynamic and viscous 
odelling of the gas likely plays the critical role in understanding the

ccretion process. Our chosen cooling prescription means that heat 
enerated via compression or shocks is not immediately radiated 
way. This is particularly evident at the outer edge of the cavity
here the disc material puffs up (see Fig. 3 ). Interestingly, several
revious studies of hot/thick discs have found preferential accretion 
nto the primary instead of the secondary (Ochi et al. 2005 ; Hanawa
t al. 2010 ; Young et al. 2015 ), with Young et al. ( 2015 ) specifically
howing that the amount of gas moving from the secondary to primary 
oche lobe is dependent on gas temperature, with more gas reaching 

he primary in hotter systems. Additionally, Roedig et al. ( 2012 )
howed an adiabatic equation of state results in less well-defined 
w

ini-discs and streams compared to the isothermal case. They further 
ound that while the accretion rate onto the secondary black hole is
ndependent of the sink radius for an isothermal gas, it scales with
he sink radius in the adiabatic case, suggesting that for small enough
ink radii, preferential accretion may be reversed. As well as the gas
hermodynamics, the viscosity likely also plays an important role. 
ittmann & Ryan ( 2024 ) recently showed that whether a constant
inematic viscosity or an α-viscosity is used affects the level of
referential accretion on to the secondary, while Duffell et al. ( 2020 )
ound that the ratio of Ṁ 2 / Ṁ 1 tends towards unity at low viscosity.

hile we reserve a detailed study to future work, in comparing these
revious findings with the characteristics of our simulations, we 
onclude that the lack of preferential accretion on the secondary is
riven by a combination of slow cooling, and hence ‘hot’ discs/cavity, 
he low intrinsic viscosity in our simulations, and to some extent the
pecific mass accretion prescription we have adopted. An important 
pen question that future studies need to address is the likely range
f visco-thermo-dynamical states of mini-discs representative of the 
ntire population of black hole binaries. 

If accretion occurs preferentially onto the secondary black hole, 
t would lead to parsec-separation binary AGN being primarily 
owered by the secondary. A potential piece of evidence countering 
his situation comes from observations of large-scale radio jets that 
xhibit precession on time-scales consistent with geodetic precession 
riven by a low-mass binary companion (Krause et al. 2019 ). Given
he powerful nature of these sources, it would seem likely that the
et originates from accretion onto the primary black hole, which 
entatively disfa v ours preferential secondary accretion. Ho we ver, 
urther observations, for example with LOFAR (Low-Frequency 
rray), SKAO (Square Kilometer Array Observatory), or precursor 

acilities, as well future GW detections with LISA are needed to
efinitiv ely solv e this open question. 
Finally, LISA will allow us to build our understanding of the black

ole populations spins (Amaro-Seoane et al. 2017 , 2023 ), as such
t is important to understand how black hole spins evolve during
BD phases of their evolution. The subgrid accretion disc model 
f Fiacconi et al. ( 2018 ) allows us to self-consistently evolve the
lack hole spin. Several similar models have been developed for use
n galaxy formation simulations (e.g. Dubois et al. 2014 ; Fiacconi
t al. 2018 ; Bustamante & Springel 2019 ; Cenci et al. 2021 ; Sala
t al. 2021 ; Hu ̌sko et al. 2022b ; Massonneau et al. 2023 ), and have
een used to determine feedback properties (e.g. Dubois et al. 2014 ;
eckmann et al. 2019 ; Talbot et al. 2021 , 2022 , 2024 ; Beckmann
t al. 2022 ; Hu ̌sko et al. 2022b ; Bollati et al. 2023a , b ). Simulations of
inary evolution in large ( ∼ 100 pc) circumnuclear discs have tracked 
pin evolution using similar subgrid models to ours (Bollati et al.
023b ). Ho we ver, while pre vious simulations of CBDs have tracked
he instantaneous rotational angular momentum of the accretor (e.g. 

u ̃ noz et al. 2019 , 2020 ; Dittmann & Ryan 2021 ), to the best of our
nowledge ours is the first work to simulate parsec scale binaries and
BDs in order to self-consistently evolve subgrid accretion discs and 

ncorporate physical spin-alignment time-scales. This allows us to 
ot only evolve the spin magnitude but also its alignment. In general,
he spins of black holes in systems in which the binary and CBD
re coplanar gradually align with the global angular momentum. 
he picture is less clear cut, at least during early evolution, in
ystems where the binary and CBD are initially misaligned because 
he mini-disc angular momentum can be highly variable (see also, 

oody et al. 2019 ). This can inhibit black hole spins from aligning
ith the binary angular momentum o v er long time-scales, with

everal of our simulations undergoing non-negligible periods during 
hich the black hole spin and binary angular momentum become 
MNRAS 534, 3448–3477 (2024) 
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urther misaligned (see Fig. A1 ). This being said, despite some
arly de viations, the relati ve angle between black hole spins does
educe during the course of the simulations, with �θbh 

bh differing with
espect to the coplanar cases by roughly ±30 per cent . As such, if
he system evolves unperturbed o v er a sufficiently long time-scale
uch that the mini-discs are able to align with the global angular
omentum of the system, then spin alignment should be expected

Miller & Krolik 2013 ; Gerosa et al. 2015 ). Ho we ver, as noted
reviously, the study we present here co v ers a restricted range of
nitial spin, binary and CBD orientations/properties, and the subgrid
ccretion disc model does not capture all external processes driving
he angular momentum evolution of the accretion disc, in particular
he effect of the external tidal field of the gas and companion black
ole, which could directly impact spin alignment (see e.g. Gerosa
t al. 2020 ). Additionally, very few simulation works have studied
nitially misaligned systems and it would be pertinent to explore the
ong-term spin evolution in systems co v ering a wide range of initial
nclination angles and CBD properties in future works, including
n the regimes where tearing/breaking of the CBD (Nixon et al.
013 ; Aly et al. 2015 ) and/or accretion discs (Nixon et al. 2011b ,
012 ; Gerosa et al. 2020 ; Nealon et al. 2022 ) occurs, and for cases
f polar alignment of the CBD about the binary (Aly et al. 2015 ).
urther the scenario in which the secondary black hole is embedded
ithin the CBD could provide interesting insights into spin evolution,
ith recent studies of stellar mass black holes embedded in AGN

ccretion discs finding that turbulence can result in stochastic
ccretion and spin evolution (Chen & Lin 2023 ). As we discuss
ext, spin alignment has important implications for merger remnants
nd GW detection, as well as feedback physics (e.g. efficiency and
irection). 

.4 Implications for black hole mergers and gravitational wave 
etection 

nce at parsec scales, the evolution of the binary depends upon the
nvironmental properties (Amaro-Seoane et al. 2023 ). In sufficiently
as-rich environments a CBD may form and ef fecti vely torque the
inary. As discussed abo v e, simulations hav e found that interactions
etween the binary and CBD can lead to either expansion or shrinking
f the binary (Cuadra et al. 2009 ; Roedig et al. 2012 ; Roedig &
esana 2014 ; Miranda et al. 2017 ; Tang et al. 2017 ; Moody et al.
019 ; Mu ̃ noz et al. 2019 , 2020 ; Duffell et al. 2020 ; Heath & Nixon
020 ; Tiede et al. 2020 ; D’Orazio & Duffell 2021 ; Franchini et al.
021 , 2022 ; Wang et al. 2023 ; Siwek et al. 2023b ), which makes
t non-trivial to determine the rate of GW detections. Based on our
imulations we expect massive, self-gravitating CBDs to provide
 plausible channel through which a binary can shrink. Ho we ver,
t is worth highlighting that the CBDs in reality may be more
ynamic with significant scope to impro v e modelling of the gas
hermodynamics and include the effects of star formation as well as
tellar and black hole feedback. Additionally, to reach merger it will
ikely require numerous individual accretion events and we find that
etrograde events are likely more ef fecti ve than prograde e vents at
hrinking a binary (see also, Nixon et al. 2011a ; Dunhill et al. 2014 ;
iede & D’Orazio 2024 ). 
As discussed in Section 4.3 , not only does the interaction of the

inary with a CBD alter its orbital properties and provide a channel
hrough which to bring the black holes closer together but also
mpacts the individual black hole properties that shape the eventual
erger remnant properties, GW emission, and the stochastic GW

ackground. The GW strain amplitude scales with the binary chirp
NRAS 534, 3448–3477 (2024) 
ass, 

 = 

(
M •, 1 M •, 2 

)3 / 5 (
M •, 1 + M •, 2 

)1 / 5 = 

[
q 

( 1 + q ) 2 

]3 / 5 

M bin , (15) 

hich for a circular binary scales as M 

5 / 3 (Thorne 1987 ). As
uch, for a fixed binary mass, equal mass binaries provide the
ighest amplitude signals. Accretion can play an important role in
etermining the amplitude of the GW background both in terms of
imply increasing the binary mass and in setting the final mass ratio
e.g. Sesana et al. 2009b ; Kelley et al. 2017 ; Siwek et al. 2020 ). 

The alignment (or misalignment) of black hole spins can di-
ectly impact the GW emission (Vecchio 2004 ; Klein, Jetzer &
ereno 2009 ; Lang, Hughes & Cornish 2011 ; Klein, Cornish &
unes 2013 ; Gerosa & Moore 2016 ). Additionally, high magnitude
isaligned spins can result in merger remnants with large recoil

elocities (Campanelli et al. 2007 ; Gonz ́alez et al. 2007 ; Lousto &
lochower 2011 , 2013 ; Lousto & Healy 2019 ; Sperhake et al.
020 ). This scenario could lead to black holes being ejected from
heir host galaxy (Redmount & Rees 1989 ; Volonteri, G ̈ultekin &
otti 2010 ; Gerosa & Sesana 2015 ), thus preventing or severely

educing possible future mergers in the galactic core and hence
educing the number of GW events (Sesana 2007 ; Blecha & Loeb
008 ; Sesana et al. 2009a ). Considering both the binary–CBD and
pin-alignment time-scales, analytical estimates by Miller & Krolik
 2013 ) suggest that spin alignment should occur in all but extreme
ass ratio binaries. When considering coplanar systems, Gerosa

t al. ( 2015 ), predict that preferential accretion onto secondary black
oles inhibits spin alignment in low-mass ratio systems, although
t can proceed for q � 0 . 2 systems (see also, Gerosa et al. 2020 ).
ur simulations present somewhat different behaviour. The lack
f preferential secondary accretion in our simulations means that
fficient spin alignment can occur even for low q systems and we
ote that longer time-scales found in retrograde systems are likely
 result of our inflow accretion model and a different gas cooling
rescription compared to the majority of the literature. Secondly,
s discussed in the previous section, additional complexity arises for
ystems in which there is initial misalignment between the binary and
BD. Ho we ver, as long as the system evolves unperturbed such that

he binary, CBD, and mini-discs come into alignment, we would also
xpect spin alignment to occur. Additionally, if the black holes co-
xist in a lar ge-scale post-mer ger coherent flow, such as a nuclear gas
isc, their spins may align prior to the CBD phase (e.g. Bogdanovi ́c,
eynolds & Miller 2007 ; Dotti et al. 2010 ). Once the binary is
t � parsec separation and a cavity forms, the subsequent spin
volution will depend on whether the binary experiences coherent
r chaotic/randomly orientated accretion. The former would likely
rive and maintain high spins and their alignment. On the other hand,
haotic/randomly orientated accretion would result in misaligned
ccretion events (King & Pringle 2006 , 2007 ; Nixon et al. 2013 ;
unhill et al. 2014 ) for which we believe long-term spin alignment

equires further study. It is important to stress that high recoil
elocities also require high black hole spins. While spin-up could
e achieved via long-term coherent accretion onto the binary (which
s expected to lead to spin alignment), chaotic accretion is expected
o spin-down black holes in the long term due to the higher specific
ngular momentum of retrograde events (King & Pringle 2006 ; King,
ringle & Hofmann 2008 ). This being said, for the system studied
ere, in which we assume the binary forms from two already highly
pinning black holes, the time-scale for binary spin-down could be
onger than the binary inspiral time, especially in the case of low-

ass ratio and/or retrograde systems, meaning that the black holes
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ould still have non-negligible spins at merger. LISA will be able 
o put important constraints on the population of black hole spins
n merging systems and therefore shed light on black hole accretion 
hysics (Amaro-Seoane et al. 2023 ). 

.5 Caveats and future work 

here are some caveats and subsequent areas of future development 
hat we briefly highlight here. First in terms of the numerical methods, 
n this work, we use a hierarchical time integration (Springel et al.
021 ), including hybrid force calculations that employs direction 
ummation at small radii and a tree method at larger radii. As shown
n Section 3.2.2 , while this gives broadly consistent results compared 
o a pure direct summation calculation and maintains stable binary 
rbits, small differences in gravitational torques, however, would 
uggest that in future works direct summation between the binary 
omponents and the gas component should be used (although as in 
ther works, to ease computational expense a tree can still be used
or the gas self-gravity, e.g. Cuadra et al. 2009 ; Roedig et al. 2012 ).
he black hole accretion model also differs from previous works 

n calculating mass inflow rates onto the subgrid accretion disc as
pposed to using a sink particle approach. A future study is important
o understand the extent to which differences in these approaches 
ffect both the binary and black hole evolution, and would allow 

he development of more physically realistic and robust accretion 
rescriptions and place limits on the required resolution to achieve 
his. 

The parameter space when modelling CBDs and binaries is vast 
nd there are many avenues to consider when expanding on the 
resented simulations. Based on the abo v e discussion, as well as
xtending the range of binary properties, a key area to probe is the
hermal modelling of the gas. The ratio between accretion rates onto 
he secondary and primary black holes is very likely sensitive to 
he exact thermal state of the gas and hence the employed cooling
rescription (see discussion in Section 4.3 ). Many processes govern 
he radiative heating and cooling of the gas around a binary, ho we ver,
ully self-consistent simulations employing full radiative transfer 
ould be prohibitively expensive for wide parameter surv e ys. As

uch, variations in the β−cooling, such as those studied by Wang 
t al. ( 2023 ) would provide a tractable and insightful avenue.
mploying β−cooling within self-gravitating CBDs can result in 
 system that self-regulates its temperature/thickness (as long as β is 
ot so small as to drive fragmentation) and as such other parameters
hat would be useful to investigate are the total disc mass and viscosity
see e.g. Franchini et al. 2021 ), including the regime in which disc
reaking occurs (Nixon et al. 2013 ; Aly et al. 2015 ). Furthermore,
n the currently employed β-cooling prescription (see equation 3 ) 
he positions of gas cells is al w ays calculated with respect to the
inary centre of mass. Ho we ver, one could alternati vely treat gas
ithin the mini-discs separately by instead using the distance to 

he corresponding binary component. If using a universal β value, 
his would reduce cooling times of gas close to the secondary black
ole in low q systems, although we note that the choice of β need
ot be the same around each black hole and in the CBD. Feedback
rom accreting black holes may also impact the binary evolution 
del Valle & Volonteri 2018 ; Bollati et al. 2023b ) as well as the
roperties of gas feeding the binary from larger scales (Dehnen & 

ing 2013 ; Zubovas 2015 ; Bourne & Sijacki 2017 ; Faber & Dehnen
018 ; Talbot et al. 2024 ). In future, we aim to include feedback
rescriptions coupled to the subgrid accretion disc model (Talbot 
t al. 2021 , 2022 , 2024 ; Koudmani et al. in preparation) to explore
his further. 
Finally, there are some caveats related to the subgrid modelling 
f the black hole–accretion disc system. First, we assume that the
ubgrid accretion disc is a thin Shakura & Sunyaev ( 1973 ) disc.
uch discs are expected to exist for high Eddington ratios, ho we ver,

he low Eddington ratios seen in our simulations suggest that a
hick or truncated disc may be more appropriate (Yuan & Narayan
014 ; Koudmani et al. 2024 ). In order to achieve an analytically
ractable solution, the subgrid accretion disc model of Fiacconi et al.
 2018 ) was derived under the small-warp approximation (e.g. Martin
t al. 2007 ; Perego et al. 2009 ; Dotti et al. 2013 ; Fiacconi et al.
018 ), ho we ver, this may not be applicable when the black hole
pin and accretion disc are initially highly misaligned. Additionally, 
epending on the disc properties, instead of attaining a steady warp
he accretion disc may break and result in either reduced or enhanced
ates of accretion (Nixon et al. 2011b , 2012 ; Gerosa et al. 2020 ;
ealon et al. 2022 ). Given that we resolve gas down to the scale of

he subgrid accretion disc, the mini-discs that we simulate should 
otentially also experience torquing by the spin of their host black
ole. Ho we ver, no such back reaction from the subgrid model onto
he resolved gas is included in our simulations and may affect the

ini-disc behaviour, especially in the case of misaligned binaries. 
inally, in a binary, each accretion disc is perturbed by the other
lack hole (Martin et al. 2009 ; Miller & Krolik 2013 ; Tremaine &
avis 2014 ), which can impact the spin alignment (Miller & Krolik
013 ; Gerosa et al. 2020 ) and whether or not the accretion disc breaks
Nealon et al. 2022 ). 

 C O N C L U S I O N S  

e have performed high-resolution simulations of ∼ parsec-scale 
eparation black hole binaries surrounded by gas-rich gravito- 
urbulent CBDs ( M cbd /M bin = 0 . 1 and M bin = 2 × 10 6 M �) in-
luding the effects of self-gravity. Employing a super-Lagrangian 
efinement techniques allows us to ef fecti v ely resolv e the streams
nd mini-discs that form within the cavity. By using a subgrid
odel that mediates the black hole mass and spin evolution via
 thin α−disc prescription we have, for the first time, been able
o self-consistently track the spin evolution of the individual black 
oles in such CBD simulations and to study their alignment. The
ull simulation suite includes 12 setups varying the initial binary 
ass ratio ( q = 1, 1 / 3, or 1 / 10), eccentricity ( e = 0 or 0.5), and

nclination angle ( i = 0 ◦, 45 ◦, or 180 ◦). Our main findings are
ummarized as follows: 

(i) The evolution of the CBD, cavity, streams, and mini-discs 
epends sensitively on the binary properties (Section 3.1 ). Higher 
ass ratio and eccentric binaries result in larger cavities, while 

etrograde binaries result in smaller cavities. Mini-disc sizes typically 
cale with the black hole mass (roughly filling the Roche lobe
or prograde circular binaries), although eccentric binaries have 
runcated mini-discs. 

(ii) We find that the net torque experienced by binaries drives 
hem towards merger (Sections 3.2 ), with low-mass ratio binaries 
nd retrograde binaries expected to shrink more rapidly. 

(iii) For prograde binaries, the net gravitational torques experi- 
nced by the binary depend on the balance of net positive torques
rom gas at R � a and net ne gativ e torques from gas at R � a.
or retrograde binaries, the net gravitational torque is dominated by 
e gativ e torques from gas a R � a. Accretion torques are al w ays
ositive and generally subdominant. 
(iv) Unlike many previous works, accretion in our simulations 

oes not proceed preferentially onto the secondary black hole 
MNRAS 534, 3448–3477 (2024) 
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Section 3.3.1 ). This implies binaries to generally maintain a constant
ass ratio up to merger, which for low-mass ratio systems would

esult in smaller chirp masses, lower GW strain amplitudes, and a
eaker GW background. 
(v) We attribute the lack of preferential accretion onto the sec-

ndary black hole to a combination of using an adiabatic equation of
tate with slow β−cooling, low intrinsic viscosity and possibly
ue to differences between our inflow rate accretion model and
he traditional sink particle model often employed in the litera-
ure. 

(vi) Alignment of black hole spins and their accretion discs occurs
n time-scales of � the binary inspiral time, with the majority
f alignment times being much shorter (Section 3.3.2 ). The lack
f preferential secondary accretion means this is true even for the
rimary black hole in low-mass ratio systems. 
(vii) In coplanar systems, we expect black hole spins to align

ith each other and the global angular momentum of the system
rior to merging. Additionally, while the mini-discs, which feed
he black hole accretion discs that torque the black hole spin,
o not align on short time-scales, especially for low-mass ratio
ystems, black hole spins do appear to align with each other in
he long term. Ho we ver, we caution that wider parameter space
tudies, the effects of external tidal fields on the subgrid accretion
isc, and scenarios including disc breaking/tearing are necessary to
ully address the question of spin-alignment efficiency in CBDs.
urther, in galaxies with bulges or central nuclear star clusters,
tellar scattering may speed up binary shrinking on parsec scales,
eaning that spin alignment is only likely to be efficient on

ub-parsec scales. An understanding of the regimes in which the
pins of merging black holes align with each other and the binary
ngular momentum (or not) is critical in determining expected black
ole recoil velocities, galaxy occupation fractions, and GW event
etection rates. 
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PPENDI X  A :  SPI N-ALI GNMENT  

IME-SCALES  

he spin-alignment time-scales presented in Fig. 13 and discussed in
ection 3.3.2 represent the median expected alignment times between

he black hole spin and its accretion disc angular momentum o v er
400 binary orbits. In Fig. A1 , we instead show the evolution of

he spin-alignment time-scale given by equation ( 12 ) for the primary
blue) and secondary (red) black hole for each run by the thick
ines in each panel. Ho we ver, the alignment time-scale between the
lack hole spins and binary angular momentum measured directly
rom the simulation is potentially more rele v ant for considering
isalignment triggered black hole recoils (Campanelli et al. 2007 ;
onz ́alez et al. 2007 ; Lousto & Zlochower 2011 , 2013 ; Lousto &
ealy 2019 ; Sperhake et al. 2020 ), and is given by τ bin 

bh = θbin 
bh / | ˙θbin 

bh | ,
here θ is the angle between the black hole spin and binary angular
omentum. The evolution of τ bin 

bh is shown by the thin blue and
ed lines, for the primary and secondary black holes, respectively.
dditionally, the time-scale on which the black hole spins align
ith each other, τ bh 

bh = θbh 
bh / | ̇θbh 

bh | , is shown by the black line in
ach panel. In all cases dotted lines represent periods during which

is increasing, that is, the spin and binary are becoming more
isaligned. 
There are a couple of key points to note. First, for the initially

oplanar systems we find that the evolution of the analytic alignment
ime-scales given by equation ( 12 ), the black hole spin–binary
lignment time-scale, τ bin 

bh , and the spin–spin alignment time-scales,
bh 
bh , follow each other very well, with only fairly minor differences.
e also note that for these systems there is at most mild evolution of

he alignment time-scales. On the other hand, if we consider initially
isaligned systems, the alignment time-scales also undergo a richer

nd more variable evolution, with potentially significant differences
etween the three time-scale estimates. In particular, τ bin 

bh exhibits
ore variation including periods of slow alignment and increasing
isalignment, in some cases o v er significant periods of time, due

o the relative evolution of both the black hole spin and binary
ngular momentum. This being said, while τ bh 

bh can also exhibit slow
lignment and periods of increasing misalignment, this is confined
o very early times and in general τ bh 

bh roughly follows the behaviour
f τalign at later times. 
To consider the latter point further, in Fig. A2 , we show the

volution of the change in angle between the black hole spins,
θbh 

bh , for all prograde, initially circular binaries. Each panel shows
 different binary mass ratio with black and green lines showing
nitially coplanar and misaligned systems, respectively. We see that
n general the change in the spin–spin alignment angle is fairly
imilar for all runs, although initially misaligned systems can undergo
nitial short periods of growing misalignment. By the end of the
imulations, the difference in �θbh 

bh between runs of a given mass
atio differ by at most ±30 per cent . Based on this behaviour, and
ssuming the system survives unperturbed for a sufficiently long time
t is expected that all systems will eventually come into alignment
Miller & Krolik 2013 ; Gerosa et al. 2015 ). Although we point the
eader to Sections 3.3.2 , 4.3 , and 4.4 for discussion of caveats and
ossible implications. 
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Figure A1. Evolution of the black hole spin-alignment time-scales. Each panel represents a different binary, with the grey shaded regions illustrating the first 
∼ 100 binary orbits that are excluded from the mean time-scale estimates used in Fig. 13 . Blue and red lines represent the primary and secondary black hole in 
each system, respectively. Thick lines show the alignment time-scale assumed by the Fiacconi et al. ( 2018 ) model as given in equation ( 12 ), while thin lines show 

the alignment time-scale between the black hole spin and binary angular momentum calculated directly from the simulation and given by τ bin 
bh = θbin 

bh / | ̇θbin 
bh | , 

where theta is the rele v ant alignment angle. The time-scale on which the black hole spins align with each other τ bh 
bh = θbh 

bh / | ̇θbh 
bh | is additionally shown by the 

black line. In all cases solid and dotted lines indicate when θ̇ is ne gativ e or positive, that is, when the system is aligning or misaligning, respectiv ely. F or coplanar 
systems, the analytic alignment time-scale between the black hole spin and its accretion disc matches well to the simulated alignment time-scale between the 
black hole spin and binary angular momentum, as one would expect. Ho we ver, it is clear that differences arise between these time-scales in the case of systems 
that are initially misaligned, indicating that global alignment could initially be inhibited in such systems. 

Figure A2. Evolution of the change in angle between the spin of each black hole, �θbh 
bh . Each panel represents a different binary mass ratio as labelled in the 

top right, noting that we only include prograde, initially circular binaries in order to compare initially misaligned systems (shown in green) with their coplanar 
(shown in black) counterparts. In general, the evolution is similar for all binaries, although initially misaligned systems may initially experience periods in 
which �θbh 

bh increases. For a given mass ratio, after 500 binary orbits the difference in �θbh 
bh between initially coplanar and initial misaligned systems is at most 

∼ ±30 per cent . 
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