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Abstract
This study proposes a numerical method for calculating the stress fields in nano-scale multi-phase/composite materials, 
where the classical continuum theory is inadequate due to the small-scale effects, including intermolecular spaces. The 
method focuses on weakly nonlocal and inhomogeneous materials and involves post-processing the local stresses obtained 
using a conventional finite element approach, applying the classical continuum theory to calculate the nonlocal stresses. 
The capabilities of this method are demonstrated through some numerical examples, namely, a two-dimensional case with 
a circular inclusion and some commonly used scenarios to model nanocomposites. Representative volume elements of 
various nanocomposites, including epoxy-based materials reinforced with fumed silica, silica (Nanopox F700), and rubber 
(Albipox 1000) are subjected to uniaxial tensile deformation combined with periodic boundary conditions. The local and 
nonlocal stress fields are computed through numerical simulations and after post-processing are compared with each other. 
The results acquired through the nonlocal theory exhibit a softening effect, resulting in reduced stress concentration and less 
of a discontinuous behaviour. This research contributes to the literature by proposing an efficient and standardised numerical 
method for analysing the small-scale stress distribution in small-scale multi-phase materials, providing a method for more 
accurate design in the nano-scale regime. This proposed method is also easy to implement in standard finite element software 
that employs classical continuum theory.

Keywords  Three-dimensional stress analysis · Nonlocal continuum theory · Nanocomposites · Multi-phase materials · 
Finite element method

1  Introduction

As technology continues to evolve and devices become 
increasingly miniaturised, the necessity to understand the 
nano-scale behaviour of systems becomes more impor-
tant. This is particularly crucial for applications where the 

precision and reliability of nano-scaled structures are essen-
tial, spanning diverse fields such as nano-robots, micro gas 
turbines, medical implants, security devices, and micro-elec-
tro-mechanical systems (MEMS) [1–4]. At these scales, per-
forming experiments on material specimens becomes espe-
cially challenging due to several reasons. Firstly, it should 
be emphasised that meeting the extreme precision require-
ments for manipulating nanostructures necessitates highly 
specialised equipment, such as atomic force microscopes or 
electron microscopes, which are expensive and require spe-
cialised training to operate. Also, the behaviour of materials 
at the nano-scale can be significantly different from their 
macroscopic counterparts due to quantum effects, surface-
to-volume ratio change and other scale-dependent phenom-
ena, making it difficult to apply conventional testing methods 
directly. In addition, the influence of environmental factors 
like temperature, pressure and even molecular vibrations 
becomes more significant/noticeable at these scales, requir-
ing controlled conditions that are challenging to maintain. 
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Moreover, preparing nano-scale samples that are sufficiently 
homogeneous for testing is itself a complex task due to the 
difficulties in handling and positioning nanometre-sized 
objects [5–7]. However, the available experimental results 
show that the mechanical properties such as Young’s modu-
lus are size dependent [8].

Given the numerous challenges associated with conduct-
ing experimental work at the nano-scale, the development of 
robust mathematical models is increasingly seen as a more 
practical and feasible alternative for understanding mate-
rial behaviour. These models can provide accurate insights 
without the need for costly and complex experimental set-
ups, making them a highly efficient tool for research in this 
field. Also, these mathematical models must include small-
scale effects caused by lattice spaces, dislocations, grain size 
etc. [9, 10]. The micro/nanostructure of the materials are 
complex structures and behave in a complex manner; there-
fore, they are to be modelled using numerical tools [11–13]. 
Based on the literature concerning micro and nanostructure 
modelling, classical elastoplasticity theories generally serve 
as the foundational approach for material representation [14, 
15]. Building upon this, classical failure theories are also 
commonly employed for the precise modelling of micro-
structure behaviour [16–18]. Nevertheless, since the rubber 
reinforcement and epoxy matrix interaction has to be inves-
tigated at the micro- and nano-level, the classical continuum 
approach would not be perfectly accurate. Instead of classi-
cal continuum theory, a nonlocal theory of elasticity seems 
to be a better way of modelling the elastic behaviour of the 
composite material [19–22]. Nonlocal continuum theory 
has been proposed by Ahmed Cemal Eringen and is gaining 
popularity in the scientific environment.

In classical continuum theory, there is no inherent length 
parameter that accounts for size dependencies, such as the 
scale of micro or nanostructures. This means that the theory 
assumes material properties and behaviours to be scale-
independent and thus, it often fails to capture the unique 
characteristics observed at small scales. For instance, it 
doesn’t consider the impacts of lattice spaces, dislocations, 
or grain size, which become increasingly significant at the 
micro and nano levels. This is the main reason why the clas-
sical elasticity theory fails to represent realistic results on 
such small scales. However, some studies use the classical 
elasticity theory and bulk material properties to model the 
microstructure; it is observed that they tend to keep their 
domain of investigations closer to the macro-scale [11, 12, 
23]. Hence, when employing classical elasticity theory, the 
accuracy and consistency of using bulk material properties 
to model microstructures should be carefully considered and 
critically examined. This is particularly important due to 
the presence and characteristics of material flaws, such as 
dislocations and grain boundaries, which have a substantial 
influence at these smaller scales.

The mathematics of nonlocal elasticity is based on inte-
gral equations, as it relates the strains of all the points in 
the domain to the stress tensor of a point of interest. There-
fore, a mathematical summation is necessary. This integral 
equation is analytically solvable in only some certain cases 
[24–30]. For instance, nanorods and nanobeams are analyti-
cally solved in many cases [31]. As of the current state of 
knowledge, the equations have yet to be solved analytically 
in three dimensions. Only numerical approximations are 
possible with today’s knowledge [32–36].

Considering the limited cases that have analytical solu-
tions, numerical methods are usually employed to solve such 
small-scale problems formulated with the nonlocal contin-
uum theory [36, 37]. As one of the most commonly used 
numerical methods, the finite element method is also often 
preferred to construct models using the nonlocal continuum 
approach. Also, in the literature, the number of studies that 
formulate two-dimensional and three-dimensional elements 
is quite limited [32, 38–40]. However, there is no standard-
ised three-dimensional numerical approach/tool formulated 
for nonlocal elasticity so far. The authors proposed in a pre-
vious work an approach to model nonlocal material behav-
iour for three-dimensional structures [38].

This theory is still being extended and developed so that 
it has built its own damping and failure theories [41–43]. 
The nonlocal theory is also being applied to nanocomposites 
permitting highly accurate results [44–47]. As an alterna-
tive to failure for nanocomposites, peridynamics is a popu-
lar approach which could be applied in this study as well 
[48–50]. The molecular dynamics approach is also one of 
the newest emerging approaches to nanocomposites [48, 51]. 
In order to understand the mechanics of materials in small-
scale molecular dynamics (MD) is one of the most common 
ways in the modern scientific world [52]. MD simulations 
provide excellent and consistent insight into interactions in 
atomic and molecular scales. MD theory is based on the 
interatomic potentials defined, aiming to simulate atomic 
and molecular interactions. The equations that are used 
to perform the MD simulations require multiple parame-
ters which are coupled directly with the expression of the 
empirically defined bond energies. Equations determine the 
accuracy of the simulations. MD simulations are performed 
numerically and usually, they are computationally expen-
sive. However, they provide results that are comparable with 
experiments.

This study addresses the challenges in analysing small-
scale multi-phase materials/composites by introducing a 
numerical method tailored for calculating the stress fields 
in nano-scale multi-phase/composite materials, with par-
ticular emphasis on weakly nonlocal and inhomogeneous 
materials. Hence, this research proposes an efficient and 
easy-to-implement and easy-to-standardise method to cal-
culate nonlocal stresses by first calculating the local stresses 
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via a standard finite element method that employs classical 
continuum theory, which is then followed by the computa-
tion of the nonlocal stresses using the discretised version 
of the integral formulation of the nonlocal continuum elas-
ticity. The novelty of this approach lies in its integration 
of classical finite element analysis with nonlocal contin-
uum theory, thereby providing a straightforward transition 
between local and nonlocal stress calculations. Furthermore, 
it introduces a practical framework that is compatible with 
three-dimensional composites, thus enabling the incorpora-
tion of nonlocal effects into existing finite element models 
without a considerable increase in computational costs. This 
research demonstrates that postprocessing is one of the effi-
cient and easy-to-implement/standardisable ways to calcu-
late the nonlocal stress field. It can be easily standardised 
and can be applied to generic systems, such as composites 
or multi-phase material structures, systems with complex 
geometries, etc., which has not been done employing a direct 
finite element scheme for such complex systems yet to the 
best of the authors’ knowledge. This research also allows 
one to integrate this methodology with a standard finite ele-
ment tool that employs classical continuum theory, making 
it easy to implement and standardise. To serve as exam-
ples, a two-dimensional plate with a single circular inclu-
sion and representative volume elements (RVEs) of various 
nanocomposites are generated and used. By subjecting the 
plate and the RVEs to a uniaxial tensile deformation, the 
study explores the local and nonlocal principal stress fields 
and their comparisons. The results obtained from the non-
local theory reveal notable differences between local and 
nonlocal stress distributions, exhibiting a softening effect 
and mitigating stress concentrations. The methodology and 
results presented in this research not only propose a new 
numerical technique but also lay the groundwork for more 
precise designs and further investigations in the field, thus 
contributing significantly to the modelling and improvement 
of mechanical properties in small-scale multi-phase materi-
als and composites.

2 � Extending classical continuum theory: 
scale‑dependent nonlocal continuum 
theory

Each physical theory has its domain where it is designed to 
work well in providing accurate predictions and descriptions 
of phenomena as shown in Table 1. Quantum mechanics, 
with its probabilistic approach, is valid at the atomic and 
subatomic scales, where the classical determinism of New-
tonian physics fails. On the scale of molecules and nano-
structures, molecular dynamics and nanomechanics repre-
sent the behaviour of systems that are still beyond the reach 
of macroscopic laws. As the size of the observed systems 

increases, the effects that dominate at the nano-scale become 
less pronounced and classical theories of elasticity, plasticity 
and the classical continuum theory begin to provide satisfac-
tory explanations and predictions. However, these classical 
theories are scale-independent and assume homogeneity, 
which does not account for the microstructural character-
istics critical at smaller scales. Nonlocal continuum theory 
aims to address this, introducing corrections for scale effects 
to classical theories, thus allowing for the analysis of phe-
nomena where the structure and distribution of materials at 
the micro and nano levels play a significant role.

Classical continuum theory posits a scale-independent 
world where material properties are homogenised over infin-
itesimal volume elements, disregarding the actual nature of 
materials. Such an approach, while offering significant com-
putational simplifications, loses fidelity when the scale of 
observation approaches dimensions where interatomic and 
intermolecular spacings are non-negligible. At these scales, 
the bulk properties assumption, a cornerstone of classical 
theory, ceases to hold true due to emergent phenomena 
that are inherently scale-dependent. These microscopic 
and nanoscopic gaps can no longer be ignored, requiring 
a revised theoretical framework that can accommodate the 
complexities of material behaviour at smaller scales. It is 
in this context that nonlocal continuum theory emerges, 
extending the classical paradigm to include the discontinuity 
of material structure and the consequential spatial interac-
tions that control their mechanical responses.

2.1 � Fundamental principles of nonlocal continuum 
theory

The classical theory of elasticity relates the stress tensor of a 
point to the deformation and strain tensors of the same point. 
It assumes the locality and claims that the stress state of a 
point is not affected by the deformations and strains of other 
points in the same continuum [23, 57–61]. However, when 
considering micro- or nano-scale materials, lattice spaces, 
atomic or intermolecular spaces become significant. In such 
cases, a stress tensor of a point in the continuum is affected 
by the deformations and strains of all other points in the 

Table 1   Theories and fields applicable at different scales [36, 53–56]

Scale (m) Applicable theory/field

10
−12 Quantum mechanics (e.g., TB, DFT, HF)

10
−9 Molecular dynamics, nanomechanics, 

nonlocal continuum theory
10

−6 Elasticity, plasticity, dislocation theory
10

−3 Mechanics of materials
10

0 Structural analysis
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same continuum. This phenomenon is described by nonlocal 
continuum theory, as expressed in the following equation:

In this equation, � denotes the strain tensor, � represents the 
stress tensor, � refers to the attenuation function, �′ stands 
for the points in the domain, where the domain is shown as 
Ω , x indicates the point of interest, � , is the nonlocal param-
eter that depends on the continuum and upper index “nl” 
stands for nonlocal.

It is possible to relate the characteristic lengths (the coef-
ficients) with the stiffness, shown as � , and/or compliance 
matrix.

Subsequently, the stress–strain relations of the classical the-
ory of elasticity are incorporated into this nonlocal equation, 
enabling the relation between the local and nonlocal stresses 
to be expressed as an integral equation.

Here, the upper index “l” stands for local.

This integral equation is analytically solvable in one and two 
dimensions [62, 63]. However, it becomes significantly more 
challenging to solve in a three-dimensional space.

2.2 � The attenuation function and related 
parameters

Central to nonlocal continuum theory is the attenuation func-
tion, which is also known as the kernel function. This func-
tion is dependent on the distance between the field points, 
denoted as �′ , and the point under consideration, denoted 
as x . It also considers the properties of the medium. As a 
result, the value of � varies across the domain of integra-
tion, reflecting the distances between points. Additionally, 
the configuration of the structure exerts a significant influ-
ence on this function. These structural elements are outlined 
as follows:

•	 � : Scale factor
•	 e0 : Material parameter
•	 a: Inherent characteristic length

(1)�nl
ij
(x) = ∫Ω

�ijkl
(
x, ��, �

)
�kl

(
�
�
)
dΩ

(2)�ijkl
(
x, �

′
, �
)
→ �

(3)�nl
ij
(x) = ∫Ω

�
(
x, ��, �

)
Cijkl�kl

(
�
�
)
dΩ

(4)�l
ij
= Cijkl�kl

(5)�nl
ij
(x) = ∫Ω

�
(
x, ��, �

)
�l
ij

(
�
�
)
dΩ

•	 l: External length scale
•	 � : Nonlocal parameter

The mathematical relations between these variables are given 
as:

The attenuation function � is bound by the following 
conditions:

•	 As � tends to 0, � should align with a Dirac delta func-
tion. This implies the convergence of local and nonlocal 
elasticity theories to yield identical results for equivalent 
scenarios.

•	 Symmetry is maintained in the nonlocal tensor with respect 
to the field x.

•	 The peak value of the nonlocal modulus occurs when 
x = �� and gradually reduces to zero as the separation 
between the point and field points increases.

•	 Within an unbounded spatial domain Ω , the integral of � 
must equate to 1, adhering to the normalisation condition 
expressed as:

For computations within a finite volume V situated in Ω , the 
normalisation condition modifies as illustrated below:

Certain constants within the kernel function, like e0 , are 
material-specific and established, but a and l must be 
selected based on the structural properties. The nonlocal 
constants in these equations are determined with the nor-
malisation condition in consideration.

The normalisation condition, together with the kernel func-
tion’s limit as the distance extends to infinity, leads to a useful 
concept. One can define a radius within which the nonlocal 
function notably impacts the actual stresses.

For the purposes of this research, the selected attenua-
tion function is a Gaussian function also previously used in 
the literature, given below and it bears the dimensions of 
force ∗ length−5 [38, 62].
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3 � Methodology and the numerical approach

3.1 � Application of the nonlocal theory in discretised 
form

Considering the difficulties in solving the integral equation 
of the nonlocal continuum theory, a numerical approach is 
developed in this work. This approach involves discretis-
ing and solving the integral equation in Eq. 5 for three-
dimensional and multi-phase materials. The discretised 
version of the integral equation is given as follows:

In this discretised equation, N denotes the total number of 
discretised points in the domain V. The domain is discretised 
into small volumes, each with size ΔVk that correspond to 
the volume that each point represent in the discretised for-
mulation, and the stress tensor at each point k is updated 
accordingly. The numerical approach allows the nonlocal 
stress tensor to be computed for complex three-dimensional 
and multi-phase materials and structures, where the analyti-
cal solution would be challenging to obtain.

The term �
(
x, x′

k
, �
)
 in Eq. 11 effectively serves as a 

weighting factor. This weighting captures the influence of 
the local stress �l

ij
(x�

k
) at a different point x′

k
 on the nonlocal 

stress �nl
ij
(x) at point x . In a typical finite element model, 

(11)�nl
ij
(x) =

N∑

k=1

�
(
x, x�

k
, �
)
�l
ij

(
x
�
k

)
ΔVk

these points x′
k
 are the values read from nodes and/or inte-

gration points in the discretised domain.
In many numerical schemes, explicit weighting factors 

are commonly used. However, in this model, the function 
�
(
x, x′

k
, �
)
 encapsulates this role. It is generally derived 

from the governing integral or differential equations and 
the boundary conditions and it may vary based on the spa-
tial coordinates x and x′

k
 , among other variables. As such, 

an additional separate weighting factor is not necessary if 
�
(
x, x′

k
, �
)
 is suitably defined to capture all the relevant phys-

ics and scale effects.
The proposed methodology is schematically illustrated in 

Fig. 1, providing a clear overview of the process for discre-
tising and solving the nonlocal integral equation in Eq. 11.

The methodology consists of several steps. First, the 
domain is discretised and the local stress tensors are com-
puted using a conventional finite element analysis soft-
ware. Then, the discretised integral equation is applied to 
calculate the nonlocal stress tensors for each point in the 
domain. It is also important to note that, considering each 
stress components at each point of interest can be calculated 
independently, this approach is easy to adapt into parallel 
computing. Finally, the results are post-processed to obtain 
the nonlocal stress distributions, providing a comprehensive 
understanding of the stress behaviour of the studied materi-
als. In Fig. 1, the loading is transverse, generating a stress 
concentration on the upper and lower surface of the inclu-
sions. The nonlocal approach tends to smooth and remove 
the high stress concentration as it reduces the effect of the 
discontinuity.

Fig. 1   Schematic view of the 
methodology, showing an RVE 
(top right) and stress concentra-
tions on the lower and upper 
surfaces of the single circular 
inclusion in a matrix under 
tension for local versus nonlocal 
theories (bottom right)
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By applying this discretised version of the integral equa-
tion to the stress analysis of three-dimensional and multi-
phase materials, the nonlocal stress distributions can be 
obtained efficiently. This numerical approach enables inves-
tigating the stress fields of such materials with higher accu-
racy than the classical local continuum theory, consequently 
providing better understanding of the stress concentrations 
and overall mechanical performance. It presents a robust and 
efficient way to study the stress distribution and mechani-
cal behaviour of three-dimensional and multi-phase materi-
als exhibiting weak nonlocal characteristics. By combining 
local stress tensors from conventional finite element analysis 
with the discretised integral equation, the nonlocal stress 
distributions can be determined, evaluating the mechanical 
performance with better accuracy. Furthermore, the method-
ology can be easily adapted to different materials and struc-
tures, emphasising its standardisable use in the analysis and 
design of nano-scale, multi-phase materials and composites.

3.2 � Discussion on the relationship 
between external length scale l and discretised 
points 1V

k

The external length scale l plays a critical role in determin-
ing the region of integration for nonlocal stress calculations. 
It influences the extent to which the nonlocal effects are con-
sidered, effectively defining the interaction distance within 
the material. As such, the choice of l must be carefully con-
sidered in relation to the size of the discretised points ΔVk.

The accuracy of nonlocal stress calculations depends sig-
nificantly on the relationship between l and ΔVk . If ΔVk is 
too large relative to l, the discretisation may not adequately 
capture the nonlocal interactions, leading to inaccuracies in 
the computed stress fields. Conversely, if ΔVk is too small, 
the computational cost may become prohibitive without a 
corresponding increase in accuracy.

To ensure accurate nonlocal stress calculations, it is 
essential to choose ΔVk such that it appropriately resolves 
the scale of interactions defined by l. This often involves a 
balance between computational efficiency and the need for 
sufficient resolution to capture nonlocal effects accurately. 
Practical guidelines for selecting ΔVk in relation to l include 
ensuring that multiple discretisation points fall within the 
interaction region defined by l. This typically means that ΔVk 
should be an order of magnitude smaller than l to capture 
the gradient of the attenuation function � accurately. Hence, 
in this research, it is made sure that the discretisation is fine 
enough that the accuracy of this method.

3.3 � Application of the periodic boundary conditions

To ensure periodicity in the RVEs, special attention is given 
to regions near the boundaries during numerical integration. 

In a typical scenario, the integration would be truncated at 
the boundary, missing contributions from neighbouring 
regions that could affect the stresses or strains locally. This 
would be mathematically expressed as:

where V is the volume of the RVE and f(y) represents the 
field variable (like stress or strain). However, truncating the 
integration in this way disregards the periodic nature of the 
system.

To address this, periodic boundary conditions (PBC) 
are employed to extend the integration domain across the 
boundaries. The program reads the corresponding points on 
the opposite boundaries to complete the integration, ensur-
ing that the integrated field values reflect a periodic system. 
This can be expressed as:

where n is an integer and L is the length of the RVE in 
the direction of periodicity. This equation signifies that the 
function f(y) should be identical when shifted by any integer 
multiple of L, thereby satisfying periodicity.

The integrals can also be evaluated numerically using 
discretisation techniques. One such technique is the mid-
point rule, which approximates the integral as a sum of the 
function values at the midpoint of discrete subintervals. For 
a one-dimensional function f(y), the integral over a segment 
[a, b] could be approximated as:

where Δy = b−a

N
 and N is the number of subintervals.

When considering periodicity, this discretisation scheme 
is extended by incorporating the boundaries to form a closed 
loop. Hence, the periodic version of the discretised integral 
becomes:

Here, the additional term nL ensures that when the integra-
tion reaches the boundary of the domain, it will loop back 
to the other end, enforcing the PBC. This approach ensures 
that the evaluated integral is a true representation of the field 
variables in a periodic system.

Boundary effects are a significant consideration in non-
local continuum theory. The integral at the boundaries may 
be incomplete due to the finite nature of the domain, lead-
ing to potential inaccuracies in stress calculations near the 

(12)∫V

f (y) dy
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f (y) dy = ∫V

f (y + nL) dy

(14)∫
b

a

f (y) dy ≈ Δy

N∑
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(
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2

)
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2
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edges. To mitigate these effects, PBC is employed in the 
numerical simulations, effectively extending the domain 
by mirroring the values from the opposite boundaries and 
their neighbourhoods, thereby completing the integral 
even at the edges. This is shown in Fig. 2.

However, it is important to acknowledge the limitations 
of this approach. While PBC effectively mitigates bound-
ary effects, it assumes that the material and structural 
properties are uniform across the periodic boundaries, 
which may not always be the case in real-world scenar-
ios. Future improvements could involve the development 
of more sophisticated boundary conditions that account 
for non-uniform/stochastic properties and more complex 
geometries.

3.4 � Preservation of equilibrium and conservation 
of angular momentum in the transformation 
from local to nonlocal stresses

One of the primary concerns that could be raised in the 
application of nonlocal continuum theory through this 
numerical approach is the potential violation of equilib-
rium conditions and conservation of angular momentum 
when transforming from local to nonlocal stress fields. 
This section addresses how this methodology maintains 
equilibrium and conserves angular momentum throughout 
this transformation, demonstrating the reliability of the 
nonlocal model.

3.4.1 � Equilibrium in nonlocal continuum theory

Nonlocal continuum theory extends classical local contin-
uum mechanics by incorporating the interactions between 
different points within the material as explained earlier. The 
primary assertion of this theory is that the stress at a point 
is influenced not only by the strain at that point but also by 
strains at different points. However, this new definition of 
stress, governed by the nonlocal attenuation function, does 
not violate the equilibrium as the transformation modifies 
all the stress components in a similar manner within the 
continuum, thus inherently preserving equilibrium. This new 
equilibrium can be mathematically expressed as:

where ��� represents the nonlocal stress tensor, � stands for 
the material density, 𝐮̈ indicates the acceleration of the point 
of interest. The divergence of the nonlocal stress tensor, �nl

ij,i
 , 

still sums to zero in the absence of body forces that are indi-
cated by � and under static conditions where 𝐮̈ remains as 
zero. This equilibrium condition has the same form as the 
local equilibrium condition using the local stress tensor 
under the classical continuum theory.

To ensure that the nonlocal continuum theory satisfies the 
conservation of angular momentum, it is crucial to verify 
that the nonlocal stress tensor remains symmetric. In classi-
cal continuum mechanics, the symmetry of the stress tensor 
is directly related to the conservation of angular momen-
tum. Similarly, in nonlocal continuum mechanics, the stress 
tensor should be symmetric if the nonlocal interactions are 
properly defined.

The attenuation function � is designed to maintain the 
symmetry of the stress tensor.  Provided that 
�(x, x�, �) = �(x�, x, �) , the nonlocal stress tensor �nl

ij
 will be 

symmetric, thereby satisfying the conservation of angular 
momentum. This condition is inherently built into the nonlo-
cal formulation used in this study.

3.4.2 � Mathematical background of equilibrium 
and angular momentum conservation

The transformation from local to nonlocal stresses 
involves an integral operator defined by the nonlocal 
attenuation function, � , which is a function of the Euclid-
ean distance between material points and a characteristic 
length scale of the material. The nonlocal stress at a point 
x is defined as presented in Eq. 5. There, the attenuation 
function � is selected such that it satisfies necessary con-
ditions like the normalisation condition described through 
Eq. 9 which permits the nonlocal continuum theory and 
its constitutive equation satisfies the thermodynamical 

(16)𝜎nl
ij,i

+ bj = 𝜌 üj

Fig. 2   A schematic visualisation of the integration procedure at the 
boundaries
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and conservation of momentum and energy. Hence, the 
construction of the nonlocal theory does not alter the 
overall force balance in the material. Detailed formulation 
and proof can be found in Chapter 6 of the book written 
by Eringen [59].

The conservation of angular momentum in elasticity 
can be expressed as:

This equation indicates that the stress tensor must be sym-
metric. In nonlocal continuum theory, the symmetry of the 
stress tensor is ensured through the properties of the attenu-
ation function �.

This integral transformation adjusts each stress com-
ponent to ensure the overall equilibrium for each point in 
the continuum is maintained. By discretising this inte-
gral equation, the numerical implementation preserves 
the theory’s integrity without affecting the equilibrium 
condition, thereby ensuring that the overall equilibrium is 
still achieved across the continuum. The discretised form 
of the equilibrium equation is given by:

where (�nl
ij,i
)
k
 represents the nonlocal stress at discretised 

points indicated by k. The discretised form of the equilib-
rium equation upholds this, demonstrating that the formula-
tion remains consistent even in its numerical application and 
it does not introduce any imbalance or nonphysical forces 
within the system [59].

3.4.3 � Verification of equilibrium and angular momentum 
conservation through numerical simulations

To validate the preservation of equilibrium conditions and 
conservation of angular momentum, numerical simula-
tions check the balance of internal and external forces 
following the application of the nonlocal transforma-
tion. These simulations are structured to confirm that 
the approximation in Eq. 18 holds across the computa-
tional domain, ensuring that the nonlocal model does not 
introduce any source of imbalance or violation of angular 
momentum conservation.

Verification through these simulations confirms that 
the numerical application of nonlocal continuum theory 
maintains equilibrium at both local and global scales, 
thereby validating the integrity of the computational 
model in alignment with the foundational principles of 
continuum mechanics. Additionally, the symmetry of the 
nonlocal stress tensor is verified numerically to ensure 
conservation of angular momentum.

(17)�ij = �ji

(18)(�nl
ij,i
)
k
≈ 0

4 � Numerical examples

4.1 � Two‑dimensional plate with a single circular 
inclusion

The first numerical example, shown in Fig. 3, is selected as 
a two-dimensional case which is based on a previous study 
by Tuna et al. [64]. The study by Tuna et al. investigates 
the stress fields and concentrations in a two-dimensional 
plate containing a single circular inclusion under uniaxial 
tensile loading in the transverse direction. The analysis 
aims to compare local and nonlocal continuum theories 
when modelling the size effects associated with the inclu-
sion geometry. The plate has width L and the inclusion 
has radius a, with scale ratios L/a of 3, 10 and 20 exam-
ined. Linear elastic isotropic materials are defined for the 
matrix and inclusion phases using shear modulus G and 
Poisson’s ratio � . Four material configurations are stud-
ied but here, only MAT 1 and MAT 4 are studied where 
MAT 1 consists of a local matrix and inclusion and MAT 4 
includes a nonlocal matrix and inclusion. The nonlocality 
is based on Eringen’s nonlocal theory over the nonlocal 

Table 2   Material properties for MAT 1 and MAT 4 for 
L∕a = 3, 10, 20 where L is the plate dimension and a is the inclusion 
diameter [64]

Materials MAT 1-local MAT 4-nonlocal

Material properties Inclusion Matrix Inclusion Matrix

G (GPa) 0.5 1.0 0.5 1.0
� 0.25 0.33 0.25 0.33
� 1.0 1.0 �opt �opt

�∕a – – 0.2 0.2

Fig. 3   A view of a generated representative element with a single cir-
cular inclusion (two-dimensional case previously analysed by Tuna 
et al. [64])
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the parameters � and � . It must be clearly stated that the 
research by Tuna et al. uses a different attenuation func-
tion to this study. However, it is already explained earlier 
that the attenuation functions must possess certain char-
acteristics which brings them to a similar from and there-
fore, through a basic curve-fitting approach, the attenua-
tion function and nonlocal parameters used in this present 
study are calibrated to fit the study by Tuna et al. [64]. The 
stress fields, stress concentration factors, convergence and 
nonlocal interactions are analysed. Through this numeri-
cal case study, the similarities and differences between 
the approach proposed in this study and the finite element 
model developed by Tuna et al. are compared. This analy-
sis relates to inclusions and simulation domains with a 
scale of a few nanometres.

The properties for MAT 1 (local) and MAT 4 (nonlocal) 
are presented in Table 2.

4.2 � Representative volume elements of composites 
with random spherical inclusions

This section explores the stress behaviours of various nano-
composites using finite element models. The numerical anal-
yses for this investigation utilise Young’s modulus values of 
70 GPa for fumed silica (FS), 200 MPa for rubber (Albipox 
1000), and 10 GPa for silica (Nanopox F700), aligning with 
the calculations performed in the study by Tüfekci et al. 
[65]. The representative volume elements (RVEs) of these 
nanocomposites are designed with PBC and are subjected 
to a uniaxial tensile strain of 0.01. It is worth noting that 
the selection of those inclusions permits exploration of the 
effects of the sizes of the particles as well as the relative 
stiffness of the inclusions compared to the matrix.

The initial step in constructing the finite element models 
involves generating an RVE with randomly positioned and 
sized reinforcement particles. These particles are carefully 
arranged so as not to intersect either each other or the bound-
aries of the RVE, as detailed in various studies [66–69]. 
To ensure reliable material behaviour, the side length of 
the cubic RVE is chosen to be at least five times the larg-
est dimension of any particle within it [70, 71]. Figure 4 
provides a visual example of a generated RVE used in this 
study.

After generating the RVEs, stress analyses are initially 
conducted using classical continuum methods. These mod-
els serve as the basis for further analysis employing the 
numerical approach described earlier for calculating non-
local stresses. To achieve reliable and repeatable results, 
each set of material parameters is subjected to analysis five 
times. Finally, a comparative visualisation of the principal 
stresses calculated under local and nonlocal continuum theo-
ries is undertaken, shedding light on their differences and 
similarities.

To support and justify the usage of the nonlocal con-
tinuum theory, the sizes of the molecules, particles and 
RVEs are presented in Table 3. As it can be seen from 
the data provided, the sizes of the molecules and RVEs 
are relatively close which suggests that the RVE structure 
would not be bulk/solid and would contain intermolecular 
gaps. This reinforces the necessity of a more advanced and 
scale-dependent continuum theory when analysing these 
RVEs as also suggested by the data in Table 1 [36, 53–56].

It is crucial to emphasise that all the cases created with 
the RVEs are all individual since the reinforcement parti-
cle sizing and positioning are done randomly whilst keep-
ing the volume fraction of the reinforcements constant at 
10% . Therefore, the nonlocal parameters that are imposed 
on each RVE have to be different in terms of numerical 
values. However, the nonlocal size parameter � is chosen 
for each case based on the RVEs and inclusions’ geometric 
properties. The extrinsic length is selected as the RVE 
parameter and the intrinsic length is chosen as the aver-
age reinforcement diameter. The material constant e0 is 
determined based on the literature [25, 75, 76]. Overall 
the nonlocal size parameters � for the epoxy and rubber 
(Albipox 1000) come down to a range of approximately 
0.08–0.13, while for FS and silica (Nanopox F700), the 
size parameters lie in the range of 0.15–0.21.

Fig. 4   A view of a generated RVE with spherical inclusions



	 Engineering with Computers

5 � Results of the numerical examples 
and discussion

5.1 � Two‑dimensional plate with a single circular 
inclusion

The results of the numerical examples are presented in Fig. 5 
and Table 4 showing the stress distribution and concentra-
tion factors for a two-dimensional plate with a single cir-
cular inclusion. The findings are compared with a nonlocal 
analysis conducted by Tuna et al. [64]. Figure 5 illustrates 
the stress results through a section view of the representa-
tive element with a circular inclusion, highlighting the stress 
distribution patterns within the matrix.

The comparison of stress concentration factors, as sum-
marised in Table 4, delineates the performance of both 
local (MAT 1) and nonlocal (MAT 4) models in terms of 
stress handling at various plate-to-inclusion size ratios L/a. 
For MAT 1, the stress concentration factors derived from 

this study are in close agreement with those reported by 
Tuna et al., with the maximum difference observed being 
approximately 1.07% for L∕a = 3 . This minor discrepancy 
underscores the precision and reliability of the methodolo-
gies employed in this investigation, despite the differences 
in approach.

In the context of the nonlocal model (MAT 4), which 
incorporates the softening effect and thus leads to a reduc-
tion in stress concentrations, the findings of this study are 
again in good alignment with those of Tuna et al. Particu-
larly noteworthy is the case for L∕a = 3 , where Tuna et al. 
report a reduction in stress concentration factor by around 
14% , a figure closely mirrored by the results of this study, 
which indicate a reduction of approximately 13.98% . This 
reduction exemplifies the efficacy of the nonlocal model 
in mitigating stress concentrations, attributed to its ability 
to account for scale effects and the long-range interactions 
within the material microstructure.

The stress distribution visualised in Fig. 5 further illus-
trates the distinction between local and nonlocal models. 
The nonlocal model, in alignment with classical contin-
uum theory, exhibits a smoother stress distribution when 
compared to its local counterpart. This smoothing effect is 
indicative of the nonlocal model’s capacity to more accu-
rately reflect the physical behaviour of materials at smaller 
scales, where classical theories may fall short.

Subsequently, the equilibrium conditions for each node 
are inspected using the approach described in Sect. 3.4 and 
it is revealed that the equilibrium is satisfied, remaining 
within allowable numerical tolerances.

Table 3   The molecule and RVE sizes for the materials used for this set of examples [72–74]

Material Basic unit dimension Extended molecular particle dimension Maximum 
RVE sizes

Epoxy Resins ∼ 1.4 nm (BADGE 
monomer length)

Nanometres to micrometres (polymer network) –

Albipox 1000 (CTBN Rubber) ∼ 0.44 nm (butadiene), ∼ 
0.25 nm (acrylonitrile)

Tens to hundreds of nanometres (extended polymer chain) 5000 nm

FS and Nanopox F700 Silica ( SiO
2
) ∼0.16 nm (Si-O) 5–50 nm (nanoparticles), indefinite in network solid 250 nm

Table 4   Comparison of stress concentration factors between Tuna 
et al. [64] and this study for MAT 1 and MAT 4

Materials MAT 1-local MAT 4-nonlocal

L/a Tuna et al. [64] This study Tuna et al. [64] This study

3 1.78202 1.801 1.5424 1.530
10 1.68808 1.692 1.45891 1.448
20 1.6768 1.688 1.44371 1.435

Fig. 5   The stress results through 
a section view of a the repre-
sentative element with a circular 
inclusion ( L∕a = 3 ) under a 
transverse loading
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5.2 � Representative volume elements of composites 
with random spherical inclusions

The major principal stress distribution of the composite 
reinforced with FS is shown in Fig. 6a. It can be seen that 

the stress concentrations occur around the reinforcing FS 
particles due to caused discontinuity. Relatively uniform 
stress distributions are observed in the matrix away from 
the particles. The maximum stress in the matrix appears on 
the boundaries of the FS particles. The compression stresses 

Fig. 6   Comparison of local and 
nonlocal continuum theories 
over principal stress fields (a 
major, b intermediate and c 
minor principal stress fields) 
with multiple particles of FS-
reinforced epoxy. Mean inclu-
sion diameter 12 nm assumed 
between 10–15 nm (stress unit: 
GPa)



	 Engineering with Computers

are observed around the boundaries of the particle since the 
moduli of elasticity and Poisson’s ratios of the matrix and 
particle materials are quite different. But the magnitude of 
the compressive stresses are much smaller compared to the 
tension seen around the particles and in the particles. The 
maximum stress values in the matrix are read near the par-
ticles and for the nonlocal model, the stresses are lower by 
less than 10% than those for the local model. Thus, in the 
model employing the nonlocal theory, the softening effect 
is to be seen for both the particles and the matrix material. 
The stress distributions of both models are almost the same, 
but for the local model, the stress concentrations occur on 
the boundaries of the particles and the matrix is greater than 
in the nonlocal model.

Figure 6b shows the intermediate principal stress distribu-
tion of the composite reinforced with FS. The stress concen-
trations, which originate due to discontinuity in the material, 
are visible as tension in the surroundings and particularly 
between the closest FS particles. The stress distributions of 
both models change to compression and are largely uniform 
in the matrix far from the particles. The maximum stress 
in the epoxy matrix is observed between the neighbouring 
particles. The stress values both in the matrix and the rub-
ber particles are higher in the local model by approximately 
5–10% compared to the nonlocal model. Thus, in the results 
calculated with the nonlocal theory, a softening is observed 
for both the inclusions and the epoxy. The trends of stress 
distributions of both models are almost identical with the 
mentioned shift and the stress concentrations are found to 
be less sharp.

Figure 6c displays the minor principal stress distribution 
of the FS-reinforced composite. Tension-form stress concen-
trations are found in the area near the FS particles, similar 
to the maximum and intermediate principal stress distribu-
tions. Further away from the particles, the stress turns into 
compression and becomes relatively uniform. The maximum 
stresses emerge in the form of tension in the epoxy matrix 
around particles that are close enough where their stress 
concentrations can interact. The stresses in the particles are 
compression. Similar to the other principal stress results, 
the difference between the local and the nonlocal stresses 
are approximately 5–10%. The softening of the nonlocal 
continua is also observed here so the greater stresses belong 
to the local model. Again, the stress distribution trends are 
quite close to each other. Only the variations in the nonlo-
cal model are more moderate compared to the local model.

The major principal stress distribution of the epoxy-based 
composite reinforced with rubber is shown in Fig. 7a. It can 
be seen from the figure that the stress concentrations emerge 
around the reinforcing rubber particles. However, the rub-
ber particles are more compliant than the epoxy matrix. 
Therefore, here, the maximum stress values appear in the 
matrix instead of the particles, unlike in other materials. 

The maximum stress values in the particles’ neighbourhood 
and the overall stress distribution for the nonlocal model are 
lower, by approximately 10% , than the stresses calculated 
with the local theory. Thus, it should be pointed out that 
the softening effect is observed for both the particles and 
the matrix material in the model using the nonlocal theory. 
Another thing to emphasise is that with the nonlocal theory, 
the stress concentrations are reduced compared to the local 
theory. Apart from these, the stress distribution natures of 
both models are quite similar.

The intermediate principal stress distribution of the 
rubber-added epoxy is presented in Fig. 7b. Because of the 
discontinuities brought on by the inclusions, stress concen-
trations can be identified in the form of tension close to the 
rubber particles. Away from a particle, the stress transforms 
into compression and is relatively consistent throughout the 
matrix. The epoxy matrix bears the most stress. The maxi-
mum stress values for the local model are greater, by around 
5–10%, in both the matrix and the rubber particles than in 
the nonlocal calculations. The softening effect is seen in both 
the particles and the matrix materials in nonlocal theory. 
The stress distributions of the two models are just about 
equivalent, but for the local model, the stress concentrations 
happen in tension on the boundaries of the particles and the 
matrix, whereas for the nonlocal model, the stress distribu-
tion occurs in compression and is more continuous in the 
matrix away from the boundaries.

Figure 7c displays the minor principal stress distribution 
of the rubber added epoxy. Like the intermediate princi-
pal stress distribution, stress concentrations are observed 
as tension near the rubber particles. The stress distribution 
becomes relatively uniform in the matrix far away from the 
particles. The maximum stress occurs in the epoxy matrix 
which is identified as tension. The stresses in the particles 
are also tension but they are much less than the stresses 
observed in the matrix as the particles are softer. The maxi-
mum stress values both in the matrix and the rubber particles 
for the local model are higher, by approximately 5–10%, 
in comparison to the nonlocal model. Again, the softening 
effect of the nonlocal theory is to be pointed out for both the 
particles and the matrix phases which leads to the natural 
conclusion of the nonlocal model showing more consistent 
stress distribution and weaker stress concentrations.

Figure 8a presents the major principal stress distribu-
tion of the composite reinforced with silica (Nanopox 
F700). The stress concentrations are observed around the 
reinforcing silica particles. The matrix material displays a 
relatively uniform stress distribution if the points of inter-
est are far enough from the particles. Whilst the stress 
concentrations appear in the matrix around the particles, 
as is expected and seen in the cases with FS and HNT-rein-
forced composites. The maximum stresses are observed 
in the nano-silica particles and around them as tension. 
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Both models display similar characteristics in terms of the 
trends that the stress is distributed. But the major principal 
stresses at the interfaces of the particles and the matrix for 
the local model are roughly 10% higher than the nonlocal 
model, while the stress in the particles for the local model 

is approximately 10% higher than that calculated for the 
nonlocal model.

The intermediate principal stress distribution of the 
silica (Nanopox F700)-reinforced epoxy is shown in 
Fig. 8b. This time, the stress concentrations are observed 

Fig. 7   Comparison of local and 
nonlocal continuum theories 
over principal stress fields (a 
major, b intermediate and c 
minor principal stress fields) 
with multiple particles of rub-
ber (Albipox 1000)-reinforced 
epoxy. Mean inclusion diam-
eter 800 nm assumed between 
500–1000 nm (stress unit: GPa)
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as compression in the regions near the silica particles. 
The stress is in tension form and relatively uniform in 
the matrix away from any particle. The maximum stress 
occurs in tension in the epoxy matrix. The maximum stress 
values both in the matrix and the rubber particles for the 

local model are higher, roughly 5–10%, than those for the 
nonlocal model. Here, another example of the softening of 
the material under nonlocality is observed, which is valid 
for both phases, namely the matrix and the reinforcements. 
Other than the softening, both local and nonlocal models 

Fig. 8   Comparison of local and 
nonlocal continuum theories 
over principal stress fields (a 
major, b intermediate and c 
minor principal stress fields) 
with multiple particles of silica 
(Nanopox F700)-reinforced 
epoxy. Mean inclusion diameter 
20 nm assumed between 5–50 
nm (stress unit: GPa)
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exhibit similar characters in terms of the distribution of 
stress.

The minor principal stress distribution of the epoxy-based 
nanocomposite reinforced with silica (Nanopox F700) is 
given in Fig. 8c. The stress concentrations are observed as 
tension in the neighbourhood of the rubber particles, which 
occur due to discontinuities caused by the reinforcements, 
like in other cases with FS and silica reinforcements. The 
stress distribution changes from tension to compression and 
becomes more uniform in the matrix further away from the 
particles. The maximum stress occurs in tension in the epoxy 
matrix. In the particles, there are compressive stresses. The 
maximum stress values for the local model are roughly 
5–10% higher than those computed for the nonlocal model 
in both the matrix and the rubber particles. The softening 
effect of the nonlocal theory is seen in both the particles and 
the matrix components of the composite. The stress distribu-
tions of the two models are nearly matching. However, for 
the local model, the stress concentrations are in tension at 
the interfaces of the particles and the matrix. whereas for the 
nonlocal model, the stress distribution in the matrix outside 
of the boundaries of the particles is in compression and is 
relatively uniform.

Moreover, to demonstrate the differences between the 
local and nonlocal models, the progressions of the maxi-
mum values of the three principal stresses during the appli-
cation of strain on the RVE are illustrated in Fig. 9. The 
notable reduction in the slope of the stress–strain curves 
in the nonlocal continuum models serves as a clear indica-
tor of a softened elastic response, compared to their local 
counterparts. This softening extends beyond merely lower 
maximum stress values; it encompasses a more even stress 
distribution within the RVEs, as evident by the diminished 
stress concentrations. Such characteristics bolster the asser-
tion that nonlocal continuum theory provides a more faithful 
depiction of material behaviour under load, factoring in the 
scale-dependent interactions that local continuum models 
do not take into account.

Finally, the equilibrium conditions for each node are 
checked through the approach described in Sect. 3.4 and 
it is found that the equilibrium conditions are maintained 
within the acceptable numerical tolerances.

5.3 � Comparison of the three‑dimensional models 
to the literature and further discussions

Considering there is no similar work to this study in the 
literature, a direct/quantitative validation/comparison could 
not be possible. However, the nature of the results reported 
in the literature are found to be in good agreement with the 
characteristics of results of these presented numerical exam-
ples regarding the softening of the mechanical system as well 
as the relieved stress concentrations/reduced discontinuity 

[39, 40, 64, 77]. Particularly, Tuna et al. presents a compre-
hensive study that reveals similar behaviour as presented 
in Figures 6 and 7 of their study [64]. The smoothed stress 
distribution and the reduction of the stress concentration 
are clearly demonstrated, which aligns with the results of 
this present study. In Fig. 2 of the review by Moghtaderi 
et al. on the nonlocal theory shows that the nonlocal models 
yield lower stresses compared to the classical theories [78]. 
Finally Huang and Li shows that the stress concentrations 

Fig. 9   Plot of the maximum of each of the three (major, intermedi-
ate and minor) principal stress versus applied strain for comparing the 
local and nonlocal theories a FS, b rubber (Albipox 1000) and c silica 
(Nanopox F700)
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drop in composite wirh ellipsoidal inclusions as the nonlo-
cality grows [79]. These studies, including this present study, 
are all qualitatively in agreement with Eringen’s work who 
is the founder of the nonlocal continuum theory [59, 80, 
81]. Eringen states that the stress concentration at a crack 
tip is found as infinity with the classical theory of elasticity, 
whereas the nonlocal continuum calculations yield finite val-
ues, which analogically indicate a reduction of the maximum 
stresses at a discontinuity should be the anticipated outcome. 
Thus, it can be claimed that this proposed method captures 
the physics of such weakly nonlocal nanocomposite materi-
als with decent accuracy.

Utilising theories like the theory of mixtures and the 
Mori-Tanaka method for nanoparticle-reinforced compos-
ites without incorporating nonlocal theory tends to introduce 
inaccuracies in predicting the mechanical behaviour of these 
composites [65, 82–84]. These traditional approaches often 
employ the assumptions of the classical continuum theory 
and overlook the scale-dependent interactions inherent in 
nanocomposites and in general when small-scale mechanics 
are involved, leading to overstated stress predictions and, 
consequently, an exaggerated susceptibility to damage for-
mation. However, when the actual stress distributions are 
computed using the nonlocal theory, the resultant stresses 
are found to be notably smaller, indicating a reduced likeli-
hood of damage initiation under the same loads compared to 
the classical approach [36]. This suggests that incorporating 
nanoparticles as reinforcements could enhance the durability 
and resilience of composites more than expected.

Moreover, it is also known that using any reinforcements 
in a composites comes with the risk of introducing material 
flaws. These flaws are more significant if the size of the rein-
forcements are bigger [85–90]. Hence, the nanoreinforce-
ments introduces smaller material flaws and their effects 
usually remain localised and limited and therefore are not 
as significant.

6 � Conclusion

In this study, an efficient numerical approach for nonlocal 
stress calculation for weakly nonlocal multi-phase com-
posites is proposed. Using this new tool, a comprehensive 
investigation of the stress distributions in various composites 
reinforced with different materials such as FS, rubber and 
silica is conducted. Through the application of both local 
and nonlocal continuum theories, the numerical simulations 
demonstrate distinctive characteristics of stress behaviour in 
the particles and surrounding matrix.

The methodology is tested on two separate cases. The 
first test case is a two-dimensional plate with a single cir-
cular inclusion located at the centre of the plate which is 
previously covered in the literature. The second test case 

is a collection of RVEs with randomly sized and placed 
spherical particles.

The nonlocal stresses, obtained by post-processing the 
local stresses using the discretised version of the integral 
equation of the nonlocal continuum theory, exhibit a nota-
ble softening effect under the same strain field. This sof-
tening leads to more moderated stress concentrations and 
a relatively uniform distribution away from the reinforcing 
particles.

Comparative analyses reveal that the stress concen-
trations around the particles are more significant in the 
local model, whereas the nonlocal model provides softer, 
more continuous stress distributions. In instances where 
materials of the matrix and the particle have significant 
differences in elasticity and Poisson’s ratios, the nonlo-
cal model shows a reduction in the magnitude of stress 
concentrations.

Furthermore, the trends in stress distributions between 
both models are found to be similar, but with varying 
degrees of stress magnitude. The nonlocal model consist-
ently results in stress values that are approximately 5–10% 
lower than those for the local model, depending on the 
matrix and particle types.

The results suggest that calculations based on the nonlo-
cal continuum theory provide a more accurate representa-
tion of the mechanical behaviour in nanoparticle-reinforced 
composites, highlighting the limitations of the classical 
continuum theory when small-scale mechanics are involved. 
This leads to a more realistic assessment of stress distribu-
tions, suggesting a reduced likelihood of damage initiation 
and potentially enhancing the durability and resilience of 
composites.

In conclusion, this study provides more understanding 
about the stress behaviour of composites with different rein-
forcements. It highlights the advantages and distinct features 
of applying nonlocal continuum theory, such as the mitiga-
tion of stress concentration and contributes to a more com-
plete understanding of the interaction between matrix and 
particle materials with different sizes. This understanding 
may have significant implications for the design and applica-
tion of composite materials in various engineering contexts.
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