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Three-dimensional SL (2,R) Yang-Mills theory is equivalent
to three-dimensional gravity with background sources
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Chern-Simons theory with certain gauge groups is known to be equivalent to a first-order formulation of
three-dimensional Einstein gravity with a cosmological constant, where both are purely topological. Here,
we extend this correspondence to theories with dynamical degrees of freedom. As an example, we show
that three-dimensional Yang-Mills theory with gauge group SL(2,R) is equivalent to the first-order
formulation of three-dimensional Einstein gravity with no cosmological constant coupled to a background
stress-energy tensor density (which breaks the diffeomorphism symmetry). The local degree of freedom of
three-dimensional Yang-Mills theory corresponds to degenerate “gravitational waves” in which the metric
is degenerate and the spin connection is no longer completely determined by the metric. Turning on a
cosmological constant produces the third-way (for A < 0) or the imaginary third-way (for A > 0) gauge
theories with a background stress-energy tensor density.

DOI: 10.1103/PhysRevD.111.025005

I. INTRODUCTION AND SUMMARY

Gauge theory and gravity are closely entwined by
holographic duality [1-3] (reviewed in [4-7]) and the
double copy [8-10] (reviewed in [11-15]). On the other
hand, they differ in many ways: amount of symmetry
(diffeomorphism versus Lie-algebra-valued gauge trans-
formations), degrees of freedom (d — 2 versus (d — 3)d/2
in d dimensions), etc. In three dimensions, remarkably,
pure gravity (with or without a cosmological constant) is
topological and known to be equivalent (at least perturba-
tively) to a topological gauge theory called Chern-Simons
theory [16,17] (for reviews, see [18-24]); in this case,
neither side has local degrees of freedom.

This paper shows that the above correspondence extends
surprisingly to dynamical theories. On the gauge theory
side, we have ordinary Yang-Mills theory and its defor-
mations, the third-way theory [25] (reviewed in [26]),
which occurs as a subsector of the ABJM theory on a
Romans background, and its imaginary variant, which are
all instances of the family of Manin theories [27]. On the

“Contact author: 1.borsten @herts.ac.uk
Contact author: d.kanakaris-decavel @herts.ac.uk
Contact author: h.kim2@herts.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2025,/111(2)/025005(7)

025005-1

gravity side, we have three-dimensional Einstein gravity
with a cosmological constant and a background stress-
energy tensor density, much as one may turn on a classical
background source density in Yang-Mills theory. The
background stress-energy tensor density breaks diffeomor-
phism invariance (just as a background Yang-Mills source
breaks gauge invariance); if one allows degenerate metrics,
this causes the spin connection to propagate with three
degrees of freedom, matching those of Yang-Mills theory
with a gauge group of dimension three. Features of gauge
theory correspond to features of gravity according to
Table 1.

Our construction does not involve matter (apart from the
background stress-energy tensor density); note that gauge-
theoretic and gravitational minimal couplings to matter
would be very different. Furthermore, our construction is
purely classical and, from the gravitational perspective,
allows the dreibein and spin connection to be degenerate.
Note, it has been argued that one must require the dreibein
to be always invertible [28] and that this invertibility
distinguishes Chern-Simons theory from three-dimensional
gravity nonperturbatively. Moreover, our construction is
perturbative in that we ignore large gauge transformations
and the sum over topologies.

We work with Lorentzian-signature gravity, which has
the effect that the Chern-Simons (and hence Yang-Mills)
gauge groups do not admit positive-definite Killing forms
and hence are not unitary. For unitarity, we may work with
the gauge algebra 8o0(4) = 8u(2) @ 3u(2), which corre-
sponds formally to Euclidean gravity with a positive
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TABLE L

Correspondence between gauge-theoretic concepts and gravitational concepts.

3D gauge

3D gravity

Chern-Simons

Yang-Mills

Third way

Imaginary third way

Auxiliary field A4

Gauge field Aj

Coupling constants gyy, 4

Background densitized inverse metric +/|det §(§~")*
Gauge symmetry partly broken by masslike term
Unbroken gauge symmetry

Vacuum

Coulomb monopole

Pure gauge configuration

Constant field strength configuration

Einstein gravity + A

Einstein gravity 4 background

Einstein gravity + A > 0 + background
Einstein gravity + A < 0 + background
Dreibein ey

Spin connection %e‘l””a)bcﬂ

Coupling constants Mp|, A

Background stress-energy tensor density T+
Diffeomorphism symmetry broken by background
Rotation of dreibein index

Degenerate metric

Degenerate metric with singularity
Minkowski Vacuum

dS/AdS vacuum

cosmological constant [17,22]. Note that the signature of
the dynamical metric need not be the same as the signature
of the background metric, so that 80(4) Yang-Mills theory
on a Lorentzian-signature background metric § formally
corresponds to Euclidean gravity with a Lorentzian-sig-
nature background stress-energy tensor density.

The gauge-gravity correspondence described here raises
various possibilities, such as analog gravity [29,30] appli-
cations: condensed-matter realizations of Yang-Mills theory
and other Manin theories may provide a laboratory for
features of gravity involving propagating degrees of freedom.

It may also have holographic implications. Chern-
Simons theories on three-dimensional anti—de Sitter space
(AdS3) exhibit an AdS;/CFT, duality with Wess-Zumino-
Witten models [31,32] (see reviews in [33,34]). In
particular, the asymptotic symmetries of AdS; realize
the Virasoro symmetry of the Wess-Zumino-Witten model,
and the Bekenstein-Hawking entropy of the Bafiados-
Teitelboim-Zanelli (BTZ) black hole corresponds to the
Cardy entropy of two-dimensional conformal field theo-
ries. It is tempting to speculate that aspects of holography
may extend to Yang-Mills theory seen as a gravitational
theory. In the AdS; case (third-way theory), the global
Spin(2,2) = SL(2,R) x SL(2,R) isometry of AdS; is
broken by the masslike Manin term into the diagonal
subgroup SL(2,R)y;,,- This suggests that a holographi-
cally dual two-dimensional theory to the third-way theory,
if one exists, should be such that instead of having left and
right Virasoro symmetries, it should have only one
(diagonal) copy of the Virasoro symmetry. If three-dimen-
sional AdS FEinstein gravity is dual to a monster CFT (as
conjectured in [28]), then it may represent a deformation
of that theory.

We use the — + + metric signature with the Levi-Civita
symbol €y;, = —e”'2. Antisymmetrizations - --j, - -, are
always normalized.

II. MANIN THEORIES AS GAUGE THEORIES

A Manin pair [35] (9, g) is a Lie algebra d equipped with
an invariant nondegenerate inner product (—, —) and a Lie
subalgebra g C d whose dimension is half that of b and
such that (x,y) = 0 whenever x,y €g. The notion origi-
nates in the theory of integrable systems (see [36] for a
review).

A Manin theory [27] is a three-dimensional field theory
associated to a Manin pair (b, g) that is a deformation of a
Chern-Simons theory valued in d with a masslike term'

S[A]:/%k(A,dA+%[AAA]>+%<A,§MA> (1)

where A is a d-valued connection and M :d — b is a linear
map of mass dimension 1 with kernel and image both equal
to g C d such that

(My,z) = (y,Mz) ~ Mlx,y] =[x, My]  (2)
for xeg and y,z€d. The Hodge star * is taken with
respect to a background (pseudo-)Riemannian metric .
The masslike term 1 (A A xMA) breaks diffeomorphism
symmetry (since it involves the background metric §)

and the part of the gauge symmetry D not contained in
9.2 The background Hodge star structure coefficients are

given by the (1,2)-tensor /| det §|7#¢,,,. We may regard
it as the densitized symmetric (2,0)-tensor +/|det §|g*°,
similar to a stress-energy tensor density.

"This term, however, does not correspond to the masses of
the propagating degrees of freedom, which are massless.

This does not affect the consistency of the theory since half of
the fields are rendered auxiliary so that the associated gauge
symmetry is no longer necessary.
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We may choose a linear subspace g inside d such that
D=g+§ and (— —) identifies § = g*.” Picking a basis
{t,} of g and a corresponding basis {7} of § such that
(1%, 1,) = &%, we may parametrize the structure constants of
the Manin pair and the operator M as

[ta’tb] :fabctc [’ia"ib] :}‘abc’ic—l-ilabctc
[tajb] :}bcatc _facbic M7 = M“btb. (3)
Then the bd-valued gauge field A decomposes as

A = A%, + A7, its respective g- and §-valued compo-
nents, in terms of which the action becomes

~ ~ 1 ~ ., - ~
S[A,A]:/kAa/\F“Jrzkf“bcAa/\Ab/\A”
1 Tabc } 1 A 1 ab A ny
+6kh A NAp NAATMPAG N HA, (4)

where we have defined the field strength F = F“t, = dA +

A A A whose components are F* = dA® +1 f,.“A> A A,
We now specialize to the case of a gravitylike Manin

theory, where we now take the Manin pair to be one of

(8L(2,R) @ 3L(2,R), 8L(2, R) giye)

(T*31(2,R), 8[(2,R)) (5)
(31(2.C), 8L(2, R)).

(b,g) =

where T*8[(2,R) means the semidirect sum 31(2, R) X
8[(2,R)* with the dual space 3[(2,R)* regarded as an
Abelian Lie algebra and acted upon by 8[(2,R) as the
coadjoint representation. These three cases correspond
respectively to the third-way theory, Yang-Mills theory,
and the imaginary third-way theory according to Table II.
Normalizing the g 2 31(2, R) generators as

[tav tb] = eabchdtd = €apel®s (6)

where a,b,c,d€{0,1,2} are raised and lowered by
nap = diag(—1,1, 1), then d and M have the corresponding
structure constants

[tav tb] = €abc’7€dtd [ta’ ;b} = ”bceacdzd

" 1 .
[7,7] = Zve“bctc M = un®t,, (7)
where p is a constant of mass dimension 1 and

1 if b =8I(2,R) @ 8[(2,R)
v={0 if b=T*8[(2.R) (8)
—1 if b=8[(2,C).

This choice does not affect the physics [27].

TABLE II. Correspondence between Manin pairs, gauge the-
ories, and sign of the cosmological constant.

Max. symmetric

vacuum Manin pair Manin theory
de Sitter (81(2,C),81(2,R))  Imaginary third-way
Minkowski (T*31(2,R),8((2,R)) 3d Yang-Mills

Anti—de Sitter (81(2,R) & 81(2,R),

sl (2’ IR)diag)

Third-way

Accordingly, their respective Manin gauge theory actions
are

~ ~ 1 ~ ~ ~
S[A Al = /(kAa A F? —I—ﬂuke"bCAa ANA, NA,L
1 b~ o~ ~
+ 5/’”]” Aa A *Ab . (9)
The field A is auxiliary in that its equation of motion
i Sy, e Y bed i
A, =kpu ' nyx| F —l—gz/e A NAy (10)

can be recursively substituted as

~ kK~ K —~ —~
A, :;ﬂab*Fb +8_'u31/€abc*Fb AXFC+O((k/p)*'V* F?)

(11)

to produce an action

1 ~
Sl = / S RU P A K + ORF). - (12)

If we define

gym = \/M/k

then we get

A=K u 72, (13)

1 ~
S/A]= / Senn) ol AR+ OAG ). (14)
YM

realizing it as a nonlinear correction to Yang-Mills theory.”
In particular, when v = 0 or when gy is fixed and 4 — 0,
we obtain pure Yang-Mills theory. The corrections are
interesting in that they give rise to local field theories, but
this locality is not manifest without the use of auxiliary
fields (such as A); while one can write down the equations
of motion in a manifestly local form [25], the source current

“The theory is not unitary for either sign of u since the Killing
form for 81(2, R) is indefinite.
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that describes the higher-order self-interactions is only
conserved on shell. Such theories are referred to as
“third-way consistent” [37-39].

III. MANIN THEORIES
AS GRAVITY THEORIES

The Manin theories associated to the Manin pairs (5),
which describe dynamical gauge fields atop a fixed back-
ground metric, admit a reinterpretation as gravitational
theories describing a dynamical metric coupled to a back-
ground matter gauge field.

To make the gravitational interpretation manifest, we let
Mp; be an arbitrary mass scale and make the following
identifications. Define the dreibein e“, the metric g,,, the
spin connection @, the cosmological constant A, and the
stress-energy tensor density 7+ as

el = kAa/Mpl (153)
9w = ﬂabe,'fef (ISb)
1
w — —€abCAC o A = E(.;abca)bc (150)
1 -2 2
A==k, (15d)
T = kM (g7 /[ denl (15¢)

Note that 7 is a tensor density rather than a tensor; it
should be thought of as the stress-energy tensor density of
the background matter.” With these definitions, the Manin
theory action (9) now takes the gravitational form

1 1
Sle,w] = EMpl/euhC <e“ A Rb¢ —gAe“ A el A ec>

1
+§/d3xT"”nabeﬁe,{’, (16)
where the Riemann curvature is expressed as the 2-form
R = dw® 4+ 0®, A 0. (17)

The three choices of Manin pair (5), encoded by
v=1,0,—-1 in (8), now correspond via (15d) to
A <0,A=0,A> 0, respectively. In the original gauge
theory picture given in (9) and (14), the (anti—)de Sitter
cases correspond to the third-way theories of [37-39].
When the cosmological constant is vanishing, v = 0 = A,
the Manin theory (9) reduces to the familiar first-order
formulation of pure Yang-Mills theory with SL(2,R)

’In many ways, the stress-energy tensor density is more
fundamental than the stress-energy tensor—e.g., the definition
=268 mater/ 09" is naturally a density.

gauge group and, correspondingly, the higher-order terms
in (14) are switched off.
The equations of motion are

de? + @, A e’ =0 (18a)

b _ M3le

Rab/w - 2Aeﬁl€u] Pl Curp

TroeCet, =0, (18b)
where the first implies the spin connection be torsion-free
and the second is Einstein’s field equations with a cosmo-
logical constant and a background stress-energy term.

Suppose that ey is invertible.” We now raise and lower
Lorentz indices via g,,. The torsion-free condition (18b)
can be solved to yield the usual definition for the spin
connection

Wil = e’ (0”65] - 6,/6,11] +ePleco,e,.).  (19)

As to the second, let us (again using invertibility of the
dreibein) convert all dreibein indices to ordinary vector
indices

V/ |dety|

R/wpa - A(gypgua _gupg;w) - M—PIGHMGPMT‘M =0. (20)
All terms now carry four Lorentz indices, which have the
symmetry of the Young tableau H. In three dimensions,
we lose no information contracting the v and ¢ indices’ to
obtain

M—l
0= R/w - 2Ag/w - (Tm/ - Tpagpo-gyv)' (21)
| det g|

We can equivalently rewrite this as

\Y | detg|(G/w + Ag;w) = Ml;llTﬂw (22)
where
1
G;w = R/w - Eg;wR (23)

is the usual Einstein tensor.

IV. VACUUM SOLUTIONS

From the gauge-theory perspective, the gauge-theoretic
vacuum configuration is simply one in which all fields
vanish:

®This is not an innocuous assumption: for example, a Coulomb
monopole in some Abelian subalgebra u(1) C 8[(2,R) will not
be such that the dreibein is invertible.

This is the familiar fact that, in three dimensions, the Riemann
tensor is algebraically determined by the Ricci tensor alone.
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Ad(x) =0 = Ad(x). (24)

From a gravitational perspective, however, this corresponds
to a degenenerate metric g,, = 0 = o%’.

On the other hand, there exist a family of solutions that
naturally correspond to the notion of a gravitational
vacuum. Suppose that the background metric g,, = éje,,
satisfies Einstein’s equations with cosmological constant
AN*—for example, it can be Minkowski, dS or AdS. Take
the dynamical dreibein to be proportional to the back-
ground dreibein

el = ael. (25)

Then it is straightforward to check that this is a solution to
the Manin theory provided that

A* = oA + aMpp. (26)

In this manner all standard solutions are recovered but with
a shifted cosmological constant.

V. GAUGE/GRAVITATIONAL WAVES

The reader may wonder what happened to the local
degrees of freedom: three-dimensional Yang-Mills theory
with gauge group g has dim(g) local degrees of freedom,
while three-dimensional pure Einstein gravity should have
no local degrees of freedom. In fact, the latter statement
depends on whether one is working with the first-order or
second-order formulations of Einstein gravity.

Seen as a gauge theory, Yang-Mills theory on a
Minkowski background §,, =1,, has the plane-wave
solution

Afl(x) = €,C"exp(ik - x) (27a)

Al(x) = ku'e, ik e, Cexp(ik - x)  (27b)
for a fixed polarization vector g, such that k-e=0
(with two polarization vectors e, gauge-equivalent if
€, — &, « k,) and color C € 8[(2, R). Translated into gravi-
tational language, we obtain

wit = —ePC e, exp(ik - x) (28a)
el = K*Mp!u~"e, ik e, C exp(ik - x).  (28b)

That is, the plane waves correspond to degenerate solutions
in which the dynamical metric is noninvertible and the spin
connection remains nonzero. This is possible in the first-
order formalism since the relation (19) between the spin
connection and the dreibein assumes that the dreibein is
invertible; when this fails, the spin connection cannot be
solved in terms of the dreibein. Thus, first-order Einstein

gravity acquires three degrees of freedom in the presence of
a background stress-energy tensor density if one allows
degenerate metrics.

VI. AXISYMMETRIC SOLUTIONS:
COULOMB MONOPOLES AND BLACK HOLES

From the gauge-theoretic point of view, we have sol-
utions that correspond to spherically symmetric Coulomb
monopoles

e(r)=0%nr w®(r)=p'e® Qr xdr (29)
where Q € 31(2, R) is a fixed direction and r is the spatial
radial coordinate in a cylindrical coordinate system.

From a gravitational point of view, these correspond to
the degenerate dynamical metrics

0 0 0
Gu(t,r.0) =10 Q*Inr 0 |. (30)
0 0 0

These seem very pathological from the gravitational
perspective, but are perfectly well-behaved elementary
solutions from the Yang-Mills point of view.

When solved with an axisymmetric ansatz, the Einstein
field equations for three-dimensional Einstein gravity with
a negative cosmological constant admit the BTZ black
hole solution [40] (reviewed in [41-44]). Let us examine
a static axisymmetric ansatz for our case with a back-
ground stress-energy tensor density (assumed to be also
static and axisymmetric, e.g., for a Minkowski back-
ground). Assuming invertibility of the dreibein, we may
postulate the ansatz

Gudxtdx’ = u(r)?de® + o(r)2dr* + w(r)?d*  (31)

for the dynamical metric, whose Einstein tensor density
is then

V| detg|G" = —u (vw')’ (32a)
|detg|G™ = v3u'w (32b)
V| detg|G¥ = wl(u'v)'. (32¢)

(Here ' denotes d/dr.) For a flat background stress-energy
tensor density

T = diag(—a(r), b(r)7!, c(r)) (33)
and cosmological constant A, we have the equations

—u ' (ow') = Au"'w/v = —a (34)

025005-5



BORSTEN, KANAKARIS, and KIM

PHYS. REV. D 111, 025005 (2025)

v u'w + Auvw = b (35)
wl (W'v) + Auw™ Jv = c. (36)

Defining f = vw' and g = u'v, we may solve for v in terms
of u, w, f, g as

v=(b(fg+ Auw))™!, (37)

so that we obtain the system of first-order ordinary differ-
ential equations

f = au— Abw(fg+ Auw) (38a)
g = cw — Abu(fg+ Auw) (38b)
u' = bg(fg+ Auw) (38c¢)
w' = bf(fg+ Auw). (38d)

This is a Hamiltonian system with generalized coordinates
(f,9), generalized momenta (u,w), and Hamiltonian

1 1 1 1
H=—au?+—cw?—— 2_A —_A2 2
Sau” +5cw 2b(fg) bf guw 3 b(uw)

(39)

We can often reparametrize the radial coordinate so as to
have b = 1, in which case the Hamiltonian simplifies to

1 1 1
H:—au2+—cw2—5(fg+/\uw)2.

3 3 (40)

This describes a nonrelativistic particle moving in
two spatial directions with metric diag(a~!,¢™') and a
momentum-dependent  potential V= —1(fg+ Auw)?,
which is unbounded below. A black-holelike apparent
singularity occurs at V = —oco, which is at the top of the
potential hill V. Solutions therefore tend to roll down to
v — oo to run into apparent singularities.8 On the other
hand, to have the solution be nonsingular at spatial
infinity for a general 7", one may need to tune
parameters so as to end up at the top of the hill.” Note
that a naive count of the initial conditions of the system
(38) indicates more parameters than would be expected
from the no-hair theorem.
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