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ABSTRACT. Thispaperrelatesclassesof finite automataundervariousfeedbackproducts
to somewell-known pseudovarietiesof finite semigroupsvia a studyof their irreducible
divisors(in thesenseof Krohn-Rhodes).In particular, this servesto relatesomeclassical
resultsof Krohn, Rhodes,Stiffler, Eilenberg, Letichevsky, Gécseg, Ésik, andHorváth. We
show thatfor afinite automatonsatisfactionof (1) theLetichevsky criterionfor non-empty
words, (2) the semi-Letichevsky criterion for non-emptywords, or (3) neithercriterion,
corresponds,respectively, to the following propertiesof the characteristicsemigroupof
theautomaton:(1) non-constructabilityasa divisor of a cascadeproductof copiesof the
two-elementmonoidwith zero

�
, (2) suchconstructabilitywhile having

�
but no other

non-trivial irreduciblesemigroupasadivisor, or (3) having nonon-trivial irreduciblesemi-
groupdivisorsat all. Thelatter two casesareexactly thecasesin which thecharacteristic
semigroupis � -trivial.

This algebraiccharacterizationsupportsthe transferof resultsaboutfinite automata
to resultsaboutfinite semigroups(andvice versa),andyields insight into the lattice of
pseudovarietiesof finite semigroups— or, equivalently via theEilenberg correspondence,
the lattice of � -varietiesof regular languages— andthe operatorson theselatticesthat
arenaturallyassociatedto variousautomataproductswith boundedfeedback.In particular,
all operatorswith non-trivial feedbackare shown to be equivalent, and we characterize
all pseudovarietiesof finite semigroupsclosedundereachtypeof feedbackproducteither
explicitly or by reducingthequestionto closureunderthecascadeproduct.

1. PRELIMINARIES AND PREVIOUS RESULTS

1.1. Automata. A finite automaton�������
	��	���� is a finite setof states� , finite input
alphabet� , andtransitionfunction ������������� . Membersof � arecalledthe input
letters of � . ��� denotesthesetof finite wordsover � . If ����� � , thenthelength ! �"! of� is # if �$��%'&)(*(+(�%-, ( %-./�0� , 13254625# ). Theuniqueword of lengthzeroin � � is
denoted7 . �980�:���<;>=?7A@ denotesthewordsover � of positive length.We extend � to
wordsover � inductively by letting�B��C-	�7-�D�EC and �B��C-	��/%-�<�F�B���B�GC�	H�>�I	H%-�
for all CJ�9� , % �� , and �K���� . We write C"LM� for �B��C-	H�>� if no confusioncanresult.
Clearly ��C"L+�N�OLP�/QR�ECSL+�/�/Q for all C3��� , �
	��/QT�J��� . Notethatwedo not excludethe
possibilitythat � or � or bothmaybeempty.

Let U$�V�GWX	HY<	H�ZQ[� alsobe a (finite) automaton.Thena homomorphismof automata\ �R�]�^U is a pair of mappings\ & �'�K�_W and \a` �-�b�cY suchthat \ & ��CdLZ%'�>�\ & �GCB�eL \a` ��%-� holdsfor all Cf�:� , %g�E� . If both \ & and \a` aresurjective, then U is
saidto bea homomorphicimage of � . If on theotherhandboth \ & and \a` areinjective,
then � is saidto be(isomorphicto) a subautomatonof U . If \ & and \a` arebothbijective,
thenwe say \ is an isomorphismfrom � to U . We shallgenerallynot distinguishamong
isomorphicstructures.

1.2. Products of Automata with Feedback. Let �"&�	+(*(+(R	��S, be finite automataandlet� bea finite alphabet.Thena general product(with arbitraryfeedbackamongfactors)is
anautomatonwith states� & ��L+L*Lh�J� , andtransitionfunctionof theform�GCh&?	+(*(+(A	�Ci,h�aLP%j�k��C Q & 	*(+(*(R	HC Q, � with C Q. �ECl.AL*mZ.��GCh&Z	*(+(+(R	�Ci,'	�%-�P	
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whereCi.�	�CiQ. �J�>. , %��J� , 162n4<20# , for somemZ.o�p�N&q�
L*L+L��>�>,r�/�s�V�t. . For 4 from 1
to # , thefunction mZ. is calledthe 4GuGv feedback functionof thegeneralproduct,andgivesan
input letter to �S. dependingon theinput letter % andthestatecomponents��Ch&?	*(+(*(A	HCi,h� . &
Suchaproductis completelydeterminedby its componentautomata,theinputalphabet� ,
andfeedbackfunctions.̀

In this paper, we shall studysomeproductswhich restrict the lengthof feedback. If
eachm . maydependonly on % andthecoordinatesCpw with xjyF4 , thenwe have a cascade
product. For z�{}| , if eachm . maydependonly on % and Cpw with xo~Xz3yn4 thenwehavean�a� -product, that is, a productwith lengthof feedback boundedby z . Thecascadeproduct
is thusan �T� -product,andany generalproductis an �)� productfor somez (e.g.for z3{n# ,
thenumberof factors).� Wehaveaquasi-directproductor � -productif eachm . maydepend
only on % . Every � � -productis obviously alsoan � � 8 , -productfor all #�{K| . Given a
classof finite automata� anda product � , let �o���S� denoteall finite automatawhich can
be constructedas � -productsof membersof � . (In speakingof classesof automata,we
shall assumethey areclosedunderisomorphism.)We saya generalproductof automata
hasnon-trivial feedback if it is an � � -productfor some z���| but is not an � � -product.
Thuswehavea hierarchy�K�f�B���S�e� �T� ���S�e� � & ���S�e� �)` ���S�e�:L*L+LB� �)� ���S�e� �)� 8 & �����r�:L*L+LB� �)� ���S�I	
where � � �����6�$� ��I�R� � � ���S� is of coursethegeneralproduct. It is easyto see(Gécseg
[6]):

Lemma 1. For all |�2�z'	�#�2�� , andclassesof finite automata�d	���Q :
1. ��� �)� ���S�
2. ���f��Q�� �a� ���S�r� �)� ����Q��
3. �q� ���S�D� �q� � �T� �����H�
4. � � ���S�D� � � � � � �����H�
5. � � � � � ���S�H�D� � � �����
6. � � ���S�e� � � 8 ,q���S�
In particular �q� and �a� areclosureoperatorson classesof finite automata(since1,2,3

resp.1,2,4of the lemmahold). It is certainlynot true that �a� � � , ���S�H�X� �a� 8 , ����� for
generalz'	H# . It is alsonot truefor generalz that �a� � � , ���S���D� �)� ���S� .

An automaton� homomorphicallyrepresentsan automatonU if U is a homomorphic
imageof asubautomationof � . A class� of finite automatais saidto behomomorphically
completeif every finite automatoncanbe homomorphicallyrepresentedby an automata
from � .

If � is a classof finite automata,�����S� denotesall homomorphicimagesof members
of � , and �����S� denotesall subautomataof membersof � . We sometimeswrite � � �����
for � � ����� and �t����� for �B���S� . We write �9�O� � ���S� for �����r� � � �����H��� for |�2�z02K� .
Thus, �9�O� � ���S� is the classof automatawhich canbe homomorphicallyrepresentedby�a� -productsof membersof � , andwe write �9�O�t����� if thequasi-directproductis used.
Hencewealsohavea hierarchy���}�9�O�t�������}�9�O� � ���S�e�n�9�o� & ���S�e�}�9�O� ` ���S�e�L*L+Lh�}�9�O� � ���S�e�f�9�O� � 8 & ���S�e�gL+L*Lh�n�9�o� � �����P(
It is anelementaryexercisetocheckthewell-knownfactthat �9�O�t�����o�E�9�O�t�G�9�O�t�����H�
and,moreover, �9�O�).����S�D�����O�t���9�o�T.H�����H� for all |�2n4<2}� (e.g.[6]).

We recall�
Thegeneralproductis sometimesalsocalledtheGluškov product.�
For �X ¢¡ , theemptyproductis anautomatonwith exactly onestate– ‘the uniquezero-tuple’–on which

eachinput letter £N¤>¥ actsin theonly possibleway.¦
Thecascade(or feedback-free)producthasbeenstudiedsinceat leasttheearly1960sin computerscience

andelectricalengineering.The §h¨ -productswereintroducedby F. Gécseg in 1975.
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Theorem 2 (Letichevsky DecompositionTheorem(1961)[12]). For every class � of fi-
nite automata,�a� ���S� is homomorphicallycompleteif andonly if there existsan automa-
ton �k�����
	��	���� in � such that�G©DªM«�� ¬BC � �J�S	�%T	�j���9	�®q	��
�j� 8 	¯C � LP%�°��C � LP'	 and C � LP%p®��EC � LPB�6�EC � (

±³² ±I²'´¶µ
±I²'´¸·

% 
®

�
TheLetichevsky Criterion ¹

Remark. This formulation of the Letichevsky criterion is equivalent to the usualone
which alsoallows ® or � to be possiblyempty: If the criterion holdswith ®��º7 , thenC � �FC � LP%»®��FC � LI% , sowe mayreplace® by theletter % . A similarobservationholdsfor� (andfor thesemi-Letichevsky criterion,introducedin thesequel).

It is saidthat a finite automaton� satisfiesLetichevsky’s criterion if it hasthe above
property �G©DªM«�� . Wesayaclassof finite anautomata� satisfiesLetichevsky’scriterion if �
hasa memberthatsatisfies��©<ªM«�� . We thenwrite �¼! �F©<ª*« and ��! �F©<ª*« , respectively. We
write ½)¾<¿qÀ for theclassof finite automatathatdonot satisfy �G©DªM«�� , and �SÁ�Á for theclass
of all finite automata.

Corollary 3. For anyclass� of finite automata:

1. �9�O� � ���S�<�F�SÁ�ÁJÂ�� ��! �F©<ª*« .
2. ½)¾D¿qÀ is closedunderthegeneral product,i.e. � � �G½)¾D¿TÀ"�e�}½)¾D¿qÀ3(
3. �9�O� � �G½)¾D¿TÀ��o�:½)¾D¿qÀ .

Whenis � � ���S� homomorphicallycomplete?A strengtheningof Letichevsky’s Theorem
givesapartialanswer:

Theorem 4 (Ésik). � is homomorphicallycompletefor the � ` -product if and only if �
satisfiestheLetichevsky criterion.
Thatis, �9�O� ` ���S�D�F�
Á�ÁjÂd� �$! �E©DªM«I(
Proof: See[4] or [6, Thm.4.10].

¹
This implies �9�o� � �����N���9�O� ` ���S� holdsif �Ã! ��©DªM« . But remarkablyequalityholds
for any � :

Theorem 5 (Ésik-Horv́ath[5]). Let � be any classof finite automata. Thena finite au-
tomaton�����9�o� � ����� if andonly if ���j�9�o� ` ���S�I(
Proof: See[5] or [6, Thm.5.4].

¹
Thusthe �9�O� � hierarchycollapsesat zt�EÄ for every � .
But in many casesit collapsesfor z�y:Ä . If �$���G�S	��9	H��� doesnot satisfyLetichevsky’s
criterionbut we have C � LM%:°��C � LZ-	 and C � LZ%»® ��C � for someC � �0�
	»%T	� ��� and®��j� 8 then � satisfiesthesemi-Letichevsky criterion ( �O© ):�G�o©<��½a©DªM« and ¬BC � �J�
	�%T	�3�j�	G®���� 8 	¯C � L+%¢°��C � LP'	 and C � L+%»®���C � (
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±³² ±I²'´¶µ
±I²'´¸·

% 
®

TheSemi-Letichevsky Criterion

Examiningthedetailsof theproof of theÉsik-Horv́athTheorem(aspresentedin [5] or [6,
pp.49–54]),oneseesthatit actuallyshows:

Corollary 6. Let � beanyclassof finite automata.Then

���O� � ���S�D� ÅÆ Ç ���O� ` ���S� if � satisfiestheLetichevsky criterion���O� & ���S� if � satisfiesthesemi-Letichevsky criterion���O� � ���S� otherwise(
1.3. Semigroups, Transformation Semigroups, and Pseudovarieties. A semigroup is
a set � with anassociative multiplicationoperation.That is, for all %q	H-	�È�0� , ��%¯h��Èj�%T��BÈl� . A semigroup� is amonoidif it hasanidentityelement16�� suchthat 1MÉ/�:É>�:É»1
for all É���� . For any alphabet� , �98 is asemigroupwith concatentationastheassociative
multiplication,andis calledthe freesemigroupon � . Similarly, ��� is the freemonoidon� , with identity element7 . A monoidis a group if in additionfor eachÉ"��� thereexists
an inverse É�Ê & ��� suchthat ÉpÊ & É6��1���É?É�Ê & . An idempotentin � is anelementª such
that ª ` �$ª . If � is a finite semigroup,it is easyto show thateachelementÉ of � hasa
uniqueidempotentpower. Notation: we take Ë/��É?� to be the leastinteger greaterthan 1 ,
suchthat É*Ì-ÍÏÎ¶Ð¸É*Ì-ÍÏÎ¶ÐÑÊ & �ÒÉ*Ì-ÍÏÎ¶ÐÑÊ & . Note that É*Ì-ÍÏÎ¶Ð is the uniqueidempotentpower of É .
Wewrite Ë for Ë/�GÉ?� , wheretherecanbenoconfusionaboutÉ , andthusweshallwrite also�GÉ?�¸Ì or É*Ì for this idempotent.

If � is asemigroup,thenthereversesemigroup �OÓ hasthesameunderlyingsetas � but
multiplication Ô with %dÔ<d�Fl% , where%q	H3��� Ó and i% is their productin � .

If � and Y are subsetsof � then �9Y^�Õ=M%¯5�$�j!¸%$���	H5�KYt@ . (Of course�9Y is empty if eitherof � or Y is; andalso �9Y��º� if Yb�Ö=»1p@ (andvice versa)
if 1 is an identity elementof � .) A subset×¼��� is a subsemigroupof � if × ` �5× . A
homomorphism\ �l� & �Ø� ` from asemigroup� & to asemigroup� ` is afunctionsuchthat\ �GÉ?� \ ��É*Q��o� \ �GÉ?ÉMQÏ� for all É»	³É*QA�J� . If \ is surjective,then � ` is ahomomorphicimageof� & . A semigroup� divides(andis adivisorof) asemigroup× if � is ahomomorphicimage
of a subsemigroupof × . We denotedivision by �}Ù}× . A non-trivial group Ú is simpleif
theonly homomorphicimagesof Ú are Ú andthetrivial group =l1�@ (up to isomorphism).

If � is asemigroup,let �OÛ denotethemonoid �OÛ>�:��Ü=MÝ¯@ with identity Ý , whereÝ is
a new symbol(i.e. ÝJ°��� ), andassociativemultiplication

É?É Q � ÅÆ Ç É if ÉMQ��FÝÉ*Q if É>�EÝÉMÉMQ if É»	�ÉMQR��a	
for all É»	�ÉMQR��OÛ . Also, let �oÞ/�$ß � if � is a monoid� Û otherwise(

A transformationsemigroup ���S	³�o� is anautomaton�G�S	��O	H��� suchthatthesetof inputs� is a semigroupand ��C3L»É?��L»ÉMQe�ÒC3L»É?É*Q for all Cn�E� and É»	�ÉMQ>�E� . Here ÉMÉMQ is the
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productunderthesemigroupmultiplicationof � . Furthermore,theactionof � is required
to befaithful, i.e. if CSLMÉ>�ECSLMÉMQ holdsfor all C3�j� , then É>�EÉMQ .

Thentheright regular representationof � is thetransformationsemigroup��� Þ 	��o� with
transitionfunctiongivenby the multiplication in � Þ . If � is a semigroup,sometimeswe
write “ � ” in a context wherea transformationsemigroupor an automatonis required;in
thiscase,� denotestheright regularrepresentation��� Þ 	��o� . For example,� . �¶=Z��@?� denotes
all � . -productsof factors �G� Þ 	³�o� , wherethelatteris viewedasanautomaton.

Given any automaton�Ø�V���
	��	���� , let �S8��V���
	��r�G�
�I	��Z8D� denoteits associated
non-emptyinputword automaton(alsoknown astheassociatedtransformationsemigroup)
whosestatesarethesameasthoseof � , andwhosesetof input letters �r���"� is thesetof
thetransformationsinducedin � by wordsin ��8 . Thatis, eachnon-emptyword �5�J�98
representsaninput letterof �S8 with C>L��:�E�B��C-	H�>� for all CX��� , andtwo words �S	��/QT��98 representthe sameinput letterof �S8 if andonly if �B��C-	��N�6�¼�B��C-	��>Q[� for all statesCX�J� . Wethenwrite à �rá'��à �/Qâá , andwehave �r���
�o�5=là �ráq�p�5���98�@ with �Z8r��C-	*à �rá��D��B��C-	H�>� . Of course,�r���
� is finite (since � is), andthemap �5ã�cà �rá is a homomorphism
of semigroupsfrom the freesemigroup�98 onto �r�G�>� . �r���"� is calledthecharacteristic
semigroup (or transition semigroup) of � . If �Õ�Õ���
	��	���� is any automatonthenof
course�S8��ä�G�S	³�r���
�P	H�Z8D� is a transformationsemigroup.Obviously, by faithfulness,
thecharacteristicsemigroupof any transformationsemigroup���
	��o� is just thesemigroup� . In particular, the characteristicsemigroupof the right regular representation�G� Þ 	��D�
is � , andmoreover, the characteristicsemigroup�r�G�S8o� of �
8 is just the characteristic
semigroup�r�G�
� of � .

An automaton� is a groupautomatonif eachmemberof theinput alphabet� actsas
a permutationon theset � . If Ú is group,thenits right regular representation�GÚ Þ 	HÚS�����Úd	�ÚS� is the group automatoncorrespondingto the group Ú . It is easyto verify that a
cascadeproductof groupautomatais itself agroupautomaton.

Theflip-flop automatonå hasstates=MC-	�æM@ andinputs =?C-	�æ?	*1�@N��ç wherethe C and æ
actasconstantsand 1 actsastheidentity. Its characteristicsemigroupçk�E�r��åd� is called
theflip-flopmonoid, andhasmultiplicationtable:ç 1èC æ1 1èC æC C C ææ æèC æ

A semigroup� is irreducibleif whenever � is an automatonwith �r�G�
����� and�_���9�O� � �¸=M� & 	+(*(+(R	H� , @?� for some � & 	+(*(+(R	�� , �K�SÁ�Á , then �ÃÙé����� . � for some4 ( 1f2é492é# ). If � is a finite semigroup,ÝlêNê6ëSì9�G�o� denotesthe set of non-trivial
irreducibledivisorsof � , i.e. thosehaving at leasttwo elements.If � is afinite automaton,ÝlêNê6ëSì9���
� denotesÝlêNê6ëSì9�G�r�G�
��� . If � is a classof finite automata,Ý»ê6ê6ëSì���S� is
the unionof all Ý»ê6ê6ëSì�G�
� for �s�n� . ��ê6Ýií�ë
�r���o� denotesthe setof finite simple
groupsthatdivide � .

Theorem 7 (Krohn-RhodesTheorem(1962)[10, 11]). Let � bea finite automaton.Then� canbehomomorphicallyrepresentedby a cascadeof flip-flops å andgroupautomata
correspondingto ��ê6Ýlí�ë"�r�G�r�G�
��� . That is, �^�5�9�O� � �¸=*å�@NÜ¢��ê6Ýií�ë
�r�G�����
�H���I(
Moreover, if � is a non-trivial groupautomaton,thentheflip-flop å maybeomitted.

If � is homomorphicallyrepresentedbya cascadeof automata�"&�	+(*(+(R	H�
, , thenevery
irreduciblesemigroup that divides �����
� divides �r���
.�� for some4 ( 102Ã4�2Ã# ). That
is, �Ö�F���O� � ���S�d�îÝlê6êNë
ì���
�3�¼ÝlêNê6ëSì9���S�I( Moreover, a finite semigroup � is
irreducibleif andonly if � is simplegroupor a divisorof theflip-flopmonoid.

Corollary 8. If everysubgroupof �r�G�
� is trivial, then ���J�9�O� � �¸=*å�@?� .
Proof: Sinceeverysubgroupof �r���"� is trivial, ��ê6Ýií�ë
�r���r���
�H�D�gï , sotheconclusion
follows from thefirst partof theKrohn-RhodesTheorem.

¹
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Thelastpartof theKrohnandRhodesTheoremimpliesthattheirreduciblefinite semi-
groupsareexactly thefinite simplegroupsandthesubsemigroupsof theflip-flop monoidç . Thesearethe flip-flop monoid ç itself, the two-elementmonoid ð , the two-element
right-zerosemigroupÄ�ñ , theone-elementsemigroup=»1p@ , andtheemptysemigroupï .ð 1ò|1 1ò|| |ó| Ä�ñ C æC C ææ C æ
Corollary 9. If � isaclassoffiniteautomatasuch that �9�O� � �����<�F�SÁGÁ , thenÝlê6êNë
ì���S�D�
all finite simplegroups Ü9=Mçe	³ðr	�ÄpñM@»(
Moreover, supposea semigroup� divides �r���
� for somefinite automaton� : If �kÙ�ç
then � is (isomorphicto) a subsemigroupof �����
� ; while, if � is a group, then � is the
homomorphicimageof a group Ú which is a subsemigroupof �r���
� . (Seee.g. [11] for
proofsof thestatementsin thissection).

A pseudovariety ô of finite semigroupsis a classof finite semigroupsclosedunder
division andfinite directproducts.That is, (1) if ��Ù�× and ×5��ô then �f� ô , and(2) if�R.O�ô for all 4D�JÝ , afinite index set,then õ .�ö Û �R.a�9ô .
Taking Ý"�:ï , thelatterconditionguaranteesthattheone-elementsemigroupis in ô , soin
particular ô cannotbeempty.

If � is a classof finite automata,thendefine ÷R����� , thesemigrouppseudovarietycorre-
spondingto � , to bethesmallestpseudovarietyof finite semigroupscontainingthetransi-
tion semigroup�r�G�
� for eachautomaton���j� .

1.4. Eilenberg Correspondences. Eilenberg’sTheorem[3] statesthatpseudovarietiesof
finite semigroupsarein a naturaloneto onecorrespondencewith certainclassesof rec-
ognizablelanguages,thevarietiesof languages.A variety ø of languagesassignsto each
finite alphabet� a set ø������ of regular languagescontainedin �98 suchthat (1) ø������
is closedundertheBooleanoperationsof finite union,finite intersection,andcomplement
within �98 , and (2) ø������ is closedunderquotients: ©ä�$ø6����� and %ù�$� implies©o% Ê & and % Ê & © arein ø6����� , where ©D% Ê & �ù=M�]�n� 8 !¶��%}�n©�@ and % Ê & ©��]=*�Ò��98J!¶%��5�J©�@ , andsuchthat(3) ø is closedunder(non-erasing)inversehomomorphisms:©}�jø6����� and \ �pY"8 �ä�98 is a homomorphismimplies \ Ê & ��©<���Jø���Y�� .ú

If ©¼�$�98 is a languageover � , thenthe syntacticsemigroup of © is the transition
semigroupof its minimal automaton. ©$�$�98 is recognizedby a finite semigroup� if���:�r���
� for somefinite automaton���k�G�S	H�	H��� recognizing© . Thereaderis referred
to [3] or [13] for full definitionsanddetails,aswell asrelationsto automatatheory.

Theorem 10 (Eilenberg (1976)[3, Thm.VII.3.2s]). Thereis a one-to-onecorrespondence
betweenpseudovarietiesof semigroupsandvarietiesof languages:Thepseudovarietyof fi-
nitesemigroupsûÃã� thevarietyof languagesøeü where øeü������ is thesetof thelanguages©����98 recognizedby members of û . Thevarietyof languages økã� thepseudovarietyûjý generatedby syntacticsemigroupsof all thelanguages ©���ø������ with � somefinite
alphabet.

TheEilenberg correspondenceservesto systematizethestudyof regular languagesal-
gebraically. For instance,the pseudovariety ôqþ¯ÿ of all finite semigroupscorrespondsto
thevarietyof regularlanguages(Kleene’sTheorem[7]). Thepseudovariety � of aperiodic
semigroupscorrespondsto the variety of star-free languages(Scḧutzenberger’s Theorem
[14]). [A finite semigroup� is aperiodicif É+ÌJ�FÉ*ÌB8 & for all ÉS�J� , i.e.everysubgroupof� hasonly oneelement.Equivalently, by thefirst corollaryof theKrohn-RhodesTheorem,� is aperiodicif andonly if � dividesthetransitionsemigroupof a cascadeof flip-flops.]�

Moreexactly thesearethe � -varietiesof languages.Thereis arelatedbut somewhatdifferentEilenberg cor-
respondencebetween� -varietiesof regularlanguages(allowing theemptyword)andpseudovarietiesof monoids.
(See[3] or [13] for precisedetailsanddifferencesbetweenthetwo correspondences.)
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Many instancesof the Eilenberg correspondencebetweenvarietiesof languagesand
pseudovarietiesof finite semigroupshave beenstudied(see[3, 13] andsubsequentpubli-
cationsby variousresearchers,including deepresultsof Knast,Simon,Brzozowski, and
Straubing[8, 9, 15, 2, 17, 18, 19]). For purposesof thispaper, weneedonly somerelatively
simpleinstancesof this correspondence.

If û is a pseudovariety of finite semigroupsthen the reversepseudovariety is û Ó �=?�oÓ<!��F��û�@»	 whosemembersarethereversesemigroupsof membersof � . The reverse
of a language ©��g�98 is the language© Ó �¼=*% , (*(+(¸% & � �98J!¶% & (+(*(¸% , �¢©�	B#}��|B@l(
Underthe Eilenberg correspondence,reversingthe languagesin a variety correspondsto
thereversingthesemigroupsin thecorrespondingpseudovariety(asis easyto seesincethe
reverselanguagehasthe reversesyntacticsemigroup)[3, Prop.VII.5.1]. Obviously, the
Eilenberg correspondencepreservesinclusion: � ��û if andonly if ø��g�����/�}øeü"�����
for all finite alphabets� .

A semigroup� isnilpotentofdegree# if andonly if for all %'&�	+(*(+(R	�%-,j�J� , %R&)L+L*L�%�,t�| holds, i.e. %R&)L+L*L�%-,B5��i%'&aL+L+LH%�,���%'&OL+L*L¸%�, holds for all K�$� . ���
	�, is the
pseudovariety of finite semigroupsthat are nilpotent of degree # . In the corresponding
languagevariety, �S4¶Á , ����� is the Booleanclosureof the singletonlanguages=*��@ , �Ø��98 , ! �"!<y$# . ����	 is the pseudovarietywhich is the union of all the ����	 , . ����	 is also
definedby É*Ìj�F| . A language©}�f�98 is finite or cofiniteif either © or �98�;�© is finite,
which is true if andonly if its syntacticsemigroupis nilpotent([3, Prop.VIII.2.2] or [13,
Ch.2 Thm.3.3])

A semigroup� is saidto bedefiniteif ÉMª6�:ª holdsfor all ª ` �Eªl	³É��9� . A semigroup� is saidto bea reversedefinite, if ªZÉ���ª for all idempotentsª��0� andall É���� . The
pseudovariety of all definitesemigroupsis denoted . The pseudovariety of all reverse
definitesemigroupsis denoted Ó . A language©5���98 is reversedefiniteif © is of the
form Y
���aÜ�� whereY and � arefinite languagesof ��8 . Thedefinitelanguagesarethe
reverseof these.Thedefinitelanguagesareexactly thosewhosesyntacticsemigroupslie
in  , while the reversedefinite languagesareexactly thosewhosesyntacticsemigroups
lie in  Ó ([3, Prop.VIII.4.1] or [13, Ch. 2 Thm. 3.4]). Inside  is a nestedhierarchyof
pseudovarieties , whosememberssatisfy % & L*L+LH% , ��l% & L*L+L¸% , .  is theunionof the , . The pseudovarietiesof left-zerosemigroups������ & Ó andright-zerosemigroups� �0�� & arethelowestlevelsof thetwo hierarchies.Thecharacterizationof thelanguage
varietyrecognizedby  , is thesameasthat for  exceptthat thefinite languagesY and� mayonly containwordsin ��8 of lengthnot exceeding# and #9~�1 , respectively [13,
p. 43]. Similar remarkscharacterizethelanguagevarietycorrespondingto each , Ó . An
automaton���k���S	H�	H��� is calledreversedefiniteif thereis an #��f| , suchfor all C3�j� ,% �9� , ® �9�98 , C�LH®�%9��C�LH® holdswhenever ! ®)!-{F# . It follows from thedefinitionof
the �, Ó thata language©E�:�98 is reversedefinite(i.e. recognizedby a memberof  Ó )
if andonly if © canberecognizedby somereversedefiniteautomaton.

In a semigroup� , % and  are � -related(denoted:%��: ) if thereexist É»	�«>� � Þ such
that %-É"�5 and i«r�5% . A semigroup� is � -trivial if %��g alwaysimplies %��5 . The
finite � -trivial semigroupscomprisea pseudovariety

�
. A language©F���98 is extensive

if it canbewritten asthe finite disjoint union of languagesof the form Y
8 , Yé�k� and���� % & ���& % ` (+(*(�% , ���, , where#9�}| , % & 	+(*(+(R	�% , ��� , � . �f��;q=M% . 8 & @ for |d2n4D2f#>~j1
and � , ��� . Theselanguagesareexactly thosewhosesyntacticsemigroupslie in

�
as

canbeseenby usingminor but straightforwardmodificationsof the correspondingproof
for Ô -varietiesby Pin [13, Ch. 4, Thm. 3.3] (of the original result for � -trivial monoids
dueto Eilenberg [3, Cor. X.3.3]). Anothercharacterizationof extensive languagesis that
they areexactly the languageswhich canbe recognizedby an extensivefinite automaton�������
	��	���� , i.e. a finite automatonfor which thereis a partialordering,or equivalently
a total ordering, 2 on � with C�Li%K2sC for all C:���S	�%��5� (cf. Pin [13, Ch. 3.3],
Brzozowski andFich [1])
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We recordsomeof thesecorrespondencesbetweenvarietiesof regular languagesand
pseudovarietiesof finite semigroups:

REGULAR Âd� ôAþ�ÿ
STAR-FREE Âd� �
EXTENSIVE Âd� �

DEFINITE Âd� 
REVERSEDEFINITE Âd�  Ó

FINITE ORCOFINITE Âd� ����	
In thesequelthetwo pseudovarieties Ó and

�
will play a crucial role. We denoteby �

thepseudovarietyconsistingof all finite groupsandtheemptysemigroup.

2. ALGEBRATIZATION

What is the relationshipbetweenhomomorphicrepresentationby the feedback prod-
ucts and pseudovarietiesof finite semigroupsor, equivalently, varietiesof regular lan-
guages? To studythis question,we examinetheLetichevsky andsemi-Letichevsky crite-
ria algebraically. If we examinethetransformationsemigroupsof automatasatisfyingthe
Letichevsky criterion,we areimmediatelyconfrontedwith thefollowing fact.

Fact 11. Let � bea finite automaton.

1. �¼! �E©DªM«O�ä�S8}! �E©DªM« .
2. �S8�! �E©DªM«/°�ä�$!�E©DªM« .

Proof: (1) Sinceevery letter of � yields a correspondinginput symbol of �S8 , this is
obvious. (2) Considerthe3-statecounterautomaton�����¶=M|¯	+1»	�Äi@l	P=M%A@»	���� , �B��4�	H%-���:4��1D������� �l� with asingleinput letter % . Thenon-emptyinputwordautomaton�A8 associated
to � hasinput letterscorrespondingto thetransformationsrepresentedby thewords % , %¯%
and %�%¯% (andno othertransformations).�R8 satisfiesLetichevsky’s criterion, but � does
not.

0 1

2

% %%
0 1

2

% %%
% `

% `% `
%�� %-�

%��

TheThree-stateCounterAutomatonandits AssociatedNon-EmptyInputWordAutomaton ¹
SincetheEilenberg correpondencebetweenvarietiesof languagesandpseudovarieties

of semigroupsrelieson the characteristicsemigroupsof the automatarecognizinga lan-
guage,the failure of the implication in Fact 11(2) suggeststhat, in order to develop an
algebraictheoryrelatedto theLetichevsky criterion, it is desirableto studyit for thecor-
respondingtransformationsemigroup— i.e., the non-emptyinput word automaton�S8
associatedto a givenautomaton� . Thus,if the transformationsemigroup�S8 associated
with � satisfiestheLetichevsky condition,let uswrite �¼! �F©<ª*«¸8 . By definition,� 8 ! �F©<ª*«�Âd� �$! �F©<ªM« 8 ((1)

Now we say � satisfiesthe Letichevsky criterion for non-emptywords ( ©DªM«¸8 ) if �S8 sat-
isfiesthe Letichevsky criterion. This is obviously equivalentto � satisfyingthe formula



FINITE SEMIGROUPS,FEEDBACK, AND LETICHEVSKY CRITERIA 9��©<ªM«¸8o� :�G©DªM« 8 � ¬BC � �J�S	H%q	�'	G®q	H�"�J� 8 	¯C � L+% °�EC � LP'	 and C � L+%p®j�FC � LPB�6�EC � (
Thuswehavethesameconditionasfor ��©<ª*«�� , exceptnow for ��©<ªM«¸8o� , % and  neednotbe
lettersin thealphabet� of � but areallowedto beany non-emptywordsin �98 . In this
notation,by Fact11(1), ��! �E©DªM«��A� �¼! �F©<ªM« 8(2)

but thereverseimplicationmayfail to hold in general(Fact11(2)).
Similarly, we say � satisfiesthe semi-Letichevsky criterion on non-emptywords, and

write �¼! �:�O©D8 , if �S8 satisfiesthesemi-Letichevsky condition.By definition,� 8 ! �:�O©VÂd� �$! �E�o© 8 ((3)

Thus, � satisfiesthethesemi-Letichevsky criteriononnon-emptywords ���O©D8o� if � does
not satisfy ��©<ª*«¸8o� but theconfigurationof thesemi-Letichevsky criterionoccursin � for
somenon-emptywords %T	�'	�® ���98 . Precisely, ��! ���O©D8 if �º°! �k©DªM«¸8 andthereexist%q	H'	�®0�0�98 , C � �n� , suchthat C � L?%g°�KC � LZ and C � L?%»®¢�KC � . This is equivalentto
satisfactionby � of theformula �G�o©D8O� :���O© 8 ��½a©DªM«¸8 and ¬BC � ���S	�%T	�'	�®��j� 8 	¯C � LP%�°��C � L+'	 and C � L+%p®��FC � (

If a class� of automatacontainsanautomatonsatisfying ��©<ª*«¸8O� , thenwealsosaythat� satisfiesLetichevsky’s criterion on non-emptywords ( �V! �¼©<ªM«¸8 ). Otherwise,we say
that � doesnot satisfy �G©DªM«¸8o� , andwrite �Ø°! ��©<ª*«¸8 . Also, a class� of finite automata
satisfiesthe semi-Letichevsky criterion on non-emptywords ���_! �Ö�o©D8O� if it doesnot
satisfytheLetichevsky criteriononnon-emptywordsandatleastonememberof � satisfies
thesemi-Letichevsky criterionon non-emptywords.

Let us determinethe remainingrelationsbetweenthe classicalLetichevsky andsemi-
Letichevsky criteriaandthecorrespondingcriteriaonnon-emptywords.

First weshow that �$! �E�o© 8 �A� �$! �E�o©(4)

but theconversedoesnothold in general.Proofof (4): Wehave �
8f! �:�O© , so �S8F°! �E©DªM« ,
whence��°! ��©<ªM« by (2) andthereexist non-emptywords %T	�'	�®��� 8 and C � �9� , withC � L?%�°��C � LM but C � L*%»®��kC � . Write ��5i&)L+L*L� � with each w a letter in � . ClearlyC � LI9°��C � (lest �S8}! �F©<ªM« ), soby removing someinitial lettersof  if necessary, wemay
supposethatthat C � LPl&)(*(+(Hp.e°��C � for all 4 ( 162n4<2}z ). Let 4 bethegreatestintegersuch
that |32f4e2Ez andthereexists �X���98 suchthat C � L*l&)L+L*L�p.G�
�gC � (for 4O�g| , onemay
take �6�F%p® ).

Let CiQ� ��C � L¸ & L+L+L� . . Then CiQ� L����EC � . Write �6�E� & L*L+L��"! , with letters�Iw6�j� . Since�S8g°! �g©DªM« , therecanbeno � with C � L+B�
�:C � , so 4�yEz , andwe mayset BQR�F . 8 & . Let% Q ��� & and® Q �F� ` L+L*LH�"!�%p®� & L+L*L� . . Then C Q� L[% Q °�EC Q� L[ Q (lest C � L[ & L+L+LH .  . 8 & � ` L+L+LH�"!��CiQ� L¶ . 8 & � ` L+L*LH�"!�����CiQ� L¶BQ[�¯L¸� ` L*L+LH�#!��5�GClQ� L¶%-Q��¯L¸� ` L*L+LH�#!��FCiQ� L¸� & � ` L+L+L��"!��ECiQ� L¸���EC � ,
contradictingthe choiceof 4 if $��s1 andcontradictingC � L» & L*L+L� . 8 & °��C � if $J�V1 )
and CiQ� Li%�Q ®�Q"�ÖCiQ� LB� & �G� ` L*L+LH�#!H%»®¯ & L*L+L¸ . ��ÖClQ� LB�?%p®� & L*L+L� . �ÖC � LB%p®¯ & L+L*L¸ . �C � LP & L+L+LH . �EClQ� . This proves �¼! �E�O© .

To seethat the conversemay fail to hold, i.e. �c! �V�O©ä°�è�c!�ä�O©D8 , modify the
counterautomaton� of Fact11(2)by addinga new input letter  which takesevery state
to anew “sink” stateÔ (i.e. C
LId�EÔ for all CX��=?|h	+1»	�ÄB@ , and Ô/LI%j�EÔ/LPt�EÔ ). Denoting
themodifiedautomatonby � � , we have � � ! ���O© , but � � ! �g©DªM« 8 (since�0!�g©DªM« 8 ), and
so � � °! �F�O©<8 .

¹
In the classof finite automata�
Á�Á , let ¾D¿qÀ denoteautomatasatisfyingthe (classical)

Letichevsky criterion ��©<ªM«�� , ¾D¿qÀ 8 denoteautomatasatisfyingtheLetichevsky criterionon
non-emptywords �G©DªM«¸8o� , ½)¾D¿qÀ 8 denoteautomatanot satisfyingthe Letichevsky crite-
rion on non-emptywords, %D¾ denoteautomatasatisfyingthe(classical)semi-Letichevksy
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criterion( �O© ), and%D¾ 8 denoteautomatasatisfyingthesemi-Letichevsky criteriononnon-
emptywords( �O©D8O� . We haveseen%<¾ 8'& %<¾ and ¾<¿qÀ & ¾<¿qÀ 8 . Observethat

%D¾)(J½)¾<¿qÀ 8 �*%<¾ 8(5)

Indeed,from thedefinitionof �O©D8 , clearly ½a©<ªM«¸8 and �o© implies �O©D8 . Conversely, �O©D8
requiresthat ©DªM«¸8 befalse,andwehavealreadyseenthat �o©D8 entails �O© .

%D¾+(3¾<¿qÀ 8 �,%D¾�;-%D¾ 8(6)

Suppose�O© holds. If ©DªM«¸8 then �O©<8 cannothold by definition. If �O©<8 is false,then
either ©<ª*« 8 holdsor thereareno C � 	H%q	�'	G® asin the �O© condition.Since �O© holdsit can
only bethat ©DªM«¸8 holds.

Obviously ¾<¿qÀ 8 Ü ½)¾D¿TÀ 8 �Ò�
Á�Á and ¾<¿qÀ.(/%D¾ù�Ãï . The establishedrelations
betweenthevariousclassesareshown in thefollowing figure.

¾D¿TÀ¾D¿TÀ 8

½)¾<¿qÀ 8 %D¾ 8

%D¾¢;-%D¾ 8

Figure 1. The universe 02131 of all finite automata:The dashedhorizontal line separatesthe class 46587:9 of

automatasatisfyingtheLetichevsky criterionon non-emptywords(above) from theclass ;<465=7:9 of thosenot

satisfyingit (below). The dashedvertical line separatestheclass >�4 of automatasatisfyingtheclassicalsemi-

Letichevsky criterion(right) from thosethatdonot (left). >64 is thedisjointunionof >�4-?@;A46587-9X B>�469 , the

automatasatisfyingthesemi-Letichevksy criteriononnon-emptywords(below), and >�4DCE>�4F9t G>�4H?I465=729 ,

theautomatasatisfyingboth theclassicalsemi-Letichevksy criterionand JLK6MON 9QP . The class 4R587 of automata

satisfyingtheclassicalLetichevsky criterion is a propersubclassof 4R587-9 . Relationsshown areestablishedin

themaintext.

Now let uscharacterizetheseLetichevsky criteriaon non-emptywordsalgebraically.

Proposition 12. Let � be any finite automaton. � satisfiesthe Letichevsky criterion on
non-emptywords( ©<ªM«¸8a� if andonly if thesemigroup �r�G�
� of transformationsof � is not� -trivial.

Proof: Supposethatthecriterion ��©DªM«¸8o� is satisfied.LetstateC � andnon-empty%q	H-	G®q	��
��98 beasin thecriterion. In particular, C � L?%f°�5C � L* . Let ª"�$�H��B���¶ÌO��%»®-�¸ÌR�¸Ì . ClearlyC � Liª �ºC � . We have ªM%��sª since ª*%»®T��%p®-�¸Ì-Ê & �éªi��%»®-�¶Ìk�ºª . Also ªMS�Ãª sinceªMB�B��?®-�¸Ì�Ê & ��%»®-�¸Ìa�H��B���¶ÌO��%p®-�¸ÌA�¶Ì-Ê & �EªN�Fª . Therefore,ªM%T�}ª* , but C � L�ªM%j��C � L�% andC � LHªMt��C � LH . It followsfrom C � LH% °�FC � LH that ªM% °�Eª* , whence�r���"� is not � -trivial.
Conversely, let �����
� benot � -trivial. This meanstherearewords É»	�«����98 suchthatÉU��« but É�°�K« in �r�G�
� . Thenthereexist ®T	H��n� � such ÉH®0�K« and «¸�j�¼É in �r���
� .

(Clearlyneitherof ® nor � is 7 since Éj°�g« in �r�G�
� .) Since É�°�5« , thereis a stateC & withC & L*Ét°�FC & L+« . Let C � �FC & L?É . ThenC � L�®�����Ch&�LMÉ�®-�6�ECh&<L+«¸���FCh&<L?É>��C � 	
while C � L�®���Ch&�LMÉ�®��ECh&<L+«>°��Ch&�L?É>��C � (
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Then %��E®�� , ®-Q)�E®�� , �E® , and � arenon-emptywordssuchthat C � L?%�°��C � L? , andC � LP%»®�Q-�FC � , and C � L*B�N�EC � . Thus � satisfies��©DªM«¸8o� . ¹
Remark: Theabovepropositioncouldalsobeprovedvia thefactthatextensiveautomata
correspondto � -trivial semigroups.

Corollary 13. ����½)¾D¿qÀ 8 Âd� �r���
� is � -trivial Â�� �r�G�
�e�J÷R���9�o� � �¶=�ð"@?�H�I(
Proof: Thefirst equivalenceholdsby theprecedingproposition.Thesecondequivalence
holds,sinceby a theoremof Stiffler [16, Theorem3.4(b)],a semigrouplies

�
if andonly

if it dividesthetransitionsemigroupof acascadeof copiesof ð .

¹
Corollary 14. ����½)¾D¿qÀ 8 impliesÝlê6ê6ëSì���"�e�F=�ð"@ . Buttheconversedoesnothold.

Proof: By the precedingcorollary, �r���
� divides the transitionsemigroupof a cascade
of copiesof �Ñð Þ 	³ð��X����ðr	³ð�� . Since ð is the only nontrival irreducibledivisor of ð ,
the implicationholds. To seethat theconversemayfail to hold considerthefive element
BrandtsemigroupW ` with elements�¸1»	+1?�I	*��1p	³Äp�I	M�GÄh	+1M�P	*��ÄB	�Ä»� , and | with multiplication|/ÔN��%T	�h�D�k��%q	Hh�qÔ�|
��|/Ô�|
�E| for all %T	����=l1p	³Äi@ , andfor %q	H-	H%�Q�	�BQR��=»1»	�ÄB@ ,��%T	�h�qÔN��% Q 	� Q �o� ß ��%T	�BQÏ� if d��%�Q| otherwise(
It is easyto check that Ä ñ doesnot divide W ` , nor doesany non-trivial group, but ð
doessinceit is isomorphicto thesubsemigroup=l��1p	+1?�I	�|B@ . However, W ` is not � -trivial:�¸1»	+1?�@�k�¸1»	�Ä»� since �¸1p	*1M�qÔ��¸1p	³Äp�D�K��1p	³Äp� and �¸1»	�Ä»�qÔN�GÄh	+1M�����¸1p	*1M� . So �K�K��W Þ` 	�W ` �
satisfiestheLetichevsky criterionby Proposition12.

¹
Corollary 15. �]°! �E©DªM« 8 implies Ýlê6êNë
ì���S�e�:=Zð"@l( But theconversedoesnot hold.

Corollary 16. If Ý»ê6ê6ëSì����� containsÄ�ñ , theflip-flopmonoid ç , or anynon-trivial sim-
plegroup,then �$! ��©<ª*«¸8 .

Proof: The condition Ýlê6ê6ëSì���S�j°�Ò=�ð"@ is equivalentto the the presenceof any non-
trivial irreducibledivisor otherthan ð in Ý»ê6ê6ëSì���S� , i.e. oneof Ä�ñ , theflip-flop monoidç , or any simplegroup. It thenfollows from thecontrapositive of thepreviouscorollary
that �$! �E©DªM«¸8 .

¹
Proposition 17. Let � bea finiteautomaton.� satisfiesthesemi-Letichevsky criterion on
non-emptywordsif andonly if �r�G�
� is � -trivial but not reversedefinite, i.e.�$! �E�O© 8 Âd� �r���
��� � ;� Ó (
Proof: Given � satisfying �o©D8 , we have that � doesnot satisfy ©<ª*«¸8 (hencealsonot©DªM« ). Fromthepreviousproposition,we have that �r���"� is � -trivial. We mustshow it is
not reversedefinite.If �O©<8 holds,thenwe take %q	�'	G®j�J�98 suchthat C � LP% °�FC � LP andC � LM%p®9��C � . It follows that ��%»®-�¸Ì-%f°����%p®'�¶Ì' in �r���
� . Therefore,for ª ` ��ª
����%p®'�¶Ì ,
theequationªZÉ>��ª doesnothold in �r�G�
� . Thus �r�G�
� is not reversedefinite.

Conversely, suppose�r�G�
� is � -trivial but not reversedefinite. Again by the previous
proposition,sinceit is � -trivial it doesnot satisfy ©DªM«¸8 (hencealsodoesnot satisfy ©<ª*« ).
Since �r�G�
� is not reversedefinite,thereexist non-emptywords ªl	�n���98 representingà ª+áÑ	*à láq���r���
� , with à ª*á ` �kà ª*á and à ª*á¶à láo°��à ª*á . Thelattermeansthereis an Ch&>��� , withCh&<LMª*°�FCh&<L*ªl(
Therefore,taking C � �ECh&<L*ª , we haveC � L*d�FCB&eL+ªM°��Ch&�LMª>�EC � (
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Moreover, since à ª*á ` �5à ª*á , we have��C � L*ª?�OL+ªN�FC � L+ª?ªN��C � LMª>����Ch&�L+ªZ�aL+ª6�FCh&<LMªMªN�FCh&<L*ªN�FC � (
Thus,taking % and ® bothequalto ª , we have ��C � L*%-�DL�®��gC � , and C � �gC � L*%0°�5C � L* .
Thisshows that �r�G�
� satisfies�O©<8 .

Corollary 18. Let � be a finite automaton. � satisfiesneitherthe semi-Letichevsky nor
theLetichevsky criterion on non-emptywords if andonly if �r�G�
� is reversedefinite. That
is, �Ò°! �E©DªM« 8 and �]°! �E�o© 8 Âd� �r���"���V Ó (
Corollary 19. � satisfiesneither the semi-Letichevsky nor the Letichevsky criterion on
non-emptywordsif andonly if ÝlêNê6ëSì9���
�o�:ï .
Proof: Stiffler [16, Fact4.8(b)] provedthat if a finite semigroup� hasno non-trivial irre-
ducibledivisorsthenit is a nilpotentextensionof a left-zerosemigroup,or, equivalently,
idempotentsin � are left-zeros( ª ` �Òª implies ªZÉ��Òª for all É��:� ), i.e. � is reverse
definite.Sotheresultfollows from thecorollaryabove.

¹
We remarkthat Stiffler [16, Theorem3.4(a)] alsoshows that ÷R�G�9�O� � �¸=?Äpñ?@?�H�X�W .

Therefore÷R���9�O� � �¶=?Äpñ?@?�H� Ó �� Ó . Thus � satisfiesneitherof theLetichevsky criteriaon
non-emptywordsif andonly if ÷R�G�>� dividesthereversesemigroupof a cascadeof copies
of �GÄpñ Þ 	³Ä�ñ+� .

It is easyto checkthat:

Fact 20. Let � bea finite automaton.Then

1. � satisfies��©<ª*«¸8o� if andonly if theconfiguration �® É «
occurs in � . Precisely, for somestates®q	H�n�5� , ®$°�s� , and inputs É»	�«J��� 8 ,�>LMÉ>��® , ®XL+«O�E� .

2. � satisfies�G�o©D8o� if andonly if � doesnot satisfies��©DªM«¸8o� andthefollowing con-
figurationoccurs in � :

� ®
«

É
Ép	H«

occurs in � . Precisely, � °! �s©<ª*«¸8 , and for some®q	H�f�5� , É»	�«J���98 , ®$°�º� ,�>L+«O�E� , �>LMÉN� ® , and ®tLMÉN� ®tL+«o��® .
3. SUMMARY OF RESULTS

Theresultsobtainedsofareasilyentailthefollowing seriesof theorems.

Theorem 21. Let � beanyclassof finite automata.Thenthefollowing areequivalent.

1. � satisfiestheLetichevsky criterion onnon-emptywords,i.e. �K! �F©<ªM«¸8 .
2. ÷R���S�N°� � . Thatis, �r�G�
� is not � -trivial for someautomaton���J� .
3. There is an automaton�¼�j� , such that �r�G�
� doesnot dividethesemigroupof any

cascadeof �Ñðe	Ið�� , where ð is thetwoelementmonoid.
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4. Theconfiguration �® É «
occurs in someautomata�$�9� , for somestates®q	H� , ®�°�g� , andinputs É»	H«r��98 ,�>LMÉ>��® , ®XL+«O�E� .

5. There is a language © is recognizedby an automatonfrom � such that © is not
extensive.

Theorem 22. For anyclass � of finite automata,thefollowing are equivalent,and imply
that � satisfiestheLetichevsky criterion on nonemptywords:

1. Thereexists ���j� , such that thetwo-elementresetsemigroup Ä�ñ divides �r���
� or a
simplegroup Ú divides �r���
� .

2. There exists ��� � , such that thetwo-elementresetsemigroup Ä�ñ embedsin �r���
�
or a non-trivial group Ú embedsin �r���
� .

3. A non-trivial irreduciblesemigroup other than the two elementmonoid ð divides�r���
� for some�K��� .
4. Ý»ê6ê6ëSì�G÷R���S����°�F=Zð�@ .

Proof: (1) implies(2): For any finite semigroup� , Ä�ñXÙ5� implies Äpñ is a subsemigroup
of � , and ÚVÙK� for a group Ú implies thereis a group Ú�Q that is a subsemigroupof �
mappinghomomorphicallyonto Ú . (Seee.g.[11].) The restis now clearfrom Corollary
16andthecharacterizationof finite irreduciblesemigroupsin theKrohn-RhodesTheorem.

Theorem 23. For anyclass� of finite automata,thefollowing areequivalent.

1. � satisfiesthesemi-Letichevsky criterion for non-emptywords,i.e. ��! �:�O© 8 (thus,
there existsan automaton�K�J� with �$! �:�O©D8 , but no �K�J� satisfies©<ªM«¸8 ).

2. Theaboveconfiguration doesnot occur in any automaton�V�0� , for any distinct
states®q	H� andnon-emptyinput words É»	�«��J�98 . But theconfiguration

� ®
«

É
Ép	H«

occurs in at leastone � in � ( �i	�®J��� , ® °�E� , É»	�«�����8 ), �oL¶«o�E�i	H�oL�ÉN� ®T	�®6L�É/�®XLP«o�¢® .
3. For all �V�n� , �r���"� dividesthe semigroup of a cascadeof copiesof ��ðr	³ð�� , and

moreover Ý»ê6ê6ëSì�G÷R���S�����g=Zð�@ .
4. For all �ù��� , �r�G�
� lies in ÷R���9�o� � �¶=Zð�@?��� and ð divides �����
� for some�ù�� ,

but noothernon-trivial irreduciblesemigroupdividesany �r�G�
� for �K�J� .
5. �r���
� is � -trivial for all � ��� , but there is an � with �r���"�f°�X�Ó . That is,÷R���S�e� � but ÷R�����6°�' Ó .
6. Everylanguagerecognizedbyautomatafrom � is extensive, but there is at leastone

languagerecognizedbysomememberof � which is not reversedefinite.

Remark: Consideringthe counterexample W ` , describedin the proof of Corollary 14
above, which has ÝlêNê6ëSì9��W ` �J�b=Zð"@ andsatisfies©DªM« , one seesthat the conditions
in Theorem22only imply but arenotequivalentto theLetichevsky criteriononnon-empty
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words. By the samecounterexample,condition3 of Theorem23 cannotbe weakenedtoÝlêNê6ëSì9��÷R���S�H�D��=�ð"@ .
Theorem 24. Let � beanyclassof finite automata.Thenthefollowing areequivalent.

1. � satisfiesneither ©DªM«¸8 nor �O©<8 .
2. Neitherof theconfigurationsaboveoccurs in anyautomatonin � .
3. No irreduciblesemigroupdivides �r�G�
� for any �¼��� . That is, Ý»ê6ê6ëSì�G÷R���S���e�ïB(
4. �r���
� is a reversedefinitefor all �K�J� . Thatis, ÷R���S�e�Y Ó . In otherwords, �r���
�

is a nilpotentextensionof a left-zero semigroup; that is, �r���"� satisfies%¯Ì-d�F%¯Ì .
5. �r���
� dividesthereverseof thetransitionsemigroupofacascadeof copiesof ��Ä�ñ Þ 	³Ä�ñ+� ,

for all ����� .
6. Everylanguageis recognizedbyan automatonfrom � is reversedefinite.

4. FEEDBACK OPERATORS FOR PSEUDOVARIETIES OF FINITE SEMIGROUPS

Now we return to the questionat the beginning of section2 on the relationshipbe-
tweenpseudovarietiesand feedbackproducts. The pseudovariety characterizationsob-
tainedabove will allow usto relatetheactionof � . operatorson classesof automatawith
their actiononpseudovarietiesfor 4a�F|¯	+1p	³ÄB	*(+(+('	I� .

Define for each 4j�Ø|¯	+(+(*(R	³� , an operator Z� . �/�\[^� �\[ on the lattice �\[ of
pseudovarietiesof finite semigroups:

Z� . ��ûJ�r� �E÷R���9�o� . �¶=l��� Þ 	��o�A!H�n��û�@?�H�I(
Clearly, ÷R�G�9�O� . ���S�H�<��÷R�G� . ���S�H��� alwaysholdsfor everyclass� of finite automata.

We write û ! �ù©DªM«¸8 , if ��� Þ 	��o�t! �ù©DªM«¸8 for some ���fû , andwrite û ! �ù�O©<8 ifûÕ°! ��©DªM«¸8 but for some���û , �G� Þ 	��D�/! �5�O©<8 . Thenby thecorollaryof Ésik-Horv́ath
Theorem,thefollowing is immediate:

Lemma 25. Let û bea pseudovarietyof finitesemigroups.Then

1. ûV! �F©<ªM«¸8��]Z� ` ��ûJ�<�Eôqþ¯ÿ .
2. ûV! �E�o© 8 �^Z� &p��û��D�_Z� � ��ûJ� .
3. ûÖ°! �E�o©D8 and ûÖ°! �E©DªM«¸8��]Z� � ��û��<�`Z� � ��ûJ� .

Lemma 26. Let û be a pseudovariety of finite semigroups. Then û ! ���O©<8 impliesZ�T� ��û��D�_Z�)� ��û��D� � .

Proof: The hypothesisimplies ðº�}û . Since ÷R�G�9�O� � �¶=�ð"@?�H�S� �
by Stiffler’s results

[16], it followsthat
� �aZ� � ��û�� . SinceûØ°! �F©<ª*« , wehave Z� � ��û��e� � by Corollary3(2)

andProposition12. Therefore,
� �aZ� � ��û��e��Z� &���û��r�bZ� � ��ûJ�r� � ( ¹

Lemma 27. If �$���G�S	��9	H���6! �5©DªM«¸8 , thenall finite automataare isomorphicto subau-
tomataof � & �G�t���S8<��� .
Proof: Given any finite automatonU����GWX	HY<	H�ZQ�� , we show U embedsin a single-factor� & -productof adirectproductof copiesof �S8 . In � , wehavestates® °��� , andnon-empty
words É»	�«j�g� with ®9LlÉ��s� and ��L»«X��® , whence�dL»«�É��s� and ®LBÉ*«d�¼® . We
mapa state æt�fW to the state“ æ ” of the ! W�! -fold directproductof copiesof �S8 , where
“ æ ” �5� ®q	*(+(+(R	G®q	��i	�®q	*(+(*(R	�®-� , suchthat � occursin the æ th positionand® occursin all other
positions.Now definethefeedbackfunction m9�p�dc e�ch�JY�������8o�#c e�c to havevaluein itsæ th-component:

��ma��C-	�h�H�gf<�
ÅhhhhÆ hhhhÇ
«�É if C�� “ æ ” and æ<L+��:æ« if C�� “ æ ” and æ<L+�°�:æÉ if C�� “ i ” 	�æ
°�,iZ	 and i�LPt�EæÉ*« if C�� “ i ” 	�æ
°�,iZ	 and i�LP9°�EæÉ otherwise	
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where CX�J�dc e�c , 3�JY , æ?	Oi>��W . (Notethevalueof m in thefifth caseis arbitrary.)
It is straightforwardto checkthat“ æ ” LI�� “ æ<LP ” holdsfor all æ>�JW and X� Y, so U is

isomorphicto asubautomatonof the � & -product.

¹
Lemma 28. If û is a pseudovarietyof finite semigroups,and ûÕ! �k©DªM«¸8 , then Z� & ��û����ôqþ¯ÿ .

Proof: Take ���Jû with �G� Þ 	³�o�r! �F©<ª*«¸8 . Since� is not � -trivial, choosedistinct ®q	��
���
suchthat thereexist É»	H«r��� with ®'É��g� and �?«<�f® . By theconstructionof theprevious
lemma,any ��× Þ 	�×N� embedsin an � & -productof the ! × Þ ! -fold directproductof copiesof�G� Þ 	³�o� . Theimageof × Þ hasall componentsin =H®q	��l@ , thustheimageof ��× Þ 	H×>� is actu-
ally isomorphicto a single-factor � & -productof �kj Þ 	ljS� , where j is the ! × Þ ! -fold direct
productof � . Since j��Jû , wehave ×g�mZ� & ��û�� . ¹
Theorem 29. Let û bea pseudovarietyof finite semigroups.Then

1. ûV! �F©<ªM« 8 �]Z� & ��ûJ�<�_Z�a� ��û��D�gôAþ�ÿ .
2. ûV! �E�o©D8��^Z�q� ��û��D�_Z�a� ��ûJ�D� � .
3. ûÖ°! �E�o©D8 and ûÖ°! �E©DªM«¸8��]Z�)� ��ûJ���_Z�T� ��ûJ�e�Y Ó .

Moreover, theconverseshold.

Proof: (1) follows from Lemma28. (2) is just Lemma26. (3) By Corollary18, ûV�� Ó . Ó is closedunder�q� -product,so Z�q� ��û��e�* Ó . But by Lemma25(3), Z�q� ��û��D�_Z�)� ��ûJ� .
Theconversesfollow from whatwe haveseenbefore.

¹
Corollary 30. For each pseudovariety û of finitesemigroups, Z� &Z��ûJ�D�WZ� � ��û��I(
Corollary 31. For |d2n4D2�� , theoperator Z� . �p�\[k�ä�\[ is a closureoperator.

Proof: We alreadynoted,whenthey wereintroduced,that �)� and �T� areclosureopera-
torsfor classesof finite automata,soit followsthatthecorrespondingoperatorsareclosure
operatorson �\[ . We have,for any 4D�}| , Z� & ��ûJ�D�WZ�a� ��û�� , so Z� . ��û��D�_Z�a� ��û�� . ¹
Theorem 32. ûÖ°! �F©<ªM« 8 Â�� Z�T� ��ûJ�<�_Z� & ��ûJ�D�WZ�a� ��û��e� � 	
where equalitywith

�
holdsif andonly if ûV! �E�o©D8 if andonly if Ý»ê6ê6ëSì��ûJ�o�5=Zð"@ .ûä! �F©<ª*« 8 Âd� Z�T� ��ûJ�e�aZ� & ��û��D�_Z�)� ��ûJ�<�:ôqþ¯ÿ�	

where Z�T� ��ûJ�S�nZ� & ��û�� if andonly if Ý»ê6ê6ëSì��ûJ� containsthe flip-flop monoidandall
finite simplegroups.

Proof: By the Krohn-RhodesTheorem,equalityof Z� � ��û�� and ôqþ�ÿ holdsif andonly ifÝlêNê6ëSì9��û�� includesall finite simplegroupsandtheflip-flop monoid.Everythingelseis
clearfor whatwehavealreadyestablished.

¹
Let usrecordtheeffectof thefeedbackoperatorsonthelatticeof pseudovarieties,which

now followsdirectly:

Theorem 33 (Action of FeedbackOperatorson Pseudovarieties). Let û bea pseudovari-
etyof finite semigroups.Thenwehavethreecasesdeterminingtheactionof the Z�a� opera-
torson û ( |�2}z�2F�0� :

1. If ûs�* Ó , then Z�T� ��ûJ���_Z�a� ��û��e�' Ó .
2. If ûs� � but ûÖ°�YjÓ , then Z�q� ��û��D�_Z�a� ��û��<� � .
3. Otherwise, û °� � , and then Z� & ��ûJ���nZ�a� ��û��
�ùôqþ�ÿ , and Z�T� ��û��"�oZ� & ��û�� if

andonly if û hasall irreducibles.
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For caseû �p Ó : For which û does û �oZ� � ��û�� ? Someexamplesof suchclosed
pseudovarietiesinclude: Ó satisfying ª ` �éª implies ªZÉ �éª ; �� , � Ó satisfying % & L*L+LH% , �º% & L+L+L�% ,  ; ���
	 ,
satisfying % & L*L+L¸% , �$| ; ����	e� � , ����	 , ; ���5�p Ó & , satisfying %¯��K% . Their closure
under Z�q� -productis easyto checkdirectly. All thesepseudovarietiesarecontainedin  Ó
andclosedfor Z�T� �_Z�a� .

The smallestexampleof a pseudovariety û � �
but û °�q�Ó is ôQ� , the variety of

semilattices,definedby equations% ` �¼% and %¯��ùl% , sincethis is the smallestpseu-
dovarietycontainingð . We have ôI� & Z�a� ��ôQ���o�_Z�q� ��ôQ���o� � ��÷R�G�9�O� � �¸=Zð"@Z��� .

Therearemany examplesof û °� � closedunder Z� � : groups � , solvablegroups,® -
groups,andmany otherpseudovarietiesof groups,r whoseclosureunderthe Z� � -operatoris
evidentfrom consideringirreducibledivisorsandusingthefactthatacascadeof groupau-
tomatais agroupautomaton.Other Z� � -closedpseudovarietiesinclude  (satisfyingª ` ��ª
implies ÉMªN�Eª ) since]�E÷R���9�o� � �¶=?Äpñ?@?�H� ; aswell as

�)s � , � s  , and
�)s � s  , which

aredefinedby the exclusionof Ä ñ , ð , and ç , respectively, by resultsof Stiffler [16, Fact
4.16]);t andtheexclusionvarietiesof finite semigroupsnotdividedby any otherparticular
irreducibleor setof irreducibles(seeexamplesin [16, 3]). Thepseudovarietyof thefinite
aperiodicsemigroups� , satisfying %¯ÌB8 & �g%¯Ì , is theclassthatexcludesall finite simple
groupdivisorsandso is Z�T� -closed.Let � be thepseudovarietyof aperiodicsemigroups
not dividedby Ä�ñ , then ÝlêNê6ëSì9�u�º�/�¼=Zð�@ and � ! ��©DªM«¸8 by thecounterexamplein
theproofof Corollary14,so

� & � . Since� is definedby theexclusionof irreducibles
(finite simplegroupsand Äpñ ), we have Z�T� ���º�d��� , but Z� & ���º�d�ºôAþ�ÿ by Theorem
33(3). In fact, � ���v(�� �.s �J� by [16, Fact4.16(a)].

This situationis schematizedin the following figure showing major divisions in the
lattice of pseudovarietiesof finite semigroupsthat characterizethe effect of the various
feedbackoperators.

w
Notethatsinceweareconsideringsemigroupvarieties,theemptysemigroupmustbeadmittedasamember

of any pseudovarietyof groups,including x , etc.y
Herez|{A}#z {�~ � }����O� }"z � denotesthepseudovarietygeneratedbycharacteristicsemigroupsof §�� -products

whose����� factorautomaton02�¯ /J��<��=� ��� P for some���R¤�z|� .
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Figure 2. For every pseudovariety z of finite semigroups: ¢§ � J£z P  ¤¢§ � J£z P . Within ¥ , ¢§ �  ¤¢§ � andthere

aremany closedclasses,i.e. zk ¦¢§ � JLz P , within § � . However ¥ is the only closedclasswithin ¥ not con-

tainedin § � . Outsideof ¥ , ¢§ � J£z P  �¢§ � JLz P  V¨=©�ª (all finite semigroups);¢§ � JLz P  �¢§ � JLz P if andonly ifz containsall irreduciblefinite semigroups;andtherearemany examplesof closedclassesz} �¢§ � J£z P .
Corollary 34. Let û bea pseudovarietyof finite semigroupssuch that Z� . ��ûJ�>�5û for a
certain 4 ( |d204D2�� ). If either 4o{:1 or ûØ°! �F©<ªM«¸8 , thenwehaveû��:ôAþ�ÿ Â�� ûä!�E©DªM« 8ûÃ� � Â�� ûä!�:�O© 8ûº�Y Ó and Â�� otherwise(

Z� � ��û��D��û
Whilefor 4O��| and ûV! ��©<ªM«¸8 , wehave Z�T� ��û��D�Fû andû���=?�n�ôAþ�ÿj!���êNÝií�ë
�r���o�<�0û�@ Â�� ç���ûûs� �.s � s  Â�� otherwise	
where ç is theflip-flopmonoid.

Proof: The first part follows from Theorem29. For the secondpart with 4���| andû ! ��©DªM«¸8 , the Krohn-RhodesTheoremyields the casewhen çc�Kû . On the other
hand,ç¼°�jû if andonly if ûs� �.s � s  , by theresultof Stiffler [16, Fact4.16(c)].

¹
Despitewhatonemighthaveexpected,in everycase,thestudyof thefeedbackoperatorsZ� . on thelatticeof pseudovarietiesof finite semigroupsis completelysolvedor reducedto

thestudyof Z� � , thecascadeclosure.
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