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Abstract

Synchronization of memristive neural networks (MNNs) by using network con-
trol scheme has been widely and deeply studied. However, these researches are
usually restricted to traditional continuous-time control methods for synchro-
nization of the first-order MNNs. In this paper, we study the robust exponen-
tial synchronization of inertial memristive neural networks (IMNNs) with time-
varying delays and parameter disturbance via event-triggered control (ETC)
scheme. First, the delayed IMNNs with parameter disturbance are changed into
first-order MNNs with parameter disturbance by constructing proper variable
substitutions. Next, a kind of state feedback controller is designed to the re-
sponse IMNN with parameter disturbance. Based on feedback controller, some
ETC methods are provided to largely decrease the update times of controller.
Then, some sufficient conditions are provided to realize robust exponential syn-

chronization of delayed IMNNs with parameter disturbance via ETC scheme.
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Moreover, the Zeno behavior will not happen in all ETC conditions shown in
this paper. Finally, numerical simulations are given to verify the advantages of
the obtained results such as anti-interference performance and good reliability.
Key words: Event-triggered control, inertial memristive neural networks,

robust exponential synchronization, parameter disturbance.

1. Introduction

Currently, complex networks are widely researched in the world [I], 2, [3], [ 5] .
In recent decades, neural networks and their dynamic behaviors have attracted
increasing attention [0l [7 8 @, 10 0T, 12] I3l 04, [15]. Tt is known that neural
networks are usually applied in artificial intelligence field via adjusting synaptic
weight. Using memristor to simulate synapse on account of the nonvolatile-
memory characteristic of memristor, human brain can be emulated by con-
structing memristive neural networks (MNNs) model [16] 17, 18], 19, 20, 2], 22].
Up to now, synchronization which is an important dynamic behavior of complex
systems has been applied to some potential areas [23 [24], 25], for instance, secure
communication and image encryption. Therefore, some works on synchroniza-
tion of MNNs have been studied [26], 27 28| 29, 301 BT, 32}, B3}, B34} [35]. In [26],
exponential synchronization of recurrent MNNs with time-varying delays was
reseached by utilizing fuzzy theory and Lyapunov functional. Wang et al. stud-
ied exponential synchronization of coupled MNNs and proved that the coupled
systems can be synchronized by a small fraction of controlled subsystems under
a mild topology condition [27]. Using impulsive control method, dynamical and
static multisynchronizations were realized to deal with coupled multistable neu-
ral networks in [29] 30]. Combining dynamical and static multisynchronizations,
hybrid multisynchronization for delayed coupled MNNs was studied [31]. By us-
ing Halanary inequality, lay synchronization of coupled MNNs was investigated
in [34).

It is worth noting that the major concern of these studies [26] 27, 28] 29| [30]
31, B2, [33], 34, 35] is the first-order differential MNNs. In recent years, inertial
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MNNSs (a type of second-order differential systems) and their dynamic behaviors
were broadly researched [36] 37, 38| 89 [40, 4T, [42] 43], because the inertial term
of inertial MNNs (IMNNSs) is regarded as an important tool to produce com-
plicated chaos behavior. By utilizing matrix measure method, pinning synchro-
nization of delayed IMNNs was addressed in [36]. Nonsmooth analysis and Lya-
punov stability theories were used to deal with global stability of IMNNs with
unbounded distributed delays [37]. It is found that synchronization of IMNNs
can be achieved by using different control methods [39] [0l 4T, 42} [43], [44]. For
example, a kind of feedback control method was provided to achieve finite-time
synchronization of delayed IMNNs in [39]. Alimi et al. realized fixed-time and
finite-time synchronization of delayed inertial neural networks by using different
state feedback controllers [40]. In [41], finite-time synchronization for delayed
IMNNs was researched by using state feedback control method. Gong et al.
achieved exponential synchronization of IMNNs and delayed coupled IMNNS via
nonlinear control method in [42] and [43]. In [44], finite-time synchronization of
delayed IMNNs was studied by using delay-dependent control method. These
network control schemes designed in [39, [40], 4T, [42] 43] [44], such as nonlinear
control method and state feedback control method, have been broadly studied
on account of high efficiency. However, these network control schemes are based
on continuous-time feedback controllers, which means heavy computing burden,
even congestion of communication channels will happen.

Event-triggered control (ETC) [45] 46l 47 48| B0, BT, (2] which is a
kind of important sampling control scheme can effectively reduce computing
cost and communication resources. Moreover, compared with time-triggered
control method [53], ETC can ensure the performance of controlled system and
distinctly decrease update times of controller. Hence, a growing number of
researchers used ETC scheme to realize certain features of controlled systems
[45] [46], 147, [48], 491 50, 5T, 52]. In [46], Zhou et al. investigated exponential syn-
chronization problem of Markovian jump delayed complex networks by using
a randomly occurring ETC method. For synchronizing coupled switched neu-

ral networks with communication delays, an ETC law which could effectively
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decrease the number of control updates was provided [47]. In [48], asymptotic
stability of delayed MNNs was investigated via a discrete sampling ETC scheme
for the first time. In [49], quasi-synchronization of delayed MNNs was achieved
by using an impulsive ETC method. Furthermore, Zeno behavior did not appear
in the controlled MNNs under ETC condition proposed in [49]. By introducing
the discontinuous sign term and linear diffusive term, two event-based control
schemes were proposed to realize the global synchronization for delayed MNNs
[50]. Moreover, under the event-triggering conditions proposed in [50], Zeno
behavior did not happen. However, these ETC methods are applied in the
first-order systems [46], 7], 48] [49] [50] [51], which cannot be directly used in the
second-order systems such as IMNNs due to requiring two types of errors. For
synchronizing second-order IMNNs via ETC method, dynamic ETC method
and static ETC method were provided to realize the asymptotic synchroniza-
tion of IMNNs in [52]. As far as we know, there is little work on synchronization
of second-order IMNNs under the influence of parameter disturbance via ETC
scheme. What’s more important is that there usually exist uncertain parameter
disturbances in MNNs because of dependence on state for parameters of MNNs
and some environmental disturbances. Thus, the uncertain parameter distur-
bances cannot be ignored on account of their unpredictable influence for MNNs
[54, 551 56l 57].

Inspired by the above discussion, this paper studies the robust synchroniza-
tion of second-order IMNNs with time-varying delays under the influence of
parameter disturbance via ETC scheme. The main contributions are summa-
rized as follows.

1) A kind of state feedback controller is designed in this paper, which does
not change value until the next event-triggered instant.

2) Several types of ETC methods based on state feedback controller are
designed to deal with the robust synchronization problems and enhance anti-
interference performance and reliability of second-order IMNNS.

3) For realizing robust exponential synchronization of delayed IMNNs with

the influence of parameter disturbance, some sufficient conditions are provided
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by using state feedback controller and ETC scheme.

4) Using ETC methods proposed in this paper, the computing burden and
update times of feedback controller can be effectively decreased for the disturbed
IMNNs. Moreover, the Zeno behavior does not happen in all ETC conditions.

The rest of the paper is organized as follows. In Section 2, the drive and
response IMNNs with parameter disturbance are introduced and these IMNNs
are changed into first-order MNNs with parameter disturbance by constructing
proper variable substitutions. A kind of state feedback controller and some ETC
methods are presented to achieve robust exponential synchronization of delayed
IMNNs with parameter disturbance in Section 3. Section 4 provides numerical
simulations to verify the validity of the obtained results. Finally, conclusions

are given in Section 5.

2. Preliminaries

-
Notations: For a given vector a = (ay,as,...,a,)", |lall, = > |ax|. For
k=1
,
a given matrix & = [Trplrxr, |[2]; = max Y |zgn|. A1 = min{A(z)} and
1Sh§’l‘k:1

A2 = max{A(x)} represent the minimum and maximal eigenvalues of matrix x,

respectively.
Consider a delayed IMNN as follows.
Toel) = —pp 320 — oy (1) + }il agn (T (t))
X fn(xn(t)) + hZill Brn (@ (8)) fn(@n(t — Ten(t))) (1)
+1p (), k= 1,2_,...,7“7
where d?;(t) represents an inertial term, zj(¢) denotes the state of the kth

neuron, v and oy are constants, time-varying delay i, (¢) satisfies 0 < 75 (t) <
7, where 7 is a positive constant, fj,(-) represents the activation function, Ix(t)
expresses the external input. agp(zx(t)) and Sgp(zx(t)) represent memristive

connection weights, which are given by

agn(Tk(t) = (2)



and

b T b
Bun(an(t)) = VR 3)
Bokny, Yo,

where a1gn, Qokn, P1kn and Pogp are constants, Uiy and Wyo represent |z (t)] <

ws g and |xg(t)| > l, respectively, positive constant £, > 0 denotes a switching
jump.

Because of dependence on state for parameters of MNNs and some environ-

mental disturbances, there usually exist uncertain bounded parameter distur-

bances in MNNSs, actually. Hence, the more realistic delayed IMNN system can

be written as follows.

Lot = 0 20— on(t) + 3 foun(aa(t)
(8] fulan(®) + 3 [Bunwi(®) + A (0] @

X fr(zn(t — en(t))) + Ik(t), k=1,2,...,7,

where Aagp,(t) and ABgp(t) represent the uncertain parameters, and they are
bounded as

| Ay ()] < oy (5)

|AB (1)) < 612, (6)

where g,E h) and Skh are positive constants.

Set dgn = max{|oipnl, |aoknl}, Ben = max{|Biral, |Bornl}s © = [Grnlrxr,

0= [Bkh]rw. The initial conditions of the delayed IMNN (4) are considered as

zi(s) = Ti(s), )
dz(;“ss) Or(s), —-T1<s<0.

Consider a constant 7y, and let ¢ (t) = dxé"t(t) + vk (t), k=1,2,...,r, then
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system (4) can be rewritten as

d%(t) = =k (t) + ar(t),
“a = — (v — M)k (t) — [ox + k(e — k)]
xzp(t) + h; [okn (1 (1)) + Acgn ()] fr(zn(t))

+ hé [Brn (2 (t)) + ABrn(t)] fr(zn(t — Ten(t)))

+Ik(t)

2 ban(t) — opan(t) + Zi:l [agn (2k(t))

h
+Aakn(t)] fr(zn(t)) + g [Bren (k) + ABkn(t)]
X fu(xn(t — Ten(t))) + Ix(2),

where 0 = vk — Vi, Ok = 0k + Y& (VK — V).

Then the initial conditions of the delayed IMNN (8) can be presented by

zi(s) = Ti(s),
qr(s) = Or(s) + wY(s), —1<s<0.

(9)

Let system (4) be the drive IMNN with parameter disturbance, then the
response IMNN with uncertain bounded parameter disturbance can be written

as

L400 — 0 00— oue(t) + 3 foun(us (1)
7 (0] (6) + 32 (B3 (8)) + A (1) (10)

X fu(yn(t = kn (1)) + Ii(t) +un(t), k=1,2,...,r,
where ug (t) is the controller, Angp(t) and Apugp,(t) denote the uncertain param-

eters, and they are bounded as

A (8)] < P (11)

|Apn(t)] < p), (12)

1 2 .
where pgm) and p,(i,f are positive constants.



Similarly, let pg(t) = dyk() + vyk(t), k = 1,2,...,r. Then the response
IMNN (10) can be rewritten as

el — g (1) + pi(2),

D = —Gupi(t) — ory(t) + X lown (yu(t))
= (13)

F AR (8)] fr(yn(t) + hé [Brn (yr(8)) + Apkn(t)]

X fr(yn(t — en(t))) + L (t) + uk (),

=

where U = vy — v and o = ok + Y& (VE — Vi)-
Set errors Ej(t) = yx(t) — 2x(t) and Ji(t) = pr(t) — ¢x(t). Then we can get

€rrors as

) — oy By (1) + Ji(2),

W) g T (8) — G E(t) + hé n (ye (1)
xgn(En(t)) + h; [oren (yi(t) — on (i (t))] fr(@n(t))
+ Z (A (£) fr(yn (t)) —Ackn(t) falzn(t))]
+ Z Bren (Yr () gn (En(t — Tin (1))

3 [Brn (Y () = Bren(@k ()] falzn(t — Ten(t)))
[Apugen (t) fr(yn (t — Trn (1))

—A_ﬁ () (et — T (0))] + i (1),

where gp(Ep(t)) = fu(yn(t)) — fr(zn(t)). Moreover, the vector form of system

Mﬂ

h

Il
—

1 M

(14) can be written as

B0 = —WE(®) + J (),
W — V() — OE(t) + v(y(t))g(E(1))

(
+[v(y(8)) = v=(8))] f(=(1))
+A(77(t))f( 1)) = Ale(®)) f(x(t)) (15)

=

=
—~
~
~—
\_/
/\
/\
~

|

3
—~
~




measured error

error J(z) Q) =J(1)-J(1)

X
ETC

u(t)=-AJ(1,)
—Hsgn(J (1))t €[t,.t,,,)

i=i+1
(1)

Network )« Controller
Figure 1: The mechanism of ETC scheme.
where E(t) = (E1(t), B2(t), ..., Ex(t))", J(t) = (J1(t), Jao(t),..., Jn(t))", W =

diag{v1,72, .-+ %}, w(t) = (ui(t),uz(t),...,u.t)T, V = dag{’ul,vg, cyOpky

O = diag{61,02,...,0:}, g(E(t) = (91(EL(t)), g2 (Ea(1), - -, gr (B ()T, f(x(t)) =
(fi(@1 (), fa(z2(t)), -, fr(2r ()T, v(y(8) = [orn (Y(O)], s V(@ (1)) = [orn (@(0)], rs
AM®) = [Ann®]ers A®) = [Aagn®]rer QW®) = Ben@E)], e,
Qx(t)) = [Ben@B)] s () = [Drarn®)], rs ABE) = BB (D],

Set measured error as Q(t) = J(t;) — J(t), ¥t € [t;,tiy1). t; is an event-
triggered instant, where ¢ = 1,2,3,.... For well activating ETC, set the first
event-triggered instant t; = 0. The mechanism of ETC scheme is presented in
Figure 1. The controller will be updated under a new triggering event when the

measured error oversteps the threshold designed in ETC strategy in advance.

3. ETC for Robust Exponential Synchronization of IMNNSs

A kind of state feedback controller is considered as
u(t) = —AJ(t;) — Hsgn(J(t:)),t € [ti,tit1), (16)

where positive definite matrix A = diag(Ay, Ag, ..., A)T; H = diag(Hy, Hy, ..., H,)7T;

) )

sgn() is the sign function; ¢; represents an event-triggered instant.

To get the main results, some necessary definition and assumptions will be
presented.

Definition 1. The response IMNN (10) and the drive IMNN (4) with pa-

rameter disturbance are said to be robustly exponentially synchronized, if error
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system (15) is robustly exponentially stable, i.e., there exist positive constants
Y and X such that

IE®IL <Y _sup 1E(s)]l,e= " (17)

—7<s<

for all t > 0, where sup ||E(s)|; # 0.
—7<5<0
Assumption 1. Function fp satisfies Lipschitz and bounded conditions, i.e.,
|fn(ar) — fu(a2)] < My lay — as| and |fr(a1)| < Nj, for any aq, az € R, h =
1,2,...,r, where M}, and N, are positive constants.

Assumption 2. Ty (t) satisfies
’f'kh(ﬁ) <0<, (18)

where 6 > 0 is a constant.

Next, we will present some theorems and corollaries about robust exponential
synchronization via ETC method.

Theorem 1. IMNN systems (10) and (4) with parameter disturbance can be
robustly exponentially synchronized under the controller (16), Assumptions 1

and 2 and the following ETC condition

L (19

for t € [tiyti+1)7 if
AM(W) > 6+ max{\)\(éﬂ}

Myaxe®™ || A . (20)
+ 23 Q|+ Mimae 1
Hy > oy, if sgn(Jk(t))sgn(Jk(t:)) > 0, (21)
H; < —0p, otherwise,
and ;
ok > Y [larkn — arn| + |Biks — Boknl
h=1 (22)

(1)

+Pin o

+Sen T+ Pi(f}«b) + Clgi)} Nh,

where ¢; € (0,1], Mpax = [max {Mp},9==-0—-1+M(V)+A(A) > 0,and k =

. . o, M, @, @
kz_:l {O—ki hz_:l Halkh - a?kh| + |B1k5h - ﬁQkh' erkh + gk‘h + th + gkh:| Nh} .

10



Proof. Consider a Lyapunov functional as

F(t) = ¢ 3 (1B(0)] + ()]
SPIDD

k=1h=1

11

g K ST+T
155% ftﬂ—kh(t) lgn (En(s))] eO(s+7) .

(23)



For t € [t;,ti+1), the upper right Dini-derivative of F'(t) can be given as

D*F(t) = 5¢* { S 1B + Jkos)u}

k 1
+e‘”[sgn (E(D)E(t) +sgn” (J (1)) J (1))
T3 B [lgu(En(r)] )

k=1h=1
—(1 =7k (1)) lgn (En
<o [IEW, + 17

t— T (t)))] 2 Ten (O]

(
(O] + esgn™ (E(1))

X [“WE() + J(1)] + ¢tsgnT (J (1)

x {=VI(t) = OB(®) + v(y(t) g (E(1))
+[v(y(®) = v(z(®)] F(t) + A HH)
Aa(t)) t— (1)

F(2(t)) + QAy(6) g (B

+[y(t) — Qa(E)] F(at - (1)
+IAW) Fy(t = 7(5)) = ABE)f((t — ()]
~AJ(t) — Hsgn(J ()} + 32 3 e

=1h=1

% | 125 |9n (Ba(®)] ™ = lgn(En(t = min ()]

< e B, + 1T 0),]

+e =M WE@], + 17@)]]

+e? { =MD 0, +max {AO) } 1B,
+ M 0] 1B ()} + 'sgn (1))

x{[ (y(1) — v(@®)] f(2(t))

+AM)F (1) = Ala(t) f (1))
+12(y(1) — Q)] [ (@ (t — T(1)))
FAO)(y(E = 7(1) = ABW) (@ (t — 7(1)))
—AJ(t;) — Hsgn(J(¢;))}

+eltsgn’ (7()2u() (Bt = (1))

— 3 % B lgn(Bnlt — Tia(1)))]

klhl

Mupaxe’®
+ 1-6

=

(t
(

)
(

®)) -
(t:))

Q| 1B, e

Combining with Q(t) = J(t;) — J(t), we get
—sgn (J(H)AJ (1) = —sen (J(HALI (1) + Q1)
< MWD, + W) QM);.

12



According to Assumption 1 and the bounded conditions of uncertain param-

eters in (5)-(6) and (11)-(12), the following inequalities hold.

<
=
=
=
I
<
—~
8
—~
-
=
=
By
—~
8
—~
~
=
=

sgn (J(t)) {[v(y(t

< kX_j 2_: Halkh — aopn| + | Bikh — Baknl (26)

ok + 5+ i+ 65

- k; sgn(Ji())sgn (i (t:)) He

T T
<=3 A{or— > [loakn — corn| +|Bikn — Barnl
=1 h=1

o+ ok sk N
= -k <0.

In addition, we can obtain

etsgn™ (J (1)) Qy (1) g(E(t — (1))
=3 3 € Bran lgn (En(t — i (1)))]

k=1h=1

= e 33 sen(Ji(t)Ben (e (1) gn (En (t — 7 (1))

k=1h=1
~Benlan(En(t = mn ()]

<0.
Thus, it can be gained that
D+F( ) < edt [6 A1 (W) + max { [A(O
2 5\9\+MmMMﬂHMﬂm
“P+17M00* L] 170,

+e Ao (W)Q), - etx
< M — D) [I]TW)], + 4] <0.

Therefore,
B, < F(t) < F(0), (29)

13
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and
T

F(0) = 3= [1E:(0)] + | Jx(0)]]
R (30)
+ 3 X 5 0 98 (Bu(s))[ 2T ds.
k=1h=1

If sup [ E(s)|l; # 0, there exists a positive constant P, such that
0

—7<s<

k=
3 0 S+T
+ 30 3 P o l9n(Ba()) e’ ds (31)
<P _sw_ By

Therefore, it can be acquired that

I1E@®], < P sup OHE(S)Hle—‘”- (32)
—TSSS

Thus, the IMNN (10) can achieve robust exponential synchronization and
the IMNN (4) under the ETC condition (19).

Remark 1. Combining the state feedback controller (16) and ETC condition
(19), the controller (16) just makes one update when measured error violates
ETC condition (19). Therefore, the state feedback controller (16) does not
be updated so long as measured error satisfies ETC condition (19). ETC can
decrease the computational burden compared with the traditional continuous-
time control [39, 40] 411, [42], [43] [44]. Therefore, it is very meaningful for ETC
to realize synchronization of IMNNSs.

Corollary 1. If inequalities (20)-(22) hold, IMNN systems (10) and (4) with
parameter disturbance can be robustly exponentially synchronized under the
controller (16), Assumptions 1 and 2 and the following ETC condition

o1 J (D), + par

QU < P

(33)

for t € [t;,t;11), and @1, ¥ and k are given in Theorem 1, ¢y € (0,1].

14
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Proof. Using (33) and the proof of Theorem 1, it can be gained that

DVF(t) < &% [5 — (W) + max{|A(0)|

+ 2|0+ Mo 8], ] 1B,

e [5 41 = M (V) = ()] IT@); (34)
+e X (M)[QM);, — e

< (1 = DIIIT (O] + (g2 — 1) < 0.

The rest of proof is same as the proof of Theorem 1. Hence, the IMNN (10)
can achieve robust exponential synchronization and the IMNN (4) under the
ETC condition (33).

Corollary 2. If inequalities (20)-(22) hold, IMNN systems (10) and (4) with
parameter disturbance can be robustly exponentially synchronized under the

controller (16), Assumptions 1 and 2 and the following ETC condition

@[[J @), + &)
A2(A) + 19

W, <2 (35)

for t € [ti,tiy1), and @1, ¥ and & are given in Theorem 1.

Proof. Transforming the inequality (35), we can get

A M)QM)y < @1 WITE)y + 5) — 9] QRM)y
=@ (7)), = QML) + w1k (36)
<1 ([[7(t:) = QI + 1k = w10 T (@), +15,

for t € [t;, tit1).

Thus, inequality (19) can be acquired from inequality (35), that is to say, the
conditions of Theorem 1 are satisfied. Therefore, the IMNN (10) can achieve
robust exponential synchronization and the IMNN (4) under the ETC condition
(35).

Remark 2. If the following condition holds,

Jim D (tir — 1) = Q. (37)
=0

then Zeno behavior will happen in event-triggered system [58], where @ is a finite

constant. Obviously, Zeno behavior is not expected in event-triggered system.

15
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When execution time ¢; = t;;1 — t; is bigger than a positive constant, that is
to say, event-triggered release times in finite time is finite, then event-triggered
system will not exhibit Zeno behavior.

Theorem 2. If the ETC condition of Theorem 1 holds, then IMNN systems
(10) and (4) with parameter disturbance can be robustly exponentially synchro-
nized without Zeno behavior, and the execution time ¢; = t;1 — t; satisfies the

following condition

o e 7], (21011, ++)

t1 > ||‘~/H1 hl |: 1)\2(A)Z + 1 (38)
o el

e ’

where 7 — (HvH + Al + HOH ) F(0) + 1Hl], + 2ol +2HQH +eh @
+ p;ch) + pi,h))NmaX7 Nimax = lrg}?i(?{Nh}
Proof. When event is triggered for ¢ € [¢;,t;,1), we can have

Qs > er HTORES, 39

In addition,

Lol < [Eewll, = ||,
|-V 7(0) = OB() + v(y(®) £ ()
o) £ (2(0) + Aw0) £ (1) — Ala(t) f (1)
Q) F(y(t — 7(1)) — Aa(®) f(a(t - 7(1)))
FA(O)f(y(E = () — AB@) (- 7(2))
—AJ(t:) — Hsgn(J (1)

< |7 1o, +|jo] 1z @i,

+ (2\|@||1 + 2”9” o) o+l + Pffh)) Ninax
AT + 17

< |7 1o, + (||7], + i) 1,

+||o] 1E@I, + I,

+ (2Nl + 2|9, + 5 + <3 + ok + £12)) N

_|_

Combining with the expression of F(t) and DT F(t) < 0, we can get

SNE®)|, < F(t) < F(0), (41)

16
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I, < F(t) < F(0). (42)

That is to say,
IE@®)l, < e F(0) < F(0), (43)

and

1T (), < e % F(0) < F(0). (44)

Then,

g1l < ||7]| 1 + (|| 7], +1al) Fo
+| o] £+ m,

(45)
. A 1 2 2
+ (2|‘U||1 + 2HQH1 + glgrh) + glgh) + pl(clh) + pgﬁh)) Ninax
< |[7]|, 1w, +2.
Because Q(t;) = 0, we can have
Z Y .
lR@ly < g [el Vb= —1], (46)
7
1
for ¢t € [t;,ti1). Therefore,
(91T, +x) _
YL an A i < Qi+l (47)
< 2 [Pl _ ]
<, | |
and
1 ARG
ti+1 - ti > Wln |:301HVH1>\2(A)IZ + 1:|
; (48)

> g e 1]

Therefore, under the conditions of Theorem 1, IMNNs systems (10) and (4)

with parameter disturbance can be robustly exponentially synchronized without
Zeno behavior.

Corollary 3. If the ETC condition of Corollary 1 holds, then IMNN systems

(10) and (4) with parameter disturbance can be robustly exponentially synchro-

nized without Zeno behavior, and the execution time ¢; = ¢;,1 — t; satisfies the
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following condition

S |
t; > v In

I,

71, (er217 @ +o2r)
A2 (A)Z - +1

> ol 1]

where Z and Ny,.x are given in Theorem 2.
Corollary 4. If the ETC condition of Corollary 2 holds, then IMNN systems
(10) and (4) with parameter disturbance can be robustly exponentially synchro-
nized without Zeno behavior, and the execution time ¢; = ;11 — t; satisfies the

following condition

o 71l 1 (217 (t:) 11, ++)
b | wrez !

1 V][, err
= {(M(A)%ﬂ)z 1

(50)

where Z and Ny,.x are given in Theorem 2.

Set a dynamic variable x1(t) which satisfies the following condition

x1(t) = =xa () + @1 GO, + £) = AM)[QRM)],, (51)

where ¢1, ¥ and « are given in Theorem 1. The initial value of equality (51) is
x1(0) and satisfies x1(0) > 0.

Then some ETC conditions which contain the dynamic variable x1(¢) will be
provided to achieve robust exponential synchronization between IMNNs systems
(10) and (4) with parameter disturbance.

Theorem 3. If inequalities (20)-(22) hold, IMNN systems (10) and (4) with
parameter disturbance can be robustly exponentially synchronized under the
controller (16), Assumptions 1 and 2 and the following ETC condition

@ISO, + =)

IR, < x1(t) + 1 WIS

(52)

for t € [ti,ti41), and @1, ¥ and & are given in Theorem 1.

Proof. From (51) and (52), it can be gained that

x1(t) = =x1(t) + o1 DI, + 5) = A(M)[QD);
> —x1(t) + 2(A) (R —x1 () — A(M[[Q) I (53)
= — (14 A2(A)) x1(t).

18



s It can be obtained that the solution x(t) satisfies x(¢) > 0 for the equation
x(t) = —(1 4+ d)x(t) with d > 0 and x(0) > 0. Therefore, we can get that
x1(t) > 0 according to comparison lemma.

Set the following Lyapunov functional

Fi(t) = F(t) + e”xa()
— S (| Bu(t)] + | Tk(0)]

T (54
T2 2 i lon(Bn()] P ds

-6 Ji—
k=1h=1 Thh

+€6tX1 t )

=

where ¢ € (0,1). For t € [t;,t;+1), the upper right Dini-derivative of Fj(t) can
be written as
DTFi(t) = DYF(t) + 6e’* xa (1) + "X (1)
< e |5 = 2 (W) +max {AO)|} + %HQHl
Mol |00 BN, + ¢ [5 41— A (7) = 2a(8)]
x| T, + e A (M) Q) — ek
+3e2 X1 () + e [=x1 () + o1 (T ()], + k)
=X (M) 1R,
< =" J (@), — €'k + e’ xa ()
+et [=xa(t) + o1 W@, + #)]
< (o1 = 1) (@I @), +5) + (6 = 1)e” xa(t)
<0.

Therefore,

SYNE®)|, < Fu(t) < Fi(0), (56)

and

& z 3 0 ST+T
+ 3 P S l9n(En(s)] €CHds (57)
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If sup | E(s)|l; # 0, there exists a positive constant P», such that
—7<s5<0

> (1Bk(O)]+ 14(0)]
535 10 o lan(Bu(s)| X ds 3 0) (58)
< P 2 sup IE);-

Therefore, it can be gained that

IE@®, < P sup HE( e, (59)

—7<s<

where ¢ € (0,1).
Thus, the IMNN (10) can achieve robust exponential synchronization and
1w the IMNN (4) under the ETC condition (52).

Set another dynamic variable x2(t) which satisfies

Xa(t) = —x2(t) + 19| J ()l
+par — A (M) [|Q@)| 4

(60)

where @1, ¥ and k are given in Theorem 1, ¢2 € (0,1]. The initial value of
equality (60) is x2(0) and satisfies x2(0) > 0.

Then new ETC conditions which contain y2(¢) will be provided, such that
IMNN systems (10) and (4) with parameter disturbance can be robustly expo-

15 nentially synchronized.

Theorem 4. If inequalities (20)-(22) hold, IMNN systems (10) and (4) with
parameter disturbance can be robustly exponentially synchronized under the
controller (16), Assumptions 1 and 2 and the following ETC condition

eI J (@), + par
A2(A) ’

1Rl < xa(t) + (61)

for t € [t;,tiy1), and 1, ¥ and k are given in Theorem 1, and ¢9 € (0, 1].

20



Proof. From (60) and (61), it can be gained that

Xa(t) = —x2(t) + @10l J ()|, + par
—/\z(A)IIQ( )y
x2(t) + X2(A) (Rl — x2()) (62)
(A)IIQ(t)lll
14+ Aa(A)) x2(t)-
Similarly, we can obtain that y2(t) > 0 according to comparison lemma.

Set another Lyapunov functional

Fy(t ) =F(t) + e xa(t)

— S Bu®)] + k(D) (63
r ’“7«1
t STT
85 [ 1B X s o),
where 6 € (0,1). For ¢t € [t;,t;+1), the upper right Dini-derivative of F5(t) can

be obtained as
Dt Fy(t) = DYF(t) 4 6e¥txa(t) + et xa(t)
<[5 = 2 (W) +max {AO)} + %HQHI
M D113 B () + €% [6 4+ 1= 2 (V) = Aa(A)]
<[[T @)l + e A (M)NQ), — e
+0e% xa (1) + € [=x2(t) + @19 T (1)),
+par — Ao (M) Q)] (64)
< = J(B)]l, — €'k + 5 xa(t)
+et [=xa(t) + @10 T (B)]]; + pan]
< e (1 = DII (@), + e p2 — 1w
+(6 — 1)edtxa(t)
<0.
Therefore,
CHEM, < Fa(t) < Fo(0), (65)

and

Fa(0) = 32 (1B(0)] + 1 J4(0)]

T T ~ (66)
F 53 P57 o) lon(Bu()] € 7ds 4 x5(0).
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If sup | E(s)||; # 0, there exists a positive constant P, such that
—7<s5<0

> (1Bk(O)]+ 14(0)]
555 10 o lan(B(s)]| X ds 4 x2(0) (67)
< P s sup IE);-

Hence, we can gain

IE@I < Ps_sup_|[E(s e, (68)

—7<s<

where § € (0,1).
Thus, the IMNN (10) can achieve robust exponential synchronization and
wo the IMNN (4) under the ETC condition (61).

Subsequently, some theorems and corollaries will be presented to verify that
IMNNSs systems (10) and (4) with parameter disturbance can be robustly ex-
ponentially synchronized without Zeno behavior under the ETC conditions of
Theorems 3 and 4.

Theorem 5. If the ETC condition of Theorem 3 holds, then IMNN systems
(10) and (4) with parameter disturbance can be robustly exponentially synchro-
nized without Zeno behavior, and the execution time ¢; = ;41 — t; satisfies the

following condition

In {HVZIII {m(t) e W} ’ 1} (69)

ws where Z, — (HvH + AL + HOH ) F(0)+ ], + (2], +2HQH +e 4@
+ p,il,z + p%))Nmax, and Npax is given in Theorem 2.

Corollary 5. If the ETC condition of Theorem 4 holds, then IMNN systems

(10) and (4) with parameter disturbance can be robustly exponentially synchro-

nized without Zeno behavior, and the execution time ¢; = ;41 — t; satisfies the
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following condition

~~
N

: v

> Wln{% |:X2(t)+%2/|\|1)+¢2ﬁ] +1}
1

V], o2

(70)
1
||V||11“[A2<A>ZZ “]’

Y

where Zy — (HVH1 + Al + HOH1> F2(0)+||H||1+(2\|z>||1+2HQH1+<,§}3+g,§?3
+ pklh + kah))Nmax, and Npax is given in Theorem 2.

Remark 3. Currently, there are increased researchers using ETC scheme
to realize certain features of controlled systems [45] [46, 47| (48], 49| (0] 511 52].
However, these ETC methods are presented in the first-order systems [46] 47|
48, 49, (0, BI], which cannot be directly utilized in the second-order IMNNs
due to requiring two kinds of errors. On the other hand, there usually exist
uncertain parameter disturbances in MNNs because of dependence on state for
parameters of MNNs and some environmental disturbances. Thus, the uncertain
parameter disturbances cannot be ignored on account of their unpredictable
influence for MNNs [54] 55, 56, [57]. However, there is little work on ETC
for achieving synchronization of second-order IMNNs under the influence of
parameter disturbance. Therefore, this paper studies the robust synchronization
of second-order delayed IMNNs under the influence of parameter disturbance
via ETC scheme.

Remark 4. Compared with traditional control methods for achieving syn-
chronization of MNNs [39] [0l [4T], [42] 43 [44], such as nonlinear control method
and state feedback control method, the ETC method proposed in this pa-
per can decrease the computing burden and update times of feedback con-
troller. Compared with these ETC methods applied in the first-order systems
[46, [47, (48] [49] [51], the ETC method proposed in this paper can deal with
second-order systems. Compared with these results without the influence of
parameter disturbance [45] [46], (47, (48] [49] (0] 511 £2], this exponential synchro-
nization of delayed IMNNs under parameter disturbance via ETC has many
advantages, such as anti-interference performance and good reliability.

Remark 5. In this paper, different types of ETC schemes are obtained in

23



Theorems 1, 3, 4 and Corollaries 1,2. The rule which produces different types
of ETC schemes is to let the upper right Dini-derivative of Lyapunov functional
»s  be not more than 0. Take Theorem 1 and Corollary 1 for examples. To let
DT F(t) < 0 shown in inequalities (28) and (34), the ETC conditions (19) and
(33) can be obtained. Thus, different types of ETC conditions can be produced
according to the rule of letting the upper right Dini-derivative of Lyapunov

functional be not more than 0.

20 4. Simulation

The section will present an example to verify the effectiveness of the obtained
ETC.

Ezample. Consider a drive IMNN with parameter disturbance as

dZ(Qi::Z(t) = —uy dwk(t) — Okl'k( ) + hgi:l [akh(xk( ))
+Aagn(t)] fu(zn(t)) + Ei: [Bren(x(t)) + ABrn(t)] (71)
X fr(zn(t — Tin (1)) + Ix(t), k

where v1 = vo = 4.2, 01 = 09 = 2.2, external input I1(t) = Iz(t) = 0. 7, (t) =
0.054-0.05sin(t), k, h = 1,2, then we can choose 7 = 0.1 and 6 = 0.05. Uncertain
25 parameters Aagq(t) = 0.2cos(t) + 0.1, Aaa(t) = Aagi(t) = 0, Aag(t) =
0.16 cos(t) — 0.04, AB11(t) = ABar(t) = 0, ABia(t) = 0.2sin(t), Afaxa(t) =
0.14 cos(t) + 1.12, then their bounded values can be chosen as §1(1) = 0.3, g(l) =

o =068 = 02,617 =i =0, ¢y =02, ¢f) =1.26.

Memristive connection weights can be chosen as:

0.38, Wy,

an(21(t) = (72)
0.25, Wy,
0.16, Wy,

a1z(z1(t)) = (73)
—0.26, Wy,
0.39, Wy,

a1 (2(t) = (74)
—0.24, W,

24



0.06, Wy,

aa(wa(t)) = (75)
—0.35, W,
0.34, Wy,

Bii(z1(t)) = (76)
—0.62, Wy,
0.13, Wy,

&ﬂmﬁﬂ={ ! (77)
—0.46, o,
—0.45, Wy,

&dmﬂﬂ={ N (78)
0.32, W,
0.26, Wy,

Baa(w2(t)) = (79)
—0.34, W,

where switching jump ¢; = {5 = 1.5.

0.38 0.26 A 0.62 0.46
240 Then, we can get that v = , Q= and
0.39 0.35 0.45 0.34

16]|,=0.77, QH1:1.07.
Let v1 = v2 =4 and ¢x(t) = dgﬂ%p +4z(t), k =1,2. Then A\ (W) =4 and

system (71) can be rewritten as

el — 4z, (t) + a1 (1),

o2l — —day(1) + g2(1),

da1lt) — 0.2q,(t) — 14z (t) + hil [arp (21 (t))

+Ban (O] on(0) + X Bunlea(0) o
FAB1R ()] fr(zn(t — T1n(1))),

() — _0.2gy(t) — 1.422(t) + i [aon (22(1))

1
2

h—
+Aaon (b)) fu(zn(t) + > [Ban(z2(t))

h=1
+ABon(8)] fr(@n(t = 21(1)))-
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Then, we get the response IMNN as

WO = gy, (t) + pu(t),

2) — yy(t) + pa(t),

2
i) — _0.2p, (t) — 14y (t) + h; lann (1 (1))

A O]l (0) + X (50, (0)
8 (0] flyn = 720 (1)) + 01 1)

0 — ~02p(t) - Ltga(®) + X foan(pa(t)

(81)

A ()] fuln () + ; Bon ()

+Apan ()] falyn(t — T2n(t))) + ua(t),

where uncertain parameters Anq(t) = 0.1540.1sin(¢), Ani2(t) = Anaa(t) = 0,
Anap (t) = 0.158in(¢)40.13, Apq1(t) = 0.128in(¢)—0.04, Apq2(t) = Az () =0,
Apiag(t) = 0.04cos(t) + 0.22. Thus, their bounded values can be chosen as
Py =0.25, ply) = ply) =0, pf)) = 0.28, p7 = 0.16, p{7) = 7 =0, pfy) = 0.26.
Memristive connection weights are the same as the drive IMNN (80).

Setting fr(z) = %, it can be gained that My, =1, N, =1, h=1,2,
Miax = Nmax = 1. Combining with

2
> llaiin — a21n] + |Brin — Bain
h=1 (82)
o5+ ol ) o] N =301
and )
> llaien — aoan| + |Bran — Boan
h=1 (83)
A o)+ 8+ 2] =
we can choose 01 = 3.05, 0o = 4.43. Then it can be obtained that x =
2 2
> A{ow— > lloakn — aorn| 4 |Birn — Bornl +P§€1h) + §1$l) + p;(fh) + <,§i)} Nh} = 0.06,
k=1 h=1
and we can set H as follows
H; =3.08, if sgn(Jy(t))sgn(J1(t;)) > 0, (34)

H; = —3.08, otherwise,
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and
Ho = 4.48, if sgn(Ja(¢))sgn(J2(t;)) > 0,

(85)
Hy; = —4.48, otherwise.
Considering § = 0.05, then it can be acquired that
~ st || A .
d+ max{\)\(OH} + Mpaxe HQH1 + Mumax||0]l
=0.05+ 1.4+ X200 001 0741 % 0.77 (86)

1-0.05
= 3.352 < A\ (W).
Choosing A= diag{1.0,1.2}, we can get that ¥ = —6 — 1 + Ay (V) + A1 (A)
=—-0.05-14+02+1.0=0.15>0.
Thus, the following ETC conditions can be gained.
1) ETC condition in Theorem 1:

0.15]J(t)||,+0.06)

1Q1)], < o 222

(87)
— 1 (012511, +0.05),
2) ETC condition in Theorem 4:
01561 |17 (£) |, +0.062
t < t) + L
QW < el .

= x2(t) + 0.125¢1 || (t)|; + 0.05¢2,

s fort € [t;,tiv1), g1 € (0,1], @2 € (0, 1], where x2(t) = —x2(t) +0.15¢1 ||J(¢) ||, +
00605 — 1.2|Q(t)]l;, x2(0) = 0.14 > 0.

It can be acquired from the conditions of Theorems 1 and 4 that IMNN sys-
tems (80) and (81) with parameter disturbance can be robustly exponentially
synchronized under the controller (16), Assumptions 1 and 2 and the ETC

s conditions (87) and (88). When the initial conditions are (z1(s),x2(s))T =
(1.05,0.08)7, (“T““T“)T — (0.12,0.09)7, (y1(s), y2(s))T = (0.17,1.12)7,
(dygi()dygi“)T = (0.54,0.16)7, we can get (q1(t),q2(t))T = (4.32,0.41)7,
(p1(t), p2(t))T = (1.22,4.64)T. Considering ¢; = 0.5, pa = 0.6, the robust
exponential synchronization of IMNN systems (80) and (81) with parameter

20 disturbance under ETC condition (87) in Theorem 1 and ETC condition (88)
in Theorem 4 are revealed in Figs. 2-14. Figs. 2 and 8 exhibit the synchro-
nization errors E1(t) and Fs(t) of IMNN systems (80) and (81) with parameter
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Figure 2: Robust exponential synchronization errors F1(t) and E2(t) of IMNN systems (80)
and (81) with parameter disturbance under ETC condition (87) in Theorem 1 and ¢ = 0.5.

disturbance under ETC conditions (87) and (88), respectively. It clearly shows
the synchronization of IMNN systems (80) and (81) with parameter disturbance
under ETC condition and verifies the effectiveness of the obtained results.

It is shown from Figs. 3 and 9 that errors J;(¢) and Ja(f) converge to zero
under ETC conditions (87) and (88), respectively. Sample error Ji(¢;) and
measured error Q(t) under ETC conditions (87) and (88) are shown in Figs.
4, 10 and Figs. 5, 11, respectively. It can be acquired from Figs. 4 and 10 that
sample error Ji(t;) does not change if measured error Q(¢) does not breach the
ETC conditions (87) and (88). It is shown in Figs. 6, 7 and Figs. 12, 13, when
measured error Q(t) breaches the ETC conditions (87) and (88), that is to
say, ||Q(t)||; oversteps the threshold ¢; (0.125]J(¢)||; + 0.05) of Theorem 1 and
X2(t) +0.125¢1]|J (t)||; +0.05¢2 of Theorem 4, the event is triggered. The finite
number of event-triggered instants displayed in Figs. 7 and 13 reveals that the
update times of feedback controller are effectively decreased. Furthermore, the
subgraphs of Figs. 7 and 13 illustrate that the Zeno behavior will not happen in
ETC conditions provided in this paper. Fig. 14 shows the trajectory of dynamic
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Figure 3: Synchronization errors Ji(t) and Ja2(t) of IMNN systems (80) and (81) with param-
eter disturbance under ETC condition (87) in Theorem 1 and ¢1 = 0.5.
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Figure 4: Sample errors Ji(¢;) and J2(¢;) of IMNN systems (80) and (81) with parameter
disturbance under ETC condition (87) in Theorem 1 and ¢; = 0.5.

29



0.3
0.25 0
‘ QW
0.2f ]
0.15 ]
8(\1 01 7
o
T 005 :
o 9
~0.05} 1
-0.1 4
~0.151 1
_0‘2 1 1 1
0 0.5 I 15 2

Figure 5: Measured errors Q1 (¢) and Q2(t) of IMNN systems (80) and (81) with parameter
disturbance under ETC condition (87) in Theorem 1 and ¢1 = 0.5.
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Figure 6: The relation between ||Q(t)||; and the threshold 1 (0.125[|J(t)||; + 0.05) of IMNN
systems (80) and (81) with parameter disturbance under ETC condition (87) in Theorem 1

and @1 = 0.5.
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Figure 7: Event-triggered instants of IMNN systems (80) and (81) with parameter disturbance
under ETC condition (87) in Theorem 1 and ¢1 = 0.5.

variable yz(t).

From Figs. 2-14, we can conclude that IMNN systems (80) and (81) with
parameter disturbance can be robustly exponentially synchronized under ETC
condition (87) in Theorem 1 and ETC condition (88) in Theorem 4. By utilizing
ETC and a state feedback controller, the disturbed IMNNs can overcome the
influence of parameter disturbance to achieve the exponential synchronization
shown in Figs. 2 and 8, which means the disturbed IMNNs have anti-interference
performance and good reliability. Moreover, the IMNNs can largely decrease the
computing burden and update times of feedback controller via ETC scheme.

The obtained results of this paper are effective.

5. Conclusion

This paper deals with the robust exponential synchronization problem of
delayed IMNNs with parameter disturbance by utilizing ETC. A controller and

some sufficient conditions based on ETC scheme are provided to realize robust
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Figure 8: Robust exponential synchronization errors F1(t) and E2(t) of IMNN systems (80)
and (81) with parameter disturbance under ETC condition (88) in Theorem 4 and ¢ = 0.5,
w2 = 0.6.
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Figure 9: Synchronization errors Ji(t) and J2(t) of IMNN systems (80) and (81) with param-
eter disturbance under ETC condition (88) in Theorem 4 and 1 = 0.5, p2 = 0.6.
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Figure 10: Sample errors Ji(t;) and J2(t;) of IMNN systems (80) and (81)

disturbance under ETC condition (88) in Theorem 4 and ¢1 = 0.5, p2 = 0.6.
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Figure 11: Measured errors Q1(t) and Q2(t) of IMNN systems (80) and (81) with parameter

disturbance under ETC condition (88) in Theorem 4 and ¢1 = 0.5, @2 = 0.6.
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of IMNN systems (80) and (81) with parameter disturbance under ETC condition (88) in
Theorem 4 and @1 = 0.5, 2 = 0.6.

Figure 13: Event-triggered instants of IMNN systems (80) and (81) with parameter distur-
bance under ETC condition (88) in Theorem 4 and ¢1 = 0.5, p2 = 0.6.
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Figure 14: Dynamic variable x2(t) of ETC condition (88) in Theorem 4.

exponential synchronization of IMNNs under parameter disturbance. By using
ETC scheme, the computing burden and update times of controller are effec-
tively reduced. Compared with some existing results, this exponential synchro-
nization of delayed IMNNs under parameter disturbance via ETC has many
advantages, such as anti-interference performance and good reliability. Con-
sidering the excellent performance of ETC, it is very meaningful to research

dynamical behaviors of different classes of MNNs via ETC scheme in the future.
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