FINITE SEMIGROUPS, FEEDBACK, AND THE LETICHEVSKY CRITERIA
ON NON-EMPTY WORDS IN FINITE AUTOMATA
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ABSTRACT. Thispaperelatesclasse®f finite automataindervariousfeedbackproducts
to somewell-knowvn pseudwarietiesof finite semigroupsvia a study of their irreducible
divisors(in the senseof Krohn-Rhodes)In particular this senesto relatesomeclassical
resultsof Krohn, Rhodes Stiffler, Eilenbeg, Letichessky, Gécse, Esik, andHorvath. We

shaw thatfor afinite automatorsatistctionof (1) the Letichessky criterionfor non-empty
words, (2) the semi-Letichesky criterion for non-emptywords, or (3) neithercriterion,

correspondsrespectiely, to the following propertiesof the characteristicsemigroupof

the automaton:(1) non-constructabilityas a divisor of a cascaderoductof copiesof the

two-elementmonoidwith zeroU, (2) suchconstructabilitywhile having U but no other
non-trivial irreduciblesemigroupasadivisor, or (3) having no non-trvial irreduciblesemi-

groupdivisorsatall. Thelattertwo casesareexactly the casesn which the characteristic
semigroups R-trivial.

This algebraiccharacterizatiorsupportsthe transferof resultsaboutfinite automata
to resultsaboutfinite semigroupsand vice versa),andyields insightinto the lattice of
pseudwarietiesof finite semigroups— or, equivalently via the Eilenbeg correspondence,
the lattice of +-varietiesof regular languages— andthe operatorson theselatticesthat
arenaturallyassociatetb variousautomatgroductswith boundedeedbackln particular
all operatorswith non-trvial feedbackare shavn to be equialent, and we characterize
all pseudwarietiesof finite semigroupslosedundereachtype of feedbackproducteither
explicitly or by reducingthe questiorto closureunderthe cascaderoduct.

1. PRELIMINARIES AND PREVIOUS RESULTS

1.1. Automata. A finite automatond = (4, X, d) is afinite setof statesA, finite input
alphabetX, andtransitionfunctiond : A x X — A. Membersof X arecalledthe input
letters of A. X* denoteshe setof finite wordsover X. If w € X*, thenthelength|w| of
wisnifw =21...2, (x; € X,1 < i < n). Theuniqueword of lengthzeroin X* is
denoted\. X+ = X* \ {A} denoteghewordsover X of positive length. We extend§ to
wordsover X inductively by letting

d(a,\) = a andd(a,wz) = §(6(a,w), )

foralla € A,z € X, andw € X*. Wewrite a - w for §(a, w) if noconfusioncanresult.
Clearly(a - w) - w' = a-ww' foralla € A, w,w' € X*. Notethatwe do notexcludethe
possibilitythat A or X or bothmaybeempty

Let B = (B,Y, ') alsobe a (finite) automaton. Thena homomorphisnof automata
¢ : A — Bisapairof mappingsp; : A = Bandy, : X — Y suchthatyy(a-z) =
1(a) - p2(z) holdsfor all a € A, z € X. If bothy; andy, aresurjectve, thenB is
saidto be a homomorphidmage of A. If onthe otherhandboth, andp, areinjective,
then A is saidto be (isomorphicto) a subautomatomwf B. If p; andys arebothbijective,
thenwe sayy is anisomorphisnfrom A to B. We shallgenerallynot distinguishamong
isomorphicstructures.

1.2. Products of Automata with Feedback. Let A4,... , A, befinite automataandlet
X beafinite alphabet.Thena geneml product(with arbitraryfeedbackamongfactors)is
anautomatorwith statesd; x --- x A,, andtransitionfunctionof theform

(ai,...,a,) -z =(a},...,a,) witha, = a; - fi(a1,... ,an, ),
1
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wherea;,a; € A;,z € X,1<i<n,forsomef; : Ay x---x A, xX — X,;. Forifrom1
to n, thefunction f; is calledthest" feedbak functionof thegeneraproduct,andgivesan
input letterto 4; dependingon theinput letter > andthe statecomponentgay, .. . ,a,).!
Suchaproductis completelydeterminedy its componenautomatatheinputalphabetX,
andfeedbackunctions?

In this paper we shall study someproductswhich restrictthe length of feedback. If
eachf; maydependonly onz andthe coordinates:; with j < 4, thenwe have a cascade
product Fork > 0, if eachf; maydependnly onz anda; with j —k < i thenwehavean
ay-product thatis, a productwith lengthof feedbak boundedby k. The cascaderoduct
is thusanag-product,andary generabproductis anay, productfor somek (e.g.for k > n,
thenumberof factors)? We have aquasi-directproductor g-productif eachf; maydepend
only on z. Every ag-productis obviously alsoan ay,-productfor all n > 0. Givena
classof finite automatakC anda productr, let 7 (K) denoteall finite automatavhich can
be constructedas -productsof membersof K. (In speakingof classeof automatawe
shallassumehey are closedunderisomorphism.)We saya generalproductof automata
hasnon-trivial feedbak if it is an a-productfor somek > 0 but is not an ag-product.
Thuswe have a hierarchy

K € q(K) € ao(K) € a1(K) € az(K) € -+ € ar(K) € agt1(K) € -+ € aco(K),

wherea., (K) = Uz @ (K) is of coursethe generalproduct. It is easyto see(Gécse
[6]):

Lemmal. Forall 0 < k,n < oo, andclassef finite automatakC, K':

K C ag (/C)

K - K= Oék(IC) C ak(IC')

. Qg (IC) = Qg (ao(’C))

- 0o (K) = ac(ass(K))

- ag(ak(K)) = ax (K)

- o (K) C aga(K) O

O WNPE

In particularag anda,, areclosure opemators on classe®f finite automatgsincel,2,3
resp.1,2,4of thelemmabhold). It is certainly not true that oy (e, (K)) = ag4n(K) for
generalk, n. It is alsonottruefor generak thatay (o, (K)) = ax(K).

An automaton4d homomorphicallyrepresentsan automatons if B is a homomorphic
imageof asubautomatioof A. A classk of finite automatas saidto behomomorphically
completeif every finite automatoncan be homomorphicallyrepresentedby an automata
from K.

If K is aclassof finite automata H (K) denotesall homomorphidmagesof members
of K, and S(K) denotesall subautomataf membersof K. We sometimeswrite Py (K)
for ax(K) and P(K) for ¢(K). We write HSP;(K) for H(S(ax(K))) for0 < k < oo.
Thus, HS P, (K) is the classof automatavhich canbe homomorphicallyrepresentedy
ayg-productsof memberof K, andwe write HSP(K) if the quasi-direcproductis used.
Hencewe alsohave a hierarchy

K C HSP(K) C HSPy(K) C HSP(K) C HSPy(K) C

- C HSPy(K) C HSPia(K) C - - C HSPoo(K).

It is anelementarxerciseto checkthewell-knownfactthat HSP(K) = HSP(HSP(K))
and,moreover, HSP;(K) = HSP(HSP;(K)) forall 0 < i < oo (e.9.[6]).
Werecall

IThegeneraproductis sometimeslsocalledthe Gluskov product.

2Forn = 0, the emptyproductis an automatorwith exactly onestate— ‘the uniquezero-tuple’—on which
eachinputletterz € X actsin theonly possibleway.

3The cascaddor feedback-freeproducthasbeenstudiedsinceat leastthe early 1960sin computerscience
andelectricalengineeringThe a -productswereintroducedby F. Gécsg in 1975.
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Theorem 2 (Letichevsky DecompositioriTheorem(1961)[12]). For every classK of fi-
nite automataa (K) is homomorphicallicompletef andonly if there existsan automa-
ton A = (4, X, 6) in K sud that

(Let) 3ap € A,z,y € X,p,q€ X, ap-x # ag -y, andag - zp = ag - yq = ay.

TheLetichevsky Criterion

O

O

Remark. This formulation of the Letichevsky criterion is equivalentto the usualone
which alsoallows p or ¢ to be possiblyempty: If the criterion holdswith p = A, then
ag = ag - TP = ag - T, SOWe mayreplacep by theletterz. A similar obsenationholdsfor
q (andfor the semi-Letich@sky criterion,introducedn the sequel).

It is saidthata finite automatonA satisfiesLetichevsky's criterion if it hasthe above
property(Let). We saya classof finite anautomatdC satisfied etichevsky’s criterion if K
hasa membetthatsatisfies Let). We thenwrite A = Let andX |= Let, respectiely. We
write =LET for the classof finite automatahatdo not satisfy(Let), and.All for theclass
of all finite automata.

Coroallary 3. For anyclassk of finite automata:
1. HSP(K) = All < K = Let.
2. =LET isclosedunderthegenerl product,i.e. as, (-LET) C —LET.
3. HSP(—LET) = —~LET.

Whenis a4 (K) homomorphicallycomplete?A strengtheningf Letichevsky’s Theorem
givesapartialanswer:

Theorem 4 (Esik). K is homomorphicallycompletefor the a,-productif and only if K
satisfieghe Letichevsky criterion.
Thatis, HSP>(K) = All <= K [= Let.

Proof: See[4] or [6, Thm.4.10]. m|
Thisimplies HS P, (K) = HSP,(K) holdsif K |= Let. But remarkablyequalityholds
for ary K:

Theorem 5 (Esik-Honath[5]). Let K be any classof finite automata. Thena finite au-
tomatonA € HS P, (K) if andonlyif A € HSP,(K).

Proof: See[5] or [6, Thm.5.4]. m|

Thusthe H S P, hierarchycollapsesat k = 2 for every K.

Butin mary casest collapsedor k£ < 2. If 4 = (A4, X, d) doesnot satisfyLetichevsky’s
criterionbut we have ag -  # ag - y, andag - xp = ag for someag € A, z,y € X and
p € XT then A satisfieghe semi-Letitievsky criterion (SL):

(SL) —Let and 3ag € A,z,y € X,p€ X1, ap - # ao -y, andag - zp = aq.



4 PAL DOMOSI, CHRYSTOPHERL. NEHANIV, AND JOHN L. RHODES

The Semi-Letich&sky Criterion

Examiningthe detailsof the proof of the Esik-HorvathTheoren‘(aspresentedh [5] or[6,
pp. 49-54]),oneseeghatit actuallyshaws:

O

Corollary 6. Let K beanyclassof finite automata.Then

HSP(K) if K satisfieghe Letichevsky criterion
HSP,(K) =4 HSP(K) if K satisfieghe semi-Letibevsky criterion
HSP,(K) otherwise

1.3. Semigroups, Transformation Semigroups, and Pseudovarieties. A semigoup is
asetS with anassociatie multiplication operation.Thatis, for all z,y,z € S, (zy)z =
z(yz). A semigroupS is amonoidif it hasanidentityelement € S suchthatls = s = s1
forall s € S. Forary alphabetX, X * is asemigroupwith concatentatioastheassociatie
multiplication,andis calledthe freesemigoupon X . Similarly, X* is thefreemonoidon
X, with identity element\. A monoidis a groupif in additionfor eachs € S thereexists
aninverses—! € S suchthats—'s = 1 = ss~!. An idempotentn S is anelemente such
thate? = e. If S is afinite semigroupijt is easyto shav thateachelements of S hasa
unigueidempotentpower. Notation: we take w(s) to be the leastinteger greaterthan1,
suchthat s«(8)s«(s)-1 = sw(5)-1 Note thats«(®) is the uniqueidempotentpower of s.
We write w for w(s), wheretherecanbe no confusionabouts, andthuswe shallwrite also
(s)“ or s¥ for thisidempotent.

If S isasemigroupthenthereversesemigoupS? hasthesameunderlyingsetasS but
multiplicationx with z x y = yz, wherez, y € S? andyz is their productin S.

If X andY aresubsetof S thenXY = {2y € S|z € X,y € Y}. (Of course
XY is emptyif eitherof X orY is; andalso XY = X if Y = {1} (andvice versa)
if 1 is anidentity elementof S.) A subsetl’ C S is asubsemigsupof S if T2 C T. A
homomorphisnp : S; — S, from asemigroupS; to asemigroupS, is afunctionsuchthat
p(s)p(s") = p(ss') forall s,s" € S. If p is surjectie,thenS, is ahomomorphidmage of
S1. A semigroupS divides(andis adivisorof) asemigroudl if S isahomomorphidmage
of asubsemigrouf 7'. We denotedivisionby S < T'. A non-trivial groupG is simpleif
theonly homomorphidmagesof G areG andthetrivial group{1} (upto isomorphism).

If S is asemigrouplet ST denotethemonoidS? = S U {I'} with identity I, whereI is
anew symbol(i.e. I ¢ S), andassociatie multiplication

s if s =1
ss'=¢ s ifs=1
ss' ifs, s’ €S,
forall s,s' € ST. Also, let

go — S if §isamonoid
~ | 57 otherwise

A transformatiorsemigoup (A4, S) is anautomaton( 4, S, §) suchthatthe setof inputs
S is asemigroupand(a - s) - s’ = a - ss' foralla € A ands,s’ € S. Heress' is the
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productunderthe semigroupmultiplicationof S. Furthermoretheactionof S is required
to befaithful, i.e.if a- s = a - s’ holdsfor all a € A, thens = s'.

Thentheright regular representatiorof S is thetransformatiorsemigroup(S®, S) with
transitionfunction given by the multiplicationin S®. If S is a semigroup sometimeave
write “S” in a context wherea transformatiorsemigroupor an automatoris required;in
thiscase,S denotesheright regularrepresentatioqS®, S). For example,a;({S}) denotes
all a;-productsof factors(S*, S), wherethelatteris viewedasanautomaton.

Givenary automatond = (4, X,4), let AT = (4, S(A),d+) denoteits associated
non-emptynputword automator(alsoknown astheassociatedransformatiorsemigoup)
whosestatesarethe sameasthoseof .4, andwhosesetof input lettersS(A) is the setof
thetransformationsnducedin A by wordsin X . Thatis, eachnon-emptywordw € X+
representaninputletterof AT with a - w = §(a,w) for all @ € A, andtwo wordsw, w' €
X7 representhe sameinput letter of AT if andonly if 6(a,w) = &(a,w") for all states
a € A. Wethenwrite [w] = [w'], andwehave S(A) = {[w] : w € X T} with §(a, [w]) =
d(a,w). Of course,S(A) is finite (sinceA is), andthemapw — [w] is ahomomorphism
of semigroupgrom the free semigroupX + onto S(A). S(A) is calledthe characteristic
semigoup (or transitionsemigoup) of 4. If A = (4, X,4) is ary automatonthen of
courseAT = (4,S5(A),§T) is a transformatiorsemigroup. Obviously, by faithfulness,
the characteristisemigroupof ary transformatiorsemigroup(A4, S) is justthe semigroup
S. In particular the characteristicemigroupof the right regular representatiorf.S®, .S)
is S, andmoreover, the characteristisemigroupS(A*) of AT is just the characteristic
semigroupS(A) of A.

An automatonA is a group automatorif eachmemberof theinput alphabetX actsas
a permutatioronthesetA. If G is group,thenits right regularrepresentatiofiG*,G) =
(G, G) is the group automatoncorrespondingo the group G. It is easyto verify thata
cascaderoductof groupautomatas itself agroupautomaton.

Theflip-flop automatonF hasstates{a, b} andinputs{a, b, 1} = F wherethea andb
actasconstant@ndl actsastheidentity. Its characteristisemigroupF = S(F) is called
theflip-flop monoid andhasmultiplicationtable:

A semigroups is irreducibleif whenever A is an automatorwith S(A) = S and
A € HSPy({Ay,...,An}) for someA,,... , A, € All, thenS < S(A;) for some
i (1 <14 < n). If Sis afinite semigroup,/ RRED(S) denotesthe setof non-trivial
irreducibledivisorsof S, i.e.thosehaving atleasttwo elementslf A is afinite automaton,
IRRED(A) denotess RRED(S(A)). If K is aclassof finite automataJRRED(K) is
theunionof all IRRED(A) for A € K. PRIM ES(S) denoteghe setof finite simple
groupsthatdivide S.

Theorem 7 (Krohn-RhodesTheorem(1962)[10, 11]). Let.A bea finite automaton.Then
A canbe homomorphicallyrepresentedy a cascadeof flip-flops F and group automata
correspondingo PRIM ES(S(A)). Thatis, A € HSPy({F} U PRIMES(S(A))).
Moreover, if A is a non-trivial groupautomatonthentheflip-flop 7 maybe omitted.

If Ais homomorphicallyepresentedy a cascadeof automatad,, ... , A,, thenevery
irreduciblesemigoup that divides S(A) divides S(A;) for somei (1 < i < n). That
is, A € HSPy(K) = IRRED(A) C IRRED(K). Moreover, a finite semigoup S is
irreducibleif andonlyif S is simplegroupor a divisor of theflip-flop monoid. O

Corollary 8. If everysubgoupof S(A) istrivial, then A € HSPy({F}).

Proof: Sinceevery subgroupof S(A) istrivial, PRIM ES(S(A)) = §, sotheconclusion
follows from thefirst partof the Krohn-Rhodes heorem. O
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Thelastpartof the Krohn andRhodesTheoremimpliesthattheirreduciblefinite semi-
groupsareexactly thefinite simplegroupsandthe subsemigroupsf theflip-flop monoid
F. Thesearetheflip-flop monoid F itself, the two-elementmonoid U, the two-element
right-zerosemigrou®”, the one-elemensemigroup{1}, andthe emptysemigroug.

U|ll 0 2" |a b

111 0 al|la b

010 0 bla b
Corollary 9. If K isaclassoffiniteautomatssuc that HS Py (K) = All,thenTRRED(K)
all finite simplegroups U { F, U, 2" }. O

Moreover, suppose semigroupS divides.S(A) for somefinite automaton4: If S < F
then S is (isomorphicto) a subsemigroupf S(.A); while, if S is a group,thensS is the
homomorphidmageof a group G which is a subsemigroupf S(A). (Seee.g.[11] for
proofsof the statementn this section).

A pseudeariety S of finite semigroupss a classof finite semigroupsclosedunder
division andfinite directproducts.Thatis, (1) if S < T'andT € S thenS € S, and(2) if
S; € Sforalli € I, afinite index set,then]],.,; S; € S.

TakingI = 0, thelatterconditionguaranteethatthe one-elemensemigrougsin S, soin
particularS cannotbeempty

If K is aclassof finite automatathendefine$(K), the semigoup pseudeariety corre-
spondingto X, to bethe smallestpseudeariety of finite semigroupgontainingthe transi-
tion semigroupS(.A) for eachautomaton4 € K.

1.4. Eilenberg Correspondences. Eilenbeg’s Theorem[3] stateghatpseudwearietiesof
finite semigroupsarein a naturaloneto one correspondenceith certainclasseof rec-
ognizablelanguagesthe varietiesof languagesA variety L of languagesssigngo each
finite alphabetX a setL(X) of regular languagesontainedin X+ suchthat (1) £(X)
is closedunderthe Booleanoperationsof finite union, finite intersectionandcomplement
within X+, and (2) £L(X) is closedunderquotients: L € L(X) andz € X implies
Lz~' andz~'L arein £(X), whereLz™! = {w € Xt |wz € L} andz™'L = {w €
X+ |zw € L}, andsuchthat(3) £ is closedunder(non-erasing)nversehomomorphisms:
L e L(X)andy: Yt — X+t isahomomorphismimpliese=!(L) € L(Y).4

If L C X+ is alanguageover X, thenthe syntacticsemigoup of L is the transition
semigroupof its minimal automaton.L. C X7 is recagnizedby a finite semigroups  if
S = S(A) for somefinite automatond = (A, X, §) recognizingL. Thereaderis referred
to[3] or [13] for full definitionsanddetails,aswell asrelationsto automataheory

Theorem 10 (Eilenbeg (1976)[3, Thm.VI1.3.2s]). Theris a one-to-oneorrespondence
betweempseudwarietiesof semigoupsandvarietiesof languages: Thepseudearietyof fi-
nitesemigoupsV +— thevarietyoflanguagesly whee Ly (X) isthesetofthelangueages
L C Xt recagnizedby membes of V. Thevariety of languages{ +— the pseudweariety
V;, genemtedby syntacticsemigoupsof all thelanguagesL € L(X) with X somefinite
alphabet.

The Eilenbeg correspondencsenesto systematizehe study of regularlanguagesl-
gebraically For instancethe pseudeariety Sgp of all finite semigroupscorrespondso
thevarietyof regularlanguage¢Kleenes Theoreni7]). Thepseudeariety A of aperiodic
semigroupsorrespondso the variety of starfree languagegSchitzenbeger’s Theorem
[14]). [A finite semigroupS is aperiodicif s¥ = s«*! for all s € S, i.e. every subgroupof
S hasonly oneelement Equivalently, by thefirst corollary of the Krohn-Rhoded' heorem,
S is aperiodicif andonly if S dividesthetransitionsemigroupf a cascadef flip-flops.]

“More exactly thesearethe-+-varietiesof languagesT hereis arelatedbut somevhatdifferentEilenbeg cor
respondencbetweerk-varietiesof regularlanguagesallowing theemptyword) andpseudwarietiesof monoids.
(See[3] or [13] for precisedetailsanddifferenceshetweerthe two correspondences.)
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Many instancesof the Eilenbeg correspondenceetweenvarietiesof languagesand
pseudearietiesof finite semigroupsave beenstudied(see[3, 13] andsubsequenpubli-
cationsby variousresearcherdncluding deepresultsof Knast, Simon, Brzozavski, and
Straubindg8, 9, 15,2, 17, 18, 19)]). For purpose®f thispaperwe needonly somerelatively
simpleinstance®f this correspondence.

If V is a pseudweariety of finite semigroupghenthe reverse pseudearietyis V» =
{87|S € V}, whosemembersrethe reversesemigroupof memberf S. Thereverse
ofalanguage L C X isthelanguagel’ = {z,...z1 € Xt |z1 ...z, € L, n > 0}.
Underthe Eilenbeg correspondencegversingthe languagesn a variety correspondso
thereversingthesemigroupsn thecorrespondingseudeariety (asis easyto seesincethe
reverselanguagehasthe reversesyntacticsemigroup)[3, Prop.VII.5.1]. Obviously, the
Eilenbeg correspondencpreseresinclusion: W C V if andonly if Lw (X) C Ly (X)
for all finite alphabetsX .

A semigroupS is nilpotentof degreen if andonlyif forall z4,... ,x, € S, 21 -+ 2, =
0 holds,i.e. z1---2py = yx1---T, = x1---z, holdsfor all y € X. Nil, is the
pseudeariety of finite semigroupgshat are nilpotentof degreen. In the corresponding
languagevariety, Nil,,(X) is the Booleanclosureof the singletonlanguageqw}, w €
X+, |lw| < n. Nilis the pseudweariety which is the union of all the Nil,,. Nil is also
definedby s¥ = 0. A languagel. C X is finite or cofiniteif eitherL or X+ \ L is finite,
whichis trueif andonly if its syntacticsemigrougs nilpotent([3, Prop.VIII.2.2] or [13,
Ch.2Thm.3.3])

A semigroupsS is saidto bedefiniteif se = e holdsfor all e? = e, s € S. A semigroup
S is saidto be areversedefinite if es = e for all idempotente € S andall s € S. The
pseudweariety of all definite semigroupds denotedD. The pseudeariety of all reverse
definitesemigroupss denotedD”. A languagel. C X7 is reversedefiniteif L is of the
formY X* U Z whereY andZ arefinite language®f X +. Thedefinitelanguagesrethe
reverseof these.The definitelanguagesre exactly thosewhosesyntacticsemigroupdie
in D, while the reversedefinite languagesre exactly thosewhosesyntacticsemigroups
lie in D” ([3, Prop.VIIl.4.1] or [13, Ch.2 Thm. 3.4]). InsideD is a nestedhierarchyof
pseudearietiesD,, whosememberssatisfyz; - - -z, = yz1 - - - z,. D is theunionof the
D,,. The pseudwarietiesof left-zerosemigroupd.Z = D;” andright-zerosemigroups
RZ = D, arethelowestlevelsof thetwo hierarchiesThecharacterizatioof thelanguage
varietyrecognizedy D,, is the sameasthatfor D exceptthatthefinite languageg” and
Z may only containwordsin X+ of lengthnot exceedingn andn — 1, respectiely [13,
p. 43]. Similar remarkscharacterize¢he languagevariety correspondingo eachD,,”. An
automatond = (4, X, ¢) is calledreversedefiniteif thereis ann > 0, suchfor all a € A,
z € X,p€ X*,a-pzx = a-pholdswheneer|p| > n. It follows from the definition of
theD,,” thatalanguagel. C X7 is reversedefinite(i.e. recognizedoy a memberof D?)
if andonly if L canberecognizedy somereversedefiniteautomaton.

In asemigroupS, z andy areR-related(denoted:z R y) if thereexist s, € S® such
thatzs = y andyt = x. A semigroupS is R-trivial if x R y alwaysimpliesz = y. The
finite R-trivial semigroupsomprisea pseudoarietyR.. A languagel, C X+ is extensive
if it canbe written asthe finite disjoint union of language®f theformY*,Y C X and
Xer1 Xizy. . .op X}, wheren > 0,21,... ,2p € X, X; C X\{z441}for0<i<n-1
and X,, C X. Theselanguagesre exactly thosewhosesyntacticsemigroupdie in R as
canbe seenby usingminor but straightforvard modificationsof the correspondingproof
for x-varietiesby Pin [13, Ch. 4, Thm. 3.3] (of the original resultfor R-trivial monoids
dueto Eilenbeqg [3, Cor. X.3.3]). Anothercharacterizatiomf extensve languagess that
they areexactly the languagesvhich canbe recognizedby an extensivefinite automaton
A = (4, X,0), i.e.afinite automatorfor which thereis a partial ordering,or equivalently
atotal ordering,< on A witha -z < aforalla € A,z € X (cf. Pin[13, Ch. 3.3],
Brzozawski andFich[1])
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We recordsomeof thesecorrespondencedsetweenvarietiesof regularlanguagesnd
pseudwarietiesof finite semigroups:

REGULAR <+= Sgp
STAR-FREE <+ A
EXTENSIVE <= R

DEFINITE <<= D

REVERSEDEFINITE <«<— D’
FINITE ORCOFINITE <= Nil

In the sequelhetwo pseudwarietiesD? andR will play a crucialrole. We denoteby G
the pseudwearietyconsistingof all finite groupsandthe emptysemigroup.

2. ALGEBRATIZATION

Whatis the relationshipbetweerhomomorphiaepresentationby the feedbak prod-
ucts and pseudwarieties of finite semigoupsor, equivalently varieties of regular lan-
guages? To studythis questionwe examinethe Letichersky andsemi-Letich&sky crite-
ria algebraically If we examinethe transformatiorsemigroupsf automatasatisfyingthe
Letichevsky criterion,we areimmediatelyconfrontedwith the following fact.

Fact 11. Let A bea finite automaton.

1. AlE Let = AT | Let.
2. A* | Let & A |= Let.

Proof: (1) Sinceevery letter of A yields a correspondingnput symbol of A™, this is
ohvious. (2) Considerthe 3-statecounterautomatorC = ({0, 1,2}, {z},4),6(i,z) =i +
1 (mod 3) with asingleinputletterz. Thenon-emptyinputword automator+ associated
to C hasinputletterscorrespondingo thetransformationsepresentethy thewordsz, zx
andzzx (andno othertransformations).C* satisfiesLetichevsky’s criterion, but C does
not.

TheThree-stat€ounterAutomatonandits AssociatedNon-Emptylnput Word Automaton
O

Sincethe Eilenbeg correpondenceetweernvarietiesof languagesandpseudearieties
of semigroupgelieson the characteristicemigroupsf the automatarecognizinga lan-
guage,the failure of the implication in Fact 11(2) suggestghat, in orderto develop an
algebraictheoryrelatedto the Letichessky criterion, it is desirableto studyit for the cor-
respondingtransformationsemigroup— i.e., the non-emptyinput word automatonA4+
associatedo a givenautomatonA. Thus,if the transformatiorsemigroup4* associated
with A satisfieghe Letichevsky condition,let uswrite A = Let™. By definition,

(1) At E Let < A Lett.

Now we say.A satisfiegthe Letichevsky criterion for non-emptywords (Let™) if A+ sat-
isfiesthe Letichessky criterion. This is obviously equivalentto A4 satisfyingthe formula
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(Let™):
(Lett) 3ag € A,z,y,p,g € XT, ao-x # ao -y, andag - zp = ag - yq = ao.

Thuswe have the sameconditionasfor (Let), exceptnow for (Let™), z andy neednotbe
lettersin the alphabetX of 4 but areallowedto be ary non-emptywordsin X+. In this
notation,by Fact11(1),

2 Al Let = A Let"

but thereverseimplicationmayfail to hold in generalFact11(2)).
Similarly, we say A satisfiesthe semi-Letitievsky criterion on non-emptywords, and
write A |= SLT, if At satisfieghe semi-Letichesky condition. By definition,

3) At ESL < AESL*.

Thus, A satisfieghethe semi-Letich@sky criterionon non-emptywords(SL*) if A does
not satisfy (Let™*) but the configurationof the semi-Letichesky criterionoccursin A for
somenon-emptywordsz,y,p € X+. Precisely A = SL* if A j£ Let™ andthereexist
z,y,p € XT,a9 € A, suchthatag - ¢ # ao - y andag - zp = ag. Thisis equivalentto
satishictionby A of theformula (SL™):

(SL*) —Lett and Jap € A,z,y,p € X, ap - = # ao -y, andao - Tp = ao.

If aclassK of automatacontainsanautomatorsatisfying(Lett), thenwe alsosaythat
K satisfiesLetichevsky's criterion on non-emptywords (K |= Let™). Otherwise we say
that K doesnot satisfy(Let ™), andwrite K £ Let*. Also, aclassk of finite automata
satisfiesthe semi-Letibevsky criterion on non-emptywords (K = SL™) if it doesnot
satisfytheLetichessky criterionon non-emptywordsandatleastonemembeiof K satisfies
the semi-Letich&sky criterionon non-emptywords.

Let us determinethe remainingrelationsbetweenthe classicalLetichessky and semi-
Letichevsky criteriaandthe correspondingtriteriaon non-emptywords.

Firstwe shaw that

4 AESLY = AESL

but the corversedoesnotholdin general Proof of (4): Wehave A* (= SL, so A £ Let,
whenceA £ Let by (2) andthereexist non-emptywordsz,y,p € X andag € A, with
ap -« # ag -y butag - xp = ap. Write y = yq - - -y, With eachy; aletterin X. Clearly
ag -y # ao (lestA* = Let), soby removing someinitial lettersof y if necessarywe may
supposehatthatag - y1 - .. y; # ag for all i (1 < i < k). Leti bethegreatestntegersuch
that0 < i < k andthereexistsq € X suchthatag - y1 - - - ysq = ao (for i = 0, onemay
take ¢ = zp).

Letay = ao-y1 ---y;. Thenag - g = ag. Write ¢ = ¢ - - - g, with lettersg; € X. Since
AT £ Let, therecanbeno g with ag - yg = ag, S0i < k, andwe maysety’ = y; 1. Let
' =q andp’ = g2 - qerpyr - - -yi. Thenal-z' # agy-y' (lestag-y1 -+ - YiYir1q2 - Qe =
ay Yit192-qe = (ap-y") g2 - qe = (ag - 2') g2+~ qe = ag-q1g2 -~ q¢ = ag - ¢ = a,
contradictingthe choiceof ¢ if £ > 1 andcontradictingag - y1 - - - yi+1 # ao if £ = 1)
andag - 2'p' = ag - q1(g2---qexpyL---yi) = ap - qTPY1---Yi = Qo - TPY1 - Yi =
ap - y1 -+ yi = af. ThisprovesA = SL.

To seethat the corversemay fail to hold, i.e. 4 = SL # A = SL*, modify the
counterautomatorC of Fact11(2) by addinga new inputletter y which takesevery state
to anew “sink” statex (i.e.a -y = xforalla € {0,1,2},andx - z = % - y = %). Denoting
the modifiedautomatorby C.., we have C, |= SL, butC. | Let™ (sinceC |= Let™), and
soC, [~ SL*. O

In the classof finite automatadll, let LET denoteautomatasatisfyingthe (classical)
Letichevsky criterion(Let), LET+ denoteautomataatisfyingthe Letichevsky criterionon
non-emptywords (Lett), ~LET+ denoteautomatanot satisfyingthe Letichevsky crite-
rion on non-emptywords,S £ denoteautomatasatisfyingthe (classical)semi-Leticheksy
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criterion(SL), andSL* denoteautomataatisfyingthesemi-Letich@sky criteriononnon-
emptywords(SLT). WehaveseenSL™ C SL andLET C LET . Obsenethat

(5) SLN-LETH=8CF

Indeed from thedefinitionof SL™, clearly—Let™ andS L impliesSL*. Corversely SL*
requireshat Lett befalse,andwe have alreadyseenthatS LT entailsSL.

(6) SCNLETT =8c\Sct

SupposeSL holds. If Lett thenSL* cannothold by definition. If SL* is false,then
eitherLet™ holdsor thereareno ag, z, y, p asin the SL condition. SinceSL holdsit can
only bethat LetT holds.

Obviously LETT U -LETH = All andLET N SL = 0. The establishedelations
betweerthevariousclassesreshowvn in thefollowing figure.

Figure 1. The universe All of all finite automata: The dashedhorizontalline separateshe classCET+ of
automatasatisfyingthe Letichevsky criterion on non-emptywords(abave) from the class—=£E7+ of thosenot
satisfyingit (belav). The dashedverticalline separateshe classS £ of automatasatisfyingthe classicalsemi-
Letichevsky criterion (right) from thosethatdo not (left). S£ is thedisjointunionof SLN-LET+ = SLT, the
automataatisfyingthesemi-Leticheksy criteriononnon-emptywords(belov), andS£L\SL+T = SLNLET T,
the automatasatisfyingboth the classicalsemi-Leticheksy criterionand(Lett). TheclassCET of automata
satisfyingthe classicalLetichessky criterionis a propersubclasof LET+. Relationsshavn areestablishedn
themaintext.

Now let uscharacterizehesel_etichevsky criteriaon non-emptywordsalgebraically

Proposition 12. Let .4 be any finite automaton. A satisfiesthe Letichevsky criterion on
non-emptyvords (Let ) if andonly if thesemigoup S(A) of transformationof A is not
R-trivial.

Proof: Supposehatthecriterion(LetT) is satisfied Let stateag andnon-emptyz, v, p, q €
X7 beasin thecriterion. In particular ag - ¢ # ag - y. Lete = ((yq)“ (zp)*)¥. Clearly
ap - e = ag. We have ex R e sinceexp(zp)“~! = e(zp)” = e. Alsoey R e since
eyq(yp)“~H(zp)¥ ((yq)“ (zp)*)“~! = e = e. Thereforeezx R ey, butag - ex = ag -z and
ag -ey = ag - y. It followsfrom aq - x # ag - y thatex # ey, whenceS(A) is notR-trivial.

Corverselylet S(A) benot R-trivial. This meanstherearewordss, t € X+ suchthat
s Rthbuts # tin S(A). Thenthereexistp,q € X* suchsp = t andtqg = s in S(A).
(Clearly neitherof p nor g is A sinces # t in S(.A).) Sinces # t, thereis a statea; with
a1 -8 # ay-t.Letag = a1 -s. Then

ao-pq:al.Spq:al.tq:al.szao’
while
ap-p=a1-sp=ai-t#a-s=ap.
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Thenz = pq, p' = pq, y = p, andq arenon-emptywordssuchthatag -  # ag - y, and
ap - Tp' = ag, andag - yq = ag. Thus A satisfieq Lett). m]

Remark: Theabove propositioncouldalsobe provedvia thefactthatextensve automata
correspondo R-trivial semigroups.

Corollary 13. A € ~LETH < S(A)isR-trivial <= S(A) € S(HSP,({U})).

Proof: Thefirst equivalenceholdsby the precedingproposition. The secondequivalence
holds,sinceby a theoremof Stiffler [16, Theorem3.4(b)], a semigrougies R. if andonly
if it dividesthetransitionsemigroupof acascadef copiesof U. O

Corollary 14. A € ~LET + impliesIRRED(A) C {U}. Butthecorversedoesnothold.

Proof: By the precedingcorollary, S(.A) divides the transitionsemigroupof a cascade
of copiesof (U*,U) = (U,U). SinceU is the only nontrival irreducibledivisor of U,
theimplication holds. To seethatthe corversemayfail to hold considerthe five element
BrandtsemigroupB, with elementq1,1),(1,2),(2,1), (2,2), and0 with multiplication
0% (z,y) =(z,y)*0=0x0=0forallz,y € {1,2}, andfor z,y,2',y' € {1,2},
' z,y') ify=2o2
(z,y) * (z 73/):{ (() V) otzerwise

It is easyto checkthat 2" doesnot divide By, nor doesary non-trivial group, but U
doessinceit is isomorphicto the subsemigroug(1,1),0}. However, B, is not R-trivial:
(1,1) R (1,2) since(1,1) = (1,2) = (1,2) and(1,2) = (2,1) = (1,1). SoA = (B3, B)
satisfieghe Letichevsky criterionby Proposition12. m|

Corollary 15. K £ Lett impliesIRRED(K) C {U}. Butthecorversedoesnothold.

Corallary 16. If IRRED(K) contains2", theflip-flopmonoidF’, or any non-trivial sim-
plegroup,thenk |= Lett.

Proof: The conditon/RRED(K) € {U} is equialentto the the presencef ary non-
trivial irreducibledivisor otherthanU in IRRED(K), i.e. oneof 27, theflip-flop monoid
F, or ary simplegroup. It thenfollows from the contrapositie of the previous corollary
thatC = Lett. ]

Proposition 17. Let.4 bea finite automaton.4 satisfiegshe semi-Letibievsky criterion on
non-emptywordsif andonlyif S(.A) is R-trivial but notreversedefinitg i.e.

AESLT < S(A) e R\ D*.

Proof: Given A satisfying SL*, we have that 4 doesnot satisfy Let* (hencealso not
Let). Fromthe previous proposition,we have that S(.A) is R-trivial. We mustshow it is
notreversedefinite.If SLT holds,thenwetake z,y,p € XT suchthatag - x # ao - y and
ap - Tp = ao. It followsthat(zp)“z # (zp)“y in S(A). Thereforefor e? = e = (xp)~,
theequatiores = e doesnotholdin S(A). ThusS(.A) is notreversedefinite.

Corversely supposeS(.A) is R-trivial but not reversedefinite. Again by the previous
proposition sinceit is R-trivial it doesnot satisfy Let™ (hencealsodoesnot satisfy Let).
SinceS(A) is not reversedefinite, thereexist non-emptywordse,y € X T representing
[e], [v] € S(A), with [e]*> = [e] and[e][y] # [e]. Thelattermeanghereis ana; € A, with

ai-ey # ay - e.
Thereforetakingag = a; - e, we have

ap -y =a-ey #a-e=ag.
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Moreover, sincele]? = [e], we have
(ap-€)-e=ag-ee=apg-e=(a;-€)-e=a;-ee =aj-e = ag.

Thus,takingz andp bothequalto e, we have (ap - ) - p = ao, andag = ap -  # ag - y.
ThisshavsthatS(.A) satisfiesSL™. O

Coroallary 18. Let 4 be a finite automaton. .4 satisfiesneitherthe semi-Letibevsky nor
the Letichevsly criterion on non-emptywordsif andonly if S(A) is reversedefinite That
is,

AW Lett and A £ SLtT < S(A) € D”.

Coroallary 19. A satisfiesneither the semi-Letitievsky nor the Letichevsky criterion on
non-emptyvordsif andonlyif TRRED(A) = .

Proof: Stiffler [16, Fact4.8(b)] provedthatif afinite semigroupS hasno non-trivial irre-
ducibledivisorsthenit is a nilpotentextensionof a left-zerosemigroupor, equivalently,
idempotentsn S areleft-zeros(e? = e implieses = e for all s € S), i.e. S is reverse
definite. Sotheresultfollows from the corollaryabove. m|

We remarkthat Stiffler [16, Theorem3.4(a)] also shawvs that S(HSFPy({2"})) = D.
ThereforeS(HSPy({2"}))? = D”. Thus.A satisfiemeitherof the Letichessky criteriaon
non-emptywordsif andonly if §(A) dividesthereversesemigroupof a cascadef copies
of (27*,27).

It is easyto checkthat:

Fact 20. Let.A bea finite automaton.Then
1. A satisfieg Let*) if andonlyif the configuation

occursin A. Precisely for somestatesp,q € A, p # ¢, andinputss,t € X,
q-s=p,p-t=gq

2. A satisfies(SL*) if andonly if A doesnot satisfies(Let ™) andthe following con-
figurationoccursin A:

s,t

t

occursin A. Precisely A £ Let™, andfor somep,q € A, s,t € X, p # g,
qg-t=q,q-s=p,andp-s=p-t=p.

3. SUMMARY OF RESULTS
Theresultsobtainedsofar easilyentailthefollowing seriesof theorems.

Theorem 21. LetK beanyclassof finite automata.Thenthefollowing are equivalent.
1. K satisfieghe Letichevsky criterion on non-emptywords,i.e. K = Let™*.
2. 8§(K) £ R. Thatis, S(A) is notR-trivial for someautomatonA € K.
3. Theris anautomatonA € K, suc that S(A) doesnot dividethe semigoup of any
cascadeof (U, U), wher U is thetwo elemenmonoid.
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occursin someautomataA € K, for somestatesp, ¢, p # ¢, andinputss,t € X+,
g-s=pp-t=gq

There is a language L is recanizedby an automatonfrom X sud that L is not
extensive O

Theconfiguation

Theorem 22. For anyclassk of finite automatathe following are equivalentandimply
that K satisfieghe Letichevsky criterion on nonemptywords:

1.

2.

3.

4.

Ther exists A € K, suc thatthetwo-elementesetsemigoup2” dividesS(A) or a
simplegroupG dividesS(.A).

Ther exists A € K, sud that the two-elementesetsemigoup 2" embedsn S(.A)
or a non-trivial groupG embedsn S(A).

A non-trivial irreduciblesemigpup other than the two elementmonoidU divides
S(A) forsomeA € K.

IRRED(8(K)) Z {U}.

Proof: (1) implies(2): For ary finite semigroupS, 2" < S implies2” is a subsemigroup
of S, andG < S for agroupG impliesthereis agroupG’ thatis a subsemigroupf S
mappinghomomorphicallyonto G. (Seee.g.[11].) Therestis now clearfrom Corollary
16 andthecharacterizatioof finite irreduciblesemigroupsn the Krohn-Rhodes heorem.

O

Theorem 23. For anyclassk of finite automatathefollowing are equivalent.

1.

2.

K satisfieghe semi-Letibevsky criterion for non-emptywords,i.e. K = SL™* (thus,
there existsan automaton4 € K with A = SL*, butno A € K satisfiesLet™).
Theabove configuation doesnot occurin any automatonA € X, for any distinct
statesp, ¢ andnon-emptynputwords s, ¢ € X+. Buttheconfiguation

t st

occussin atleastoneAiInK (g,pe A,p#q,s,t € X*),q-t=q,q-s=p,p-s =
p-t=p.

. Forall A € K, S(A) dividesthe semigoup of a cascadeof copiesof (U, U), and

moreover IRRED(8(K)) = {U}.

. Forall A e K, S(A) liesin (HSP,({U})) andU dividesS(.A) for someA € K,

but no othernon-trivial irr educiblesemigoupdividesany S(A) for A € K.

. S(A) is R-trivial for all 4 € K, but there is an A with S(A) ¢ Df. Thatis,

8$(K) C R but$(K) ¢ D”.

. Everylanguagerecaynizedby automatafrom K is extensivebut there is at leastone

language recaynizedby somemembeiof X which is notreversedefinite O

Remark: Consideringthe counter&ample B,, describedin the proof of Corollary 14
above, which hasIRRED(B,) = {U} andsatisfiesLet, one seesthat the conditions
in Theorem22 only imply but arenotequialentto the Letichevsky criteriononnon-empty
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words. By the samecountergample,condition3 of Theorem23 cannotbe wealenedto
IRRED(8(K)) = {U}.

Theorem 24. Let K beanyclassof finite automata.Thenthefollowing are equivalent.

1. K satisfieqeitherLetT nor SLT.

2. Neitherof the configuiationsabove occuisin anyautomatorin K.

3. NoirreduciblesemigoupdividesS(A) for any 4 € K. Thatis, IRRED(8(K)) =
0.

4. S(A) is areversedefinitefor all A € K. Thatis, §(K) C D”. In otherwords,S(.A)
is a nilpotentextensionof a left-zeo semigoup; thatis, S(A) satisfies“y = a*.

5. S(A) dividesthereverseof thetransitionsemigoupof a cascadef copiesof (27 ¢, 27),
forall A € K.

6. Everylanguegeis recaynizedby an automatorfrom K is reversedefinite O

4. FEEDBACK OPERATORS FOR PSEUDOVARIETIES OF FINITE SEMIGROUPS

Now we returnto the questionat the beginning of section2 on the relationshipbe-
tween pseudearietiesand feedbackproducts. The pseudwariety characterizationgb-
tainedabove will allow usto relatethe actionof «; operatorson classeof automatawith
their actionon pseudwarietiesfori = 0,1, 2,. .. , o0.

Definefor eachi = 0,...,00, anoperatoré; : PV — PV on the lattice PV of
pseudwarietiesof finite semigroups:

&i(V) := S(HSPi({(S°,5)| S € V})).
Clearly, S(HSP;(K)) = 8(P;(K))) alwaysholdsfor every classk of finite automata.
We write V |= Let™, if (S*,S) = Let™ for someS € V, andwrite V |= SL* if

V £ Lett butfor someS € V, (S*, ) = SL+. Thenby thecorollary of Esik-Horvath
Theoremthefollowing is immediate:

Lemma 25. LetV bea pseudearietyof finite semigoups.Then
1. V | Lett = a»(V) = Sgp.
2. VESLT = 4;1(V) = dx (V).
3. V£ SLT andV £ Lett = ao(V) = (V).

Lemma26. Let V be a pseudeariety of finite semigoups. ThenV | SL* implies
ao(V) = oo(V) =R.

Proof: The hypothesismpliesU € V. Since§(HSFP,({U})) = R by Stiffler’s results
[16], it followsthatR C éo(V). SinceV = Let, we have éoo (V) C R by Corollary3(2)
andPropositionl2. Therefore R C éo(V) C 41(V) C (V) CR. O

Lemma27. If A = (4,X,4) | Let™, thenall finite automataare isomorphicto subau-
tomataof a; (P(AY)).

Proof: Givenary finite automaton3 = (B,Y,d'), we shav B embedsn a single-factor
oy -productof adirectproductof copiesof A*. In A, we have stategp # ¢, andnon-empty
wordss,t € X withp-s = gandg -t = p, whenceg - ts = g andp - st = p. We
mapa stateb € B to the state“b” of the|B|-fold direct productof copiesof A*, where
“b"=(p,...,p,q,D,---,p), suchthatg occursin the bth positionandp occursin all other
positions.Now definethefeedbacKunction f : A1 x Y — (X+)Bl to have valuein its
bth-component:

ts ifa="b"andb-y=0>
t fa="b"andb-y#b

(fla, )= s ifa="c",b#c,andc-y=1>b
st ifa="c",b#c, andc-y #b
s  otherwise
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wherea € AIBl, y € Y, b,c € B. (Notethevalueof f in thefifth casds arbitrary)
It is straightforwardto checkthat“d” -y = “b - y” holdsfor all b € B andy €Y, soB is
isomorphicto a subautomatoof the o; -product. O

Lemma 28. If V is a pseudwariety of finite semigoups,andV |= Let™, thena; (V) =
Sgp.

Proof: Take S € V with (S, S) = Let™. SinceS is notR-trivial, choosedistinctp, g € S
suchthatthereexist s, ¢t € S with ps = g andgt = p. By the constructiorof the previous
lemma,ary (T'*, T') embedsn ana;-productof the |T*|-fold directproductof copiesof
(S°*,S). Theimageof T"* hasall componentsn {p, ¢}, thustheimageof (T'*, T') is actu-
ally isomorphicto a single-factor a; -productof (Q*, Q), whereq is the |T*|-fold direct
productof S. Since@) € V, wehaveT € 4, (V). O

Theorem 29. LetV bea pseudearietyof finite semigoups.Then
1. V | Lett = 41(V) = & (V) = Sgp.
2. VESLT = &y(V) = dw(V) = R.
3. VESLT andV £ Lett = G (V) = do(V) C D*.
Moreover, the corverseshold.

Proof: (1) follows from Lemma28. (2) is justLemmaz26. (3) By Corollary18,V C D”.
D¢ is closedunderay-product,sodg (V) C D?. Butby Lemma25(3),40(V) = G (V).
Thecorversedollow from whatwe have seerbefore. O

Corallary 30. For eath pseudeariety’V of finite semigoups,d; (V) = G (V).
Corollary 31. For0 < i < o0, theopemator é&; : PV — PV is aclosur opetator.

Proof: We alreadynoted,whenthey wereintroduced thata., andag areclosureopera-
torsfor classe®f finite automatasoit followsthatthe correspondingperatorsareclosure
operatoron PV. We have,forany i > 0, &1 (V) = G0 (V), 5064(V) = 4o (V). O

Theorem 32.
V £ Lett <= 60(V) = a1(V) = 4o(V) CR,
whee equalitywith R holdsif andonlyif V = SL* if andonlyif TRRED(V) = {U}.
V | Let™ <= d0(V) C @ (V) = doo(V) = Sgp,
whee &0 (V) = 41(V) if andonly if IRRED(V) containsthe flip-flop monoidand all
finite simplegroups.
Proof: By the Krohn-RhodesTheorem,equality of 64(V) andSgp holdsif andonly if

IRRED(V) includesall finite simplegroupsandtheflip-flop monoid. Everythingelseis
clearfor whatwe have alreadyestablished. O

Letusrecordtheeffectof thefeedbacloperatoronthelatticeof pseudearietieswhich
now followsdirectly:

Theorem 33 (Action of FeedbaclOperatoron Pseudwarieties) Let'V be a pseudwari-
ety of finite semigoups. Thenwe havethreecasesdeterminingthe action of the &, opera-
torsonV (0 < k < o0):
1. If V C D”, thendo (V) = @oo (V) C D”.
2. If VCRbutV € D? thendp(V) = a0 (V) = R.
3. Otherwise V € R, andthend; (V) = d(V) = Sgp, ando(V) = 61(V) if
andonlyif V hasall irreducibles.
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For caseV C D*: For which'V doesV = 4¢(V)? Someexamplesof suchclosed

pseudearietiesinclude:
D7 satisfyinge? = e implieses = e; (D,)? satisfyingz; ---z, = 1 ---z,y; Nil,
satisfyingz; - - -z, = 0; Nil = |J,, Nil,; LZ = D?, satisfyingzy = . Theirclosure
underag-productis easyto checkdirectly. All thesepseudearietiesarecontainedn D”
andclosedfor &g = G-

The smallestexampleof a pseudwarietyV.C R but V ¢ D? is SL, the variety of
semilatticesdefinedby equationss? = z andzy = yz, sincethis is the smallestpseu-
dovarietycontainingl. We have SL C G (SL) = &o(SL) = R = S(HSPy({U})).

Therearemary examplesof V. € R closedunderag: groupsG, solvablegroups,p-
groups,andmary otherpseudearietiesof groups? whoseclosureundertheaq-operatoiis
evidentfrom consideringrreducibledivisorsandusingthefactthata cascad®f groupau-
tomatais agroupautomatonOtheré,-closedpseudwearietiesncludeD (satisfyinge? = e
impliesse = e) sinceD = S(HSPFy({2"})); aswellasRo G, GoD, andRoGoD, which
aredefinedby the exclusionof 27, U, and F', respectiely, by resultsof Stiffler [16, Fact
4.16))$ andthe exclusionvarietiesof finite semigroupsiot divided by ary otherparticular
irreducibleor setof irreducibles(seeexamplesin [16, 3]). The pseudearietyof thefinite
aperiodicsemigroupsA, satisfyingz«+! = v, is the classthatexcludesall finite simple
groupdivisorsandsois dq-closed.Let W bethe pseudeariety of aperiodicsemigroups
notdividedby 27, thenTRRED(W) = {U} andW = Let* by the counter&amplein
theproofof Corollary14,soR C W. SinceW is definedby theexclusionof irreducibles
(finite simple groupsand2”), we have &o(W) = W, but &; (W) = Sgp by Theorem
33(3).Infact, W = AN (R o G) by [16, Fact4.16(a)].

This situationis schematizedn the following figure shoving major divisionsin the
lattice of pseudwarietiesof finite semigroupshat characterizehe effect of the various
feedbacloperators.

5Notethatsincewe areconsideringsemigroupvarieties the emptysemigroupmustbe admittedasa member
of ary pseudwariety of groups,including G, etc.

SHereV,oV,_10-- -0V denoteshepseudwarietygeneratethy characteristisemigroup®f ag-products
whoseit! factorautomaton4; = (S$,S;) for someS; € V.
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Figure 2. For every pseudwariety V of finite semigroupsi1 (V) = &eo (V). Within R, &g = &1 andthere
aremary closedclassesj.e. V = &o(V), within D?. However R is the only closedclasswithin R not con-
tainedin D”. Outsideof R, &1 (V) = &oo (V) = Sgp (all finite semigroups)io (V) = @1 (V) if andonly if
V containsall irreduciblefinite semigroupsandtherearemary examplesof closedclasseV = G (V).

Coroallary 34. LetV bea pseudoariety of finite semigoupssud that a; (V) = V for a
certaini (0 <14 < o0). If eitheri > 1 or V [£ Let™, thenwehave

V=Sgp <= V[ Lett

V=R <+ VESL'

VCD?and <=  otherwise
a(V)=V

Whilefor i = 0 andV |= Let*, wehavedao (V) = V and
V ={Se€Sgp|PRIMES(S)CV} << FeV
VCRoGoD <= otherwise
whetee F' is theflip-flop monoid.

Proof: The first part follows from Theorem29. For the secondpart with ¢ = 0 and
V = Lett, the Krohn-RhodesTheoremyields the casewhen F € V. On the other
hand,F' ¢ V if andonlyif V C R o G o D, by theresultof Stiffler [16, Fact4.16(c)]. O

Despitewhatonemighthave expectedjn every casethestudyof thefeedbacloperators
&; onthelattice of pseudwarietiesof finite semigroupss completelysolvedor reducedo
thestudyof ag, the cascadelosure.
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