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A situation maintenance-based cooperative guidance strategy is proposed to intercept a high-speed and
high-maneuverability target via inferior missiles. Reachability and relative motion analyses are con-
ducted to develop and pursue virtual targets, respectively. A two-stage guidance strategy under
nonlinear kinematics is developed on the basis of virtual targets. The first stage optimizes the coverage
and collision situation by pursuing virtual targets under specific angular constraints. The second stage

subsequently intercepts the superior target based on the handover condition optimized by the first stage.
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Numerical simulation results are provided to compare the effectiveness and superiority of the proposed

strategy with those of the reachability-based cooperative strategy (RCS), coverage-based cooperative

guidance (CBCG) and augmented proportional navigation (APN) under various maneuvering modes.
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1. Introduction

Existing widely studied guidance laws, such as proportional
navigation (PN), augmented proportional navigation (APN) and
their extensions, are designed to decrease the relative distance
under the advantage of the interceptor's maneuverability. However,
with the development of aircraft technology in recent years, high-
performance missiles and unmanned aerial vehicles have appeared
more frequently in the aerial battlefield [1,2]. Without maneuver-
ability advantages, traditional guidance laws confront the problem
of unacceptable miss distance (MD) due to acceleration saturation.
Therefore, maneuvering targets with the advantages of speed and
maneuverability present formidable challenges to the guidance law
design. Optimal control, differential game theory, sliding mode
control, and coverage strategy are mainly used in the guidance law
design for intercepting highly maneuverable targets.

Optimal control is commonly used to determine the control in-
puts of a system to optimize a certain performance metric and has
been widely used to design guidance laws subject to specific con-
straints. Cottrell [3] designed the first optimal guidance law based on
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optimal control theory, which considers the first-order dynamics of
unmanned aerial vehicles. Weiss et al. [4] designed a guidance
strategy by presetting the upper or lower bounds of the miss dis-
tance and adopting control effort as a performance metric, which is a
more natural and logical objective than minimizing or maximizing
the miss distance, thus achieving interception or evasion of
maneuvering targets, especially for short flight times. Dun et al. [5]
designed a damping term related to the relative distance between
the missile and the target in an optimal guidance command, which
further optimized the control effort of the guidance process and
achieved successful interception of high-speed maneuvering targets.
However, although the optimal guidance laws can effectively reduce
the miss distance while satisfying the control effort requirements,
these guidance laws typically require prior knowledge of the target's
maneuvering strategy. The corresponding guidance performance
may degrade when quick and accurate acquisition of the target's
motion information is unavailable.

Differential game theory, which generates guidance commands
at the kinematic level based on the maneuverability of a target, is
popular for designing guidance laws for intercepting maneuvering
targets. In a missile confrontation scenario, Anderson [6] deduced
the optimal analytic expression of a guidance law based on differ-
ential game theory, which is less sensitive to errors in the estimation
of current target acceleration as compared with the optimal
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guidance law. Zhang et al. [7] proposed an adaptive weighted dif-
ferential game guidance law to intercept a highly maneuvering
target. The adaptive weights are adjusted in real time according to
the target acceleration estimation error. A zero-sum differential
game model was established in Ref. [8], which integrated the relative
distance and control effort as the game indicators and formed a
guidance strategy under linearized kinematics. Considering the N-
to-one interception scenario, Liu et al. [9] proposed a multiple-
intelligence differential game method to solve the cooperative
guidance problem, which requires less computational effort than the
cooperative differential game guidance law and has comparable
performance. Refs. [10—13] applied the differential game theory to a
three-body confrontation problem in an aircraft active defense
scenario. Differential game guidance does not require prior knowl-
edge of the target's maneuvering strategy and is capable of giving
full play to the maneuvering capabilities of intercepting missiles.
However, these guidance laws mostly rely on linearized kinematics,
which can result in performance degradation under high maneu-
vering and long time-to-go scenarios.

To address the guidance problem under nonlinear kinematics,
the active disturbance rejection control (ADRC) method has
attracted increasing attention. Hu et al. [14] proposed a terminal
time-constrained sliding mode guidance law for intercepting
inferior maneuvering targets, which achieves interception via line-
of-sight rate shaping. Ma et al. [15] designed a guidance law that is
based on the nonlinear ADRC, which regards the uncertainties, such
as the target acceleration variation, as total disturbances and
compensates for them to improve the interception performance.
Based on the performance advantages of intercepting missiles,
Refs. [16,17] proposed cooperative guidance strategies based on
terminal sliding mode control and augmented proportional navi-
gation, both of which adopted impact time as the coordinating
variable. Most ADRC-based guidance laws exploit the speed and
maneuverability of interceptors, and the performance is difficult to
maintain when facing superior targets.

The coverage strategy can effectively enhance interception
performance by covering the target's escape zone with the union of
the interception areas of multiple interceptors. In Ref. [18], a
reachability-based guidance framework for pursuing evader was
proposed based on reachable sets, which geometrically describes
the pursuer and evader's moving capability. By uniting the reach-
able sets of the interceptors and cooperatively covering the
maneuvering range of the target, a coverage-based cooperative
guidance strategy was proposed in Refs. [19,20] to intercept highly
maneuvering targets, which provided the necessary conditions for
successful interception under linearized kinematics. In Ref. [21],
reachability analysis was employed to obtain a necessary condition
for zero-effort miss (ZEM) under nonlinear kinematics, which was
further used to optimize the intercept formation against a superior
maneuvering target. Liu et al. [22] proposed a coverage-based
cooperative guidance (CBCG) law based on three concepts, i.e.,
interceptor reachable area, interceptor feasible area, and hyper-
sonic vehicle escape area, which can give full play of the scale
advantage of low-cost interceptors. Coverage strategy-based guid-
ance methods are suitable for intercepting superior targets and
have the potential to handle multiple constraints. However, the
existing coverage strategies lack analyses of nonlinear kinematics,
the feasibility of interception or coordination indicators.

Before overcoming the problem of intercepting superior targets
with coverage strategies, the feasibility of interception should be
assessed first. Situation assessment plays a crucial role in estimating
engagement results by analyzing the positions, headings, speeds and
maneuverabilities of both sides. The resulting engagement window
can be regarded as the necessary and sufficient condition for inter-
ception and is also referred to as the capture region or attack zone.
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The existing assessment methods fall into two categories, namely,
numerical and analytical methods. Numerical methods usually
obtain flight trajectories based on given guidance laws through
integration computations and determine the engagement window
based on the miss distance. Hui et al. [23] proposed an efficient
numerical solving method for establishing a dynamic attack zone for
PN laws, which changes with the random wind field after launch.
Another dynamic attack zone was established in Ref. [24] based on
the Bayesian theory by training the conditional probability table
with physical model datasets. However, numerical methods are
limited in applications due to the computational burden of finite
missile-borne computing resources. In contrast, analytical methods
generally have high computational efficiency. Wang et al. [25]
compared the capture capabilities of augmented pure proportional
navigation (APPN) and retro-augmented proportional navigation
(RAPN) guidance against maneuvering targets with a speed advan-
tage. The variations in the capture zone with respect to multiple
factors were analytically discussed, including the speed ratio,
maneuverability and relative distance. Li et al. [26] derived the
maximum acceleration requirements and range of the navigation
gain for three-dimensional (3D) realistic true proportional naviga-
tion (RTPN). Taking arbitrary maneuvering targets into consider-
ation, a Lyapunov theory-based derivation was conducted, which
leads to a 3D capture region based on the closing speed, lateral
relative speed and relative distance. However, the above assessment
methods focused mainly on weakly maneuvering targets under
given pursuit and evasion strategies. When confronted with superior
highly maneuvering targets, the corresponding engagement win-
dow is either too difficult to obtain or too small for applications
given the harshness of the necessary and sufficient conditions for
interception. The reachability-based analysis in Ref. [21] offers a
novel perspective for situation assessment in terms of the feasibility
of the interception problem. Equal-time lines (ETLs) are derived
based on the shortest Dubins paths and used as the credible inter-
cept criterion. However, this assessment method focuses solely on
analyzing the initial situation statically, and the dynamic process of
engagement needs to be studied further.

In addition, Ref. [27] pointed out a flaw in the aforementioned
coverage strategies, i.e., even if the target's reachable set is covered
by the missile at the initial moment, this coverage situation may be
disrupted as the interception process proceeds. If the coverage
strategy can be adjusted online based on current information, it can
effectively extend the coverage time. Zhang et al. [28] proposed a
coverage strategy by taking the target acceleration range as prior
information. The interception area of each missile is adjusted on-
line through the target acceleration distribution or the current
target acceleration. Guo et al. [29,30] proposed the concept of vir-
tual targets based on reachable sets, which guide missiles to cover
real target escape zones dynamically. The introduction of the vir-
tual targets provides a new idea for the online adjustment of the
coverage strategy. Motivated by the reachability-based perspective
of situation assessment and guidance strategies based on the pur-
suit of virtual targets, this paper proposes a situation maintenance-
based cooperative strategy (SMCS) to intercept a highly maneu-
vering target via inferior missiles. Reachability analysis is intro-
duced in the arrangement of interceptor formations, which exploits
the quantity of interceptors to improve the feasibility of the inter-
ception problem. Based on the analysis of relative kinematics, a
two-stage guidance strategy is derived to improve the coverage
performance of the reachable set and the maintenance of the
collision triangles during engagement. The coverage performance is
maintained by pursuing virtual targets, whereas impact angle
constraints are optimized to improve the formation of the collision
triangle near impact. The main contributions of this paper are
summarized as follows:
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(1) Owing to the nonlinear kinematics adopted in reachability
analysis and relative motion analysis, the proposed intercept
strategy can be easily extended to various guidance sce-
narios. In contrast, intercept formation based on the head-on
assumption and linearized kinematics [19,20] is difficult to
extend to scenarios involving drastic maneuvers and rela-
tively long time-to-go.

(2) Compared with the guidance strategy in Refs. [21,22], the
coverage performance during the interception process is
improved by pursuing virtual targets, thereby avoiding
disruption of the necessary conditions for interception
caused by non-maneuvering or weakly maneuvering targets.

(3) Compared with the guidance strategy in Refs. [29,30], the
proposed guidance strategy derives an advantageous situa-
tion for the formation and maintenance of the collision tri-
angle, which is realized by optimizing impact angle
constraints while pursuing virtual targets that effectively
improve the guidance performance against a superior highly
maneuvering target.

2. Problem formulation and analysis
2.1. Kinematics equations of motion

For the case of a planar endgame geometry among n missiles
and one superior highly maneuvering target, the Cartesian inertial
frame is denoted as X; — O; — Y; as shown in Fig. 1. The notations M
and T represent the intercepting missile and the maneuvering
target, respectively. Both the missiles and the target are assumed to
be point masses. The line-of-sight (LOS) range between the i th
missile and the target is denoted by r;. ; denotes the corresponding
LOS angle.

The equations of motion and the relevant constraints can be
obtained as follows:

X,‘IVI'COSGI'

g — G

bi=y (M
Yi = V;sinb;

Fig. 1. Engagement geometry.

252

Defence Technology 48 (2025) 250—267

|ai| < aj max
VT > VM,
AT max > AM;,max

(2)

where the subscript i€ {T, My, ---, My} represents a specific player,
either an intercepting missile or the maneuvering target;
P; = (x;,y;) €R? is the position of player i; V; and 6; are the corre-
sponding speed and heading angle, respectively; 1, and nr are the
leading angles, which are equal to the angles between the corre-
sponding heading angle and the LOS. g; denotes the lateral accel-
eration and is bounded by the maximum value @; p,qx, Which results
in a minimum turning radius constraint. Note that Eq. (2) ensures
the superiority of the target in terms of both speed and
maneuverability.

To facilitate the analytical derivation, the following common
assumptions are adopted [21]: For the feasibility of the interception
problem, the target is considered nonthreatening if it runs out of
the lateral boundaries that one defined by the maximum heading
angle variation Afr max, as shown in Fig. 2. Otherwise, the target can
always escape with speed and maneuverability advantages over a
long relative range unless a perfectly encircled formation can be
established [31].

2.2. Kinematics equations of relative motion

The relative motion between the target and the ith missile can
be represented based on a reference frame with the origin fixed at
the target [32—34], which is denoted as Xz — Og — Yg. Then, the
relative velocity is denoted by Vi, and defined as Vg, = Vj;, — V7, as
shown in Fig. 3.

The corresponding heading angle is denoted by 0. Hence, the
following equations of motion in the prescribed reference frame
can be derived:

X = Vg cos Oy

y:VRSiH(gR
T 3
b = o8 (3)

ie —?sin(&R _ )

The magnitude and heading angle of the relative velocity can be
obtained as:

Y, A )
/
0/ +A0/ max /
T i
% - T
(+A1) ,
/
V(1) L
0[ QAOI. —Aol. max
——— V (t+Ar)
T
® >
0 X

Fig. 2. Restricted escape zone of the target.
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Fig. 3. Engagement geometry in the relative coordinate system.

VR=Vay/1 + 02 — 2p cos(fy — 0r) (4)

sin fy; — p sin 6

fg =arctan ——————————
R cos Oy — p cos O

(5)

where p>1 is the speed ratio and is equal to V;/Vy,. The relative
acceleration perpendicular to the relative velocity is denoted by ag
and is equal to:

ag = cos(fy — Og)ap; — cos(07 — Og)ar (6)
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Y, A Reachable set
Non-Dubins front
Paths . .A/—

Dubins Path of
Minimum turning radius

‘.-__~‘

Left-turning  § Right-turning

circle circle

Fig. 4. Reachable set with the minimum turning radius.

where u;(t, t +At) is the continuous control over the time range
[t,t+At] and @ represents all possible control inputs satisfying the
relevant constraints.

Consequently, the equal-time line (ETL) is developed based on
both sides' reachable sets of positions, which is a barrier that both
sides' players can reach simultaneously following the shortest path
via the minimum-time guidance [35]. The ETL can be achieved via
Eq. (9) and is illustrated in Fig. 5.

ETL;(t) = {(x,)|& (Vm; Om;, max: Xnm; (£), At) =g (Vr, ar max, X7 (), At), At > tgri} 9)

2.3. Analysis of conditions for successful interception

From the perspective of reachability, if all the positions that the
target can reach over a certain period can also be reached by mis-
siles, then successful interception is feasible. Under a near head-on
or tail-chase engagement scenario, the kinematics can be linearized
[20], and the resulting necessary condition for interception can be
defined as the zero-effort miss (ZEM) distribution that falls inside
the missile's maximum lateral displacement envelope. This tradi-
tional necessary condition is given by:

IZEMy,| < am maxtly /2 (7)

However, when confronted with long time-to-go and drastic
maneuvers, the assumption for the linearization of engagement
kinematics, along with the traditional necessary conditions for
interception, will be invalid [21]. Therefore, a reachability-based
situation assessment is adopted to analyze the feasibility of the
interception under nonlinear kinematics.

The reachable set is defined as all the states that can be reached
from initial state x;(t) = (x;,y;, 6;)T during a certain period At, which
is described in Fig. 4 and expressed in the following equations:

RS;(t, t+ At|x;(t)) = {x;(t + At)|Vu(t,t + At) € @ } (8)

YA v, =400 m/s, V=500 m/s,
Mi, mu(=60 ]‘n/Sz. al. ..\;“:l 00 m/52’

0,7-90°, 0,790°
|MT1=10000 m

(0] X

Fig. 5. The ETL that both sides can reach simultaneously.
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where g denotes the calculation function of the reachable set front
(RSF) of the position, which theoretically equals the involute for-
mula, and tgr; denotes the earliest intercept time, i.e., the reach-
able sets with respect to tgr; of both sides are tangent to each other.

The ETL can be regarded as a credible barrier for estimating
intercept performance, which divides the engagement zone into
two subzones. The target can reach any position within the subzone
close to it earlier than the missile, which implies a foreseeable
interception failure within the subzone. The opposite is true for the
subzone close to the missile.

A necessary condition for a multi-on-one interception scenario
under nonlinear kinematics can be satisfied by rational design of
the engagement geometry. In such an engagement geometry, the
ETLs are linked as described by Eq. (10) and Fig. 6, which allows the
union of the missile reachable sets to cover the entire target escape
zone, that is,

RSFr(t, t + At|xr(6))\ iiﬂl RSy (£, ¢ + At[xy, (1) =2 (10)

From the perspective of zero-effort miss (ZEM), if a collision
triangle can be constructed closely near or at impact, then

"\ M,
ETL,
0' >
1 -\',
Fig. 6. The desired union intercept line.
Y, A
M,
v, ® | y
/
/ LI
RSM, RS'”2 el
‘\Q v 4 // RS_!L
V(t+An) = —Ir—---/,— B ARy
0 +A0 // ~n
T 7. max | RST / .
RS
| v ’( t) o A M,
| \Z£ A()l max
| 6,
| @——-Y———— V (t+At)
\\ r__ _ . __
@
O X
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successful interception can be guaranteed. In the reference frame of
the relative motion, constructing a collision triangle implies that
the relative velocity vector coincide with the LOS, i.e., fg = A.

Based on the above analysis, the authors are interested in the
following two problems:

(1) The existing guidance strategy, which is based on the
coverage of the reachable set of positions, is derived mainly
for situations with a single moment. The coverage perfor-
mance may degrade as the engagement progresses. There-
fore, we are interested in investigating how to improve the
dynamic coverage performance while the target is moving.

(2) To improve the dynamic coverage of the reachable set, how
can the formation and maintenance of the collision triangle
near impact be further improved?

3. Cooperative guidance strategy based on the maintenance
of coverage and collision situation

To address and solve the above problems, a two-stage guidance
strategy is developed in this section. The key involves designing a
cooperative guidance strategy to coordinate multiple missile
reachable sets to cover the virtual targets distributed on the RSF of
the target, whereas impact angle constraints are imposed and
optimized to improve the formation and maintenance of the
collision triangle.

3.1. Virtual target analysis and selection

From the perspective of target movement, the virtual target Ty, ;
characterize the probability distribution of the real target's position
at impact, which can be regarded as the predicted interception
points and are directly related to the target's maneuvering direc-
tion and magnitude [36,37]. From the perspective of the coopera-
tive interception, the virtual target Ty; can be regarded as each
missile's object of pursuit, which quantitatively decomposes and
allocates the challenging intercept mission in the spatial dimen-
sion, as shown in Fig. 7 [19,20].

On the one hand, the virtual targets must satisfy asymptotic
consistency in terms of time and position. When the time-to-go
approaches zero, the virtual targets and the real target must

M. max

|

|

|

| M,

| -a ’.

| / M, mu/ \
| / P v a
| ~ M,

| i

|

|

|

|

|

Fig. 7. Schematic of the terminal engagement states of cooperative interception.
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coincide. On the other hand, the virtual targets should characterize
the typical maneuvering direction and magnitude. In this way, the
rational use of multiple missiles to pursue their respective virtual
targets can better cope with the target's unknown maneuvering
strategy. Therefore, the problem of covering the target's reachable
set of positions can be transferred to pursue multiple virtual
targets.

The virtual targets for each missile are selected from the real
target's RSF of the position, which represents the furthest position
that can be reached by the target through different maneuver di-
rections and magnitudes. The RSF of the position of the player i,
denoted by RSF;, is computed as follows:

RSF;(t, t + At|x;(£)) = 8 (V;, @i max. Xi(t), At) = RSF; gURSF; ;. (11)
where RSF;r and RSF;; denote the right and left halves of RSF;
respectively, with respect to the heading direction, which can be
obtained via the involute formula as follows:

. T
X0rr T T0; [ - Sln(aT - q)TV.i) + ¢r,; COS <9T - (pTVj)]
Yorz tTo; [ — €0s <0T - wTV.i) +or,; Sil’l(ar - (pTV.i)]
Pr,, = T
Xor, +Tor [Sin <6T + (pTV.i> — @1y, €OS (0'[ + (PTv.iﬂ
Yo;, tTo; [ — C€os (HT + qDTv.i) + o1y, Sin<€T + (pTv.i)]
RSFig = { (%, ¥)|x = X0, + T [ = sin(6; — 9) + ¢ cos(6; — 9)],
. ViAt
Y=nm+ﬁﬂ*w%&*@+wﬂM&*¢%w€P,%}}
(12)
RSFi1 = {(x.y)|x = X0, + T [sin(0; + ¢) — ¢ cos(6; + )],
. ViAt
y=YQJ+MJ*m%®+¢%+w$M%+w%wEP,%}}
(13)

where 6; denotes the heading angle; (xo,,,¥o,,) and (Xo,,.Yo,,)
denote the coordinates of the centers of the right- and left-turning
circles of player i, which are equal to (x; +1o, sin 6;,y; —r¢, cos ;)
and (x; — 1, sin 0;,y; + 1o, cos 0;), respectively; and rp, denotes the
minimum turning radius, which is equal to V?/a; pay.

To ensure that the intercepting missiles surround the real target
and gradually approach it during the process of pursuing the virtual
targets, it is crucial to determine the At term in Eq. (11) and the
selection method of virtual targets on the RSE. The reachable set of
positions shrinks as the time-to-go decreases and converges to the
real target when the time-to-go approaches zero. The time-to-go
term is adopted as the At term for the RSF calculations. For PN or
its variants, the time-to-go for the engagement between the
maneuvering target and the ith missile is commonly estimated as
follows [38]:

Defence Technology 48 (2025) 250—267

Ti
tgo,i :T

M,i

(14)

62
1+2(21\11)}

where N is the navigation gain.

To ensure virtual target characterization for the real target
motion under various maneuvering directions and magnitudes,
virtual targets are selected according to the heading angle varia-
tion. The sign and magnitude of the target's heading angle variation
correspond to the target's maneuver direction and magnitude,
respectively. For targets with unknown maneuvering strategies,
arbitrary maneuvering directions and magnitudes within their
capabilities are feasible. To address the unknown distribution of the
maneuver direction and magnitude of a target, it is reasonable to
evenly select virtual targets on the real target's RSF with respect to
its heading angle variation. The virtual target geometry is depicted
in Fig. 8, where ¢7,, represents the deflection angle of the virtual
target from the real target. Therefore, the 5 virtual targets for the 7
intercepting missiles are selected as follows:

. _n+1
<
=732
(15)
i>n+1
2
where o7, , is equal to
n+1 )\ Afr Vrtgo i
("2 ) T A <
PTv; =
n+1 .\ 1 Vrtg; Vrtgo i
( 5 l) n=1 Togiul +0r ABT,max > giOI
(16)

where Afrm.x represents the upper limit of the accumulative

v, A

Fig. 8. Virtual target geometry schematic.
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heading angle variation of the target.

3.2. Optimizing angle constraints for pursuing virtual targets

To improve the formation and maintenance of the collision tri-
angle near impact, the impact angle needs to be controlled to
pursue virtual targets. Hence, we are interested in what impact
angle is beneficial for the missiles to win the contest against the
target in terms of relative velocity control. In other words, the ideal
shape of the collision triangle for the intercepting missile should be
analyzed, which is further related to the impact angle constraints.

According to Eq. (5), the relative heading angle rate f can be
obtained as follows:

e

1 _(9M —pcos (Oy — 0)T9M —pcos (Oy — 0)T9T + p207
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i _ e
00y 96y (23)
afg| 00g
il

The ideal collision triangle should maximize the value of ‘aﬁ"

60R

while minimizing the value of . In this case, the missile's ve-

locity vector has the greatest effect on the relative velocity vector
and the target's velocity vector has the least effect on the relative
velocity vector, which is favorable for the missile side in terms of
controlling the relative velocity vector and the maintaining the

(17)

2
14 (sin0u—psin bty (cos by — p cos O7)
cos By —p cos Or

For ease of computation, the expression for fg can be further
reduced to:

()

where H = p— cos(fy; — 0r), L=1—pcos(fyy—0r) and W =

1+ p2 =2p cos(fy — br).
To compare the influence of both sides' heading angles on the
relative velocity direction variation, Eq. (18) is differentiated with

respect to 0y and fr, respectively, as follows:

. HL
HR W2 (18)

g 1—pcos(fy —br)

R — 19
a0y 1+ p? —2pcos(fy — br) (19)
%: p[p - COS(eM - 07‘)} (20)
a0y 1+ p* —2pcos(fy — br)

Note that it is impossible for missiles to intercept a superior
target in some scenarios, such as tail-chase scenarios. Therefore,
the entire value range of (), —f07) is not worth investigating, only
head-on and lateral engagement scenarios need to be considered
when V), < Vr, so the considerable value range is restricted to:

HM—HTE(—%TL—;TC)U(;TC 3%) (21)
Considering that p> 1, it follows from Eqgs. (19)—(21) that,
cos(fy — 0r) <0
1—pcos(fy —07)>0 (22)

p—cos(fy —6r)>0
1+ p% —2pcos(fy — 0r)>0

According to Eq. (22), one can readily derive the following:
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collision triangle. From this perspective, setting u = f; — 67 and
further differentiating Eqs. (19) and (20), results in:

aHR p(p? — 1)sinu i (24)

U [ofy, (1 + p2 — 2p cos u)

0 [ofk|_ p(p? —1)sinu 2 (25)

ou |afr (1+p2 —2pcosu)

Consequently, the extrema of ‘60“ and [ are computed as

follows:

'% _ 1—pcos(fy —0r) _1+p 1

00y Imax  1+p%—2pcos(Oy—07)lg, g —on 14+p2+2p 1+p
(26)

'% _ plp—cos(fy —br)] _ o+l p

007 |min 1 +p? —2pcos(fy —Or) Oy—b—2m 1 +p24+2p 1+4p
(27)

According to Egs. (26) and (27), the ideal engagement geometry
is a head-on collision course. The corresponding impact angle for
pursuing the virtual target is 7w or — . Moreover, this impact angle
is also beneficial for improving the coverage performance of the
target's position reachable set, since the position diversion enve-
lope of each missile is fully used to cover the RSF of the target's
position, as shown in Fig. 9.

3.3. Cooperative guidance strategy

A two-stage cooperative guidance law is proposed on the basis
of the virtual targets and the relative kinematics. The first stage is
conducted by an impact angle control guidance law to improve the
coverage performance of the target's position reachable set and the
maintenance of the collision course, whereas the second stage fo-
cuses on intercepting the highly maneuvering target.

The impact angle control guidance law in Ref. [33] is adopted in
the first stage for pursuing the moving virtual targets, and the
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Fig. 9. The coverage situation of pursuing virtual targets.
command in the reference frame can be expressed as follows:
: Ny(Ny — 1)Vgri
aRi:vaRiAi"_Me (28)

r

where ¢ represents the predicted angle error at the terminal time,
and N; and N, denote the guidance gains.

Furthermore, substituting Eq. (28) into Eq. (6) yields the guid-
ance command of the missile as:

Qe — ag, cos(fr — Og,)
Mi cos(fp, — Og,)  cos(fy, — Or,) T

(29)

With the predetermined impact angle constraint, all the missiles
are capable of covering the RSF of the target's position effectively.

Owing to the target's high speed and maneuverability, ay;, may
become saturated at certain times, i.e., the acceleration command
required to satisfy Eq. (29) exceeds ap, max- When this situation
persists, the maneuvers of missiles can no longer meet the demand
to maintain coverage performance. Therefore, it is necessary to
switch guidance laws based on the current position reachable set.

The position reachable set analysis is based on the shortest
Dubins paths. For the effectiveness of the interception situation
constructed based on the coverage strategy of the reachable set, the
terminal intercept trajectory should be analogous to that of the
Dubins trajectory [39]. Motivated by the differential game guidance
law that is proposed in Refs. [10,20], the following guidance law is
adopted for the second guidance stage, namely,

am;, = aM,»,maXSign(ZEMi*) (30)
where the ZEM;" is defined in the reference frame of relative motion
and is equal to the minimum distance when the relative distance
point passes the origin with zero effort control in the reference
frame of relative motion, which avoids the model linearization
process [40]. ZEM;" is calculated via Eq. (31) and described in Fig. 10.

ZEMI'* = 1T sin(ﬁRi — Al) (31)

Consequently, the final form of the guidance law can be
expressed as:
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Fig. 10. Zero effort miss in the relative coordinate system.
ag. cos(f1 — g
R (6r — Or) ar stagel
ay, = COS(!?MI. - 0Ri) COS(!?MI. - 0Ri) (32)
am, maxSigN(ZEM;") stage 2

when the missile's acceleration continuously saturates, the guid-
ance law switches to the second guidance stage.

In this case, the process of the two-stage cooperative guidance
strategy is shown in Fig. 11.

4. Simulations and analysis
4.1. Simulation setup
To assess the performance of the proposed guidance strategy,

comparisons with existing guidance strategies are conducted for
the same initial engagement geometry. The simulations involve

l Start

y

Calculate virtual targets
based on the current target and missile states

'

Pursuit of virtual targets
by the first guidance stage

Check whether the acceleration
is continuously saturated

Pursuit of real target
by the second guidance stage

y
End

Fig. 11. Process of the two-stage cooperative guidance strategy.
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three intercepting missiles, denoted by M;, M,, and Mj3. All inter-
cepting missiles travel at a constant speed of 400 m/s with a
maximum acceleration limit of 60 m/s?, whereas the target travels
with a superior speed of 500 m/s and maneuverability of 100 m/s?.
The target is positioned at (0,0) m with a heading angle of 90°. The
initial position of the median missile M, is (0,10000) m with a

heading angle of —90°. In order to satisfy the necessary condition of
the interception in Eq. (10), an initial formation based on reachable
set analysis is adopted, as shown in Eqs. (33) and (34) [21].
Therefore, the missiles M; and M3 are positioned at
(=7910.3,10337.0) m and (7910.3,10337.0) m with heading angles
of —50° and —130°, respectively. The maximum detection distance
of the target is r; = 6000. The target can detect intercepting mis-
siles and maneuver to avoid them when the relative distance sat-
isfies r;>ry. The upper limit of the accumulative heading angle
variation of the target is set to Aflr max = 80°. The guidance gains of
the first stage guidance law in Eq. (26) are settoN; =3 and N, = 2.
The simulation step is set to 0.001 s. When the missile's accelera-
tion saturates for 10 consecutive steps, the guidance strategy
switches to the second guidance stage. The autopilot is assumed to
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have a first-order lag with a time constant of 0.2 s. Considering the
damage radius, successful interception is achieved when the miss
distance is less than 10 m. The calculation time to generate one
guidance command by the proposed method is approximately
50 ms with a 4.0 GHz quad-core processor and 16 GB of RAM.

1 . 1 . 1 .
PM,.(['()) =Pr (to + (% — l) Atc) +vr (to + (Tl ; — l) Atc) |:r%(f0) + (n ; - l) V]\/lAtC:|
; T
cos(t?TJr(n+ fi)AHTC)
( (n+1 ) ) 2
vrlto+ (———1i)Atc) =
2 n+1 .
sin (0'[‘ + (T - 1) AHTC)
] T (33)
Xo,, + o, Sin {01 + (n AL i) Aﬁrc}
( (n+1 ) ) ’ 2
PT t0+ —1 Atc =
2 n+1 .
Yo,, — Tor cos[01+< 3 71>A0n}
n+1 .
0Mi(t0)=9T+( ) 71>A07'577T
. n+1 n+1 . n+1
PM,»(tO):PT to + l*T Atc | +vrlto+ (i— 3 Atc I‘%(to)Jr 1— o) VAt
; T
cos(é’r—(i—nJr )AHTC)
( ( n+1> ) 2
vr toJr 1—— Atc =
2 . . on+1
sm(ﬁr—(z— 3 )AHTC)
] . (34)
X0y, — To; SIN [67 - (i _nt )MTC}
(s (=557 )aee) | 2
PT o+ (1——5— Al'c =
2 . on+1
Yo;, + To; €COS {0T— (1— 3 )A@TC}
. n+1
0M,-(t0):0T_(l_ ) )AaTC—TE

where vr denotes the unit velocity vector of the target, Afy, is the
coverage range for the target heading angle deviation by M,.1 [21]

and At is the time spent by the target T escaping the coverage of M;
and is equal to:

_ VrAdy,

aT,max

Atc (35)

For comparison, the simulation results of the reachability-based
cooperative strategy (RCS) [21], coverage-based cooperative guid-
ance (CBCG) [22] and APN are also presented and the guidance
strategies are expressed as follows:
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ay: maxSigN(ZEM;’ t>t
RCS - aMi(t) _ M;, max g ( i ) = 1.
0 otherwise
VrAdy i - ﬂ’
t: = + t
i aT,max T,man

EM;(t) Nag(t

APN : ay (t) = N—tz’_( )+—2f() (36)
go,i

. ar(t)e2,;
ZEM;(t) = y;(t) +.Vi(t)tgo,i + %
CBCG : ay;, (t) = N(Vi,Am, — B,

1

By, = —507 M5 COS N1, f 5

where ZEM;' is defined by the ETL, ; is the trigger time and tr jnqp iS
the start time of the target maneuver [21]. The navigation gain is set
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Fig. 13. Time history of commands, acceleration, LOS rate and relative distance of the missile team in Case 1: (a) Missile My; (b) Missile M;; (c) Missile M3.
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Fig. 15. Cooperative guidance trajectories in Cases 3 and 4 via the RCS.

to 3. d¢(t) is the estimated target acceleration, which is set to the
ideal value, i.e. the true target acceleration. y;(t) is the normal
distance to the LOS. By, is the bias term in the guidance command,
which is calculated via standard ballistic trajectory parameters

arms and nr g, rs [22].

4.2. Comparison to the other methods

First, assume that the target executes a constant maneuver as
expressed in Egs. (37) and (38), which are denoted by Case 1 and

Case 2, respectively.

0 ri>ryg
ar = { 100 m/s2 ri < rgand |7 — Or,| < Abrmax

(37)

0 <1y and |Q9T — Hrol > Ang,max
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Fig. 16. Time history of commands, acceleration, LOS rate, and relative distance of the missile team in Case 3: (a) Missile M;; (b) Missile M;; (c) Missile M3.

ri>Tryg
I <Tyq and |0T - 0T0| < ABT,max
ri<rq and |6T — 0To| > A0T7max

(38)

0
aT—{SOm/s2
0

Let the three missiles My, M,, and M3 adopt the proposed SMCS
to intercept the target. Fig. 12 shows the flight trajectories of the
three missiles and the target. Regardless of whether the target
turns left or right, it will be successfully intercepted in the end. This
is because the three intercepting missiles cover the target's
maneuvering range and maintain this situation by pursuing the
virtual targets. Figs. 13 and 14 show the time histories of the
commands, acceleration, LOS rate and relative distance of the
missile team in Cases 1 and 2, respectively. Meanwhile, the small
window in the relative distance figure shows the miss distance at
the final moment. It can be revealed that if the missile can suc-
cessfully intercept the target, the corresponding value of the LOS
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rate changes smoothly and converges to zero gradually. The SMCS
steers missile M; and missile M3 to maintain the collision triangle
near impact in Cases 1 and 2, respectively. According to the accel-
eration command variation, it can be seen that missile M5 in Case 1
is continuously saturated with the acceleration command at t =
5.58 s, and missile M; in Case 2 is continuously saturated with the
acceleration command at t = 6.09 s, which reflects the switching
process of the guidance law, respectively.

In Cases 3—6, the intercept performance of RCS and CBCG is
investigated. The initial conditions, including the missile formation
and target maneuvering, in Cases 3 and 5 are the same as those in
Case 1, and in Cases 4 and 6 are the same as those in Case 2, except
that the guidance law is switched to RCS and CBCG, respectively.
The corresponding trajectories of the missiles and target are plotted
in Figs. 15 and 18, respectively, while Figs. 16,17,19, and 20 show the
time histories of the commands, acceleration, LOS rate and relative
distance of the missile team in Cases 3—6, respectively. It can be
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Fig. 17. Time history of commands, acceleration, LOS rate, and relative distance of the missile team in Case 4: (a) Missile My; (b) Missile M,; (c) Missile M3.
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Fig. 18. Cooperative guidance trajectories in Cases 5 and 6 via the CBCG.
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seen that in Cases 3, 5, and 6, although one missile in each case was
able to gradually approach the target, their terminal LOS rate varies
greatly and tends to disperse. Therefore, only Case 4 achieved a
successful interception, whereas no collision courses have been
achieved and the target escapes successfully in the other cases. This
is due to the difficulty of the RCS and CBCG in effectively main-
taining missiles' coverage situation when intercepting the highly
maneuvering target. Therefore, the guidance law is vital for main-
taining the credibility of the ETLs and the resulting intercept
performance.

4.3. Robustness analysis

To further demonstrate the robustness and superiority of the
proposed cooperative guidance strategy, the intercept effectiveness
of multiple guidance strategies against a random step maneuver
and random bang-bang maneuver target is analyzed in Case 7 and
Case 8, respectively. The target random step maneuver and random
bang-bang maneuver are expressed in Eqs. (39) and (40),
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Fig. 19. Time history of commands, acceleration, LOS rate, and relative distance of the missile team in Case 5: (a) Missile My; (b) Missile M;; (c) Missile M3.

respectively, with a random amplitude ¢ and a random start time 7.

0 t—7<ty
Marmax [—T2>1g and |0T - 0T0| < A(9T.,max
0 t—7>tzand |0T — 0T0| > AHT,max

ar— (39)

0 t—71<ty

ar=<{ Rar max-sign (sin (g t) ) t—1>tgand |07 — 07, | < Afr max

0 t—7>tzand |0T_0T0|>A0T-,max

(40)

where t; represents the time at which the target detects the mis-
sile, i.e. r; = ry. represents the maneuver magnitude, the sign of u
represents the maneuver direction, and 7|0, 8] determines the
starting time of the maneuver.
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For comparison, the initial conditions for the RCS, CBCG, and
APN are set to be the same as those for the SMCS, satisfying the
necessary conditions for interception. To explore the guidance
performance under various target maneuver parameters, u and 7
are uniformly selected within their respective ranges, with corre-
sponding step lengths of 0.05 and 0.2, respectively. Thus, 1600
simulations are conducted for each guidance method.

The resulting miss distances (MDs) for Case 7 are plotted in
Fig. 21. The interception probabilities can be obtained by calculating
the ratio of the number of successful interceptions to the total
number of simulations, which are 96.92%, 73.34%, 81.19%, and
74.59% for the SMCS, RCS, CBCG, and APN, respectively. With the
same initial formation based on Eqgs. (33) and (34), the proposed
SMCS significantly outperforms the other methods. This is due to
the fact that the other three methods lack consideration of situation
assessment and maintenance, whereas the SMCS emphasizes
maintaining advantageous situations.
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Fig. 20. Time history of commands, acceleration, LOS rate, and relative distance of the missile team in Case 6: (a) Missile M;; (b) Missile M,; (c) Missile Ms.

The MDs for Case 8 are shown in Fig. 22. The resulting inter-
ception probabilities are 83.95%, 68.77%, 73.63%, and 74.83% for
SMCS, RSC, CBCG, and APN, respectively. The interception perfor-
mance of all guidance strategies has decreased except for the APN.
This is because the estimated target acceleration term adopted by
the APN is assumed to be perfect, making it less sensitive to the
acceleration variation of the bang-bang maneuver. Although the
target acceleration term is also present in the first guidance stage of
SMCS, it is intended to maintain an advantageous situation,
whereas the APN directly uses the target acceleration term to
eliminate miss distance. Due to different guidance strategies, the
proposed SMCS performs the best against superior maneuvering
targets.

4.4. Situation maintenance performance analysis

To verify the situation maintenance performance of the pro-
posed strategy, the ETL introduced in subsection 2.3 is plotted for

demonstration. Taking 4 = 0.8 and 7 = 2.5 s as an example in Case
7, the cooperative guidance trajectories for the RCS and SMCS are
shown in Figs. 23 and 24, respectively.

Both strategies have the same ETLs at the initial moment
(plotted in red solid line) and can cover the target's escape zone.
However, as the situation changes during the interception process,
the ETLs at t; = 10.43 s (plotted in blue solid line) of missile M; and
M3 using the RCS are truncated at the turning circle and cannot
cover the gap between missile M's reachable set (plotted in blue
dashed line) and the target's reachable set (plotted in black dashed
line). Therefore, the coverage performance of the RCS degrades and
the corresponding necessary conditions for interception are dis-
rupted. In contrast, the ETLs at t; = 10.43 s (plotted in blue solid
line) of the SMCS still cover the target's escape zone, and successful
interception is achieved near the new ETL by missile M. This is due
to the fact that the SMCS maintains coverage by pursuing virtual
targets with angle constraints in the first guidance stage.
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Fig. 21. Miss distance against random step maneuver (Case 7): (a) Miss distance of the SMCS; (b) Miss distance of the RCS; (c) Miss distance of the CBCG; (d) Miss distance of the

APN.

5. Conclusions

This paper proposes a novel cooperative strategy for intercept-
ing a highly maneuvering target via inferior missiles. The goal of the
guidance strategy is to cooperatively cover the position that the
target can reach with multiple missiles. Hence, engagement ge-
ometry analysis is performed based on the reachable set and
reference frame. Then, an advantageous situation is derived and
constructed by pursuing the virtual targets, while impact angle
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constraints are optimized to improve the maintenance of the
collision triangle near impact. Numerical simulations demonstrate
the high performance of the proposed strategy against targets
executing constant, random step and bang-bang maneuvers. Future
work can focus on a more complex engagement model involving
three-dimensional kinematics and variable speeds of missiles and
targets.
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