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Abstract. Inspired by the Movshev—Mason—Skinner Cauchy—Riemann (CR)
ambitwistor approach, we provide a rigorous yet elementary construction
of a twisted CR holomorphic Chern—Simons action on CR ambitwistor
space for maximally supersymmetric Yang—Mills theory on four-
dimensional Euclidean space. The key ingredient in our discussion is the
homotopy algebraic perspective on perturbative quantum field theory.
Using this technology, we show that both theories are semi-classically
equivalent, that is, we construct a quasi-isomorphism between the cyclic
Loo-algebras governing both field theories. This confirms a conjecture
from the literature. Furthermore, we also show that the Yang—Mills ac-
tion is obtained by integrating out an infinite tower of auxiliary fields in
the Chern—Simons action, that is, the two theories are related by homo-
topy transfer. Given its simplicity, this Chern—Simons action should form
a fruitful starting point for analysing perturbative properties of Yang—
Mills theory.
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1. Introduction and Summary

It is well known that holomorphic Chern—Simons theory on the ambitwistor
space is classically equivalent to N' = 3 supersymmetric Yang—Mills theory in
four dimensions (a theory perturbatively equivalent to N' = 4 supersymmetric
Yang-Mills theory) at the level of the moduli spaces of solutions and their
gauge equivalence classes [1-9] (see also [10] for a review). The construction of
a corresponding action functional, however, is non-trivial. Whilst ambitwistor
space is a Calabi—Yau supermanifold, and hence a natural holomorphic volume
form exists [11], the required Lagrangian is unclear. In particular, ambitwistor
space has a five-dimensional body, which is incompatible with the usual Chern—
Simons-type Lagrangian.!

For non-supersymmetric Yang—Mills theory in Euclidean signature, this
obstruction can be evaded by using the Movshev—Mason—Skinner Cauchy—
Riemann (CR) ambitwistor construction [14,15]. Whilst the treatment in [14,
15] is rigorous and complete in the non-supersymmetric case, the generalisation
to the supersymmetric setting is rather indirect and somewhat conjectural,
principally due to the subtleties entailed by the superspace torsion and complex
fermions in Euclidean signature. Here, we resolve these issues by providing a
rigorous yet elementary construction of a twisted CR holomorphic Chern—
Simons action for Yang—Mills theory in the case of N’ = 3 supersymmetry. See
e.g. [16-20] for other approaches of formulating twistorial actions for Yang—
Mills theories with varying amounts of supersymmetry.?

Key to our discussion is the homotopy algebraic perspective on pertur-
bative quantum field theory. This is a dictionary between objects and tools
in perturbative quantum field theory on the one side and objects and tools
in homotopical algebra on the other side. In particular, any perturbative field
theory given in terms of a polynomial action can be reformulated as a cyclic
Loo-algebra, cf. e.g. [26].> Similarly, semi-classical equivalence* corresponds
to the natural notion of equivalence for these L..-algebras, namely quasi-
isomorphisms. The final aspect of this dictionary we will put to use is that
the procedure of integrating out fields is encoded in the so-called homotopy
transfer, a technique from homological perturbation theory which reproduces
the tree-level Feynman-diagram expansion [26,28-33].

Using this technology, we prove that the aforementioned twisted CR holo-
morphic Chern—Simons theory is, in fact, semi-classically equivalent to N' = 3
supersymmetric Yang—Mills theory. This is the statement of Theorem 3.5, our
first central result. This confirms a conjecture made in [14], albeit using an Lo-
algebra that is differs in some key details from the one we use here. In Theorem

11t is, however, possible to construct an action for ‘higher’ holomorphic Chern—Simons theory
with a Lie 3-group as gauge group, providing a higher ambitwistor space action functional
for maximally supersymmetric Yang—Mills theory [12]. See [13] for a recent review on higher
gauge theory.

2See [21-25] for twistorial action formulations of supergravity theories.

3or [27] at the level of equations of motion.

4i.e. having isomorphic tree-level S-matrices.
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3.6, our second central result, we moreover show that this semi-classical equiv-
alence simply amounts to integrating out an infinite tower of auxiliary fields,
that is, to homotopy transfer.

Given its simplicity, our CR ambitwistor action should form a fruitful
starting point for analysing various aspects of Yang—Mills theory; see the re-
views [34-38] and the references therein for twistor theory actions and their
applications.” Indeed, the primary motivation underlying the present contri-
bution is the conjectured colour—kinematics duality of Yang—Mills scattering
amplitudes [44-46] (see [47,48] for reviews). In [49], we presented a route to
proving all-loop-order colour—kinematics duality for maximally supersymmet-
ric Yang—Mills theory. The key observation is that the tower of interaction
terms constructed in [50-52] to generate colour—kinematics-duality-respecting
Feynman rules may be geometrised® as the ‘Kaluza—Klein tower’ following
from dimensional reduction on the CP' x CP! of the ambitwistor space.”
In doing so, the proof of colour—kinematics duality is simplified to establish-
ing that our CR ambitwistor action for Yang-Mills theory has an associated
BV™-algebra,® together with an appropriate Ward-identity-like argument for
the twistorial gauge symmetries [49]. Evidently, a prerequisite for this to work
is the generalisation of the semi-classical equivalence to the loop level and this,
in turn, would most certainly rely on the vanishing of certain twistor anom-
alies [69]. This approach to colour—kinematics duality has successfully been
applied to self-dual supersymmetric Yang-Mills theory [49,55,66], where the
use of holomorphic Chern—Simons theory and Penrose’s twistor space obvi-
ates the need to apply a supplementary Ward identity argument. Hence, the
generalisation of this approach to full maximally supersymmetric Yang—Mills
theory would first require a complete, rigorous, and explicit formulation of a
Chern—Simons-type action, which we provide here.

5See [39-43] for analysing classical integrability of maximally supersymmetric Yang—Mills
theory using twistor methods.

6whilst also avoiding the potential need for non-local field redefinitions that require coun-
terterms breaking colour—kinematics duality, as discussed in detail in [52]

7A conceptually similar approach employing, instead, pure spinor space has been used to
show that ten-dimensional supersymmetric Yang—Mills theory and its dimensional reductions
have tree-level colour—kinematics duality [53,54] and, similarly, that the low energy effective
world-volume theories of M2-branes have tree-level colour—kinematics duality [54,55], as pre-
viously conjectured in [56,57]. The restriction to the tree-level in both cases is a consequence
of the need to regularise the integrals over pure spinor space, i.e. there is no known scheme
that is guaranteed to preserve colour—kinematics duality at the loop-level. In this regard the
use of twistor spaces has a clear advantage.

8See [58] for the original definition of BV.-algebras, where they were used to prove colour—
kinematics duality for the tree-level Yang-Mills S-matrix. See [52,53,55,59-68] for related
work on BV.-algebras, colour—kinematics duality, and the double copy at the level of actions.
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2. CR Ambitwistor Space and Supersymmetric Yang—Mills
Equations

We shall use the conventions of the review [35] in the following. See also [34,36—
38] for other reviews on twistor theory and applications to gauge theory.

2.1. Bosonic CR Ambitwistor Space

CR Ambitwistor Space. Given the factorisation TcR* 22 S® S of the complex-
ified tangent bundle of R* into S, the chiral spin bundle, and S, the anti-chiral
spin bundle, we consider the projectivisation P(S*) x P(5*) — R*. Evidently,
this space is

L := R*x CP! x CP. (2.1)

We may choose (7%, A4, f1o) as coordinates on L for a, 3, ..., afB,... =12

with 2%¢ coordinates” on Euclidean R* and (A4, fto) complex homogeneous
coordinates on CP! x CP!. The coordinates manifest the action of Spin(4) &
SU(2) x SU(2) on L.

On the fibres of L — R* there is a natural quaternionic structure®

A p1 $os -2\ (72
: )\éu a) — 1 ) )‘O'u a) = — ’ — 3
70w = ((33)- () = G = ()G
(2.2)
where the bar denotes complex conjugation. This induces the spinor norms

A2 := AgAY with A\ = Edﬁ;\g and |p|? = pep® with g% = e%%jig.
(2.3)
Here, e = —€go and € 5= —Ep, are the standard symplectic structures on
S and S with g1 = 1 = €i5. We also define €28 and 48 by 5(”675 = .7 and
ea4E7P = 647, respectively, and raise and lower spinorial indices using these
symplectic forms. Note that 7(|]A\|?) = |A|? and 7(|u|?) = |u|?. Furthermore, 7
also induces the reality conditions

s = 22 and 212 = —2?1 | (2.4)
so that the Euclidean line element is simply
(dspe)? = Leapespda®@de® = |datl]? + |dat? )2, (2.5)

We note that L can be shown to be diffeomorphic to a real quadric of co-
dimension two inside the complex ambitwistor space (which, in turn, is a com-
plex quadric hypersurface in the product of the Penrose twistor space with its
dual) [14,15]. Following these papers, we call (2.1) the CR ambitwistor space.

9We have %% = Uﬁ‘é‘:c“ with aﬁ“’" the standard sigma matrices.
10Recall that a quaternionic structure is an anti-linear endomorphism 7 with 72 = —id.
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CR Structure. The reason for this name stems from the fact that L comes
with a natural almost CR structure'!

Tg’Rl,L = Span{EFaELaER}»

. .0 . o . 9 (2.6a)
Ep = poA—— | By, = A Aa—— ., Er = |p|*pa :
Fo= A s B Al o IR |l pe o

where |A|? and |u|? were defined in (2.3). The use of ‘F’, ‘L’, and ‘R’ is to remind
the reader that the corresponding vector fields are along the flat Euclidean,
left CP', and right CP! directions, respectively. We also set

ToRL = span{Er, B, Er} ,

ﬂoej\(’x 9 j\d o fio O (2.6b)
EF = =, EL = — 5", ER = -
WP Bes ™ PEET
and
W := span{Ew, Ey } with Ew := HI/\\):“ W and By, = —%az%
(2.6¢)

Evidently, each of these distributions is integrable. We also have the decom-
position

TeL = TRl @ TorLoW. (2.7)
N———
::Té’rgL

Moreover, we have T(Tg’éL) = Tg’P{L and 7(W) = W under the quaternionic

structure defined in (2.2), that is, the distributions Tg’éL and TgﬁL are com-

plex conjugates of each other and W is real. Note also that Tg’éLﬂTg’éL = {0}
as is required for an (almost) CR structure.
Dually, we have

Q%L (L) = span{é¥, et el}

oo iede AN da® (2.80)
P2 A4 I
as well as
T
Qdr(L) = span{e”, e e®} | | o)
¢ = e pada € = AN = dpa®
and
N d adAa)\d . d ad aj\d
Q%v(L) = Span{ew,ew} with eV = _% and eV .— %
I
(2.8¢)

HSee e.g. the text book [70] for a general account on CR manifolds.
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Furthermore, because of (2.7), the exterior derivative on L decomposes as
d = Ocr + Ocr with

dcr := ¥ Fp + é“Fy, + eREg |

Ocr = " Ex + ¢“Ey + R Er + ¢V Ew + ¢V Ey,. 29)
The commutation relations amongst the vector fields (2.6) then yield
(%Rew = el nef —efael , 5CR6W = el nef —ef el , (2.10)
dcre’ = —e" AeV 4B AW , dcrét = —e"AeV + R Ae

as the only non-vanishing actions of dcr and dcg, respectively.

2.2. Supersymmetric Extension and Constraint System

Euclidean A = 3 Supersymmetry. To incorporate Euclidean ' = 3 supersym-
metry, we enlarge (2.1) and consider

F = R x CP' x CP with R)? := R0 x €012, (2.11)
We coordinatise ngf by (z*% ne,0') with i,j,...=1,2,3 and CP! x CP!

by (A&, ta), respectively. In this Euclidean setting, the fermionic coordinates
remain complex,'? and we restrict to functions and differential forms on F' that
depend on the fermionic coordinates only via n& and §°* and not their complex
conjugates. We shall refer to F' as the augmented CR ambitwistor space. The
(integrable) CR structure (2.6) extends as

Tg’éF = span{Ep,EL,ER,Ei,Ei},

. .0 . 0 . 0
Er = p*\*—— | By, = [ M*Aa——, Fr = |u|*tta=— ,
Oxea A, Ofia
(2.12a)
Ei I )\d i_i_eioz 0 E R « 0 + & 0
= M o T dwea ) 7T 1\ Ggie T Bgea )
=: D% =:Dia
and, dually,
QR (F) = span{é¥ é¥ éR ¢ e}
o (daod 4 oednd — doondia ke dAaAY o djiei
e’ = TRV , 67 = T €= T
IIRRY RY |l
dnle do i,
é; = — 7712 , €' = 775 ,
Al |1l
(2.12b)

where we have slightly abused notation and again denoted the dual of Ep by éF.
Note that the only non-vanishing commutator amongst the vector fields (2.12a)
is

12This is a necessity, as the only reality condition for Euclidean spinors is a symplectic
Majorana condition, requiring an even amount of supersymmetry.
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where 6,7 is the Kronecker symbol. Next, set Qgn(F) := A\*Tog *F for the
distribution Tg’éF defined in (2.12a).'® This is augmented to a differential
graded algebra via the differential

501{ = éFEF + éLEL + éRER + éiEi + éiEi. (2.14)
We also have

TEoF = span{Er, Er,, Br, Bw, Ey,, E', B;} ,

D Aa O fio O
Er = -, b, = ——+—, Er = ——5
R T Y PYCR O VI T
5 a ua}\d 9 . [La/\d b (2.15&)
W AR gzod T TW T T2 gged
faxes
B o= %D@ E = LD,
Al |l
with DY, and D;, as given in (2.12a). Dually,
Qen(F) = span{eF L R W W Leie'}
el = (dz®® 4+ 0dn® — O NN pada €7 = dAgAY e = dpau®
W (dx®® + @' dn® — dO™nd) fia s
' |uf? ’
wo_ (dz® 40 dnd — donf)pads
e = )
A2
e; = dn®g = dO"pu, |

(2.15b)
where, as before, we have slightly abused notation in labelling our one-forms.
Hence,

Icr = €"Ep + e"Ep, + REg + eV Ew + thVEVAv +e; B +e'E;  (2.15¢)

with 92 = 0, which implies that the distribution T F' is integrable as well.
Furthermore,

d = Jcr + Icr

0 0
— +dn®—— + do*@
9pod + dn’ +

= dz a a 691'(1

+ éLEL + GLEL + éRER + GRER

=dgpixepl
=d_4j12
cpl

(2.16)
for the exterior derivative on F.1*

13With independence on the coordinates ﬁ? and 0 implied, as stated above.
14 As mentioned before, we restrict to functions and differential forms on F that depend on
the fermionic coordinates only via 771' and 6@ and not their complex conjugates. Hence, the

9
fermionic part of d only contains dnf‘ ans + dgie 89"1

and not its complex conjugate.
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Constraint System of N = 3 Supersymmetric Yang—Mills Theory. Let now g
be a Lie algebra with Lie bracket [—, —] and consider A € QOC%{(F) ® g for a
topologically trivial complex vector bundle over F. The equation of motion for
CR holomorphic Chern—Simons theory'® reads

dcrA+ 1[A Al = 0 (2.17)
with the wedge product in the bracket [—, —] understood. Under the standard
(twistor) assumption that there is a gauge of A in which!6

EL_A =0= Eg_A, (2.18)

we deduce from (2.17) that the remaining components of A are holomorphic in
Aa and p,. Following [8], we call topologically trivial complex vector bundles
over F' with a connection that allows for such a gauge R*-trivial.!” Conse-
quently, (2.17) is equivalent to the equations'®

[Via: Vi) = 0, [Vie, Vig] = 0, [Via, Vi] = 207Vas  (2.19a)

(é
with!?

Vid = Dg + [Azw _] » Via = Do + [Aion _] y Vag = Oas + [Aadu _}
(2.19b)
which, in turn, constitute the superspace constraint system of the equations
of motion of N = 3 supersymmetric Yang-Mills theory on R* and with gauge
algebra g. See [1-8] (and also [10] for a review) for full details on this construc-
tion.
It is also straightforward to check that infinitesimal gauge transforma-
tions of N’ = 3 supersymmetric Yang—Mills theory are captured by ¢ € Q%’%
(F) ® g and act according to

A +— A+ 6A with §A = Ocre+ [A,d. (2.20)

We thus see that the at the level of equations of motion, N/ = 3 super-
symmetric Yang—Mills theory can be identified with the differential graded Lie
algebra?’

Ler = (Q%I.K(F) ® gvaCRa [—’ _D ’ (221)
where elements of degrees 0 and 1 correspond to the gauge parameters and
gauge potentials. Elements of degree 2 and 3 correspond to the anti-fields of the
gauge potentials and the anti-fields of the ghosts. We have thus obtained the
Batalin—Vilkovisky formulation of the CR holomorphic Chern—Simons theory,
following the familiar construction for ordinary Chern—Simons theory, at the
level of equations of motion.

Recall that any equation of motion can be brought into the form of a ho-
motopy Maurer—Cartan equation associated with an L..-algebra, the natural

51n [17], such a theory is referred to as partially holomorphic Chern—Simons theory.
16 The symbol ‘—’ denotes the interior product.

17Put differently, all such bundles are given by pull-backs along F — R*.
18Parentheses denote normalised total symmetrisation of the enclosed indices.

9904 = Bz%

20 As before, the wedge product in the bracket [—, —] is understood.
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generalisation of differential graded Lie algebras with products of higher arities.
Moreover, semi-classical equivalence?’ corresponds to a quasi-isomorphism be-
tween L.-algebras. This perspective will prove to be very useful to our dis-
cussion; a detailed review can be found e.g. in [26], and a discussion of field
theory equivalences is found in [52, Section 3.4].

By construction, any L..-algebra comes with an underlying cochain com-
plex, and any quasi-isomorphism of L.,-algebras descends to a quasi-
isomorphism of the underlying cochain complexes, that is, a cochain map that
descend to an isomorphism on the cohomologies. Therefore, we are interested
in the following proposition, which follows from our above considerations.

Proposition 2.1. Under the assumption of R*-triviality, the cohomology groups
H°(Lcr) and HY(LcR) are isomorphic to the trivial (i.e. constant) linearised
gauge transformations and the quotient space of solutions to the linearised
N = 3 supersymmetric Yang-Mills equations modulo linearised gauge trans-
formations, respectively.

We will discuss the remaining cohomology groups in Sect. 3.2.

2.3. Quasi-isomorphic Differential Graded Lie Algebras

The form of the CR structure (2.12a) is not quite suitable for writing down
an action. The main problem is as follows. The gauge potential A includes
the fermionic differential form components Fi A and E; _ A. However, the
Berezin integration over fermionic coordinates requires integral forms, rather
than differential forms. Therefore, to make sense of the Berezin integration,
one might be tempted to work in a gauge in which the fermionic directions
Fi  Aand E; A vanish; see [11] for the chiral setting. However, because of
the superspace torsion that is encoded in the non-trivial commutator (2.13),
this would imply the vanishing of the bosonic component Er oA In turn, we
would be left with too few bosonic directions (in fact, only two) to formulate a
Chern—Simons-type action. This is in contradistinction with supersymmetric
self-dual Yang—Mills theory where one can avoid this issue by working in chiral
superspace. To resolve this problem, we shall replace the differential graded
Lie algebra (2.21) with a quasi-isomorphic one,

'SCR,tW = (Q%E{7 tW(F) & g, 5CR,tW7 [_a _]) ) (222)
which we develop in the following.

Twisted CR Structure. For brevity, we use the CR holomorphic and
CR anti-holomorphic fermionic coordinates®?

77?5\0'4 ni 0" oy

0= A 00 = 0 = - cand 0 i= =g

(2.23a)

21i.e. the theories have isomorphic tree-level S-matrices.

22Whilst 7; and 7; and likewise #* and 6% are not complex conjugates of each other and are
not related by the quaternionic structure (2.2), we have dcrn; = Ocrf6® = 0 and dcr7; =
dcrbt = 0.
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with the inverse relations

ni;\o'c } . ezﬂa
—— and 6 = 0'u® +

[A[2 |ul?

no= A+ (2.23b)

and consider the change of basis
ToRF = span{Ep, Ef, B, E" El}
Bl = Be, Bl = Byt by, By = Bn—0ibe, (2.242)
E" .= E'—0'Ep , B! == E; —ij;Fp

of the CR structure. We stress that these vector fields respect the holomorphic
dependence of Q%;{(F) on 1% and . Dually, we have

0,1 . ~F gL R gt
Qcp(F) = span{e’ ¢, e, ¢, e},
F R 5o i~ A 55 o~ 4
& = " —0'ne" + 0'ije™ — 06, — e’ (2.24b)
L . R R N N i R
e =@t =t =, =

It is then not difficult to see that the only non-vanishing commutator amongst
the vector fields (2.24a) is

B, Br] = 20" . (2.25)

Hence, the superspace torsion initially encoded in the fermionic commuta-
tor (2.13) has been shifted to a bosonic commutator for the auxiliary spinorial
coordinates.

Next, to remove the dependence on the CR anti-holomorphic fermionic
coordinates 7; and 6, let

g = el By (2.26a)
with Ew and E\; as given in (2.6), and consider the twisted almost CR struc-
ture

Tgﬁ’th = span{VF,VL,VR,Vi,IA/i},
Ve = gEpg ' = Er,
Vi, == gBElg™" = By +0nBy , Va = gBhg™" = Er +0nBw ,

V= gBgT = BB 0By = X
;

v i —1 7 ~ T o 9

Vi == gkig™ = Ei—iikp —nibw = 1550

(2.26b)
One may quickly check that this almost CR structure is again integrable. It is
important to stress that after the twisting, the fermionic vector fields Vi and
V; have become fermionic derivatives with respect to the CR anti-holomorphic
coordinates 7; and o, and, in addition, the bosonic vector fields depend only
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on the CR holomorphic coordinates n; and 6%.?3 Dually, we have

O o (F) = span{o®, o 6% 6;, 0"}
~. dxadﬂ 5\

HF sF ~ Az a\é

oF =6 =0 — et = ——

' 2| A2
oA p h dei® (2.26¢)
(% = e T2 v = e = 1 ,

Al 1l

d /\ . X deiaAa
0, = € = nl 5 ,'f}z = et = _75

Al |1l

Upon setting QCR w(F) = A* Tgé " Fs we obtain the differential graded
algebra (4R 4 (F), dor, tw) with
Oor, v = 0" Vi + 0"VL, + 08 VR + 6,V + 'V (2.27)
We also have
T(llﬁ,th = Span{VF7 VL? VR> VVVa VVV? Vi, ‘/;} )
Ve = Ep, Vi = EL—0"jEw , Va = Eg — 0By, ,
Vw = Ew, Vi = Ey,

‘ ‘ A N 9 (2.28a)
V.= E'"—0'Er —0'Ew = \*—,
ong'
Vi .= E;—n;Ep +10;Es, = A% 4
i i Lr nzw_ﬂaeiaa
and, dually,
Qég tw(F) = Span{UF L R vaw vi7vi}7
oF = e feleifme = dxo‘aua)\d,
ol = el = A Y, R = R = dpap®
W= W fméi — éiei fé)iméRJréiﬁieL
d ad bV odi o . .
_ X ,uza « _azni :u()élz +0Z’r~]id)\d)\aa (228b)
|1l |l
oWV o= eV 08 + et — 0 + 0tige
dx‘mua 5\@ ) dj\dj\d S
= —0"n; O midpap®
v; = e d77 g = ¢t = Ao g,
so that

OcR, tw = Ve + 0"V 4+ 0B VR + oW VA 4+ UWVW + o, V0V, (2.28c¢)

23Under the change of coordinates (Ag,n$) — (T4, i, i) and (pa, 0°¢) — (pa,G’ %) with
Ta = Aay Pa = Ha, and (2.23a), it is not difﬁcult to see that Vi = 8“ and Vi, =
|7| %7 0‘? — 1 n 6’77 + 6" E W as well as vV, = ~i and Vg = |p|2pa— — 91 -+ 0'n; Ew.

T &
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aswell as d = 5CR7 tw + OCR, tw for the exterior derivative on F'; note that also
8%11, tw = 0, which tells us that the distribution Téﬁ’th is integrable as well.

Quasi-isomorphic CR Complex. Importantly, the only non-vanishing commu-
tator amongst the vector fields (2.26b) is
[VL, VR] = 29i77i‘7p (229)

which is the same as (2.25) and so, the twist in (2.26b) mediated by ¢ is a twist
by an (outer) automorphism of the CR structure. This implies the following
result.

Proposition 2.2. The cochain complezes (Qm. 1o (F), IoR, ) and (Qum(F),
Ocr) are (quasi-)isomorphic.

Proof. To describe (Q%’&(F), Ocr), we work in the basis (2.24). In particular,
let us denote the basis (2.24a) collectively as Efq with A, B, ... multi-indices.
The relation between this basis and the basis (2.26b) is then V4 = gE/ g™,
and by virtue of (2.25) and (2.29), we also obtain

[VA,VB] = CABCVC and [EL‘,EIB] = CABCE/C (2.30)
with ¢gCup® = Cap®g & ¢ '1Ca® = Cap©g~'. For f a function, this
implies

Vaf =0 & E4g7'f) =0 (2.31)

and so, the zeroth cohomology groups of (Q%l.{,tw(F)7écR7 tw) and
(QOC’}:{(F),ECR) are isomorphic by means of f +— g¢g~!'f. Likewise, for a €
ro’llDM tw (F'), we obtain

Vaap — (~1)A1BIVza, — CapCac = 0 (2.32a)

for the (E)CR, tw-closure condition and since ¢ 'Ca5¢ = Cap®g !, this is equiv-
alent to

Ey(g " ap) — (=) AIBIEL (g7 au) — Cap®(g 'ac) = 0. (2.32b)
Since also
op — aA+VAf & g lay — g_laA—i-E;‘(g_lf), (2.32¢)

we thus conclude that the first cohomology groups of (Q%’AtW(F ), OCR, tw)

and (Qn(F),dcr) are isomorphic by means of (aa, f) — (9 aa, g 1 f).
The general case now follows straightforwardly. O

Quasi-isomorphic Differential Graded Lie Algebras. Proposition 2.2 shows that
the asymptotically free fields?* of the CR holomorphic Chern-Simons equa-
tions for the differential graded Lie algebras £cr and £cr, tw defined in (2.21)
and (2.22) are isomorphic. For a full equivalence, it remains to show the fol-
lowing.

24i.e. physically, the labels in would-be scattering amplitudes and mathematically, the co-

homologies of the CR complexes.
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Proposition 2.3. The CR holomorphic Chern—Simons equations of motion®®
defined by the differential graded Lie algebras L£cr and Lcr,ww from (2.21)
and (2.22) are equivalent, that is, Lcr and Lcr, w are (quasi-)isomorphic as
differential graded Lie algebras.

Proof. The quasi-isomorphism in Proposition 2.2 is mediated by ¢ as defined
in (2.26a), and we now need to show that the wedge products are mapped
consistently into each other under this quasi-isomorphism. This, however, is a
direct consequence of the identity

g[g_lathz'“vg_lﬁ5132'“] = [aA1A2“"ﬁBlB2“‘] (233)
for any «, 8 € ro’ﬁ ow (F) ® g where we have used the notation of the proof of
Proposition 2.2. Note that this identity follows straightforwardly upon setting
ct) == [ aa,a,..,6 7% Bp, p,...] for all t € R and with X = 0'n; Ew +
6'7; Ey, the vector field in the definition (2.26a) of g. Then, we obtain the
differential equation ¢(t) = —Xc¢(t) which has the general solution ¢(t) =
e~ X ¢(0). The identity now follows for ¢ = 1. O
Recall the notion of R*-triviality from around (2.18).

Corollary 2.4. For an R*-trivial complex vector bundle over the augmented
CR ambitwistor space F', the twisted CR holomorphic Chern—Simons equation

Ocr,twA+ 2[A,A] = 0 (2.34)

for A € 900711{, o (F) @ g is equivalent to the equations of motion of N = 3
supersymmetric Yang-Mills theory on Euclidean space R*.

Proof. This is a direct consequence of Proposition 2.3 and our discussion

around (2.17). O

Witten Gauge. The graded algebra Q%’;{’tw(F) is generated by the differen-

tial forms (2.26¢), and the coefficient functions generically depend on all the
fermionic coordinates n¢ and 6’ or, equivalently, on (n;,7;) and (6",6%) via
(2.23a). We now let Q%ﬁ ww.red(F) C Q%’;L’ ww (F)) be the graded subalgebra of
Q%’;{’ «w (F) that is generated by only the bosonic differential forms from (2.26¢)
and with coefficient functions which have a dependence on the fermionic coor-
dinates only through the CR holomorphic combinations 7; and #°. This graded
algebra is augmented to a differential graded algebra via the differential

IOR, 1w, red = 0" Ve + 01V + 08Tk | (2.35)
and we arrive at a third differential graded Lie algebra
i:CR, tw,red ‘= (Q%l.{, tw, rcd(F) ® g, 5CR, tw, red [_a _D . (236)

Proposition 2.5. The CR holomorphic Chern—Simons equations of motion de-
fined by the differential graded Lie algebras Lcr,tw and LR, tw,red from (2.22)
and (2.36) (in their Batalin—Vilkovisky formulation including ghosts and anti-
fields)?S are equivalent, that is, LR, tw and LcR, tw,red 07€ quasi-isomorphic.

25physically: in their Batalin—Vilkovisky formulation including ghosts and anti-fields; see
the discussion following (2.21).
26See discussion following (2.21).
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Proof. The proof requires some preliminary considerations and is postponed
to Appendix A.2. O

From a physical perspective, and for physical on-shell fields, the result is
not surprising: it merely means that we can impose the Witten gauge

ViLA=0="V,-A (2.37)

with V% and V; the (commuting) fermionic vector fields. In this gauge, the
remaining components of A will depend on the fermionic coordinates only CR
holomorphically via 7; and #%. This gauge is very familiar from holomorphic
Chern—Simons theory on Penrose’s twistor space [11].

As we shall see next, the Witten gauge makes the twisted CR holomorphic
equation of motion (2.34) variational provided, of course, the Lie algebra g is
a metric Lie algebra.

3. CR Ambitwistor Action and Its Space-Time Interpretation

In the following, we shall assume that the Lie algebra g also comes with an
(invariant) metric (—, —).

3.1. CR Ambitwistor Action

CR Holomorphic Volume Form. To write down a Chern—Simons-type action,
we need to construct an appropriate volume form. To this end, we consider
the twisted CR holomorphic differential form

wer, = VT AV AW AW AR Adn Adng Adnz AdOT AdZAdGE. (3.1)
Note that we may replace dn; by v; and df? by v? because of the appearance
of v* and v® and as follows from (2.23).2” For the same reason, the terms
proportional to éiﬁi in vW and vV drop out. Hence, wcR, tw depends on the
fermionic coordinates only via the CR holomorphic combinations n; and 6.
This allows use now to transition to integral forms by requiring the Berezin
integrations?®

/dﬁmj == 0;; and /inHj = Y (3.2)

for the CR holomorphic coordinates. Consequently, we arrive at the integral
form

o F A WAL WAL LR 1192903
Wer, tw — QR tw = U AV AV AV AV Q@ dnrdnedns d07dO<dE° (3.3)
=:d3n =:d36
which we call the twisted CR holomorphic volume form. It is now not too dif-
ficult to see that because of (3.2), Qcr, 4w is of homogeneity zero and thus,

globally well defined on F'. It is also (%R’ sw-closed which is a direct consequence
of the commutation relations amongst the vector fields (2.26b) and (2.28a).

27See also Footnote 1 on page Page 10.
28By a slight abuse of notation, we shall use the same symbol to denote the integral form
corresponding to a differential form.
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CR Holomorphic Chern—-Simons Form and Action. Furthermore, the terms

proportional to #%n; in vV and oW in (3.3) also drop out in the wedge product
of (3.3) with the twisted CR holomorphic Chern—Simons form

CScr,tw = 3(A4,0cr,wA) + 3 (A, [A4, A]) , (3.4a)

where now A € Q%’é’twy red(F) ®g is taken to be in the Witten gauge (2.37) the

latter of which we can always assume by virtue of Proposition 2.5. Therefore, in
the Witten gauge, the twisted CR holomorphic Chern—Simons equation (2.34)
follows upon varying the twisted CR holomorphic Chern—Simons action®

S = /QCR’ tw AN CSCR’ tw e (34b)

Remark 3.1. Note that the action (3.4b) can be understood to live on the real
8|12-dimensional submanifold L — R* x CP! x CP! inside the augmented CR
ambitwistor space F' with L the pull-back of the fermionic holomorphic vector
bundle [O(1,0)80(0,1)]@C°® — CP! x CP* to the body R*x CP' x CP! —
CP' x CP" of F. We shall call L the CR ambitwistor space.

We have the commutative triangle of fibrations

:V ' X (3.5)

R4

L

where 71 is the trivial projection R* x CP! x CP! — R*, my : (2%, n¢, 0%,
Aay o) (299,03, 0%, Ns, o) With the tangent spaces of the fibres of o
spanned by the (commuting) fermionic vector fields Vi and Vi? and 73 is the
concatenation of the bundle projection L — R* x CP! x CP! and the trivial
projection R* x CP' x CP! — R*.

Consequently, the twisted CR holomorphic volume form in (3.4b) can be
taken to be

Qcr,tw — QoR, twred = € Ae™ AeV Ae Aef @ dnidngdns d6do>de?
CR,tw — Y2CR, tw, red e Ne e e’ ANe’ ®dmdndns -
=:d3n =:d30
(3.6a)
where now e, eV, eV, el and e? are as in (2.8). Likewise, the differential

OcR,tw in (3.4a) can be taken to be the reduced differential given in (2.35),
that is,

Ock,tw — OCR,tw,red = € Ep+é"(EL+0"n;Ey)+e™(Er+0'n;: Ew) , (3.6b)
where now e, el and é® are as in (2.8. By construction, QcRr, tw, red i
OCR, tw, red-closed.

29We note that this action is similar in spirit of the Chern—Simons actions discussed e.g. in
[17,71-73].
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Batalin—Vilkovisky Action. We may also consider the Batalin—Vilkovisky ex-
tension of the CR ambitwistor action (3.4b). This action is obtained by re-
placing the Lie-algebra valued (0,1)-form A in the twisted CR holomorphic
Chern—Simons form with a general element A € QOC’A tw, red (1) ® g. Such an
element is of the form

A=C+A+AT+CT (3.7a)

with C' € Q%’% tw.rea (F) © g the ghost, AT € Q%’;’ tw, rea (F) ® @ the anti-field
of the gauge potential A, and CT € Q%’;’twﬁmd(F) ® g the anti-field of C. In

terms of these component fields, the corresponding Batalin—Vilkovisky action
reads as

Spy = /QCR, tw A\ {%<A750R,th4> + 3(4,[A, A])
(3.7D)

+ (A7, dor,wC + [4,C)) + H(CF, [C,CD }.

3.2. Equivalence to A/ = 3 Supersymmetric Yang-Mills Theory

Proposition 2.1 shows that the twisted CR holomorphic Chern—-Simons equa-
tion of motion and the equations of motion of A" = 3 supersymmetric Yang—
Mills theory are equivalent. In the remainder of this paper, we shall demon-
strate that this equivalence extends to the level of the ambitwistor action (3.4b)
and its Batalin—Vilkovisky extension (3.7b), culminating in Theorem 3.5.
Equivalence here is again precisely the semi-classical equivalence mentioned
above, i.e. Lyo-quasi-isomorphy. Concretely, the differential graded Lie alge-
bra defined by the CR holomorphic Chern—Simons action (3.7b) and the dif-
ferential graded Lie algebra defined by the first-order Batalin—Vilkovisky ac-
tion (3.11) are quasi-isomorphic.

Furthermore, this L..-quasi-isomorphism can be phrased as a homotopy
transfer and thus, physically, corresponds to integrating out infinitely many
auxiliary fields in the action (3.7b). For the reader’s convenience, we summarise
the key formulas about homotopy transfer in Appendix A.2.

The proof of the corresponding theorems, Theorem 3.5 and Theorem 3.6,
is broken down into several steps. Firstly, we give a brief review of the first-
order formulation of Yang—Mills theory and its Batalin—Vilkovisky extension.
Secondly, we establish that there is a cyclic quasi-isomorphism between the
cochain complexes underlying both theories. Finally, we show that this quasi-
isomorphism extends to an L.,-quasi-isomorphism between the differential
graded Lie algebras governing both theories and that this quasi-isomorphism
is a homotopy transfer. To keep the formulas manageable, we shall restrict the
explicit parts of our calculations to the R-symmetry singlets of the A/ = 3 mul-
tiplet, that is, to the gluons. The full equivalence follows then from covariance
of all our constructions under supersymmetry.
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First-Order Yang—Mills Action. As before, let g be a Lie algebra with Lie
bracket [—, —] and inner product (—, —). The standard second-order Yang—
Mills action is

5 = 4 [ate {0 fug) + U danh} (3.59)
where
fap = %5aﬁ{3aaz4g5 — dggAaa + [Aaas Agsl}
“P0a(aAgg) + 36 [Aac, Agg]
fop = 36 0naAys — 055 Ans + [Aacs Agsl}
= e0aadpys+ 3 [Ans, Aggl

I
)

(3.8)

are the anti-self-dual and self-dual parts of the curvature of the Lie-algebra-
valued one-form A,4. Introducing the anti-self-dual, B(m = B,@"w and self-
dual, Bog = Bga, parts of an auxiliary Lie-algebra valued auxiliary two-form
transforming in the adjoint representation of the gauge group, we can write
the first-order action of Yang—Mills theory as

S = /d4x{<Bd3, w6 — 3Bap) + (B, fap — %Bam}. (3.9)

Evidently, upon integrating out B, ; and Bag, we recover the second-order
Yang-Mills action (3.8a). The equations of motion following from (3.9) read
as

o = Bas s fap = Bag, and €V Bia + eV paBo = 0(3.10a)
where, as before, Va4 = Ona + [Aaa, —]- Because of the Bianchi identity,
€B’yvaﬁ'fﬁd — EBWngfya =0, (3.10b)
the equations of motion (3.10a) are equivalent to

fag = Bajs Jap = Bap, €97V, 3Bs5s = 0, and e7VgaB,q = 0.
(3.10c)

Furthermore, the Batalin—Vilkovisky extension of the first-order Yang-
Mills action (3.9) reads as

Spv = /d4$ {(Bw, w5 — 3Bsg) + (B, fas — 3 Bag)
‘ - (3.11)
+ <A:§d7vaac> + <Biﬁ7 [Baﬁ7c]> + <B;ﬁ7 [Baﬁ7c}> + %<C+7 [Cv C])} )
where c is the ghost field, and Agd, B;B = B;;d, Bzﬁ = Bga, and ¢t are the
evident anti-fields.
As familiar from the example of Chern—Simons theory, also this action
defines a differential graded Lie algebra £yyp, with the underlying cochain
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complex

c Ags Aty ok ct
QLRY) 2y =5 QR) O o, V(R 99 L QR) g
5] \ 53]

Bijs Bap 0 B:;B.,B;rﬁ
Q*(R*) @ g ,\ Q*(R) @ g
—— —_—— I —_—— ———
=:LvyMy,0 =:LyMq,1 =:LymMy, 2 =:LyMyq, 3

(3.12a)
and the binary products po defined by
M2(01,02> = [01702] 5 M2(cv Aad) = [Ca Aad] 3
/”'2(6’ Ba,@) = [Ca Baﬂ] 5 ,U/Q(Ca Baﬁ) = [C7Baﬁ] 5
IU'Z(Ca C+) = [Ca C+] ) /vLQ(c)Al_d) = _[C7A(—)to‘¢] )
MQ(Cv B;B) = _[Ca B;rﬁ] ) /1'2(07 B;rﬁ) = _[C7 B;rﬁ] )

@ e 3.12b
p2(Araas Ay gz) = 5(e[Aragr Ay g €% [AL (aas Ay 5)8]) » ( )
p2(Aa, Byy) = €"[A 5 Byal s p2(Aaas Bay) = €”[Apa, Byal

. +. = — ad +.
/‘L2(A0¢04’Aﬁﬂ) N [A 7AO¢O¢] Y
M2(Bd§»B,¢5) = 7[BaﬁvB;_B] ) /’LQ(BOéﬁ7B::_6) = 7[BaﬁaB:ﬁ}'

One can show that this first-order formulation is semi-classically equiva-
lent to the second-order formulation following the constructions in [26,74,75].
The same applies to the A/ = 3 supersymmetric extension.

Embedding of Theories. Consider the differential graded Lie algebras £cr, tw, red
and Ly, defined in (2.36) and (3.12a), respectively, and define a degree-zero
morphism of graded vector spaces

e: Lym, — LcRr,tw,red

C ( Aad ) A ( Azd ) At + C+
c s — s — , C —
B4 Bag B;’B,B;’ﬁ

between the field space of first-order Yang—Mills theory and the field space of
CR holomorphic Chern—-Simons theory by setting

; 4
C = cand CT := " AoM AR (00;)3 =T, (3.13b)
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X . B. ,)\dj\ﬁ B N}
A= ,[}F Aadﬂa)\a _ 91777.' apB . _ aﬁ/‘bzu
IAl |l

— (07n)? Do By AAAXT B0 By i i A
K2
2|pl2[A]* 2[p|*[A]2

(gms(aama 5By AT APANPAIRS 9,00, B5 u% ﬂ”ﬂ‘sﬁ\diﬁ)}

6[p|*[A]6 6[p|S ]+
i Aaap A i 23Bagi™i? i 850(asBayy %P P A
L i ad i \29oDapp i \3°20(aaBpy)H UM
+ 07— e — (0" 1) + (0"my)
{ ]2 2[p]* 6]u|S ]2
s Caihis
o gin Anan®AE s 58BagA AT 3 50a(aBag) ATATATAY
NE ’ 2[A[ ‘ 6[u|2|A[6
(3.13¢)
and
Bt )\a)\ﬁ B+ a B + saja
. N i Y ; AT AT
At = oL A SR (elm)z aB _ Pap _,'_(glnv)?"mi
(A2 |ul? REPIENE
F . L i + y&\ 8 Y 5 4 1 +>
A —0%n; BT A% 0n; _2At _ Bt
+vu{naﬁ @ o (<At - 5Bl
; aA[ﬂ)\(yA[ﬂ N N
+(O'n0)° PERE (4%55 Ve (Agys + Bays) + 5 §0aca( H)B)+2Bﬁ)6))>
F T 2 NS 5 4 1 +)
A 0'n; B7 0n; ~ (=24t 4+ -Bt,
+ 0 v{n sk u’ 4 (0%n:) |/\|2(6w+2 S
a~BlaiB
3P AYA ~6 + +
~(0"m) MERE <4€“55 Oy (Agg) = Big) + 5 $0aca(A bay ~2Bhs) ) 1
(3.13d)
where we have used the short-hand notation
+ .— Bvy .pt Bry..p+
Bl = €770,5B4, — 7 0pa B, (3.13¢)

Proposition 3.2. Restricted to the image of e defined in (3.13), the action
(3.7b) reduces to the action (3.11).

Proof. The proof follows from a straightforward but lengthy computation. We
briefly illustrate the computation using the classical part of the action (3.4b).
Firstly, one can check that the derivative terms appearing in the expression
of A in (3.13) will not contribute as we are only interested in terms of order
(6'n;)® when computing the action. Next, upon writing

A = 9" Ap + 0" AL + 0" Ag
— ’0F Z(gz,m)nA](Fn) L Z ,rh nA(" RZ ,'71 nA(n (314)
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a straightforward calculation shows that3°

L4, Bor, o 4)|

(6in;)3

= " netn et {(Al, By AL - BwAl + BLAR) - BrAl? - Al (3.15)
— (AP, BeAQ - BwAD) + (A, Bea’ - B AD) |

with the differential forms and vector fields as given in (2.6) and (2.8). Because

eF AP AeW AeW is the volume form d4z on R* up to a multiplicative constant
and because of the identities?!

L [ p g g M A AT AT L e,
2mi aram |)\|2m m+ 1 Q-G )

1 R , 4R B1++Bn HB1 "'Nﬁnﬂal cee o 1 oo
— %/8 Ne fal...ang 1 |u|2n = n+1fa1---ang 1 ,

(3.16)
the kinematic term (3.15) becomes

/QCR, tw A 3 (A, Ocr, twA)

- /d4m {(B*, 600 As5) = $Bap) + (B, % 00a Ay s — 1 Bas) |
(3.17a)

up to an overall multiplicative constant. Likewise, the interaction term becomes

/ Qcr, o A 4 (A, [A, A))
| _ (3.17b)
- / d'z {(Bd'@, 16%P[Ana, Agsl) + (B, 1% [Ana, AaaD}

up to the same overall multiplicative constant. Upon combining the two expres-
sions in (3.17), we conclude that to leading order, the ambitwistor action (3.4b)
becomes the first-order Yang-Mills action (3.9), up to an overall multiplicative
constant. O

Physically speaking, we may conclude that the action (3.7b) contains
Yang—Mills theory in its first-order formulation, and because our formalism
is fully covariant under N' = 3 supersymmetry, it actually contains N/ = 3
supersymmetric Yang—Mills theory. It remains to show that the infinite tower
of extra fields not contained in the image of e can be consistently integrated
out.

Quasi-isomorphism of Cochain Complexes. Let us now tighten the relation
between both actions.

Proposition 3.3. The morphism of graded vector spaces defined in (3.13) is
an injective morphism of cochain complexes. This holds also for the N' = 3
supersymmetric extension.

30Gee also (3.6).
31Here, i := \/—1. For details, see e.g. [35].
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Proof. 1t is evident that e is injective. To check that it is a cochain map, we
have to verify that a_CR,tw,red oe = eou; where p; is the differential of the
cochain complex in (3.12a) and IcR, tw, red Was defined in (2.35). This, however,
follows from a direct, albeit lengthy, calculation. 0

Proposition 3.4. The N = 3 supersymmetric extension of the morphism of
cochain complezes defined in (3.13) is a quasi-isomorphism of cochain com-
plexes under the assumption of R*-triviality.?

Proof. We note that H®(LcR,tw,red) = H*(Lcr) by Proposition 2.2 and
Proposition 2.5. By Proposition 2.1, we have additionally that HP(£cr) =
HP(Lywm, ) for p =0, 1. Therefore,

HP(L£cR, tw,red) = HP(Lym,) (3.18)

for p = 0,1. It now remains to show that (3.18) also holds for p = 2,3 and
that the A" = 3 supersymmetric extension of e descends to an isomorphism on
cohomology. Both of these statements can be shown by a direct but lengthy
computation.

Alternatively, we can invoke the existence?? of a Hodge-Kodaira decom-
position®* compatible with the natural inner product structure on £y, and
LCR, tw,red, the latter of which pairs elements of degree 0 and 3 as well as
elements of degree 1 and 2, respectively. This non-degenerate pairing descends
to a non-degenerate pairing on the cohomologies, and we obtain the isomor-
phisms (3.18) for p = 2,3 from those for p = 0,1 in this manner.3?

The fact that the A/ = 3 supersymmetric extension of e descends to an
isomorphism on cohomologies follows similarly. Evidently, it descends to an
injection on the cohomologies but it remains to show that this is a surjec-
tion as well.3® However, a direct computation shows surjectivity H?(£yy, ) —
HP(LcR, tw, rea) for p = 0,1, and surjectivity for p = 2,3 can again be gleaned
from the cyclic Hodge—Kodaira decomposition. O

Equivalence Theorems. Let us now promote e to a full quasi-isomorphism of
differential graded Lie algebras, which take the following form.?” Given two

differential graded Lie algebras £ and £® with differentials ;\" and u{®

and binary products uél) and uéQ), a weak morphism

E:e® - ¢@ (3.19a)

32See around (2.18) for the notion of R*-triviality.

33See e.g. [29,76].

34See Appendix A.2.

35Strictly speaking, this argument needs to be refined since we are working with infinite-
dimensional vector spaces; see Remark A.5 for further details on this point.

36 A priori, this is not clear, as the cohomology groups are infinite-dimensional vector spaces.
37See [26] for our conventions of quasi-isomorphism of Loo-algebras.
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consists of a collection of maps E; : £1) x ... x £1) — £(2) of degree 1 — i for
i=1,2,3,... which satisfy

Z Z (_1)kX(O'1€177€'L)Ek+1 (M§'1)(Zo‘(1)7~~-7€a(j))7£a-(j+1)7~~~7€o-(i))

J+k=io€Sh(j;i)

:Z% Z E X(05l1, ..., 0:)C(o5 b1, ..., ;)

3=17" kit +k;=i g €Sh(ky,....kj_13i)

X 52 By (Coys - Lotin)) -+ By (Cothatotny i) o))

(3.19b)
for all £y, 0o, 03,... € £, where the sum is over unshuffles, x(o;¢1,...,4;) is
the Koszul sign, and (o3 ¢1,...,¢;) for a (ki, ..., kj_1;i)-unshuffle o is defined
as

kydtkpy 1

C(o3le, .. ) = (1) Zrsmensy Fmbat T2 b (G=m)+ 2], (1=km) Xisy oty
(3.19¢)
A weak morphisms becomes a quasi-isomorphism if and only if E; descends to
an isomorphism on cohomology. Note that (3.19) are the defining relations for
a morphism of L., -algebras if we allow for higher products ugl) and uz(-z) with
1 =3,4,.... See e.g. [26,77] for details.
Returning to our differential graded Lie algebras £cr, tw,red and £yu,
defined in (3.12a) and (2.36), we take E with only Eq, E3, and E3 nonzero and
given by

E = e|3ad_,vad with vad = &m + [Aao'”*] (320)

with e as defined in (3.13).%® Evidently, E; = e. We have now all the ingredients
to state and prove the first central result.?

Theorem 3.5. Let us assume R*-triviality.’® Then, the N = 3 supersymmet-
ric extension of the map E defined in (3.20) is a cyclic-structure preserv-
ing weak quasi-isomorphism between the differential graded Lie algebras £y,
and L£cr, 1w, red defined in (2.36) and (8.12a). Put differently, the twisted CR
holomorphic Chern—Simons theory defined by the Batalin—Vilkovisky CR am-
bitwistor action (3.7b) is semi-classically equivalent to N = 3 supersymmetric
Yang-Mills theory defined by the Batalin—Vilkovisky space-time action (3.11)

Proof. A lengthy but straightforward computation shows that the N’ = 3 su-
persymmetric extension of the map E defines a weak morphism of differential
graded Lie algebras in the sense of (3.19). Since E; = e descends to an isomor-
phism on cohomology, this shows that it is a quasi-isomorphism. Finally, the
cyclicity-preserving property follows from the N' = 3 supersymmetric exten-
sion of Proposition 3.2. g

38Note that this morphism is reminiscent of the ‘on-shell’ expansions [10,17,78-80] in the
self-dual sector, although these references only discuss gauge potentials.

39In the self-dual sector and in the fully complex setting, the Penrose-Ward transform was
shown to be a quasi-isomorphism using spans of Lo-algebras and homotopy transfer in [81].
40See around (2.18) for the notion of RA-triviality.
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Note that if we let FcRr, tw,rea and Fym, be the equations of motion of the
twisted CR holomorphic Chern—Simons theory and the first-order ' = 3 su-
persymmetric Yang—Mills theory in their Batalin—Vilkovisky forms, then the
quasi-isomorphism relations (3.19) amount to the fact that Fcgr, tw,rea © E =
E o Fym,, that is, the embedding commutes with applying the equations of
motion.

Note also that the above theorem does not imply that £y, is obtained
from £cR, tw,red Dy integrating out some of the fields: the latter corresponds
to a homotopy transfer, which is a stronger requirement than that of a quasi-
isomorphism; see e.g. [81] for a discussion of this point. We have, however, also
the following result:

Theorem 3.6. There is a quasi-isomorphism from the differential graded Lie al-
gebra £cRr, tw, red defined in (2.36) to the differential graded Lie algebra Ly,
defined in (3.12a) which is computed by homotopy transfer. Put differently,
integrating out the fields complementary to the image of the N' = 3 supersym-
metric extension of the embedding e defined in (3.18) in the CR ambitwistor
action (3.7b) yields the N = 3 supersymmetric extension of the space-time
action (3.11).

Proof. Because the N’ = 3 supersymmetric extension of e defined in (3.13) is an
injective quasi-isomorphism between the cochain complexes underlying £y,
and £cR, tw, red; by Proposition A.3, we have a special deformation retract*!

_ 2]
h Q(ECR, tw, red> 8CR, tw, red) e (SYMl ) Ml) ) (321)

where 1 is the differential of the cochain complex in (3.12a) and 5CR, tw, red
as defined in (2.35).

To construct the projection p explicitly, as for e, we restrict our discussion
to the R-singlets for simplicity, that is, to the gluonic sector. The N = 3
supersymmetric extension follows straightforwardly. In particular, we expand
A€ QU 1 rea(F)®gas A=C+ A+ AT + C* with

C=cH--,
A= " AT oS — g, Bgm‘:)‘ﬁ B Bgf:':ﬂﬁ
+o" {GimW - (gini)ZW}

At =t ot d ') BI%?;W - Biﬁzliaﬂﬁ + @y i X

4lie. (A.23a) with the conditions (A.24) satisfied.



L. Borsten et al. Ann. Henri Poincaré

+6FA6L{—0iniB§§L>‘dAB (0° 1)255‘/\2 ZZI;L}

. . ; i BUSNE
+5F AR {M-Bi;?f‘uauﬁ o AIER} T

Ct = oF Adt AR (9ini)3§c+FLR bl (3.22)
where all the coefficients AY ., ... depend only on z** and the ellipses denote

all the other terms that are possible in the (6%,7;)-expansion as well as in
the Kaluza—Klein expansion along CP' x CP!. The projection p will then
project onto linear combinations of these coefficients whose explicit forms are
determined by the requirement that p o e = id. Explicitly, we may set

¢ = /\01(9'17,)3('.

An 0y (At — Antide) (1)) (Aesde + VeG(A)prahs )
(RM) = /V"] 0.6V o Bem . ea A)As Ay — (072 ST e PINR iy (14 1, V)GV B, o mea AN — (073 STty
Bas 00,6V~ Bcr, . red Attt + (071 J2*27“‘”‘7‘“““‘ ol 4 i, (—1 4 07 Vi) GV, - B A CELL STy
At aXa A + 0 (A 4 ) 4 ginpa, u4l+n+9u{ V) Afpade y (40 0V Ao }
(R;’) = /‘vul OmG(Ve = A*)Naky = (0'm)? ek iy, m:x +\jui' s

Baz GV~ A gty + (02 ST A el gy Mttglin _(giy, >@’%

o = /Vol(l + 0 V)i
(3.23a)
up to some irrelevant overall multiplicative constants and where??

vol == o Aol AR AR @ d3nd3e (3.23b)

as well as Ap == Ve = A, A, = Vi, oA, Ag = Ve = A, Al = Ve =1L = AT,
etc., and with the basis vector fields and basis one-forms are as defined in
(2.26b), (2.26¢), and (2.28b). In addition, we may take G : QCR tw, red (F) —
Q%g{ tw, req (F) to be Green operator for 8CR, tw, red Which would mean, however,
fixing a metric on F.*® To avoid this, here we instead take it to be [49]

G = — (3.23¢)

with
b := 8‘7];‘ _"CVF = 8VFVF—I,

) ) , (3.23d)
m = 8VgVr = |:|—|—4(VFVF—EV\/E\;V), O := 20%Ouq-

It is not too difficult to see that p o e = id using the explicit form (3.13)
of e up to some irrelevant overall multiplicative constants. It also follows
that p is a cochain map by a direct calculation similar to what is done to
prove Proposition 3.3 together with the identity G(VF,L7R45CR7 tw, redd) =
VF7L7RG(A) - VRL’R _ A which follows from [VF7L7R, %] =0.

42See also (3.6).
43Note that the appearance of G is not surprising as this follows from the general consider-
ations; see the proof of Proposition A.3.
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Importantly, using the explicit expressions of Es and Es from (3.20) and
since G does not alter the dependence on the CR holomorphic fermionic coor-
dinates, it now immediately follows that

poEy = 0 = poEs. (3.24)
Furthermore, for i = 2, the relation (A.55¢) states that**
e(pz(l,62)) £ Ea(pa(€1), 2) £ Eo(p1(£2), £1)
= IcR, tw, red (E2 (01, £2)) + [e(f1), e(£2)]

for all 41,45 € £ym, and with po as given in (3.12a). Upon applying p to this
equation and using (3.24) as well as the facts that p is a cochain map and that
p o e = id, we obtain

(3.25)

p2(l,l2) = p(le(f1),e(f2)]). (3.26)

This, however, is precisely the binary product (A.55¢) obtained from homotopy
transfer via the special deformation retract (3.21).

It remains to show that all higher products in (A.55¢) vanish. This can
be done by a lengthy direct computation, constructing an explicit h along the
lines of Proposition A.3. Alternatively, we can simply argue that our formalism
preserves all space-time and gauge symmetries, and there are simply not quar-
tic or higher interaction vertices that can be consistently constructed in £y,
from the field content which respect translation and conformal symmetry. See
also Remark 3.7 for an alternative (and much shorter) proof that makes use
of the uniqueness of maximally supersymmetric Yang—Mills theory. 0

Remark 3.7. Note that the last argument in the above proof can actually be
extended, so that after the existence of the deformation retract (3.21) is estab-
lished, Theorem 3.6 follows automatically. Indeed, the theory £t obtained on
the graded vector space £yn, by homotopy transfer has the same field con-
tent and kinematic terms as £y, . The quasi-isomorphism from Theorem 3.5
implies that the tree-level scattering amplitudes of the theory £t agrees with
those of N' = 3 supersymmetric Yang-Mills theory; hence, the theory is not
free. The setup and homotopy transfer preserve gauge and space-time sym-
metries. Moreover, the formalism is symmetric under the CPT-like symmetry
exchanging undotted and dotted spinor indices, increasing the supersymme-
try from N = 3 to N/ = 4. The superconformal formulation of an interacting
N = 4 supersymmetric Yang-Mills theory with the first-order field content,
however, is unique. Consequently, £1 has to agree with £y, .

Remark 3.8. The integral formulas (3.23) can be understood as the ‘Dolbeault
analogue’ of Penrose’s contour integral formulas in this CR ambitwistor setting.
See e.g. [82] for analogous integral formulas in the ‘Cech formulation’ for the
second cohomology in the purely bosonic complex ambitwistor setting.

44The signs given as & are irrelevant to our discussion.
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Appendices

A. Homological Considerations

A.1. Quasi-isomorphic Cochain Complexes

Split Complex Supermanifolds. Let M be a complex manifold and 7 : £ —
M a holomorphic vector bundle. Using the definition of the vertical tangent
bundle V' together with universality of the pullback, we obtain the short exact
sequence

0 1% TE m*TM —> 0. (A1)

0 ——> E —— TE|y TM 0. (A.2)

This sequence splits canonically by the zero section M — E. Hence, we have
the canonical identification

TE|y = TM @ E. (A.3)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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Since 7 is a homotopy equivalence, it follows that the unrestricted sequence
also splits, though non-canonically, that is,

TE ~ m*TM @ V. (A.4)

Hence,
0,p 0,r 0,s
N TE= @ N\ ~T"Me /\ V" (A.5)
r+s=p
Let 0 be the anti-holomorphic exterior derivative on E[1], where [1] de-
notes the (Grafimann-)degree shift by one of the fibres of F, and let 0,eq be the
anti-holomorphic exterior derivative on M, respectively. The manifold E[1] is
what is known as a globally split complex supermanifold.*>

Quasi-isomorphic Cochain Complexes. For any split complex supermanifold
E[1], we now have the following result. It can be proved abstractly using spec-
tral sequences (see e.g. [14]), but here we provide an elementary constructive
proof as we shall need its extension to the differential graded Lie algebra in
Appendix A.2.

Proposition A.1. The cochain complezes (Q2°*(E[1]),9) and (Q%*(M, \* E*),
Ored) are quasi-isomorphic with the quasi-isomorphism induced by coboundary
transformations.

Proof. Firstly, (A.5) implies
QP(EN) = P T(ENAYTT Mo\ (VI)Y).  (A6)
r4s=p

Furthermore, the smooth functions on E[1] which are holomorphic in the
fermionic coordinates can be identified with I'(M, A* E*) and so, I'(M, \* E*)
— €>°(E[1]) = Q%°(E[1]). Thus, we have the inclusions

Q0P (M, \°E*) —— D(B[1], \"*m*T*M) —— QO?(E[1)) (A7)
for all p and, consequently, the commutative diagrams
Q*0(B[]) Q>H(B[)) Q%2(B[1])
QOO A E) 0 QUM A E7) 25 Q02(MA° B e
(A.8)

where the ¢ are given by the compositions of the inclusions in (A.7). In addi-
tion, the existence of the embedding also implies that

HY(E[l]) = H°(M,\"E") (A.9)

Qi

establishing the claim for p = 0.

45Note that in the smooth category, every supermanifold is (non-canonically) globally split
due to [83]. This is no longer the case in the complex category essentially because there is
no holomorphic partition of unity.
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Next, let us analyse the underlying cohomology for p > 0. To this end,
let (2%, 2% 1% 7%) be local coordinates on E[1] with (2%, 2%) bosonic base co-
ordinates and (n®, 7%) fermionic fibre coordinates. Then, the anti-holomorphic
multivector fields X%*(E[1]) on E[1] are generated by

_ 0 0 5 o O _ 0
Ea = - f#iﬁrfai_ d E& = ===, AlO
950 + 954 7'z o0 an e ( a)
where Ej; is the horizontal lift o [1] induced by the splitting (A.4)
with the associated connection one-form T'z* := dz°T';3%. Dually, we have

¢ = dz% and & = dj® — °T5 , (A.10b)

and which generate the anti-holomorphic differential forms Q%*(E[1]) on E[1].
Evidently,

[E&,EB] = 'f]aRaBdé 75 3 [Ea,E@} = —F(L@BEIB ) and [E@7EB] =0 y
(A.11a)
where R.;,7 is the curvature of ;5" and so,
de® = 0and e = L& NP Ry5% + & A& T, 5% (A.11b)

Using the basis (0, 1)-forms (A.10b), an element w € Q%P (E[1]) looks like
w= Y e AL AETREN N NE™ W, aaya (2, 5,0,7). (A12)
r4s=p

Suppose now that w is a representative of an element [w] of the cohomology
group HP(E[1]). Then, using (A.11b), it is not too difficult to see that dw =0
yields

E(5,Wayayi) = 0 (A.13)

for the purely fermionic component. Next, consider &1 € QUP=1(E[1]) given
by

D = A e AL A Wy (A.14)

This is invariant under bundle isomorphisms and hence globally defined. A
short computation then shows that the purely fermionic component of 9¢(!) is

1
Ea,% &t ) iy = (1+2)waay (A.15)

where we have used (A.13) and introduced the globally defined anti-
holomorphic Euler vector field T := 7®E4. Since the components of w are
polynomials of the fermionic coordinates, the action of T will return only
non-negative integers and so, the inverse of 1 + %T is well defined for all
p=1,2,3,... with

1 oo )
= dte t0+37), A.16
1+ %T /0 ¢ ( )
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Furthermore, since [Eg, Y] = E5, we have

! E; = / dte {0+ E
1+%T

_ / dLet 130 B HI+5T) (=t +37)

/ t ¢ 5T Byoi T ot (A7)
Ea
- et

0

=:D(Y)

'ﬁ\!*

when understood as acting on expressions that are at least of linear order in
the anti-holomorphic fermionic coordinates; in this case, the action of T in
D(Y) will return only positive integers so that the derivation of D(Y) and
D(T) itself are also well defined for p = 1. Consequently, (A.15) becomes

E(a, (D(T) i) ap)) = Wa,.-a,- (A.18)

This shows that the component wg; ...q, is a coboundary parametrised by e
QOP=L(E[1]) with

W= e AL A D()EE) (A.19)
Note that this is globally defined. Evidently, we have not used the full freedom
of coboundary transformations yet. Let w™) := w — de(M). Since w(%),,ﬂl is
absent, Ow = 0 implies that w( ) _,--a,a is a coboundary by similar arguments
we have just given, and so we can transform it away by using a coboundary

parametrised by ¢(?) € QO0P~1(E[1]) of the form

(= L @e™ AL AE D) (A.20)

We can now iterate this procedure to eventually arrive at a (0, p)-form
w? = et A ne W) (2 2n) = LdE AL Az WP (22,m)
(A.21)

whose components depend holomorphically*S on n® and which also belongs to
the equivalence class [w]. Since, 0 = Ow®) = feqw® and since, as mentioned
before, the smooth functions on E[1] which are holomorphic in n®* can be
identified with T'(M, A® E*), the (0, p)-form w(®) is also a representative of an
equivalence class in HP (M, \* E*).

Altogether, we have established the desired isomorphisms

H*(E[1]) = H*(M,\"E"). (A.22)
O

46Once all fermionic directions have been transformed away, the condition dw(®) = 0 implies
that the remaining components must be holomorphic in the fermionic coordinates.
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A.2. Homological Perturbations

Deformation Retracts. One method of obtaining a semi-classically equivalent
field theory from a perturbative action is to integrate out parts of the field
content. From the homotopical algebra perspective on field theory, in which
perturbative field theories with action principle are regarded as cyclic Loo-
algebras, this is done by homotopy transfer, which is based on the homological
perturbation lemma [84,85]. More generally, the well-known tree-level pertur-
bative expansion in terms of Feynman diagrams is mathematically captured
by homological perturbation theory.

The starting point for homological perturbation theory is a
deformation retract, that is, a diagram

n(CCD == ) (A.23)

of cochain complexes C1) and C® with differentials d") and d®), respectively,
p and e are morphisms of cochain complexes, and h is a contracting homotopy,
that is, a morphism of graded vector spaces which has degree —1, and these
maps obey*”

id—eop = dYoh+hod® andpoe = id. (A.23D)

A deformation retract can always be turned into a
special deformation retract [85,86] by a redefinition of h such that the maps
also satisfy

poh =0, hoe =0, andhoh = 0. (A.24)
Explicitly, a redefinition that does this job is given by [85,86]
h — (id—eop)oho(id—eop)od®o(id—eop)oho(id—eop). (A.25)

The following describes the change of the map e in a deformation retract
to the cohomology, which physically captures in particular changes of gauge.

Proposition A.2. Consider a deformation retract
P
h, C *’(e H*(C), (A.26)
and a quasi-isomorphism & : H*(C) — C. Then, we have

€ = eop+7v (A.27)
for ¢ some automorphism on H®(C), a morphism ¢ : H*(C) — C*(C), and

(S C = HY(O), (A.28)
with

p = gi)*lop and h := hthLZJOQb*lOP (A.29)

is also a deformation retract.

4TNote that these two conditions promote p and e to quasi-isomorphisms of cochain
complexes.
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Proof. The data in the deformation retract (A.26) induce the
Hodge—Kodaira decomposition

C? = HP(C)®im(h,,, od,)®im(d,_;oh,), (A.30)

=: Br(C) =:C7(C)

where we note that hodoh =h and dohod =d so that
Hpecy := hodand [lge(c) := doh (A.31)

are indeed projectors onto B*(C) and C*(C). Because € is a cochain map,
its image is contained in H*(C) & C*(C). Because it is a quasi-isomorphism
and hence descends to an isomorphism on cohomology, the restriction*® of the
image of & to H*(C), &*"(9) is an isomorphism. Together, these facts imply
that e =eo ¢+ 1.

It remains to check the properties of a deformation retract. Since p|ce(c)
= 0, we have p o € = id. Moreover,

id—&op = id—eop—goglop
= dOh—FhOd—HCn(C)Od)Od)ilop

1 1 (A.32)
= doh+hod—-dohotop "op—hopop " opod
= doh+hod,
where we have used that pod = 0. O

Proposition A.3. Given an injective quasi-isomorphism e : C2) — C) of split
cochain complexes with COP trivial for i = 1,2 and for all p < py and p >
p1 for some fized po1 € Z with py < p1, then there always exists a special
deformation retract

n(C CO ==, (A.33)

Proof. We only need to demonstrate that there is a deformation retract by
virtue of our discussion after (A.23a). We first construct a projection p itera-
tively. Since the cochain complexes are split, we have for ¢ = 1,2 the deforma-
tion retracts*’

. P(i) .
©) C) — H*(CW A.34
v C, € = HA(CY) (A.34)
onto the cohomologies and the Hodge—Kodaira decompositions
C? = gr(CD) g im(h!), od?) @im(d, o h(?) (A.35)
=: Bp(C(9) =:CP(C(1)

for all p € Z, as in the proof of Proposition A.2. We also note that
A9y 2 BPCY) S CPHCY) and W[ ) 2 CFHEW) S BP(CY).
(A.36)

48For a linear map f: A@® B — C @ D, we denote its restriction to A — C by f\g
49Gee e.g. [87, Chapter 1.4] or [26, Appendix B] for details.
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We now use Proposition A.2 to replace the deformation retract

e = eoe@o(e,)t, (A.37)
arriving at the commuting diagram

e (2

) )

c c@

éu)Nﬁ(l) ‘ e<2>up<2> (A.38)
He(CW) H*(C®)
where e, is the map induced by e between the cohomologies. Note that
éWoe,0p? = ece®op® | (A.39)
and therefore
elpecy = &P oe, op?. (A.40)

Using further that e is a cochain map, we conclude that its non-trivial com-
ponents are

H*(CW)
e‘H-(cm) )
H*(CW) B*(CM) ce(c)
e‘B'(C(Q)) ) e|B‘(C<2)) v Clpe(c@) > (A.41)
()
e|co C(2))
Similarly, the projection p we construct will have non-trivial components
*(C®)
|H' (cy »
(C?®) (C?®) *(C®)
|Ba(c(1)) ) |Bo C(l)) ) Bo C(l)) ’ (A'42)
(™)
Plee(cy:

Concretely, we define

(C®) L (ENC)) T
Plisicon) = (elineicn)) (A.43)
c® ~ ’
p|coEC(l); = d®o p|B°(C(1>) ohM )
c®
where P|B-(c(1>) remains to be fixed. Because e is a cochain map, e\B,(C(;); is

an injection, and, hence, we can choose a projection p| B'(C(l); such that

B*(C® B*(cH) .
p|B‘EC(1); o e|B°(C(2>; = 'dB°(C<2)) . (A.44)
We then define further
H'(C(2)) L H' C(Q) H'(C“)) B'(C(2))
Be(C)) "~ H' C(l)) oce |Bo(c(2)) p Be(C) > (A 45)
*(C®) ((C?) et ey B (C®) '

Plge (c) = Co(c(l)) B'(C(2>) op Be(CD)*
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It is then straightforward to check that
poe = idce) . (A.46)
Note that p is indeed a chain map, because
d® o Plpecny = d® o Plpe(cm) © h o d® = Plee(cy © dM. (A.47)
It remains to construct a contracting homotopy h. Using (A.37), we have
im(@") = ge(Cch). (A.48)

Hence, in switching from e(!) to &) using Proposition A.2, we note that 1) = 0.
It then follows that

p) = e, 0p@op. (A.49)
The desired contracting homotopy is now given by
h = h®M —eoh@op (A.50)
with h() given by Proposition A.2. Indeed, we have
id—eop = hod® +dMoh (A.51)
as required. O

Example A.4. We note that the cochain complexes in Proposition A.1 are
split (with respect to the fermionic parts) and so, it is now always possible to
construct a special deformation retract,

0 (@0 (B(1)),8) == (20 (M, A B*), o) (A.52)

where the contracting homotopy can be glanced from the map that takes
a (0,p)-form w to the coboundary (0,p — 1)-form ¢ removing the fermionic
directions at the cohomological level. In particular,

e(Q*(M,\°E*)) C ker(h) (A.53)

since for differential forms that do not contain anti-holomorphic fermionic
directions, the action of the contracting homotopy vanishes identically.

Homological Perturbation Theory. An L. -algebra structure £ on a cochain

complex CM) consists of additional products ,ul(»l) of degree 2 — ¢ with i =

2,3,4,... and subject to the homotopy Jacobi identities

Yoo Xl ) (D L (Y oy o) o1y s boiy) =0

J+k=i 5€Sh(j;i)

(A.54)

for all £1,05,¢3,... € £1). Here, the sum is taken over all (j;i) unshuffles o

which consist of permutations o of {1,...,i} such that the first j and the last

i — j images of ¢ are ordered: o(1) < --- < o(j) and o(j + 1) < --+ < ().
Moreover, x(o;41,...,¥¢;) is the Koszul sign.

Now, given a deformation retract (A.23a), the

homological perturbation lemma states that an Leo-structure £1) on the

cochain complex C1) can be transferred to an equivalent or quasi-isomorphic
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Loo-algebra structure £2) on the cochain complex C), and the formulas are
recursive. More explicitly, the map e in (A.23a) extends as

Tl(gl) = e(€1)7
Ta(fr,62) == —(hopus)(e(tr),e(t2))

_Z% Z Z x(o;81,...,0:)C(03 b1, ..., ;)

3=2 7" kit +k;=i o €Sh(ki,....k;_150)
1
X (h o /L§- >)(Tk1 (Za(l), e 7£U(k1))a cee ,Tk]
(eo'(k1+"'+kj,1+l)7 cee 7‘&7(75)))

-
<
==
~
S
~
$
N
Il

(A.55a)
for all £1, 0o, 05, ... € £ and where

kitetkm 1

C(U§£17 . ,Ez) = (_1)21§7n<n§j kmkn‘f‘Z{n;ll ko (G—=m)+37 o (1—=Fm) Xy [€o(k) ,

(A.55b)
(2

p (0, 63) = p(ud (e(tr), e(t2)))

and the higher products p ) on £® are of the form

W, ) = Z% > D Xehi ) e

J=27" kit-+kj=i c€Sh(ks,....k;_13i)

Closly, ... .0)
< (po ) (Thy (Loays -+ Lotr))s -+ Ty
X (lo(htthy 1 t1)s- -5 Lo(i)))
for all 01,0,05,... € £3) . This makes T into an Le-quasi-isomorphism;

see (3.19). The two important points to notice are that the arguments of the
(2)

higher products p;~ are always first mapped to £M by the embedding e, and

the ul@) themselves are then produced by inserting the images of h of lower
products into each other. See e.g. [26,77] for details.

Proof of Proposition 2.5. We have now all the ingredients to prove Proposition
2.5. Firstly, we note that because of the explicit form of the vector fields (2.26b)
and the commutation relation (2.29) and because the CR, holomorphic and
CR anti-holomorphic fermionic combinations (2.23a) essentially play the role
of ordinary holomorphic and anti-holomorphic fermionic coordinates® (that
is, F' is essentially a globally split CR supermanifold), the proof of Proposition
A.1 goes through also for our twisted CR differentials (2.27) and (2.35).

50See also Remark 3.1 for an alternative reason for why the fermionic combinations (2.23a)
should be regarded as holomorphic coordinates.



Ambitwistor Yang—Mills Theory Revisited

Next, by virtue of this discussion and as explained in Example A.4, we
now also have a special deformation retract

n(C (0 0 (F):Ocm ) = (0 v vea () Oom twred)  (A56)

=C) =C(®2)

with e(Q%’;{’ b, red(F)) C ker(h). We can therefore apply the homological

perturbation lemma for the natural product M(21) (—,—) = [, =] In particular,

the formulas (A.55¢) now show that the binary product is the expected one,
,uéz)(—, —) = [—, —]. Finally, we have (h ouf))(e(—)7 e(—)) = 0, since the wedge
product of forms without fermionic directions is a form without fermionic
directions. This renders all higher products ;LZ(Q) with ¢ > 2 in (A.55¢) trivial,
and we arrive at the desired result.

Remark A.5. We heavily use the Hodge—Kodaira decomposition, splitting maps,
and aspects of cyclic structures, some of which tend to become problematic
for infinite-dimensional vector spaces. Since our L,-algebras consist of spaces
of differential forms which are infinite-dimensional, so let us briefly comment
on this point and explain that these infinite-dimensionalities are harmless for
the purpose of most perturbative field theories.

As common in the literature, we demand that we have a factorisation

£, = V,0CF (A.57)

of the homogeneously graded subspaces £, of any L.-algebra £ we employ,
where p € Z and U, is a finite-dimensional vector space. The pure function
spaces Cp° are then constructed, also as common in the literature on per-
turbative field theory, as a finite linear combination of some preferred basis,
e.g. plane waves on Minkowski space, or spherical harmonics on CP' and
so, the differential cochain complex of the corresponding L..-algebras can be
consistently truncated to finite-dimensional C}°.

As an example, consider the differential cochain complex underlying £y,
as defined in (3.12a). It is clear that C;° here can be consistently truncated
to individual plane waves of a specific momentum, and the cochain complex
Ly, splits into a direct sum of finite-dimensional cochain complexes.

For the differential cochain complex underlying £cr, tw,red, We can use
plane waves on R* together with spherical harmonics on CP' x CP. We
note that 5CR7 tw,red can maximally increase the angular momentum ¢ of the
spherical harmonics Yy, on the two CP! by one. We can thus consistently
restrict Cp° to angular momenta ¢ < £y + p for some £y € N on both CP!,
ending up with a finite-dimensional vector space.
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