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Ambitwistor Yang–Mills Theory Revisited
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Abstract. Inspired by the Movshev–Mason–Skinner Cauchy–Riemann (CR)
ambitwistor approach, we provide a rigorous yet elementary construction
of a twisted CR holomorphic Chern–Simons action on CR ambitwistor
space for maximally supersymmetric Yang–Mills theory on four-
dimensional Euclidean space. The key ingredient in our discussion is the
homotopy algebraic perspective on perturbative quantum field theory.
Using this technology, we show that both theories are semi-classically
equivalent, that is, we construct a quasi-isomorphism between the cyclic
L∞-algebras governing both field theories. This confirms a conjecture
from the literature. Furthermore, we also show that the Yang–Mills ac-
tion is obtained by integrating out an infinite tower of auxiliary fields in
the Chern–Simons action, that is, the two theories are related by homo-
topy transfer. Given its simplicity, this Chern–Simons action should form
a fruitful starting point for analysing perturbative properties of Yang–
Mills theory.
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1. Introduction and Summary

It is well known that holomorphic Chern–Simons theory on the ambitwistor
space is classically equivalent to N = 3 supersymmetric Yang–Mills theory in
four dimensions (a theory perturbatively equivalent to N = 4 supersymmetric
Yang–Mills theory) at the level of the moduli spaces of solutions and their
gauge equivalence classes [1–9] (see also [10] for a review). The construction of
a corresponding action functional, however, is non-trivial. Whilst ambitwistor
space is a Calabi–Yau supermanifold, and hence a natural holomorphic volume
form exists [11], the required Lagrangian is unclear. In particular, ambitwistor
space has a five-dimensional body, which is incompatible with the usual Chern–
Simons-type Lagrangian.1

For non-supersymmetric Yang–Mills theory in Euclidean signature, this
obstruction can be evaded by using the Movshev–Mason–Skinner Cauchy–
Riemann (CR) ambitwistor construction [14,15]. Whilst the treatment in [14,
15] is rigorous and complete in the non-supersymmetric case, the generalisation
to the supersymmetric setting is rather indirect and somewhat conjectural,
principally due to the subtleties entailed by the superspace torsion and complex
fermions in Euclidean signature. Here, we resolve these issues by providing a
rigorous yet elementary construction of a twisted CR holomorphic Chern–
Simons action for Yang–Mills theory in the case of N = 3 supersymmetry. See
e.g. [16–20] for other approaches of formulating twistorial actions for Yang–
Mills theories with varying amounts of supersymmetry.2

Key to our discussion is the homotopy algebraic perspective on pertur-
bative quantum field theory. This is a dictionary between objects and tools
in perturbative quantum field theory on the one side and objects and tools
in homotopical algebra on the other side. In particular, any perturbative field
theory given in terms of a polynomial action can be reformulated as a cyclic
L∞-algebra, cf. e.g. [26].3 Similarly, semi-classical equivalence4 corresponds
to the natural notion of equivalence for these L∞-algebras, namely quasi-
isomorphisms. The final aspect of this dictionary we will put to use is that
the procedure of integrating out fields is encoded in the so-called homotopy
transfer, a technique from homological perturbation theory which reproduces
the tree-level Feynman-diagram expansion [26,28–33].

Using this technology, we prove that the aforementioned twisted CR holo-
morphic Chern–Simons theory is, in fact, semi-classically equivalent to N = 3
supersymmetric Yang–Mills theory. This is the statement of Theorem 3.5, our
first central result. This confirms a conjecture made in [14], albeit using an L∞-
algebra that is differs in some key details from the one we use here. In Theorem

1It is, however, possible to construct an action for ‘higher’ holomorphic Chern–Simons theory
with a Lie 3-group as gauge group, providing a higher ambitwistor space action functional
for maximally supersymmetric Yang–Mills theory [12]. See [13] for a recent review on higher

gauge theory.
2See [21–25] for twistorial action formulations of supergravity theories.
3or [27] at the level of equations of motion.
4i.e. having isomorphic tree-level S-matrices.
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3.6, our second central result, we moreover show that this semi-classical equiv-
alence simply amounts to integrating out an infinite tower of auxiliary fields,
that is, to homotopy transfer.

Given its simplicity, our CR ambitwistor action should form a fruitful
starting point for analysing various aspects of Yang–Mills theory; see the re-
views [34–38] and the references therein for twistor theory actions and their
applications.5 Indeed, the primary motivation underlying the present contri-
bution is the conjectured colour–kinematics duality of Yang–Mills scattering
amplitudes [44–46] (see [47,48] for reviews). In [49], we presented a route to
proving all-loop-order colour–kinematics duality for maximally supersymmet-
ric Yang–Mills theory. The key observation is that the tower of interaction
terms constructed in [50–52] to generate colour–kinematics-duality-respecting
Feynman rules may be geometrised6 as the ‘Kaluza–Klein tower’ following
from dimensional reduction on the CP 1 × CP 1 of the ambitwistor space.7

In doing so, the proof of colour–kinematics duality is simplified to establish-
ing that our CR ambitwistor action for Yang–Mills theory has an associated
BV�-algebra,8 together with an appropriate Ward-identity-like argument for
the twistorial gauge symmetries [49]. Evidently, a prerequisite for this to work
is the generalisation of the semi-classical equivalence to the loop level and this,
in turn, would most certainly rely on the vanishing of certain twistor anom-
alies [69]. This approach to colour–kinematics duality has successfully been
applied to self-dual supersymmetric Yang–Mills theory [49,55,66], where the
use of holomorphic Chern–Simons theory and Penrose’s twistor space obvi-
ates the need to apply a supplementary Ward identity argument. Hence, the
generalisation of this approach to full maximally supersymmetric Yang–Mills
theory would first require a complete, rigorous, and explicit formulation of a
Chern–Simons-type action, which we provide here.

5See [39–43] for analysing classical integrability of maximally supersymmetric Yang–Mills
theory using twistor methods.
6whilst also avoiding the potential need for non-local field redefinitions that require coun-
terterms breaking colour–kinematics duality, as discussed in detail in [52]
7A conceptually similar approach employing, instead, pure spinor space has been used to
show that ten-dimensional supersymmetric Yang–Mills theory and its dimensional reductions
have tree-level colour–kinematics duality [53,54] and, similarly, that the low energy effective
world-volume theories of M2-branes have tree-level colour–kinematics duality [54,55], as pre-
viously conjectured in [56,57]. The restriction to the tree-level in both cases is a consequence
of the need to regularise the integrals over pure spinor space, i.e. there is no known scheme
that is guaranteed to preserve colour–kinematics duality at the loop-level. In this regard the
use of twistor spaces has a clear advantage.
8See [58] for the original definition of BV�-algebras, where they were used to prove colour–
kinematics duality for the tree-level Yang–Mills S-matrix. See [52,53,55,59–68] for related

work on BV�-algebras, colour–kinematics duality, and the double copy at the level of actions.
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2. CR Ambitwistor Space and Supersymmetric Yang–Mills
Equations

We shall use the conventions of the review [35] in the following. See also [34,36–
38] for other reviews on twistor theory and applications to gauge theory.

2.1. Bosonic CR Ambitwistor Space

CR Ambitwistor Space. Given the factorisation TCR
4 ∼= S⊗ S̃ of the complex-

ified tangent bundle of R4 into S, the chiral spin bundle, and S̃, the anti-chiral
spin bundle, we consider the projectivisation P(S∗)×P(S̃∗) → R4. Evidently,
this space is

L := R4 × CP 1 × CP 1. (2.1)

We may choose (xαα̇, λα̇, μα) as coordinates on L for α, β, . . . , α̇, β̇, . . . = 1, 2
with xαα̇ coordinates9 on Euclidean R4 and (λα̇, μα) complex homogeneous
coordinates on CP 1 ×CP 1. The coordinates manifest the action of Spin(4) ∼=
SU(2) × SU(2) on L.

On the fibres of L → R4 there is a natural quaternionic structure10

τ : (λα̇, μα) =
((

λ1̇

λ2̇

)
,

(
μ1

μ2

))
�→ (λ̂α̇, μ̂α) :=

((−λ2̇

λ1̇

)
,

(−μ2

μ1

))
,

(2.2)
where the bar denotes complex conjugation. This induces the spinor norms

|λ|2 := λα̇λ̂α̇ with λ̂α̇ = εα̇β̇λ̂β̇ and |μ|2 := μαμ̂α with μ̂α = εαβμ̂β .

(2.3)
Here, εαβ = −εβα and εα̇β̇ = −εβ̇α̇ are the standard symplectic structures on

S and S̃ with ε12 = 1 = ε1̇2̇. We also define εαβ and εα̇β̇ by εαγεγβ = δα
β and

εα̇γ̇εγ̇β̇ = δα̇
β̇ , respectively, and raise and lower spinorial indices using these

symplectic forms. Note that τ(|λ|2) = |λ|2 and τ(|μ|2) = |μ|2. Furthermore, τ
also induces the reality conditions

x11̇ = x22̇ and x12̇ = −x21̇ , (2.4)

so that the Euclidean line element is simply

(dsR4)2 = 1
2εαβεα̇β̇dxαα̇dxββ̇ = |dx11̇|2 + |dx12̇|2. (2.5)

We note that L can be shown to be diffeomorphic to a real quadric of co-
dimension two inside the complex ambitwistor space (which, in turn, is a com-
plex quadric hypersurface in the product of the Penrose twistor space with its
dual) [14,15]. Following these papers, we call (2.1) the CR ambitwistor space.

9We have xαα̇ = σαα̇
μ xμ with σαα̇

μ the standard sigma matrices.
10Recall that a quaternionic structure is an anti-linear endomorphism τ with τ2 = − id.
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CR Structure. The reason for this name stems from the fact that L comes
with a natural almost CR structure11

T 0,1
CRL := span{ÊF, ÊL, ÊR} ,

ÊF := μαλα̇ ∂

∂xαα̇
, ÊL := |λ|2λα̇

∂

∂λ̂α̇

, ÊR := |μ|2μα
∂

∂μ̂α
,

(2.6a)

where |λ|2 and |μ|2 were defined in (2.3). The use of ‘F’, ‘L’, and ‘R’ is to remind
the reader that the corresponding vector fields are along the flat Euclidean,
left CP 1, and right CP 1 directions, respectively. We also set

T 0,1
CRL := span{EF, EL, ER} ,

EF :=
μ̂αλ̂α̇

|μ|2|λ|2
∂

∂xαα̇
, EL := − λ̂α̇

|λ|2
∂

∂λα̇
, ER := − μ̂α

|μ|2
∂

∂μα
,

(2.6b)

and

W := span{EW, EŴ} with EW := μαλ̂α̇

|λ|2
∂

∂xαα̇ and EŴ := − μ̂αλα̇

|μ|2
∂

∂xαα̇ .

(2.6c)

Evidently, each of these distributions is integrable. We also have the decom-
position

TCL ∼= T 0,1
CRL ⊕ T 0,1

CRL ⊕ W︸ ︷︷ ︸
=: T 1,0

CRL

. (2.7)

Moreover, we have τ(T 0,1
CRL) = T 0,1

CRL and τ(W ) = W under the quaternionic

structure defined in (2.2), that is, the distributions T 0,1
CRL and T 0,1

CRL are com-

plex conjugates of each other and W is real. Note also that T 0,1
CRL∩T 0,1

CRL = {0}
as is required for an (almost) CR structure.

Dually, we have

Ω0,1
CR(L) := span{êF, êL, êR} ,

êF :=
dxαα̇μ̂αλ̂α̇

|μ|2|λ|2 , êL :=
dλ̂α̇λ̂α̇

|λ|4 , êR :=
dμ̂αμ̂α

|μ|4 ,
(2.8a)

as well as

Ω0,1
CR(L) := span{eF, eL, eR} ,

eF := dxαα̇μαλα̇ , eL := dλα̇λα̇ , eR := dμαμα ,
(2.8b)

and

Ω1
W (L) := span{eW, eŴ} with eW := −dxαα̇μ̂αλα̇

|μ|2 and eŴ :=
dxαα̇μαλ̂α̇

|λ|2 .

(2.8c)

11See e.g. the text book [70] for a general account on CR manifolds.
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Furthermore, because of (2.7), the exterior derivative on L decomposes as
d = ∂̄CR + ∂CR with

∂̄CR := êFÊF + êLÊL + êRÊR ,

∂CR := eFEF + eLEL + eRER + eWEW + eŴEŴ.
(2.9)

The commutation relations amongst the vector fields (2.6) then yield

∂̄CReW = eL ∧ êF − êR ∧ eF , ∂̄CReŴ = êL ∧ eF − eR ∧ êF ,

∂CReF = −eL ∧ eŴ + eR ∧ eW , ∂CRêF = −êL ∧ eW + êR ∧ eŴ
(2.10)

as the only non-vanishing actions of ∂̄CR and ∂CR, respectively.

2.2. Supersymmetric Extension and Constraint System

Euclidean N = 3 Supersymmetry. To incorporate Euclidean N = 3 supersym-
metry, we enlarge (2.1) and consider

F := R
4|12
cpl × CP 1 × CP 1 with R

4|12
cpl := R4|0 × C0|12. (2.11)

We coordinatise R
4|12
cpl by (xαα̇, ηα̇

i , θiα) with i, j, . . . = 1, 2, 3 and CP 1 × CP 1

by (λα̇, μα), respectively. In this Euclidean setting, the fermionic coordinates
remain complex,12 and we restrict to functions and differential forms on F that
depend on the fermionic coordinates only via ηα̇

i and θiα and not their complex
conjugates. We shall refer to F as the augmented CR ambitwistor space. The
(integrable) CR structure (2.6) extends as

T 0,1
CRF := span{ÊF, ÊL, ÊR, Êi, Êi} ,

ÊF := μαλα̇ ∂

∂xαα̇
, ÊL := |λ|2λα̇

∂

∂λ̂α̇

, ÊR := |μ|2μα
∂

∂μ̂α
,

Êi := λα̇

(
∂

∂ηα̇
i

+ θiα ∂

∂xαα̇

)
︸ ︷︷ ︸

=: Di
α̇

, Êi := μα

(
∂

∂θiα
+ ηα̇

i

∂

∂xαα̇

)
︸ ︷︷ ︸

=: Diα

,

(2.12a)

and, dually,

Ω0,1
CR(F ) := span{êF, êL, êR, êi, ê

i} ,

êF :=
(dxαα̇ + θiαdηα̇

i − dθiαηα̇
i )μ̂αλ̂α̇

|μ|2|λ|2 , êL :=
dλ̂α̇λ̂α̇

|λ|4 , êR :=
dμ̂αμ̂α

|μ|4 ,

êi := −dηα̇
i λ̂α̇

|λ|2 , êi := −dθiαμ̂α

|μ|2 ,

(2.12b)
where we have slightly abused notation and again denoted the dual of ÊF by êF.
Note that the only non-vanishing commutator amongst the vector fields (2.12a)
is

[Êi, Ê
j ] = 2δi

jÊF , (2.13)

12This is a necessity, as the only reality condition for Euclidean spinors is a symplectic
Majorana condition, requiring an even amount of supersymmetry.
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where δi
j is the Kronecker symbol. Next, set Ω0,•

CR(F ) :=
∧•

T 0,1 ∗
CR F for the

distribution T 0,1
CRF defined in (2.12a).13 This is augmented to a differential

graded algebra via the differential

∂̄CR := êFÊF + êLÊL + êRÊR + êiÊ
i + êiÊi. (2.14)

We also have

T 1,0
CRF := span{EF, EL, ER, EW, EŴ, Ei, Ei} ,

EF :=
μ̂αλ̂α̇

|μ|2|λ|2
∂

∂xαα̇
, EL := − λ̂α̇

|λ|2
∂

∂λα̇
, ER := − μ̂α

|μ|2
∂

∂μα
,

EW :=
μαλ̂α̇

|λ|2
∂

∂xαα̇
, EŴ := − μ̂αλα̇

|μ|2
∂

∂xαα̇
,

Ei :=
λ̂α̇

|λ|2 Di
α̇, Ei :=

μ̂α

|μ|2 Diα

(2.15a)

with Di
α̇ and Diα as given in (2.12a). Dually,

Ω1,0
CR(F ) := span{eF, eL, eR, eW, eŴ, ei, e

i} ,

eF := (dxαα̇ + θiαdηα̇
i − dθiαηα̇

i )μαλα̇ , eL := dλα̇λα̇ , eR := dμαμα ,

eW := − (dxαα̇ + θiαdηα̇
i − dθiαηα̇

i )μ̂αλα̇

|μ|2 ,

eŴ :=
(dxαα̇ + θiαdηα̇

i − dθiαηα̇
i )μαλ̂α̇

|λ|2 ,

ei := dηα̇
i λα̇ , ei := dθiαμα ,

(2.15b)
where, as before, we have slightly abused notation in labelling our one-forms.
Hence,

∂CR := eFEF + eLEL + eRER + eWEW + eŴEŴ + eiE
i + eiEi (2.15c)

with ∂2
CR = 0, which implies that the distribution T 1,0

CRF is integrable as well.
Furthermore,

d = ∂̄CR + ∂CR

= dxαα̇ ∂

∂xαα̇
+ dηα̇

i

∂

∂ηα̇
i

+ dθiα ∂

∂θiα︸ ︷︷ ︸
= d

R
4|12
cpl

+ êLÊL + eLEL + êRÊR + eRER︸ ︷︷ ︸
= dCP1×CP1

(2.16)
for the exterior derivative on F .14

13With independence on the coordinates η̄α̇
i and θ̄iα implied, as stated above.

14As mentioned before, we restrict to functions and differential forms on F that depend on
the fermionic coordinates only via ηα̇

i and θiα and not their complex conjugates. Hence, the

fermionic part of d only contains dηα̇
i

∂
∂ηα̇

i
+ dθiα ∂

∂θiα and not its complex conjugate.
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Constraint System of N = 3 Supersymmetric Yang–Mills Theory. Let now g

be a Lie algebra with Lie bracket [−,−] and consider A ∈ Ω0,1
CR(F ) ⊗ g for a

topologically trivial complex vector bundle over F . The equation of motion for
CR holomorphic Chern–Simons theory15 reads

∂̄CRA + 1
2 [A,A] = 0 (2.17)

with the wedge product in the bracket [−,−] understood. Under the standard
(twistor) assumption that there is a gauge of A in which16

ÊL
¬A = 0 = ÊR

¬A , (2.18)

we deduce from (2.17) that the remaining components of A are holomorphic in
λα̇ and μα. Following [8], we call topologically trivial complex vector bundles
over F with a connection that allows for such a gauge R4-trivial.17 Conse-
quently, (2.17) is equivalent to the equations18[∇i

(α̇,∇j

β̇)

]
= 0 ,

[∇i(α,∇jβ)

]
= 0 ,

[∇iα,∇j
α̇

]
= 2δi

j∇αα̇ (2.19a)

with19

∇i
α̇ := Di

α̇ + [Ai
α̇,−] , ∇iα := Diα + [Aiα,−] , ∇αα̇ := ∂αα̇ + [Aαα̇,−]

(2.19b)
which, in turn, constitute the superspace constraint system of the equations
of motion of N = 3 supersymmetric Yang–Mills theory on R4 and with gauge
algebra g. See [1–8] (and also [10] for a review) for full details on this construc-
tion.

It is also straightforward to check that infinitesimal gauge transforma-
tions of N = 3 supersymmetric Yang–Mills theory are captured by c ∈ Ω0,0

CR

(F ) ⊗ g and act according to

A �→ A + δA with δA := ∂̄CRc + [A, c]. (2.20)

We thus see that the at the level of equations of motion, N = 3 super-
symmetric Yang–Mills theory can be identified with the differential graded Lie
algebra20

LCR :=
(
Ω0,•

CR(F ) ⊗ g, ∂̄CR, [−,−]
)
, (2.21)

where elements of degrees 0 and 1 correspond to the gauge parameters and
gauge potentials. Elements of degree 2 and 3 correspond to the anti-fields of the
gauge potentials and the anti-fields of the ghosts. We have thus obtained the
Batalin–Vilkovisky formulation of the CR holomorphic Chern–Simons theory,
following the familiar construction for ordinary Chern–Simons theory, at the
level of equations of motion.

Recall that any equation of motion can be brought into the form of a ho-
motopy Maurer–Cartan equation associated with an L∞-algebra, the natural

15In [17], such a theory is referred to as partially holomorphic Chern–Simons theory.
16The symbol ‘¬’ denotes the interior product.
17Put differently, all such bundles are given by pull-backs along F → R4.
18Parentheses denote normalised total symmetrisation of the enclosed indices.
19∂αα̇ := ∂

∂xαα̇ .
20As before, the wedge product in the bracket [−, −] is understood.
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generalisation of differential graded Lie algebras with products of higher arities.
Moreover, semi-classical equivalence21 corresponds to a quasi-isomorphism be-
tween L∞-algebras. This perspective will prove to be very useful to our dis-
cussion; a detailed review can be found e.g. in [26], and a discussion of field
theory equivalences is found in [52, Section 3.4].

By construction, any L∞-algebra comes with an underlying cochain com-
plex, and any quasi-isomorphism of L∞-algebras descends to a quasi-
isomorphism of the underlying cochain complexes, that is, a cochain map that
descend to an isomorphism on the cohomologies. Therefore, we are interested
in the following proposition, which follows from our above considerations.

Proposition 2.1. Under the assumption of R4-triviality, the cohomology groups
H0(LCR) and H1(LCR) are isomorphic to the trivial (i.e. constant) linearised
gauge transformations and the quotient space of solutions to the linearised
N = 3 supersymmetric Yang–Mills equations modulo linearised gauge trans-
formations, respectively.

We will discuss the remaining cohomology groups in Sect. 3.2.

2.3. Quasi-isomorphic Differential Graded Lie Algebras

The form of the CR structure (2.12a) is not quite suitable for writing down
an action. The main problem is as follows. The gauge potential A includes
the fermionic differential form components Êi ¬A and Êi

¬ A. However, the
Berezin integration over fermionic coordinates requires integral forms, rather
than differential forms. Therefore, to make sense of the Berezin integration,
one might be tempted to work in a gauge in which the fermionic directions
Êi ¬A and Êi

¬A vanish; see [11] for the chiral setting. However, because of
the superspace torsion that is encoded in the non-trivial commutator (2.13),
this would imply the vanishing of the bosonic component ÊF

¬ A. In turn, we
would be left with too few bosonic directions (in fact, only two) to formulate a
Chern–Simons-type action. This is in contradistinction with supersymmetric
self-dual Yang–Mills theory where one can avoid this issue by working in chiral
superspace. To resolve this problem, we shall replace the differential graded
Lie algebra (2.21) with a quasi-isomorphic one,

LCR, tw :=
(
Ω0,•

CR, tw(F ) ⊗ g, ∂̄CR, tw, [−,−]
)
, (2.22)

which we develop in the following.

Twisted CR Structure. For brevity, we use the CR holomorphic and
CR anti-holomorphic fermionic coordinates22

ηi := ηα̇
i λα̇ , θi := θiαμα , η̃i := −ηα̇

i λ̂α̇

|λ|2 , and θ̃i := −θiαμ̂α

|μ|2 (2.23a)

21i.e. the theories have isomorphic tree-level S-matrices.
22Whilst ηi and η̃i and likewise θi and θ̃i are not complex conjugates of each other and are
not related by the quaternionic structure (2.2), we have ∂̄CRηi = ∂̄CRθi = 0 and ∂CRη̃i =

∂CRθ̃i = 0.
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with the inverse relations

ηα̇
i = η̃iλ

α̇ +
ηiλ̂α̇

|λ|2 and θiα = θ̃iμα +
θiμ̂α

|μ|2 (2.23b)

and consider the change of basis

T 0,1
CRF = span{Ê′

F, Ê′
L, Ê′

R, Ê′i, Ê′
i} ,

Ê′
F := ÊF , Ê′

L := ÊL + θ̃iηiÊF , Ê′
R := ÊR − θiη̃iÊF ,

Ê′i := Êi − θ̃iÊF , Ê′
i := Êi − η̃iÊF

(2.24a)

of the CR structure. We stress that these vector fields respect the holomorphic
dependence of Ω0,•

CR(F ) on ηα̇
i and θiα. Dually, we have

Ω0,1
CR(F ) := span{ê′F, ê′L, ê′R, ê′

i, ê
′i} ,

ê′F := êF − θ̃iηiê
L + θiη̃iê

R − θ̃iêi − η̃iê
i ,

ê′L := êL , ê′R := êR , ê′
i := êi , ê′i := êi.

(2.24b)

It is then not difficult to see that the only non-vanishing commutator amongst
the vector fields (2.24a) is

[Ê′
L, Ê′

R] = 2θiηiÊ
′
F. (2.25)

Hence, the superspace torsion initially encoded in the fermionic commuta-
tor (2.13) has been shifted to a bosonic commutator for the auxiliary spinorial
coordinates.

Next, to remove the dependence on the CR anti-holomorphic fermionic
coordinates η̃i and θ̃i, let

g := eθ̃iηiEW+θiη̃iEŴ (2.26a)

with EW and EŴ as given in (2.6), and consider the twisted almost CR struc-
ture

T 0,1
CR, twF := span{V̂F, V̂L, V̂R, V̂ i, V̂i} ,

V̂F := gÊ′
Fg−1 = ÊF ,

V̂L := gÊ′
Lg−1 = ÊL + θiηiEŴ , V̂R := gÊ′

Rg−1 = ÊR + θiηiEW ,

V̂ i := gÊ′ig−1 = Êi − θ̃iÊF + θiEŴ = λα̇ ∂

∂ηα̇
i

,

V̂i := gÊ′
ig

−1 = Êi − η̃iÊF − ηiEW = μα ∂

∂θiα
.

(2.26b)
One may quickly check that this almost CR structure is again integrable. It is
important to stress that after the twisting, the fermionic vector fields V̂ i and
V̂i have become fermionic derivatives with respect to the CR anti-holomorphic
coordinates η̃i and θ̃i, and, in addition, the bosonic vector fields depend only
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on the CR holomorphic coordinates ηi and θi.23 Dually, we have

Ω0,1
CR, tw(F ) := span{v̂F, v̂L, v̂R, v̂i, v̂

i} ,

v̂F := êF − θ̃iêi − η̃iê
i =

dxαα̇μ̂αλ̂α̇

|μ|2|λ|2 ,

v̂L := êL =
dλ̂α̇λ̂α̇

|λ|4 , v̂R := êR =
dμ̂αμ̂α

|μ|4 ,

v̂i := êi = −dηα̇
i λ̂α̇

|λ|2 , v̂i := êi = −dθiαμ̂α

|μ|2 .

(2.26c)

Upon setting Ω0,•
CR, tw(F ) :=

∧•
T 0,1 ∗

CR, twF , we obtain the differential graded
algebra (Ω0,•

CR, tw(F ), ∂̄CR, tw) with

∂̄CR, tw := v̂FV̂F + v̂LV̂L + v̂RV̂R + v̂iV̂
i + v̂iV̂i. (2.27)

We also have

T 1,0
CR, twF := span{VF, VL, VR, VW, VŴ, V i, Vi} ,

VF := EF , VL := EL − θ̃iη̃iEW , VR := ER − θ̃iη̃iEŴ ,

VW := EW , VŴ := EŴ ,

V i := Ei − θiEF − θ̃iEW = λ̂α̇ ∂

∂ηα̇
i

,

Vi := Ei − ηiEF + η̃iEŴ = μ̂α ∂

∂θiα
,

(2.28a)

and, dually,

Ω1,0
CR, tw(F ) := span{vF, vL, vR, vW, vŴ, vi, v

i} ,

vF := eF − θiei − ηie
i = dxαα̇μαλα̇ ,

vL := eL = dλα̇λα̇ , vR := eR = dμαμα ,

vW := eW − ηiê
i − θ̃iei − θiηiê

R + θ̃iη̃ie
L

= −dxαα̇μ̂αλα̇

|μ|2 − θiηi
dμ̂αμ̂α

|μ|4 + θ̃iη̃idλα̇λα̇ ,

vŴ := eŴ + θiêi + η̃ie
i − θiηiê

L + θ̃iη̃ie
R

=
dxαα̇μαλ̂α̇

|λ|2 − θiηi
dλ̂α̇λ̂α̇

|λ|4 + θ̃iη̃idμαμα ,

vi := ei = dηα̇
i λα̇ , vi := ei = dθiαμα

(2.28b)

so that

∂CR, tw := vFVF + vLVL + vRVR + vWVW + vŴVŴ + viV
i + viVi , (2.28c)

23Under the change of coordinates (λα̇, ηα̇
i ) �→ (πα̇, ηi, η̃i) and (μα, θiα) �→ (ρα, θi, θ̃i) with

πα̇ := λα̇, ρα := μα, and (2.23a), it is not difficult to see that V̂ i = ∂
∂η̃i

and V̂L =

|π|2πα̇
∂

∂π̂α̇
− ηi

∂
∂η̃i

+ θiηiEŴ as well as V̂i = ∂
∂θ̃i and V̂R = |ρ|2ρα

∂
∂ρ̂α

− θi ∂
∂θ̃i + θiηiEW.
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as well as d = ∂̄CR, tw + ∂CR, tw for the exterior derivative on F ; note that also
∂2
CR, tw = 0, which tells us that the distribution T 1,0

CR, twF is integrable as well.

Quasi-isomorphic CR Complex. Importantly, the only non-vanishing commu-
tator amongst the vector fields (2.26b) is

[V̂L, V̂R] = 2θiηiV̂F (2.29)

which is the same as (2.25) and so, the twist in (2.26b) mediated by g is a twist
by an (outer) automorphism of the CR structure. This implies the following
result.

Proposition 2.2. The cochain complexes (Ω0,•
CR, tw(F ), ∂̄CR, tw) and (Ω0,•

CR(F ),
∂̄CR) are (quasi-)isomorphic.

Proof. To describe (Ω0,•
CR(F ), ∂̄CR), we work in the basis (2.24). In particular,

let us denote the basis (2.24a) collectively as Ê′
A with A,B, . . . multi-indices.

The relation between this basis and the basis (2.26b) is then V̂A = gÊ′
Ag−1,

and by virtue of (2.25) and (2.29), we also obtain

[V̂A, V̂B ] = CAB
C V̂C and [Ê′

A, Ê′
B ] = CAB

CÊ′
C (2.30)

with gCAB
C = CAB

Cg ⇔ g−1CAB
C = CAB

Cg−1. For f a function, this
implies

V̂Af = 0 ⇔ Ê′
A(g−1f) = 0 (2.31)

and so, the zeroth cohomology groups of (Ω0,•
CR, tw(F ), ∂̄CR, tw) and

(Ω0,•
CR(F ), ∂̄CR) are isomorphic by means of f �→ g−1f . Likewise, for α ∈

Ω0,1
CR, tw(F ), we obtain

V̂AαB − (−1)|A||B|V̂BαA − CAB
CαC = 0 (2.32a)

for the ∂̄CR, tw-closure condition and since g−1CAB
C = CAB

Cg−1, this is equiv-
alent to

Ê′
A(g−1αB) − (−1)|A||B|Ê′

B(g−1αA) − CAB
C(g−1αC) = 0. (2.32b)

Since also

αA �→ αA + V̂Af ⇔ g−1αA �→ g−1αA + Ê′
A(g−1f) , (2.32c)

we thus conclude that the first cohomology groups of (Ω0,•
CR, tw(F ), ∂̄CR, tw)

and (Ω0,•
CR(F ), ∂̄CR) are isomorphic by means of (αA, f) �→ (g−1αA, g−1f).

The general case now follows straightforwardly. �

Quasi-isomorphic Differential Graded Lie Algebras. Proposition 2.2 shows that
the asymptotically free fields24 of the CR holomorphic Chern–Simons equa-
tions for the differential graded Lie algebras LCR and LCR, tw defined in (2.21)
and (2.22) are isomorphic. For a full equivalence, it remains to show the fol-
lowing.

24i.e. physically, the labels in would-be scattering amplitudes and mathematically, the co-
homologies of the CR complexes.
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Proposition 2.3. The CR holomorphic Chern–Simons equations of motion25

defined by the differential graded Lie algebras LCR and LCR, tw from (2.21)
and (2.22) are equivalent, that is, LCR and LCR, tw are (quasi-)isomorphic as
differential graded Lie algebras.
Proof. The quasi-isomorphism in Proposition 2.2 is mediated by g as defined
in (2.26a), and we now need to show that the wedge products are mapped
consistently into each other under this quasi-isomorphism. This, however, is a
direct consequence of the identity

g[g−1αA1A2···, g−1βB1B2···] = [αA1A2···, βB1B2···] (2.33)

for any α, β ∈ Ω0,•
CR, tw(F ) ⊗ g where we have used the notation of the proof of

Proposition 2.2. Note that this identity follows straightforwardly upon setting
c(t) := [e−tXαA1A2···, e−tXβB1B2···] for all t ∈ R and with X := θ̃iηiEW +
θiη̃iEŴ the vector field in the definition (2.26a) of g. Then, we obtain the
differential equation ċ(t) = −Xc(t) which has the general solution c(t) =
e−tXc(0). The identity now follows for t = 1. �
Recall the notion of R4-triviality from around (2.18).
Corollary 2.4. For an R4-trivial complex vector bundle over the augmented
CR ambitwistor space F , the twisted CR holomorphic Chern–Simons equation

∂̄CR, twA + 1
2 [A,A] = 0 (2.34)

for A ∈ Ω0,1
CR, tw(F ) ⊗ g is equivalent to the equations of motion of N = 3

supersymmetric Yang–Mills theory on Euclidean space R4.
Proof. This is a direct consequence of Proposition 2.3 and our discussion
around (2.17). �
Witten Gauge. The graded algebra Ω0,•

CR, tw(F ) is generated by the differen-
tial forms (2.26c), and the coefficient functions generically depend on all the
fermionic coordinates ηα̇

i and θiα or, equivalently, on (ηi, η̃i) and (θi, θ̃i) via
(2.23a). We now let Ω0,•

CR, tw, red(F ) ⊆ Ω0,•
CR, tw(F ) be the graded subalgebra of

Ω0,•
CR, tw(F ) that is generated by only the bosonic differential forms from (2.26c)

and with coefficient functions which have a dependence on the fermionic coor-
dinates only through the CR holomorphic combinations ηi and θi. This graded
algebra is augmented to a differential graded algebra via the differential

∂̄CR, tw, red := v̂FV̂F + v̂LV̂L + v̂RV̂R , (2.35)

and we arrive at a third differential graded Lie algebra

LCR, tw, red :=
(
Ω0,•

CR, tw, red(F ) ⊗ g, ∂̄CR, tw, red, [−,−]
)
. (2.36)

Proposition 2.5. The CR holomorphic Chern–Simons equations of motion de-
fined by the differential graded Lie algebras LCR, tw and LCR, tw, red from (2.22)
and (2.36) (in their Batalin–Vilkovisky formulation including ghosts and anti-
fields)26 are equivalent, that is, LCR, tw and LCR, tw, red are quasi-isomorphic.

25physically: in their Batalin–Vilkovisky formulation including ghosts and anti-fields; see

the discussion following (2.21).
26See discussion following (2.21).
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Proof. The proof requires some preliminary considerations and is postponed
to Appendix A.2. �

From a physical perspective, and for physical on-shell fields, the result is
not surprising: it merely means that we can impose the Witten gauge

V̂ i ¬A = 0 = V̂i
¬A (2.37)

with V̂ i and V̂i the (commuting) fermionic vector fields. In this gauge, the
remaining components of A will depend on the fermionic coordinates only CR
holomorphically via ηi and θi. This gauge is very familiar from holomorphic
Chern–Simons theory on Penrose’s twistor space [11].

As we shall see next, the Witten gauge makes the twisted CR holomorphic
equation of motion (2.34) variational provided, of course, the Lie algebra g is
a metric Lie algebra.

3. CR Ambitwistor Action and Its Space-Time Interpretation

In the following, we shall assume that the Lie algebra g also comes with an
(invariant) metric 〈−,−〉.
3.1. CR Ambitwistor Action

CR Holomorphic Volume Form. To write down a Chern–Simons-type action,
we need to construct an appropriate volume form. To this end, we consider
the twisted CR holomorphic differential form

ωCR, tw := vF ∧ vW ∧ vŴ ∧ vL ∧ vR ∧ dη1 ∧ dη2 ∧ dη3 ∧ dθ1 ∧ dθ2 ∧ dθ3. (3.1)

Note that we may replace dηi by vi and dθi by vi because of the appearance
of vL and vR and as follows from (2.23).27 For the same reason, the terms
proportional to θ̃iη̃i in vW and vŴ drop out. Hence, ωCR, tw depends on the
fermionic coordinates only via the CR holomorphic combinations ηi and θi.
This allows use now to transition to integral forms by requiring the Berezin
integrations28 ∫

dηiηj := δij and
∫

dθiθj := δij (3.2)

for the CR holomorphic coordinates. Consequently, we arrive at the integral
form

ωCR, tw �→ ΩCR, tw := vF ∧ vW ∧ vŴ ∧ vL ∧ vR ⊗dη1dη2dη3︸ ︷︷ ︸
=: d3η

dθ1dθ2dθ3︸ ︷︷ ︸
=: d3θ

(3.3)

which we call the twisted CR holomorphic volume form. It is now not too dif-
ficult to see that because of (3.2), ΩCR, tw is of homogeneity zero and thus,
globally well defined on F . It is also ∂̄CR, tw-closed which is a direct consequence
of the commutation relations amongst the vector fields (2.26b) and (2.28a).

27See also Footnote 1 on page Page 10.
28By a slight abuse of notation, we shall use the same symbol to denote the integral form
corresponding to a differential form.
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CR Holomorphic Chern–Simons Form and Action. Furthermore, the terms
proportional to θiηi in vW and vŴ in (3.3) also drop out in the wedge product
of (3.3) with the twisted CR holomorphic Chern–Simons form

CSCR, tw := 1
2 〈A, ∂̄CR, twA〉 + 1

3! 〈A, [A,A]〉 , (3.4a)

where now A ∈ Ω0,1
CR, tw, red(F )⊗g is taken to be in the Witten gauge (2.37) the

latter of which we can always assume by virtue of Proposition 2.5. Therefore, in
the Witten gauge, the twisted CR holomorphic Chern–Simons equation (2.34)
follows upon varying the twisted CR holomorphic Chern–Simons action29

S :=
∫

ΩCR, tw ∧ CSCR, tw. (3.4b)

Remark 3.1. Note that the action (3.4b) can be understood to live on the real
8|12-dimensional submanifold L → R4×CP 1×CP 1 inside the augmented CR
ambitwistor space F with L the pull-back of the fermionic holomorphic vector
bundle [O(1, 0)⊕O(0, 1)]⊗C0|3 → CP 1×CP 1 to the body R4×CP 1×CP 1 →
CP 1 × CP 1 of F . We shall call L the CR ambitwistor space.

We have the commutative triangle of fibrations

F

L R4

π2 π1

π3

(3.5)

where π1 is the trivial projection R4 × CP 1 × CP 1 → R4, π2 : (xαα̇, ηα̇
i , θiα,

λα̇, μα) �→ (xαα̇, ηi, θ
i, λα̇, μα) with the tangent spaces of the fibres of π2

spanned by the (commuting) fermionic vector fields V̂ i and V̂i, and π3 is the
concatenation of the bundle projection L → R4 ×CP 1 ×CP 1 and the trivial
projection R4 × CP 1 × CP 1 → R4.

Consequently, the twisted CR holomorphic volume form in (3.4b) can be
taken to be

ΩCR, tw → ΩCR, tw, red := eF ∧ eW ∧ eŴ ∧ eL ∧ eR ⊗ dη1dη2dη3︸ ︷︷ ︸
=: d3η

dθ1dθ2dθ3︸ ︷︷ ︸
=: d3θ

,

(3.6a)
where now eF, eW, eŴ, eL, and eR are as in (2.8). Likewise, the differential
∂̄CR, tw in (3.4a) can be taken to be the reduced differential given in (2.35),
that is,

∂̄CR, tw → ∂̄CR, tw, red = êFÊF+êL(ÊL+θiηiEŴ)+êR(ÊR+θiηiEW) , (3.6b)

where now êF, êL, and êR are as in (2.8. By construction, ΩCR, tw, red is
∂̄CR, tw, red-closed.

29We note that this action is similar in spirit of the Chern–Simons actions discussed e.g. in
[17,71–73].
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Batalin–Vilkovisky Action. We may also consider the Batalin–Vilkovisky ex-
tension of the CR ambitwistor action (3.4b). This action is obtained by re-
placing the Lie-algebra valued (0, 1)-form A in the twisted CR holomorphic
Chern–Simons form with a general element A ∈ Ω0,•

CR, tw, red(F ) ⊗ g. Such an
element is of the form

A = C + A + A+ + C+ (3.7a)

with C ∈ Ω0,0
CR, tw, red(F ) ⊗ g the ghost, A+ ∈ Ω0,2

CR, tw, red(F ) ⊗ g the anti-field
of the gauge potential A, and C+ ∈ Ω0,3

CR, tw, red(F ) ⊗ g the anti-field of C. In
terms of these component fields, the corresponding Batalin–Vilkovisky action
reads as

SBV :=
∫

ΩCR, tw ∧
{

1
2 〈A, ∂̄CR, twA〉 + 1

3! 〈A, [A,A]〉

+ 〈A+, ∂̄CR, twC + [A,C]〉 + 1
2 〈C+, [C,C]〉

}
.

(3.7b)

3.2. Equivalence to N = 3 Supersymmetric Yang–Mills Theory

Proposition 2.1 shows that the twisted CR holomorphic Chern–Simons equa-
tion of motion and the equations of motion of N = 3 supersymmetric Yang–
Mills theory are equivalent. In the remainder of this paper, we shall demon-
strate that this equivalence extends to the level of the ambitwistor action (3.4b)
and its Batalin–Vilkovisky extension (3.7b), culminating in Theorem 3.5.
Equivalence here is again precisely the semi-classical equivalence mentioned
above, i.e. L∞-quasi-isomorphy. Concretely, the differential graded Lie alge-
bra defined by the CR holomorphic Chern–Simons action (3.7b) and the dif-
ferential graded Lie algebra defined by the first-order Batalin–Vilkovisky ac-
tion (3.11) are quasi-isomorphic.

Furthermore, this L∞-quasi-isomorphism can be phrased as a homotopy
transfer and thus, physically, corresponds to integrating out infinitely many
auxiliary fields in the action (3.7b). For the reader’s convenience, we summarise
the key formulas about homotopy transfer in Appendix A.2.

The proof of the corresponding theorems, Theorem 3.5 and Theorem 3.6,
is broken down into several steps. Firstly, we give a brief review of the first-
order formulation of Yang–Mills theory and its Batalin–Vilkovisky extension.
Secondly, we establish that there is a cyclic quasi-isomorphism between the
cochain complexes underlying both theories. Finally, we show that this quasi-
isomorphism extends to an L∞-quasi-isomorphism between the differential
graded Lie algebras governing both theories and that this quasi-isomorphism
is a homotopy transfer. To keep the formulas manageable, we shall restrict the
explicit parts of our calculations to the R-symmetry singlets of the N = 3 mul-
tiplet, that is, to the gluons. The full equivalence follows then from covariance
of all our constructions under supersymmetry.
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First-Order Yang–Mills Action. As before, let g be a Lie algebra with Lie
bracket [−,−] and inner product 〈−,−〉. The standard second-order Yang–
Mills action is

S = 1
2

∫
d4x
{

〈f α̇β̇ , fα̇β̇〉 + 〈fαβ , fαβ〉
}

, (3.8a)

where
fα̇β̇ := 1

2εαβ
{
∂αα̇Aββ̇ − ∂ββ̇Aαα̇ + [Aαα̇, Aββ̇ ]

}
= εαβ∂α(α̇Aββ̇) + 1

2εαβ [Aαα̇, Aββ̇ ] ,

fαβ := 1
2εα̇β̇
{
∂αα̇Aββ̇ − ∂ββ̇Aαα̇ + [Aαα̇, Aββ̇ ]

}
= εα̇β̇∂(αα̇Aβ)β̇ + 1

2εα̇β̇ [Aαα̇, Aββ̇ ]

(3.8b)

are the anti-self-dual and self-dual parts of the curvature of the Lie-algebra-
valued one-form Aαα̇. Introducing the anti-self-dual, Bα̇β̇ = Bβ̇α̇, and self-
dual, Bαβ = Bβα, parts of an auxiliary Lie-algebra valued auxiliary two-form
transforming in the adjoint representation of the gauge group, we can write
the first-order action of Yang–Mills theory as

S =
∫

d4x
{

〈Bα̇β̇ , fα̇β̇ − 1
2Bα̇β̇〉 + 〈Bαβ , fαβ − 1

2Bαβ〉
}

. (3.9)

Evidently, upon integrating out Bα̇β̇ and Bαβ , we recover the second-order
Yang–Mills action (3.8a). The equations of motion following from (3.9) read
as

fα̇β̇ = Bα̇β̇ , fαβ = Bαβ , and εβ̇γ̇∇αβ̇Bγ̇α̇ + εβγ∇βα̇Bγα = 0 ,(3.10a)

where, as before, ∇αα̇ = ∂αα̇ + [Aαα̇,−]. Because of the Bianchi identity,

εβ̇γ̇∇αβ̇fγ̇α̇ − εβγ∇βα̇fγα = 0 , (3.10b)

the equations of motion (3.10a) are equivalent to

fα̇β̇ = Bα̇β̇ , fαβ = Bαβ , εβ̇γ̇∇αβ̇Bγ̇α̇ = 0 , and εβγ∇βα̇Bγα = 0.

(3.10c)
Furthermore, the Batalin–Vilkovisky extension of the first-order Yang–

Mills action (3.9) reads as

SBV =

∫
d4x
{

〈Bα̇β̇ , fα̇β̇ − 1
2
Bα̇β̇〉 + 〈Bαβ , fαβ − 1

2
Bαβ〉

+ 〈A+
αα̇, ∇αα̇c〉 + 〈B+

α̇β̇
, [Bα̇β̇ , c]〉 + 〈B+

αβ , [Bαβ , c]〉 + 1
2
〈c+, [c, c]〉

}
,

(3.11)

where c is the ghost field, and A+
αα̇, B+

α̇β̇
= B+

β̇α̇
, B+

αβ = B+
βα, and c+ are the

evident anti-fields.
As familiar from the example of Chern–Simons theory, also this action

defines a differential graded Lie algebra LYM1 with the underlying cochain
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complex

c

Ω0(R4) ⊗ g
Aαα̇

Ω1(R4) ⊗ g
A+

αα̇

Ω1(R4) ⊗ g
c+

Ω0(R4) ⊗ g

⊕ ⊕

︸ ︷︷ ︸
=:LYM1, 0

Bα̇β̇ , Bαβ

Ω2(R4) ⊗ g

︸ ︷︷ ︸
=:LYM1, 1

B+
α̇β̇

, B+
αβ

Ω2(R4) ⊗ g

︸ ︷︷ ︸
=:LYM1, 2

︸ ︷︷ ︸
=:LYM1, 3

∂αα̇

∂αα̇

∂αα̇

∂αα̇

− id

(3.12a)
and the binary products μ2 defined by

μ2(c1, c2) := [c1, c2] , μ2(c,Aαα̇) := [c,Aαα̇] ,

μ2(c,Bα̇β̇) := [c,Bα̇β̇ ] , μ2(c,Bαβ) := [c,Bαβ ] ,

μ2(c, c+) := [c, c+] , μ2(c,A+
αα̇) := −[c,A+

αα̇] ,

μ2(c,B+

α̇β̇
) := −[c,B+

α̇β̇
] , μ2(c,B+

αβ) := −[c,B+
αβ ] ,

μ2(A1 αα̇, A2 ββ̇) := 1
2

(
εαβ [A1 α(α̇, A2 ββ̇)], ε

α̇β̇ [A1 (αα̇, A2 β)β̇ ]
)
,

μ2(Aαα̇, Bβ̇γ̇) := εβ̇γ̇ [Aαβ̇ , Bγ̇α̇] , μ2(Aαα̇, Bβγ) := εβγ [Aβα̇, Bγα] ,

μ2(Aαα̇, A+

ββ̇
) := −[Aαα̇, A+

αα̇] ,

μ2(Bα̇β̇ , B+

γ̇δ̇
) := −[Bα̇β̇ , B+

α̇β̇
] , μ2(Bαβ , B+

γδ) := −[Bαβ , B+
αβ ].

(3.12b)

One can show that this first-order formulation is semi-classically equiva-
lent to the second-order formulation following the constructions in [26,74,75].
The same applies to the N = 3 supersymmetric extension.
Embedding of Theories. Consider the differential graded Lie algebras LCR, tw, red

and LYM1 defined in (2.36) and (3.12a), respectively, and define a degree-zero
morphism of graded vector spaces

e : LYM1 → LCR, tw, red ,

c �→ C ,

(
Aαα̇

Bα̇β̇ , Bαβ

)
�→ A ,

(
A+

αα̇

B+

α̇β̇
, B+

αβ

)
�→ A+ , c+ �→ C+

(3.13a)

between the field space of first-order Yang–Mills theory and the field space of
CR holomorphic Chern–Simons theory by setting

C := c and C+ := v̂F ∧ v̂L ∧ v̂R (θiηi)3
4
3
c+ , (3.13b)
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A := v̂
F

⎧⎨
⎩Aαα̇μ

α
λ

α̇ − θ
i
ηi

⎛
⎝Bα̇β̇λα̇λ̂β̇

|λ|2 − Bαβμαμ̂β

|μ|2

⎞
⎠

− (θ
i
ηi)

2

⎛
⎝∂α(α̇Bβ̇γ̇)μ̂

αλα̇λ̂β̇ λ̂γ̇

2|μ|2|λ|4 +
∂(αα̇Bβγ)μ

αμ̂β μ̂γ λ̂α̇

2|μ|4|λ|2

⎞
⎠

−(θ
i
ηi)

3

⎛
⎝∂α(α̇∂ββ̇Bγ̇δ̇)μ̂

αμ̂βλα̇λ̂β̇ λ̂γ̇ λ̂δ̇

6|μ|4|λ|6 − ∂(αα̇∂ββ̇Bγδ)μ
αμ̂β μ̂γ μ̂δλ̂α̇λ̂β̇

6|μ|6|λ|4

⎞
⎠
⎫⎬
⎭

+ v̂
L

{
−θ

i
ηi

Aαα̇μ̂αλα̇

|μ|2 − (θ
i
ηi)

2 3Bαβμ̂αμ̂β

2|μ|4 + (θ
i
ηi)

3 5∂(αα̇Bβγ)μ̂
αμ̂β μ̂γ λ̂α̇

6|μ|6|λ|2

}

+ v̂
R

⎧⎨
⎩θ

i
ηi

Aαα̇μαλ̂α̇

|λ|2 − (θ
i
ηi)

2 3Bα̇β̇ λ̂α̇λ̂β̇

2|λ|4 − (θ
i
ηi)

3 5∂α(α̇Bβ̇γ̇)μ̂
αλ̂α̇λ̂β̇ λ̂γ̇

6|μ|2|λ|6

⎫⎬
⎭ ,

(3.13c)

and

A
+

:= v̂
L ∧ v̂

R

⎧⎨
⎩(θ

i
ηi)

2

⎛
⎝B+

α̇β̇
λα̇λ̂β̇

|λ|2 − B+
αβμαμ̂β

|μ|2

⎞
⎠+ (θ

i
ηi)

3 A+
αα̇μ̂αλ̂α̇

|μ|2|λ|2

⎫⎬
⎭

+ v̂
F ∧ v̂

L

{
−θ

i
ηiB

+
α̇β̇

λ
α̇

λ
β̇

+ (θ
i
ηi)

2 μ̂αλα̇

|μ|2
(

−5

6
A

+
αα̇ − 1

2
B

+
αα̇

)

+(θ
i
ηi)

3 μ̂αμ̂βλα̇λ̂β̇

|μ|4|λ|2
(

1

4
εα̇β̇ε

γ̇δ̇
∂(αγ̇

(
A

+
β)δ̇

+ B
+
β)δ̇

)
+

1

6
∂(α(α̇

(
A

+
β)β̇)

+ 2B
+
β)β̇)

))}

+ v̂
F ∧ v̂

R

{
θ

i
ηiB

+
αβμ

α
μ

β
+ (θ

i
ηi)

2 μαλ̂α̇

|λ|2
(

− 5

6
A

+
αα̇ +

1

2
B

+
αα̇

)

−(θ
i
ηi)

3 μαμ̂β λ̂α̇λ̂β̇

|μ|2|λ|4
(

1

4
εαβε

γδ
∂γ(α̇

(
A

+
δβ̇)

− B
+
δβ̇)

)
+

1

6
∂(α(α̇

(
A

+
β)β̇)

− 2B
+
β)β̇)

))}
,

(3.13d)

where we have used the short-hand notation

B+
αα̇ := εβ̇γ̇∂αβ̇B+

γ̇α̇ − εβγ∂βα̇B+
γα. (3.13e)

Proposition 3.2. Restricted to the image of e defined in (3.13), the action
(3.7b) reduces to the action (3.11).

Proof. The proof follows from a straightforward but lengthy computation. We
briefly illustrate the computation using the classical part of the action (3.4b).
Firstly, one can check that the derivative terms appearing in the expression
of A in (3.13) will not contribute as we are only interested in terms of order
(θiηi)3 when computing the action. Next, upon writing

A = v̂FAF + v̂LAL + v̂RAR

= v̂F
∑

n

(θiηi)nA
(n)
F + v̂L

∑
n

(θiηi)nA
(n)
L + v̂R

∑
n

(θiηi)nA
(n)
R ,

(3.14)
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a straightforward calculation shows that30

1
2
〈A, ∂̄CR, twA〉

∣∣∣
(θiηi)3

= êF ∧ êL ∧ êR
{

〈A(1)
F , EŴA

(1)
R − EWA

(1)
L + ÊLA

(2)
R − ÊRA

(2)
L − A

(1)
F 〉

− 〈A(2)
L , ÊFA

(1)
R − EWA

(0)
F 〉 + 〈A(2)

R , ÊFA
(1)
L − EŴA

(0)
F 〉
}

(3.15)

with the differential forms and vector fields as given in (2.6) and (2.8). Because
eF∧ êF∧eW ∧eŴ is the volume form d4x on R4 up to a multiplicative constant
and because of the identities31

− 1

2πi

∫
eL ∧ êL fα̇1···α̇mgβ̇1···β̇m

λβ̇1
· · · λβ̇m

λ̂α̇1 · · · λ̂α̇m

|λ|2m
=

1

m + 1
fα̇1···α̇mgα̇1···α̇m ,

− 1

2πi

∫
eR ∧ êR fα1···αngβ1···βn

μβ1 · · · μβn μ̂α1 · · · μ̂αn

|μ|2n
=

1

n + 1
fα1···αngα1···αn ,

(3.16)
the kinematic term (3.15) becomes∫

ΩCR, tw ∧ 1
2
〈A, ∂̄CR, twA〉

=

∫
d4x
{

〈Bα̇β̇ , εαβ∂α(α̇Aββ̇) − 1
2
Bα̇β̇〉 + 〈Bαβ , εα̇β̇∂(αα̇Aβ)β̇ − 1

2
Bαβ〉

}
(3.17a)

up to an overall multiplicative constant. Likewise, the interaction term becomes∫
ΩCR, tw ∧ 1

3!
〈A, [A, A]〉

=

∫
d4x
{

〈Bα̇β̇ , 1
2
εαβ [Aαα̇, Aββ̇ ]〉 + 〈Bαβ , 1

2
εα̇β̇ [Aαα̇, Aββ̇ ]〉

} (3.17b)

up to the same overall multiplicative constant. Upon combining the two expres-
sions in (3.17), we conclude that to leading order, the ambitwistor action (3.4b)
becomes the first-order Yang–Mills action (3.9), up to an overall multiplicative
constant. �

Physically speaking, we may conclude that the action (3.7b) contains
Yang–Mills theory in its first-order formulation, and because our formalism
is fully covariant under N = 3 supersymmetry, it actually contains N = 3
supersymmetric Yang–Mills theory. It remains to show that the infinite tower
of extra fields not contained in the image of e can be consistently integrated
out.
Quasi-isomorphism of Cochain Complexes. Let us now tighten the relation
between both actions.

Proposition 3.3. The morphism of graded vector spaces defined in (3.13) is
an injective morphism of cochain complexes. This holds also for the N = 3
supersymmetric extension.

30See also (3.6).
31Here, i :=

√−1. For details, see e.g. [35].
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Proof. It is evident that e is injective. To check that it is a cochain map, we
have to verify that ∂̄CR, tw, red ◦ e = e ◦ μ1 where μ1 is the differential of the
cochain complex in (3.12a) and ∂̄CR, tw, red was defined in (2.35). This, however,
follows from a direct, albeit lengthy, calculation. �

Proposition 3.4. The N = 3 supersymmetric extension of the morphism of
cochain complexes defined in (3.13) is a quasi-isomorphism of cochain com-
plexes under the assumption of R4-triviality.32

Proof. We note that H•(LCR, tw, red) ∼= H•(LCR) by Proposition 2.2 and
Proposition 2.5. By Proposition 2.1, we have additionally that Hp(LCR) ∼=
Hp(LYM1) for p = 0, 1. Therefore,

Hp(LCR, tw, red) ∼= Hp(LYM1) (3.18)

for p = 0, 1. It now remains to show that (3.18) also holds for p = 2, 3 and
that the N = 3 supersymmetric extension of e descends to an isomorphism on
cohomology. Both of these statements can be shown by a direct but lengthy
computation.

Alternatively, we can invoke the existence33 of a Hodge–Kodaira decom-
position34 compatible with the natural inner product structure on LYM1 and
LCR, tw, red, the latter of which pairs elements of degree 0 and 3 as well as
elements of degree 1 and 2, respectively. This non-degenerate pairing descends
to a non-degenerate pairing on the cohomologies, and we obtain the isomor-
phisms (3.18) for p = 2, 3 from those for p = 0, 1 in this manner.35

The fact that the N = 3 supersymmetric extension of e descends to an
isomorphism on cohomologies follows similarly. Evidently, it descends to an
injection on the cohomologies but it remains to show that this is a surjec-
tion as well.36 However, a direct computation shows surjectivity Hp(LYM1) →
Hp(LCR, tw, red) for p = 0, 1, and surjectivity for p = 2, 3 can again be gleaned
from the cyclic Hodge–Kodaira decomposition. �

Equivalence Theorems. Let us now promote e to a full quasi-isomorphism of
differential graded Lie algebras, which take the following form.37 Given two
differential graded Lie algebras L(1) and L(2) with differentials μ

(1)
1 and μ

(2)
1

and binary products μ
(1)
2 and μ

(2)
2 , a weak morphism

E : L(1) → L(2) (3.19a)

32See around (2.18) for the notion of R4-triviality.
33See e.g. [29,76].
34See Appendix A.2.
35Strictly speaking, this argument needs to be refined since we are working with infinite-
dimensional vector spaces; see Remark A.5 for further details on this point.
36A priori, this is not clear, as the cohomology groups are infinite-dimensional vector spaces.
37See [26] for our conventions of quasi-isomorphism of L∞-algebras.
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consists of a collection of maps Ei : L(1) × · · · ×L(1) → L(2) of degree 1 − i for
i = 1, 2, 3, . . . which satisfy
∑

j+k=i

∑
σ∈Sh(j;i)

(−1)kχ(σ; �1, . . . , �i)Ek+1

(
μ
(1)
j (�σ(1), . . . , �σ(j)), �σ(j+1), . . . , �σ(i)

)

=
i∑

j=1

1

j!

∑
k1+···+kj=i

∑
σ∈Sh(k1,...,kj−1;i)

χ(σ; �1, . . . , �i)ζ(σ; �1, . . . , �i)

× μ
(2)
j

(
Ek1

(
�σ(1), . . . , �σ(k1)

)
, . . . ,Ekj

(
�σ(k1+···+kj−1+1), . . . , �σ(i)

))
(3.19b)

for all 
1, 
2, 
3, . . . ∈ L(1), where the sum is over unshuffles, χ(σ; 
1, . . . , 
i) is
the Koszul sign, and ζ(σ; 
1, . . . , 
i) for a (k1, . . . , kj−1; i)-unshuffle σ is defined
as

ζ(σ; �1, . . . , �i) := (−1)
∑

1≤m<n≤j kmkn+
∑j−1

m=1 km(j−m)+
∑j

m=2(1−km)
∑k1+···+km−1

k=1 |�σ(k)|.
(3.19c)

A weak morphisms becomes a quasi-isomorphism if and only if E1 descends to
an isomorphism on cohomology. Note that (3.19) are the defining relations for
a morphism of L∞-algebras if we allow for higher products μ

(1)
i and μ

(2)
i with

i = 3, 4, . . .. See e.g. [26,77] for details.
Returning to our differential graded Lie algebras LCR, tw, red and LYM1

defined in (3.12a) and (2.36), we take E with only E1, E2, and E3 nonzero and
given by

E := e|∂αα̇→∇αα̇
with ∇αα̇ = ∂αα̇ + [Aαα̇,−] (3.20)

with e as defined in (3.13).38 Evidently, E1 = e. We have now all the ingredients
to state and prove the first central result.39

Theorem 3.5. Let us assume R4-triviality.40 Then, the N = 3 supersymmet-
ric extension of the map E defined in (3.20) is a cyclic-structure preserv-
ing weak quasi-isomorphism between the differential graded Lie algebras LYM1

and LCR, tw, red defined in (2.36) and (3.12a). Put differently, the twisted CR
holomorphic Chern–Simons theory defined by the Batalin–Vilkovisky CR am-
bitwistor action (3.7b) is semi-classically equivalent to N = 3 supersymmetric
Yang–Mills theory defined by the Batalin–Vilkovisky space-time action (3.11)

Proof. A lengthy but straightforward computation shows that the N = 3 su-
persymmetric extension of the map E defines a weak morphism of differential
graded Lie algebras in the sense of (3.19). Since E1 = e descends to an isomor-
phism on cohomology, this shows that it is a quasi-isomorphism. Finally, the
cyclicity-preserving property follows from the N = 3 supersymmetric exten-
sion of Proposition 3.2. �

38Note that this morphism is reminiscent of the ‘on-shell’ expansions [10,17,78–80] in the
self-dual sector, although these references only discuss gauge potentials.
39In the self-dual sector and in the fully complex setting, the Penrose–Ward transform was
shown to be a quasi-isomorphism using spans of L∞-algebras and homotopy transfer in [81].
40See around (2.18) for the notion of R4-triviality.
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Note that if we let FCR, tw, red and FYM1 be the equations of motion of the
twisted CR holomorphic Chern–Simons theory and the first-order N = 3 su-
persymmetric Yang–Mills theory in their Batalin–Vilkovisky forms, then the
quasi-isomorphism relations (3.19) amount to the fact that FCR, tw, red ◦ E =
E ◦ FYM1 , that is, the embedding commutes with applying the equations of
motion.

Note also that the above theorem does not imply that LYM1 is obtained
from LCR, tw, red by integrating out some of the fields: the latter corresponds
to a homotopy transfer, which is a stronger requirement than that of a quasi-
isomorphism; see e.g. [81] for a discussion of this point. We have, however, also
the following result:

Theorem 3.6. There is a quasi-isomorphism from the differential graded Lie al-
gebra LCR, tw, red defined in (2.36) to the differential graded Lie algebra LYM1

defined in (3.12a) which is computed by homotopy transfer. Put differently,
integrating out the fields complementary to the image of the N = 3 supersym-
metric extension of the embedding e defined in (3.13) in the CR ambitwistor
action (3.7b) yields the N = 3 supersymmetric extension of the space-time
action (3.11).

Proof. Because the N = 3 supersymmetric extension of e defined in (3.13) is an
injective quasi-isomorphism between the cochain complexes underlying LYM1

and LCR, tw, red, by Proposition A.3, we have a special deformation retract41

(LCR, tw, red, ∂̄CR, tw, red) (LYM1 , μ1) ,h
p

e
(3.21)

where μ1 is the differential of the cochain complex in (3.12a) and ∂̄CR, tw, red

as defined in (2.35).
To construct the projection p explicitly, as for e, we restrict our discussion

to the R-singlets for simplicity, that is, to the gluonic sector. The N = 3
supersymmetric extension follows straightforwardly. In particular, we expand
A ∈ Ω0,•

CR, tw, red(F ) ⊗ g as A = C + A + A+ + C+ with

C = c + · · · ,

A = v̂F

⎧⎨
⎩AF

αα̇μαλα̇ − θiηi

⎛
⎝BF

α̇β̇
λα̇λ̂β̇

|λ|2 − BF
αβμαμ̂β

|μ|2

⎞
⎠
⎫⎬
⎭

+v̂L

{
−θiηi

AL
αα̇μ̂αλα̇

|μ|2 − (θiηi)
2 3BL

αβμ̂αμ̂β

2|μ|4
}

+v̂R

⎧⎨
⎩θiηi

AR
αα̇μαλ̂α̇

|λ|2 − (θiηi)
2
3BR

α̇β̇
λ̂α̇λ̂β̇

2|λ|4

⎫⎬
⎭+ · · · ,

A+ := v̂L ∧ v̂R

⎧⎨
⎩(θiηi)

2

⎛
⎝B+LR

α̇β̇
λα̇λ̂β̇

|λ|2 − B+LR
αβ μαμ̂β

|μ|2

⎞
⎠+ (θiηi)

3 A+LR
αα̇ μ̂αλ̂α̇

|μ|2|λ|2

⎫⎬
⎭

41i.e. (A.23a) with the conditions (A.24) satisfied.
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+v̂F ∧ v̂L

{
−θiηiB

+FL

α̇β̇
λα̇λβ̇ − (θiηi)

2 5μ̂αλα̇

6|μ|2 A+FL
αα̇

}

+v̂F ∧ v̂R

{
θiηiB

+FR
αβ μαμβ − (θiηi)

2 5μαλ̂α̇

6|λ|2 A+FR
αα̇

}
+ · · · ,

C+ = v̂F ∧ v̂L ∧ v̂R (θiηi)
3 4

3
c+FLR + · · · , (3.22)

where all the coefficients AF
αα̇, . . . depend only on xαα̇ and the ellipses denote

all the other terms that are possible in the (θi, ηi)-expansion as well as in
the Kaluza–Klein expansion along CP 1 × CP 1. The projection p will then
project onto linear combinations of these coefficients whose explicit forms are
determined by the requirement that p ◦ e = id. Explicitly, we may set

c :=
∫

vol (θiηi)3 C ,

⎛
⎜⎝

Aαα̇

Bα̇β̇

Bαβ

⎞
⎟⎠ :=

∫
vol

⎛
⎜⎜⎜⎜⎝

(θiηi)2
(

ALμαλ̂α̇

|λ|2 − ARμ̂αλα̇

|μ|2
)

+ (θiηi)3
(

AFμ̂αλ̂α̇

|μ|2|λ|2 + VFG(A)μαλα̇

)

θiηiG(V̂R
¬ ∂̄CR, tw, redA)λα̇λβ̇ − (θiηi)2

G(V̂F
¬

∂̄CR, tw, redA))λ(α̇λ̂β̇)

|λ|2 + θiηi(1 + θiηiVF)G(V̂R
¬ ∂̄CR, tw, redA)λα̇λβ̇ − (θiηi)3

VFG(V̂F
¬

∂̄CR, tw, redA)λ(α̇λ̂β̇)

|λ|2

θiηiG(V̂L
¬ ∂̄CR, tw, redA)μαμβ + (θiηi)2

G(V̂F
¬

∂̄CR, tw, redA)μ(αμ̂β)

|μ|2 + θiηi(−1 + θiηiVF)G(V̂L
¬ ∂̄CR, tw, redA)μαμβ + (θiηi)3

VFG(V̂F
¬

∂̄CR, tw, redA)μ(αμ̂β)

|μ|2

⎞
⎟⎟⎟⎟⎠ ,

⎛
⎜⎝

A+
αα̇

B+

α̇β̇

B+
αβ

⎞
⎟⎠ :=

∫
vol

⎛
⎜⎜⎜⎜⎝

μαλα̇A+
LR + θiηi

(
A+

FLμαλ̂α̇

|λ|2 + A+
FRμ̂αλα̇

|μ|2
)

+ θiηiμαλα̇VFA+
LR + θiηi

{
(−1+θiηiVF)A+

FLμαλ̂α̇

|λ|2 + (1+θiηiVF)A+
FRμ̂αλα̇

|μ|2
}

θiηiG(V̂R
¬A+)λα̇λβ̇ − (θiηi)2

G(V̂F
¬

A+)λ(α̇λ̂β̇)

|λ|2 − θiηi
A+

LRλ(α̇λ̂β̇)

|λ|2 − (θiηi)2
A+

FLλ̂α̇λ̂β̇

|λ|4

θiηiG(V̂L
¬ A+)μαμβ + (θiηi)2

G(V̂F
¬

A+)μ(αμ̂β)

|μ|2 − θiηi
A+

LRμ(αμ̂β)

|μ|2 − (θiηi)2
A+

FRμ̂αλ̂β

|μ|4

⎞
⎟⎟⎟⎟⎠ ,

c+ :=
∫

vol (1 + θiηiVF)C+
FLR

(3.23a)
up to some irrelevant overall multiplicative constants and where42

vol := vL ∧ v̂L ∧ vR ∧ v̂R ⊗ d3η d3θ (3.23b)

as well as AF := V̂F
¬A, AL := V̂L

¬A, AR := V̂R
¬ A, A+

LR := V̂R
¬VL

¬ A+,
etc., and with the basis vector fields and basis one-forms are as defined in
(2.26b), (2.26c), and (2.28b). In addition, we may take G : Ω0,1

CR, tw, red(F ) →
Ω0,0

CR, tw, red(F ) to be Green operator for ∂̄CR, tw, red which would mean, however,
fixing a metric on F .43 To avoid this, here we instead take it to be [49]

G :=
b

�
(3.23c)

with

b := 8V̂F
¬ LVF = 8VFV̂F

¬ ,

� := 8VFV̂F = �+4(VFV̂F − EWEŴ) , � := 2∂αα̇∂αα̇.
(3.23d)

It is not too difficult to see that p ◦ e = id using the explicit form (3.13)
of e up to some irrelevant overall multiplicative constants. It also follows
that p is a cochain map by a direct calculation similar to what is done to
prove Proposition 3.3 together with the identity G(V̂F,L,R

¬ ∂̄CR, tw, redA) =
V̂F,L,RG(A) − V̂F,L,R

¬A which follows from
[
V̂F,L,R, VF

�
]

= 0.

42See also (3.6).
43Note that the appearance of G is not surprising as this follows from the general consider-
ations; see the proof of Proposition A.3.
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Importantly, using the explicit expressions of E2 and E3 from (3.20) and
since G does not alter the dependence on the CR holomorphic fermionic coor-
dinates, it now immediately follows that

p ◦ E2 = 0 = p ◦ E3. (3.24)

Furthermore, for i = 2, the relation (A.55c) states that44

e(μ2(
1, 
2)) ± E2(μ1(
1), 
2) ± E2(μ1(
2), 
1)

= ±∂̄CR, tw, red(E2(
1, 
2)) + [e(
1), e(
2)]
(3.25)

for all 
1, 
2 ∈ LYM1 and with μ2 as given in (3.12a). Upon applying p to this
equation and using (3.24) as well as the facts that p is a cochain map and that
p ◦ e = id, we obtain

μ2(
1, 
2) = p([e(
1), e(
2)]). (3.26)

This, however, is precisely the binary product (A.55c) obtained from homotopy
transfer via the special deformation retract (3.21).

It remains to show that all higher products in (A.55c) vanish. This can
be done by a lengthy direct computation, constructing an explicit h along the
lines of Proposition A.3. Alternatively, we can simply argue that our formalism
preserves all space-time and gauge symmetries, and there are simply not quar-
tic or higher interaction vertices that can be consistently constructed in LYM1

from the field content which respect translation and conformal symmetry. See
also Remark 3.7 for an alternative (and much shorter) proof that makes use
of the uniqueness of maximally supersymmetric Yang–Mills theory. �

Remark 3.7. Note that the last argument in the above proof can actually be
extended, so that after the existence of the deformation retract (3.21) is estab-
lished, Theorem 3.6 follows automatically. Indeed, the theory LT obtained on
the graded vector space LYM1 by homotopy transfer has the same field con-
tent and kinematic terms as LYM1 . The quasi-isomorphism from Theorem 3.5
implies that the tree-level scattering amplitudes of the theory LT agrees with
those of N = 3 supersymmetric Yang–Mills theory; hence, the theory is not
free. The setup and homotopy transfer preserve gauge and space-time sym-
metries. Moreover, the formalism is symmetric under the CPT-like symmetry
exchanging undotted and dotted spinor indices, increasing the supersymme-
try from N = 3 to N = 4. The superconformal formulation of an interacting
N = 4 supersymmetric Yang–Mills theory with the first-order field content,
however, is unique. Consequently, LT has to agree with LYM1 .

Remark 3.8. The integral formulas (3.23) can be understood as the ‘Dolbeault
analogue’ of Penrose’s contour integral formulas in this CR ambitwistor setting.
See e.g. [82] for analogous integral formulas in the ‘Čech formulation’ for the
second cohomology in the purely bosonic complex ambitwistor setting.

44The signs given as ± are irrelevant to our discussion.
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24-10887S. H. K. was partially supported by the Leverhulme Research Project
Grant RPG-2021-092.

Data Availability Statement No additional research data beyond the data pre-
sented and cited in this work are needed to validate the research findings in
this work.

Declarations

Conflict of interest The authors have no relevant financial or non-financial
interests to disclose.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Appendices

A. Homological Considerations

A.1. Quasi-isomorphic Cochain Complexes

Split Complex Supermanifolds. Let M be a complex manifold and π : E →
M a holomorphic vector bundle. Using the definition of the vertical tangent
bundle V together with universality of the pullback, we obtain the short exact
sequence

0 V TE π∗TM 0. (A.1)

0 E TE|M TM 0. (A.2)

This sequence splits canonically by the zero section M → E. Hence, we have
the canonical identification

TE|M ∼= TM ⊕ E. (A.3)

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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Since π is a homotopy equivalence, it follows that the unrestricted sequence
also splits, though non-canonically, that is,

TE ∼= π∗TM ⊕ V. (A.4)

Hence, ∧0,p
T ∗E ∼=

⊕
r+s=p

∧0,r
π∗T ∗M ⊗

∧0,s
V ∗. (A.5)

Let ∂̄ be the anti-holomorphic exterior derivative on E[1], where [1] de-
notes the (Graßmann-)degree shift by one of the fibres of E, and let ∂̄red be the
anti-holomorphic exterior derivative on M , respectively. The manifold E[1] is
what is known as a globally split complex supermanifold.45

Quasi-isomorphic Cochain Complexes. For any split complex supermanifold
E[1], we now have the following result. It can be proved abstractly using spec-
tral sequences (see e.g. [14]), but here we provide an elementary constructive
proof as we shall need its extension to the differential graded Lie algebra in
Appendix A.2.

Proposition A.1. The cochain complexes (Ω0,•(E[1]), ∂̄) and (Ω0,•(M,
∧•

E∗),
∂̄red) are quasi-isomorphic with the quasi-isomorphism induced by coboundary
transformations.

Proof. Firstly, (A.5) implies

Ω0,p(E[1]) ∼=
⊕

r+s=p

Γ
(
E[1],

∧0,r
π∗T ∗M ⊗∧0,s(V [1])∗). (A.6)

Furthermore, the smooth functions on E[1] which are holomorphic in the
fermionic coordinates can be identified with Γ(M,

∧•
E∗) and so, Γ(M,

∧•
E∗)

↪→ C∞(E[1]) = Ω0,0(E[1]). Thus, we have the inclusions

Ω0,p
(
M,
∧•

E∗) Γ
(
E[1],

∧0,p
π∗T ∗M

)
Ω0,p(E[1]) (A.7)

for all p and, consequently, the commutative diagrams

Ω0,0(E[1]) Ω0,1(E[1]) Ω0,2(E[1]) · · ·

Ω0,0(M,
∧•

E∗) Ω0,1(M,
∧•

E∗) Ω0,2(M,
∧•

E∗) · · ·

∂̄ ∂̄ ∂̄

∂̄red

ι

∂̄red

ι

∂̄red

ι

(A.8)
where the ι are given by the compositions of the inclusions in (A.7). In addi-
tion, the existence of the embedding also implies that

H0(E[1]) ∼= H0
(
M,
∧•

E∗) (A.9)

establishing the claim for p = 0.

45Note that in the smooth category, every supermanifold is (non-canonically) globally split
due to [83]. This is no longer the case in the complex category essentially because there is
no holomorphic partition of unity.
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Next, let us analyse the underlying cohomology for p > 0. To this end,
let (za, z̄ā, ηα, η̄ᾱ) be local coordinates on E[1] with (za, z̄ā) bosonic base co-
ordinates and (ηα, η̄ᾱ) fermionic fibre coordinates. Then, the anti-holomorphic
multivector fields X0,•(E[1]) on E[1] are generated by

Ēā :=
∂

∂z̄ā
+

∂

∂z̄ā
¬ η̄β̄Γβ̄

ᾱ ∂

∂η̄ᾱ
and Ēᾱ :=

∂

∂η̄ᾱ
, (A.10a)

where Ēā is the horizontal lift of ∂
∂z̄ā to E[1] induced by the splitting (A.4)

with the associated connection one-form Γβ̄
ᾱ := dz̄āΓāβ̄

ᾱ. Dually, we have

ēā := dz̄ā and ēᾱ := dη̄ᾱ − η̄β̄Γβ̄
ᾱ , (A.10b)

and which generate the anti-holomorphic differential forms Ω0,•(E[1]) on E[1].
Evidently,

[Ēā, Ēb̄] = η̄ᾱRāb̄ᾱ
β̄Ēβ̄ , [Ēā, Ēᾱ] = −Γāᾱ

β̄Ēβ̄ , and [Ēᾱ, Ēβ̄ ] = 0 ,

(A.11a)

where Rāb̄ᾱ
β̄ is the curvature of Γāβ̄

ᾱ and so,

∂̄ēā = 0 and ∂̄ēᾱ = 1
2 ēb̄ ∧ ēā η̄β̄Rāb̄β̄

ᾱ + ēβ̄ ∧ ēāΓāβ̄
ᾱ. (A.11b)

Using the basis (0, 1)-forms (A.10b), an element ω ∈ Ω0,p(E[1]) looks like

ω =
∑

r+s=p

1
r!s! ēā1 ∧ . . . ∧ ēār ⊗ ēᾱ1 ∧ . . . ∧ ēᾱs ωᾱs···ᾱ1ār···ā1(z, z̄, η, η̄). (A.12)

Suppose now that ω is a representative of an element [ω] of the cohomology
group Hp(E[1]). Then, using (A.11b), it is not too difficult to see that ∂̄ω = 0
yields

Ē(ᾱ1ωᾱ2···ᾱp+1) = 0 (A.13)

for the purely fermionic component. Next, consider c̃(1) ∈ Ω0,p−1(E[1]) given
by

c̃(1) := 1
(p−1)! η̄ᾱ1 ēᾱ2 ∧ . . . ∧ ēᾱp ωᾱp···ᾱ1 . (A.14)

This is invariant under bundle isomorphisms and hence globally defined. A
short computation then shows that the purely fermionic component of ∂̄c̃(1) is

Ē(ᾱ1 c̃
(1)
ᾱ2···ᾱp) =

(
1 + 1

pΥ)ωᾱ1···ᾱp
, (A.15)

where we have used (A.13) and introduced the globally defined anti-
holomorphic Euler vector field Υ := η̄ᾱĒᾱ. Since the components of ω are
polynomials of the fermionic coordinates, the action of Υ will return only
non-negative integers and so, the inverse of 1 + 1

pΥ is well defined for all
p = 1, 2, 3, . . . with

1
1 + 1

pΥ
=
∫ ∞

0

dt e−t(1+ 1
p Υ). (A.16)
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Furthermore, since [Ēᾱ,Υ] = Ēᾱ, we have

1
1 + 1

pΥ
Ēᾱ =

∫ ∞

0

dt e−t(1+ 1
p )Υ Ēᾱ

=
∫ ∞

0

dt e−t(1+ 1
p Υ) Ēᾱ et(1+ 1

p Υ) e−t(1+ 1
p Υ)

=
∫ ∞

0

dt e− t
p Υ Ēᾱ e

t
p Υ︸ ︷︷ ︸

= e
t
p Ēᾱ

e−t(1+ 1
p Υ)

= Ēᾱ

∫ ∞

0

dt e−t(1− 1
p + 1

p Υ)

︸ ︷︷ ︸
=: D(Υ)

(A.17)

when understood as acting on expressions that are at least of linear order in
the anti-holomorphic fermionic coordinates; in this case, the action of Υ in
D(Υ) will return only positive integers so that the derivation of D(Υ) and
D(Υ) itself are also well defined for p = 1. Consequently, (A.15) becomes

Ē(ᾱ1

(
D(Υ)c̃(1)

ᾱ2···ᾱp)

)
= ωᾱ1···ᾱp

. (A.18)

This shows that the component ωᾱ1···ᾱp
is a coboundary parametrised by c(1) ∈

Ω0,p−1(E[1]) with

c(1) := 1
(p−1)! ē

ᾱ1 ∧ . . . ∧ ēᾱp−1 D(Υ)c̃(1)
ᾱp−1···ᾱ1

. (A.19)

Note that this is globally defined. Evidently, we have not used the full freedom
of coboundary transformations yet. Let ω(1) := ω − ∂̄c(1). Since ω

(1)
ᾱp···ᾱ1

is

absent, ∂̄ω(1) = 0 implies that ω
(1)
ᾱp−1···ᾱ1ā is a coboundary by similar arguments

we have just given, and so we can transform it away by using a coboundary
parametrised by c(2) ∈ Ω0,p−1(E[1]) of the form

c(2) := 1
(p−2)! ēā ⊗ ēᾱ1 ∧ . . . ∧ ēᾱp−2 c

(2)
ᾱp−2···ᾱ1ā. (A.20)

We can now iterate this procedure to eventually arrive at a (0, p)-form

ω(p) := 1
p! ēā1 ∧ . . . ∧ ēāp ω

(p)
āp···ā1

(z, z̄, η) = 1
p! dz̄ā1 ∧ . . . ∧ dz̄āp ω

(p)
āp···ā1

(z, z̄, η)
(A.21)

whose components depend holomorphically46 on ηα and which also belongs to
the equivalence class [ω]. Since, 0 = ∂̄ω(p) = ∂̄redω(p) and since, as mentioned
before, the smooth functions on E[1] which are holomorphic in ηα can be
identified with Γ(M,

∧•
E∗), the (0, p)-form ω(p) is also a representative of an

equivalence class in Hp(M,
∧•

E∗).
Altogether, we have established the desired isomorphisms

H•(E[1]) ∼= H•(M,
∧•

E∗) . (A.22)

�
46Once all fermionic directions have been transformed away, the condition ∂̄ω(p) = 0 implies
that the remaining components must be holomorphic in the fermionic coordinates.
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A.2. Homological Perturbations

Deformation Retracts. One method of obtaining a semi-classically equivalent
field theory from a perturbative action is to integrate out parts of the field
content. From the homotopical algebra perspective on field theory, in which
perturbative field theories with action principle are regarded as cyclic L∞-
algebras, this is done by homotopy transfer, which is based on the homological
perturbation lemma [84,85]. More generally, the well-known tree-level pertur-
bative expansion in terms of Feynman diagrams is mathematically captured
by homological perturbation theory.

The starting point for homological perturbation theory is a
deformation retract, that is, a diagram

C(1) C(2) ,h
p

e
(A.23a)

of cochain complexes C(1) and C(2) with differentials d(1) and d(2), respectively,
p and e are morphisms of cochain complexes, and h is a contracting homotopy,
that is, a morphism of graded vector spaces which has degree −1, and these
maps obey47

id− e ◦ p = d(1) ◦ h + h ◦ d(1) and p ◦ e = id . (A.23b)

A deformation retract can always be turned into a
special deformation retract [85,86] by a redefinition of h such that the maps
also satisfy

p ◦ h = 0 , h ◦ e = 0 , and h ◦ h = 0. (A.24)
Explicitly, a redefinition that does this job is given by [85,86]

h → (id − e ◦ p) ◦ h ◦ (id − e ◦ p) ◦ d(1) ◦ (id − e ◦ p) ◦ h ◦ (id − e ◦ p). (A.25)

The following describes the change of the map e in a deformation retract
to the cohomology, which physically captures in particular changes of gauge.

Proposition A.2. Consider a deformation retract

C H•(C) ,h
p

e
(A.26)

and a quasi-isomorphism ẽ : H•(C) → C. Then, we have

ẽ = e ◦ φ + ψ (A.27)

for φ some automorphism on H•(C), a morphism ψ : H•(C) → C•(C), and

C H•(C) ,h̃

p̃

ẽ
(A.28)

with
p̃ := φ−1 ◦ p and h̃ := h − h ◦ ψ ◦ φ−1 ◦ p (A.29)

is also a deformation retract.

47Note that these two conditions promote p and e to quasi-isomorphisms of cochain
complexes.
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Proof. The data in the deformation retract (A.26) induce the
Hodge–Kodaira decomposition

Cp ∼= Hp(C) ⊕ im(hp+1 ◦ dp)︸ ︷︷ ︸
=: Bp(C)

⊕ im(dp−1 ◦ hp)︸ ︷︷ ︸
=: Cp(C)

, (A.30)

where we note that h ◦ d ◦ h = h and d ◦ h ◦ d = d so that

ΠB•(C) := h ◦ d and ΠC•(C) := d ◦ h (A.31)

are indeed projectors onto B•(C) and C•(C). Because ẽ is a cochain map,
its image is contained in H•(C) ⊕ C•(C). Because it is a quasi-isomorphism
and hence descends to an isomorphism on cohomology, the restriction48 of the
image of ẽ to H•(C), ẽ|H•(C), is an isomorphism. Together, these facts imply
that ẽ = e ◦ φ + ψ.

It remains to check the properties of a deformation retract. Since p|C•(C)

= 0, we have p̃ ◦ ẽ = id. Moreover,

id− ẽ ◦ p̃ = id− e ◦ p − ψ ◦ φ−1 ◦ p

= d ◦ h + h ◦ d − ΠC•(C) ◦ ψ ◦ φ−1 ◦ p

= d ◦ h + h ◦ d − d ◦ h ◦ ψ ◦ φ−1 ◦ p − h ◦ ψ ◦ φ−1 ◦ p ◦ d

= d ◦ h̃ + h̃ ◦ d ,

(A.32)

where we have used that p ◦ d = 0. �

Proposition A.3. Given an injective quasi-isomorphism e : C(2) → C(1) of split
cochain complexes with C(i)p trivial for i = 1, 2 and for all p < p0 and p >
p1 for some fixed p0,1 ∈ Z with p0 < p1, then there always exists a special
deformation retract

C(1) C(2).h
p

e
(A.33)

Proof. We only need to demonstrate that there is a deformation retract by
virtue of our discussion after (A.23a). We first construct a projection p itera-
tively. Since the cochain complexes are split, we have for i = 1, 2 the deforma-
tion retracts49

C(i) H•(C(i))h(i)
p(i)

e(i)
(A.34)

onto the cohomologies and the Hodge–Kodaira decompositions

C(i)p ∼= Hp(C(i)) ⊕ im(h(i)
p+1 ◦ d(i)

p )︸ ︷︷ ︸
=: Bp(C(i))

⊕ im(d(i)
p−1 ◦ h(i)

p )︸ ︷︷ ︸
=: Cp(C(i))

(A.35)

for all p ∈ Z, as in the proof of Proposition A.2. We also note that

d(i)
∣∣
Bp(C(i))

: Bp(C(i))
∼=→ Cp+1(C(i)) and h(i)

∣∣
Cp+1(C(i))

: Cp+1(C(i))
∼=→ Bp(C(i)).

(A.36)

48For a linear map f : A ⊕ B → C ⊕ D, we denote its restriction to A → C by f |CA.
49See e.g. [87, Chapter 1.4] or [26, Appendix B] for details.
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We now use Proposition A.2 to replace the deformation retract
(h(1), p(1), e(1)) by (h̃(1), p̃(1), ẽ(1)) by

ẽ(1) := e ◦ e(2) ◦ (e∗)−1 , (A.37)

arriving at the commuting diagram

C(1) C(2)

H•(C(1)) H•(C(2))

h̃(1)

p̃(1)

h(2)

e

p(2)ẽ(1) e(2)

e∗

(A.38)

where e∗ is the map induced by e between the cohomologies. Note that

ẽ(1) ◦ e∗ ◦ p(2) = e ◦ e(2) ◦ p(2) , (A.39)

and therefore
e|H•(C(2)) = ẽ(1) ◦ e∗ ◦ p(2). (A.40)

Using further that e is a cochain map, we conclude that its non-trivial com-
ponents are

e|H•(C(1))

H•(C(2))
,

e|H•(C(1))

B•(C(2))
, e|B•(C(1))

B•(C(2))
, e|C•(C(1))

B•(C(2))
,

e|C•(C(1))

C•(C(2))
.

(A.41)

Similarly, the projection p we construct will have non-trivial components

p|H•(C(2))

H•(C(1))
,

p|H•(C(2))

B•(C(1))
, p|B•(C(2))

B•(C(1))
, p|C•(C(2))

B•(C(1))
,

p|C•(C(2))

C•(C(1))
.

(A.42)

Concretely, we define

p|H•(C(2))

H•(C(1))
:=
(
e|H•(C(1))

H•(C(2))

)−1

,

p|C•(C(2))

C•(C(1))
:= d(2) ◦ p|B•(C(1)) ◦ h̃(1) ,

(A.43)

where p|B•(C(1)) remains to be fixed. Because e is a cochain map, e|B•(C(1))

B•(C(2))
is

an injection, and, hence, we can choose a projection p|B•(C(2))

B•(C(1))
such that

p|B•(C(2))

B•(C(1))
◦ e|B•(C(1))

B•(C(2))
= idB•(C(2)) . (A.44)

We then define further

p|H•(C(2))

B•(C(1))
:= p|H•(C(2))

H•(C(1))
◦ e|H•(C(1))

B•(C(2))
◦ p|B•(C(2))

B•(C(1))
,

p|C•(C(2))

B•(C(1))
:= p|C•(C(2))

C•(C(1))
◦ e|C•(C(1))

B•(C(2))
◦ p|B•(C(2))

B•(C(1))
.

(A.45)
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It is then straightforward to check that

p ◦ e = idC(2) . (A.46)

Note that p is indeed a chain map, because

d(2) ◦ p|B•(C(1)) = d(2) ◦ p|B•(C(1)) ◦ h̃(1) ◦ d(1) = p|C•(C(1)) ◦ d(1). (A.47)

It remains to construct a contracting homotopy h. Using (A.37), we have

im(ẽ(1)) ∼= H•(C(1)). (A.48)

Hence, in switching from e(1) to ẽ(1) using Proposition A.2, we note that ψ = 0.
It then follows that

p̃(1) := e∗ ◦ p(2) ◦ p. (A.49)
The desired contracting homotopy is now given by

h := h̃(1) − e ◦ h(2) ◦ p (A.50)

with h̃(1) given by Proposition A.2. Indeed, we have

id− e ◦ p = h ◦ d(1) + d(1) ◦ h , (A.51)

as required. �

Example A.4. We note that the cochain complexes in Proposition A.1 are
split (with respect to the fermionic parts) and so, it is now always possible to
construct a special deformation retract,

(
Ω0,•(E[1]), ∂̄

) (
Ω0,•(M,

∧•
E∗), ∂̄red

)
h

p

e
(A.52)

where the contracting homotopy can be glanced from the map that takes
a (0, p)-form ω to the coboundary (0, p − 1)-form c removing the fermionic
directions at the cohomological level. In particular,

e
(
Ω0,•(M,

∧•
E∗)
) ⊆ ker(h) (A.53)

since for differential forms that do not contain anti-holomorphic fermionic
directions, the action of the contracting homotopy vanishes identically.

Homological Perturbation Theory. An L∞-algebra structure L(1) on a cochain

complex C(1) consists of additional products μ
(1)
i of degree 2 − i with i =

2, 3, 4, . . . and subject to the homotopy Jacobi identities∑
j+k=i

∑
σ∈Sh(j;i)

χ(σ; �1, . . . , �i)(−1)kμ
(1)
k+1

(
μ
(1)
j

(
�σ(1), . . . , �σ(j)

)
, �σ(j+1), . . . , �σ(i)

)
= 0

(A.54)
for all 
1, 
2, 
3, . . . ∈ L(1). Here, the sum is taken over all (j; i) unshuffles σ
which consist of permutations σ of {1, . . . , i} such that the first j and the last
i − j images of σ are ordered: σ(1) < · · · < σ(j) and σ(j + 1) < · · · < σ(i).
Moreover, χ(σ; 
1, . . . , 
i) is the Koszul sign.

Now, given a deformation retract (A.23a), the
homological perturbation lemma states that an L∞-structure L(1) on the
cochain complex C(1) can be transferred to an equivalent or quasi-isomorphic



L. Borsten et al. Ann. Henri Poincaré

L∞-algebra structure L(2) on the cochain complex C(2), and the formulas are
recursive. More explicitly, the map e in (A.23a) extends as

T1(�1) := e(�1) ,

T2(�1, �2) := −(h ◦ μ
(1)
2 )(e(�1), e(�2)) ,

...

Ti(�1, . . . , �i) := −
i∑

j=2

1

j!

∑
k1+···+kj=i

∑
σ∈Sh(k1,...,kj−1;i)

χ(σ; �1, . . . , �i)ζ(σ; �1, . . . , �i)

× (h ◦ μ
(1)
j )
(
Tk1

(
�σ(1), . . . , �σ(k1)

)
, . . . ,Tkj(

�σ(k1+···+kj−1+1), . . . , �σ(i)

))
(A.55a)

for all 
1, 
2, 
3, . . . ∈ L(2) and where

ζ(σ; �1, . . . , �i) := (−1)
∑

1≤m<n≤j kmkn+
∑j−1

m=1 km(j−m)+
∑j

m=2(1−km)
∑k1+···+km−1

k=1 |�σ(k)| ,

(A.55b)
and the higher products μ

(2)
i on L(2) are of the form

μ
(2)
2 (
1, 
2) := p(μ(1)

2 (e(
1), e(
2))) ,

...

μ
(2)
i (
1, . . . , 
i) :=

i∑
j=2

1
j!

∑
k1+···+kj=i

∑
σ∈Sh(k1,...,kj−1;i)

χ(σ; 
1, . . . , 
i)

ζ(σ; 
1, . . . , 
i)

× (p ◦ μ
(1)
j )
(
Tk1

(

σ(1), . . . , 
σ(k1)

)
, . . . ,Tkj

× (
σ(k1+···+kj−1+1), . . . , 
σ(i)

))

(A.55c)

for all 
1, 
2, 
3, . . . ∈ L(2). This makes T into an L∞-quasi-isomorphism;
see (3.19). The two important points to notice are that the arguments of the
higher products μ

(2)
i are always first mapped to L(1) by the embedding e, and

the μ
(2)
i themselves are then produced by inserting the images of h of lower

products into each other. See e.g. [26,77] for details.

Proof of Proposition 2.5. We have now all the ingredients to prove Proposition
2.5. Firstly, we note that because of the explicit form of the vector fields (2.26b)
and the commutation relation (2.29) and because the CR holomorphic and
CR anti-holomorphic fermionic combinations (2.23a) essentially play the role
of ordinary holomorphic and anti-holomorphic fermionic coordinates50 (that
is, F is essentially a globally split CR supermanifold), the proof of Proposition
A.1 goes through also for our twisted CR differentials (2.27) and (2.35).

50See also Remark 3.1 for an alternative reason for why the fermionic combinations (2.23a)
should be regarded as holomorphic coordinates.
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Next, by virtue of this discussion and as explained in Example A.4, we
now also have a special deformation retract

(
Ω0,•

CR, tw(F ), ∂̄CR, tw

)
︸ ︷︷ ︸

=C(1)

(
Ω0,•

CR, tw, red(F ), ∂̄CR, tw, red

)
︸ ︷︷ ︸

=C(2)

h
p

e
(A.56)

with e
(
Ω0,•

CR, tw, red(F )
) ⊆ ker(h). We can therefore apply the homological

perturbation lemma for the natural product μ
(1)
2 (−,−) = [−,−]. In particular,

the formulas (A.55c) now show that the binary product is the expected one,
μ

(2)
2 (−,−) = [−,−]. Finally, we have (h◦μ

(2)
2 )(e(−), e(−)) = 0, since the wedge

product of forms without fermionic directions is a form without fermionic
directions. This renders all higher products μ

(2)
i with i > 2 in (A.55c) trivial,

and we arrive at the desired result.

Remark A.5. We heavily use the Hodge–Kodaira decomposition, splitting maps,
and aspects of cyclic structures, some of which tend to become problematic
for infinite-dimensional vector spaces. Since our L∞-algebras consist of spaces
of differential forms which are infinite-dimensional, so let us briefly comment
on this point and explain that these infinite-dimensionalities are harmless for
the purpose of most perturbative field theories.

As common in the literature, we demand that we have a factorisation

Lp
∼= Vp ⊗ C∞

p (A.57)

of the homogeneously graded subspaces Lp of any L∞-algebra L we employ,
where p ∈ Z and Vp is a finite-dimensional vector space. The pure function
spaces C∞

p are then constructed, also as common in the literature on per-
turbative field theory, as a finite linear combination of some preferred basis,
e.g. plane waves on Minkowski space, or spherical harmonics on CP 1 and
so, the differential cochain complex of the corresponding L∞-algebras can be
consistently truncated to finite-dimensional C∞

p .
As an example, consider the differential cochain complex underlying LYM1

as defined in (3.12a). It is clear that C∞
p here can be consistently truncated

to individual plane waves of a specific momentum, and the cochain complex
LYM1 splits into a direct sum of finite-dimensional cochain complexes.

For the differential cochain complex underlying LCR, tw, red, we can use
plane waves on R4 together with spherical harmonics on CP 1 × CP 1. We
note that ∂̄CR, tw, red can maximally increase the angular momentum 
 of the
spherical harmonics Y�m on the two CP 1 by one. We can thus consistently
restrict C∞

p to angular momenta 
 ≤ 
0 + p for some 
0 ∈ N on both CP 1,
ending up with a finite-dimensional vector space.
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[15] Mason, L.J., Skinner, D.: An ambitwistor Yang-Mills Lagrangian. Phys.
Lett. B 636, 60 (2006). https://doi.org/10.1016/j.physletb.2006.02.061.
[arXiv:hep-th/0510262]

[16] Mason, L.J.: Twistor actions for non-self-dual fields; a new foundation
for twistor-string theory. JHEP 0510, 009 (2005). https://doi.org/10.1088/
1126-6708/2005/10/009. [arXiv:hep-th/0507269]

[17] Popov, A.D., Saemann, C., Wolf, M.: The topological B-model on a
mini-supertwistor space and supersymmetric Bogomolny monopole equa-
tions. JHEP 0510, 058 (2005). https://doi.org/10.1088/1126-6708/2005/10/058.
[arXiv:hep-th/0505161]

[18] Boels, R., Mason, L., Skinner, D.: Supersymmetric gauge theories in twistor
space. JHEP 0702, 014 (2007). https://doi.org/10.1088/1126-6708/2007/02/014.
[arXiv:hep-th/0604040]

https://doi.org/10.1016/0370-2693(78)90486-0
https://doi.org/10.1016/0370-2693(80)90178-1
https://doi.org/10.1016/0550-3213(85)90410-9
https://doi.org/10.1007/BF01454971
https://doi.org/10.1007/BF01454971
https://doi.org/10.1090/S0002-9947-1985-0776387-3
https://doi.org/10.1090/S0002-9947-1985-0776387-3
http://www.jstor.org/stable/2000661
https://doi.org/10.1007/978-3-662-07386-5
https://doi.org/10.1007/978-3-662-07386-5
https://doi.org/10.1016/0370-2693(88)91471-2
https://doi.org/10.4310/ATMP.2005.v9.n6.a2
https://doi.org/10.4310/ATMP.2005.v9.n6.a2
http://arxiv.org/abs/hep-th/0405123
https://doi.org/10.1007/s00220-004-1187-3
http://arxiv.org/abs/hep-th/0312171
https://doi.org/10.1007/JHEP07(2017)111
https://doi.org/10.1007/JHEP07(2017)111
http://arxiv.org/abs/1702.04160
http://arxiv.org/abs/2401.05275
http://arxiv.org/abs/hep-th/0411111
https://doi.org/10.1016/j.physletb.2006.02.061
http://arxiv.org/abs/hep-th/0510262
https://doi.org/10.1088/1126-6708/2005/10/009
https://doi.org/10.1088/1126-6708/2005/10/009
http://arxiv.org/abs/hep-th/0507269
https://doi.org/10.1088/1126-6708/2005/10/058
http://arxiv.org/abs/hep-th/0505161
https://doi.org/10.1088/1126-6708/2007/02/014
http://arxiv.org/abs/hep-th/0604040


Ambitwistor Yang–Mills Theory Revisited

[19] Popov, A.D.: Hermitian-Yang-Mills equations and pseudo-holomorphic bundles
on nearly Kähler and nearly Calabi-Yau twistor 6-manifolds. Nucl. Phys. B 828,
594 (2010). https://doi.org/10.1016/j.nuclphysb.2009.11.011. [arXiv:0907.0106
[hep-th]]

[20] Popov, A.D.: A twistor space action for Yang-Mills theory. Phys.
Rev. D 104, 026015 (2021). https://doi.org/10.1103/PhysRevD.104.026015.
[arXiv:2103.11840 [hep-th]]

[21] Berkovits, N., Witten, E.: Conformal supergravity in twistor-string the-
ory. JHEP 0408, 009 (2004). https://doi.org/10.1088/1126-6708/2004/08/009.
[arXiv:hep-th/0406051]

[22] Wolf, M.: Self-dual supergravity and twistor theory. Class. Quantum Grav. 24,
6287 (2007). https://doi.org/10.1088/0264-9381/24/24/010. [arXiv:0705.1422
[hep-th]]

[23] Mason, L.J., Wolf, M.: Twistor actions for self-dual supergravities. Com-
mun. Math. Phys. 288, 97 (2009). https://doi.org/10.1007/s00220-009-0732-5.
[arXiv:0706.1941 [hep-th]]

[24] Mason, L., Skinner, D.: Gravity, twistors and the MHV formalism. Com-
mun. Math. Phys. 294, 827 (2010). https://doi.org/10.1007/s00220-009-0972-4.
[arXiv:0808.3907 [hep-th]]

[25] Adamo, T., Mason, L.: Conformal and Einstein gravity from twistor actions.
Class. Quantum Grav. 31, 045014 (2014). https://doi.org/10.1088/0264-9381/
31/4/045014. [arXiv:1307.5043 [hep-th]]
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