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Abstract In this paper, a method based on an integro-differential equation approach 

for investigating the response of a strongly nonlinear two-degree-of-freedom 

system subject to sinusoidal forcing is presented and applied to a set of equations 

based on an aeroelastic model of an all-moving control surface with a nonlinearity 

in its root support in supersonic flow. The method is shown to be able to accurately 

determine primary and subharmonic resonances together with symmetry-breaking 

and period-doubling responses. Additionally, their stability has been investigated 

using a Harmonic Balance-based implementation of Floquet theory which is a 

modification of a method previously used for autonomous systems. This method 

was validated by comparison with time domain derived Floquet multipliers, and 

comparisons between the two sets of values showed very close agreement. The 

study also highlighted several areas for further investigation. 

Keywords forced nonlinear systems; primary resonance; subharmonic resonance; 

symmetry-breaking; period-doubling; Floquet Multipliers. 

1  Introduction 

Methods of analysing nonlinear systems continue to be a major area of research 

given that approximating such a system by linearisation is not always appropriate 

and also when one considers the extensive range of behaviours they are capable of 

exhibiting. Although numerical integration of a nonlinear system can accurately 

yield response predictions for specific initial conditions and system parameters, it 

may not be the most effective way to build up a picture of how it behaves over a 

wide range of conditions. Hence there continues to be great interest in analytical, 

and indeed other numerical methods, which can provide significant quantitative and 
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qualitative information about system behaviour. This paper presents the application 

of an integro-differential equation approach to analysing the forced response of a 

two-degree-of-freedom system subject to sinusoidal excitation. The method is not 

limited to weak nonlinearities where small perturbation theory would be suitable, 

or a situation where cross-couplings between degrees of freedom are weak. 

 

A variety of approaches for analysing nonlinear forced systems have been 

developed and refined over the years. Nayfeh and Mook [1] consider both single-

degree and two-degree of freedom systems and apply the method of multiple scales. 

A detailed analysis of resonances in forced nonlinear systems with weak 

nonlinearities, again by applying the method of multiple scales, is given by Sridhar 

et al. [2]. A number of papers present approaches aiming to enhance methods based 

on asymptotic methods including the multiple scales or the Linstedt-Poincaré 

methods. Examples include Chen et al. [3], Pakdemirli et al. [4], Glebov et al. [5], 

Cacan et al. [6] and Razzak et al. [7]. Many numerically based approaches have 

also been developed and refined, particularly based on developments and 

applications of the Incremental Harmonic Balance method. A small sample from 

the extensive literature in this area includes Leung et al. [8], Kim et al. [9], Shi et 

al. [10], Huang et al. [11], Liao et al. [12] and Zhang et al. [13] who consider 

periodic motions. The Incremental Harmonic Balance method can also tackle quasi-

periodic responses. Examples include Huang et al. [14], [15] and Zhang et al. [16]. 

A number of researchers have investigated other aspects of numerical methods. For 

example, Mousavi et al. [17] focus on path-following techniques while Kizilay et 

al. [18] review methods for solving the algebraic equations arising from Harmonic 

Balance. The type of response exhibited by forced nonlinear systems is broad and 

can include those arising from symmetry-breaking and period-doubling. Examples 

of papers giving approaches to their investigation include [19] to [23]. Some such 

as [19] and [22], take an analytical approach and other papers including [20], [21] 

and [23] use numerical methods such as Harmonic Balance.   

 

The method adopted in this paper is based on the approach of [24], [25] which 

recasts the problem of finding the periodic solutions of systems of nonlinear 

differential equations as an integro-differential equation which may be solved 

iteratively. The method was applied to autonomous two-degree of freedom systems 
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in [26], [27] together with a Harmonic Balance-based implementation of Floquet 

theory which was an extension of that developed in [28]. In this paper, the integro-

differential equation method will be applied to finding primary, subharmonic and 

symmetry-breaking/period-doubling responses of a forced system, which will entail 

reformulating the system of equations to seek these specific responses. The 

approach will be shown to be capable of analysing a system with a strong 

nonlinearity; it can be considered ‘almost analytical’ in the sense that at most one 

polynomial equation may need to be solved numerically, and an iterative refinement 

process may be required. The method therefore can be thought of as positioned 

between perturbation methods and numerical implementations of the Harmonic 

Balance method and retains some of the advantages of both. It avoids the 

disadvantage of perturbation methods being applicable only in the case of small 

parameters, or methods such as Krylov-Bogoliubov-Mitropolski in which higher 

order approximations can lead to very complex algebra. On the other hand, it avoids 

a potential drawback of the Harmonic Balance method which yields a set of 

nonlinear equations which then typically need to be solved numerically.   To 

investigate stability, the Floquet analysis method of [26] will be further modified 

for application to a non-autonomous system. 

 

The system to be studied is based on a set of aeroelastic equations of motion for an 

all-moving control fin with a nonlinearity in the root support in supersonic flow. 

Details of the formulation of the model may be found in [29], [30]. Indeed, some 

studies relating to sinusoidal forcing of this system were carried out in [30] and 

[31]. Further, it should be noted that the general form of governing equations for 

the system considered arises in many settings, so that the approach described in this 

paper would be applicable in a range of engineering applications.    

 

The layout of this paper is as follows. Section 2 presents the analysis methods used. 

Section 2.1 introduces the equation to be solved and the general integro-differential 

equation approach; Section 2.2 explains the formulation for analysing primary 

resonances; Section 2.3 covers subharmonic resonances and Section 2.4 considers 

symmetry-breaking and period-doubling; Section 2.5 describes the Harmonic 

Balance approach to Floquet analysis. Section 3 then presents and discusses results 

from the application of the integro-differential equation method with comparisons 
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against predictions from integration in the time domain and also the Harmonic 

Balance Method. Concluding Remarks are given in Section 4, which will also 

discuss how the method may be applied more generally including to N-degree of 

freedom systems.  

2  Methods 

2.1  General Approach  

The equation to be solved is: 

𝐗̈𝐗 + 𝐆𝐆𝐗̇𝐗 + 𝐇𝐇𝐇𝐇 + 𝜀𝜀𝐬𝐬𝑓𝑓(𝐫𝐫𝑻𝑻𝐗𝐗) = 𝐘𝐘𝟎𝟎sin (𝜔𝜔0𝑡𝑡) + 𝐙𝐙𝟎𝟎cos (𝜔𝜔0𝑡𝑡) (1) 

 

where X denotes a 2-dimensional column vector of the dependent variables, G and 

H are 2 by 2 not necessarily symmetric damping and stiffness matrices. r, s are 2-

dimensional column vectors, 𝐘𝐘0 and 𝐙𝐙0 are also 2-dimensional column vectors 

characterising a sinusoidal forcing function with frequency 𝜔𝜔0. As mentioned 

previously, a system of this type arises in the aeroelastic analysis of an all-moving 

aerospace vehicle control fin flying at high supersonic speeds. In this case, the 

damping and stiffness matrices G, H then combine structural and aerodynamic 

terms and the function f characterises a structural nonlinearity in its root support, 

which will be taken here to be a cubic nonlinearity. 

  

The method used here to find to periodic responses of Equation (1) is through use 

of the result in [24], [25] which may be stated for a single degree of freedom system 

of the form: 

𝑦𝑦′′ + 𝜆𝜆𝜆𝜆 = 𝛷𝛷(𝑦𝑦, 𝑦𝑦′, 𝜏𝜏) (2) 

as follows: every periodic solution of (2) is a solution of the integro-differential 

equation: 

𝑦𝑦(𝜏𝜏) = � 𝐺𝐺(𝜏𝜏,𝜎𝜎)
2𝜋𝜋

0

𝛷𝛷(𝜎𝜎)𝑑𝑑𝑑𝑑 + 𝛿𝛿𝜆𝜆
𝑛𝑛2(𝑟𝑟cos𝑛𝑛𝑛𝑛 + 𝑠𝑠sin𝑛𝑛𝑛𝑛) 

 

(3) 

where 𝛷𝛷(𝑦𝑦,𝑦𝑦′, 𝜏𝜏) contains the nonlinear terms and: 
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𝐺𝐺(𝜏𝜏,𝜎𝜎) =
1
𝜋𝜋
�

1
2𝜆𝜆

+ �
cos𝜈𝜈(𝜏𝜏 − 𝜎𝜎)

�1 − 𝛿𝛿𝜆𝜆𝑛𝑛
2�𝜆𝜆 − 𝜈𝜈2

∞

𝜈𝜈=1

� 
 

(4) 

𝛿𝛿𝜆𝜆
𝑛𝑛2 being the Kroneker Delta. 𝜏𝜏 is a non-dimensionalised time. 

 

The terms r and s, which appear in the resonance case 𝜆𝜆 = 𝑛𝑛2 may be obtained from 

the equations: 

� 𝛷𝛷(𝜏𝜏)cos𝑛𝑛𝑛𝑛
2𝜋𝜋

0

𝑑𝑑𝑑𝑑 = � 𝛷𝛷(𝜏𝜏)sin𝑛𝑛𝑛𝑛
2𝜋𝜋

0

𝑑𝑑𝑑𝑑 = 0 

 

(5) 

This result is derived in [25]. Equations (5) are the conditions for removing the 

secular terms which arise in the resonance case and result in the removal of the 

terms for 𝜈𝜈 = 𝑛𝑛 when 𝐺𝐺(𝜏𝜏,𝜎𝜎) is substituted in Equation (5). [24] and [25] also give 

equivalent results for the multi-degree-of-freedom case. In obtaining the result, no 

assumptions have been made other than 𝛷𝛷(𝑦𝑦,𝑦𝑦′, 𝜏𝜏) being a periodic function of 

time.  

 

Solutions to Equation (3) may now be obtained by an iterative process starting with 

some suitable initial form for y, which may be substituted in the right-hand side of 

Equation (3) to give a new approximation to y, which is then in turn used to further 

refine the solution. In [24] and [25], the first step is to take 𝐗𝐗 = 𝐗𝐗′ = 𝟎𝟎 in (3) as a 

starting point and substitute 𝚽𝚽(𝟎𝟎,𝟎𝟎, 𝜏𝜏) into Equation (3). Another possibility is to 

take the initial form of 𝐗𝐗 as a Fourier sum with unknown coefficients, in which 

case, the resulting equations for those coefficients will be those that would be 

obtained by Harmonic Balance. Both approaches will be used here. A convergence 

analysis for this approach is given in [25], applicable to both the single- and multi-

degree-of-freedom cases. In [25], conditions for the existence of such solutions are 

also discussed. In practical applications, only a small number of successive 

approximations are typically taken and convergence, or otherwise, can be expected 

to become apparent. In the examples considered in [24], [25] it is assumed that the 

terms in 𝛷𝛷 are small; however, in the analysis presented here, no assumption of 

smallness of terms is made. 
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This integro-differential equation approach will be used to seek primary and 

subharmonic resonances, together with solutions arising from symmetry-breaking 

and period-doubling. This will involve recasting Equation (1) in the form (2), but 

with slightly different right-hand side forcing terms depending on the different 

periodic solutions sought. This will be explained in Sections 2.2 to 2.4. In Section 

2.5, the Harmonic Balance-based approach to Floquet analysis for a non-

autonomous system will be outlined. 

2.2  Primary Resonance 

To apply the integro-differential equation approach to Equation (1) to seek primary 

resonance solutions, time is first non-dimensionalised by writing 𝜏𝜏 = 𝜔𝜔0𝑡𝑡  and 

Equation (1) is now rewritten: 

𝐗𝐗′′ + 𝐗𝐗 = 𝚽𝚽(𝐗𝐗,𝐗𝐗′, 𝜏𝜏) (6) 

 

where ′ refers to differentiation with respect to τ, and: 

𝚽𝚽(𝐗𝐗,𝐗𝐗′, 𝜏𝜏) = −
1
𝜔𝜔0

𝐆𝐆𝐗𝐗′ − �
1
𝜔𝜔02

𝐇𝐇 − 𝐈𝐈�𝐗𝐗 −
𝜀𝜀𝐬𝐬
𝜔𝜔02

𝑓𝑓(𝐫𝐫𝑻𝑻𝐗𝐗) +
𝐘𝐘0
𝜔𝜔02

sin (𝜏𝜏)

+
𝐙𝐙0
𝜔𝜔02

cos (𝜏𝜏) 

 

(7) 

Hence 𝜆𝜆 = 𝑛𝑛2 = 1 in Equations (2) and (3). A cubic nonlinearity will be considered 

in this study, and so 𝑓𝑓(𝐫𝐫T𝐗𝐗) will be written as: 

𝑓𝑓(𝐫𝐫T𝐗𝐗) = (𝐫𝐫T𝐗𝐗)3 (8) 

Where the superscript T denotes transpose. A first approximation of the form: 

𝐗𝐗 = 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1sin𝜏𝜏 (9) 

is now sought which will satisfy Equations (5) with 𝑛𝑛 = 1. This leads to the 

following Equations: 

 

𝐌𝐌𝐂𝐂1 + 𝐍𝐍𝐃𝐃1 = 𝐙𝐙0 

−𝐍𝐍𝐂𝐂1 + 𝐌𝐌𝐃𝐃1 = 𝐘𝐘0 

 

(10) 

where: 
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𝐌𝐌 = −𝜔𝜔0
2𝐈𝐈 + 𝐇𝐇 +

3
4
𝜀𝜀𝐴𝐴12𝐬𝐬𝐫𝐫T;𝐍𝐍 = 𝜔𝜔0𝐆𝐆 

 
(11) 

and: 

𝐴𝐴12 = 𝑃𝑃12 + 𝑄𝑄12;  𝑃𝑃1 = 𝐫𝐫T𝐃𝐃1;  𝑄𝑄1 = 𝐫𝐫T𝐂𝐂1 (12) 

Equations (10) give a system of equations to be solved for 𝐂𝐂1 and 𝐃𝐃1. An equation 

for 𝐴𝐴1 may firstly be obtained by combining Equations (10) to give: 

(𝐌𝐌 + 𝑖𝑖𝐍𝐍)(𝐃𝐃1 + 𝑖𝑖𝐂𝐂1) = 𝐘𝐘0 + 𝑖𝑖𝐙𝐙0 (13) 

Using Equations (12), Equations (13) may be written: 

𝑃𝑃1 + 𝑖𝑖𝑄𝑄1 = 𝐫𝐫𝐓𝐓(𝐌𝐌 + 𝑖𝑖𝐍𝐍)−1(𝐘𝐘0 + 𝑖𝑖𝐙𝐙0) (14) 

Using the complex conjugate form of Equation (14), an equation for 𝐴𝐴12 is then 

given by: 

𝐴𝐴12 = 𝐫𝐫𝐓𝐓(𝐌𝐌 + 𝑖𝑖𝐍𝐍)−1(𝐘𝐘𝟎𝟎 + 𝑖𝑖𝐙𝐙𝟎𝟎)𝐫𝐫𝐓𝐓(𝐌𝐌− 𝑖𝑖𝐍𝐍)−1(𝐘𝐘0 − 𝑖𝑖𝐙𝐙0) (15) 

This leads to a quintic polynomial equation in 𝐴𝐴12. When solved, only real positive 

solutions will be of interest. Once 𝐴𝐴12 has been found, 𝐂𝐂1, 𝐃𝐃1, 𝑃𝑃1, 𝑄𝑄1 may be 

obtained from Equations (10) and (12) respectively. 

 

A first refined approximation may now be obtained by substituting Equation (9) 

into Equation (3), noting that Equation (5) has been satisfied. This results in the 

following: 

𝐗𝐗1𝑟𝑟 = 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1sin𝜏𝜏 −
𝜀𝜀𝐬𝐬

32𝜔𝜔02
{𝑄𝑄1(3𝑃𝑃12 − 𝑄𝑄12)cos3𝜏𝜏 + 𝑃𝑃1(𝑃𝑃12 − 3𝑄𝑄12)sin3𝜏𝜏} 

 (16) 

 A yet further refinement may then be obtained by first substituting (16) into 

Equation (7) and applying condition (5). In doing so, it may be shown that: 

(𝐫𝐫𝐓𝐓𝑿𝑿1𝑟𝑟)3 =
3
4
𝐴𝐴12(1 + 𝛽𝛽𝐴𝐴12 + 2𝛽𝛽2𝐴𝐴14)(𝑄𝑄1cos𝜏𝜏 + 𝑃𝑃1sin𝜏𝜏) + ⋯ 

 
(17) 

where: 

𝛽𝛽 =
𝜀𝜀𝐫𝐫𝑻𝑻𝐬𝐬
32𝜔𝜔02

 
 

(18) 
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Hence 𝐂𝐂1 and 𝐃𝐃1 will still be determined by Equations (10), but with the matrix 

𝐌𝐌 modified as follows: 

𝐌𝐌 = −𝜔𝜔0
2𝐈𝐈 + 𝐇𝐇 +

3
4
𝜀𝜀𝐴𝐴12(1 + 𝛽𝛽𝐴𝐴12 + 2𝛽𝛽2𝐴𝐴14)𝐬𝐬𝐫𝐫T 

 
(19) 

This will lead to a polynomial of degree 7 in 𝐴𝐴12. Once 𝐴𝐴12 has been found, 𝐂𝐂1, 𝐃𝐃1, 

𝑃𝑃1, 𝑄𝑄1 may be obtained as before. 

 

A second approximation may now be obtained by substituting Equation (16) into 

Equation (3) using the newly found, 𝐂𝐂1, 𝐃𝐃1, 𝑃𝑃1, 𝑄𝑄1. This yields: 

 

𝐗𝐗𝟐𝟐𝟐𝟐 = 𝐂𝐂1cos𝜏𝜏+𝐃𝐃1sin𝜏𝜏 − 1
8𝐂𝐂3𝑛𝑛cos3𝜏𝜏 − 1

8𝐃𝐃3𝑛𝑛sin3𝜏𝜏+ 𝜀𝜀
𝜔𝜔0

2 𝐬𝐬 �
𝑄𝑄5
24 cos5𝜏𝜏+ 

𝑃𝑃5
24

sin5𝜏𝜏 +
𝑄𝑄7
48

cos7𝜏𝜏 +
𝑃𝑃7
48

sin7𝜏𝜏 +
𝑄𝑄9
80

cos9𝜏𝜏 +
𝑃𝑃9
80

sin9𝜏𝜏� 

 (20) 

where: 

𝐂𝐂3𝑛𝑛 = −
3
𝜔𝜔0

𝐆𝐆𝐃𝐃3 − �
1
𝜔𝜔02

𝐈𝐈 − 𝐇𝐇�𝐂𝐂3 −
𝜀𝜀
𝜔𝜔02

𝑄𝑄3𝑛𝑛𝐬𝐬 

𝐃𝐃𝟑𝟑𝟑𝟑 =
3
𝜔𝜔0

𝐆𝐆𝐂𝐂3 − �
1
𝜔𝜔02

𝐈𝐈 − 𝐇𝐇�𝐃𝐃3 −
𝜀𝜀
𝜔𝜔02

𝑃𝑃3𝑛𝑛𝐬𝐬 

 

(21) 

 

𝑃𝑃3𝑛𝑛 = −
1
4
𝑃𝑃13 +

3
2
𝑃𝑃12𝑃𝑃3 +

3
4
𝑃𝑃1𝑄𝑄12 +

3
4
𝑃𝑃33 +

3
2
𝑃𝑃3𝑄𝑄12 +

3
2
𝑃𝑃3𝑄𝑄32 

𝑄𝑄3𝑛𝑛 = −
3
4
𝑃𝑃12𝑄𝑄1 +

3
2
𝑃𝑃12𝑄𝑄3 +

3
4
𝑃𝑃32𝑄𝑄3 +

1
4
𝑄𝑄13 +

3
2
𝑄𝑄12𝑄𝑄3 +

3
4
𝑄𝑄33 

 

(22) 

and also: 

𝑃𝑃3 = 𝐫𝐫T𝐃𝐃3;  𝑄𝑄3 = 𝐫𝐫T𝐂𝐂3 

𝑃𝑃5 =
3
4
𝑃𝑃1𝑃𝑃32 +  

3
4
𝑃𝑃3𝑄𝑄12  +  

3
2
𝑄𝑄3𝑃𝑃3𝑄𝑄1  −  

3
4
𝑃𝑃12𝑃𝑃3 +

3
2
𝑃𝑃1𝑄𝑄3𝑄𝑄1 −

3
4
𝑃𝑃1𝑄𝑄32  

𝑄𝑄5 =
3
4
𝑄𝑄1𝑄𝑄32 −  

3
4
𝑄𝑄1𝑃𝑃32   −  

3
4
𝑃𝑃12𝑄𝑄3 +

3
4
𝑄𝑄3𝑄𝑄12  +  

3
2
𝑃𝑃1𝑃𝑃3𝑄𝑄1 +

3
2
𝑃𝑃1𝑃𝑃3𝑄𝑄3 

𝑃𝑃7 =
3
4
𝑃𝑃1𝑄𝑄32 +

3
2
𝑃𝑃3𝑄𝑄1𝑄𝑄3 −

3
4
𝑃𝑃32𝑃𝑃1;  𝑄𝑄7 =

3
4
𝑄𝑄1𝑄𝑄32 −

3
2
𝑃𝑃1𝑃𝑃3𝑄𝑄3 −

3
4
𝑃𝑃32𝑄𝑄1 

𝑃𝑃9 = −
1
4
𝑃𝑃33 +

3
4
𝑃𝑃3𝑄𝑄32;  𝑄𝑄9 = −

3
4
𝑄𝑄3𝑃𝑃32 +

1
4
𝑄𝑄33 

 

 

 

(23) 
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2.3  Subharmonic Resonance 

To investigate subharmonic resonances, Equation (1) is rewritten as follows: 

𝐗̈𝐗 + 𝐆𝐆𝐗̇𝐗 + 𝐇𝐇𝐇𝐇 + 𝜀𝜀𝐬𝐬𝑓𝑓(𝐫𝐫T𝐗𝐗) = 𝐘𝐘0sin (3𝜔𝜔0𝑡𝑡) + 𝐙𝐙0cos (3𝜔𝜔0𝑡𝑡) (24) 

In applying the integro-differential equation approach to Equation (24) to seek 

subharmonic resonance solutions, time is again non-dimensionalised as in Section 

2.2 so that Equation (24) is now rewritten: 

𝐗𝐗′′ + 𝐗𝐗 = 𝚽𝚽(𝐗𝐗,𝐗𝐗′, 𝜏𝜏) (25) 

and now: 

𝚽𝚽(𝐗𝐗,𝐗𝐗′, 𝜏𝜏) = −
1
𝜔𝜔0

𝐆𝐆𝐗𝐗′ − �
1
𝜔𝜔02

𝐇𝐇 − 𝐈𝐈�𝐗𝐗 −
𝜀𝜀𝐬𝐬
𝜔𝜔02

𝑓𝑓(𝐫𝐫T𝐗𝐗) +
𝐘𝐘0
𝜔𝜔02

sin (3𝜏𝜏)

+
𝐙𝐙0
𝜔𝜔02

cos (3𝜏𝜏) 

 

(26) 

The first step in obtaining an approximate solution is to take a starting expression 

of the form: 

𝑿𝑿1 = 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1sin𝜏𝜏 + 𝐂𝐂3cos3𝜏𝜏 + 𝐃𝐃3sin3𝜏𝜏 (27) 

 

where 𝐂𝐂1 and 𝐃𝐃1 will be determined from condition (5) and 𝐂𝐂3 and 𝐃𝐃3 from 

substitution of (27) into (3). This results firstly in the following Equations: 

𝐌𝐌𝐂𝐂1 + 𝐍𝐍𝐃𝐃1 + 𝜀𝜀𝐴𝐴1′ 𝐬𝐬 = 𝟎𝟎 

−𝐍𝐍𝐂𝐂1 + 𝐌𝐌𝐃𝐃1 + 𝜀𝜀𝐵𝐵1′𝐬𝐬 = 𝟎𝟎 

 

(28) 

 where now: 

𝐌𝐌 = −𝜔𝜔0
2𝐈𝐈 + 𝐇𝐇;  𝐍𝐍 = 𝜔𝜔0𝐆𝐆 (29) 

and 𝐴𝐴1′  and 𝐵𝐵1′  can be written to take the form: 

𝐴𝐴1′ = 𝑄𝑄1 �
3
4
𝐴𝐴12 +

3
2
𝐴𝐴32� −

3
4
𝑄𝑄3(𝑃𝑃1 + 𝑖𝑖𝑄𝑄1)2 +

3
2
𝑃𝑃1𝑄𝑄1(𝑃𝑃3 + 𝑖𝑖𝑄𝑄3) 

𝐵𝐵1′ = 𝑃𝑃1 �
3
4
𝐴𝐴12 +

3
2
𝐴𝐴32� −

3
4
𝑃𝑃3(𝑃𝑃1 + 𝑖𝑖𝑄𝑄1)2 −

3
2
𝑃𝑃1𝑄𝑄1(𝑄𝑄3 − 𝑖𝑖𝑃𝑃3) 

 
 

(30) 

where 𝑃𝑃1 and 𝑄𝑄1 are defined as in Equation (12) and 𝑃𝑃3, 𝑄𝑄3 and 𝐴𝐴3 and are given 

by: 

𝑃𝑃3 = 𝐫𝐫T𝐃𝐃3;  𝑄𝑄3 = 𝐫𝐫T𝐂𝐂3;  𝐴𝐴32 = 𝑃𝑃32 + 𝑄𝑄32 (31) 
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Using Equations (30), Equations (28) can be combined together to give: 

(𝑄𝑄1 + 𝑖𝑖𝑖𝑖1) �1 + 𝜆𝜆 �
3
4
𝐴𝐴12 +

3
2
𝐴𝐴32�� =

3
4
𝜆𝜆(𝑃𝑃1 + 𝑖𝑖𝑄𝑄1)2(𝑖𝑖𝑃𝑃3 + 𝑄𝑄3) (32) 

where: 

𝜆𝜆 = 𝐫𝐫T(𝐌𝐌− 𝑖𝑖𝐍𝐍)−1𝐬𝐬𝜀𝜀  (33) 

Taking the complex conjugate of Equation (32) and combining it with Equation 

(32) itself leads to a cubic equation for 𝐴𝐴12 as follows: 
9

16
𝜆𝜆𝜆̅𝜆𝐴𝐴16 + �

3
4
�𝜆𝜆 + 𝜆̅𝜆� +

27
16

𝜆𝜆𝜆̅𝜆𝐴𝐴32� 𝐴𝐴14 + �1 +
3
2
�𝜆𝜆 + 𝜆̅𝜆�𝐴𝐴32 +

9
4
𝜆𝜆𝜆̅𝜆𝐴𝐴34� 𝐴𝐴12 = 0 

 (34) 

with 𝜆̅𝜆 being the complex conjugate of 𝜆𝜆. It will be seen that 𝐴𝐴12 = 0 is one solution 

of Equation (34).  

A second Equation obtained from equating terms in cos (3𝜏𝜏) and sin3𝜏𝜏 is : 

𝐌𝐌1𝐂𝐂3 + 𝐍𝐍1𝐃𝐃3 = 𝜀𝜀𝐴𝐴3′ 𝐬𝐬 − 𝐙𝐙0 

−𝐍𝐍1𝐂𝐂3 + 𝐌𝐌1𝐃𝐃3 = 𝜀𝜀𝐵𝐵3′ 𝐬𝐬 − 𝐘𝐘0 

 

(35) 

where now: 

𝐌𝐌1 = 9𝜔𝜔0
2𝐈𝐈 − 𝐇𝐇;  𝐍𝐍1 = −3𝜔𝜔0𝐆𝐆 (36) 

and 𝐴𝐴3′  and 𝐵𝐵3′  can be written to take the form: 

𝐴𝐴3′ = 𝑄𝑄3 �
3
2
𝐴𝐴12 +

3
4
𝐴𝐴32� −

3
4
𝑃𝑃12𝑄𝑄1 +

1
4
𝑄𝑄13 

𝐵𝐵3′ = 𝑃𝑃3 �
3
2
𝐴𝐴12 +

3
4
𝐴𝐴32� +

3
4
𝑃𝑃1𝑄𝑄12 −

1
4
𝑃𝑃13 

 
 

(37) 

Using Equations (31) and (37), Equations (35) can be combined together to give: 

(𝑄𝑄3 + 𝑖𝑖𝑖𝑖3) �1 − 𝜆𝜆1 �
3
2
𝐴𝐴12 +

3
4
𝐴𝐴32�� =

1
4
𝜆𝜆1(𝑃𝑃1 + 𝑖𝑖𝑄𝑄1)3 − 𝜇𝜇1 (38) 

where: 

𝜆𝜆1 = 𝐫𝐫T(𝐌𝐌𝟏𝟏 − 𝑖𝑖𝐍𝐍𝟏𝟏)−1𝐬𝐬𝜀𝜀 ;  𝜇𝜇1 = 𝐫𝐫T(𝐌𝐌𝟏𝟏 − 𝑖𝑖𝐍𝐍𝟏𝟏)−1(𝐙𝐙0 + 𝑖𝑖𝐘𝐘0)  (39) 

Making use of Equation (32), it is possible to eliminate 𝑃𝑃1 + 𝑖𝑖𝑄𝑄1from Equation (38) 

to give: 

(𝑄𝑄3 + 𝑖𝑖𝑖𝑖3) �𝜙𝜙1 +
3𝜆𝜆𝜆𝜆1𝐴𝐴14

16𝜓𝜓1
� = −𝜇𝜇1 (40) 
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where: 

𝜙𝜙1 = 1 − 𝜆𝜆1 �
3
2
𝐴𝐴12 +

3
4
𝐴𝐴32� ;  𝜓𝜓1 = 1 + 𝜆𝜆 �

3
4
𝐴𝐴12 +

3
2
𝐴𝐴32� 

 

(41) 

Taking the complex conjugate of Equation (40) and combining it with Equation 

(40) itself leads to the following Equation: 

�𝜙𝜙1𝜓𝜓1 +
3𝜆𝜆𝜆𝜆1𝐴𝐴14

16
� �𝜙𝜙�1𝜓𝜓�1 +

3𝜆̅𝜆𝜆̅𝜆1𝐴𝐴14

16
�𝐴𝐴32 = 𝜇𝜇1𝜇̅𝜇1𝜓𝜓1𝜓𝜓�1 (42) 

 

Equations (34) and (42) are polynomial equations in 𝐴𝐴12 and 𝐴𝐴32. Equation (34) is a 

quadratic equation in 𝐴𝐴12 (leaving aside the root 𝐴𝐴12 = 0) while Equation (42) is a 

quartic equation in 𝐴𝐴12 with coefficients in 𝐴𝐴32. It is now possible to eliminate 𝐴𝐴12 

between (34) and (42) using the MATLAB Symbolic Mathematics package which 

will result in a polynomial equation of degree 8 in 𝐴𝐴32. Given 𝐴𝐴32, 𝐴𝐴12 is then found 

from Equation (34). 

 

With 𝐴𝐴1 and 𝐴𝐴3 known, 𝑃𝑃3 and 𝑄𝑄3 may be found from Equation (40) after which 

𝑃𝑃1 and 𝑄𝑄1 may be found by writing 𝑃𝑃1 + 𝑖𝑖𝑄𝑄1 = 𝐴𝐴1𝑒𝑒𝑖𝑖𝑖𝑖 and then solving for 𝜃𝜃 using 

Equation (32). 𝐂𝐂1 and 𝐃𝐃1 may then be obtained from Equations (28) and 𝐂𝐂3 and 𝐃𝐃3 

from Equations (35). Potentially, 8 possible values of 𝐴𝐴32 could be found by this 

method, each being associated with two corresponding values of 𝐴𝐴12. However, 𝐴𝐴12 

and 𝐴𝐴32 values less than zero are discarded. Additionally, any combinations of 

values of 𝐴𝐴12 and 𝐴𝐴32 resulting in 𝑒𝑒𝑖𝑖𝑖𝑖 not giving an amplitude of 1.0 are also 

discarded. 

 

Having obtained this first approximation, a second approximation may now be 

obtained by substituting Equation (27) into Equation (3) using the newly found 

𝐂𝐂1, 𝐃𝐃1, 𝐂𝐂3, 𝐃𝐃3,  𝑃𝑃1, 𝑄𝑄1, 𝑃𝑃3, 𝑄𝑄3. This yields: 

 

𝐗𝐗𝟐𝟐𝟐𝟐 = 𝐂𝐂1cos𝜏𝜏+𝐃𝐃1sin𝜏𝜏+ 𝐂𝐂3𝑛𝑛cos3𝜏𝜏+𝐃𝐃3𝑛𝑛sin3𝜏𝜏+ 𝜀𝜀
𝜔𝜔0

2 𝐬𝐬 �
𝑄𝑄5
24 cos5𝜏𝜏+ 

𝑃𝑃5
24

sin5𝜏𝜏 +
𝑄𝑄7
48

cos7𝜏𝜏 +
𝑃𝑃7
48

sin7𝜏𝜏 +
𝑄𝑄9
80

cos9𝜏𝜏 +
𝑃𝑃9
80

sin9𝜏𝜏� 

 (43) 

where: 
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𝐂𝐂3𝑛𝑛 =
3

8𝜔𝜔0
𝐆𝐆𝐃𝐃3 −

1
8
�

1
𝜔𝜔02

𝐈𝐈 − 𝐇𝐇�𝐂𝐂3 +
𝜀𝜀

8𝜔𝜔02
𝐴𝐴3′ 𝐬𝐬 −

1
8𝜔𝜔02

𝐙𝐙0 

𝐃𝐃𝟑𝟑𝟑𝟑 = −
3

8𝜔𝜔0
𝐆𝐆𝐂𝐂3 −

1
8
�

1
𝜔𝜔02

𝐈𝐈 − 𝐇𝐇�𝐃𝐃3 +
𝜀𝜀

8𝜔𝜔02
𝐵𝐵3′𝐬𝐬 −

1
8𝜔𝜔02

𝐘𝐘0 

 

(44) 

 

and 𝑃𝑃5,𝑄𝑄5,𝑃𝑃7,𝑄𝑄7,𝑃𝑃9, 𝑄𝑄9 are given by Equation (23). This approach, in which the 

first approximation is a Harmonic Balance solution will be referred to as Method 

1.  

 

An alternative approach is to take an approximate initial solution by setting  𝐗𝐗 =

𝐗𝐗′ = 𝟎𝟎 in (25) as a starting point and substitute 𝚽𝚽(𝟎𝟎,𝟎𝟎, 𝜏𝜏) into Equation (3). This 

will yield: 

 

𝑿𝑿1 = −
1

8𝜔𝜔02
(𝒀𝒀0sin3𝜏𝜏 + 𝒁𝒁0cos3𝜏𝜏) + 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1sin𝜏𝜏 (45) 

 

So that initial values of 𝐂𝐂3, 𝐃𝐃3 are given by: 

𝐂𝐂3 = −
𝐙𝐙0

8𝜔𝜔02
;   𝐃𝐃3 = −

𝐘𝐘0
8𝜔𝜔02

      

(46) 

 

With these values of 𝐂𝐂3, 𝐃𝐃3, 𝐴𝐴12 may be found from Equation (34), and hence 𝐂𝐂1, 

𝐃𝐃1 may be found as before. An improved solution may be found by recalculating 

𝐂𝐂3, 𝐃𝐃3 using Equation (35). This approach will be referred to as Method 2. 

2.4  Symmetry-Breaking and Period-Doubling 

To investigate symmetry-breaking and period-doubling resonances, Equation (1) is 

now written as follows: 

𝐗̈𝐗 + 𝐆𝐆𝐗̇𝐗 + 𝐇𝐇𝐇𝐇 + 𝜀𝜀𝐬𝐬𝑓𝑓(𝐫𝐫T𝐗𝐗) = 𝐘𝐘0sin (2𝜔𝜔0𝑡𝑡) + 𝐙𝐙0cos (2𝜔𝜔0𝑡𝑡) (47) 

To apply the integro-differential equation approach to Equation (47), time is again 

non-dimensionalised as in Sections 2.2 and 2.3 so that Equation (47) is now 

rewritten: 

𝐗𝐗′′ + 𝐗𝐗 = 𝚽𝚽(𝐗𝐗,𝐗𝐗′, 𝜏𝜏) (48) 

where now: 
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𝚽𝚽(𝐗𝐗,𝐗𝐗′, 𝜏𝜏) = −
1
𝜔𝜔0

𝐆𝐆𝐗𝐗′ − �
1
𝜔𝜔02

𝐇𝐇 − 𝐈𝐈�𝐗𝐗 −
𝜀𝜀𝐬𝐬
𝜔𝜔02

𝑓𝑓(𝐫𝐫T𝐗𝐗) +
𝐘𝐘0
𝜔𝜔02

sin (2𝜏𝜏)

+
𝐙𝐙0
𝜔𝜔02

cos (2𝜏𝜏) 

 

(49) 

 

A slightly different approach to Sections 2.2 and 2.3 is now taken in that the first 

step in obtaining an approximate solution is to take 𝐗𝐗 = 𝐗𝐗′ = 𝟎𝟎 as the starting point 

and substitute 𝚽𝚽(𝟎𝟎,𝟎𝟎, 𝜏𝜏) into Equation (3). This will yield: 

𝐗𝐗1 = −
1

3𝜔𝜔02
(𝐘𝐘0sin2𝜏𝜏 + 𝐙𝐙0cos2𝜏𝜏) + 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1sin𝜏𝜏 (50) 

 

However, an offset term is also required, and hence Equation (50) for 𝐗𝐗1 is modified 

by adding a constant term so that now: 

𝑿𝑿1 = 𝐂𝐂0 + 𝐂𝐂2cos2𝜏𝜏 + 𝐃𝐃2sin2𝜏𝜏 + 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1sin𝜏𝜏 (51) 

 

where 𝐂𝐂2 =  − 1 3𝜔𝜔0
2⁄ 𝒁𝒁0 , 𝐃𝐃2 =  − 1 3𝜔𝜔0

2⁄ 𝒀𝒀0 and 𝐂𝐂1, 𝐃𝐃1 will now be determined 

from condition (5). This results in the following Equations: 

 

𝐌𝐌𝐂𝐂1 + 𝐍𝐍𝐃𝐃1 + 𝜀𝜀 �3𝑄𝑄1 �
1
4
𝐴𝐴12 +

1
2
𝐴𝐴22 + 𝑄𝑄02� + 3𝑄𝑄0(𝑃𝑃1𝑃𝑃2 + 𝑄𝑄1𝑄𝑄2)� 𝐬𝐬 = 𝟎𝟎 

−𝐍𝐍𝐂𝐂1 + 𝐌𝐌𝐃𝐃1 + 𝜀𝜀 �3𝑃𝑃1 �
1
4
𝐴𝐴12 +

1
2
𝐴𝐴22 + 𝑄𝑄02� + 3𝑄𝑄0(𝑃𝑃2𝑄𝑄1 − 𝑃𝑃1𝑄𝑄2)� 𝐬𝐬 = 𝟎𝟎 

 

 

(52) 

 

where 𝐌𝐌 and 𝐍𝐍 are defined as in Equation (29), 𝑃𝑃1 and 𝑄𝑄1 are defined as in Equation 

(12), 𝑄𝑄0 = 𝐫𝐫T𝐂𝐂0 and 𝐴𝐴22 = 𝑃𝑃22 + 𝑄𝑄22. 

With the help of Equations (12), Equations (52) can be combined together to give: 

 

(𝑄𝑄1 + 𝑖𝑖𝑖𝑖1){1 + 3𝜆𝜆𝜆𝜆} + 3𝜆𝜆𝑄𝑄0(𝑄𝑄1 − 𝑖𝑖𝑃𝑃1)(𝑄𝑄2 + 𝑖𝑖𝑃𝑃2) = 0 (53) 

 

where 𝜆𝜆 is as defined in Equation (33) and 𝑌𝑌 = �1
4
𝐴𝐴12 + 1

2
𝐴𝐴22 + 𝑄𝑄02�. Making use of 

the complex conjugate form of Equation (53) leads to the following Equation: 

  

{1 + 3𝜆𝜆𝜆𝜆}�1 + 3𝜆̅𝜆𝑌𝑌� = 9𝜆𝜆𝜆̅𝜆𝑄𝑄02𝐴𝐴22 (54) 
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where it is assumed that 𝐴𝐴12 is non-zero. A further equation is found by equating the 

constant terms obtained by substituting Equation (51) in Equation (3). This gives: 

 

𝐂𝐂0 = −𝜀𝜀𝐇𝐇−𝟏𝟏𝒔𝒔 �
3
2

(𝐴𝐴12 + 𝐴𝐴22)𝑄𝑄0 + 𝑄𝑄03 +
3
4
𝑄𝑄2(𝑄𝑄12 − 𝑃𝑃12) +

3
2
𝑃𝑃1𝑄𝑄1𝑃𝑃2� (55) 

 

Multiplying through Equation (55) by 𝐫𝐫T then leads to: 

 

𝑄𝑄03 + �
3
2

(𝐴𝐴12 + 𝐴𝐴22) + 𝑐𝑐�𝑄𝑄0 +
3
4
𝑄𝑄2(𝑄𝑄12 − 𝑃𝑃12) +

3
2
𝑃𝑃1𝑄𝑄1𝑃𝑃2 = 0 (56) 

 

where 𝑐𝑐 = 1/(𝜀𝜀𝐫𝐫T𝐇𝐇−1𝐬𝐬) It should be noted that if no offset term is assumed (i.e. 

𝐂𝐂0 = 𝟎𝟎,𝑄𝑄0 = 0), since the parameter λ is complex in general, real values of 𝐴𝐴1 

cannot be obtained from Equation (54). Hence introduction of the offset term 𝐂𝐂0 is 

necessary. 

 

Setting 𝑄𝑄1 + 𝑖𝑖𝑃𝑃1 = 𝐴𝐴1𝑒𝑒𝑖𝑖𝑖𝑖  it is then possible to write using Equation (53): 

 

𝑒𝑒2𝑖𝑖𝜃𝜃 = −
3𝜆𝜆𝑄𝑄0(𝑄𝑄2 + 𝑖𝑖𝑃𝑃2)

1 + 3𝜆𝜆𝜆𝜆
 (57) 

 

while Equation (56) may be rewritten: 

𝑄𝑄04 + �
3
2

(𝐴𝐴12 + 𝐴𝐴22) + 𝑐𝑐� 𝑄𝑄02 −
3
8
𝐴𝐴12 �

𝑏𝑏 + 2𝑎𝑎𝑎𝑎
𝑎𝑎

� = 0   (58) 

 

where 𝑎𝑎 = 9𝜆𝜆𝜆̅𝜆 and 𝑏𝑏 = 6(𝜆𝜆 + 𝜆̅𝜆). Noting that 𝐴𝐴12 can be written in terms of 𝑄𝑄02 and 

Y, and 𝑄𝑄02 may in turn be written in terms of 𝑌𝑌 using Equation (54), the following 

quartic equation results for 𝑌𝑌: 

𝑐𝑐4𝑌𝑌4 + 𝑐𝑐3𝑌𝑌3 + 𝑐𝑐2𝑌𝑌2 + 𝑐𝑐1𝑌𝑌 + 𝑐𝑐0 = 0 (59) 

 

where: 
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𝑐𝑐0 =
3𝐴𝐴22𝑏𝑏
2𝑎𝑎2

−
5
𝑎𝑎2

−
3𝐴𝐴24

2𝑎𝑎
+

3𝐴𝐴26𝑏𝑏
4𝑎𝑎

+
𝐴𝐴22𝑐𝑐
𝑎𝑎

 

𝑐𝑐1 =
3𝐴𝐴26

2
−

10𝑏𝑏
𝑎𝑎2

+
9𝐴𝐴22

𝑎𝑎
−

3𝐴𝐴24𝑏𝑏
𝑎𝑎

+
3𝐴𝐴22𝑏𝑏2

2𝑎𝑎2
+
𝐴𝐴22𝑏𝑏𝑏𝑏
𝑎𝑎

 

𝑐𝑐2 = 𝐴𝐴22𝑐𝑐 −
9𝐴𝐴24

2
−

10
𝑎𝑎
−

5𝑏𝑏2

𝑎𝑎2
+

21𝐴𝐴22𝑏𝑏
2𝑎𝑎

 

𝑐𝑐3 = 9𝐴𝐴22 −
10𝑏𝑏
𝑎𝑎

;   𝑐𝑐4 = −5 

 

(60) 

 

Assuming an initial estimate for  𝐴𝐴22, four possible values of 𝑌𝑌 may then be obtained 

from (59).  For each 𝑌𝑌,  a value for 𝑄𝑄02 may be obtained from Equation (54) and 𝐴𝐴12 

can then be found from the definition of 𝑌𝑌. Viable solutions must have positive real 

values for each of 𝑌𝑌, 𝑄𝑄02 and 𝐴𝐴12. 𝑃𝑃1 and 𝑄𝑄1 may be found using Equation (57) to 

determine θ, and 𝐂𝐂1 and 𝐃𝐃1from Equation (52). 

 

A ‘zeroth’ approximation has now been found by taking 𝐴𝐴22 to be based on the 

starting solution (50). A refined approximation may then be found by substituting 

(51) back into (3). This gives: 

𝑿𝑿1𝑟𝑟 = 𝐂𝐂0 +  𝐂𝐂2𝑛𝑛cos2𝜏𝜏 + 𝐃𝐃2𝑛𝑛sin2𝜏𝜏 + 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1sin𝜏𝜏 (61) 

where: 

�4𝐈𝐈 −
1
𝜔𝜔02

𝐇𝐇�𝐂𝐂𝟐𝟐𝟐𝟐 −
1
𝜔𝜔0

𝐆𝐆𝐃𝐃2𝑛𝑛 =
𝜀𝜀𝐴𝐴2′

𝜔𝜔02
𝐬𝐬 −

1
𝜔𝜔02

𝐙𝐙0 

1
𝜔𝜔0

𝐆𝐆𝐆𝐆2𝑛𝑛 + �4𝐈𝐈 −
1
𝜔𝜔02

𝐇𝐇�𝐃𝐃𝟐𝟐𝟐𝟐 =
𝜀𝜀𝐵𝐵2′

𝜔𝜔02
𝐬𝐬 −

1
𝜔𝜔02

𝐘𝐘𝟎𝟎 

 

(62) 

and: 

𝐴𝐴2′ = −
3
2
𝑃𝑃12𝑄𝑄0 +

3
2
𝑃𝑃12𝑄𝑄2 +

3
4
𝑃𝑃22𝑄𝑄2 + 3𝑄𝑄02𝑄𝑄2 +

3
2
𝑄𝑄12𝑄𝑄0 +

3
2
𝑄𝑄12𝑄𝑄2

+
3
4
𝑄𝑄23 

𝐵𝐵2′ =
3
2
𝑃𝑃12𝑃𝑃2 + 3𝑄𝑄0𝑄𝑄1𝑃𝑃1 +

3
4
𝑃𝑃23 + 3𝑄𝑄02𝑃𝑃2 +

3
2
𝑄𝑄12𝑃𝑃2 +

3
4
𝑄𝑄22𝑃𝑃2 

 

 

(63) 

 

The 𝐂𝐂2𝑛𝑛 and 𝐃𝐃2𝑛𝑛 found from Equations (62) may be used to determine a new 𝐴𝐴22 

from which new 𝑌𝑌, 𝑄𝑄02 and 𝐴𝐴12 may be calculated.  Further refinements may then 

be made by repeating the process as desired with the new 𝐴𝐴22.  
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Having obtained a preliminary solution, a further refinement to take account of 

higher harmonics may be made by substituting Equation (51) once more into (3) 

but this time retaining the higher harmonics that arise from the nonlinear term 

(𝐫𝐫𝑇𝑇𝐗𝐗)3. This will lead to the following expression for X: 

 

𝐗𝐗 = 𝐂𝐂0 +  𝐂𝐂2cos2𝜏𝜏 + 𝐃𝐃2sin2𝜏𝜏 + 𝐂𝐂1cos𝜏𝜏 + 𝐃𝐃1𝑠𝑠in𝜏𝜏 + 

𝜀𝜀
𝜔𝜔02

𝐬𝐬�
1

1 − 𝑘𝑘2

6

𝑘𝑘=3

{𝑐𝑐𝑘𝑘cos𝑘𝑘𝑘𝑘 + 𝑠𝑠𝑘𝑘sin𝑘𝑘𝑘𝑘} 

 

(64) 

 

where the coefficients 𝑐𝑐𝑘𝑘and 𝑠𝑠𝑘𝑘 are given by: 

𝑐𝑐3 =
3
4
𝑄𝑄1𝑄𝑄22 −

3
4
𝑃𝑃22𝑄𝑄1 −

3
4
𝑃𝑃12𝑄𝑄1 +

1
4
𝑄𝑄12 − 3𝑃𝑃1𝑃𝑃2𝑄𝑄0 +

3
2
𝑃𝑃1𝑃𝑃2𝑄𝑄2

+ 3𝑄𝑄0𝑄𝑄1𝑄𝑄2 

𝑠𝑠3 =
3
4
𝑃𝑃1𝑃𝑃22 +

3
4
𝑃𝑃1𝑄𝑄12 −

3
4
𝑃𝑃1𝑄𝑄22 −

1
4
𝑃𝑃13 + 3𝑃𝑃1𝑄𝑄0𝑄𝑄2 + 3𝑃𝑃2𝑄𝑄0𝑄𝑄1

+
3
2
𝑃𝑃2𝑄𝑄1𝑄𝑄2 

𝑐𝑐4 =
3
4
𝑄𝑄12𝑄𝑄2 −

3
2
𝑃𝑃1𝑃𝑃2𝑄𝑄1 +

3
2
𝑄𝑄0𝑄𝑄22 −

3
4
𝑃𝑃12𝑄𝑄2 −

3
2
𝑃𝑃22𝑄𝑄0 

𝑠𝑠4 =
3
4
𝑃𝑃2𝑄𝑄12 +

3
2
𝑃𝑃1𝑄𝑄2𝑄𝑄1 −

3
4
𝑃𝑃12𝑃𝑃2 + 3𝑃𝑃2𝑄𝑄0𝑄𝑄2 

𝑐𝑐5 =
3
4
𝑄𝑄1𝑄𝑄22 −

3
2
𝑃𝑃1𝑃𝑃2𝑄𝑄2 −

3
4
𝑃𝑃22𝑄𝑄1;  𝑠𝑠5 =

3
4
𝑃𝑃1𝑄𝑄22 +

3
2
𝑃𝑃2𝑄𝑄1𝑄𝑄2 −

3
2
𝑃𝑃1𝑃𝑃22 

𝑐𝑐6 = −
1
4
𝑄𝑄2(3𝑃𝑃22 − 𝑄𝑄22);  𝑠𝑠6 = −

1
4
𝑃𝑃2(𝑃𝑃22 − 3𝑄𝑄22) 

 

 

 

 

 

 

(65) 

2.5  Stability Analysis 

The stability of the periodic solutions obtained by the methods in Section 2.2 to 2.4 

are now determined from Floquet analysis by adapting a Harmonic Balance-based 

approach presented in [26] which was itself an extension of a method developed in 

[28] for the analysis of Chua’s circuit, a first order three degree-of-freedom system. 

If X represents a periodic solution of (1) and ΔX a small perturbation of the solution, 

then to first order, ΔX, satisfies the equation: 

Δ𝐗̈𝐗 + 𝐆𝐆Δ𝐗̇𝐗 + 𝐇𝐇∆𝐗𝐗 + 𝜀𝜀𝐬𝐬𝐫𝐫T𝑓𝑓′(𝐫𝐫T𝐗𝐗)∆𝐗𝐗 = 𝟎𝟎 (66) 

 

Following [26] a solution for ΔX is now sought by writing: 
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Δ𝐗𝐗 = �𝐻𝐻𝑙𝑙𝐯𝐯𝑙𝑙(𝑡𝑡)
𝟒𝟒

𝒍𝒍=𝟏𝟏

𝑒𝑒𝜆𝜆𝑙𝑙𝑡𝑡  
 

(67) 

 

where Hl are scalar constants, whose values would be dependent on initial 

conditions, vl are two-dimensional vector functions of period 2𝜋𝜋/𝜔𝜔0 and the λl are 

complex numbers which will determine the stability of the periodic solution. The 

definition of 𝜔𝜔0 be as given in Equations (1), (24) or (47) respectively according to 

whether primary resonance, subharmonic resonance or symmetry-breaking and 

period-doubling is being considered. 

 

The 𝜆𝜆𝑙𝑙’s may then be related to the Floquet multipliers 𝜇𝜇𝑙𝑙 by the Equation: 

 

𝜇𝜇𝑙𝑙 = exp �
2𝜋𝜋𝜆𝜆𝑙𝑙
𝜔𝜔0

� (68) 

For limit cycle stability analysis of an autonomous system, one value of 𝜇𝜇𝑙𝑙 will 

always be unity, and for such a scenario, full details of the stability analysis 

process may be found in [26]. However, for the system analysed here, this is 

no longer the case, and the way in which the analysis of [26] needs to be 

modified is explained here. 

 

In [26], it is shown that the equation for 𝜆𝜆𝑙𝑙 is of the form: 

 

|𝐌𝐌1(𝜆𝜆)| = 𝟎𝟎 (69) 

 

where the matrix 𝐌𝐌1 is of a form similar to Hill’s Determinant that arises in the 

analysis of Mathieu’s equation. The solutions 𝜆𝜆 will give the 𝜆𝜆𝑙𝑙’s in Equation (67). 

The analysis to obtain 𝐌𝐌1 is identical to that in [26]. As in [26], the Determinant of 

𝐌𝐌1 can be written as a Mittag-Leffler expansion. However, in [26], it was known 

that λ = 0 was a solution of (59) as stability of a limit cycle was being considered 

and this gives a value of unity for one of the Floquet multipliers. As this is no longer 

the case here, the corresponding Mittag-Leffler expansion is now: 

|𝐌𝐌1(𝜆𝜆)| = |𝐌𝐌1(0)| + �𝑐𝑐𝑙𝑙 � �
1

𝜆𝜆 − (𝜆𝜆𝑠𝑠𝑠𝑠 + 𝑖𝑖𝑖𝑖𝜔𝜔0)
+

1
𝜆𝜆𝑠𝑠𝑠𝑠 + 𝑖𝑖𝑖𝑖𝜔𝜔0

�
+∞

𝑘𝑘=−∞

4

𝑙𝑙=1

 
 

(70) 
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where 𝑐𝑐𝑙𝑙 is the residue of any of the poles 𝜆𝜆𝑠𝑠𝑠𝑠 + 𝑖𝑖𝑖𝑖𝜔𝜔0 of |𝐌𝐌1(𝜆𝜆)|, which may be 

determined precisely as in [26]. |𝐌𝐌1(0)| may be determined simply by substitution 

of λ = 0 into 𝐌𝐌1. (70) may then be rewritten: 

 

|𝐌𝐌1(𝜆𝜆)| = |𝐌𝐌1(0)| +  
𝑖𝑖𝑖𝑖
𝜋𝜋
�𝑐𝑐𝑙𝑙

4

𝑙𝑙=1

�cot �
𝑖𝑖(𝜆𝜆 − 𝜆𝜆𝑠𝑠𝑠𝑠)𝜋𝜋

𝜔𝜔0
� + cot �

𝑖𝑖𝜆𝜆𝑠𝑠𝑠𝑠𝜋𝜋
𝜔𝜔0

�� = 0 
 

(71) 

 

Equation (71) may be solved by writing, following [26]: 

 

𝜇𝜇 = exp �
2𝜋𝜋𝜋𝜋
𝜔𝜔0

� ;  𝜇𝜇𝑠𝑠𝑠𝑠 = exp �−
2𝜋𝜋𝜆𝜆𝑠𝑠𝑠𝑠
𝜔𝜔0

� (72) 

 

This leads to the following equation for μ: 

|𝐌𝐌1(0)| −
2𝜋𝜋
𝜔𝜔0

��
𝑐𝑐𝑘𝑘𝜇𝜇𝑠𝑠𝑠𝑠(1 − 𝜇𝜇)

(1 − 𝜇𝜇𝑠𝑠𝑠𝑠𝜇𝜇)(𝜇𝜇𝑠𝑠𝑠𝑠 − 1)
�

4

𝑘𝑘=1

= 0 
 

(73) 

 

which may be rearranged to give a quartic equation in μ. 

 

To validate this method of applying Floquet analysis, a numerical approach was 

adopted, in which a periodic solution derived by the integro-differential equation-

based methods of Section 2.2, 2.3, and 2.4 is taken and substituted into Equation 

(67). The eigenvalues of a numerically determined monodromy matrix are then 

obtained by the following approach: Equation (66) is solved for one time period for 

four sets of the initial conditions in Δ𝐗𝐗 and Δ𝐗̇𝐗 where each component in turn is set 

to 1 and the remainder to 0. The solution at the end of one cycle in each case gives 

a column of the monodromy matrix. 

3 Results 

A study is now carried out to demonstrate the effectiveness of the analysis methods 

described in Section 2 for obtaining periodic solutions to Equation (1) and checking 

their stability. As already explained, the form of Equation (1) arises from the 

aeroelastic analysis of an all-moving control fin in high supersonic flow. The 

following numerical values for the matrices G, H, r, s, together with ε are derived 

from such an analysis: 
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𝐆𝐆 = �0.018444 0.002490
0.000398 0.018122� ;  𝐇𝐇 = �0.933452 1.089665

0.026976 1.459448� ; 

𝐫𝐫 = �1.000000
1.184880� ;  𝐬𝐬 = �0.842211

0.159619� ; 𝜀𝜀 = 2.5  

 

(74) 

 

The numerical values will be functions of fin geometry, mass and stiffness 

properties, stiffness and nonlinear characteristics of the root support together with 

flight Mach number, speed of sound and air density. The aerodynamics lead to the 

asymmetric nature of matrices G and H. It should be noted that the behaviour of 

the system in the absence of forcing has been explored in [26] and [29]. For the 

numerical values given in (74), the only attractor of the autonomous system can be 

shown to be the equilibrium point (0,0).    

 

The form of the forcing is taken to be: 

 

𝐅𝐅 = 𝐾𝐾 �1
1� sin𝛺𝛺𝛺𝛺 + 𝐾𝐾 �1

1� cos𝛺𝛺𝛺𝛺 (75) 

 

so that K can be regarded as an excitation level characterising the applied force. For 

this study 𝛺𝛺 = 4 is chosen. 

 

Predictions of responses using the methods of Section 2 will be compared with the 

results of numerical integration of Equations (1) using an implementation of a 

Runge-Kutta solver within MATLAB. For stable periodic responses, initial 

conditions are chosen to be close to a point from the Section 2 predictions, and 

Equations (1) are then solved over a length of time sufficient to assure convergence 

to the periodic solution. For unstable responses, Equations (1) were solved 

numerically subject to the boundary condition X(0) = X(T), where T is the period 

of the response. The method used is that of [32] as implemented in MATLAB in 

the routine bvp5c and requires an initial guess in analytical form for the solution 

being sought. This is found from the unstable responses obtained from the methods 

of Section 2. Additionally, the Harmonic Balance method will be used as another 

means of comparison. 

 



20 

Primary resonance, subharmonic resonance and symmetry-breaking/period 

doubling are considered in turn in Sections 3.1 to 3.3. Given the forcing frequency 

𝛺𝛺 = 4, this implies that 𝜔𝜔0 = 4 in Equation (1) for the primary resonance study, 

𝜔𝜔0 = 4/3 in Equation (24) for subharmonic resonance and 𝜔𝜔0 = 2 in Equation (47) 

for symmetry-breaking and period-doubling. The effect of varying the nonlinearity 

parameter ε will be considered in Section 3.4. 

3.1   Primary Resonance Study 

In this section, plots are first presented showing examples of comparisons of 

periodic responses predicted by Section 2.2 and time domain analyses for K = 3. 

Further comparisons for a range of K are then made in terms of amplitudes 

associated with each frequency. Comparisons of results of Floquet analysis based 

on the Harmonic Balance-based approach of Section 2.5 with time domain analysis 

are also made.  

 

Up to three periodic responses are possible and Figures 1 to 3 show periodic 

responses for the excitation level K = 3 where this occurs. In these plots 𝑋𝑋1 has been 

plotted against 𝑋̇𝑋1 where 𝐗𝐗 = (𝑋𝑋1,𝑋𝑋2)T. Solutions 1 and 3 are asymptotically stable 

and can be predicted by numerical integration in the time domain whereas Solution 

2 turns out be unstable but can be obtained in the time domain by use of the 

MATLAB bvp5c routine. 
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Fig. 1 1st Periodic Response – K = 3. 

 

 

 

 

 

 

 

 

   

 

 

 

 

 

Fig. 2 2nd Periodic Response – K = 3.0 
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Fig. 3 3rd Periodic Response – K = 3.0 

 

The Figures show good agreement between the Section 2.2 predictions and the time 

domain results. In the case of solution 1, which displays a low amplitude response, 

the first approximation is sufficient and higher approximations are not shown, 

whereas for solutions 2 and 3, the second approximation gives excellent agreement 

with time domain results, and the first refined approximation also gives close 

results. 

 

Figures 4 and 5 depict periodic responses for a range of K in terms of amplitude of 

the response for the forcing frequency Ω = 4 and the amplitude of the third harmonic 

3Ω = 12, the amplitudes of harmonics beyond this being small. From the approach 

of Section 2.2, the quantities plotted are 𝐴𝐴1 as given by Equation (12) and 𝐴𝐴3 as 

defined by 𝐴𝐴32 = 𝑃𝑃32 + 𝑄𝑄32 with 𝑃𝑃3, 𝑄𝑄3 defined by Equation (31). These are 

compared with both Fast Fourier Transform (FFT) predictions and also numerical 

Harmonic Balance analysis taking terms in cos(τ), sin(τ), cos(3τ), sin(3τ). As 

indicated in Figures 4 and 5, there is good agreement between the three methods, 

and it may be seen that there are 3 possible system responses over a wide range of 

K. For K ≤ 0.065, the only response is solution 1 and for K ≥ 4.91, the only response 

is solution 3.   

 

𝑋𝑋1 

𝑋̇𝑋1
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Fig 4. Fundamental Frequency Response 

 

Fig 5. Third Harmonic Frequency Response 
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Tables 1 to 3 show Floquet Multipliers obtained by the Harmonic Balance-based 

method of Section 2.5 and the time domain approach for each periodic solution for 

a range of K. The two approaches give very close results and confirm that solutions 

1 and 3 are stable, while solution 2 is unstable, as one Floquet multiplier is greater 

than 1.0. 

 

Table 1 Floquet Multipliers for Solutions 1 

 Harmonic Balance Time Domain 
1.0 0.0366383 ± 0.9857295i 

-0.4110078 ± 0.8952370i 
0.0366385 ± 0.9857294i 
-0.4110075 ±0.8952371i 

2.0 -0.0480330 ± 0.9853868i 
-0.6377610 ± 0.7505659i 

-0.0480330 ± 0.9853869i 
-0.6377614 ± 0.7506621i 

3.0 -0.0895026 ± 0.9824579i 
-0.9256071 ±0.3367489i 

-0.0895026 ± 0.9824579i 
-0.9256078 ±0.3367487i 

4.0 -0.8857820 ± 0.4308443i 
-0.1075397 ±0.9806023i 

-0.8857826 ± 0.4308447i 
-0.1075397 ± 0.9806023i 

 

Table 2 Floquet Multipliers for Solution 2 

K Harmonic Balance Time Domain 

1.0 2.3007001 
-0.1231975 ± 0.9787029i 

0.4217607 

2.3006981 
-0.1231975 ± 0.9787029i 

0.4217621 
2.0 3.4186988 

-0.1228636 ± 0.9787461i 
0.2838340 

3.4186957 
-0.1228636 ± 0.9787461i 

0.2838404 
3.0 4.3353118 

-0.1223995±0.9788061i 
0.2238222 

4.3353098 
-0.1223995 ± 0.9788061i 

0.2238220 
4.0 4.6916204 

-0.1216206 ± 0.9789063i 
0.20682259 

4.6916186 
-0.1216206 ± 0.9789062i 

0.2068224 

 

Table 3 Floquet Multipliers for Solutions 3 

K Harmonic Balance Time Domain 
1.0 -0.1236815 ± 0.9786400i 

0.4505311 ± 0.8759962i 
-0.1236815 ± 0.9786400i 
0.4505318 ± 0.8759978i 

2.0 0.0723804 ± 0.9824019i 
-0.1238760 ± 0.9786146i 

0.0723804 ± 0.9824018i 
-0.1238760 ± 0.9786146i 

3.0 -0.2438076 ± 0.9544072i 
-0.1240528 ± 0.9785916i 

-0.2438319 ± 0.9544094i 
-0.1240528 ± 0.9785916i 

4.0 -0.4985584 ± 0.8495827i 
-0.1242187 ± 0.9785697i 

-0.4985598 ±0.8495895i 
-0.1242187 ± 0.978700i 

5.0 -0.6946562 ± 0.6984314i 
-0.1243789 ± 0.9785491i 

-0.6946559 ± 0.6984312i 
-0.1243789 ± 0.9785591i 
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3.2  Subharmonic Resonance Study 

In this section, following the pattern of Section 3.1, frequency responses are first 

presented for a particular level of force excitation to demonstrate the capability of 

Method 1 and Method 2 of Section 2.3 to predict subharmonic resonance responses, 

after which results in terms of amplitude responses are presented to show how they 

vary with force level, and also to provide further validation. Floquet multipliers for 

the responses are also presented. In order to apply a forcing frequency 𝛺𝛺 = 4, 𝜔𝜔0 is 

taken as 4/3 in Equation (24). The solution associated with 𝐴𝐴12 = 0 is not 

considered, as this is effectively one of the primary resonance responses addressed 

in 3.1. 

 

Two periodic responses are possible and Figures 6 and 7 show the responses 

possible for K = 1.4. Solution 1 is stable while Solution 2 is unstable. In the time 

domain, these solutions are obtained as in Section 3.1. In both cases, good 

agreement between Method 1 (first approximation obtained from Harmonic 

Balance), Method 2 (first approximation for 𝐂𝐂3 and 𝐃𝐃3 obtained using Equation 

(45) and refined using Equations (35)) and time domain analysis is obtained.  

 
 

Fig. 6 1st Periodic Response – K = 1.4 
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Fig. 7 2nd Periodic Response – K = 1.4 

 

Figures 8 to 10 show amplitudes of the responses for a range of K for the 

subharmonic and the forcing frequency. These responses are detached resonance 

curves or isolas which, based on Method 1, exist for K in the range 0.175 to 1.53. 

Figure 8 compares Method 1 with FFT predictions for the first solution and Figures 

9 and 10 compare Methods 1 and 2 for the first and second solutions respectively. 

 

It may be seen that Method 1 agrees very well with the FFT predictions. Methods 

1 and 2 are also close in their predictions except as K approaches the point where 

the responses disappear. Method 2 predicts this will occur when K = 1.55.  
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Fig. 8 Method 1 and FFT Amplitude Response Predictions (1st Solution) 

 

 

Fig. 9 Method 1 and 2 Amplitude Response Predictions (1st Solution) 
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Fig. 10 Method 1 and 2 Amplitude Response Predictions (2nd Solution) 

 

The second approximation accounts for the potential effects of higher harmonics 

on the responses, which in this case are small. However, it is of interest to compare 

the contributions of the higher harmonics as predicted by Method 1 and FFT for 

Solution 1. These results are shown below in Figure 11 for the harmonics associated 

with frequencies 5𝛺𝛺/3 and 7𝛺𝛺/3, referred to in the figure as 5th and 7th  harmonics. 

There is good agreement between Method 1 and FFT, providing confidence in the 

refinement method.  

 

Tables 4 and 5 show Floquet Multipliers obtained by the Harmonic Balance-based 

method of Section 2.5 and the time domain approach for each periodic solution for 

a range of K. The two approaches give very close results and confirm that solution 

1 is stable, while solution 2 is unstable. It should be noted that for values of K close 

to where these responses appear or disappear, there is no evidence of change in 

stability. 
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Fig 11 Amplitude Responses at Frequencies 𝟓𝟓𝟓𝟓/𝟑𝟑 and 𝟕𝟕𝟕𝟕/𝟑𝟑 for 1st Solution. 

 

Table 4 Floquet Multipliers for Solution 1 

K Harmonic Balance Time Domain 

0.3 0.1977530 ± 0.9398631i 
0.8269318 ± 0.4781896i 

0.1977531 ± 0.9398630i 
0.8269313 ± 0.4781897i 

0.6 0.1936180 ± 0.9406358i 
0.6792411 ± 0.6717713i 

0.1936182 ± 0.9406357i 
0.6792414 ± 0.6717725i 

0.9 0.1847724 ± 0.9422991i 
0.6175109 ± 0.7290671i 

0.1847725 ± 0.9422991i 
0.6175109 ± 0.7290672i 

1.2 0.1784140 ± 0.9435403i 
0.6784406 ± 0.6727149i 

0.1784139 ± 0.9435403i 
0.6784403 ± 0.6727145i 

 

Table 5 Floquet Multipliers for Solutions 2 

K Harmonic Balance Time Domain 
0.3 0.1774686 ± 0.9439185i 

1.5284519 
0.5969790 

0.1774687 ± 0.9439185i 
1.528453 

0.5969802 
0.6 0.1419852 ± 0.9498699i 

1.7065130 
0.5347263 

0.1419855 ± 0.9498700i 
1.7065166 
0.5347265 

0.9 0.0887900 ± 0.9562107i 
1.5904074 
0.5738817 

0.0887906 ± 0.9562106i 
1.5904135 
0.5738773 

1.2 0.02837795±0.95972514i 
1.29314825 
0.70606520 

0.0283782±0.9597252i 
1.2931501 
0.7060643 
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3.3  Symmetry-Breaking and Period-Doubling Response 

In this section, results are first presented to demonstrate the capability of the method 

outlined in Section 2.4 to predict symmetry-breaking and period-doubling 

responses. In order to give a forcing frequency of 𝛺𝛺 = 4, 𝜔𝜔0 = 2 is taken in Equation 

(47). The four possible responses obtained for an excitation level characterised by 

K = 2.9 are shown in Figures 12 to 15. Solutions 1 and 3 are stable, while Solutions 

2 and 4 are unstable. Solutions 1 and 2 arise from distinct negative values of 𝑄𝑄0 

while Solutions 3 and 4 come from the corresponding positive values of 𝑄𝑄0 arising 

because, as may be seen from Equation (54), 𝑄𝑄0 may be positive or negative.  The 

solutions are found as explained in Section 2.4. Hence, a ‘zeroth’ approximation is 

first found by taking 𝐴𝐴22 to be based on the starting solution (51). A refined 

approximation may then be found by substituting (51) back into (3) so that new 

values of 𝐂𝐂2 and 𝐃𝐃2 found from Equations (62) may be used to determine a new 

𝐴𝐴22. The Figures give comparisons with time domain solutions, either obtained 

through numerical integration of the system equations for stable solutions or 

through the boundary value problem approach for unstable solutions. The Figures 

illustrate the effectiveness of the method.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 12 1st Periodic Response – K = 2.9 
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Fig. 13 2nd Periodic Response – K = 2.9 
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Fig. 14 3rd Periodic Response – K = 2.9 
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Fig. 15 4th Periodic Response – K = 2.9 

 

Figures 16 to 21 show amplitudes of the responses at zero, half forcing frequency, 

Ω/2 = 2, and forcing frequency Ω = 4. This is done for both stable and unstable 

responses. Symmetry breaking/period doubling responses occur for K ≥ 0.55. In 

each Figure, results are shown for both one iteration of the method and converged 

solutions where convergence was considered to have occurred when: 

 
|𝑄𝑄0𝑛𝑛𝑛𝑛𝑛𝑛 − 𝑄𝑄0𝑜𝑜𝑜𝑜𝑜𝑜|

|𝑄𝑄0𝑜𝑜𝑜𝑜𝑜𝑜| < 10−5 (76) 

 

𝑄𝑄0𝑛𝑛𝑛𝑛𝑛𝑛 and 𝑄𝑄0𝑜𝑜𝑜𝑜𝑜𝑜 being successive values of 𝑄𝑄0 in the iterative process. 

Comparisons are made with a numerical Harmonic Balance solution obtained 

assuming a solution of the form given by Equation (61). 

 

Figures 16 to 18 consider the stable Solution 1 and also show FFT predictions of 

the response amplitudes. It will be noted that for the zero-frequency response, the 

FFT predicts slightly higher values than the integro-differential equation-based 

method or Harmonic Balance and slightly lower values for the half-forcing 

frequency response.  
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Agreement with the Harmonic Balance method begins to break down for the one 

iteration solution for K > 2.9, but the converged solution ties in well at these higher 

values. 

 

Figures 19 to 21 consider the unstable Solution 2 and here comparisons are made 

just between the integro-differential equation-based method and Harmonic Balance. 

For the zero-frequency response, the one iteration and Harmonic Balance solutions 

agree well except at low values of K. However, the converged solution does tie in 

well with Harmonic Balance. For the half-forcing frequency response, the one 

iteration and Harmonic Balance solutions agree well except at high values of K, and 

again, the converged solution and Harmonic Balance solutions agree well. 

 

Amplitude plots for Solutions 3 and 4 are identical to those for Solutions 1 and 2 

respectively.    

 
Fig. 16  Zero Frequency Amplitude Response - Solution 1 
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Fig. 17 Amplitude Response at Half Forcing Frequency 𝜴𝜴 𝟐𝟐� = 𝟐𝟐 – Solution 1 

 
Fig. 18 Amplitude Response at Forcing Frequency 𝜴𝜴 = 𝟒𝟒 – Solution 1 
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Fig. 19  Zero Frequency Amplitude Response - Solution 2 

 

 
Fig. 20 Amplitude Response at Half Forcing Frequency 𝜴𝜴 𝟐𝟐� = 𝟐𝟐 – Solution 2 
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Fig. 21 Amplitude Response at Forcing Frequency 𝜴𝜴 = 𝟒𝟒 – Solution 2 

 

The further refined solution as given by Equations (64) and (65) accounts for the 

potential effects of higher harmonics on the responses. It is of interest to compare 

the contributions of the higher harmonics as predicted by the integro-differential 

equation method and FFT for Solution 1. These results are shown below in Figures 

22 and 23 for the harmonics associated with frequencies 3𝛺𝛺/2 and 2𝛺𝛺. Both the 

solution after 1 iteration and the converged solutions are included. Overall, there is 

good agreement providing confidence in the refinement method.  
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Fig. 22 Amplitude Response at Frequency  𝟑𝟑𝟑𝟑 𝟐𝟐� = 𝟔𝟔 – Solution 1 

 
Fig. 23 Amplitude Response at Frequency 𝟐𝟐𝟐𝟐 = 𝟖𝟖 – Solution 1 

 

Tables 6 and 7 show Floquet Multipliers obtained by the Harmonic Balance-based 

method of Section 2.5 and the time domain approach for each periodic solution for 

a range of K. The two approaches give very close results and confirm that solutions 

1 and 3 are stable, while solution 2 and 4 are unstable.  
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Table 6 Floquet Multipliers - Solutions 1 and 3 

 

K Harmonic Balance Time Domain 
0.8 0.1156640 ± 0.9633712i 

-0.9448023 ± 0.2329319i 
0.1156673 ± 0.9633705i 
-0.9448022 ± 0.2329319i 

1.2 0.1156640 ± 0.9633712i 
-0.9448023 ± 0.2329319i 

0.1156673 ± 0.9633705i 
-0.9448022 ± 0.2329319i 

1.6 -0.2862941 ± 0.9270912i 
-0.9443756 ± 0.2346554i 

-0.2862963 ± 0.9270918i 
-0.9443756 ± 0.2346554i 

2.0 -0.6154208 ± 0.7501472i 
-0.9428771 ± 0.2406035i 

-0.6154225 ± 0.7501448i 
-0.9428771 ± 0.2406036i 

2.4 -0.7434152 ± 0.6235331i 
-0.9415650 ± 0.2456958i 

-0.7434149 ± 0.6235369i 
-0.9415651 ± 0.2456955i 

2.8 -0.3636562 ± 0.8995652i 
-0.9466192 ± 0.2254318i 

-0.3636562 ± 0.8995652i 
-0.9466192 ± 0.2254318i 

 

Table 7 Floquet Multipliers - Solution 2 and 4 

 

K Harmonic Balance Time Domain 
0.8 1.9058685 

0.4939914 
-0.9447036 ± 0.2332882i 

1.9058712 
0.4939914 

-0.9447036 ± 0.2332882i 
1.2 3.0488754 

0.3087999 
-0.9446635 ± 0.2334296i 

3.0488777 
0.3087995 

-0.9446635 ± 0.2334296i 
1.6 4.0721826 

0.2312013 
-0.9448607 ± 0.2326268i 

4.0721825 
0.2312012 

-0.9448607 ± 0.2326268i 
2.0 4.6440144 

0.2027305 
-0.9454167 ± 0.2303798i 

4.6440134 
0.2027301 

-0.9454167 ± 0.2303798i 
2.4 4.4278933 

0.2126197 
-0.9464633 ± 0.2260989i 

4.4278959 
0.2126198 

-0.9464633 ± 0.2260990i 
2.8 3.4819841 

0.2703675 
-0.9480633 ± 0.2193885i 

3.4819855 
0.2703669 

-0.9480633 ± 0.2193885i 
 

3.4. Effect of the Nonlinearity Strength 

 

In the studies of Sections 3.1 to 3.3, the parameter ε governing the strength of the 

nonlinearity has been kept fixed. In this section, the impact of varying ε is discussed.  
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In doing so, it may be noted that in the case of the cubic nonlinearity, Equation (1) 

may be transformed by writing 𝝃𝝃 = √𝜀𝜀𝐗𝐗 to give: 

𝛏̈𝛏 + 𝐆𝐆𝛏̇𝛏 + 𝐇𝐇𝐇𝐇 + 𝐬𝐬𝑓𝑓(𝐫𝐫𝑻𝑻𝛏𝛏) = √𝜀𝜀(𝐘𝐘𝟎𝟎sin (𝜔𝜔0𝑡𝑡) + 𝐙𝐙𝟎𝟎cos (𝜔𝜔0𝑡𝑡)) (77) 

 

Thus, the impact of varying ε can be likened to varying K, the level of forcing 

applied. Other than the third response at primary resonance, all the responses 

obtained in this study  exist over finite ranges of K. Thus, the effect of changing ε 

is to vary the ranges of K over which the responses occur. There will continue to be 

a third primary resonance response as K increases, and one would envisage that a 

point would eventually be reached when the accuracy of the refined solution, which 

does include higher harmonics, might begin to break down.  

4  Concluding Remarks 

In this paper, a method based on an integro-differential equation approach for 

investigating the response of a two-degree-of-freedom system subject to sinusoidal 

forcing has been presented and has been applied to a set of equations based on an 

aeroelastic model of an all-moving control surface with a nonlinearity in the root 

support in supersonic flow. The method has been shown to be able to accurately 

determine primary and subharmonic resonances together with symmetry-breaking 

and period-doubling responses. For the forcing function considered, the system has 

been shown to be able to exhibit 9 possible responses (3 primary resonance, 2 

subharmonic and 4 symmetry-breaking and period-doubling). Additionally, their 

stability has been investigated using a Harmonic Balance-based implementation of 

Floquet theory showing that 5 are stable and 4 are unstable. This method was 

validated by comparison with time domain derived Floquet multipliers, and 

comparisons between the two sets of values showed very close agreement.  

 

The approach has been shown to be capable of analysing a system with strong 

nonlinearities and can be thought of as ‘almost analytical’. In the cases of primary 

and subharmonic resonance analysis, the methods can be considered analytical 

except that polynomials of varying degree need to be solved as part of the process. 

For symmetry breaking and period doubling analysis, a quartic equation needs to 

be solved at any point. An iterative process may also be used to improve the 
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accuracy of the predictions, and while it was demonstrated that just one iteration 

could be sufficient to provide a good approximation, further iterations may be 

performed to improve accuracy as desired. 

 

The method presented has been applied here to a particular problem, although the 

form of the equations can arise in a variety of engineering scenarios. However, there 

is scope for generalisation. The method as it stands could be applied to a more 

general N x N system of the same form as Equation (1). Nothing in the derivations 

in Section 2 relies on the system being 2 x 2. It would also be anticipated that the 

method could be adapted for a more general polynomial form of nonlinearity. In 

principle, the method could be applied to a system with more than one nonlinearity 

present; however, the practicalities in obtaining solutions would need investigation 

on a case-by-case basis. It might also be noted that in [24], [25], the method was 

presented with nonlinearities of a very general form. However, it was assumed that 

the nonlinearities, together with any linear cross-coupling terms in multi-degree of 

freedom systems were weak in the ensuing analysis.  

 

The integro-differential equation method was assessed not only against time 

domain analysis but also the Harmonic Balance method. The integro-differential 

equation method and Harmonic Balance method both aim to determine periodic 

solutions to nonlinear systems. The Harmonic Balance method typically achieves 

this directly by numerical solution of the nonlinear algebraic equations arising from 

the assumed Fourier series expressions for the system dependent variables. The 

integro-differential equation method aims to do this via an iterative approach 

commencing with an initial assumed form of solution. If one assumes a Fourier 

series expression with unknown coefficients, then Harmonic Balance equations 

result, as was the case with the primary and subharmonic resonances. An alternative 

approach is to start with 𝐗𝐗 = 𝐗𝐗′ = 𝟎𝟎  and then substitute 𝚽𝚽(𝟎𝟎,𝟎𝟎, 𝜏𝜏) into Equation 

(3). This was ‘Method 2’ in the subharmonic response study, was also adopted for 

the period doubling/symmetry breaking response study, and was the approach of 

[24], [25]. The result is a problem more amenable to analytical approaches, but 

potentially at the cost of accuracy or efficiency. The means by which higher 

harmonics are obtained through the iterative approach is a particular feature of the 
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integro-differential equation approach and is quite distinct from the usual Harmonic 

Balance method. 

   

The study also highlighted areas for further investigation. In time domain 

investigations, it was found that under certain conditions, distinct symmetry-

breaking responses appeared which exhibited additional amplitude responses at 

frequencies of  1
6
𝛺𝛺, 1

3
𝛺𝛺, 2

3
𝛺𝛺, 5

6
𝛺𝛺. Hence it should not be thought that all possible 

responses have been identified. For example, there is also the possibility of ultra-

harmonics, although studies of ultra-harmonics frequently show the phenomenon 

to occur for small ranges of parameters as in [33], [34], [35] for example. In the 

absence of excitation, the system (1) is capable of exhibiting limit cycles under a 

wide range of conditions. Another area of exploration would be to investigate 

forced system responses in this case also. 
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