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Abstract

In classical mechanics, an integrable system is a model that admits a complete set of
integrals of motion that are in involution. This notion can be extended to include classical
integrable field theories. A natural question is how to lift these notions to the quantum
setting. Despite the extensive literature on the subject, these models are still not very well
understood. As an example, in the first section of this work, we present a new class of inte-
grable quantum field theories which develop an unusual behaviour that may be interpreted
as a Hagedorn transition.

The principal reason for the enigmatic nature of these models is the absence of a uni-
versal mathematical framework to describe them. One potential solution may be provided
by quantum affine Gaudin models, which we examine in greater detail in the second part
of this work. In particular, we introduce the first non-trivial Hamiltonian of quartic or-
der for the affine sl Gaudin model, as well as the next-to-leading order expression for all
higher Hamiltonians. Furthermore, we provide new insights into the double-loop version
of the Feigin-Frenkel homomorphism, which is expected to be a crucial component in the

construction of the Bethe ansatz for these models.
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Introduction

The importance of being integrable. Since the early days of classical mechanics,
the problem of solving the equations of motion of a system has always been of central
importance, and culminated in the 19th century with the remarkable theorem by Liouville
[Lio55], later generalised by Arnold [Arn74], which clarifies under which conditions one
can hope to find explicit solutions, i.e. when the system under consideration is integrable.
This result, despite being extremely powerful and profound, is not of simple applicability.
It was only one century later, prompted by the study of fluid mechanics, non-linear partial
differential equations and classical field theory, in particular by the study of the Korteweg-
de Vries equation [GGKMG67], that people came up with new methods, now collectively
known as the classical inverse scattering program [Lax68, AKNS73, ZS79, AS81], whose
central object of study is the classical r matriz, which has to satisfy certain equations known
as classical Yang-Baxter equations.

Quantum theories. With the advent of quantum mechanics, the question of whether
it was possible to extend the concept of integrability to that setting arose. One of the first
and most remarkable example was provided within the study of Ising-type magnets, with
the work of Bethe on the exact solution of the Heisenberg spin chain [Bet31], described by

the nearest-neighbour Hamiltonian
N
H= _JZ s . gnt1)
n=1

where S are the sly spin operators at site i = 1,...,N and SVt = §(M) J being
the coupling constant. In his work he devised a new method, now known as coordinate
Bethe ansatz, by assuming that the wave function of the system could be expressed as
the superposition of free waves by adding some phase shifts, which have to satisfy certain
compatibility conditions known as Bethe equations.

As pointed out in [Sk192] the quantum inverse scattering program emerged as the syn-
thesis of the two currents, one stemming from the work of Bethe and expanded by many
others after him, and the aforementioned machinery from the classical setting. The idea goes
as follows: one first introduces a certain associative algebra A, where the quantum analogue
of the r matrix, called the (quantum) R matrix, appears in the commutation relations of
the generators of A. This R matrix has to satisfy the (quantum) Yang-Baxter equation.

Given this data, one can consider a certain representation of A. Finally, one can address

1



2 INTRODUCTION

the central problem of diagonalising the commuting charges, finding their eigenvalues and
eigenvectors. One possible way to do that is to use a generalisation of the idea proposed
by Bethe, known as algebraic Bethe ansatz. It is worth mentioning that the development
of the mathematical framework of the quantum inverse scattering led to the introduction of
interesting algebraic objects such as Yangians and quantum groups [Dri85, Jim85].

Quantum integrable field theories. In the context of (141)-dimensional quantum
field theories, the presence of an infinite number of conserved quantities introduces a series
of constraints on the scattering matrix of the theory. As shown in the seminal work [ZZ79],
it is indeed possible to compute it ezactly, modulo some overall scalar factor. Moreover,
from physical considerations, it follows that the scattering matrix has to satisfy the Yang-
Baxter equation. For this reason, this represents a natural setting to apply the quantum
inverse scattering program mentioned above. Another remarkable approach was proposed
in [Zam89], based on the idea of regarding integrable quantum field theories as certain
relevant deformation of conformal field theories, preserving integrability. These procedures
gave rise to a plethora of examples of exact asymptotic scattering theories [AFZ79, CM89,
BCDS90, FOZ93].

One can also proceed in the opposite way. Once the asymptotic scattering matrix is
given, one can get information on the finite-size effects of the theory using the so-called
thermodynamic Bethe ansatz [YY69, Zam90]. This allows, for example, to extract the
central charge of the underlying conformal field theory, whose integrable deformations would
give rise to the massive theory under study.

A question we raise in the first part of this work is the following: are the exact S-
matrices constructed as above valid at all energy scales? Indeed, there exist well-known
examples of higher dimensional theories which undergo a phase transition, resulting in cer-
tain divergencies of the thermodynamic quantities. An example is given by the Hagedorn
transition within the standard model, which can be interpreted as the point at which the
hadronic description of matter has to be replaced with the quark model [Hag65]. A similar
behaviour has been described in string theories [AW88].

Phase transitions of the Hagedorn type have been recently described in integrable quan-
tum field theories in two dimensions [SZ17, CNST16]. These theories are obtained by
deforming integrable theories which are well-defined at all scales. The deforming irrelevant
operators are constructed from the components T and T of the energy momentum tensor
(and its descendants), and are known as TT-deformed theories. At the level of the S-matrix,
this results in the appearance of overall scalar factors, called CDD factors, which are ulti-
mately responsible for the appearance of the singularity at a certain scale. It is worth noting
that in these cases the singularity is somehow “apparent”, since under a fine tuning of the
deformation parameters the phase transition is completely removed and one can recover a
UV-complete theory [AL22].
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In this thesis, we present the first example of integrable scattering theories with Hagedorn-
like singularity which are minimal, i.e. not obtained as a deformation of a UV-complete
integrable quantum field theory. In this case, the divergence is more “fundamental”, as it is
a particular feature of the theory that cannot be removed.

These, apart from being an interesting class of theories per se, also show how rich, and
still not very well understood, integrable models are in the quantum field theory setting.
Indeed, a complete and universal description of such models is still missing.

Two frameworks for classical models. At this point it is useful to make a step back
and consider once again classical integrable field theories. In recent years, two descriptions,
which are ultimately related, have found numerous and fruitful applications.

The first one in given by 4D semi-holomorphic Chern-Simons theories with defects
[CY18]. This interpretation has roots in the idea that the algebraic structure of integrable
models can be recovered by considering 4-dimensional gauge theories [Cos14, CWY18a,
CWY18b]. The idea is to consider a 4-dimensional space M = ¥ x CP!, where ¥ will
ultimately represent the space-time of the two-dimensional theory with coordinates (z,t),
while CP! is the Riemann sphere with coordinate z, which will be the interpreted as the

spectral parameter of the theory. The theory is described by the action

S(A) = ﬁ /Mw ACS(A),

where A(z,t;z,%) is the gauge field of the theory and CS(A) = tr(AAdA+ 2ANANA)
is the Chern-Simons term. Here w = ¢(z)dz is a meromorphic 1-form, depending on the
function ¢(z), which is a rational function with certain poles z C CP! and zeros ¢ C
CP', both with certain multiplicities. The advantage of this approach is that by imposing
boundary conditions of the field at the poles of w, the theory localises to a 2 dimensional
integrable field theory on 3. Using this procedure, many examples and deformations thereof
were found [DLMV19]. More recently, it has been shown that this procedure can be
obtained by a more general 6 dimensional holomorphic Chern-Simon theory on twistor space
[CCHL™"23].

The other approach, that we explore in this thesis, is that of Gaudin models. Histori-
cally, they were first introduced to describe integrable quantum spin chains with long range
interactions [Gau76], called the Gaudin magnets, described by the quadratic Hamiltonians

5 _ i Ia,(i)[(gj)

=1
J#i

zi—zj

where {z1,...,2n5} are a set of points on the Riemann sphere and can be thought as the
sites of the model. As in the Heisenberg chain, 1% are the spin operators of sly at site
i=1,...,N and 1/(z; — z;) is the coupling constant. It was later shown that this system is

always integrable for any choice of finite-dimensional semi-simple Lie algebra g [Gaul4].
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In the seminal paper [FFR94], it was shown that the Gaudin models admit higher
conserved charges and that they can be diagonalised with an elegant form of Bethe ansatz,
based on the construction of Wakimoto modules at the critical level. The study of quantum
finite Gaudin models culminated with the remarkable correspondence between the space of
commuting charges and the algebra of functions on the space of certain differential operators
called ©g-opers with regular singularities [Fre05a], which initiated a new line of research in
the context of the geometric Langlands correspondence applied to physical systems [Fre05b,
CTo06, FH18|.

In more recent years, people have come up with several generalisations of the Gaudin
models, for example by considering arbitrary multiplicities [FFTL10], by introducing cer-
tain automorphism of g, called cyclotomic Gaudin models [VY16, LV18] or by imposing
reality conditions to obtain dihedral Gaudin models [Vic20].

Affine Gaudin models. Another possible direction, which is the main focus in this
thesis, is obtained by replacing the finite-type Lie algebra with one of untwisted affine type.

To motivate the study of such generalisation, it is worth recalling the classical limit of
these models, which are better understood. As before, consider a set of points on the Rie-
mann sphere. One introduces the phase space, which has a Poisson structure defined by the
so-called Kirillov-Kostant bracket. One can then define a Lax matrix and the corresponding
r matrix. The quadratic Hamiltonians defining the models can be obtained as certain clas-
sical limits of those above, as well as the other higher conserved charges (for more details
see [Lac18]). Also in this setting one can consider the generalisation to the affine setting.
The remarkable result from [Vic20] is that dihedral, i.e. cyclotomic real, classical affine
Gaudin models provide a universal language to describe a large class of classical integrable

field theories with twist function, i.e. whose r matrix has the form

r(z1,22) = 1r°(21, 22)0(22) 7,

where 7°(z 22) can be thought as a “standard” non-twisted r matrix and ¢(z) is a rational
function called the twist function. A series of explicit examples have been worked out
explicitly for example in [Lac23]. This function is precisely the same rational function
entering the definition of the 1-form w in the 4 dimensional Chern-Simons formulation.
Indeed, as mentioned above, it is known that these two languages are in fact related [Vic21].

For these reasons, the quantisation of classical affine Gaudin models is of central im-
portance as the expectation is that it could provide a powerful tool to study a large class of
integrable quantum field theories [FF07].

Unfortunately, unlike their finite-type counterparts, quantum affine Gaudin models are
still not well understood. For example, there is still no explicit description of the space of
commuting charges, but only some conjectures [FF07, LVY 18] and there is no analogue of

the Bethe ansatz construction with Wakimoto modules.
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In the second part of this thesis, we touch some of these open problems. For example, we
provide the explicit construction of the first non-trivial higher Hamiltonian for the ;[2 Gaudin
model and concerning the Bethe ansatz construction, we introduce a novel generalisation of
the Feigin-Frenkel homomorphism, which might play a central role in the construction of

Wakimoto modules.

K3k

This thesis is organised as follows.

In chapter 1 we introduce some ideas from the theory of classical and quantum inte-
grability. First, in section 1.1 we state the Liouville-Arnold theorem and we recall the Lax
formalism. We show how the classical r-matrix appears in this context and in particular how
the classical Yang-Baxter equation follows by imposing certain conditions. In section 1.2
we move to the quantum setting. Following the approach by Zamolodchikov, we proceed to
summarise the theory of the S-matrix with a particular focus on 1+ 1 dimensional theories.
The result of having a two-dimensional theory with an infinite number of conserved charges
imposes a series of constraints on the scattering processes, as we describe in section 1.2.4.
These give rise to the quantum Yang-Baxter equation for the S-matrix. We end the chapter
by recalling additional properties that the scattering matrix has to satisfy, and we introduce
the bootstrap method.

In chapter 2 we provide the construction of a new class of integrable scattering theories
with quantum group Uq(suz) symmetry. This is done by constructing explicit minimal S-
matrices, starting from the quantum group R-matrices in the spin s representation, which
automatically satisfy the Yang-Baxter equation and imposing crossing symmetry and uni-
tarity. These theories present two distinct regimes: an attractive one, where the theory
admits bound states, and a repulsive one. In section 2.2 we focus on the latter, and we
perform thermodynamic Bethe ansatz to obtain information on the finite-size effects of the
theory. In section 2.3, we proceed to study the TBA equations with numerical methods.
Quite remarkably and unexpectedly, we find that these new theories develop singularities at
a certain energy scale.

In chapter 3, we recall the theory of quantum Gaudin models of finite-type. We give
some general definition and we describe the Bethe ansatz construction. The second part of
the chapter focuses on the Feigin-Frenkel-Reshetikhin construction introduced in [FFR94].
To do this, we first describe the appropriate language which is customarily used in these
contexts, which is the theory of vertex algebras. We describe the space of commuting
Hamiltonians, or Gaudin/Bethe subalgebra, in terms of coinvariants. In section 3.4, we
end the chapter by recalling the Feigin-Frenkel homomorphism of vertex algebras and how
this can be used to construct Wakimoto modules, and ultimately to describe a new way to

reproduce the Bethe ansatz.
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In chapter 4 we describe the explicit construction of the first non-trivial higher Hamil-
tonian for the 5A[2 Gaudin model, of quartic order. To do this, we follow the conjecture
proposed in [LVY18]. We do this by explicitly requiring that the new charge commutes
with the generators of the Lie algebra and with the other known Hamiltonians of the model.
In section 4.5 we also provide a next-to-leading order expression for all other higher charges
of order n > 5.

In chapter 5 we focus on the Feigin-Frenkel homomorphism. For any finite-dimensional
Lie algebra g, it provides a map of vertex algebras, relating the vacuum Verma module at
critical level with the Fock module for the 3y-system of free fields. This map has a central
role in the construction of the Wakimoto modules as described in section 3.4. Following
[You21], we attempt a generalisation of this map to the case where g is of untwisted affine
type. By doing this, we observe that divergent quantities appear. To deal with this problem,
in section 5.2 we introduce a new space with the structure of a vertex Lie algebra, whose
higher products depend on a regulation parameter z. Inspired by standard techniques in
physics, we proceed by introducing, in section 5.3, a regularisation procedure to “cure” the
infinities. This allows us to show in section 5.4 the suggestive fact that first products are all

vanishing on the nose.



CHAPTER 1

Quantum integrability and the S-matrix program

1.1. Classical integability

In section 1.1.1 we are going to briefly recall the notion of classical integrability, the
fundamental Liouville-Arnold theorem and in section 1.1.2 the Lax formalism. We will
describe how the latter can be utilised to study integrability in classical field theories. Using
this formalism, in we will see how the classical r-matrix naturally arises and we proceed to

study its main properties.

1.1.1. Poisson structure and Liouville theorem. In classical mechanics, a state
in a n-dimensional system is described by a point on a 2n-dimensional manifold M, called
the classical phase space. It has the structure of a Poisson manifold, meaning that the
commutative algebra of smooth function C*°(M) is a Poisson algebra, known as the algebra
of classical observables. This implies the existence of a non-degenerate bilinear map {-,} :
C*®(M) x C®°(M) — C>®°(M), called the Poisson bracket, with the following properties

o Skew-symmetry: {f,g} = —{g,[};
o Jacobi identity: {f,{g,h}} = {{f, 9}, n} +{9,{f, h}};
o Leibniz rule: {fg,h} = f{g,h} +{f, h}g.
Time evolution is determined by the choice of a function H € C°°(M), called the
Hamiltonian of the system. The Hamiltonian flow parametrised by ¢t € R of an observable

f € C°°(M) on the phase space is computed using the Poisson bracket, namely

{f.H} =0if. (1.1)
Locally, there always exists a set of coordinates {p’, g;}i=1,..n on M, with {p*,¢;} =
and {p’,p’} = {q;,q;} = 0, such that one can express the Poisson bracket as

" 9f 99 dg Of
—S2L0%9 99 1.2
{9} < 0p' 0q;  Op' Og;’ (1.2)

for any two functions f,g € C°°(M). In this case, the Hamiltonian flow is described by the

famous Hamilton’s equations

9% -
aQi ) tdi = (9p’ .

op' = (1.3)

foralli=1,...,n.
A quantity that Poisson-commutes with the Hamiltonian is an integral of motion, i.e.

it is conserved along the flow.
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We say that a n-dimensional system is Liouwville-integrable if there are n independent’

conserved quantities Q;, ¢ = 1,...,n that are in involution, i.e.

{Qi,Q;}=0foralli,j=1,...,n (1.4)

Note that the Hamiltonian itself has to be a combination of the ;. These charges are called
the higher Hamiltonians of the system, and each of them can be picked to generate a time
flow on M.

An important result, known as the Liouville-Arnold theorem, states that the equations of
motion of a Liouville-integrable system can always be solved by quadratures, i.e. straightfor-
ward integration, by re-parametrising the system using the so-called action-angle variables.
This method, while being very powerful when dealing with simple classical systems such as
the harmonic oscillator, Kepler’s problems, and many more (see e.g. [BBTO03] for other
examples), becomes impractical when dealing with classical field theories, which by nature

are described by an infinite number of degrees of freedom.

1.1.2. Classical integrable field theories. Consider a 2-dimensional Minkowski space
Y=RxRor X =RxS! A field on ¥ is a collection of functions ¢; : ¥ — C for some
i € Z>1. If the space coordinate is taken to be on the infinite line R, they need to satisfy
the asymptotic conditions ¢;(t,2) — 0 when  — 400, while if we take it on the circle S!
we need to specify periodicity, i.e. ¢;(t,z) = ¢;(t,x + 2m). The reason we focus on two-
dimensional theories is that, as a consequence of the Coleman-Mandula theorem [CM67],
at the quantum level it is known that integrable field theories in more than two dimensions
have trivial scattering, as we will describe in more detail in section 1.2.2.

By naively extending the notion of Liouville integrability to this setting, the expectation
is that one would have to find an infinite number of conserved independent charges in
involution. Doing this by direct inspection is clearly impossible, so new tools are needed.

1.1.2.1. Laz pairs. Consider two matrices £ and M valued in the Lie subalgebra g of
the Poisson algebra of smooth functions C*°(X), which depend on an additional parameter
z, called the spectral parameter. They form a Laz pair for a classical system if the equations
of motion can be written in the form [Lax68, BBT03]

O L(t, x5 2) — OpM(z, 15 2) = [M(z, t; 2), L(x,t; 2)], for all z € C. (1.5)

At this point one can introduce the path ordered exponential, sometimes called the

transfer matriz from = to y

y
T(t,z,y;2) = Pexp </ L(t, u; z)du) ) (1.6)
By some manipulations (see e.g. [Tor16]), one can find that eq. (1.5) can be rewritten as

T (t,y, w;2) = T(t,y, ;2)M(t,y; 2) = M(t, 25 2)T(L,y, @3 2). (1.7)

1This means that the one forms dQ; are linearly independent.



1.1. CLASSICAL INTEGABILITY 9

Suppose we are working with a field theory on the real line R. One can define the

monodromy matriz as
T(t,z) =T(t, 00, —00; 2). (1.8)

If we impose that the Lax matrix satisfies the fall-off condition M(¢, z;2) — 0 as © — +o0,

from eq. (1.7) we obtain that
0T (t,z)" =0 for any n € Z>;. (1.9)

This means that powers of the transfer matrix are conserved in time, i.e. they form a family
of integrals of motions. In the case when the space direction is compactified on the circle
S1, one can repeat a similar argument finding that now the powers of the traces of the

monodromy matrix are conserved charges,
o tr(T(t,2)") =0 (1.10)

1.1.2.2. Classical Yang-Bazter equation. The Lax formulation gives a direct construc-
tion of a tower of conserved charges. In order to check Liouville integrability, one also has
to ensure that they Poisson-commute.

It turns out that there is a sufficient condition for this to be verified, which is determined
by the particular form of the Poisson bracket of the Lax matrix £ with itself, called the non-
ultralocal Maillet bracket [Mai85, Mai86]

{L1(t, 25 21),L2(t, y; 22) } = [r12(21, 22), L1(¢, 75 21)]0 (7 — y)

= [ra1(22, 21), La(t, y; 22)]6(x — y) — (r12(21, 22) + 112(22, 21)) 00 (2 — )
(1.11)
where we introduced the notation X; = X ® id and X5 = id®X, for any X € g and for
some matrix r(zl, Z2) € g ® g depending on two spectral parameters z, zs.

When r is skew-symmetric the term proportional to the non-local term, i.e. the one
involving the derivative of §(x — y), vanishes and the rest reduces to a simpler expression,
known as ultralocal Sklyanin bracket [Sk182].

It is straightforward to check that the bracket in eq. (1.11) is skew-symmetric if and
only if r is. In order to satisfy the Jacobi identity one has to impose extra conditions on the

matrix r. The constraint is known as the classical Yang-Bazter equation (CYBE)

[r12(21, 22), 713(21, 23)] + [r12(21, 22), 23 (22, 23)] + [r32(23, 22),713(21, 23)] = 0,  (1.12)

which is understood as an identity on a triple tensor product, i.e. r12(2;, 2j) := ¢12(r(21, 22)),
where ¢12 : g® g — g ® g ® g is the map defined as follows ¢12(a ® b) = a ® b ® 1, with
a,b € g and similarly for the other terms r13(z1, 22) and ro3(21, 22). The matrices satisfying
these relations are called classical r-matrices.

When r(z1, 22) is meromorphic in the spectral parameters and detr(zy, 22) # 0, it can

be shown that the r matrix is a function of the difference u := z; — 25, or it can be recast
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in such form [BD83]. Under these assumptions, Belavin and Drinfel’d [BD82] showed that
the poles of r(u) are all simple and form a lattice I' € C. This allows for a classification
of such matrices: if rankI’ = 0, r(u) depends rationally on u, if rankI' = 1, r(u) depends
trigonometrically on w and if rankT" = 2, r(u) depends elliptically on w.

1.1.2.3. Towards quantisation. The existence of the classical r matrix satisfying the
above properties implies the existence of a (quasi)-triangular bialgebra structure on g [Dri83].
The idea behind quantisation is replacing the commutative algebra of observables, with a
non-commutative one. This is obtained by deforming the Lie bialgebra structure on g un-
derlying the classical theory. This structure is known as quantum group, which has the
structure of a quasi-triangular Hopf algebra. A complex parameter q € C controls the de-
formation, in such a way that in the limit g — 1 one recovers the classical Poisson structure.
To each case of the classification mentioned above, one can construct the corresponding
deformation, obtaining the Yangian in the rational case [Dri85], the quantum affine algebra
in the trigonometric case [Dri85, Jim85] and the elliptic quantum group in the elliptic case
[Sk182, Fel94].

In this context, one can define the universal R matriz of the quantum group satisfying,

the quantum Yang-Bazter equation

Ri2(z1, 22) Ri3(21, 23) Ra3 (22, 23) = Ras(22, 23) R13(21, 23) R12(21, 22). (1.13)

where we are using the same notation as above.
By defining R = id®id +ihr + O(h?), one finds that this relation at leading order
reduces to the classical Yang-Baxter equation in (1.12). This particular algebraic structure

can be recovered from physics arguments, as we will describe in the next section.

1.2. Quantum integrability

In this section, we are going to describe the general theory of the scattering matrix in
quantum field theories. We will illustrate the fundamental no-go Coleman-Mandula theorem
[CM67], which states that under certain mild physical assumptions, non-trivial scattering
processes are not allowed in theories in 1 4+ d dimensions, with d > 1. However, in the 1 + 1
setting, the scattering can still be non-trivial. Moreover, we will describe how, by imposing
certain properties and using the symmetries of the system, the S-matrix can be defined

ezactly, following the so-called bootstrap program.

1.2.1. The S-matrix. In order to describe scattering processes, we need to assume
that the interactions happen in a small region of space, so that away from it the particles
are essentially described by free theories. We introduce the vacuum state |0) € H where H

is the Hilbert space of the theory, and we define the so-called asymptotic states

[Aa, (P1) -+ Aa, (Pn)) = Aa, (P1) -+ Aa, (Pn) [0), 0 € Ly, (1.14)
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where the symbols A,,(p;) can be thought as creation operators of particles with internal
quantum numbers a; and momenta p; in the infinite past or in the infinite future.
In our conventions, the scattering matrix is defined as the operator on H transforming

out states in the infinite future in incoming states in the infinite past

o0
= Y Sk oy D Ph D) A (B)) - A, (P s (1.15)

where on the right-hand side one has to sum over the internal quantum numbers b; and
integrate over all outgoing momenta p}, with ¢ = 1,...,m, m being the number of outgoing
particles.

1.2.1.1. General properties of the S-matriz. Any initial state can be expressed in the
basis of final states via the S-matrix, from which it follows that the probability for a super-
position of initial states to evolve into a superposition of final states is 1. This implies that

the S-matrix is a unitary operator
STS =88T =id. (1.16)

In relativistic scattering theories we also need to impose Lorentz invariance, i.e. we
require physical observables measured in different reference frames to be equal. This implies
that the scattering matrix can depend on the momenta only through Lorentz scalars, i.e.
combinations of the scalar products of momenta. Other properties are marocausality and

analyticity, see [Mus10].

1.2.2. Coleman-Mandula theorem. Consider a unitary operator U on the Hilbert

space H of the system. Assume that it transforms one-particle states into one-particle states

UlAa(p)) = [Aa () , (1.17)

and it acts on multi-particle states as if they were tensor products of one-particle states, as

follows
UlAa, (p1)Aa,(p2)) = (Id@U + U ®1id) [Aq, (1)) ® [Aa, (p2)) - (1.18)

Moreover, in order to preserve the probabilities under the symmetry transformation, it has

to commute with the scattering matrix
[U,S]=0. (1.19)

The question is what kind of symmetry groups, which include the Poincaré group as
a subgroup, are allowed in this context. It was shown in [CMG67] that under some mild

physical assumption®, the structure of the symmetry group of the theory becomes quite

2The assumptions are: 1) the particle content has finite non-zero masses; 2) elastic scattering amplitudes
are analytic functions of the Mandelstam variables s and ¢; 3) except for a finite set of values of the center

of mass energy s, the scattering always occurs.
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trivial, as the only symmetry groups allowed are those in the form
G=PxU, (1.20)

where P is the Poincaré group and U a group of internal symmetries.

Famous workarounds to these assumptions are supersymmetric theories, where the
Poincaré algebra is replaced with a supersymmetry algebra, and conformal field theories,
where the particles are massless. Another possible way to relax the Coleman-Mandula theo-
rem is to modify the rule of how generators of the symmetry act on multiparticle states, i.e.
replacing the trivial co-multiplicative structure in eq. (1.18) with a non-trivial one. As we
have mentioned in section 1.1.2.3, this feature is naturally present in two-dimensional quan-
tum integrable models whose underlying symmetry structure is that of a quantum group,

which has a non-trivial co-multiplication [BL91].

1.2.3. Scattering theories in 1 + 1 dimensions. For the rest of the chapter, we

focus on two-dimensional relativistic quantum field theories. A particle with mass m, and

momentum p, has to satisfy the on-shell condition® (p,)*(pa), = m2 . It is customary to

parametrise the momenta in terms of rapidities, by introducing the variable § € R
(pa)® = m, cosh b, (pa)* = m, sinh @,,. (1.21)

In this setting, considering the scattering process 1 + 2 — 3 4 4, the Maldestam variables
can be expressed as

s = (p1 —|—p2)2 = m% + m% 4+ 2mimg COSh(@l — 92),

t=(p1 — ps)> =m? +m? — 2mymy cosh(f; — 0,),

u=(p1 — p3)> = m] +m3 — 2m;m3 cosh(6; — 63). (1.22)

It becomes evident that Lorentz invariance translates into the dependence of s, t and u only

on the differences 6; — ;. They are related by the following relation
4
stttu=>» m: (1.23)
i=1

Recall that for an incoming state, there are no further interactions for ¢ — —oo: for
particles moving on a line, this means that the fastest particle is on the left while the slowest
is on the right. For outgoing states, the situation is similar but reversed, as there are no
more interactions for ¢ — oo; therefore

|A1(61)An(9n)>m s 01 >05 > - >9n7
[A1(01) .. An(0n)) ous » 01 <Oy <--- <0, (1.24)

3We are using the following convention for the metric (+, —).
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1.2.4. Conserved charges and Parke’s theorem. Having an infinite number of
conserved charges inevitably imposes constraints on the theory, as observed in [SWT78].
However, showing their existence is often a rather challenging task.

Quite remarkably, it was shown by Parke [Par80] that the existence of just two local
conserved charges which transform as tensors of rank higher than 2 under Lorentz transfor-
mation (i.e. they are not scalars or vectors), is enough to show the following properties of

the S-matrix

e there is no particle production: the number of initial particles is the same after the
collision;

e the momenta are preserved: the set of incoming momenta is the same as the outgoing
ones;

e the scattering is factorised: any scattering of n — n particles can be decomposed into

2 — 2 particle processes, i.e. it can be described in terms on the 2-body S-matrix
S:HOH—-HOH, (1.25)

where H denotes the Hilbert space of the asymptotic particles.

We will not present explicit and detailed proof of these results, which can be found in the
original papers and in many reviews [Mus10, Dor97, Bom16]. The idea is to employ the
conserved charges, whose action on a localised wave function is that of moving the particle
in space, by an amount proportional to their momentum.*

1.2.4.1. Yang-Baxzter equation. The first direct consequence is related to the scattering
of more than two particles. The first non-trivial example is given by the 3 — 3 scattering
process. In fig. 1.1 we see three different possible situations: the first two only differ by
the chronological order of the collisions and are ultimately factorised in 2 — 2 successive
scattering collisions; the third case instead cannot in general be expressed in terms of the two-
body data. However, in the present case, the existence of higher conserved charges simplifies
the calculations. Indeed, the action of the conserved charges on the initial asymptotic states
has the effect of shifting the trajectories of the particles and therefore one can obtain any of

the diagrams from the others. This feature is encoded in the famous Yang-Bazter equation

b1b
D S8 (012) S0 (013) S (023) = Y B (623)57%,(013) 24 (012), (1.26)
a,B,y a,B,y
where we used the notation 0;; = 0; — 0;.
It is natural to ask what kind of constraints are imposed on a general n — n scattering
process. It turns out that the Yang-Baxter equation (1.26) is a sufficient and necessary

condition for factorisation.

41n the case of the momentum operator, the particles are all shifted by the same amount, independently

of their momenta. This is why higher rank charges are required.
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b3 bo by b3 bo by b3 bo by
Y Y
/B A A ﬁ
/ a a \\
a1 a2 as a1 a2 asg ai a2 as

(a) (B) (c)

FIGURE 1.1. Equivalent amplitudes of the 3 — 3 scattering process in the presence of

higher spin conserved charges.

1.2.5. Other properties of the 2-body S-matrix. The goal is to be able to com-
pletely fix, up to an overall factor, the structure of the scattering matrix. In order to do
that, one has to impose additional constraints on the S-matrix, given by discrete symmetries,
unitarity and crossing symmetry.

1.2.5.1. Discrete symmetries. If the theory is invariant under charge conjugation C, it
means that the scattering process involving the charge-conjugated particles is equivalent to

the original process
Sei(9) = (C® C)SE(O)(C @ C) = S50, (1.27)

where we denoted with M the charge-conjugated to M.
Parity transformation P flips the direction of the space coordinate. If the S-matrix is
parity invariant, it means that the process obtained by mirroring the Feynman diagram in

fig. 1.2 along the vertical direction is physically equivalent to the original process, i.e.
Seb(8) = Sk (0), (1.28)

Applying time reversal T to the scattering process in fig. 1.2 results in looking at the
Feynman diagram in the opposite direction (top to bottom), which results in the following

additional constraint
S5a(0) = S5(6). (1.29)

1.2.5.2. Unitarity, crossing, and analytic considerations. Recall from section 1.2.3 the
definition of the Mandelstam variables. Since we have no particle production and the set of

initial and final momenta are the same, © = 0 and we have

t=m? + m3 — 2mymy cosh(f; — ) = 2m? + 2m3 — s, (1.30)

which follows from the fact that s+t +u = 2?21 m?. Hence, there is only one independent

variable and from now on we will just express all amplitudes in terms of s. Since the
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difference 6; — 5 must be real, from eq. (1.22) we conclude that s > (m; + my)?2, which is
the energy threshold for production of particles in the s-channel.

In order to express one channel in terms of the other, one needs to consider an analytic
continuation of the S-matrix by extending the Mandelstam variables to the whole complex

plane. From eq. (1.30) it is clear that the ¢-channel is obtained by the transformation
t(0) = s(im — 0), (1.31)

which can be interpreted geometrically as the rotation of the Feynman diagram on the
plane, see fig. 1.2. In this channel, we have another threshold in the s plane, namely for
s < (m; —my)2. From eq. (1.31), it follows that the s-channel and the t-channel are related,
and it is possible to continuously move on the s plane from one to the other, a property

known as the crossing symmetry

5ed(0) = SL (im — 6). (1.32)

Aa(02) Ac(01)

t-channel

s-channel
—

Aa(el) Ab(92)

FIGURE 1.2. 2 — 2 scattering process. Time flows in the vertical direction. The s-

channel and t-channel are obtained by a rotation.

As we will see below, there are branch cuts propagating from the particle production
thresholds in the two channels. What we obtain is the the so-called physical sheet, depicted
in fig. 1.3. Physical values are s + i¢, for ¢ — 0T, in the region right above the right cut:
this is equivalent to the Feynman prescription for causal propagators.

At this point, one can impose that the amplitudes obtained from S and St are opposite
boundary values of the same analytic function [O1i62, Mir99]. This property is known as

Hermitian analyticity of the S-matrix and ultimately it can be expressed as
Sen(s*) = [Saqe(s)]". (1.33)

If the theory has additional time-reversal symmetry then the S-matrix is real analytic, i.e.

it takes complex-conjugate values at complex-conjugate points

San(s%) = [Seh(s)]". (1.34)
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Using these properties, we can rewrite the unitarity condition in eq. (1.16) as follows
: ij - d . d
21_1)% Si3, (s +1i€) S5 (s — ie) = 0504, (1.35)

which signals the presence of the anticipated cut along the real axis.

Im(s) T
| R
l .7 \\\
! V. o _-"TT~0 \
| o, ~
l Re Ss \
‘ (m1 —m2) ¢ e
AANANANANAS - A CAAANAANAANANAN
2 ®
‘\ )—: \ 2 1 R‘
N . . (m1 4+ my) , e(s)
So PR \ /7
R N 4

FIGURE 1.3. The complex s-plane and the physical sheet. Unitarity transformation
(green) maps values above the cut to the corresponding ones below. Crossing sym-

metry (purple) identifies points above the right cut to points below the left cut.

Following [ZZ79], the relation s = m2 + m? + 2m;mg cosh(f, — 6;) can be inverted to

obtain

—mg —mp + /(5 — (Mg +my)?)(s — (mg —my)?)
2m,my

0, — 0y = log , (1.36)

which allows to transform the physical sheet into the so-called physical strip on the complex
f-plane, defined for 0 < Im @ < 7, where 6, as usual, stands for a difference of rapidities.
The right branch point is mapped to the origin, while the left one to imw. Different Riemann

sheets of the s-plane correspond to different strips in the 6 plane.

Im@
i
,,,,,,,,, @& - - - - @ __
<
~
~
S S-
PRS S o
' ~ ~
/’ T~ N
’ S \\
/ ~ \
’ S N
! S \
\\ 1
“é
® ®
UT Re@

FIGURE 1.4. The complex f-plane and the physical strip. Unitarity transformation

(green) maps @ — —6. Crossing symmetry (purple) maps 6 — im — 6.
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With this change of variable, the S-matrix results analytic on the images of the branch
cuts. Since integrability ensures that there are no other cuts corresponding to the creation
of other particles, we can conclude that the S-matrix is a meromorphic function in 6. In

this variable, the real analyticity condition translates into
Set(8) = [Sar(—6)]", (1.37)

which implies that the S-matrix takes real values on the imaginary f-axis. Similarly, uni-

tarity takes the following form
STV (0)Ssd(—0) = 556y, (1.38)

where there is an implicit sum over the internal indices. All these conditions are enough to

determine the functional structure of the S-matrix, up to an overall factor.

1.2.6. Poles and bootstrap principle. In the discussion above we have not men-
tioned bound states, which can arise whenever the total energy of the state is lower than
the sum of the single energies of the colliding particles. Although we will not deal with
them in the present work, we want to mention that they are identified with points along
the imaginary 6 direction, which in the s-plane correspond to the points that lie between
the two branch points and they are the poles of the S-matrix”. Let iu, be a pole of the
S-matrix, corresponding to the creation of a bound state or breather from the scattering

process of two particles. The total energy of the process gives the mass of the bound state,

2

s =m2 =m? + m? + 2m,m; cos(u’), (1.39)

which has a nice geometrical interpretation using Carnot’s theorem for triangles, and leads
to the so-called fusing angle relation [Zam89]. The scattering matrix element can be written
as

I R,

cd () ~ A4
Sab(e) 9 — iUZb (1 0)

where R,, is the residue at iu]}, and I'?, are the projector of the single particles A,(f,) and
Ap(0y), with 6 = 61 — 0, onto the bound state B,,(6), see fig. 1.5.

One can assume that the bound state particles are part of the spectrum of the theory,
i.e. they must be treated as fundamental particles, on the same footing as all the asymptotic
states.

As we did for Yang-Baxter equation, considering the action of higher charges on the
wave packets describing these particles, leads to the equality of the processes in fig. 1.6.

This identification can be described by to the so-called bootstrap equation.
Tl e (8) = Ses (0 — i) Sy (0 + it ) Uity (1.41)
where we introduced the notation w = 7 — wu.

5In complete generality, these only represent stable bound states. It is possible to have unstable bound

states, that correspond to poles which do not appear on the physical sheet, but on different Riemann sheets.
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FIGURE 1.5. Production of a bound state in the ¢ (left) and s channel (right).

For this equation to be satisfied, one might have to add extra poles to the S-matrix.
These can be again interpreted as bound states, for which one can impose the bootstrap
equations. When this iterative procedure ends, one “closes” the bootstrap, finding the

complete spectrum of the theory [Zam89].

FIGURE 1.6. These two processes have to be considered equal if assuming the bootstrap
principle. The dashed line represents the bound state. Here we introduced the notation

Uu=m—"1u.



CHAPTER 2

Scattering theories with Hagedorn singularities

In this chapter, we are going to see all the machinery described above in action. In
section 2.1 we will explicitly construct new 2-body minimal S-matrices which are unitary,
crossing symmetric and satisfy all additional properties described before. The finite size
effects of these new theories are studied via thermodynamic Bethe ansatz in section 2.2. In
the last section, we perform a numerical analysis of these models. We observe that they
present singular behaviours, which might be of Hagedorn type.

This chapter is based on the article [AFR24]|, written in collaboration with Changrim

Ahn and Francesco Ravanini.

2.1. Scattering theories with Ug(slz) symmetry

The idea behind the S-matrix program is that of fixing the structure of the S-matrix by
imposing the properties we described in the previous chapter. In 141 dimensional theories it
often turns out that these conditions together with the bootstrap principle are enough to do
it, modulo multiplicative factors which satisfy unitarity and crossing symmetry and which
do not spoil the analyticity condition, called CDD factors [CDD56]. They can ultimately
change the physics of the theory described by the scattering matrix since they can introduce
additional poles, which must be regarded as additional bound states. They also appear as
the result of certain integrable deformations [SZ17, CNST16, CFLN*21].

In this section, we will proceed with the construction of a family of minimal S-matrices,

by simply imposing all the defining relations and without adding extra CDD factors.

2.1.1. Exact S-matrices with sl symmetry. To set the scene, we recall the con-
struction for S-matrices with s[(2,C) symmetry. In the next section we will generalise this
to quantum group symmetry.

Consider the Lie algebra sls with non-degenerate symmetric invariant bilinear form x,

generated by {Ji, J3} obeying the commutation relations
[J5,J1] = £Jq, [y, J-] =2J5. (2.1)
A particular element of the universal enveloping algebra is the quadratic Casimir element
C=JpJ_ +J_Jy+2J3 (2.2)

which is independent of the choice of basis, and commutes with all elements of the Lie

algebra. It is known that finite dimensional representations H, of this algebra are labelled

19
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by a positive integer or half-integer number s € %Zzo, called the spin of the representation
with dimension 2s + 1.

Using the notation introduced in section 1.2.1, we denote asymptotic on-shell multiplets
of spin s as the collection of 2s + 1 particles A4,,(#) of same mass m, where m = —s, —s +
1,...,s—1,s is the label of the internal quantum number, sometimes called the “magnetic”
quantum number, in analogy with the theory of angular momentum. Here we are using the
rapidity variables introduced in section 1.2.3.

If the scattering theory is integrable, the S-matrix factorises, cfr. section 1.2.4, i.e.
multi-particle scattering amplitudes are decomposed into two-particle elastic S-matrix ele-
ment Sﬁiﬂé(ol — 03), which can be graphically depicted as in fig. 1.2. This two-particle
S-matrix has to satisfy the Yang-Baxter equations (1.26) together with unitarity (1.38) and
crossing symmetry (1.32).

If we use the standard notation |J, M) for the basis of the total spin J representation with
internal quantum numbers M = —J,...,J, we can decompose the two-particle S-matrix as
described in [KRS81] as follows

2s
S@)=pP> )P, (2.3)
J=0

where P is the permutation operator, f[] (6) are some #-dependent rational scalar functions

and P! are the projectors onto the spin-J representation,

J
PUT = N [ M), M|, T =0,...,2s, (2.4)
M=—J

which satisfies the usual properties
2s 2
Y PV =id,  and (]pm) = pUl. (2.5)
J=0

Their matrix elements can be written in terms of the Clebsch-Gordan coefficients

J
Z (s,m'; s, mb|J, M)(J, M|s,mq;s,ma). (2.6)
M=—

’ !
mymy

Pl

where |s,m]; s, m}) is a basis for the tensor product of two particles of spin s.
Following the construction from [KRS81], the Yang-Baxter equation constrains the

scalar functions to have the form

itk —

%
2.
itk + 6’ (2.7)

J
710 = S0 I ]
k=1

up to an overall function Sp(8) which can be fixed by imposing unitarity and crossing

symmetry. These are the S-matrices constructed and studied in [AM94].
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2.1.2. Exact S-matrices with Ug(sl;) symmetry. We extend these rational S-
matrices to the trigonometric ones, by introducing certain interactions expressed in terms
of a coupling constant which is related to a deformation parameter q € C of the quantum

symmetry algebra Uq(slz), generated by {Ji,q* 72} and satisfying the following relations
a®Jeq™ " =q*la”, [y, T = 23], (2.8)

where we introduced the following notation, called the g-number

qM2 — q M2
[)\]q = m. (29)
The Casimir operator can be found in [Kir91]', and it is defined as follows
1/24d3 1 q=1/24—J3
Cq=J_J, 4 39 Ta T (2.10)

(q1/2 — q=1/2)2

For a generic value of q, i.e. not a root of unity, the Lusztig-Rosso theorem [Lus88,
Ros88] states that the irreducible representations of the Ug(suz) are in one to one corre-
spondence to those of suy, and labelled by integer or half-integer s € %Zzo- As before, the
asymptotic states of mass m form a spin-s representation of Ug(sus).

By generalising the expression of the S-matrix from (2.3), we have
2s
S0) =Py o) P, (2.11)
J=0

for some trigonometric scalar functions fé‘” (0) and g-deformed projectors IP’([{]] of Uq(suz).
Following the same ideas as above, all these ingredients of the S-matrices will be determined
completely by imposing constraints such as the Yang-Baxter equation, unitarity, and crossing
symmetry.

2.1.2.1. g-deformed projectors. The tensor products of two irreducible quantum group
representations are decomposed into a direct sum of other irreducible ones in a similar way
to the usual addition of two angular momenta in sus described in the previous section. As
before, we have the change of basis

|J7M>: Z (s,ml;s,m2|J,M>q|s,m1;s,m2>, JZO,...,QS, (212)
mi,ma=—S
where the coefficients are now the quantum Clebsch-Gordan coefficients, from which it is

possible to construct the quantum-deformed projectors:

J
= Z <Sam/1;SvaQ‘J’M>CI<']?M|Sam1;S7m2>CI' (213)
M=—J

m/m/
(7]

q mimsa

n the rest of the chapter, we follow [Rue90]. To match notation and conventions with [Kir91], one

should rescale q to q%, and identify qu3/2 with K*! and J+ with X4.
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The explicit expression of the g-deformed Clebsh-Gordan coefficients were found in
[Rue90, Kir91, AS94], and are defined as follows

(s,m1;5,molJ, M)q = f(J) - 2~ EeH/HD Atslmamma)/2

x \/[s + mi]![s — mi]'[s + ma][s — ma]![J + M]![J — M]! (2.14)
—v(2s+J+1)/2
D

with

D, =[v2s = J —v]l[s —m1 —v)l[s + ma —V|I[J — s +my +V]I[J] — s —mg + V]!,

/2
27 + 1]q([J]N2[2s — J) "
= 2.1
1) { [2s+ J+ 1]! ’ (2.15)
where we are using the following convention for the g-factorial
[Nl = [n]gln —1]q---[1]lq for n € Z>4, o =1, [—n]! = oco. (2.16)

The infinite sum appearing in eq. (2.14) always truncates to a finite one. In fact, one
can always find a 7 big enough so that at least one of the factors in the definition of D,
remains negative for v > v, which implies that D,>; = oo.

From these expressions, one can construct the g-projectors straightforwardly. As an

example, we present the g-projectors for the quantum group Ug(susz) in the spin s = 1/2

representation
0 0 0 0 1 0 0 O
a _Aa 1 Ve
Pl — 0 q+1 q-+1 0 Pl — 0 q+l g+l 0 (2.17)
a 0 -2 L o [’ a 0 X8 9 9 '
q+1 q+1 g+l  q+1
0 0 0 0 0 O 0 1

Remark. All these formulae are valid when q is a generic value. When instead it is a
root of unity, i.e. q = e>™/" for some n € Zso and m = 0,1,2,...,n — 1, one can see
that any multiple & of n is trivially zero [k]q = 0. This can lead to ill-defined quantities in
formulae (2.14) and (2.15). In this case, it was shown in [HHM92] that the Clebsh-Gordan
coefficients can still be defined by a careful choice of normalization of the states and they
can be computed by introducing a limiting procedure from a generic to a root of unity value.
Using this procedure, the expression for q root of unity can be obtained from that of generic
q in a continuous manner and the formulae below are still valid for any value of q on the
unit circle.

2.1.2.2. Construction of the scattering matrices. Similarly to the previous section, the

Yang-Baxter equation forces the scalar functions fcg‘]] (0) in (2.11) to have the following form

q9/27ri

J k_
£0) = So(0) T 2

a9 j-01,...,2s, 2.18
Pt qkq9/2ﬂ'z -1’ ’ § ( )
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where the function Sp(6) can be found by imposing crossing symmetry and unitarity.
It was shown in [BL90] in the case of sine-Gordon that the definition in eq. (2.11) does
not provide an S-matrix satisfying the crossing symmetry equation. To fix this issue, the

authors introduced the gauge transformation
J:qJ391/2ﬂ'i®qJ3 92/271’1'. (2.19)

where 601,62 are the rapidities of the incoming particles. This generalises to higher spin

S-matrices, therefore we have

2s
S0) =0 (P > o) PM) o L. (2.20)
J=0

In addition to crossing symmetry, this S-matrix is also invariant under charge conjuga-
tion C, parity P, and a time reversal T as in egs. (1.27)—(1.29).

We can find the relation between the deformation parameter of the quantum group and
the coupling constant ~ of the theory by looking at the known cases of the sine-Gordon

(s = 1/2) and sausage models (s = 1), and it is given by
q=e>", v €R, (2.21)
and with this choice, the scalar function can be expressed as

T sinh [y(ikm — 0)]

1) = il 0 A A2 —=0,1,---.2s. 2.22
fq (9) SO(G) kl;[l sinh [’)/(Zk’ﬂ' + 9)]7 J 0,1, ) 45 ( )
By requiring unitarity and crossing symmetry, this function has to satisfy

S0(6)So(—0) = 1, (2.23)

2s .

. sinh [y(i(k + 1)m — )]

—0) = . 2.24
Solim —6) kl;[l sinh [y(ikm + 6)] So(6) (2.24)

In order to fix the scalar function Sy, we follow the same steps of [ZZ79]. One starts
with a first ansatz for Sy(6) which solves the equation, depending on some new unknown
function of @ that has to be fixed by the unitarity condition (2.23). To satisfy this, one
needs to introduce a new function that must satisfy crossing and so on. This gives rise
to a recursive definition of the overall factor, that eventually can be written as an infinite

product of terms

so(0) - 2s ls?nh [y(imk + 6)] (ﬁ sinh [y(iw(k + £) — 0)] sinh [y(in(k — £) — 9)])] .

sinh [y(im(k + ¢) + 0)] sinh [y(im(k — £) + 0)]

(2.25)

When s is an integer, i.e. even 2s, many simplifications take place in this infinite

product, and one ends up with the finite product

s - [] etz
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The S-matrix element S7; describing scattering between two particles of with internal quan-

tum number s is

os * sinh [y(i(2m — 1)w — 0
Saal®) = - 1_:[1 sinh ngzm - 1§7r + 9;}' (227)
This correctly reproduces the SII element of the sausage model for s = 1 obtained in
[FOZ93].
For a half-integer s, i.e. odd 2s, one can convert the infinite products of hyperbolic
functions into products of I-functions using the identity sinh(rz) = —in[['(iz)T(1 — iz)]~*

repeatedly, obtaining

50(9)ﬁ{;sinh[’y(QqLimw)]F{l( 1)+ M]F[lvm”ﬂ

m=1
} , (2.28)
where we introduced

T [y(dsn —4s+2m —1) = 22| T [1 4 9(4sn — 2m + 1) - 22|
Ri>™(0) = — . (229)
F[7(45”*25+2m*1)*%}F[1+'y(4sn72372m+1) ’7}

o0

<11

n=1

RE™(O)RE™ (in — 0)
RE™(0)RE™ (i)

The S-matrix element between top-spin s particles is

S5s(0) = ﬁ{;smhhw—imﬂ)}r [1—7(m—1)+i7ﬂ€} r {1_7m_i79}

m—1 1T
F[’ym] 00 Rgf,m] (Q)R[S’m] (’iﬂ' B 0)
“ T —y(m—1)] g RE(0)RE™ (i) : (2.30)

Remarkably, even if the two expressions for integer or half-integer spin look rather

different, they can be recast in the same integral Fourier form, for any spin s,

% sinh(mws) sinh 7w(s — &)
S35 ( ):—eXp/ dw sinh(rvs) S Qv)ewe. (2.31)

o W sinh 52 smh W

Note that for s = 1/2, this integral expression reduces to the famous pre-factor of the

sine-Gordon S-matrix found in [ZZ79]. From this representation, one can notice that

1
S:3(0)= -1 when = 25 (2.32)
which can be thought of as a kind of free point.
By factoring out the top-spin component, the S-matrix can be written as
S(0) = 533(0) - Sias (0) (2.33)

where

sinh [y(ikm + 0)]
Smat(0) =0 <P Z l H m

J=0 Lk=J+1

Pgﬂ) oL (2.34)
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In the interval

0<~< (2.35)

1
2s
the S-matrix does not present any pole in the physical strip 0 < Im# < 7 for any s, i.e. there
are no bound states. We will refer to this range of the coupling constant as the repulsive
regime. For v > 1/2s the S-matrix will develop poles in the physical strip, signalling the
presence of bound states, or breathers: we call this the attractive regime. In this work, we
focus on the former case.

We present the full expression of the s = 3/2 S-matrix. The asymptotic particles are
denoted by the symbols A, with m = 3/2,1/2,—-1/2,-3/2 with C(A,,) = A, = A_,,.
Denoting these particles with index 1,2, 3,4, hence 1 = 4,2 = 3, the non-vanishing S-matrix

elements are given by the prefactor in (2.31) multiplied by the following terms

S5 s (0
® = o

0)
St =1 s = . s% =
(s154 + 252)(0)

31 _ — _

=T R T e O 26 T )
32 5253(0) 41 _ 515253 23 _ (0)f2 32 _ s2.f2
Do T Do T oee P ooe *%9

and those related by C,P,T transformations given in eqgs. (1.27)—(1.29). Here we have

introduced the following notations

(n) := 2sinh [y(0 — imn)], s, = 2sinh(inny),
510

f1=2cosh[y(20 —im)| + — — 28—2, fo= 222 cosh [v(20 — im)] + 53 — 257 — 4.
S5 S1 S1

2.2. Thermodynamic Bethe ansatz

In the previous section, we constructed the R matrix of the quantum group Uq(susz)
for different spin s representations, which automatically satisfies the Yang-Baxter equation.
We then imposed the other constraints, such as unitarity and crossing symmetry. We found
a family of minimal matrices without poles in the physical strip satisfying all the axioms
and therefore representing well-defined S-matrices describing the scattering of asymptotic
particles belonging to multiplets of iso-spin s. For s = 1/2 and s = 1, they correctly
reproduce the known cases of the sine-Gordon and sausage models, respectively.

In this section, we aim at exploring the ultraviolet behaviour of these theories. To do
that we employ the thermodynamic Bethe ansatz (TBA) technique, which first appeared in
[YY69] and was later generalised to the relativistic case by Al. Zamolodchikov in a series of
papers [Zam90, Zam9la, Zam91b, Zam91c| and further studied by [KM90, KM91].

We will first recall the main ideas behind the TBA analysis, to then apply it to the

family of theories introduced in the previous section.
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2.2.1. TBA, in a nutshell. Consider a 1+1 relativistic quantum field theory in its
Euclidean formulation on a torus generated by the two circles of radius R and L. There are
two equivalent ways to quantise the system, one where the time direction is chosen to be
along the circle of radius L and one where it is chosen to be along the circle of radius R.

If we send L — oo, in the first case we obtain a theory on a cylinder of radius R
with the time flowing in the L direction, while in the second case, we obtain a theory on
an infinite line, with compactified time R, which can be interpreted as a finite (inverse)
temperature. The partition function of the first theory in the large L limit is dominated by
the ground state energy while in the second theory, the limit L — oo can be interpreted as
the thermodynamic limit and the partition function can be expressed in terms of the free

energy per unit length. They are expressed respectively as follows

Z ~ e~ LEo(R) Z ~ e LEI(ER) (2.37)

Since these two quantisation procedures have to be equivalent, we obtain the following

equivalence
Ey(R) = Rf(R). (2.38)
Following [BCN®&6], the ground state energy of the theory can be expressed as follows
wc(r)
Ey(R) = — 2.39
o(R) = -2, (2:39)

with r = R/R., R. being the largest correlation length of the theory, R, ~ 1/m, where m
is the lightest mass of the theory. The function ¢(r) is called the scaling function of the
theory and in the limit r — 0, the wltraviolet regime, which corresponds to the conformal
(massless) limit, it is related to the central charge of the underlying conformal field theory.

At this point, we can consider a gas of N particles on the infinite line, in a configuration
such that they are far enough to prevent interactions: this is the typical setting where
one can use Bethe ansatz techniques, as we will see below. In this configuration, the wave
functions are essentially those of free particles. If two particles become close enough, they
can scatter and all the information of the process is contained in the asymptotic S-matrix
of the theory. For simplicity, consider a diagonal scattering theory with just one type of
particle of mass m, so that the S-matrix is given by some scalar function S(#). A particle
doing a full revolution around the circle will scatter with all other particles of the gas. By

imposing periodic boundary conditions one finds the so-called Bethe-Yang equations

N

iLmsinh 0; H S(6; —0;) =1, i=1,...,N, (2.40)
=1
J#i

where we are using the rapidity variables introduced in section 1.2.3.
In the thermodynamic limit, one can compute the free energy of the gas of particles
at temperature 7', defined as F' = E — T'S where FE and S are the energy and entropy

of the system, respectively. By minimising the free energy, keeping the relation (2.40) as
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a constraint on the rapidities, one can find the so-called TBA equations, whose solutions
can be used to compute thermodynamical quantities at equilibrium, as well as the scaling
function in the ultraviolet regime.

As we will show in the next section, the TBA equations are a system of non-linear
integral equations whose exact solution is in general a quite challenging task. Only in
special cases, a closed solution can be found, while in all other situations, one has to rely on

numerical solutions.

2.2.2. Non-diagonal scattering theories. The S-matrices we constructed in the
previous sections have a major difference from those used in the example above, which
makes the TBA analysis technically more difficult, which is that they are not diagonal. This
follows from the fact that particles of the same mass but different internal quantum numbers
can both transmit or reflect. For this reason, we need to consider the following family of
objects labelled by j = 1,...,N, N being the number of particles in the gas, called the

colour transfer-matrices,
Tj(0ss - -, O Vi mne = Snymi (61 = 0)Snim3 (02 — 07) -+ SnymiXe (On — 05),  (241)

with an implicit sum over all internal quantum numbers. This object describes all the
scattering processes of one of the particles of the gas with all the others. These operators
can be diagonalised simultaneously, and the eigenvalues A;(;,...,0x) are precisely those

functions entering the Bethe-Young equation for the non-diagonal case
e msinh i A 0y, ..., 0n) = 1. (2.42)

The study of the eigenvalues and eigenvectors of these operators without an explicit form
of the wave function of the system is the main object of interest of the inverse scattering
program. To do that, the most common method is the algebraic Bethe ansatz, which has the
effect of introducing a number of non-physical parameters \;, j = 1,..., M, called the Bethe
roots, which in this context can be interpreted as fictitious massless particles called magnons.
These additional particles have to satisfy auxiliary equations called Bethe equations.

In our setting, the matrix part of the colour transfer matrices is formally equivalent to
the transfer matrices of the higher spin XXZ spin chain models studied in [KR87], with the
addition of inhomogeneities at each site which can be understood as the rapidities of the
particles.

Taking into account also the prefactor from eq. (2.33), the resulting Bethe-Yang equa-

tions with the eigenvalues of T; for j = 1,...,N are given by

N M . .
iLmsinh 6, ss(p. sinhy(\ — 0; +ims)
e s TT 85005 = 0n) g by Oy 0y i)~ & (2.43)

k=1
k#j
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As anticipated, the Bethe roots Ap, £ = 1,..., M, must satisfy the Bethe equations

ﬁ sinhy(6; — A¢ — ims) a sinhy(Ap — A — i)
sinhy(6; — A¢ + ims) , sinh v(Ae — Ay + mi)

=1 (2.44)

j=1 k=1,k+#

2.2.3. Bethe strings. A remarkable fact is that in the thermodynamic limit, defined
by sending L — oo and N, M — oo keeping their ratios M/L and N /L finite, the Bethe
roots start to populate the complex plane and organise into strings of length n € Z>; and
parity v = 4+, —. They repeat in the imaginary direction with a certain periodicity, which
ultimately follows from the periodicity of eq. (2.44), given by impy with pg = 1/+. They are

defined as follows

Aé@’*:Agnug(nJﬂ—za), a=1,2,...n, (2.45)
AT =AMy %(n +1—2a)+ %po, a=12...n (2.46)

It turns out that in order to ensure the normalisability of the wave function of the
system, one has to impose some constraining relations on the orders n and parities v of
the strings. The general procedure to define which strings are allowed after imposing these
relations was first introduced by Takahashi and Suzuki [TS72], and we now proceed to recall

it. One starts by introducing the following series of numbers

p1 =1, bi = |pi/Pit1], Dit1 = Pi—1 — bi—1ps, 1> 1, (2.47)
y-1 =0, yo =1, y1 = bo, Yir1 = Yi—1 + by, i>0, (2.48)
mgo = O, my = b(), miy1 = M, + bi, ) 2 0, (249)

where the values b; arise from the continued fraction decomposition of pgy

1

b]_ + bzi'”

Po = [bo,bl,bg,...] :b0+ 5 pi/pi+1 = [bi;bi—i-l,"-]- (250)

One can then introduce the so-called Takahashi-Suzuki variables, which describe the
allowed length n, and parities v, for the Bethe strings, with a taking values in the Takahashi

zones defined by the {m;} series, as follows

Nng = Yi—1 + (@ — my)y;, m; < a<mit1, (2.51)

—1
Vg 1= Up, :exp{m{na J}, a#mi,vm, = —1. (2.52)
Po

It is clear that the structure of these strings deeply depends on the fraction decomposi-
tion of pg. If pg is an irrational number, the b-series is infinite and it will lead to strings of
any length. It pg = p/q with p,q € Z>1 the series becomes finite, but it will lead to Bethe
strings whose components are not equispaced and therefore still quite difficult to study (see
e.g. [Tat95] for an example of this situation in the sine-Gordon model). When py € Z>4,

the number of Bethe strings is finite, and their internal structure is very regular.
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For this reason from now on we will focus on the latter case, by setting
1 S .
Y= which implies pg = N, with N € Z>2541, (2.53)

which corresponds to the repulsive regime of the theory, since, as explained above, the S-
matrix has no poles in the physical strip in this range of values of the coupling constant.?
In this setting, the continued fraction decomposition (2.50) truncate at by = N and mg = 0,
my1 = N are the only non-zero values of the m-series. The y series is given by y_1 = 0,
yo = 1, y1 = N. This leads to two Takahashi zones, namely 0 < a < N and a = N. The
Takahashi numbers then read

Ne =Y-1+ (a—mo)yo =a, v, = (fl)t(“*l)/NJ =1, for 0 <a < N,

(2.54)

ny=y =1, ovy=-—-1.
The strings of type + can be of length n =1,..., N — 1 while the string of type — are only
of length 1, see e.g. fig. 2.1 for an explicit example with pg = 5.

Im A
impo /2 .
°
°
° °
T e e Re A
°
°
ey YA e i

FIGURE 2.1. Allowed strings in the complex A palne for v = 1/5, pg = 5. We see that
only (na,ve) = (1,4+), (2,4), (3,+), (4,+) and (1, —) are allowed by Takahashi-Suzuki

constraints.

As a consequence, in the string limit, all products over the number of auxiliary particles

can be expressed as products over the string components

M N M, ng
— H H (2.55)
(=1 a=1/¢=1a=1

where the first product is over the N allowed strings, the second one over the multiplicity
M, of a given string of length n, (as defined in eq. (2.54)) and the last one over its n,
internal components.

Substituting the expressions for the strings into egs. (2.43) and (2.44), will lead to
a system of equations which remarkably only depends on the centres. To see that, we

substitute the expression of the string in eq. (2.44), then take the product over the ny

2In the case of the sine-Gordon model one should consider N > 2.
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elements of the string

N N M, n, ng
TTIT £oe05 = AZ TT TL T I 2052 = Ay =1,
j=1p=1 a=1k=1p=1a=1
Sob Sab
forb=1,...,N,¢{=1,..., M, and where we have introduced the functions
fulz) = sinhvy(z — ira/2)

sinhy(z + ira/2)’

These products can be now further simplified as follows

Sab()\(nb)’ﬁ . )\(na,)ya) :gvavb,\nb—na\o‘énb) o )\(na))gvavb I (}\gnb) . )\](Cna))

vy k,vq

min(ng,ny)—1

X H gUan7|7Lb_na|+2i(>\Enb) - )\gcna))Q
1=1

and

min(ny,2s)

Son (8 — )\g&)) = H Goy |nyp—2s|+2i—1(05 — Ayt

=1

where

sinh[y(z — iTa/2)]
sinh[y(z + ima/2)]
(x —ima/2)]
(x +ira/2)]

= fo(x) when v = +

v,a\T) =
Jv,a(T) coshly

[
h = —
Cosh[’y when v

In a similar way, one can use eq. (2.55) in Bethe-Yang equations (2.43), obtaining

N M, ng

N
eiLmsinth H SSS:(GJ _ ok) H H H f—2$ )\gz]aa e 03) =1

k=1 a=1/¢4=1a=1
k#j

Soa

and use eq. (2.59) to simplify the product further.

This allows us to write the equations in the following more suggestive form

szsmh9 HSOO 0 _ek HHSO(I /\(‘1)_ 1,

a=1/¢=1
kvéj
N N M,
T Sa0 S = 00) TTT] Sab\ = APy =1, a=1,....N,
k=1 b=1i=1

i#]

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

which crucially only depend on the centres of the strings. The various functions appearing in

the products can be thought as particle-particle scattering (Spo), particle-magnon scattering

(Soa) and magnon-magnon scattering (Sgp), where we introduced the notation

Soo(#) = Sg(6).

(2.64)
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2.2.4. The TBA equations. Having simplified the products in the equations, we can
now proceed in the standard way to obtain the TBA equations. The first step is to consider
the thermodynamic limit, defined by sending the volume L — oo, and the particle numbers
N, M — oo, keeping their ratios N'/L and M/L finite. In this limit, one can introduce the
density of particles or magnons

aa(e):%%, a=0,1,...,N, (2.65)
where by dn, we denote the number of particles (a = 0) or magnons (1 < a < N) which
carry a rapidity between 6 and 6 + df. Similarly, one can introduce the densities of holes
04, which are defined in a similar way and describe unoccupied states.

Therefore, taking the logarithm on both sides of egs. (2.62) and (2.63) and differentiat-

ing, one finds the raw TBA equations for the densities

N
~ m
0a(0) +a(0) = a0, - cosh O+ va ;(Kab *x0p)(#), a=0,1,---,N, (2.66)
where we introduced
1, a=0,N
Vg = (2.67)

and a standard convolution notation

(F % ) / F(O0)g(0 — 0)d0, (2.68)
along with the kernels defined by
1 d
Kap(0) = 551 In Sup(6), a,b=0,...,N. (2.69)

Equations (2.66) are a system of non-linear integral equations for the densities of par-
ticles and holes. They are particularly intricate since for each particle type a, there appear
“interaction terms” with every other particle of the system.

A remarkable fact is that this system of equations can be drastically simplified by taking

into consideration certain identities of the Fourier transforms of the kernels.

2.2.5. Kernels’ identities. We will now show that there are highly non-trivial iden-
tities among the kernels appearing in the TBA equations. For this reason, we proceed to
explain the derivation of such identities in detail.

We introduce

y sin(nmy)

1
Poal®) = 27 df 10g gv.a (%) = T cosh(2v0) — v cos(nmy) (2.70)
Using these functions, the identities (2.58) and (2.59) for the kernels K, read
min(n,,2)
Koo(r) = Kao(z) = — Z Pog, o —2s|+2i—1(T), a=1,...,N (2.71)

Kap(z) = Kypa(z) = ‘z’vavb,\na—nbl(x) + Pvgvyma+ms (z)
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min(ng,ng)—1

+2 Y buune—ns2i(@),  ab=1,..N  (272)

i=1
We now introduce the following notation for the Fourier transform,

foy= [~ e poao, g0 = [ e, (273)

For the function ¢(z), with v = 1/N, we obtain
sinh(rw(N — «)/2)

= +1
~ B sinh(rwN/2) Y
Pu,a(w) = sinh(mwa/2) . (2.74)
sinh(mrwN/2) v

Using these, we can compute the Fourier transforms of the kernels defined in eq. (2.69),

for all possible values of a and b, namely

sinh (N — 2s)mw/2) sinh (s7w)

Roo(w) = sinh(mw) sinh (N7w/2) (2.75)
Kon(w) = KEno(w) = m (2.77)
Ry aw(w) = Ruy1(w) = Si“;fl(hj\g N:i’/r;’)/ 2), (2.78)
o) = Bl = = R 1Sa<2 (1)
R N
o) = B = -2 R, dasn-a @8

sinh ((N — a)7w/2) sinh (brw/2) sinh(7ww)
sinh? (mw/2) sinh (N7w/2)

Kap(w) = Kpo(w) = — 6, 1<b<a<N-1.

(2.82)

The kernel K (w) can be directly read off from (2.31). We introduce the following function
called the universal kernel, which plays a central role in the derivation of the final form of
the TBA equations,

1
)= ——— 2.
r(0) 27 cosh 6’ (2.83)
whose Fourier transform is
N 1
p(w) (2.84)

- 2 cosh (%Ww) '

We found that the following functional relations are satisfied for all 1 <b < N,

ffab(w) = ﬁ(w)(nal-[?a—l,b(w) + na,N—lf?a—&-l,b(W))
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+ D(w)(Ma,10a—16 + Na,N—10a+1,n — da.N—20bn), 1<n<N-—-1, (
Kop(w) = ~P(w)Kasp(w) + P(w)(~F2s,b + B20,5v-105,3), (
Rp(w) = =P(@) Kn—2,(w) = Blw)dn 2.0, (287
Koo(w) = Pw)?(Kas 25(w) + 1), (
where we have used the short notation 7., =1 — dqp.
2.2.6. Universal TBA equations. We can simplify the TBA equations (2.66) using

the identities found above. Consider for example the equation for a = 1. If we substitute in

the simplified expression for the kernels, we obtain
N

N
o1(0) +1(0) = = Y (K1p % 00)(0) = — (K10 % 00)(8) = D (K1p % 05)(6)
b=0 b=1
N
= —(p* (=Kas,1 — 625,1) x70)(0) — Z(p* (K2 + 025 — 63,N0p, ) * 03)(0).
b=1

(2.89)

At this point, using again the kernel identities, we can express —Kos 1 = —p* (K224 02,25),

which is nothing but Ky . Therefore, we have

N
01(0) +01(0) = —p* (K20 x 00 + ZKQ,I; * 0p)(0) + p* (d25,100 — 02 — 03, nON)(6).
b=1
(2.90)

We recognise the term in the first bracket on the right-hand side to be precisely o2 (6)+02(6).

Simplifying the various terms leads to
01(0) +71(0) = (p*72)(0) + 61,2s(p* 00)(8) + I3 n(p*xon)(0). (2.91)

Following similar steps, one can simplify all raw TBA equations, obtaining for 1 < a <
N -1

0a(0) +04(8) = p* (Ma1Ta—1 + Na,N—10a+1 + 0o, N—20N + 04,2500) (0) (2.92)
while for a = N, we get
on(0)+ N (0) =proN_2(0) + On—12sp* 00(6), (2.93)
and from (2.86) and (2.88), for a = 0, we get
0(6) + 5o(0) = % cosh § + p* (Gas — O2s. n—20x)(6), (2.94)

We introduce the following functional, describing the free energy of the gas of particles

at temperature 1/R with the equations for the densities (2.92)—- (2.94) as constraints,

N
(I)[Uiv 7i, &, Ui] :/domRCOSh 9‘70(0) - Z / dm([an + 5’n] IOg(Un + &n) —On IOg(gn) —0n IOg(&n))
n=0

m

o cosh @ + px (025 — 025, N—20N)(0)

+€{ —0o(0) — ao(0) +
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N
+ Z Hm |: - Ua(e) - 50,(9) +P* (nalgafl + na,NflgaJrl + 6a,N720-N + 5@,2800> (9) )

m=1

(2.95)

where we introduced the Lagrange multipliers £, p, with 1 < a < N. Here the first integral
represents the total energy of the system while the second one is the entropy, where we are
using the Fermi-Dirac statistics since S£5(0) = —1.

The equilibrium condition is obtained by minimising this functional. This procedure

leads to the universal TBA equations,

N
€q(0) :5a70chosh972Habp*log (1+e*q’) (0), a=0,1,...,N, (2.96)
b=0

where we have introduced the pseudo-energies

@) =log 2%, @) =log2%, a=1,....N—1, en(® =logZ¥%,  (2.97)

o
(o1) Oq ON

and p is the universal kernel introduced in eq. (2.83). Here I,; are the matrix elements of
the incidence matrix® of the graphs in figs. 2.2 and 2.3 when 2s < N — 1 and 2s = N — 1,

respectively.

1 2 25 —1 2s 2s+1

O—O0------ N -2
N -3

FIGURE 2.2. Dynkin-like structure of the TBA equations for 2s < N — 1. Note that the
graph is a proper D41 Dynkin diagram only for 2s = 1 and an extended one ﬁN+1 for
2s = 2.

FIGURE 2.3. Structure of the TBA equations of 2s = N — 1.

3Consider a graph described by nodes and link between them. The incidence matrix is the matrix

whose element a,b is 1 when the nodes a and b are connected and 0 otherwise.



2.3. NUMERICAL ANALYSIS 35

At finite temperature T = 1/R, the free energy per unit length is obtained by the
pseudo-energy €y using

() /OO m —eo(6)
= o cosh 6 1n (1 +e ) de. (2.98)

— 00

It is important to notice that this universal TBA is possible thanks to a remarkable
relation (2.88) between the minimal scalar factor Sy and other scattering amplitudes of the
magnons. If a CDD factor is added, this relation is not valid anymore and the TBA cannot

be written in the universal fashion.

2.3. Numerical analysis

Finding a solution to the TBA equations is a renowned difficult task. Some analytic
results can be found in very particular situations, but in general, it is more common to rely
on numerical solutions. In this section, we are going to address this problem. In particular,
we will see that, even if the TBA equations do not present any particular new feature for
higher spin theories, they actually hide some divergencies in the thermodynamical quantities,

signalling a potential (second order) phase transition.

2.3.1. Sine-Gordon and sausage central charges. Recall the relation between the
ground state energy and the free energy of the system from eq. (2.38). Using eq. (2.98) and
the parametrisation with the scaling function eq. (2.39), we obtain

- 3 [
e(r) = —2/ r cosh(0) Lo (0)do (2.99)
™ — 00
where Lo(0) = log(1+ e~) and r = mR is the dimensionless scale. In the limit r — 0,
the ultraviolet (UV) limit, this function encodes all the relevant data of the underlying
conformal field theory, since

lim ¢(r) = ¢ — 24A i, (2.100)

r—

where c¢ is the central charge and Ay, is the lowest eigenvalue of the zero-th Virasoro
generator. As we stressed in the previous sections, the TBA equations (2.96) are a system
of non-linear integral equations for which is in general very difficult to find an analytical
closed solution.

Sometimes, however, it is possible to do so. For example, it is possible that as r ap-
proaches 0, the functions log(l + 6’5(9)), develop a plateau region. In this case, it is possible
to express the central charge in terms of dilogarithmic functions, depending on the plateau
values of the pseudo energies of the system (2.96) when r — 0, which can be obtained by
solving the algebraic equations

N
zi=[[A+a;")™/2  i=0,... N, (2.101)
j=0
where we have introduced z; = e€(®) and I is the incidence matrix of the graphs of figs. 2.2
and 2.3.
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FIGURE 2.4. The functions Lg(0) for spin s = 1/2 (left) and s = 1 (right) with v =1/7,
for different values of r. One can see that for smaller values of r the plateau starts to

form.

In the family of scattering theories we have introduced above, we have two well-known
examples of this behaviour: the sine-Gordon model, corresponding to spin s = 1/2, and the
sausage model for s = 1. In these cases, the plateaus start to form for small values of r,
see e.g. fig. 2.4, and therefore one can explicitly compute the value of the central charge
using dilogarithms obtaining ¢ = 1 and ¢ = 2, respectively, independently from the value of
~v=1/N.

2.3.2. Higher spin theories and Hagedorn singularity. As pointed out above, it
is usually difficult to find a closed solution for generic r: for this reason, it becomes very
useful to perform numerical analysis to study the ultraviolet behaviour of these theories.
The method that has proven to be more effective is by solving the system of equations via
successive iterations. The idea is to start from the initial guess eSP) = (rcosh,0,...,0) for
n =20,...,N and then define the k-th iterative solution, with k > 0, as

N
0 (0) = 5 greosh(0) = Y- Lun(p L)O),  n=01...N,  (2102)
m=0

where L%k)(tﬁ)) = log(l + e*fsff)(‘))). This process allows us to find with arbitrarily high
accuracy the values of the pseudo-energies and the corresponding L,,(#) for any given r. An
extensive study of this convergence problem has been done in [HR20]. Ultimately, these
results can be used to compute numerically the integral (2.99) at different values of r, finding
the value of the scaling function and, possibly, the rough value of the central charge of the
underlying conformal theory. The cases of s =1/2 and s = 1 are shown in fig. 2.5.

Having a natural generalisation of the S-matrix for higher values of the spin and of the
corresponding TBA equations, it is natural to ask what kind of theories they describe in
the ultraviolet regime. Performing the same iterative procedure as above, we observe an

unexpected behaviour as the ground state energy Ey(r) diverges at a positive finite value r*
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FIGURE 2.5. Scaling functions for spin s = 1/2 (left) and s = 1 (right).

and, correspondingly, that the functions L, (#) do not develop a plateau, but rather become

more peaked around 6 = 0 as they approach the singular value, as shown in fig. 2.6.

O T meeiissssseesIIIIITIT IS 7 T
o 1 =0.21628
¥
sl | 6 S| e 1 =0.24053|
o : | e 7 =0.27469] |
f : -| o r=0.79488
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0

FIGURE 2.6. Left: the vacuum energy Eo(r) as it approaches the singular point r* =
0.21628(2); right: the kernel Lg(0) at different values of r. Both were obtained for

s=05/2and N = 12.

Extending the numerical analysis to different values of the spin and of the coupling
constant, we observe that the critical value r* is a function of both s and N = 1/v. Some
values of r* are listed in table 2.1.

Moreover, as can be seen from fig. 2.7, the critical values r* seem to converge to non-zero
values even for vanishing coupling constant v = 1/N — 0 for s > 3/2. This means that the
singularity does occur also at the su(2) symmetric points, obtained by sending v — 0, i.e.
g — 1, and the UV limit does not exist even in those cases.

A similar behaviour has been recently studied in TT-deformed theories with detailed

numerical analysis [CNST16]. In this case, the vacuum energy develops a square root

behaviour,

Eo(r) ~pps co + C1joVr — 1%, (2.103)
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s=3/2 s=2 s=5/2 s=3
N =4 || 0.06024(4) - - -
N =5 || 0.01683(2) | 0.22505(9) ; ;
N =6 || 0.00722(5) | 0.09996(5) | 0.40380(3) .
N =7 || 0.00392(8) | 0.05976(6) | 0.21628(2) | 0.57301(7)
N =8 || 0.00248(7) | 0.04195(5) | 0.14665(8) | 0.34110(6)
N =9 || 0.00174(9) | 0.03255(2) | 0.11269(7) | 0.24773(3)
N =10 || 0.00132(7) | 0.02699(9) | 0.09349(6) | 0.19958(2)
N =11 || 0.00106(6) | 0.0234(5) | 0.08157(4) | 0.17123(0)
N =12 || 0.00089(4) | 0.02106(7) | 0.07367(8) | 0.15307(2)

TABLE 2.1. Selected values of the critical scale r* for different values of s and v = 1/N.

. “s=3/2 ]

° « S = ]

° ° ° o 315/27

L . ® o o Y ° ° ° e 5=23 4
. .

FIGURE 2.7. Value of the singular point r*, for different values of spin and coupling

constant ¥ = 1/N. The values are computed with precision to the 6th decimal digit.

The r*-axis is log-scaled.

so that its first derivative diverges at the critical value, signalling a phase transition. In
this setting, the singularity ultimately appears as a consequence of the presence of a CDD
factor and it has been regarded as the appearance of a Hagedorn-like phase transition.
Remarkably, it has been shown that by finely tuning the parameters of the deformation, one
can ultimately remove it [AL22].

The theories we have introduced in this work present some similar aspects, but they
are crucially different. Indeed, the S-matrices we consider are not obtained as deformations

of some known theory but are genuinely obtained by imposing the defining properties of a
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scattering theory in two dimensions, as explained in section 2.1.2. As a result, this singularity
is in a sense more “fundamental”, as it cannot be removed by a fine-tuning of the parameters.

We analysed the behaviour of these models close to the singularity, for different values
of the spin, at different values of the coupling constant. More explicitly, we have generated
several points in a close neighbourhood of width ~ 1% of the singular points of table 2.1.

Using these data we fitted the curves, as shown in fig. 2.8 with a fitting function given by

EF*(r) = b(r —r*)* + co. (2.104)
R ‘ ‘ ‘ ‘ — —
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FIGURE 2.8. Examples of fitting for s = 3/2 and N = 4 (left) and N =5 (right).

In table 2.2 we present the results of the critical exponent a obtained from the numerical
analysis, and in fig. 2.9 we show a fit of these points. The main source of error in the exponent
a is a sensitive dependence on the initial guesses used in the fitting algorithm. We performed
the fit for different initial guesses to estimate the average value of a and the associated error

which is around 2%.

4 5 6 7 8 9 10 11 12 13 14 15

s=3/2 0.495 0.501 0.498 0.497 0.492 0.487 0.486 0.497 0.486 0.485 0.488 0.482

§=2 — 0.504 0.502 0.501 0.501 0.491 0.499 0.504 0.509 0.508 0.497 0.500
s=5/2 — — 0.507 0.507 0.500 0.502 0.499 0.499 0.497 0.493 0.494 0.508
$=3 — — — 0.489 0.498 0.491 0.504 0.499 0.493 0.495 0.508 0.501

TABLE 2.2. Values of the fitted exponent a, for different values of s and N.

Remarkably, we observe that it becomes independent of the value of the coupling con-
stant and the spin, approaching a universal value of ~ 1/2, compatible with a square root
behaviour. Similarly, in table 2.3 we present the fitted values of the parameters b and cy,

only for the case s = 3.
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FIGURE 2.9. Fitted value of the exponent a, for different values of the spin.

N
4 5 6 7 8 9 10 11 12 13 14 15
b — — — 1781 44.09 8245 127.59 167.71 219.89 264.01 298.47 341.50
co — — — -7.58 -15.57 -24.23 -32.92 -41.24 -48.94 -55.95 -62.25 -67.85

TABLE 2.3. Values of the fitted parameters b and cg, for spin s = 3.

These features, however, need a more careful analysis since it is extremely difficult and
computationally challenging to study the data in the close vicinity of the critical value r*,
as the iterative procedure becomes extremely slow. Clearly, the best way to overcome this
problem is to find clever ways to solve the TBA equations (2.96) analytically, so that one

would be able to make a more quantitative analysis of these models.
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2.3.3. Simplified TBA equations with a toy kernel. Since we do not have a closed
analytical solution of the TBA system (2.96), we now present a similar system that is highly
simplified but develops the same singularity. We know that the main difference with other
theories that are known to converge up to the conformal point is that the L, () functions
become more and more peaked instead of developing a plateau. In order to implement this

feature, we consider a different integral kernel, given by
1
p(0) = 56(6‘). (2.105)

We now consider a system of TBA equations similar to the one we obtained above, i.e.
whose structure is described by the same graphs. The particular form of the kernel allows

us to greatly simplify the equations, namely

N
1
€n(0) = 6, 07 cosh 6 — 3 Z I, log {1 + e_e’"(e)} , n=20,1,---,N, (2.106)
m=0
and has the advantage that it can be expressed as a set of algebraic equations
N
xn(ﬁ) — T ooshf6n 0 H [1 +xm(9)}]l1z7n/2, In(e) — e—e,,,(e)7 (2.107)
m=0

for each value of #. These are now algebraic equations, which can be analysed analytically. In
particular, those TBA equations whose graph is shown above in fig. 2.3 are exactly solvable

with a computer® for N = 2s + 1 with s = 3/2 and s = 2 in terms of a = e~"h?

26=3] ) — 51 (1+ a)?

z; 5 + 22 "0 T ogm 1 —4a, (2.108)
— 3 1 1+a
i =-Sp L, g 2109

All other exact expressions for x,’s are also found but we will not put them here since they
are much more complicated and not relevant in further discussions.

These results show that the pseudo-energies can be real if
1 1
677’cosh9 < Z for 2s = 3; efrcoshe < g for 25 = 4, (2110)

for any value of 6. Therefore, the critical values r*, which are the maximum values of r for

them to remain all real, are found by considering 6 = 0, namely,
To—go = logd =1.3862943.. ., Ti_o = log8 =2.0794414. . .. (2.111)

For other values of s and N, we can solve only numerically to find r*. We list them for
different values of N in table 2.4. It is interesting to notice that the critical values r* where
the solutions turn into complex numbers, depend only on the spin s and not on the coupling
constant N = 1/v. This feature is definitely due to the exceptionally simplified kernel. For

s = 1/2,1 no singularity occurs, as the numerical result is < 107%.

4The normalisation is chosen to match the same normalisation of the (integrated) universal kernel
eq. (2.83).

5Exact solutions for higher values of s are beyond our computational ability.
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N

4 ) 6 7 8
s=3/2 1.386294 1.386294 1.386294 1.386294 1.386294
s=2 2.079441 2.079441 2.079441 2.079441
s=5/2 — 2.574781 2.574781

TABLE 2.4. r* for various s and N. r* depends on s only and it is independent of N.

The above exact solutions of the simplified TBA can be used to analyse the free energy
using (2.98). For 2s = 3, one finds

)

f(T) *m 3 1 (1+a)? —— —rcosh 0
7’1" = — ; ;cosheln _5—’_@_0/_? 1—4a d97 a=ée 0

(2.112)
Although this expression is given in terms of relatively simple integrals, it can not be ex-
pressed analytically. Instead, we perform this numerically and the plot in fig. 2.10 which

show qualitatively similar behaviours as fig. 2.8.

F()/T

FIGURE 2.10. Toy TBA with s = 3/2, N = 4 (left) and s = 2, N = 5 (right).



CHAPTER 3

Gaudin models of finite type

Gaudin models were first introduced in [Gau76] to describe sly integrable spin chains
with long-range interactions and later generalised to any semi-simple finite Lie algebra
[Gaul4]. They are a very powerful tool to describe a large class of integrable systems
and they provide a mathematical framework to study their properties. A complete descrip-
tion of the space of commuting charges of the model was first proposed in [FFR94], in terms
of singular vectors in the vacuum Verma module over the affine algebra at critical level. A
central question is the diagonalisation problem, i.e. finding the joint spectrum of eigenval-
ues and eigenvectors for these charges. This has been done by performing different types
of Bethe ansatz [Gau76, BF94], but perhaps the most elegant one is the one proposed
by Feigin, Frenkel and Reshetikhin in [FFR94], based on the construction of Wakimoto
modules over the affine algebra at critical level.

This chapter is a short review of some aspects of Gaudin models of finite type; it mainly
serves as a motivation for the various generalisations that we are going to discuss in the next

chapters.

3.1. Generalities

Consider a simple finite-dimensional Lie algebra § =¢ fi_ & h® ., where h is the Cartan
subalgebra and ny, n_ are the subalgebras corresponding to the positive and negarive root
spaces. Let U(g) be the corresponding universal enveloping algebra. We introduce the one-
dimensional U (b+) representation Cv) for any choice of weight A € FO)*, where b = h dny is

the positive Borel subalgebra, defined as follows

Xvy =0, for all X € ny, (3.1)
Xvy = A(X)vy, forall X €b, (3.2)

where A(X) = (X, \) is the canonical pairing between h and its dual. One can introduce
a non-degenerate bilinear form on b which can be extended to a non-degenerate symmetric
invariant bilinear form x : g x § — C, normalised as in [Kac90]. By restricting « to b, one
introduces the map v : h* — fc), defined as follows: for each A\ € fo]*, v()\) is the unique element
in b such that A(X) = x(X,v())), for all X € h. This can be used to define a non-degenerate
inner product on the space of roots, denoted by (:|-), as follows («|8) = k(v(«),v(B)), for
all a, 5 € b*

43
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The Verma module of highest weight A is defined as the induced module
M)y = U(ﬁ) ®U(f§+) Cvy ~¢ U(n,)(CV)\7 (3.3)

where the last identification follows from Poincaré-Birkhoff-Witt (PBW) theorem (see e.g.
[Dix74]). Moreover, if A is an integral dominant weight, i.e. for any positive root a, (\|a)
is a positive integer number, it is always possible to identify a submodule M C M, such
that the quotient My /M is finite-dimensional.

We introduce a set of points on the Riemann sphere {z1,..., 2y} C CP!, which can be
thought of as the sites of the model. To each of these points, we attach one of the modules

My, with ¢ =1,..., N. The tensor product of modules
M, 2:M)\1®"'®M)\N, (34)

plays the role of the Hilbert space of the Gaudin model. Note that since any Verma module
M, admits a highest weight vector vy, , one can introduce a well-defined ground state, given
by

VA =V, Q- @ Vay- (3.5)

The algebra of the observables of the quantum Gaudin model is obtained by considering
the N-fold tensor product of copies of the universal enveloping algebra of g, one for each

site,
Obs, () = U(g)®". (3.6)

We introduce the following notation for the operator acting on the i-th site with X €
U(g) and with the identity elsewhere,

XD=1®-10X010 o1 (3.7)

By denoting with {I*},—1 _4im & basis for the Lie algebra g, the quantum g-Gaudin
model is defined by the Gaudin Hamiltonians

N . .
(@) 8,(5)
H; = E —_— :
i : Rab i — 2 ) (3 8)
Jj=1
JFi

where there is an implicit sum over Lie algebra indices and kg is the non-degenerate sym-
metric invariant bilinear form on §. From the point of view of spin chains, 1% can be
thought as the spin degree of freedom at site ¢ and the factor 1/(z; — z;) represents the
interaction term between the sites ¢ and j.

This operator can be seen as descending from a more general object, which somehow
has a more natural interpretation when working with vertex algebras and coinvariants as we
will see shortly, which is the quadratic Hamiltonian

H(z) = %/{abla(z)lb(z), (3.9)
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where we introduced the following rational function
N

(@)
X(z2)=>_ X (3.10)

Z— z;
i=1 v

depending on the auxiliary complex parameter z, called the spectral parameter. In fact, by

substituting this into eq. (3.9), it follows by partial fraction decomposition that

N (@) ,
19=3 (35 ap t o5 )

z— Xz
i=1 v

where ) € U (§)®N is the quadratic Casimir operator at site ¢ defined as follows
dim g
C= > raplI" (3.12)
a,b=1

It is an element of the centre Z(Obs,(g)) of the algebra of observables and therefore by

definition it trivially commutes with the generators of § and with all other Hamiltonians.

3.1.1. Diagonal action. There is a map A : § — g®, which is the diagonal embed-
ding of § into the direct sum of N copies of §, defined as follows

N
Ax = Zx(i)7 for all z € §. (3.13)

It can be extended to an embedding of the corresponding enveloping algebras A :
U(g) — U(g®V) ~ U(g)®N. It is a Lie algebra homomorphism, since for all z,y € §
N

[Az, Ay] = Z Oy 01 =3 "[2,9)9) = Afz, y], (3.14)

7j=1 :1 Jj=1
where in the second-to-last step we used the fact that operators at different sites always
commute, i.e. [¢0), y®] = 67z, y]U). Given any state w; ® --- @ wy € My, there is a
well-defined action of (3.13) on it,

Az(wi @ - Qwy)=(z- Wi ® - Qwn)+-+ (W Q- @z -wp), (3.15)

called the diagonal action of the Lie algebra. The g-symmetry of the Gaudin model is
ensured by requiring that the Hamiltonians commute with the diagonal action of §. For

example, for the Gaudin Hamiltonians in eq. (3.8),

170 1a,() 7b,(5)
N B
=1 j=1 %A
J#i

N 6@fxa[c,(i)]b,(j) + 5£fczbla,(i)lc,(j)

N
_ ile j
=D Fa
Zi — Zj

N 766 16.09)
=D (Kb fE" + Feafi") ———— =0. (3.16)

i T 2
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In the last line, the term in brackets vanishes identically by the invariance of the bilinear

form.

3.1.2. Bethe ansatz: case of sl;. As we have anticipated in the introduction to this
chapter, one of the central questions is the joint diagonalisation of the conserved charges of
the model. For the case of sly, algebraic Bethe ansatz was used to construct eijgenvalues
and eigenvectors [Gau76, Gaul4, Skl89]. Consider the standard basis {E, F, H} for this
algebra. The vacuum state (3.5) is an eigenvector of the quadratic Hamiltonians. Indeed,

one can explicitly write the Casimir operator and Gaudin Hamiltonian as follows

e — (HOHY £ EOFO 4 pFOEOD) — gOFO L og® 4 9O pe),
N
Hi=)_

j=1
JF#i

1

Zi — %5

(H(i)H(j) + FORG) 4 E(i)F(j)). (3.17)

Recalling from eqgs. (3.1) and (3.2) the action of the generators on a highest weight vector,

we obtain the following vacuum eigenvalue relation

N 2 ) N N ) )
e = Z;AU?H;(HHZ 1<z?2(i)>A<]z(H)zi> o B8

i

3.1.2.1. Higher excitations. The idea behind algebraic Bethe ansatz is to create excita-
tions by applying the operator F' on the ground state a certain number of times. In the spin
chain picture, if the ground state is a ferromagnet, i.e. all spins are up, this is equivalent to
“flipping arrows”, creating excitations of the spin chain. One can introduce

N

F@)
F = 3.19
(= ——. (319)
i=1
where we introduced a new auxiliary parameter w, not equal to z1, ..., 2x. The Bethe vector

is constructed by acting with this operator on the ground state vector [Gau76],
|U}1,...,’U}M> = F(wl)--~F(wM)V>\ (320)

One can explicitly compute the action of the quadratic Hamiltonians (3.9) on these states,

obtaining

H(z) w1, ..., war) = 8(2) Jwy, ..., wpr)

z —

MopG)
+Z - \wl,...,wj_l,z,wj+1,...,wM>, (321)
j=1 /

where s(z) is some rational function defined as follows

1

s(2) = (e = 50 (2), (3:22)
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where
M

(s =3 Aoy 2 (3.23)

)
z— 2z Z—w;
i=1 =1 J

while the functions f@), for j = 1,..., M depend on the marked points and the levels Aj.
Clearly, to obtain a genuine eigenvalue relation from eq. (3.21) with sps(z) as the eigenvalue,

it has to happen that all factors fU) vanish. These constraints are the Bethe equations,

N M
. \; 2
@) .= L =0, i=1,...,M, 3.24
k#j

which can be seen as a set of consistency equations for the auxiliary parameters, called Bethe
roots.

It is easy to imagine that finding the explicit expression for the eigenvalues for an
arbitrary Lie algebra g can become extremely complicated. A possible generalisation has
been proposed in [BF94], but it can be practically used for the quadratic Hamiltonians
only; applying this construction to the higher Hamiltonians, which we have not described

yet, is extremely complex.

3.2. Vertex algebras

Before moving to the description of the higher Hamiltonians and their diagonalisation, in
this section we introduce the theory of vertex algebras. They provide a natural language to
describe conformal field theories and, as we will see below, they turn out to be an extremely
valuable tool in the study of Gaudin models. This section is mainly based on the references
[Kac01, FBZ04].

3.2.1. Definition and properties.

DEFINITION 3.2.1. Given a graded vector space V=17, , V&) over a field K, a vector
|0) € V called the vacuum, a map T € End(V) called translation, and a map called the
state-field correspondence Y : V — End V[[z,27 '], a — Y(a,z) = > cpamz ¥ 1, with
agy € EndV of degree deg(a) — k — 1, i.e. a(k)\?(") c Vntdeg(@)=k=1) "4 vertex algebra is
the quadruple (V,]0),T,Y (e,z)) satisfying the following axioms

i) Vacuum aziom: Y (|0),z) = idy;

it) Creation aziom: for all a € V, Y (a,x)|0) € V[[z]] and Y (a,z) |0) oW
iii) Translation aziom: T |0) =0 and for alla €V, [T,Y (a,z)] = 0,Y (a,z);
iv) Borcherds’ identities: for all a,b €V,

TeSy—y Ly,z—yf(xv y)Y(Y(a’ r — y)b7 y) =
resg Ly y f (2, )Y (a,2)Y (b, y) —resy iy o f (2, 9)Y (b, 1)Y (a, z), (3.25)

where f(x,y) is a rational function with poles at most at x =0, y=0 orx—y =0

and i, denote the formal power series expansion in the domain |z| > |y|.
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The state-field correspondence can be interpreted as the generating function of an infinite
number of products, called the n-th products, V x V — V, (a,b) + a,)b for all n € Z, such
that a(,)b = 0 for sufficiently large n, where a(,) € EndV is called the n-th mode of a.

It is possible to rephrase the axioms in terms of modes as follows

i’) Vacuum aziom: for alln € Z, [0),) a = 0p,—10a;
i’) Creation aziom: for alla € V, n € Zxg, a(y)|0) =0 and a(_1)[0) = a;
i41’) Translation aziom: for alla € V, n € Z, [T, am)] = —nam—1);

iv’) Borcherds’ identities: for all a,b €V, n,m € Z,

i (T) (@(n15)b) (m+k—j) = ‘oo (n) ((—Dj A(mn—j) (b(k+))

j=0 i=o M
— () sk (@niy)). (3.26)
where for anym € Z, (') = ym(m—1)...(m—k+1) for allk >0 and () = 1.

Let us now discuss some particular cases of Borcherds’ identities. Setting n = 0 in the

last identity, we find the so-called commutator formula for the modes,

o0

[agmy byl = <Zn> (@(j)b) (m+k—)- (3.27)

J=0

If we express this in terms of state-field map, we obtain the locality formula,
(z —y)N[Y(a,2),Y(b,y)] = 0, for N big enough. (3.28)

This relation is often used as one of the vertex algebra axioms, replacing Borcherds’ identi-
ties.
Instead, for m = 0 we obtain the associativity formula, which can be seen as a recursive

formula for the composition of modes,

(@tas = 2 (1) (41700 () = 1 by la)- 329)

=0 M

In terms of state-field maps, this identity reads

Y(amyb,y) = resg teyY (a, )Y (b,y)(y — x)" —resy 1y Y (b,y)Y (a,2)(y — z)". (3.30)

In particular, setting n = —1 one gets
Y(anb,y) =Y(a,y)1Y(b,y) + Y (b,9)Y (a,y)-, (3.31)
where
Y(a, )4 := Za(k)x_k_l, Y(a,z)_ = Z a(k)m_k_l. (3.32)
k<0 k>0

This can be generalised to define the so-called normal ordering of fields,

sY(a,2)Y(b,y)s:= Z Z a(m)b(n)zimil + Z b(n)a(m)zfmfl yinil. (3.33)

n€Z \m<0 m>0
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where the effect of the ordering is to move positive modes to the right, which in a field
theory context can be interpreted as “annihilation operators act first”. This operation is
right-associative, i.e. 3Y (a,z)Y (b,y)Y (¢c,2)s=28Y (a,z)sY (b,y)Y (b, 2)35s.

From these axioms, it is possible to show that Y (a,z)b = e*1Y (b, —z)a for all a,b € V.

In the language of modes, this gives rise to the so-called skew-symmetry formula for the

products,
= (o
a(n)b = Z TTJ (b(n+j)a)- (3.34)
=0 '

3.2.1.1. Operator product expansion. One of the main applications of vertex algebras in
theoretical physics is in the context of conformal field theories. The reason is that from
the associativity properties of the fields, one can rigorously introduce the notion of operator
product expansion (OPE) of fields.

Indeed, the locality property can be rephrased by requiring that for any a,b,c € V,

Y(a,2)Y (b,y)c € V((2))((y),  Y(by)Y(a,z)c € V((y))((x)),
Y (Y(a,z —y)b,y)c € V((y)((z —y)) (3.35)

are the expansions in their domains of the same function in V[[x,y]][z~ %,y !, (x —y)~1]. In
particular, this implies that
Y(a,2)Y (b,y)c= Z Y(amb,y)(z—y) " e, (3.36)
ne”Z
where each side has to be expanded as above.
Moreover, we have the following fundamental result, due to Kac (cfr. [Kac01, Theorem

2.3]), that given two state-field maps, we have

B = Cro(¥) o/
[Y(a,2),Y(b,y)] = Z ] 0y0(x —y). (3.37)
k=0

for some fields Ci(y), k =0,..., N — 1. In particular, this implies that

N-1

V(@ 2)Y (9) = 3 tay ey Colt) +3¥ (@ 2)Y (b1) (3.39)
k=0
N—-1
memmzz%%;ﬁgawwwmwww. (3.39)
k=0

Putting together egs. (3.36) and (3.38), we obtain the operator product expansion for-

mula for a vertex algebra,
+3sY(a,z)Y(b,y)s (3.40)

and similarly for eq. (3.39). In particular, the singular behaviour of this product is completely
determined by the non-negative k-products only. The terms $Y (a,x)Y (b,y) ¢ are regular on

the diagonal x = y, and are sometimes just referred to as the “regular terms”.
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3.2.1.2. Conformal vertex algebras. We now recall a special class of vertex algebras that

play an important role in conformal field theories, called conformal vertex algebras.

DEFINITION 3.2.2. A vertex algebraV =3, _, V(&) s called conformal of central charge
¢, if there exists a non-zero vector w € V) whose corresponding vertex operator is
Y(w,z) :=w(x) = ZLnx_"_Q. (3.41)
nez
In particular, the modes L,, must generate a copy of the Virasoro algebra with central charge
&
m? —m
[Lm,, Ln] = (m — n)Lm+n =+ CTémJ’_n’O’ (342)
and L_1 =T and Ly o =nidy.

Alternatively, this implies that the OPE of the field associated with the conformal vector
with itself is given by

c/12 2w(y) Oyw(y)

=yt (-y? z-y

3.2.2. An example: the Heisenberg vertex algebra. We now review an example

+ regular terms. (3.43)

w(z)w(y) = (

of vertex algebra, which will appear in the construction of Wakimoto modules in section 3.4.
The Heisenberg vertex algebra is an example of a vertex algebra associated with an
infinite dimensional Lie algebra. First, define the Heisenberg Lie algebra as the central

extension of the commutative algebra of formal Laurent series,
0—Cl—H-—C(t) —0, (3.44)
where for any f,g € C((t)) the cocycle is defined as follows

w(f.g) = —resio fdg. (3.45)

This algebra has a topological basis given by b, = t", n € Z with central extension given by
1. Explicitly, the cocycle reads
1
W(bp, by) = —resi—o t™dt" = —— nt™tn g = —Nm4n,0- (3.46)
2mt Ji—o

Therefore, for any m,n € Z the commutation relations are given by
[bm, bn] = MIpmin.01, 1,b,] =0. (3.47)

We can consider a formal completion U (H), whose elements are possibly infinite sums
> k>0 bk, where by, € U(H), which truncate to finite ones when working modulo the left ideals
gengrated by tNC[t], N € Z. Any representation V of H is automatically a representation of
(7(H) if we require smoothness, i.e. for any v € V, byv = 0 for some N € Z big enough. The
quotient of U(H) by the two-sided ideal generated by (1 — 1), where we identify the action
of the central element with the unit in U(H), is called the Weyl algebra Weyl(H) or more

concisely H.
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Let U(H) . be the subalgebra generated by non-negative modes b; € U(H). We introduce
the one-dimensional representation defined by imposing that bjvg = 0 for all j € Z>o and
where we identify 1 with k € C, called the level. The Fock representation at level k is defined

as the induced module
= U(H) ®g ), Cvo ~c U(H)-vo. (3.48)

where ﬁ(H)_ is generated by strictly negative modes b_;, j € Z~(. For clear reasons, the
operators bj>o are called “annihilation operators” while bj<o “creation operators”. This
vector space has a natural gradation m, = @, 7x[n], where the state by, - -- by, vo has
degree — """ | k;. Here we are using the square l;racket notation to denote the grading. It

can be graphically depicted as in fig. 3.1.

FIGURE 3.1. Graphical representation of the vector space 1, =Y, < Tk ([n].

We can introduce the translation map T € EndV, whose action on the generators is
[T,by] = —kbi—1 and Tvy = 0. This automatically satisfies axiom (7).

We now introduce the state-field map. We assign Y (vo, ) = id,, , so that axiom (1) is
satisfied. We define

Y(b_vo, z) o= b(x) = Y bz F L. (3.49)
keZ

which satisfies the creation axiom (i7). By acting on this state with the translation map, we
find

(k—1)!8§ Yo (z). (3.50)

For arbitrary states, one has to introduce the normal ordering of fields which allows to

Y(b_gvo,z) =

avoid divergent sums (see e.g. [FBZ04, Section 2.2.1]). The final general formula is
1

(ky — D) (kb — 1)!

The only remaining axiom that has to be checked is locality. Explicitly, one has

Zzbm,b 7m17n1

MEZneEZ

= bmsbomle ™y =k Y ma YT = kO 6(x —y)  (3.52)

meZ meZ

Y (b_py by - -b_p, Vo, ) = s h(2) -0 b(2) s, (3.51)
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where in the last step we have used properties of the ¢ distribution

dxz—y) = Z T (3.53)

meZ

In particular, we have the following property

(x — y)k+18§6(:v —y) =0, for any k € Z~o. (3.54)
This means that by multiplying eq. (3.52) by (x — y)? we obtain
(z = y)*[b(@), b(y)] = 0. (3.55)

Therefore, we can conclude that m; has the structure of a vertex algebra. The operator

product expansion of two fields is given by

k
b(x)b(y) = ——— + regular terms. 3.56
@) = =0 (3.56)
These vertex algebras admit a family of conformal vectors parametrised by A € C,
1
w = <2b1b1 + )\bz) Vo € 7Tk[2}. (357)

The central charge of the corresponding Virasoro algebra is ¢ = 1 — 122,

A special case is given by 7, which has the structure of a commutative vertex algebra.
Indeed, setting &k = 0 in eq. (3.52), locality is always satisfied, i.e. formula (3.28) holds for
any N,

[b(x), b(y)] = 0. (3.58)

More generally, for a commutative vertex algebra, using the second part of axiom (i)
we find that

Y(a,z)b =Y (a,2)Y (b,y)vo| Y(b,y)Y (a, x)V0’y=o' (3.59)

y=0

Using now the first part of axiom (ii), we know that Y (a,x)vy has only positive powers
in z. This implies that Y (a,z)b € m[[z]] for all a,b € my. Conversely, if the fields of a
vertex algebra only have positive powers, it follows that [Y(a, )Y (b,y)] = 0. This gives an
alternative definition of commutative vertex algebra, as the vertex algebra whose fields only

have positive powers in the formal variable x, i.e. they are regular at x = 0.

3.2.3. Another example: Kac-Moody vertex algebras. Consider a finite-type
simple Lie algebra g. The affine Kac-Moody algebra g is the central extension by the one-
dimensional centre Ck of the corresponding loop algebra Lg = g® C((t)). As a vector space
g ~c Lg ® Ck. Introducing a basis I = I* ® t", a = 1,...,dimg, n € Z, we have the

following commutation relations

m’ - n

(12, 18] = (1%, 1% s — KOman ok (1%, 1°), (3.60)

where k is the non-degenerate symmetric invariant bilinear form.
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We define the one-dimensional representation Cvg where g ® C|[[t]]vy = 0 and kvi, = kvy,
where k € C is called the level of the representation. The vacuum Verma module is the

induced module

V3" = U(g) ®ugecieck CVa- (3.61)

As a vector space, this is isomorphic to U(g®t~*C[t~!])vk. It has a natural depth gradation,

that in the following we will denote as follows

Vet = P VEFIK]. (3.62)

k>0

By construction, Vg’k[O] ~ C and ng’“m ~ g.

One can introduce the translation map [T, 1% = —nI?_; and Tvi = 0, as well as the
fields
Y(Vk, l‘) = idvg,k (363)
Y (I vy, x) = 1%2) = Y Ita " (3.64)
nez
1

Y (1%, - 1%, ve, o) = sOMTI[M () 9F T (2) s, (3.65)

(ky =D (b = 1)1
This space has the structure of a vertex algebra [FBZ04, Theorem 2.4.5]. The OPE of

this vertex algebra is

_ k(1Y) (1)
=y ooy

This class of vertex algebras admits a natural conformal vector when k # —hY, i.c.

I°(x) 1% (y) + regular terms. (3.66)

away from the critical level,

1
=—:71:7S 3.67
M CEN)) (3.67)
where bV is the dual Coxeter number of g and state S is called the Segal-Sugawara vector,
1
S= Enablelilvk. (3.68)
The conformal vector w defines a copy of the Virasoro algebra with central charge
kdimg
= . 3.69
k= T (3.69)

3.2.4. Vertex Lie algebras. We now proceed to define vertex Lie algebras, which will

be the main object of interest in chapter 5.

DEFINITION 3.2.3. Given a graded vector space L = ZkeZL(k) over a field K, a
vector |0) € L called the vacuum, a map T € End(L) called translation, and a map
Y_ : £ — Hom(L, 27 ' L[[z7Y]]), a — Y(a,z) =3 ,~pamz ", with ag) € End(L) of
degree deg(a) — k — 1, i.e. a(k)L(”) C L(ntdeg(a)—k-1) 7a vertex Lie algebra is the quadruple
(£,|0),T,Y_(e,x)) satisfying the following azioms

i) ey |0) =0 for n large enough;
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ii) Translation aziom: (Ta)myb = —na(,—1)b;
iit) Skew-symmetry azioms: amyb= =3 %T’“(b(m_k‘)a);

iv) Borcherds’ identities: for all a,b € L,

oo

m

> ( : > (a(5)b) (mtn—i)¢ = a(m)bn)¢ — by a(myc (3.70)
—\J
7=0

It is clear that the polar part of a vertex algebra, obtained by forgetting about all terms
with positive powers 2™, n > 0, in the state-field map Y (e, 2), gives rise to a vertex Lie
algebra.

To any vertex Lie algebra, one can associate a Lie algebra which is the Lie algebra of

its modes, namely
Lie(L) = L@ C((¢))/Im(T ® 1 + id ®0}). (3.71)

with commutation relations given by

m
(A, Bl = > (k) (A B)pm+n—k1» (3.72)
k>0
where by Ap,) we identify the image of A € £ in Lie(£). It is also possible to define the
left-adjoint functor as the one sending a vertex algebra to its polar part (for more detail cfr.

[FBZ04]). Tt consists of defining the universal enveloping vertex algebra
V(L) == U(Lie(£)) ®u(Lie(2)), Cs (3.73)

which has the structure of a vertex algebra.

3.3. Local higher Hamiltonians and coinvariants

In this section, we are going to recall the coinvariant construction through which it is
possible to identify the higher Hamiltonians with the space of singular vectors of the vacuum
Verma module at critical level. This section is mainly a summary of the results from the
first part of [FFR94].

3.3.1. Local action. Consider the affine Lie algebra g associated with g. It can be

realised as the one-dimensional central extension Ck of the formal loop algebra g ® C((¢)),
~c g® C((t)) ® Ck. (3.74)

As a vector space, g =c g— @ g4 @ Ck, where g_ = g® ¢t 1C[t~!] is the polar, or singular,
part and g+ = g ® CJ[[t]] is the positive, or regular, part.
Consider the finite set of the N € Z>; sites on the model {z1,...,2x5} on the Riemann

sphere CP! with global coordinate ¢, such that for any neighbourhood of z; we have the
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local coordinate' t — z;. To each of these points, we can define a g-module My, as we did in
the previous section (cfr. eq. (3.3)), and define My as in eq. (3.4).

For each site i, we can introduce a copy of the formal loop algebra in the local coordinate
(t—2i), 82, = 9@ C((t — 2;)) and its central extension g ® C((t — z;)) ® Ck;. This can be
thought as the local algebra of functions attached to the point z;. For any two functions

f,9 € §.., the commutation relations are

[f 4+ Akiy g + pkilg. wok, = [f2gls., +w(f, )k, (3.75)

for some complex coefficients A, . The cocycle w is defined as follows

wi(f,9) / fdg = res;_,, fdg. (3.76)

2m

The module M), can be regarded as a module over this algebra, denoted by M f, by

declaring
§® (t— 2)C[[t — z]]MY =0, (3.77)

ki MY = ki MY (3.78)

where k; € C is the level of the representation. One then defines the Verma module as the

induced module
MY = U(g., ® Ck;) ®u(gac(i—s])ack) My:- (3.79)

One can consider the direct sum of these algebras gy := @f\il 0., and extend it by

@fil Ck,. We introduce the following quotient,

<9N o EBCk ) / Kj)ij—t,. N (3.80)

where we identify all the central extensions. Denoting this single central extension by K, we

have
f + 2K, g + K]z yock = [f, glan + @ (f, 9K, (3.81)

This algebra naturally acts on the tensor products of g,,-modules defined in eq. (3.79),
M =M} ®-- @M, (3.82)

where we assigned a copy M’;Z_ at each point.

1The point at infinity could be chosen as one of the marked points. In this case, the local coordinate
is t—1 and we attach a copy of § ® C((t~1)) to it. In what follows, to keep the notation lighter, we will not

specify this every time.
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3.3.2. Global action. We now proceed to define the algebra of global functions on
the Riemann sphere, with poles at most at the marked points. This will provide a good
choice of complement to the local algebra of “positive modes”, and it will be of fundamental
importance in the coinvariant construction.

We denote by C,(t), the space of rational function in ¢ with poles at most at the marked
points {z1,...,2zn}. It has the structure of an algebra over C. We introduce the space of

global functions vanishing at infinity,
CZ(t) :={f(t) € C,(¢) s.t. f vanishes at infinity}. (3.83)

We have a global-to-local embedding, defined by taking the Laurent expansion of the

global function at each point
L2 CP(t) — &L C((t — 2)),
F@) — (bt f(£), oy te—zpy f(2)). (3.84)

Tensoring these spaces with the Lie algebra g, one defines the following map

N
idee: §®CP(t) — P oo C((t— ). (3.85)
i=1

We have the following important lemma,

LEMMA 3.3.1. The cocycle in eq. (3.81) vanishes on the image of the map (3.85). There-

fore, the map can be lifted to an embedding
g ® CP(t) — gn @c CK. (3.86)

This follows from the fact that any collection of local functions obtained by Laurent-

expanding a global one, have to satisfy the strong residue theorem (see e.g. [VY16]), i.e.

N
Z res;_y, fitt—z9 =0, for every g € C°(t), (3.87)
i=1

and as a consequence, the cocycle in eq. (3.81) vanishes.

Consider now the local function f € C((t—2;)). By denoting by f_ € (t—z;)C[(t—=2;)7}]
its polar part, which in particular can be regarded as a function in C3°(¢), we can always
decompose f =i, f— + (f — tt—z, f—). The combination f — ¢;_,, f— is the Taylor part of
the expansion, as all poles have been removed. This can be extended to a collection of local

functions, obtaining the following isomorphism

N N
P C((t - 2)) ~c UCT ) & P CIlt — 2])- (3.88)
=1 i=1

By considering the tensor product of this relation with g and adding the central extension,

we obtain

N
N ©CK~c g®@(CF (1)) ® (ﬁ ® @ Clit —z)]® CK) ) (3.89)

i=1
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3.3.3. The space of coinvariants. Consider the decomposition

=1

N
gn ®CK ~¢ (@ﬁ @ Cl[t — z]] & (CK) X (3.90)

where ¢ is a choice of complement of @f\il g ® CI[[t — z;]] ® CK. For example, a possible
simple choice of complement is the polar subalgebra @ZI\LI 0@ (t—2) 1C[(t—2)7 1. Aless
obvious choice is provided by eq. (3.89).

We define the space of ¢-coinvariants as the quotient
M’;/c = M’;/(cmi). (3.91)
We have the following fundamental result, which will be crucial in the next sections
LEMMA 3.3.2. There is an isomorphism of vector spaces,
Mk / ¢ ~¢ M. (3.92)
This follows from the fact that the decomposition (3.90) implies a factorisation of the

enveloping algebra U(gy @ CK) ~¢ U(@f\il g ® C[[t — z]] ® CK) ®c U(c). Therefore, as a

c-module,
M ~ U(c) @ My, (3.93)
from which eq. (3.92) follows, since M¥ ~¢ M.

3.3.4. The swapping procedure. We can now proceed to describe the swapping
procedure introduced in [FFR94].

First, we introduce one additional site, z € CP!, distinct from the other sites of the
model. There is a copy of the local Lie algebra g ® C((t — z)) € CK in the local coordinate
t — z. To this point, we attach the vacuum Verma module at level k, Vg’k, defined as follows.
One starts by defining the g-module Cvg, on which the action of g is trivial. It can be made

into a § ® C[[t — z]] ® CK module by declaring
g ® C[[t — 2]]vo = 0, Kvo = kvg. (3.94)
We finally construct the induced module,
Vi = U(§® C((¢t ~ 2)) ® CK) ®ugoci—sljeck) Cvo (3.95)
As vector spaces, we have the identification
VEt 2c U@ e (t— 27 Clt = 2) 7 Do, (3.96)
which means that Vg”k is spanned by vectors
Aq[—nq] -+ Ag[—ng]vo, Aieg, i=1,....4, (€Z>, (3.97)
where we used the standard notation

An] = A® (t—2)". (3.98)
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FIGURE 3.2. Graphical representation of the Riemann sphere, with modules M’f\ at-

tached to each marked point and a vacuum Verma module to the auxiliary point z.

We can consider the global algebra g®Cg°, (t), which is the algebra of rational functions
on CP!, with poles at most at the points {21,...,2zy} U {2} and vanish at infinity.

Using the result (3.92), we can construct the space of coinvariants with respect to this
global algebra

(M5 0 V§*) /(5@ CZ. (1)) ~c Ma @ Cvo ¢ My, (3.99)
This fact can be utilised to “swap” the data from one point to another. To clarify what

we mean by this, consider the case with just one site at z;. We attach the vacuum Verma
module at z. We can consider the element

f=

A . .
=2 € g Cx, (1), Aeg, (3.100)

which is a rational g-valued function with just a pole at ¢t = z, and vanishes at infinity. We

can embed this function at z; and z to obtain an element of the direct sum of algebras of
local functions, as follows

A A

_ L e g A
(t—z2) (1 —2)1- =2 l;)(z_zl)kﬂ € g®C((t - =1)) (3.101)
(t ilz) = t ilz) €gaC((t-2)). (3.102)

Now consider the state m @ v € Mj ® Vg’k. There is a well-defined action of f on this
element, given by

— )k
fmev) = _Zé(izl)kllm ®v+m®<

C fz) v> . (3.103)

Now, by taking the quotient (3.99), the term on the left-hand side is zero by definition and
we obtain the following identification of equivalence classes

k>0
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As mentioned above, this can be interpreted as “swapping” the action of the local algebra
from the auxiliary point z to the site at z1, and vice versa.

More generally, consider the element

A 1o A
I = = = o Diam oz < 8OC:): (3.105)

By expanding at every site, we have the embedding

btz i k o .
f—>Sfi=- (n—l'azn 12 Zkﬂeg@C((t—zi)), i=1,...,N (3.106)
Lt—z A °
[ fo:= - € g C((t—2)). (3.107)

Consider m® v € M’;\ ® Vg’k, where m = m; ® --- ® my. Since by definition of coinvariant
space we have [f.(m ® v)] = 0, where we mean f < (f1,..., fn, fo), we obtain the most

general swapping formula:

N
(£ )

where as in eq. (3.98), we used the notation Alk] = A® (t — zi)k when referring to M’; and
Alk] = A® (t — 2)* when referring to Vg’k.

In particular, by regarding m as an element in M), only the zero loop mode gives

= [m® A[-n]v], (3.108)

contribution, cfr. relation (3.77), i.e

i 1 8n—1 A e
; (n—=110zn"1z—z Y

i=1

= [m ® A[-n]v]. (3.109)

Recall that a generic vector in X € Vg’k is expressed as in eq. (3.97). This is precisely
the form on the right-hand side of the equation above. This means that by applying the
swapping identity iteratively, one can always express [w ® X| as [w’' ® vg).

This procedure defines an endomorphism for any X € Vg’k
X(z): My — My, (3.110)
defined as follows
My oMy 25 ME @ VEF o (MK ®ng’“)/(§ ®CE, (1)) ~c Ma. (3.111)

More explicitly, we first regard the vector in M) as a vector in M’;\. Then, we consider the
tensor product of this with the element X in the vacuum Verma module. After that, we
employ the procedure just explained, to “remove” elements from Vg’k by swapping them

onto M’;\. Lastly, one takes the quotient. By definition,

(X (2)m ® vo] = [m ® X]. (3.112)
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3.3.5. Higher Hamiltonians. A vector X € Vg’k is singular if
AX =0, for all A € g® CJ[t], (3.113)

i.e. it behaves like a highest weight vector. The space of singular vectors is denoted with
3(g), where g is the affine algebra defined in eq. (3.74). We have the following fundamental

result,

PROPOSITION 3.3.1. [FFR94] Let Zy1, Z5 € 3(g). Then, for any pair of complex param-

eters u,v € CPY, the corresponding linear operators on Mx, Z1(u) and Z3(v), commute.

The idea behind the proof of this statement is that we can consider the space M§ ®
Vgﬁhv ® Vg’fhv, where we attached two copies of the vacuum Verma module at the sites
at v and v, respectively. Then, by the considerations made above, one can always swap
the content from the vacuum Verma modules onto M’;\ There is only one small but crucial
difference that can easily understood with an example. Consider the equivalence class [m ®
Z1 ® A1[—n] - - - Ag[—ne]vo], where we explicitly wrote Zo = Aq[—nq] - - - Ag[—ne]vo, for some
Ai[-nil, i=1,...,£, n; € Z>1. We can now swap the leftmost factor A1[—n1] = A1 ® (t —

v)~™ onto the other terms, as follows

M®RZ; @ Ai[—n1]- - Ag[—ne]vo]

n—1
<(n i 1! gz”‘l > (v f;[§L+1 m) ® Zy © Ag[—na] -+ Ae[ne]Vo]
k=0 v

_|_

m® ((n _1 i 682”;_1 Z e illil)fl]ﬁl Z1> ® As[—ns] - Ag[—n[]VO] . (3.114)
k=0

This should clarify why Z; and Zs are needed to be singular vectors. Indeed, by definition
the term in the last line is always identically zero for the property (3.113). Keeping this in

mind, one can swap Z; first and then Z5 or vice-versa,

[m AR ZQ} = [Zl(u)m RV & Zz] = [Zg(v)Zl(u)m X vy & Vo], (3115)
[m AR ZQ] = [Zg(v)m AR Vo] = [Zl(u)ZQ(v)m X vy & VO]. (3116)

Since they define the same rational function (Z1, Z2)(u,v), the result follows.

The space of singular vectors is known to be extremely rich when k = —hY [FF92]. It
has the structure of a polynomial algebra in 0*S**+1) where 9 is a derivative operator of
degree 1, n > 0 and with k running over the finite set of exponents of the Lie algebra g, see
e.g. [FFR94, Proposition 3].

For any X € Vg’fhv7 the function X (u) depends rationally on u, with poles at the
marked points. Its Laurent coefficients are valued in U(g)®%, which is identified with the
algebra of observables of the Gaudin model, cfr. eq. (3.6).

In particular, when the chosen vector is a singular vector, Z € 3(g), the coefficients of

the Laurent expansion form a subalgebra Z,(g), containing the centre Z(g) as a subalgebra,
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of the algebra of observables, which is the celebrated Gaudin/Bethe subalgebra [FFR94,
MTVO06]. By construction, it is spanned by commuting elements which can be identified

with the Hamiltonians of the Gaudin model.

3.3.6. The quadratic Hamiltonian. Consider a finite semi-simple Lie algebra g,
with basis {I%},-1,

singular vector,

dim ¢ and symmetric invariant bilinear form x. There is a non-trivial

.....

S= %nabla[—l]lb[—l]vo e Vi, (3.117)
which is the Segal-Sugawara vector introduced in eq. (3.68). This singular vector is the one
with lowest degree, corresponding to the exponent & = 1. It can be defined for any Lie
algebra g and corresponds to the existence of the Gaudin Hamiltonians (3.8), as we will now
show.

Introducing a statem =m;®---@my € My — M’;, we can use the swapping procedure
(3.109), as follows

{m ® (%Habla[—l]lb[_l]vo)} = [(i Z[m(im> ® (;Habfb[—”VO)]

i=1
N N N ra.(i
1 70:(9) 72, (9)
=1 [ chr————m | @0 . (3.118)
et 2 T (z—z)(z—2z)

We clearly see that the swapping procedure defines a map

1 700 fa.(d)
(2)(,) = -
$@(z) =3 ] A P T (3.119)

which is precisely the expression of the quadratic Hamiltonian in eq. (3.9). By partial
fraction decomposition, one can write it as in eq. (3.11). As argued above, the coefficients
of this expansion are precisely commuting operators in the Gaudin/Bethe subalgebra: one

is trivial, being the quadratic Casimir and the other are the Gaudin Hamiltonians (3.8).

3.4. Wakimoto modules and Bethe ansatz

In this section, we are going to introduce Wakimoto modules, as certain bosonic free
field realisations of the Lie algebra g. This will allow us to construct the eigenvectors and
eigenvalues of the Gaudin Hamiltonians and the Bethe equations will arise as certain con-
sistency conditions from this procedure. To do this we will use the language of coinvariants
introduced in the previous section. This section is mainly a summary of the main results

from the second part of [FFR94].
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3.4.1. Feigin-Frenkel-Wakimoto homomorphism. For any finite-dimensional sim-

ple Lie algebra § = fi_ & h & fi,. there is a Lie algebra homomorphism
p:9g— DerO(ny) (3.120)

realising the Lie algebra as differential operators on the algebra of polynomial functions
O(n4) on the unipotent group U ~ N4 ~ exp(ny) ~ n4. This follows from considering the
right action of the group G, whose Lie algebra is g, on the open subset U C B_\G, called
the big cell, which is isomorphic to N, , which itself is isomorphic to ny via the exponential
map. This gives rise to a left action of G on the space of functions on B_\G, which gives

rise (infinitesimally) to a realisation of § as vector fields on U. Choosing coordinates X< on

U, labelled by the positive roots, a € A+, then O(ny) = (C[Xa]ae&r. Explicitly,
Eov— Y PYX)Dg, Her — Y BHa)XDs, Fo Y Q5(X)Dg, (3.121)
BeA, BeA, BeEAL

for P,Q € (C[X‘X]QGA+ such that deg P? = 8 — o and deg Q2 = B + a. For example, in sl,

one finds the well-known realisation
Ew—D Hw~ —2XD Fw— —X?D, (3.122)

where E, F' and H are the Chevalley-Serre generators and X, D are the generator of the
Weyl algebra Weyl(sly) with commutation relations [D, X| = 1.

The main fact underpinning the Wakimoto construction is that this homomorphism can
be promoted to a homomorphism of vertex algebras, as follows. First, consider the affine
algebra

g2 glt,t™"] @ Ck e Cd, (3.123)
where k is the central element and d is the derivation in the homogeneous gradation, i.e.
d = td,. It has gy := § ® C[t] & Ck as a subalgebra. We define C|0)" the one-dimensional
representation of g in which C[t] acts trivially and the central element acts as multiplication
by k € C, called the level of the representation. The vacuum Verma module at level k is the
induced module

V§* = U(g) ®u(g,) C[0)".

This space has the structure of a vertex algebra (cfr. [FBZ04, theorem 2.4.5]).

On the other hand, one can define the Fock module for the fy-system on 0y, M(ny), as
the induced module generated by the vector |0) for the Heisenberg algebra H(g) generated
by Bao[M], y*[M] and 1, with « € A+, M € Z, with the following relations

[BalM],Bs[N]| =0  [y*[M],y’[N]] =0 (3.124)
[Ba[M], Y’ [N]] = darsn,0051. (3.125)

Here we are using the notation (3.98) for the vertex algebra modes (this will be helpful
in the next sections to distinguish it from the additional loop parameter). Recalling the

natural grading in the vacuum Verma module, cfr. eq. (3.62), we can identify g ~ Vg’k[lL
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O(ny) ~ M(ny)[0] and Der O(ny) © Qo) ~ M(ny)[1]. One can construct the following

map of vector spaces
VM 1) - M(i)[< 1), (8-126)
identifying the corresponding vacuum vectors and mapping

A[=1][0) = Y~ PF([0])Bal-1]0). (3.127)

aEA+
Crucially, this map is not a map of vertex algebras, as it does not preserve non-negative
products.
This problem can be solved by adding extra terms, as shown in [FF90, Fre07]. For-

mally, there exists a linear map
¢: 98— Qogy), (3.128)
where o4, is the space of 1-forms, such that
p+¢:g— DerO(ng) ® Qo) (3.129)
can be lifted to a map of vertex algebras,
0: VI M(#y), (3.130)

where, crucially, the level has to be set to the critical level —hY, hY being the dual Coxeter
number of g. In the case of sly, eq. (3.122) is lifted to the vertex algebra map
E[-1]10) — B[-1]10)  H[-1]]0) — —2y[0]B[-1]|0)
F[=1]10) = —y[0}y[0][—1]|0) — 2y[-1][0).

Analogously, one can also repeat the same construction to define a right action of G on

(3.131)

the big cell. It will give rise to a map from n to the space of derivation, defined as

By Go = Y  RIX)Dg, (3.132)

BeA
for certain polynomials R € C[X®] . with deg R} = 3 — . Similar expressions can be
obtained for the other generators of g, however for our discussions below we just need a
realisation of ny. This action commutes with the left action introduced above. One can

define the vacuum Verma module for this algebra in the same way as above.

3.4.2. Wakimoto modules. At this point, one can consider the loop algebra Llo) =
h® C((t)) of the Cartan subalgebra b of §. A basis for this algebra is b, [n] :=b; ® t™, where

{bi}iz1dimy is a basis for b. One can define the induced Fock module

o = U(Lh) @y iacq Cl0) ~=c U @t 'Clt™']) |0) (3.133)
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in which b;[k] |0) = 0 for any k& > 0. As described in section 3.2.2; the module 7y has the
structure of a commutative vertex algebra, called the Heisenberg vertex algebra, whose fields

are

bi(z) =Y (bi[-1][0) ,2) = > bi[k]la 1. (3.134)
k<0
By slightly modifying the construction of the map illustrated above, one obtains a new

homomorphism of vertex algebras,
Oy - VI S M(ny) ® mo =: W, (3.135)

which makes Wy into a smooth g-module. This map, which underlies the famous Waki-
moto construction [Wak86], is a realisation of the Lie algebra g in terms of the free fields

B(x),y(z) and an additional boson b(x). For example, the map (3.131) becomes
E[-1]10) — B[=1]]0)  H[=1]|0) — —2y[0]B[-1]|0) 4 b[-1]|0)

(3.136)
F[-1]10) = —y[0]y[0]B[~1] |0) — 2y[-1] |0) — v[0]b[-1] |0) .

There is another class of similar modules. Consider an h*-valued Laurent series x(t) €
b* ® C((t)). Define C |0), the one-dimensional b ® C((t)) module, where

PO = 5 X010, (3137)

for any 6—valued Laurent series f, where x(f) denotes the pairing between h and its dual.

The Wakimoto module of highest weight y is
W, :=Mny)®C |0>x’ (3.138)

which is also a smooth g-module by the homomorphism (3.135). We denote the vacuum
state as wo := [0) ®[0), . A crucial feature that will be important later is that the zero-th
graded component W, [0] ~¢ C[y*[0]] . sWo is stable under the action of the Lie algebra
¢ C g and as a g-module it is isomorphic to the contragredient Verma module® My, , with
highest weight o := res;— x ().

Note that the main difference between Wy and W, is that the former is induced in both
H(§) and b ® C((t)), while the latter one only in the first tensor factor.

Before discussing how Bethe ansatz can be performed using the coinvariant language,

we need the following

2The contragredient Verma module My, with A € 6* is obtained as the restricted dual space of the
Verma module My. It has the structure of a g module, defined via Cartan anti-involution, i.e. for any
v € My and w € M} one has (Xw)(v) = w(¢(X).v), for any X € g, where ¢ sends E to F and vice versa,

and leave H invariant.
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LEMMA 3.4.1 ([FFR94]). Let ay, be a simple root. Consider the Wakimoto module W,
whose highest weight is given by the following special form
x(t) = -+ ;}X(”)t”, ™ e, (3.139)
The state Go, [—1lwo € W, is a singular vector, where Gq, is defined in eq. (3.132) if and
only if (ag, x©) = 0.

3.4.3. Local and global actions, revisited. Consider the Riemann sphere CP!,
with pairwise distinct marked points at z = {z1,...,25}, N € Zs( representing the
sites of the Gaudin model and additional auxiliary marked points at w = {ws,...,war},
M € Zs, the Bethe roots. Collectively, we introduce the tuple = {z1,...,2,} =
{Ziy. .oy 2N, W1, ..., war )

In the same spirit as the previous section, denoted by t the global coordinate on the
Riemann sphere, for each point we introduce the local Heisenberg algebra H,,(§), which is
isomorphic to a copy of (ny @ n%) ® C((t — x;)), centrally extended by the one-dimensional

centre C1, where we identify
Balk] = Ea @ (t — )k, vkl =E*® (t —x;)F 1, (3.140)

where {Eq}, .z is a basis for ny and {E%} _a its dual [FF91]. We denote H,(g) =
D..,co Hz, (9) ® C1, where all central extensions are identified.

We can also introduce the Lie algebra of global functions, Hy(t) = (ny @ CP (1)) @ (0 ®
C2(t)), where C(t) is the algebra of global rational function in ¢ vanishing at infinity
introduced in section 3.3.2. As above, there is an embedding of global into local since also

in this case the cocycle is trivial, defined by Laurent-expanding at each point
t: Hg(t) — H,(9). (3.141)

Similarly, one can define the local algebra

P
by = EP b & C(t - x:)), (3.142)
i=1
and the global algebra
b () = b @ CX(1). (3.143)

Again, there is the embedding of global into local
L ha(t) — b, (3.144)

To the points x we can assign the Wakimoto modules W,,, ¢ = 1,...,p. There is a well
defined action of the local algebras H,(§) @ b, on the tensor product QL_, Wy, as well as
an action of the global algebra $),(t) := Hy(t) @ b (t) obtained by the embeddings above.

At this point, we can construct the space of coinvariants with respect to the global
action £ (t). One finds
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PROPOSITION 3.4.1 ([FFR94]). The space of coinvariants @_; Wxi/ﬁw(t) is one di-
mensional if and only if at each point x; € x, the highest weight x; are the expansion of the

same global function x(t) € [)* ®Ce(t). If not, the space of coinvariants is zero-dimensional.

3.4.4. The Bethe equations. Consider the tuple ¢ = {c(1),...,c¢(M)} of colours of
the Bethe roots, where ¢(7) is a node of the Dynkin diagram I of the Lie algebra g. Consider

the special global function

M
i Qe(f o
A(t) = § j NSO heb (3.145)
J

t—z; —t—w;

We denote the expansion of this function at each point as

LA(E) = (X1s s XNV 155 M) (3.146)

In particular, if we expand A(z) around ¢ — wy, k = 1,..., M, we find that the explicit

expression of py is given by

N

M
Qe(k) Ai Qe(j)
. _ AN N e (€ —wy). 14
i = b= A(Y) t— wg * ;U}k_Zi Z_:wk—wj + O —w) (3.147)
J#k

Now consider the tensor product of Wakimoto modules Wy := @, W, ®£1 W,

attached to the points x;, i = 1,...,p, where the highest states are given by the expressions
in eq. (3.146) and denote its vacuum state by wg” := @?_, W(()l).
For each of the auxiliary marked points w;, j = 1,..., M, we can consider to have the

states Gc(j)[—l]w(()j) € W,,, for some c(j) € I, where Gc(]) is defined in eq. (3.132). By

Lemma 3.4.1, we can conclude that this vector is singular if and only if

N M
Oé b (/ ,a .
S (@cty), Ai) § (@), () =0, j=1,...,M. (3.148)
=1 W — Z; -1 WE — wj
Jk

This is precisely the generalisation of the Bethe equations in eq. (3.24) for arbitrary g.
In the next section, we will show how this condition naturally arises in the construction of

eigenvectors and eigenvalues.

3.4.5. Schechtman-Varchenko vector. With the special choice of highest weight
vectors (3.146), by proposition Proposition 3.4.1, we can conclude that the space of coin-
variants Wy / $e(t) is one dimensional.

This implies that there exists a unique® $),(¢)-invariant linear functional

T=Wx—C. (3.149)

3Tt is unique up to normalisation, which can be fixed by requiring that T(W(?p) =1.
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By “saturating” the last M slots of this map by inserting the states G(;)[—1]wg () ¢ Wy,
j=1,...,M we can define a map
N
(-, oy [ 1wE" - Gean [=1wS™) : R Wy, — C. (3.150)
i=1

As mentioned above, by restricting this functional to the zero-depth component, we have

the identification Wy, [0] 5 M} , where \; = res;—, X,
N
v QM — C. (3.151)

This map takes a product of dual vectors in the contragredient Verma modules and maps
it to the field C, hence it naturally defines a vector in M. This object is the Schechtman-
Varchenko vector from [SV91]. We will now show that it is an eigenvector for the Gaudin

Hamiltonians.

3.4.6. Eigenvalues and eigenvectors. We introduce an additional site at z, and to
it we attach the H(g) @ b ® C((t — 2))-module Wy with a local coordinate ¢ — z. Recall that
Wy = M(n4) ® m, where g ~¢ U(b;i[—n]) |0), n € Zs¢ is a commutative vertex algebra
with translation map 7' € End 7y defined by Tb;[—n] = nb;[—n — 1].

Let CZ°,(t) be the algebra of global functions which vanish at infinity and have poles at
most at the marked points and z.

One has the homomorphism of differential algebras

7 (mo, T) — (C3,(1),0:), (3.152)
defined as follows
N M v
(Nis o) (ac(), ay)
bi|—1 = — —_— 1
r(bk[~1]10)) ; e D (3.153)

Recalling the definition (3.145), we have

p anz—l

T(bkl[ ] bk [ np |O H 77,[*1 1 9zne—1

——A(2)(Hy,). (3.154)

At this point, we can consider a singular vector Z € 3(g) C Vg’_hv, which from the
previous section it has been identified with the space of the higher Gaudin Hamiltonians.
Thanks to the homomorphism (3.135) we can map it to Oy (Z) € Wy. Constructing the
space of coinvariants considering the extra site allows one to define a linear functional in a

similar manner as in eq. (3.149), and one has
(W, Gy = 1w, Gogan [ 1w, 0w (2)). (3.155)

for some w € Mj. There are two ways to evaluate this quantity.

First, as we did in the previous section, we can “swap” from z to the other points. The

result of the swapping onto the auxiliary points G(;) [—1]W(()j), j=1,..., M, is trivial only
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if the vectors Gc(j)[fl]w(()j) are singular. Thanks to Lemma 3.4.1, we know that this is the
case when the Bethe ansatz equations are satisfied, as explained in section 3.4.4. Therefore,

we only get a contribution from swapping onto the sites of the model. As a result, we have
(@, Gy [~ 1w, Gepan [~ 1w, 0 (2))
= 7(Z(2)w, Gy [~ 1w, ., Geany = 1w wo)
1 M

= 7(Z(2)w, Gy [- 1w, ., Gegan [~ 1w

= ¥(Z(z)w) = ((Z(w)P)(w), (3.156)
where ¢ is the Cartan involution (see footnote 2) and we introduced the rational function
Z(z) as in eq. (3.110).

At the same time, recall that a state in 7o has the following from by, [-n1] - - - by, [-7,] |0),

ki € f, n; € Zso, © = 1,...,p. Therefore using eq. (3.152), one finds that for a state
bk[—n]w c Wy

7(w, Gy [~1]wg, -, Gogan) [~ 1w, by [—n]w)
= 7 (bi[=n] 0) (@, Gy [, Gean [ 1w w). (3.157)

Remarkably, it is known from [FFR94] that 6y (3(g)) C mp. This implies that the
image 6y (Z) can be expressed as a polynomial in by [—n], and applying the formula (3.157)

iteratively one finds
T(wv Gc(l) [_]—]W[()1)7 ey GC(M) [_1]W(()M)7 QW(Z))
= (0w (Z Geny [ 1w, Gy [ 1w ™
(0w (2))7(w, Gey[=1wy 7, o, Geany [=1wg )
— (0w (D)) (). (3.158)
Finally, these considerations lead to the following

THEOREM 3.4.1 ([FFR94]). If the Bethe ansatz equations (3.1/8) are satisfied, the
Schechtman-Varchenko (3.151) is an eigenvector of the operators 1(Z(w)) for any Z € 3(g)
with eigenvalue r(Ow (Z)),

UZ (W)Y = 10w (2))Y. (3.159)



CHAPTER 4

Gaudin models of affine type

In this chapter, we start by recalling the definition of Gaudin models of affine type,
describing some of their properties. We will continue by outlining the conjecture proposed
by [FF07, LVY18] on the form that the higher Hamiltonians should have. The main part
of the chapter is then occupied by the construction of the first non-trivial Hamiltonian for
the 5A[2-Gaudin model. We conclude by computing all other higher Hamiltonians up to
next-to-leading order for this model.

The content of this chapter is mainly based on the paper published in collaboration with
Charles Young [FY23].

4.1. Introduction

Given a finite Lie algebra g, one defines the loop algebra as the algebra of Laurent series

in a formal variable t with coefficient in g,

L(g) = 6 © C((t))- (4.1)
One considers the extension
0 — Ck —g— L(g) — 0, (4.2)
where the one-dimensional element k is central, i.e. [k, -] = 0.

The affine Kac-Moody algebra is defined by adjoining to this algebra a one-dimensional
derivation,
g=9g®C((t)) ® Cko Cd, (4.3)
which obeys [d, k] = 0 and d = id ®td;.
Consider a set of points {z1,...,2n}, N € Z>; as the sites of the model. The algebra

of observables is now given by
Obs(g) := U(g)®", (4.4)

where ﬁ(g) is a completion of the completed N-fold tensor product of the universal en-
veloping algebra U(g). The Hilbert space of the model is still defined as the tensor product
of Verma modules with highest weights {A1,...,Ax}. However, in order to obtain a well-
defined action of the algebra of observables on it, we need to require that its factors are

smooth g-modules, i.e.
g @ t"C[[t]jlm =0, (4.5)

69
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for any m € M) and sufficiently large n > 0.

The models are defined by their Gaudin Hamiltonians

kOd@) + dOKD) + x, 790 °G)
g—(iZE Fiab 2 nez T—n , i=1,...,N, (4.6)

Zi—Zj

=1
J#i

where we are using the notation I = I* @ t", {I*},cqim g being a basis for g.

The analogue of the Bethe ansatz construction described in section 3.1.2 can be per-
formed also in this setting (for more details, cfr [Lac18]). To do that one can introduce
a set of auxiliary parameters wq,...,wys, distinct from the marked points, their colours
c(1),...,c(M) whose values k = 0,...,rank § are the vertices of the Dynkin diagram, and
the Schechtman-Varchenko vector introduced in section 3.4.5. This vector turns out to
be an eigenvector for the Gaudin Hamiltonians if the same Bethe ansatz equations from
section 3.4.4 are satisfied. Up to this point, modulo minor technical changes, there are not
many differences from the finite-type case. However, as we will describe in the next sections,
things do become more intricate in the affine one, when one considers the construction and

diagonalisation of higher Hamiltonians.

4.1.1. Higher Hamiltonians as hypergeometric integrals. The natural question
one might ask is if also in the affine case it is possible to define higher Hamiltonians and,
if yes, how to characterise and diagonalise them. It turns out that both questions are
still unanswered to this day, as it is still not known how to generalise the Feigin-Frenkel-
Reshetikhin construction to this setting.

Nevertheless, some conjectures were put forward in the seminal work [FF07]. In order
to understand where they come from, we need to go back to the finite case. In the previous
chapter we have seen how the Bethe ansatz construction can be obtained by considering
restrictions of a certain functional on the tensor product of Wakimoto modules. There is
an even stronger result, which states that the spectrum of the Gaudin Hamiltonians can
be identified with the algebra of functions on the space of monodromy-free ~g-opers on the
Riemann sphere [Fre05a, MTV09, Ryb16].

The idea proposed in [FF07] is to assume that the spectrum of higher Hamiltonians in
the affine case can be again described by suitable functions on a space of affine opers. Some
further conjectures of how this might work, at least for the local Hamiltonians, were made in
[LVY18], where it was conjectured that the eigenvalues of higher local Hamiltonians of the
affine Gaudin models, as well as the Hamiltonians themselves, are given by hypergeometric-

type integrals on the spectral plane, namely
01— / P(2) /26, (=) dz, (4.7)
2l

where n lives in a (multi)set of indices given by the exponents of the affine algebra g, P is

a certain multi-valued function defined by the data of the levels k; of the modules attached
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to the marked points z;, 7 is a Pochhammer contour in the spectral plane around any two

of these points (see e.g. fig. 4.1) and ¢, (2)[g] can be thought as the Hamiltonian density.

FIGURE 4.1. An example of Pochhammer contour v around any two marked points.

The key step in computing the higher Hamiltonians is to characterize these Hamiltonian
densities, which are obtained by defining a suitable state ¢, (z) € V for each given exponent n.
In order to do that, it is possible to exploit the general properties consistent Hamiltonians
must obey: they have to commute with the generators {If;}zgzl’”"dimg of the algebra g
defining the model as well as amongst themselves, where as usual g denotes the underlying
finite algebra. As we will see in section 4.4.7, there requirements can be recasted in the more

convenient vertex algebra language, as follows

AI%S osm(2) =0 mod twisted derivatives,

(4.8)
sn(2)(0)sm(2) =0 mod twisted derivatives and translates,

where AITS , represents the diagonal action of the positive modes of the generators of the
algebra g from section 3.1.1 and ¢, (z)() is a vertex algebra zero-th product, as defined in
section 3.2.1.

As we will see in section 4.4.4, working up to twisted derivatives in the context of
hypergeometric integrals has a similar meaning to working up to total derivatives are in
the context of standard integration. Moreover, we work modulo translates since the zero-th
mode of a translate is by definition always zero (cfr. ii’).

The general expectation is that there exists a state ¢,,(z), for every exponent m of the

affine algebra g, and that it takes the following form

Sm(2) =tiy, i I (2) - I+ (2)[0) + quantum corrections, (4.9)

where I(z) is as in eq. (3.10) and ¢ is a certain symmetric invariant tensor of g. This
particular structure is justified by the semi-classical counterpart of these models, which
have been thoroughly studied [EHMM99, Eva01, LMV17]. In the very simplest cases,
including the cubic Hamiltonian in type 5A[MZP,7 there are no quantum corrections needed
[LVY20].

Already in this case of the exponent n = 3, i.e. of quartic Hamiltonians, the direct

computations needed are very lengthy. This is especially true of the computations needed
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to show the mutual commutativity of the Hamilonians. For higher exponents n > 5, direct
calculations become computationally difficult even with the aid of computer algebra. In
the last part of this chapter we will compute explicitly the next-to-leading order quantum

corrections of the leading term.

4.2. Vacuum Verma modules for 5A[2
In this section, we repeat some of the definitions from the previous chapter adapted to

the particular case of g = sly.

4.2.1. Loop realization of sl,. We define the loop algebra L(sly) = sly ® C((¢)) as
the algebra of Laurent series in a formal variable ¢t with coefficient in the finite-dimensional

Lie algebra sly. The Lie brackets on this algebra are given by

[a® f(t),b®g(t)] = [a,blst, ® f(t)g(t), (4.10)

where f(t) and ¢(t) are arbitrary Laurent series.
Let k : sls x sl — C denote the canonically normalized symmetric invariant bilinear
form on sly. The extension by a one-dimensional central element Ck, gives rise to the affine

Lie algebra ;[2, whose commutation relations are
[a® f(t),b® g(t)] = [a,b]st, ® f(t)g(t) — (vestfdg)r(a,b)k, (4.11)
[k, -] = 0. (4.12)
We shall use the notation
ap, '=a®t", foracslandneZ, (4.13)
so that the commutation relations can be equivalently written as
[@m, bp] = [@, bl ptm — NOnym 0k(a, b)k. (4.14)

We can add to this algebra a one-dimensional derivation d, such that [d,k] = 0 and [d,a ®
f@®)] =a®td f(t), for all a € sly and f(t) € C((¢)). It is possible to show that this algebra
is isomorphic to the Kac-Moody algebra over C of type Agl), see e.g. [Kac90, ch. 7].

4.2.2, ;[2 as a Kac-Moody algebra. The Cartan matrix for the Kac-Moody algebra
of type Agl) is defined as A = (ai’j)%,jzo = (25i,j — 5i+1,j — 5i*1,j)11,j:0?

2 -1
A:(_l 2). (4.15)

The Cartan decomposition is given by g =n_ @& h@n,. The Chevalley-Serre generators
are {€;};_q C ny, {fi}}—o C n_ while {&;};_, C b and {o;};_, C b* are respectively a basis

for the Cartan subalgebra of simple coroots of g and a basis for the dual Cartan subalgebra
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of simple roots of g. The latter are related via the canonical pairing between the Cartan
algebra and its dual, (-,) : h* x h — C

<Oli,dj> = ai,j~ (416)
The fundamental commutation relations in g are

[17,61‘} = <ai7$>ei7 [$7fi] = _<ai7‘r>fiv

) (4.17)
[I‘,I] :Ov [eivfj] :di(sijv
where z, 2’ € h and 7,5 = 0,1, together with the Serre relations
(ade;)!~%ie; =0, (adfi)t =4 f; = 0. (4.18)

The Kac-Moody algebra g has a central element k = ZLO &;, which spans a one-

dimensional centre. A basis for the Cartan subalgebra h is given by the coroots {c;}}_,

together with the derivation element d, which by definition satisfies
(ai,d) = dio. (4.19)

If we remove the zero-th row and column from A, we obtain the Cartan matrix corresponding
to the finite dimensional Lie algebra sla, A = 2. This subalgebra of g is generated by e; € ng,
fien_and & € bh.

4.2.3. Local completion and vacuum Verma modules. For any k& € C, let us
define Uy (;[2) as the quotient of the universal enveloping algebra U (;IQ) of sl, by the two-
sided ideal generated by k — k. For each n € Zx(, let us introduce the left ideal J,, =

~

Ui (sls) - (sly ® t"CJ[t]). The inverse limit

Ur(sly) = lim U, (slo) / I (4.20)

is a complete topological algebra, called the local completion of Uy (s/,\lg) at level k. With
this definition, the elements of &;(;[2) are possibly infinite sums of the type Y, -, an of
elements a,, € U (EAIQ) which do truncate to finite sums when working modulo anyi.]n.

A module M over 5[2 is said to be smooth if, for all a € sly and all v € M, a,v = 0 for
sufficiently large n. A module M has level k if k — k acts as zero on M. Any smooth module
of level k over 5A[2 is also a module over the completion fj-];(g[g)

We can identify the subalgebra of positive modes sly @ C[[t]] @ Ck C sl and introduce

the one-dimensional representation C |0)* defined by
(k—k)|0)F =0, an [00F =0 foralln>0,ac sl. (4.21)
We define Vg[Q’k, the vacuum Verma module at level k, as the induced smooth fj\lg—module
Vi F = U(sly) ®u(siecieck C10)" (4.22)

This vector space is spanned by monomials of the form a, - - - b, |O>k, with a,...,b € sly and

strictly negative mode numbers p, ..., q € Z.o. We call these vectors states.
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Let us denote by [T,:] the derivation on Uk(;[g) defined by [T, a,] = —na,—1 and
[T,1] = 0. By setting T(X |0)*) = [T, X]|0)" for any X € Uk(g[Q), one can interpret T as a
translation operator T : Vglz’k — VS[2’k. This space has the structure of a vertex algebra,

as described in section 3.2.3.

4.3. Construction of higher Hamiltonians

4.3.1. The algebra of observables. Let us introduce a set of complex numbers k =
{k;}N,, where N € Z~o and k; # —2 for all i = 1,..., N. Consider the following tensor

product of vacuum Verma modules
A - R A e (4.23)

This space can be interpreted as a module over the direct sum of N copies of 5AI2. Let us
denote by A ¢ ;[;BN the copy of A € ;[2 in the i*" direct summand.

Let us denote by C |O>k the one-dimensional vacuum representation of the “positive
modes” Lie subalgebra (sl; @ C[[t]] @ Ck)®V C ;[;BN, defined by (k) — k;) 0¥ = 0 and
al? |O>k =0 foralln >0, a € slp and ¢ = 1,...,N. Therefore Vglz’k is the induced

~&N
sly -module, namely
~&N
VoEr* =U(sly ) ®usnecigecner Cl0)*. (4.24)

~®BN

Repeating similar arguments to those of the previous sections, we can define Ug(sl, )
~®N .

as the quotient of U(sl, ) by the two-sided ideal generated by k(*) —k; for alli =1,..., N.

We have the isomorphism

~®N ~ ~ ~
Uk(sly ) = U, (sla) @ Ug,(sl2) ® - - @ Uy, (sl2). (4.25)

~®N .

Again, we can introduce the left ideals JY € Uy, (5[;‘9 ) generated by a'? for all r >n,
~  ~@N

acslyandi=1,...,N. Let Ug(sly

is a complete topological algebra and

~®N
) = lim U, (5[;B )/JY be the inverse limit. This space

Ue(sly ) 2 Ui, (512)3 - B0 (51a), (4.26)
where & denotes the completed tensor product. This space ﬁk (;[;eN) is called the algebra
of observables of the Gaudin model.

The tensor product Véb’k is again a vertex algebra. The state-field map Y (-, z) :
VERR L Hom(V5>k, V5% ((2))) is defined as in eqs. (3.63)-(3.65) but decorated with
the extra index (),

~ ~®&N
Recall from section 3.1.1 the map A : sly — 5[;B , which is the diagonal embedding of

~®N
sly into sl, , defined as
N . ~
Azx = Z @, for all z € sls. (4.27)

i=1
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~ ~PN ~
It extends to an embedding of the enveloping algebras, A : U(sly) — U(s[;B ) =2 U(sly)®N.

It is easy to check that

N
[AXp, AY,] = A[X, Yo — n6pym0k(X,Y) > kD, (4.28)
i=1
where £ is the non degenerate symmetric invariant bilinear form.
~ ~BN
Therefore A descends to an embedding of the quotients A : U (sly) — Uk(slze ),
where |k| = vazl k;, and hence of their completions
~BN
sl

A Upy(slo) = Ug(sly ). (4.20)

4.3.2. sly-invariant tensors. Let {I%}2_, be a basis of sly, and let {I,}3_; be its
dual basis with respect to the non-degenerate symmetric invariant bilinear form. Let f¢°.

denote the structure constants, so that
[1%,1°% = fa.1°. (4.30)

Here and in what follows we employ the summation convention on Lie algebra indices.
Thanks to the non-degeneracy of the bilinear form, we may suppose our basis is chosen in
such a way that

k(I 1%) = 6. (4.31)

By doing this, we no longer have to distinguish between upper and lower indices. The
structure constants are then

fabc — fabc — Z-\/ieabc, (432)

b¢ is the usual Levi-Civita symbol. Concretely, in the defining representation we

L1 (o1 , 1[0 —i s 1 (1 0
I_\/i(l 0) I_\/§<z' 0) I_\/§<0 —1>' (4.33)

It is easy to check that eq. (4.31) holds, where x(a,b) = tr(ab).

Recall that for any finite-dimensional Lie algebra g, a tensor ¢t : g X --- x g — C is

where €*

have

invariant if
t(la, x],y, ..., 2) +t(x, [a,y],...,2) + -+ tx,y,...,]a,2]) =0, a,x,y,2€8, (4.34)
or equivalently, if its components ¢ ;= ¢(I*, ... [%") satisfy
foor, ghazean | peaz garboan Ly pean yarazb o (4.35)

where the indices take values from 1 to dim g. In the case of sls, the ring of invariant tensors

is generated by 6%® and f*¢. We shall need the following syzygy relations between them:
fabCfcde _ 2(5aeé‘bd o 5ad5be)’ fabCfabd _ 74§cd7

(4.36)
fab65de o fbcd§ae + fcdaé*be . fdabé‘ce =0.
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Note in particular the last of these, which will play a crucial role in the explicit calculations
of the next sections. It can also be generalized to higher rank tensors (see e.g. §369 F from
[NS93]).

4.4. Quartic Hamiltonian

4.4.1. Meromorphic states. Let us introduce a set {z1,...,25} of N € Z~( points
z; € C in the complex plane, chosen to be pairwise distinct, z; # z; whenever ¢ # j. For
~ . ~®N . .
any element A € sly we introduce the sl, -valued meromorphic functions
N

(@)
Az) =Y AT (4.37)

z— 2z
i=1 v

We are allowed to take derivatives of such functions, which will be denoted by A’(z) or, in

general, for each p > 0,

P N )
APl (2 = (i) A(z) = Z(_npp!(z_AZi)M. (4.38)

Considering two of these functions with different spectral parameters, we obtain the following

commutation relations

(AP (2), B )] =1+ T Bl

1— A, BIM(z
+Z nrr k< >(p+q—’f)!(z[_ml+q(+1)k (4.39)

1 A, B]F(w
—Z ”()H k)!(z[_w)}p-‘rq(-kl)—k'

By taking the limit w — z, we get the commutation relations for the same spectral param-

eter, namely

(API(2), Bl (2)) = — o (A, B, (1.40)

We see that these A[p](z), for A € f/s\[g and p > 0, span a Lie algebra of ;[;GN—valued mero-
morphic functions of z with poles at the marked points.

It is helpful to be able to treat this as an abstract Lie algebra. Thus, let £ denote the
Lie algebra over C with basis consisting of I5” (z) and kIPl(z), for n € Z, p € Zsgy and
a € {1,2,3} with the non-vanishing Lie brackets given by

a p'q' ab 7€ a
L), )] = = P g T T 2) = nd e k(2. (41)

Let £4 denote the subalgebra generated by I ( Yforn >0, p € Z>p and a € {1,2,3},
and let

V:=U(£)®ye,) Cl0) (4.42)
denote the module over £ induced from the trivial one-dimensional module C|0) over £, .

We call V the space of meromorphic states. It is again a vertex algebra, with the same
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state-field map as above. For each z € C\ {z1,...,znx}, one has the homomorphism of Lie
algebras £ — ;[fN given by evaluating at z. It gives rise to a map V — Vg[2’k of vertex
algebras.

There is a bi-gradation of £ in which X[fll (2) (for any X € slp) has weight (n,p + 1)
and k[P1(2) has weight (0,p + 1). This yields a bi-gradation of V

V= @ Vn,p' (443)

n=>0,p>0

For each n, let V,, := V, , denote the subspace of grade (n,n). We call elements of V),

homogeneous meromorphic states of degree n.

4.4.2. Diagonal action of the zero modes of 5[2. There is an evident diagonal
action of the Lie algebra 5A[2 on the £-module V, defined in the same way as the action on
Vf)lz’k in eq. (4.27). In particular, for any X € sly, the zero modes stabilize each subspace

Vp,p, Namely

AXo:Vpp — Vnpe (4.44)

An important fact is that every state in V), properly contracted with an sly-invariant
tensor vanishes under the diagonal action of the zero modes. This follows directly from the
defining property of invariant tensors in eq. (4.35). Let us denote with V2'2 the invariant

subspace. We can characterize this space for small n:

o for n =0, V5" =V = C|0).
e forn =1, V{2 = {0}. Indeed, elements of V; are of the form t,1%,(z) |0). Such an
element is in V] 2 if and only if t, are the components of an slo-invariant tensor of

rank 1. But there are no nonzero such tensors.

forn=2,V; 2 has dimension 1 and it is spanned by the state

s1(z) = 5ablﬁ1(z)lﬁ1(z) |0) . (4.45)

forn=3,V; 2 has dimension 2 and it is spanned by the states

FUI ()12 (2) 12 (2) [0) :fabC%(Iﬁl(z)lil(z) — I (2)1%1(2)15,(2) [0)
= LI ()T (2)]0) (4.46)
=21%,(2)1°,(2)]0) ,
and

¢, (2)I%, (2)k(2) |0) . (4.47)



78 4. GAUDIN MODELS OF AFFINE TYPE

o forn =4, lez has dimension 14. Below, we will make use of the following explicit

choice of basis:
vi = 0§D (TP ()1, ()%, (2),  va = FCT,(2) 1Y, (2)IC4(2),
vy = T ()%, (2),  vai= 1% ()Y (2),  vsi=IY(2)1%(2),
ve = 1Y% ()Y (2),  vr:i=TIY%()I%(2),  vg:=1I%(2)I% (2)K (),
Vo i= 1% (2)I%(2)K (2),  vio = I%%(2)I%,(2)k(z2),
vip = 19 (2) 1Y (2)k(2),  vig = 1% (2)I%(2)k(z),
viz i= I195(2) 1% (2)k(2)?,  vig = 1% (2)1%(2)k(2)2.

(4.48)

Note that to write these terms we have to choose an ordering prescription. Here we sort level
first in ascending order from left to right and after that, for a given level, we sort derivatives
in descending order from left to right. For example fa¢[e,IY, ¢, = fabeye [ ge, +

terms obtained from commutations.

4.4.3. Top terms. We can see from the above construction that in the case n = 2 and
n = 4, there is a particular state, that we will call top term, which is the state in V' that

contains exactly n generators:
S Iy ()1 (2) 10, Sanbeay %y ()10 (2)I% 1 (2)I%(2) [0). (4.49)

We do not have such state for n = 3, because we can always use the commutation relations
to reduce the number of generators, as shown in eq. (4.46). This pattern continues. Indeed,

notice that the universal enveloping algebra U(£) has an increasing filtration
RU(L) € RU(L) C - C U(L), (4.50)

in which the generators bt () count as +1 and the generators klPl(2) count as 0, cf. the com-
mutation relations of £ in eq. (4.41). For example 1%, (2)1%(z) € Fy, and I*,(2)I%(2)k(z) €
F5 as well. It gives rise to a corresponding filtration, Fy) C F1V C --- C V), on the space V
of meromorphic states.

Observe that if v € Vy then v € FyVy. We see that

v=ti iy (2) . TN (2)|0)  mod Fy_1Vy,

=ty I (2)... 1" (2)[0) mod Fy_1Vy, (4.51)

1.-1N)

for some sly tensor ¢;, . .., where the brackets around the indices denote the operation of

.....

symmetrization,
biryenin) = % Z Lo(ir)...o(in)> (4.52)
€S,
(and we may symmetrize without loss of generality because the non-symmetric pieces fall
into Fy_1, as for example in eq. (4.46)). Let us call t(il___iN)Iill(z) ... I'™ (2)]0) the top term
of the state v € Vy.
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If this state v € V is slp-invariant, v € V"2, then L(i...iy) 18 @ symmetric invariant tensor.

Nonzero such tensors exist only in even degrees, and up to rescaling they are, explicitly,

tiryis = Oiyi
tirinyigria = O(iyinOizis)

binyiayis,iayisyis = O(irizOigialisic)

In what follows, our interest is in meromorphic states v € V5" that have nonzero top
term (in other words states whose principal symbol has maximal degree) and that are slo-

invariant.

4.4.4. Singular vectors up to twisted derivative. Let us define the twisted deriv-

ative operator of degree j € Z with respect to the spectral parameter z,

DY) = (az - ;k(z)> . (4.53)
Note that this operator sends V,, , — Vp p+1 in the bigradation we introduced above.
We will say that a vector v € V22 is singular up to twisted derivatives if for all z € sl,
we have
Az,,v=0 mod Dg"_l)Vn_m,n_l. (4.54)
for all non-negative modes x,,, m > 0. This defines a subspace
ysing st (4.55)

of vectors singular up to twisted derivatives.

ProproSITION 4.4.1. The space of singular vectors V;’mg 18 spanned by the quadratic
state ¢1(z) defined in (4.45).

PRrROOF. We need to show that
Al (z2) =0  mod DVGE(z), (4.56)

for some meromorphic states Gj, € Vo_j 1, for all £ > 0 and r = 1,2,3. For k = 0 there is
nothing to check since AIl¢1(z) = 0 identically, by the definition of Vj 2. Tt is enough to

check the action of the first modes I7, since any higher modes can be expressed in terms of

their brackets, i.e. I = —%frbc[[f, If] ete. From direct calculations we get that

AIis(z) = DIVGy(2), (4.57)
where

Gi(z) = —4I",(2)0). (4.58)

O

More non-trivially, for n = 4 we have the following result.
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PROPOSITION 4.4.2. The space of singular vectors V;"9 is of dimension 7. A choice of

basis is given by the state

$3(2) = [5(ab5cd)lf1(3)li1(Z)Iil(z)lil(z) + ?fabchZ(Z)Iill(z)Iil(z)

40 20 40
ST () — ST I(2) + 5 T% ()% (2) (4.59)

10 20

— LI (2) — TN (K ()] 10).

together with the double translate state
3
T2(1(2)121(2)10) = I ()12 () 0) = TI% (M (K () [0) ) (4.60)
and the following twisted derivative states

D£3)(133(2)Iﬁ'1(2)|0>)7 Dia)(ﬁ’s(z)fﬁl(z)|o>), DgB)(Iﬁ’Q(z)IZQ(z)\o)), (4.61)

D (124() 1%, (2)K(2) [0) ), D (125(2)125(2)k(2) [0) ).

PROOF. Let s(z) € Vi, We may write it in our basis (4.48),

14
s(z) = Z&W(Z) (4.62)

i=1
for some coefficients & € C with ¢ = 1,...,14, and ask what conditions the requirement of

being singular up to twisted derivatives, (4.54), places on these coefficients. It is enough to
demand that

AlTs(z) =0 mod DGy (z) (4.63)
for some meromorphic states G (z) € Vy_g.3, for all £ > 0 and r = 1,2,3. For zero modes
there is nothing to check since AI§s(z) = 0 exactly, by definition of V2. It is then enough

to check the action of first modes, I7, since any higher modes can be expressed in terms of

their brackets, I3 = —if”’c [I%,I¢] etc. So we are to check under what conditions
AITs(z) = DG () (4.64)

for some G§(z) € V3 3. By direct calculation, one finds that solutions exist precisely if the

coefficient £; obey the relations

20 20 5 3 3 2
§o = 3517 &3 = 351 — &4+ 285 + &6 — 267, §o = _Zfl - §£5 + gf? - §§14,
5 3 3 3 3 55 3 3 3
&0 = 551 + 554 - 555 - 556 + 557 + s, &l = ?fl - 554 + 555 - 557 + &3,
15 3 3 4 55 9 9 3
G2=—58& — 46— & - 5514, Gi3 =&~ §§5 + gf? — 5%

(4.65)
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When they do obey these relations, the required functions Gj(z) are given by
Gi(2) = [ I (I () (2)
+ T (oI o ()11 (2) + pa ()12 (2) + pal®y(2) 12 (2)k(2)) (4.66)
+psI75(2)k(2)? + polL5(2)K (2) + prIZ's(2)k(2) + PSIf/é(Z)} 0),
where
8 20
pr=—38,  p=gh-bté =88 Gt 2
55 3 3 4 55 3 3
pa = *Efl BRI A §€14 ps = g& + 86— g8 s pe = &4,
100

3 38 i o
pr =58 —&a+ 555 + &6 — 557 + 55147 ps = —751 - 555 - 557.

The basis reported in the proposition can be obtained by the one defined by the restrictions
(4.65) by a change of basis. O

The proposition above is in agreement with the calculation of the quartic Hamiltonian
density S4(z) (the analogue of our ¢3(z)), recently presented in [KLT24]|. In the present

conventions, the latter is given by

Sa(z) = 5<ab56d)]31(2)151(2)151(Z)Ig1(z)+ ?fabc—rgz(z)[ﬂ(z)jil(z)

- D () - I () + B I () (4.67)
- DI (I(2) + 51 () (k)7 [0

and it does’ indeed lie in the space V"%,

4.4.5. Hamiltonian densities. Now, to state the main result of the paper, we need
two reintroduce rational functions of two different spectral parameters, z and w, cf. eq. (4.39)
and eq. (4.40).

Recall the Lie algebra £ = £(;) over C from section 4.4.1. Let £, ., be the Lie algebra
with generators IoP)(z), IoP (w), kP)(2) and kP! (w) for a = 1,2,3, n € Z and p € Zsg and

1To match conventions, note that for us
1
O(abbed)y = 3 (8abdcd + dacObd + daddbe) (4.68)
and in [KLT24] the tensor called 7$%¢¢ is given by

1
rgbed = T (0abdcd + dacObd + daddbe) - (4.69)

We thank Sylvain Lacroix for clarifying discussions on this point.
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commutation relations

JE T n(2) = I (W) — 10m0,00° (K(2) — k(w))
(z— )p+q+1

P ab ab|,[j
f + (2) = n0pym,00 k[J](Z)
+> (- p+1’<>(p+q = :
Jj=1 J

(Z — w)p+q+1—k

1P (2), 9 (w)] =(=1)"* (p + ¢)!

ab relil _ ab|[4]
41 Ié Im+n( ) NOn+m,00" K (w)
p ( ) p+q_k)| (Z_w)p+q+lfk ’

(4.70)

>
Il <
_

together with eq. (4.41) for the generators with parameter z and the analogue with parameter
w. This Lie algebra £, ,,) and its modules are defined over the ground ring C[(z — w)™!]

of polynomials in (z — w)~*.

We have the vertex algebra V(; ,) defined analogously to
eq. (4.42) and the two obvious embedding maps of vertex algebras V — V(. ), which we
write as v — v(z) and v — v(w).

Moreover, there is a natural notion of “expanding around z = w”. Namely, there is a

homomorphism £ ,,) — £(.)((w — 2)) of Lie algebras over C[(z — w) '] defined by
1
L (w) = L (2) + L (@) (w = 2) + S P () (w — 2) + (4.71)

which is motivated by considering the Taylor expansion ¢, , A(w) of the function A(w) from
eq. (4.37). This gives rise to a map V(;.) — Vi)((w — 2)). We say a state v € V(. ., is
reqular at z = w modulo translates if there exists Z € V(; ,,) such that the image of v —TZ
under this map has no singularities in (z — w).

Recall from eqs. (4.45) and (4.59) the definitions of the quadratic state ¢; € V3"% and

sing

of the vector ¢z € V; °, respectively.

sing

THEOREM 4.4.1. The elements ¢; € V‘;ing and ¢3 € Vi'"¢ obey the relations

s1(2)0ys1(w Dgl) Dfﬂl))/—\l,l(@w) +TBi11(z,w), (4.72a
s1(2)ys3(w) = 3D£1) — DS’))ALg(z,w) + 1B 3(z,w), (4.72b

)
)
= (D —3DM)A31 (2, w) + TBs1(z,w), (4.72¢)
)

= (3D — 3DP)A3 5(2, w) + TB3 3(2, w), (4.72d

where A; j(z,w) and B, j(z,w) are elements of V(. ). Moreover, A; j(z,w), i,j € {1,3}, are

reqular at z = w modulo translates.

PROOF. The two statements of the theorem follow from direct calculations. In partic-
ular, when m =n = 1, we get

Aui(zw) = S I @) [0, Bia(zw) =

’ z—w ’ (z —w)?

We have computed A; 3(z,w), B13(z,w), Ass(z,w) and Bs 3(z, w) explicitly, with the aid

of the computer algebra system FORM [Ver13, KUV V13]. The expressions for A; 3(z, w)

19, ()% (w) [0) . (4.73)
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and By 3(z,w), are given in appendix A. The expressions for Az 3(z,w) and Bjs 3(z,w) are
extremely lengthy (more that 500 terms in total), and we do not reproduce them here.
Once the expression of ¢1(2)g)s3(w) is known, i.e. the functions A;3(z, w) and Biz(z, w)
are found, it can be shown that the theorem is automatically satisfied for the product
§3(2)(0ys1(w). This comes from the property of the nth product between two states a, b of a

vertex algebra, namely
= 1
agmb= -y E(—l)“”T’“(b(nM)a). (4.74)
k=0

Therefore, by swapping two states in a zeroth product, we obtain As;(z,w) = —Az(w, 2)
and a series of terms which are nothing but translates and therefore can be absorbed in the
definition of By (2, w) = —Biz(w, 2) + Y pe o (= 1)*T* (51 (w) (5-+1)53(2))-

To prove the second part of the theorem one can expand according to eq. (4.71) and the

result follows from direct calculation. O

Having established this statement for the particular choice of quartic density ¢3, we
automatically get the following property for any element of Vzing. It is a slightly weaker
property, because the condition on the twisted derivative terms on the right hand side is
less rigid. As we shall see in section 4.4.7 below, it is sufficient for defining consistent

Hamiltonians.

sing

COROLLARY 4.4.1. For any element v3 € V,"", one has

61(2)oyva(w) = DVA] (2, w) + DAL (2, w) + TBy 3(2,w), (4.75)
v3(2)(0ys1(w) = DPAL | (z,w) + DG AL (2,w) + TB31 (2, w), (4.76)
v3(2)oyva(w) = DAL 5(z,w) + DPALL (2, w) + TB3 3(2, w). (4.77)

where Al{’jH(z,w) and B; j(z,w) are elements of V. .,). Moreover, Afj”(z,w), i,7 € {1,3},

are reqular at z = w modulo translates.

PRrROOF. We already know from Theorem 4.4.1 that there exists an element, ¢3(2), sat-
isfying these relations. But we saw in Proposition 4.4.2 that every element vs(z) of Vi"® is
proportional to ¢3(z) up to the addition of certain translates and twisted derivatives.

It follows from the property (4.74) that if we add to ¢3(z) any translate then the state-
ment of Theorem 4.4.1 still holds, the only difference being a re-definition of the states
B(z,w). And it is evident that, if we add to ¢3(z) any linear combination of the twisted
derivatives in eq. (4.61) then the resulting vector vs(z) still obeys the weaker relations given
above. (One might worry about introducing singularities at z = w, but note that for any
meromorphic states a(z) and b(z), the product a(z))b(w) is regular at z = w, as is manifest
if we expand b(w) about w = z in the spectral plane before taking the vertex-algebra product:
a(z)b(w) = a(z) ) (b(2) + (w — 2)V/(2) +...) = a(2)0)b(2) + (w—2)a(2) (b (z)+.... O
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4.4.6. Gaudin Hamiltonian. Let us define the following state at non-critical level,
i.e. k1 7é 72,
1
s1(2) = 5 (s1(2) +4DDo(2)) € V5, (4.78)

where ¢;(z) is now the image in V§"¥ of the density defined in (4.45) and where

N

1 1 a@) +6(1) |k
= 12D 10VF ) 4.79
w(2) 7§_1jz_zi(2(ki+2)nb1 210) (179)

the term in the brackets being the normalised Segal-Sugawara vector at site 7, as defined in
eq. (3.67).
It is possible to show (see [LVY20]), that the operator (si(z))() is the image in

~ ~&N
Un(sly ) of
e N _
L e U(sI™Y), 4.80
— 2(z — 2;)? + 2z S (4.80)
where
€@ = 2(k® +2)d + [V O 4237 W e (4.81)

n>0
is the ith copy of the quadratic Casimir operator of g in 0(9@]\[ ) and H; are the Hamiltonians

n (4.6). This is nothing but the generalisation of the operator (3.9) to the affine setting.

THEOREM 4.4.2. Given the images in ng’k of the densities g;, i € {1,3}, we have

1 1 G \w
() ysiw) = ~ S DPAL () + (181 (zw) + 200 W) (4 9)

with Ay ;(z,w) and By ;(z,w) being the images in Vglz’k of the meromorphic states in The-
orem 4.4.1.

PRrOOF. The result follows from direct calculations, using the definitions of A; 1, By 1,

A1 3, B1z in (4.73) and appendix A, respectively. |

As we will see in the next section, this requirement is sufficient to ensure the commu-
tativity of local Hamiltonians, arising from the densities ¢;(z) and ¢3(z), with the usual

quadratic Gaudin Hamiltonians which define the model.

4.4.7. Commuting Hamiltonians. In this section, we will simply recall the ideas
presented in [LVY18]. Consider two states X,Y € V5% and their formal zero modes
~ ~O®ON

X(0)7Yv(0) € Uk(5[2
by setting m, k = 0,

). We have the following commutator formula, coming from eq. (3.27)

X0, Yol = (X0)Y)0)- (4.83)

This means that if one is able to find a family of operators whose zeroth product vanishes
(or that can be expressed as a translation, since (T'Z) () = 0 by definition), then their formal

~ ~O®ON
zero modes form a commutative subalgebra of the algebra of observables Ug(sly ).
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The meromorphic function which is obtained by acting with k(z) on the module VSIQ’k,

i.e. setting the central elements to numbers,

W =30 (1.89)

has a special role and it is called the twist function of the model. Let us define also

N

P(z) = H(z —z)k . (4.85)

j=1
The function P is multi-valued. It becomes single-valued on a certain multi-sheeted cover of
C\{z1,...,2n}. Let v be any closed contour in this cover. For example, v could be the lift
to this cover of a Pochhammer contour in C\ {z1,..., 25} around any two of the marked
points. Then P"/2, for any integer n, is single-valued along v, and one can compute the

following hypergeometric integral
/ P(2)7"2 f(2)dz. (4.86)
¥
We have the following result from [LVY 18]

LEMMA 4.4.1. For any meromorphic function f(z) which is non-singular along ~

/ P(z)""/2DM f(2)dz = / d%(?*n/? f(2))dz =0, (4.87)

~

where DI is the twisted derivative operator from eq. (4.53).

~ ~®N
Let us now define the following object in Uy (5[25 ),
@ = [ 20" (4.89)
8!

for n = 1, 3, where ¢, (z) are now the images in Vg[Q’k of the densities we have defined in the
previous section.
PROPOSITION 4.4.3. The operators Q) € Ug(sl, ) commute amongst themselves, with

the generators of 5A[2, and with the quadratic Hamiltonians 3{;.

PROOF. We can use eq. (4.83) to compute

@@ = [ [ 26 22w) 6 () (0o e

e (4.89)

= [ [ 2@ 200w 6 ) o dd,
YyJIn

where we used the commutator formula eq. (3.27). We know from Theorem 4.4.1 that the
zeroth product between those states can be expressed as a sum of twisted derivatives and
translations. It is now straightforward to check that the result of the commutator is zero:
on one side because (T'X)( ) = 0 for every state X € Vg[Q’k, on the other because of the

property (4.87).
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To show the second statement, consider the generators {I2}3_, with n € Z. Recalling

that I? = (1%, |0>k)(n) and the commutator formula from (3.27), we get
12.Q3) = [ 96) 211z onl2) 0z

- : 3 (Z) P(2) "™ (L6 (2)) (k) d2-

Y k>0

(4.90)

It is now straightforward to check that the result is zero, by using property (4.54), described
in the relevant cases in Propositions 4.4.1 and 4.4.2, and the property (4.87).
Using similar arguments, given the result from Theorem 4.4.2, one can show that the
charges also commute with the Gaudin Hamiltonians.
|

4.4.7.1. Fourier modes. Even though the operators @)}, we have just defined have all
the right characteristics to be well-defined Hamiltonians as pointed out in Proposition 4.4.3,
there is one last subtlety about these objects, related to the fact that we want their action
on highest weight modules to be diagonalisable. In fact, considering X,(Li) € f/(;[fN) such
that deg Xy(,i) = —n and setting deg(|0>k) = 0, induces a Z>¢ gradation on the product of

vacuum Verma modules, called the homogeneous gradation,

Vit = @i Fnl. (4.91)
n>0
Therefore if X € VS[Z’k[k], i.e. it has degree deg(X) = k, from Definition 3.2.1 the
degree of its modes is deg(X(,,)) = k —m — 1. The objects we have constructed ¢, (z), by
definition, have deg(s,(2)) = n + 1, therefore deg(,(2)0)) = n.
This shows that in the homogeneous gradation these operators have non-zero degree:
~®N
this means that if we consider a module over U(sl, ) which has a trivial subspace of grade
n for large n, then the operator fﬁ/ P(2)7™2,(2)(0)dz has a non-zero eigenvalue.
n N
sly, ) of
the state X € Vgrz’k: they have the property that we are looking for, namely deg(X{,)) = n.

A way to overcome this issue is to consider the notion of Fourier mode X{,,; € U (

Additionally, they satisfy a similar relation to (4.83),
[Xi0): Yio)] = (X(0)Y )10y (4.92)

with (T'X)[g) = 0. One has (;v(f)l \0>k)[n] =z, for x € sly and it is possible to show that the

following recursive formula holds:

(A B)im) = (A@ F)B)im) + Y kAt Biram] + Y, ek Bltsm) A, (4.93)
k>0 k<0

where f(t) is the Taylor series in ¢ := u — v given by

f= e (4.94)

(n—1)! u—v ev —ev
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: : z\k z\k

and where the coefficients ¢, are defined by the requirement that >, cx(5)" and — >, o ()
are the expansions, for |z| < |w| and |w| < |z| respectively, of the function

1 z

m(_waw)n_lm. (495)
The first relevant examples are
1 1
(A(,l)B)[m] = 7(A(O)B)[m] — f(A(l)B)[m] + ... (496&)
2 12
+ D A Bieem) + ) Biem A
k>0 k<0
1 1
+> kA Biem) + Y (= k) Blem A
k>0 k<0

where A, B € Vglz’k. These formulae are the Fourier-analogue of the normal ordered product
formula eq. (3.31), and they allow one to compute by recursion the Fourier modes of a general
state X € Vg[z’k.

Property (4.92) means that if the vertex algebra zeroth product of X and Y vanishes
their Fourier zero-modes generate a commutative subalgebra, in homogeneous degree zero,
of 17(2[;”) We let

@ = [ 26 @0d (197
v
for n = 1,3. By the same logic as for Proposition 4.4.3, we have the following.

A~ ~ ~®N
PROPOSITION 4.4.4. The operators Q7 € Uk(sly ) have homogeneous degree 0 and they
commute amongst themselves, with the generators Off:\[g, and with the quadratic Hamiltoni-

ans H;.

4.5. Higher local Hamiltonians to sub-leading order

In the previous section, we have shown that it is possible to define quartic local Hamil-
tonians which commute among themselves and with the quadratic ones, together with the
generators of sly. Following the same steps, one could in principle try to construct the Hamil-
tonians for every exponent of 5A[2. However, the direct calculation (already lengthy in the
case of ¢3(2)(0ys3(w), as we noted above) becomes computationally very demanding. What
we shall do instead is work to next-to-leading order in a certain semiclassical limit, which
will at least give a strong consistency check on the existence of the expected Hamiltonian
densities.

Thus, let us introduce a formal parameter i and work over C[[A]]. In particular, all
vector spaces above are now to be regarded as modules over C[[#i]]. We consider the following

rescaled generators:

I* — I% := hI°,
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k — k:=k. (4.98)
With this re-scaling the commutation relations become
1g!

7 7b _ ¢ b jelp+a+1] 2, sab LIp+a+1

[Iﬁl[p](Z)Jn[q] (2)] = —m(hfg Iy (2) = B°nd® 5m+n,0k[p ! ](Z))~ (4.99)
At this point we can identify the various quantum corrections by their & dependence and
work grade by grade. We shall work at next-to-leading order, i.e. the next order beyond
the usual semi-classical calculation of Poisson brackets. Thus, we consider the densities

of Hamiltonians up to and including the leading quantum corrections at order ki, and we

compute commutators up to and including terms of order h2.

REMARK. It is worth remarking that the classical limit, eq. (4.98), that we take is not
quite the standard one which recovers the usual classical Gaudin model (cf. [KLT24] for
a very complete discussion of that limit). From our present perspective this is simply for
computational convenience — this limit produces the simplest possible non-trivial check, and
had we rescaled the central charges there would be more potential quantum correction terms
already at next-to-leading order. But it might be interesting to consider this classical limit

in its own right.

Having introduced the formal parameter i, there is a gradation on the enveloping alge-
bras in which I* and h have grade one and k has grade zero. Recall that V,, denotes the
space of homogeneous meromorphic states of degree n, eq. (4.43). Let now 17,1 C V, denote
the subspace consisting of states that are also of grade n in this new gradation (i.e. which

are sums of terms having exactly n factors of I or h).

PROPOSITION 4.5.1. Modulo terms of order h? there is, up to rescaling, exactly one state

slo

Son_1 € 17% , N € Z>1, such that, for all x € sly and m € Z>,
Axmf?n—l =0 mod h2D,(z2n71)V2n—m,2n—17 mod hSVQ’rL—M,Qn' (4100)

Eaplicitly, modulo terms in h%Vy,,,

Son1(2) = tiy i, [ ()2 (2) - 127 (2) |0)
n(2n +1)(2n — 2)
h 01,0y 02n—4
(2n—1) e

Fetere ()1 () () (2) - 154 (2) [0).
(4.101)

PROOF. Given the basis {I" 7?2:1 for sly, we need to show that there exist a function
Gy (z) such that

AIT Gop_1(2) = DP" VG (2) + O(RP). (4.102)
For m = 0, this is always true thanks to the invariance of the tensor (4.35). For the same

reasons explained in the previous section, the only relevant check that one needs to make is
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the one for m = 1. From direct calculation, we get
4n

Gl(z) = — B2, I (I (2) - T2 (2) |0 4.103

1(6) = — Gyt T () 0. (@109

Note that this result is in accordance with the exact ones obtained for the quadratic (n = 1)
and the leading order of quartic (n = 2) states, cf. egs. (4.58) and (4.66). O

(Observe that this is consistent with Proposition 4.4.2 because the vectors in eqs. (4.60)
and (4.61) all come with factors of A2 in the limit.)

We can now state the following theorem
THEOREM 4.5.1. Let ¢,(z) be as in eq. (4.101) above, for all odd m,n € Z>1. We have
e (2) () (w) = (RDI™ — MDA, o (2,0) + TByy (2, w) + O(RY), (4.104)
where Ap, (2, w), B n(z,w) € i}(z,w) are given by
hZ
Anmn ) =Cmn—tiy,..im—1bi1, e in
’(ZU)) C’wa 150e5tm—1"]153Jn—1

X T (1 ()T (2) o T () T () T2 (w) . 2 (w) [0) + O(R?),

(4.105)
h2
Bm m,n 11 im—1071, s n—1
o) = (o =)z i fined (4.106)
x I ()T (2) . T ()T () P (w) . 1 (w) [0) + O(R?),
where
(= A Dt D) (4.107)

mn
Moreover, Ap n(z,w) is a regular function for z = w modulo translates and modulo terms

proportional to h3.

PROOF. The zeroth mode of ¢,,(z) € 17m+1 can be inferred from a purely combinatorial
reasoning. Let us start with the top term LT (2) of (4.101). We know that computing the
zeroth mode, the number of generators in any term we get does not change, but the result
will be a state of total depth m and therefore we know there must be at least one generator
with a positive mode. We can also use the fact that we are working at leading order in #,
therefore we could get at least one 1:0, one I; or a term with two I, every other term will be
O(h3). The only thing to fix is the combinatorial factor describing the number of possible

ways to write such terms. The result is

cﬂT(Z)(o) =it ,eimir [m[n (2 )f?l(z) ) "E’i(z)ff"‘ﬂ(z)
(Wéer)l)IZ_ll( ). fz_"i(z)fémﬂ(z)
(m+1)!(m

2(1))12_12( )iin(Z>...Ilm '(z )[“n( )Ié?rL+1(Z):| +O(h3).
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With similar arguments we can compute the zeroth mode of the correction term ¢ (2) of
(4.101), the result reads
(@0 = = BEm =2y, o (TG (T (2) o T2 (2)]5(2)
+hE2(m = 2)(m = 3ty i, ST (DI (D (2) . I (2) I (2)
+ heE(m —2)(m —3)(m — 3)ta, i fOT ()Y (2)
x I ()T ()7 (2) . T T (=)

— hg(m —2)(m — 3)(m — 3)t;, FIL ()12 (=)

< IO ()T ()1 (2). . 172 (2)5(2) + O
where £ = % At this point, acting with what we have obtained on ¢, (w) and

using repeatedly the commutation relations (4.39), we obtain eq. (4.104). O



CHAPTER 5

Wakimoto construction for double loop algebras

and (-function regularisation

As we have seen in section 3.4, Wakimoto modules play a central role in the description
of the Bethe ansatz of Gaudin models of finite type. At the core of this construction, there
is the Feigin-Frenkel homomorphism of vertex algebras which allows one to realise an affine
Lie algebra in terms of free fields, also known as Wakimoto construction.

In this chapter, we are going to study a possible generalisation of the Feigin-Frenkel ho-
momorphism to the case of double-loop algebras. Following an observation made in [You21],
we will construct a vertex algebra depending on some parameter z, with the role of a regu-
lator. This will allow us to introduce a “renormalisation procedure” for the n-th products
of this space.

This chapter is entirely based on the recent paper [Fra24].

5.1. The Feigin-Frenkel homomorphism in the affine case

As we have described in section 3.4.1, one can introduce a free field realisation of an
affine Lie algebra in terms of a Heisenberg algebra. This was first proposed by Wakimoto
[Wak86] in the case of .;\[2, and later generalised to any affine Lie algebra by Feigin and
Frenkel in the untwisted case [FF90] and by Szczesny in the twisted one [Szc01].

For any simple Lie algebra g of finite type, this realisation can be mathematically for-
mulated as a vertex algebra homomorphism between the vacuum Verma module at critical
level over the corresponding untwisted affine algebra g and the Fock space for the By-system
of free fields [FBZ04, Fre07],

0: VI M(ny). (5.1)

It is natural to ask whether this construction generalises to the case where g itself is
an untwisted affine algebra. Perhaps surprisingly, as shown in [You21], much of it does, as
follows.

The algebra g still admits a triangular decomposition, where the various subalgebras are
now infinite-dimensional and in general not nilpotent, namely g = n_ & h @& n. We denote
by § 2 fi_ @ b @ i, the corresponding underlying finite-type Lie algebra, with A its space
of roots. A basis of g is given by

{ka d} U {Ja,n}aez;nEZv (52)

91



92 5. (-FUNCTION REGULARISATION

where J,,, = J, @ t" and T := (A \ {0}) U{1,...,rank §}. Defining the index set A :=
{(a,O)}ae&+ U (Z x Z>1), a basis for ny is given by {Ja n}(a,n)eA-
Following [KumO02], one can define the pro-nilpotent algebra n, =[], A, a- More

explicitly, this space can be defined as the inverse limit of a system of nilpotent Lie algebras

N>p = @ Ja

aEA L
ht(a)>k

n4 /n>y, where

is the ideal containing elements with degree higher than k. Here ht denotes the grade
of a root in the homogeneous gradation, i.e. ht(édn + «) = n, for n € Z, where 6§ € h*
is the imaginary root, defined as the sum of all roots multiplied by their corresponding
Dynkin label. Therefore, elements of this completion are possibly infinite sums of the form
ZaeAJr x%, with 2% € g,, provided they truncate to finite sum modulo n> for any k.

Via the exponential map, one can similarly define the pro-group U as the inverse limit of
the groups exp(ny /n>y), where the multiplicative structure is given by the Baker-Campbell-
Hausdorff formula and whose elements are infinite products of the form H(a,n) enexp(z®"Jyn)
with 2™ € C, provided they truncate to finite ones modulo terms exp(ni/n>y) for any
k€ Z>o.

One introduces a set of coordinates X*™ : U — C on U, such that for g = H(a,n)eA exp(z®"Jan),

X"(g) = ™, which define the C-algebra of polynomial functions on U,
O(ny) = CIX*"](q,n)en- (5.3)

In this setting, the Weyl algebra is the free unital C-algebra generated by X*™ and
D, »,, quotiented by the relations

[Xa,n’ Xb’m} =0= [Da,nv Db,m]v [Da,mv Xb’n] = 636% (54)

The space of derivations on O(ny ), Der O(n, ), is a subalgebra of the Weyl algebra with
elements of the form >7, . cp P¥"(X)Dgn, Where P"*”,\(/X) € O(ny), where only a finite
number of terms is non-zero; the respective completion DerO(n ), is the algebra where this
last restriction is lifted.

There is a continuous homomorphism of Lie algebras
09— Der© (n4)
Ar— Y PY™(X)Dan (5.5)

(a,n)eA
The case of g[g has been explicitly worked out in [You21]; as a novel example, consider
the Cartan-Weyl basis for sl3 given by {Eia}aeé+ where AJF = {a1, as, a1 + as}, together
with the Cartan generators {H;};=1,2. An explicit matrix representation is given in terms
of 3 x 3 matrices, by the identification E,, — e12, Eq, — €23, Eq 40, — €13, E_q, — €21,
E_q, —e32, E_o _q, — e31 and H; — e — ez, Hy — exn — e33, where e;; is the matrix

with a 1 in position (¢, j) and zero elsewhere.
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One finds for example

Q<Ja1’l) :Da1,1 - ZXaLk_lDoquamk - ZX_ahk_lDl,k

> k>3
+ Z Xﬁaliaz’kilDaQ,k + 2 Z Xl’kilDal,k - Z Xz,kilDO&l k (56)
= >3 k>3

+(=X7oz2Xo2l 4 VD, 44 (X Tmen2yenl 4 D,y
+ (=X ezl 4 Doy + (XX 4 ) Doy tand e

In appendix B we present more examples of this realisation.

5.1.1. The widening gap subalgebra. Let us now briefly comment on the general

structure of the terms in eq. (5.6). For each basis element J, ,, € g one finds that
0(an) = fu° Y X"* "D+ > RY™ (X)Dpm- (5.7)

k>N (b,m)€eA

for some N € Z>q depending on a, b, c and n. Here, the first term is a quadratic infinite sum
in the generators and will be of central importance in the sections below. Indeed, this kind
of sums will be the main source of problems when trying to lift the homomorphism of Lie
algebras to one of vertex algebras. The second term is part of a subalgebra of Der O(ny),
of derivations of O(ny) with widening gap, Der O(ny). We will give a precise definition in
section 5.2.4, but roughly speaking these are those possibly infinite sums where the loop
degree of each X factor in the polynomial R grows “slower” than the loop degree of the
corresponding D, creating a gap between them that eventually widens. For example in the

case of sls, the polynomial part of Ral’ J(X) Dy, 7 is

oy, 7 —aQ2, —Qa, 1 2, > )
RJ;I,O(X) —_xX 2X « 2Xa +a2,3 +4X1 3(X1 2)2
_ 4X2,2X1,3X1,2 + (X2,2>2X1,3
_ 4(X1,1)2X—(11,2Xa1,3 _ <2X1,1>2X—O¢1—(¥2,2X041+0¢2,3
—8XI3xLA( X 4. (5.8)
and one sees that each of these terms is a product of monomials with loop degree strictly
less than |7/2]; this is part of a pattern, and the gap, n — n/2 = n/2 grows unboundedly
with n. We define the map

vig— ITe/rO(nJr)

bk—
Ja,n ’_’fabc § X nDc,ka
k>max(0,n)

(5.9)

where f ¢ are the structure constants of g.!

IFrom the definition, if a € A+, X0 is part of the coordinate system on U, while if a € A_ or
a € {1,...,rank g}, it is not. In order to keep this fact into account, one should really consider as the lower

bound of the sum in eq. (5.9) the expression max(n(b),n + n(a)), where n : (AU {1,...,rankg}) — {0, 1},
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The following theorem makes this observation more precise, showing that apart from

the leading monomial in each Pja" (X), the remaining part always has widening gap:
THEOREM ([You2l]). For all (a,n) € T X Z,
0(an) = v(Jam) = > Ry™ (X)Dym € DerO(ny), (5.10)
(b,m)€A

where R € O(ny).

It is important to stress that the widening gap part may contain finite sums and in par-

ticular, because of definition eq. (5.9), finite sums of quadratic terms of the form X*™D, ,,.

5.1.2. Vertex algebras and splitting map. Following the finite-type construction,
the next natural step would be to consider the corresponding vertex algebras and repeat the
same construction as above. As before, one can define the vacuum Verma module over the
central extension by K of the loop algebra of g, g ® C[s,s™!], which naturally carries the
structure of a vertex algebra. We denote it by VS’K, where VS’K[I] ~ g, where we are using
the notation from eq. (3.62).

In what follows we use the following convention: the loop mode of the original untwisted
affine algebra g is always written as a subscript, while the double loop mode, i.e. the vertex
algebra mode, is in square brackets. We have used a similar notation in eq. (3.98).

Similarly to the finite-type construction, one also defines the Fock module for the 3y-
system on ny, M(n,), which has the structure of a vertex algebra. Having in mind the idea
of embedding expressions like the one in eq. (5.6), we need to enlarge this space by allowing
infinite sums, hence we have to work in a certain completion of this space, |\~/I(n+).

As before, from (5.5) one can introduce a map of vector spaces
9 V8K S Mny), (5.11)

from the vacuum Verma module over the double loop algebra of g at level K. As in the
finite-type case it turns out that non-negative products are not preserved. Nevertheless, the
remarkable result from [You21], is that also in the affine setting there exists an analogue of

the splitting map (3.128), namely

v:9—=Qowm,), (5.12)

where oy, ) is the space of 1-forms. It maps

Jom Z Qo b (X)dX™. (5.13)
(b,m)€eA

It has the property that the map

0+¢:g—DerOny) @ Qo ), (5.14)

defined as n(Ay) =0, n(A_) =1, n({1,...,rankg}) = 1. In order to keep the notation cleaner, we will

implicitly assume this below.
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can be lifted to a linear map
9: VY = M(ny), (5.15)

from the vacuum Verma module over the loop algebra of g, i.e. at zero level, so that the

zeroth products of generators are preserved (cfr. [You21, Theorem 33]):
ﬁ(Ja,n[_]-] |0>)(0)19(Jb,m[_1] |0>) = ﬁ(Ja,n[_]-] |0>(0) Jb,m[_l] |0>) (516)

Unfortunately, the space M(n, ) is not a vertex algebra. For example, the would-be first
products may result in ill-defined divergent sums. Consider the state a = Y o7 ;<0 Y**[0]Bax[—1] |0);
the first product of this element with itself would be

ama= Y Y O0IBarl=1110)qy Y ¥*[01Bs;[-1]]0)

a€Z k>0 beT,j>0
[ T [P !
= > Y FAIBLAON01Bs,[-1]10) =D > 10, (5.17)
a€Z,k>0beZL,j>0 a€Z k>0

which clearly diverges. The quadratic infinite sums we saw above also suffer from this
problem. In the next sections, we solve this problem by suitably “renormalising” these

products.

5.2. The vertex Lie algebra I\7IZ[§ 1]

In order to define a regularisation procedure to cure the expressions above, we need to
define the appropriate space we will work with. To do this, we now proceed by introducing
a regulating parameter in the commutation relations of the algebra. The Fock module over
this algebra has the structure of a vertex algebra. Finally, we will suitably complete this

space to obtain the vertex Lie algebra I\7Iz[§ 1], which is our object of interest.

5.2.1. Heisenberg algebra and Fock module. Let g be an affine Kac-Moody al-
gebra with triangular decomposition g ~ n_ & § @ ny, whose underlying finite algebra is
denoted by g. Let A = {(a,0)},c4, U (Z x Z>1) be an index set indexing a basis of ny,
where Ay is the set of positive roots of § and Z = (A \ {0}) U{1,...,rank g}.

Let z be a formal parameter. We denote by C|[z], the polynomial ring in z with complex
coefficients. Given M, N € Z and (a,m) € A, consider the free unital associative algebra H,
generated by B m[M], y*™[N] and 1, quotiented by the ideal generated by the commutation
relations

[Ba,m[M], Byn[N]] =0, [y ™ [M],y""[N]] = 0,
[Bam[M],Y""[N]] = 2™ 8N 1 01,000075, 1.

This algebra can be seen as a “deformation” of the Heisenberg algebra H, that can be

(5.18)

recovered by taking the limit z — 1. We introduce the parameter z with the role of regulator:
its meaning will be clear in the following sections.
In this section, unless otherwise stated, we work over the ring C[[z]] of formal power

series. As we will see, in certain special cases we can work over C[z] or C(z).
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This algebra represents a system of free fields as it can be decomposed into H, =
H} ® H, where

H; =c {'Ya’m[NL Ba,m [N - 1}}(a,m)€A;N§Ov (519)
Hj ~c {Ya’m[NL Ba,m[N - 1}}(a7m)€A;N>Ov (520)

are called the creation and annihilation subalgebras, respectively.

Introducing a vacuum vector |0), we call M, the induced H,-module annihilated by H},
on which 11(0) = |0).

Denoting by @ the root lattice of g, there is the Z x Q) gradation of H, and consequently
of M, in which B, ,[N] has grade (N, o) and y*™[N] has grade (N, —«), whenever J, ,, € gq
and |0) has degree (0,0). The natural depth gradation of M, is given by

M, = é) M. [i] (5.21)

and a corresponding filtration M, [< K| = @iK:O M. [¢] for K > 0.
More explicitly, the space M,[0] is spanned by elements of the form R(y[0])|0), while

M_[1] by finite linear combinations of elements of the form

Py[0])Ba,m[=1]10) + Q(y[0])y*™[-1][0) (5.22)

where P, Q, R are polynomials in C[y*"[0]](4,n)eA-

5.2.2. Vertex algebra structure on M,. The space M, is called the Fock module of
the By-system of free fields and it has the structure of a vertex algebra over C[z], as defined
in section 3.2.1. The state-field-map Y is

Y M, - EndM.((z)), A-Y(4z):=) Akla"! (5.23)
kEZ

satisfying the axioms i—iv, where the kth-mode is the map in End(M,) denoted by

M, — End M,, a v alk], ke Z. (5.24)
The fields are
Ban(z) = Z Banlklz™F 1 & (x) = Zy“’”[k]:cik, (5.25)
keZ kez

where Ban[k] = (Ban[—1]10))x) and y*"[k] := (y*"[0]|0))x—1). Composite fields are
obtained by using iteratively eq. (3.29). The translation map is defined as follows

Ty*"[N]|0) = =(N = 1)y*"[N =1]10),  TBan[N][0) = =NBan[N —1]10). (5.26)

for N € Z<o and T'|0) = 0.
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5.2.3. Completion of the Fock module. Having in mind to lift the homomorphism
in eq. (5.5) to the vertex algebra case, we also need to be able to work with certain infinite
sums.

This is achieved by working in a suitable completion of the space M,. This means that
infinite sums will be allowed provided they truncate to finite ones, modulo terms containing
Ba,m and 2™, for m big enough.

The explicit construction goes as follows. Let us denote by H;> . the two-sided ideal in
H generated by {f4m[N]: m >k, N € Z}. Let B

1.[< My := M.[< M] 0 (HZ 5, [0)), (5.27)

for some M € Z>¢. Therefore, J,[< M]y, is the subspace of M.[< M] spanned by monomials
of depth less or equal to M in the creation operators with some factor B, [N], with m > k,
N € Z. One has

TS M]o D IS M1 DTS M2 D ... (5.28)

with ;2 J.[< M]; = {0}. One defines the completed subspaces

M.[< M] :=lim M. [< M]/7.[< M];. (5.29)
k

To give an element of this inverse limit means to give an element of each space of the
inverse system, in a manner compatible with the inclusion maps between them. In this
sense one allows infinite sums: every element of the sum is well-defined because each of its
truncations is well-defined. Finally, one can consider a completion in the depth direction,

from the system of inclusions

M.[0] c M.[<1]C... (5.30)
by taking the direct limit
M, := lim M.[< M]. (5.31)
™

Any element of M, is therefore a well-defined element in M,[< M] for some M. We have

the following result:

PROPOSITION 5.2.1. The space (M,[< 1],10),T,Y (e,x)) is a vertex Lie algebra.

PROOF. The results follows from the fact that each space M,[< 1]/7,[< 1]; has the
structure of a vertex Lie algebra over C[z]/2FC[z], with k € Z>o. Therefore, the inverse
limit eq. (5.29) defines a vertex algebra over the inverse limit of rings C[z]/2*C|z], which is

the ring of power series C[[z]]. O
For example, for p(z),q(z) € C][z]], one would get

(p(2) D v 0ok [=1]10) 1ya(2) Y v 0)Bs [~ 1] [0)

k>1 >0
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= p(2)a(2) 3 S v 118y [0l 0]Bas [~ 1] [0)
k>15>1
= —3305p(2)a(z) Y _ 2> 0), (5.32)
E>1

whose k-truncations are all well defined over C[z]/2*Cl[z], k € Z>o.
From this simple example we see the fact mentioned above: when z — 1, the vertex

algebra structure breaks down since ill-defined quantities start to appear.

5.2.4. States with widening gap. We now restrict the space |\7|Z, by excluding all
those sums that give rise to infinite power series in z, in such a way that the vertex algebra
structure is preserved. This follows by extending the idea of widening gap introduced in
[You21] to this setting.

A family of polynomials {P*"} ,)ea in C[yb’m](bm)eA has widening gap if for all
K > 1, there exists a i € Z~q, such that for all n > 7

P®"(y) € Cy*™ :m < n — K,b € T]. (5.33)
Define M, C I\7Iz, as the space spanned by sums of the form

Z PO (y) - PO () Bayma [=N1] - Bag,ma [=NR] [0) (5.34)
(aiymi)i=1,...,n €A
where N; € Zso, i = 1,...,n and the polynomials P%-™i(y) have widening gap. By
construction, we have that M, C M., since any finite sum has obviously a widening gap.

We have the following useful result,

LEMMA 5.2.1. Given a collection of polynomials with widening gap {Pb7m(y)}(b7m)6A,

n OP"™(y)

Ba.n[NIP"™ (V) 10) = =" 5o

|0) (5.35)
is again a collection of polynomials with widening gap, with (a,n) € A and N € Z>o.

The following statement characterises the space of states with widening gap

LEMMA 5.2.2. The space (M,[<1],]0),T,Y (e,2)) is a vertex Lie algebra.

The proof is essentially the same of [You2l, Lemma 21], with the addition of the
regulator which is this setting does not produce any particular difference. As a matter of

fact, when taking the limit z — 1, the vertex Lie algebra structure is not spoiled.

5.2.5. The space |\7IZ[§ 1]. Recall from section 5.1.1 that the image of the element
Jan € g under the map o from eq. (5.5) contains sums that don’t develop a widening gap,
namely the image of the map v from eq. (5.9). To take care of these terms, in this section
we introduce a slightly bigger space obtained by adjoining the specific type of infinite sums
from eq. (5.9).
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Define by O, = C(2)[y*"[0]](a,n)ea the ring of polynomials in the generators y*"[0],
a € T with coefficients in C(z), the ring of rational functions.

We define the space of quadratic infinite sums Q. as follows

Q. = > 2y R0y k[-1]10) s @ € Zso,n €Z p, (5.36)
k>max(0,n)
which clearly are sums that do not develop a widening gap.

Working now over C(z), we introduce the direct sum
M.[<1] = Q. ® M.[<1] € M.[<1]. (5.37)

Elements in I\7IZ[O] are finite sums of terms R(y)|0), R(y) € O., while elements in Mz[l] are
of the form

Yo Ay 0)Bsk 1] [0)

k>max(0,n)

+ > P(Y)Ban[-1]10) +2Qbm ~1]10),

(a,n)eA

(5.38)

where the second possibly infinite sum is over a family of polynomials P*"(v) € O, with

widening gap, while the last sum is finite and Q(y) € O..

5.2.6. Vertex Lie algebra |\7|Z[§ 1]. Extending the definition of the modes of the
states from section 5.2.2 to this space, we see that some products can generate infinite
power series in z. In particular, we find that the first products between quadratic infinite

sums have coefficients in C[[z]]:

(> 2 Resl-1 10wy D, Ay 0]Bay(-1]10)
k>max(0,n) j>max(0,m)

— Y S sekfiyekealg, 0y e M 0]Bay[-1]]0)

k>max(0,n) j>max(0,m)

= — 09050 4m 0z "D > ARt (5.39)
k>max(0,m+n)

max(0,m+n)—1
— %650 yn 0z MY > ZFe+8+2) 0y (5.40)

k>max(0,n,m+n)
In the last step, note that the second sum is quadratic but finite, hence it is a well defined
element in C[z] C C(z). Conversely, the first term is an infinite sum in C[[z]]. Crucially,
we can regard it as the expansion of a rational function for |z| < 1. By doing this, we can

rewrite the first term as

max(0,m+n)(a+B+2)
k(a+B+2) _ *
> M = €C) (5.41)
k>max(0,m-+n)

As a result, we have the following
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PROPOSITION 5.2.2. Regarding infinite sums as the small-z expansions of rational func-
tions, (I\7IZ[§ 1],10) , T, Y (e, x)) is a vertex Lie algebra over C(z).

PROOF. We first show that the products on M. close over C[[z]]-

Since we are considering the first two graded subspaces of M, [0] and M.[1], we restrict
our analysis on the only two non-trivial products on this space: the () and (1) product.
In more explicit terms, for f € Mz[ | and u,v € MZ[ ], we have the followmg possible

non-trivial combinations
f(o)u € |\7|z[0], U(O)f € |\7|Z[0], UQ)V € |\7|z[1], uyv € '\7|z[0]. (5.42)

Moreover, we just need to focus on cross products, i.e. products between elements in
Q. and Mz[g 1], and products of two infinite quadratic sums in Q.. The closure of the
products between elements in M, [< 1] follows from the fact that it already has the structure
of a vertex Lie algebra, as pointed out in Lemma 5.2.2.

Let us start considering the (5) products. It is easy to show that expressions like
(Q2)(0yR(v) 0) and (Q=) () R(y)v[—1]|0) or those with the factors flipped close in M. [< 1]
for any element R(y) € O,, as they give rise to finite sums of polynomials of depth 0 or 1
which are well-defined elements in M »[<1], respectively.

We need to show the closure for (Q-) Q- and (QZ)(O)MZ[S 1]. The former reads

(> 2Rk D> YT 0]Bay[—1]0)

k>max(0,n) j>max(0,m)

= > SO sekafiyekon o], 0yeT 0], (1] 0)

k>max(0,n) j>max(0,m)
YYD ke Ry 0 1] 0
k>max(0,n) j>max(0,m)

=+ 6Z§Z—m(a+1) Z z(a+B+1)kya,k—(m+n) [O]E’d,k[_u |0>

k>max(0,m,m+n)

_ 632771(#3%»1) Z Z(a+/3’+1)k,yc,k7(m+n) [O]Bb,k[_l] |0>

k>max(0,n,m+n)

:6§Z7m(a+1) Z Z(a+ﬂ+1)kya,k m+n)[ ]Bd k[ } |O>
k>max(0,m-+n)

B 5ngn(ﬁ+1) Z Z(a+5+1)kyc,k (m+n) [ ]Bbk[ ]|0>

k>max(0,m+n)

max(0,m+n)—1
+ oty ety manlo]g 4 [—1] J0)
k>max(0,m,m+n)

max(0,m+n)—1
g S e e ol ) J0) (5.4

k>max(0,n,m+n)
In the last step, we have further decomposed the sums into two terms that manifestly

live in Q., while the rest are finite sums. Note en passant the reason why in the definition
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(5.36) we had to include the power of 2%; indeed, setting a, 8 = 0, we see that the first two
terms in the last expression would not be well-defined.
Consider now the product between one element in Q, and one infinite sum with widening

gap in M [1],

(> YR 01By k1] 10))0) Y. P Ben[-1]10)

k>max(0,m) (e,n)EA
_ Z Zak a,k— m Bbk Z Pancn ] ‘O)
k>max(0,m) (e;n)€EA
[
+ Z Zak a,k— m Bbk Z Pancn ]|O>
k>max(0,m) (e,n)EA

Z Z k(a+1)?§bkyak m[]ﬁcn[ ]|O>

k>max(0,m) (c,n)€A

- > > AT S PO By k[—1]]0) (5.44)

k>max(0,m) (c,n)EA

The first sum is well defined because, from Lemma 5.2.1, it has widening gap. The second
sum is non-zero only if n > —m, for all n,m € Z: this ensures that the combination k = n+m
is non-negative, and therefore also the second sum develops widening gap.

Let us consider now the () product. We need to show the closure only for products of
elements of depth 1, namely (Q.) Q. and (Qz)(l)mz[l]. The first case is

(> My Besl-110)ay D 2Py [0]Bay[-1]0)
k>max(0,n) j>max(0,m)

= Y seksBiyekoni]g,  [0ye [0)Bay 1] [0)

k>max(0,n) j>max(0,m)

= — 09080, n.0z ATD > ZR(a+8+2) |0) (5.45)

k>max(0,n,m+n)

Consider now the product between one element in Q, and one infinite sum with widening

gap in M, [1],

(> 25y 01Bek[-1110) ) > P"Ben[—1]10)

k>max(0,m) (e,n)EA
1 |
= D> > My k- "[Bk[0] D P Benl-110) (5.46)
k>max(0,m) (c,n)€EA (c,n)EA

— _ Z Z Zk(a+2) n(s m,néaaj;);:km | >

k>max(0,m) (c,n)€EA

Since this sum is finite, it represents a well-defined element in M, [0]. All other combinations

of elements give rise to well-defined elements in M [<1].
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This shows that the products close on |\7IZ[§ 1] over C[[z]]. In particular, since M, [< 1]
has the structure of a vertex Lie algebra (cfr. Proposition 5.2.1), this implies that I\7IZ[§ 1]
is a vertex subalgebra of M,[< 1] over C[[z]], as all axioms (i)-(iv) are satisfied.

These products also close on M.[< 1] over C(z), when regarding infinite sums as expan-
sions of rational functions. Indeed, looking at the calculations above, the only difference is

in the first product between quadratic states in eq. (5.45), which reads

(0 =y rOBal-110)a D0 Ay 0]Ba(-110)

k>max(0,n) j>max(0,m)

max(0,n)(a+5+2) max(0,m+n)—1
z + Y e ) o), (5.47)

k>max(0,n,m+n)

= 8305 0mn 02 "D | S

To finally prove the statement, one has to ensure that the vertex Lie algebra axioms
are still satisfied after regarding infinite sums as expansions of rational functions. This
is the case for vacuum, translation and skew-symmetry as they are all equality involving
single products. More subtle is the case for Borcherds’ identities, since nested products
appear. However, as pointed out above, resummation is only needed when computing the
first products of quadratic states. Writing down explicitly the identities (3.70) for all possible
combinations of the products (5.42), we find that the only non-trivial identity which presents

a nesting of first products is

uy (vyw) — vy (uyw) = (uayv)a)w, (5.48)

for u,v,w € Q,. However, as the first product of such states is proportional to the vacuum

and the action of positive modes on the vacuum is zero, this identity is trivially satisfied. O

5.3. Regularising the products

In sections 5.2.3 and 5.2.4, we defined the completion |\~/|Z of the Fock module of a
Heisenberg algebra and we restricted it to the subspace M,[< 1] of sums with widening
gap which has the structure of a vertex Lie algebra. Then, in the section above we have
introduced the space of main interest for this work, the vertex Lie algebra I\7IZ[§ 1] over
C(z), which is spanned by a specific type of quadratic infinite sums and possibly infinite

sums with widening gap. We will now proceed to regularise the products.

5.3.1. (-function regularisation. For any given expression in C(z), we introduce the

following regularisation procedure
reg:C(z) - C (5.49)

defined as follows

i) perform the transformation z — eY;

i1) power expand the resulting term for small values of y;
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i11) regard the result as the ratio of Laurent series, which is again a Laurent series;
iv) remove the singular terms and perform the limit y — 0, i.e. z — 1 to remove the

regulator. This is equivalent to extracting the constant term of the series obtained.

As an example, consider the following

3 3y
: sz -1 ier (5.50)
(A+3y+9y°/2+...) 1 (1+3y+...) (5.50)
1—1—-2y—29%2— ... 2y 4+y+...)
->—%(1+3y+...)(1—y+...):—%—14—0@)«»—1 (5.52)
where each arrow corresponds to one of the steps above. Therefore we would write
53
reg [1 — 22] =-1 (5.53)

In particular, for any polynomial or rational function which is regular at z = 1, this procedure
is equivalent to the evaluation z = 1. For this reason, roughly speaking, we can regard this

procedure as a “renormalised” version of the limiting procedure z — 1.

5.3.2. Regularisation of the first products. Recall from eq. (5.14) the definition
of the Lie algebra map

o+ :g—>ﬁe/r(’)(n+)®ﬂo(n+). (5.54)
We have the embedding into the Fock space
7:DerO(ny) & Qo) — M.[< 1] (5.55)

by simply replacing X ™ with y*™[0], D, with B4,[—1] and dX*™ with y*"[—1].
By identifying V’g’o[l] ~ g and then composing the Lie algebra map (5.54) with the
embedding eq. (5.55) we obtain a map
V=70 (0+ ) : VO[< 1] — M.[< 1]. (5.56)
More explicitly, any element J, ,,[~1]|0) € V&°[1] gets mapped to
Fa® D YOIk [-1]10)
k>max(0,n)

+ > R (WBm U0+ Y Quabm (Y)Y 1110

(bym)eA (b,m)EA

(5.57)

where Rl}’:ln (v) = j(R?:nn (X)) from eq. (5.10) and Qj, ,.b.m is the image of 7o ¢, cfr.
eq. (5.13), while |0) — |0).
We have the following

LEMMA 5.3.1. For any two states Jo ,[—1]]0), Jo.m[—1]|0) € VI°[< 1] one has

reg(V(Jan[=1]10))(0)?(Jo,m[=1]10))] = reg[d(Jan[=1]10)g) Jo.m[=1]|0))]. (5.58)
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The proof is essentially the same of [You21, Theorem 33]. In particular, the fact that
there are no possible double contractions implies that there will never be terms of the form
q(z)10), with ¢ € C(z). For this reason, the action of the regularisation procedure is simply
to compute the limit z — 1, i.e. it is equivalent of working in the unregulated setting.

We will now move our attention to first products. As illustrated above, in this case dou-
ble contractions can appear and the regularisation procedure becomes of central importance.

The main result of this chapter is the following
THEOREM 5.3.1. For any two states J, ,[—1][0), Jy.m[—1]|0) € VIU[< 1] one has
reg[V(Ja,n[=1]10)) (1) (Jo,m[-1]]0))] = 0. (5.59)
PROOF. The proof occupies section 5.4. O

. 5l2,0
As an example, consider the elements from V{2’

Tp,2[=1110) % Bpa~1]10) = S vFE2[0)B k1] 10) +2 Y v 2[0]B 5 [~ 1] [0) +
k>5 k>5
Tp,—2[~1]0) & —14y B2 [~ Y= YERR01B k[ 1]10) + 2 ) v FF[0]B pk[-1]10) + ...
E>1 k>1
(5.60)

where we only wrote the quadratic infinite sums and the other terms that could contribute
with terms of the form C(z)|0) in the computation of first products; the dots denote all

other terms with widening gap. Their first product is

(Bral=1]10) = Y v 20]pas[-1]10) +2> vy 201Bri[-1]10) + ... )
E>5 k>5
(—14yP2[=1]10) + > v [0]Ba[—1110) — 2 )y F[0]B pi[-1](0) +...)
k>1 E>1
=(Br,2(1] E:YFk il '+2§:YHk [FUBEk0] +-..)
k>5 k>5
(—14y®2[=1]10) + > ¥R k[—1110) — 2 ) ¥ FH2([0]B pi[~1](0) +...)
k>1 k>1
142 A )0 4= (- i822)|o>+.... (5.61)
k>5

In the last line, the dots would correspond to terms which are not of the form C(z) |0).
However, the theorem above ensures that they give trivial contribution.

Applying the regularisation procedure to this expression, we obtain

8 8y
14?4 14?4
1— 22 1—e?
1 142 144 1
W_7(_14 + 2y + 14 +4y + 4 + 8y + )
2y 1+y+... 1+y+... 1+y+...

14 14
= T4yt )=yt ) —(Q4dy+.. V1 —y+...
2y( +2y+.. )1 -y+...) 2y( +dy+.. )1 -y+...)
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4
—@(1+8y+...)(1—y+...)w0 (5.62)
Remark. It might be tempting to think that one could use this procedure to system-

atically regularise the products of the vertex Lie algebra I\A/IZ[S 1] as follows
[i]:= regogy : M.[<1] x M.[<1] - M[< 1], (5.63)

and conclude that Lemma 5.3.1 and Theorem 5.3.1 define a homomorphism of vertex Lie
algebras. However, the space with these new products has not the structure of a vertex Lie

algebra, since Borcherds’ identities are in general not satisfied.

5.4. Proof of the main theorem

The proof of the theorem makes use of the doubling procedure introduced in [You21].
For the sake of completeness, we will first recall the main ideas of that construction, which

will be used below.

5.4.1. The doubling trick. Recall from section 5.1.2 that it is not possible to lift the
Lie algebra homomorphism at the vertex algebra level because first products are in general
not well-defined.

The so-called doubling trick was introduced in order to make sense of such products and
construct a genuine homomorphism of vertex algebra.

The idea is that the problem can be solved by suitably “glueing together” the algebra
]5\&(’)(n+) with a “negative copy” of itself, Der O(n_) acting on the polynomial algebra
O(n_) =CIX""](qnyea_, With A_ := (a,0), . x ULxZ< 1. With a construction analogous
to the one outlined in the previous subsection, one can define Der O(n_), its completion
]/)\e/r(’)(n,) and the subalgebra of elements with widening gap Der O(n_). Also, one defines
the space O := C[X*"](4,n)ezxz, and accordingly the completion Der O and the subalgebra
of terms with widening gap Der © and Der O.

By using the involution map 7 : DerO — ]S\eJrO, with the property of exchanging

Der O(n) with Der O(n_) and vice-versa, one defines
p:=p+70p00:g— DerO(ny)® Der O(n_) — Der O (5.64)

where o : g — g is the Cartan involution, with the property of exchanging n, with n_,
namely

O'(JEmn) = JFm,n, O'(JH”?’L) = _JHi,fn- (565)

One can prove a similar result to section 5.1.1, now adapted to the doubled case:
LEMMA 5.4.1. For all (a,n) € T X Z

O(Jam) = fu® D X" " Dopi= S RY™ (X)Dym € Der O (5.66)
keZ (b,m)EIXZ

where R € O.
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The most important feature is that the infinite quadratic sum now runs over all k£ € Z.
Let us make an explicit example, in order to understand what this realisation looks like.

Consider the element Jg ; € 5A[2. It is realised as

P(JE1) =— ZXF’k_lDH,k + QZXH’k_lDE,k + Z +R%-?(X)Db,m

k>3 k>3 (b,m)EA
o(JE,1)
B Z XF,k—lDH’k_~_2 Z XH’k_lDE,k-i- Z —R%’Tl(X)Db,m
h<—1 k<—1 (b,m)€eA_

Topoo(Jg,1)

_ Z XF,k—lDHJC 4+ 2 Z XH,k—lDEJC + Z +R}};’TY(X)Db7m

kezZ kezZ (b,m)eA
2 2
+ > TR (X)Dym+ Y XPETDy -2 XM Dpg,
(b,m)eA_ k=0 k=0
=Y XDy +2) XHEDg+ > RE(X)Dym  (5.67)
keZ keZ (b,m)EIXZ

where 37 e *R%’Tl(X)wam = 700003 4m)ea +.7~2%7711(X)D1,7,,1). In the second-
to-last step one “fills the gap” between the semi-infinite sums in the positive and neg-
ative directions, which is the reason for the appearance of a finite number of quadratic
compensating terms. The sum Z(b,m)ezsziﬁT(X)Db,m = 2 (bm)eA +R%T?(X)Db7m +
Z(b,m)eA_ ’Rl}ﬁl(X)Db,m + finite quadratic compensating terms in the last line is precisely
the r.h.s. of eq. (5.66).

As before, Der O can be naturally embedded into the “doubled” Fock space of the 3y-
system |\~/|d and Der O into Mg C |\~/Id, by the identification X*" +— y%"[0] and D, , —
Ba,n[—1].

The main advantage of the glueing procedure is that one can now regard the infinite
sums of quadratic terms >, ., X“*7" D, ; as new abstract generator S; ,, of the loop algebra

gl(g)[t,t!], with commutation relations

[ g,mﬂ g,n] = 61? g,ner - 53 ZCJ,ner' (568)

Let D be the derivation element for the homogeneous gradation of this algebra, obeying

[D,S§,] = nSg,,. One has the homomorphism g[t,t~'] — gl(g)[t,t~"], given by
Jaa" = abcsg,nﬂ ne Za (569)

where we are using the index summation convention for the Lie algebra indices.

This can be extended to the whole affine algebra by declaring

k=0, d—D. (5.70)
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One can then introduce the loop algebra D = L(gl(g)[t,t~!] x CD), with generators
5[N] and D[N], where a,b € Z and n, N € Z with the following commutation relations

[ gm[N]vS(Ci,m[M” :65 g,n+m[N+M} _63 g,n+m[N+M]

(5.71)
[DIN], S [M]] = nSp,, [N + M|

o -1
Introducing a vacuum vector |0), one defines the vacuum Verma module V) (@)t 1 CD.0

over this loop algebra at level zero. The tensor product of D x H modules,
M = M, @ VgL 1XC00, (5.72)

has the structure of a vertex algebra.

As in the finite-type case, lifting the homomorphism of Lie algebras p to one of vertex
algebras from Vg’k to M, does not preserve the non-negative products and therefore does
not define a homomorphism of vertex algebras. However, one has the doubled analogue of
the map eq. (5.12)

b:g9g— Qo, (5.73)

where Q¢ is the space of one forms dX*™, such that the map p + ¢ can be lifted to a

homomorphism of vertex algebras
0:VI — M, (5.74)
where the level of the vacuum Verma module has to be set to the very particular value k = 0.

5.4.2. Undoubling. In order to prove our statement, we need to make contact between
the double setting and the undoubled one.
There is the embedding map p : M — |\7Id, mapping the abstract generators to doubly

infinite sums, namely

S [=1110) —F— > "y * " [0]Byk[1]]0) (5.75)
D[-1][0) +—F— > ky®*[0]Ba,k[~1],(0) (5.76)
keZ

and acting as the identity on the widening gap subspace Mq C M. We can introduce the

projectors onto the positive and negative subspaces
Tt Mg — M(ng), 7 : Mg — M(n_), (5.77)

defined in the obvious way. However, recall that “overlapping terms” with both positive and
negative loop modes, like y*1[0]B; _1[—1]|0), are also well defined states in Mg. Hence, we

also define g : |\7Id — |\7Id as follows

mo == idy —mp —m_. (5.78)
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We define the compositions py := 74 0p: M — M(n,), p_ :==7_op: M — M(n_) and

poi=mpop: M — |\7Id, and therefore we have

p=p++p-+po. (5.79)

In particular, by the definition of M, we have py (M) C I\A/Iz(mr), because the elements in
Vg[(ﬁ)[t’t_l]x(w’o are mapped to semi-infinite sums that can always be regarded as elements
of Q. in eq. (5.36) setting a = 0, while elements in My are mapped to M, (ny ). Recall from
section 5.2 that this space is a vertex Lie algebras over C(z) when regarding infinite sums
as the expansion for small z of some rational functions. Similarly, one can repeat similar
arguments for the image p_ (M) C M, (n_), finding that it is a vertex Lie algebra over C(z~!)
when regarding infinite sums as the large-z expansions of rational functions. This allows
us to employ the same regularisation procedure as described in section 5.3 to regularise the
products on both spaces.

In particular, we have the following result, which relates the values of regularised rational

functions in z and 271,

LEMMA 5.4.2. The regularisation map reg is invariant under the inversion map w :
2+ 271 ie. reglf(2)] = reg[w(f(2))], for any f € C(z).

PRrROOF. We denote by {z1,...,2,} C C the set of poles of f € C(z) and by {k1,...,k,}
their multiplicities. By partial fraction decomposition, we can write

n

CEDY L+ ) (5.80)
where f; € Clz], i = 0,...,n. Recall that by definition, the regularisation procedure is
essentially the evaluation z — 1, whenever this does not produce ill-defined quantities.
Hence, if z; # 1 one can explicitly evaluate the limit 2 — 1. In this case, since z = 1 is a
fixed point for the map w, the result will not change under inversion.

Consider now the case when z; = 1 is one of the poles. We have

1

e (5.81)

where, without loss of generality, we set f;(z) = 1. Recall the expansion

1 By .
= - Z ﬁyk 17 (582)

1—eY
k>0

where By, are the k-th Bernoulli numbers [Lep99]. By performing the steps i) - iii) on this
expression, we obtain

1 m Bj 1 —k, j
-1k (1( e)y)ki = |2 =y Y ey’ (5.83)

|
>0 >0
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The constant term can be obtained by extracting the coefficient of the k;-th power in y of

the series in brackets, which will have the following form

Z ¢y .Cjkiyj1+~~-+jki’ (5.84)
{J1,-sdk; }
where the sum is over all the tuples of reals {j1,...,j, }, with the constraint Zle Ji = ks

For example, if k; = 1, the only tuple one can choose is {j1} = {1} and the constant term
is just ¢;. If k; = 2 the tuples are {j1,72} = {1,1},{0,2},{2,0}; plugging the values in
eq. (5.84) we obtain ¢ + 2cycp as constant term.
Repeating analogous steps for the same expression where we first send z — 271, we get
ki ki

1 (=D~ (=177'B; ;4 —k; =1, 3
1Dk (e 2 Y =y L) ey
j=0 j=>0

(5.85)

and using the same notations as above the constant term will have the form

i

{1seedn; b

Since we have the constraint Zf’zl ji = k;, the sign disappears. Therefore the constant

terms from eq. (5.83) and eq. (5.85) agree. This concludes the proof. O

We can now compute first product in the doubled setting, without abstract generators,

using the regulation procedure, as defined in the following lemma
LEMMA 5.4.3. For any x,y € M[< 1], we have

p(zyy) = regp+(x))p+(Y)] + reglp—(x))p-(¥)] + lim[po(x)1)po(y)] (5.87)

where reg is the regularisation procedure introduced in eq. (5.49).

PrOOF. We need to check all different possible combinations of products, namely when
both = and y are in Vg[(é)[t’rl]NCD’O, when they are both in M4[< 1] and the mixed case.

Consider My[< 1](1)Md[§ 1]. In this case, the embedding map p acts on this space
as the identity, by definition. The vertex algebra products are all well-defined, since My
is a vertex subalgebra over C, hence the regularisation procedure is simply the evaluation
at z — 1. Therefore, the right-hand side of eq. (5.87) is just the decomposition of such
products relatively to the maps (5.78).

For the mixed case, note that My[< 1] is a vertex algebra ideal in M[< 1], and therefore

Vg[(ﬁ)[t,rl}><<CD70(1)md[§ 1] € Mq[< 1]. Moreover, we have

PS5 10D p( Y PO (Y)Beml—11(0))

(e;m)EIXL

_ ZYa7k_n[O]Bb7k[_1} |O>(1) Z Pc’m('Y)ﬁam[_ 1] |0>

kEZ (e;m)EIXZ
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[ % % \
=Dy IBLL0] Y PO (Y)Bem[—1]10) (5.88)
keZ (c;m)EIXZ
3 opecm (,Y) 8Pc,m(,y)
_ 2k—n a — _ a 2m+n
= Z Z z FybE[0] 3¢ Ok—n,m |0) Z Ocz Fybntm 0] 10)

kEZ (c,m)ELXZL (e,m)EIXZ

which is precisely the same result one would obtain without embedding the two terms,

considering the additional regulated commutation relations

[Sia [Ny [M]] = 205y N 4 M),
[Sl()l,n[N]a BC,m[M]] = _zmagf’b,ern[N + M] (5'89)

Since the final expression in eq. (5.88) only involves a finite number of non-zero terms, the
regularisation procedure is just the evaluation z — 1. As before, the right-hand side of
eq. (5.87) just follows from the decomposition eq. (5.79).

[t’FIMCD’O. In this

case, the left-hand side of eq. (5.87) is identically zero by definition. First, we decompose

The only non-trivial check is when considering two elements in Vg[(ﬁ)

each infinite sum, obtaining

p(Sha[=1110) =Y vy 01Bek[-1]10) = D v F T (0)Byk[-1]10)

kEZ k>max(0,n)
max(0,n)+1
+ Z YFT0]By,k[—1]|0) + Z y*F " 0]Bb.k[—1]10)
k<—max(0,n) k=—max(0,n)+1
=P+ (S5,n[=1110)) + p— (S5, [=1110)) + Po (S5, [=1]10))- (5.90)

where crucially the last sum is always finite. In the case n = 0, one should instead consider
(X k0 + ke +0k,0) Y [0]Bo,k[—1] |0). This however does not alter the proof.

Using this identity, we can compute the regularised first products of two such states

reg[p+ (S5, [=1110)) (1)P+ (Sa,m [=1110))] + reglp— (S ,[=1]10)) )P~ (SG,m [—11 10))]
+ reglpo(Syn[=1110))(1)Po(Sg,m[=1110))]- (5.91)

where no additional cross-terms appear, since they would only give trivial contractions. Since
the image po(Sj ,,[—1]|0)) is always a finite sum, the last term in the previous expression
has only a finite number of non-zero contractions. For this reason, strictly speaking, the full
regularisation procedure is not needed, as it just corresponds to the limit z — 1.

Writing out explicitly the images of the various projectors and computing the products,

we obtain
max(0,n)—1
k— k— . k—
—0m+n,0040; | reg [ Z 22 ”} + reg [ Z 22 "} + an} Z Z2kn
k>max(0,n) k<—max(0,n) k=—max(0,n)+1

(5.92)
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Regarding the infinite sums as expansions of rational functions, we obtain

max(0,n)—1

+ lim Z 52k—n
z—1
k=—max(0,n)+1

22 max(0,n)—n

»—2 max(0,n)—n
1—22 }

—0m+n,0040; | reg [LZZO

(5.93)
Finally, by explicitly performing the regularisation procedure, one finds
reg[p(Sh,,[—1]10))(1)p(SG,,[=1110))]
- f5m+n,05355(1 — 2max(0, n) + 2max(0,n) — 1) = 0. (5.94)
|

As a remark, note that the expression in eq. (5.93) is zero on the nose, even without
employing the full regularisation procedure outlined in section 5.3. However, as we will see
in the proof of the main theorem below, the remarkable cancellations only happen when we

perform the other steps of the procedure.

5.4.3. Proof of the main theorem. We now have all the necessary tools to prove the
main theorem. Consider the states .Jo ,[—1]]0), Jp.m[—1]]0) € VI°. They can be mapped
into M, using the vertex algebra map 0 in eq. (5.74). Since it is a homomorphism of vertex

algebras, we have
e(Ja,n[fl] |0>)(1)6(Jb,m[*1} |O>) = e((]a,n[fl] ‘0>(1) Jb,m[fl] ‘O>) =0. (595)

Here the right-hand side is zero because it is defined from the vacuum Verma module at

zero level, cfr. eq. (5.74). Acting on both sides with the map p from eq. (5.79) we get

P (0(Ja,n[=1]10)) (1)0(Jo,m[~1]0))) = 0. (5.96)

Recall from the doubling construction summarised in section 5.4.1 that the image of 0 is
obtained by glueing together a positive and a negative copy of the Lie algebra homomorphism

(5.5). For this reason, there are no overlapping terms, i.e.
poobB(z)=0  forall z e V3’ (5.97)
Moreover, for all z € V3 we can identify
py 0 0(x) = ¥(z), p_oB(z) =Todoo(x) (5.98)

These facts can be understood by looking at the first two lines of the example in (5.67).

Keeping this in mind, using the result of Lemma 5.4.3 on eq. (5.96), we find
reg[¥(z)1)d(y)] + reg[r oY o o(x)qyT 0¥ 0 o (y)] = 0. (5.99)

We will now proceed to show that these terms are in fact equal and therefore independently

Zero.
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The first term will produce either a term proportional to the vacuum, when two qua-
dratic semi-infinite sums are contracted together or when (B4,,[—1]|0))(1) = Ba,n[1] is con-
tracted with a single y*"[—1]|0), or terms of the form R(y)|0), with R € C[y*"]|(a,n)eA.
of degree > 0. Similarly, the second term, being the “negative copy” coming from the glue-
ing procedure, will produce either terms proportional to the vacuum or terms of the form
Q(v)10), with Q € C[y*"](q,n)ea_ of degree > 0.

It follows that the two contributions have to be independently zero, exception made for
terms of the form C(z)|0).

By direct calculation one finds that this product is proportional to the Killing form, and
therefore it is non-trivial only in two cases: (a,n) = (Eq,n), (b,m) = (E_4,, —n) for some
oy € A, neZ and (a,n) = (H;,n), (bym) = (H;,—n), where H; € h i = 1,...,rankg, is
an orthogonal basis for the Cartan subalgebra.

In the first case, we can act with the involution o explicitly and use the symmetry

property of the (3 product to get
reg(V(Je..n[=1]10)) (1) (Je_.,—n[~1]10))]
+reg[rodoa(Je, n[~1]10) )T 0P 0a(Ja_, —n[-1]|0))]
= reg[d(JE..a[-1]10)) (1)?(JE_.,—n[~1]10))]
+reg[r o 9(Jp_o,—n[~1]10)) (1) 0 I(JE, n[-1]|0))]
= regl!(Jg,n[~1]10) 1) (JE_o,—n[=1][0))]
+reg[r 0 V(Jp,n[-1110) )7 © I(JE_, . —n[-1]|0))],  (5.100)

where in the last step we have used the symmetry of the first product on the second term
(cfr. eq. (3.34)).
In the second case, we similarly obtain
reg[d(Ju;.n[—1]10)) 1) (Ju;,—n[=1]10))]
+reg[r oo o(Ju;n[-1]10)) )7 0¥ 0 0 (Ju, —n[-1]10))]
= reg[d(Ju;.n[=1]10)) 1) (Ju;,—n[=1]10))]
+ reglr o I(Ju, —n[-1110)) ()7 © I(Ju;.n[-1]0))]
= reg[0(Ju,.n[=1]10)) 1) (Jr;,—n[=1]10))]
+reglr o V(Ju, n[—1]10))(1)T 0 (1, —n[—1]|0))]. (5.101)
where in the last term we have used the symmetry of the () product.
By definition, the effect of the map 7 is to “mirror” the elements in I\A/IZ[S 1], to get a
realisation of the algebra as derivations on O(n_). This means that whenever we have a

non-trivial contraction between a,b € I\A/IZ[S 1], we also have it between 7(a) and 7(b), with

the only difference that z is replaced with 271, i.e.

7(a))7(b) = w(a)b) (5.102)
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where w is the inversion map z — z 7.

By Lemma 5.4.2, we conclude that after regularisation, the two terms are equal and

therefore they must be both independently zero.






Conclusions and outlooks

This thesis examines different aspects within the broad field of quantum integrable field
theories. Some of the results led to the explicit definition of new examples of integrable mod-
els, while others addressed more abstract questions related to the algebraic formulation of
integrable systems. This opens up a series of interesting directions for further investigation,

which we will now summarise.

Theories with Hagedorn-like singularity. In chapter 2, we defined a new family of
minimal integrable quantum field theories by explicitly constructing their S-matrices in the
repulsive regime. In order to achieve this, we imposed all the relevant properties, namely the
Yang-Baxter equation, unitarity and crossing symmetry. In accordance with the quantum-
inverse scattering program, the resulting scattering matrices can be regarded as exact S-
matrices of a factorisable scattering theory. The TBA equations for these models were
derived, and thanks to the remarkable relation between the integral kernels in Fourier space,
they were recast in a universal form. Despite their apparent simplicity, numerical solutions
for spin s > 3/2 revealed the emergence of singular behaviours, indicative of a second-order
phase transition. This result is unexpected, given that the S-matrices constructed using this
method typically describe UV-complete quantum field theories. This is exemplified by the
sine-Gordon and the sausage models, with spin s = 1/2 and s = 1, respectively.

Dynkin structure. An intriguing and suggestive fact is that the graphs encoding the
structure of TBA equations for these singular cases are of non-Dynkin type, in contrast to
those for the sine-Gordon and the sausage models, which are of type D and 13, respectively.
This fact requires further investigation, as it was previously observed that there is a profound
relationship between the TBA equations and Dynkin diagrams [Zam91b, RTV93]. Fur-
thermore, it is known that the TBA equations can be expressed as the so-called Y-system,
whose periodicity properties are directly related with the Dynkin structure of the equations
[KINS11]. These periodicity relations have been understood in the context of cluster alge-
bras [Nak10] and for this reason it would be interesting to explore the non-UV-completeness
of the corresponding theories with this language.

It would be interesting to determine whether it is possible to construct minimal theories
with similar behaviours. One potential approach to achieving this goal is to define analogous
higher-spin theories based on different quantum group symmetries. Another interesting di-

rection is to consider supersymmetric theories. Indeed, the S-matrix for the supersymmetric

115



116 CONCLUSIONS AND OUTLOOKS

sine-Gordon model has been constructed in [Ahn91] and its TBA is known to be described
by a D-type Dynkin diagram, with an additional “fermionic” node attached to the one as-
sociated with the massive particle. In light of the results we obtained, one might conjecture
that the supersymmetric version of the sausage model develops a singular point, as its TBA
graph would be of non-Dynkin type.

Attractive regime. To get a complete description of these theories, one has to study
their attractive regime, v > 1/2s. It is known that in this case the S-matrix develops
poles, which can be interpreted as bound states of solitonic solutions. The first natural
question is whether the bootstrap can be “closed”, in the spirit of the procedure outlined
in section 1.2.6. This is a notoriously challenging task, to the extent that it has not been
completed even for the sausage model. Nevertheless, it would be intriguing to investigate
the possibility of whether the presence of bound states in the theory could have the effect

of “moving the singularity”, and eventually remove it.

Affine Gaudin models. In chapters 3 and 4 we introduced the language of Gaudin
models, with a particular emphasis on those of affine type. As pointed out in the introduction
to this thesis, the reason why they are worthy of study is that they are expected to provide
a general framework to describe a vast class of integrable quantum field theories, in analogy
with their classical counterparts. In particular, in chapter 4 we have constructed the first
example of non-trivial higher Hamiltonian for the affine sl Gaudin model. Furthermore, we
provided the explicit expression up to the next-to-leading order for all higher charges. It is
evident from these calculations that the computational power needed for this construction is
too high. Consequently, a significant challenge remains in characterising the Gaudin/Bethe
subalgebra of commuting charges within this framework.

Higher structures. The most promising prospect would be to undertake a construc-
tion d la Feigin-Frenkel-Reshetikhin, i.e. by identifying the higher Hamiltonians with cer-
tain singular vectors in an appropriate space. To do this, the naive expectation is that one
would need a “higher analogue” of vertex algebras, depending on two parameters. Unfor-
tunately, to the present day these structures are still not known, although some very recent
developments appeared in the context of higher current algebras and factorisation algebras
[CG17, FHK19, AKY24].

The meaning of the regularisation procedure. The general expectation is that the
“higher analogue” of the Feigin-Frenkel homomorphism of vertex algebra will play a central
role in the characterisation of affine Gaudin models. Should this be the case, it would be
interesting to understand what role is played by the construction presented in chapter 5 or,
in other words, to determine the meaning of the regularisation procedure which, as we saw,
one is somehow forced to introduce to make sense of the higher products.

Finally, recall from section 5.3.2 that defining a regularised version of the Feigin-Frenkel
map in the affine setting does not give rise to a homomorphism if one regularises system-

atically every product. However, it would be interesting to show if the map works if one
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computes all the products and regularises only at the very end. This would suggest that the
homomorphism works “up to regularisation”, which leads us to wonder if this construction

has a more natural interpretation in the language of homotopy theory.
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APPENDIX A
Full expression for A 3(z,w) and By 3(z,w)

The explicit expressions for A 3(z,w) and By 3(2,w) in V; ., obtained by direct calcu-

lations are
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APPENDIX B

Realisation of ;[3 as differential operators

Explicit expression for the images of J,, », with n = —1,0, 1, through the Lie algebra
homomorphism (5.5), truncated up to loop order 3,4 or 5 (depending on the length of the

expressions).
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_ 2X1,1X—a1,1x—()¢1,1X(11,1 _ 2X1,1x—a1—ozg,lX—ozl,lXal—‘rozg,l _ 2)(1,2)(—(11,2

+ X2,1X—a1,1X—a1,1xa1,1 + XQ,IX—al—a2,1X—041,1X041+a2,1 + X2,2X—a1,2 4. )Dl 3
4 (X—Oq—az,lX—alealeaz,l + X_Oél_a271X_al_a271X0¢1+042»1Xa211

4 X—Ozl—DLQ,QXOLQ,Q + Qxl,lX—OLQ,lX—al,lxag,l _ 2X1,1X—a1—Oég,lx—ozl,lonl—‘rOég,l
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_ Xl,leoqfag,ZXag,l _ X2,1X7a2,1X7a1,1Xa2,1 4 X2,1X7a17a2,1X7041,1X041+a2,1
+ 2X2A,1X7a17042,2X042,1 + 2X2,1X2,1X7a2,1X7a1,1
2. G G G D G Ga e SIS ) DS S (B.3)

For the sake of completeness, we also report an example of the image of a generator

from n_, truncated at order 4.

Q(J—ahl) = D—ahl + ZXahk—lDLk - ZX(X1+OL2,k—1Da2,k
k>2 k>3

—ag,k—1 1,k—1 2,k—1
+ZX o D*&1*02,k_2ZX D*a17k+ZX D_a, k
k>2 k>2 k>2

+ (Xoa,lXochl +... )Dal,S + (_Xaz,lXahl _ox bl xaitazl + X 21 xaitaszl 4+, )Da2,3
1
_X—ag,lxag,l _ 2X1’1X171 4 2X271X171 _ 5)(2,1)(2,1 N )D—a1,3

X a2l yo,l 4. )D—a2,3 + (Xa1+a2’1Xal’1 +... )Da1+a2,3
XUIxTol L XX D 6 —as s

(
(
(
(X oxlyotonl poxblyonl  y2lxoenl 4 D)4 (X oxlxatenl 4 Dyy
(X ol xotenlyonl L gxblyond xol  y2lxanlxenl 4 D, 4

(

7X7a2,1Xa1+a2,1Xa2,1 o 2X1,1Xa2¢1Xa1,1 . 2X1,1X1,1Xa1+a2,1 o X1,2XD¢1+042,1
4 X2’1Xa2’1Xa1’1 + 2X2’1X1’1Xa1+a2’1 o 1X2’1X2’1Xa1+a2’1 + 2X272xa1+oz2,1 4 )Da 4
5 Ce 2,
+ (_QX—(n,Qqu,l _ X—a1—a2,2Xa1+a2,1 _ Xl,lX—ozz,lXoQ,l _ éXl’le’le’l
3

o 2,1 y—a2,l yas,l 2,1yv1,1y1,1 2,1 y2,1vy1,1 1 2,1 v2,1y2,1
XBIX oLy onl 4o X 2 - XXBIN 4 S XXX 4 )D

+ (X7a2,2X041,1 + Xl,leag,lXal,l + X2,1X7a2,1Xa1,1 NI )D—Oé274
+ (Xaz,lXﬂéthOéhl + Xa1+a2’1XOl1’2 _ X*az,lXa1+a2>1Xa1+a2,1 + 2X1’1X011+042,1X06171

— X211 xotaslyai,l 4. )Da1+a2,4
+ (_X—al—ag,QXal,l + %Xl,le,lX—ozg,l + X2,1X1,1X—a2,1 + %XZ,lXQ,lX—ag,l 4. )D7a17a2’4
+ (—Xl’lX_QQ’lXa1+a2’l + 2X1’1X171Xa171 _ X2,1x—(12,1x(11+()¢2,1

_ 2X2,1X1,lxa1,1 4 %X2’1X271Xa171 I )D1,4
4 (7X7a2’1Xa2’1Xa1’1 o X*DQ,QXOL1+O¢2,1 - X1,1X7a2,1X0q+a2,1

— XBlx el xotexl 4 Dy g+ (B.4)
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