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Introduction and conclusion

N = 1 supergravity in ten dimensions plays an important role in string theory, since (for

a particular choice of the gauge group) it describes the two-derivative part of the massless

sector of heterotic and type I superstring theories. Despite the fact that the explicit form

of this theory has been known for many decades now [1-3] (see also [4, 5] for a slightly

simpler treatment), and significant geometric structure has been found to underlie the

theory at lowest nontrivial order in fermions [6-9], there has been little progress in a similar



understanding the structure of the higher fermion terms, which are crucial for the theory
to be truly supersymmetric.’

In this paper we present a direct derivation of N = 1 supergravity coupled to Yang-Mills
multiplets, precisely by formulating the question in terms of the geometric approach of
generalised geometry. This results in the following surprisingly simple form of the action:

S = / RO? + Yo DY + pIDp + 2pDath®™ — =072 (hayeacth™) (p7°%p)
— 5510 2 (VaYedeh®) (a7 90, (1.1)

which is invariant under the supersymmetry transformations
5gab = 5gaﬂ = 07 5@(15 - 5gﬁa = %0_725,%1#5
oo = %a_l(f)e)
3p = De + 1550 2 (Yaveaeth™ )" e
0o = D€ + %0_2(1%@)6 + %0_2(7,/_}(1%6)7%

(1.2)

The relevant notation and details are discussed in section 2. Decomposing the expressions
in terms of the standard fields via

G,0 ~ metric g, Kalb-Ramond field B, gauge field A, dilaton ¢

p ~» dilatino p ¥  ~»  gravitino VP, gaugino x

we arrive at the action

S= / (R+4\w|2 Hyup HMP 4+ 3 Tr Fly FP =PV, + 0V o+ 5 TrXVax — 204V ,p

+ 3Oy — 1o o — § TeXH X+ 5 Hywp 0"y WP + 0" Hyy 7
+ % TI‘)_(FP—I-TI" Fuull)”VVXJr ﬁ (lbu%/pall)#)(ﬁryupg p) - % (ﬁ,y,uupp) Tr()_(’Y/u/pX)
- ﬁlg (W ypor b)) (W7 ThY) + ﬁ (Wurwped?) Tr(xy"77x)

7(138 TI‘(XPY/M/pX) TI‘(X’YMV'OX)> ) (13)
with @ := /|gle"2¥ and the supersymmetry transformations

5g;w = E’Y(;ﬂbu)
(SBuy = é'Y[,ulby] — TrA[,ué’y,/}X
0A, = _%E'YuX
690 = %66 - %11_)“’)’#
bp=-Ye+ (V ,u%p) e+ 1H€ + 56 (wu%/paﬂ)'u) "P7e + %(5 €)p T;Q Tr()Z'YuVPX)’Y#Vpe
by = Vye = gHupy"e = 1(pp)e = §(burv€)rp + f(pe)by
ox = s¥e— 1(xp)e — 1(XmeN"p + 1(PE)X; (1.4)

!Notably, some progress has been achieved in [10-12] in the context of double field theory, using superspace
and other techniques.



which — although significantly longer than the preceding expressions — still provide a
simplification compared to the standard treatment. In the above we followed the usual
conventions (C.1), (C.2), together with ¢ := ]%!Cm_._#pfyﬂl“'”f' for a p-form C.2

The simplicity of the action (1.1) and of the transformations (1.2) allows one to check the
local supersymmetry of the action by hand — we exhibit the entire calculation (as well as the
equations of motion) in section 3. Due to the uniqueness of the supersymmetric extensions
we know that the action (1.3) and supersymmetry (1.4) have to coincide with the originally
found form [1-3], up to simple field redefinitions (and Fierz identities).

We note that the formulation (1.1), (1.2) is fully geometric and only requires very mild
topological assumptions (namely that the bundle C given by the generalised metric admits a
spin structure). It also obviates the use of supercovariant derivatives, commonly employed in
the usual approach. Finally, the generalised-geometric formulation makes manifest the compat-
ibility of the supergravity equations with Poisson-Lie T-duality [13] (see section 4 for details).

The more detailed structure of the paper is as follows. In section 2 we provide an
introduction to generalised geometry, with the more technical details and derivations moved
to appendices B and C. In section 3 we recall the details of the proposed theory, display its
equations of motion, discuss generalisations of the setup, and finally provide a full derivation
of the local supersymmetry of the action to all orders. The last section 4 discusses Poisson-Lie
T-duality and its compatibility with the supergravity equations of motion and with the local
supersymmetry transformations. The spinor conventions and the full list of the required
Fierz identities can be found in appendix A.

2 Generalised geometry

In this section we provide an introduction to the necessary aspects of generalised geometry:
the theory of Courant algebroids. We start by briefly mentioning the more formal approach
and then provide the specific details for the case at hand.

2.1 Courant algebroids

The central notion of generalised geometry is that of a Courant algebroid [14, 15]. This is a
mathematical structure which (roughly speaking) captures the symmetries of the massless
sector of string theory. More concretely, a Courant algebroid consists of the following data:

e a (smooth) vector bundle £ — M
o an R-bilinear bracket on the space of sections I'(F) of E
o a non-degenerate symmetric bilinear pairing ( -, - ) on the fibers of E

e a vector bundle map a: EF — T M called the anchor

2Note that our definition of the dilatino follows [7] (up to a sign). Setting A = v, " + p we obtain the more
standard definition, which leads to the simple transformation dp = if\e but is less natural from the viewpoint
of generalised geometry. Note also that in the variation of 1\ the cubic fermionic terms all contain 1, p, € but
in different combinations. In principle one could use Fierz identities to obtain a more homogeneous-looking
expression; however, the price to pay for this would be the appearance of more complicated numerical
coefficients. Same applies to dx.



which satisfies the following axioms (for all u,v,w € I'(E), f € C®(M)):
o Jacobi identity® [u, [v, w]] = [[u, v],w] + [v, [u, w]]
o the derivation property for multiplication by functions [u, fv] = fu,v] + (a(u)f)v
e the invariance of inner product a(u)(v,w) = ([u,v],w) + (v, [u, w])
o the symmetric part of the bracket is governed by the pairing [u, v] + [v, u] = D{u, v),

where we have defined D: C*°(M) — I'(E) by (u,Df) := a(u)f. Throughout the remainder
of this paper we will also use the identification £ = E* provided by ( -, - ).
From these axioms one can prove other useful formulae, such as

a([u, v]) = la(u), a(v)]
or a o a* = 0, which can be equivalently stated as the fact that
0 T*M ESTM -0

is a chain complex. When the latter is in fact an exact sequence, the algebroid is called
exact. More generally, if a is surjective it is called transitive.

From the axioms it also follows that for any u € T'(F) one can define the generalised Lie
derivative L., which can act on any section of E®™ or the tensor product of any such section
with any (half-)density on M. For instance, for v € I'(E) and 7 a (half-)density on M, we have

Lyv = [u,v], LuT = Low)T,

where L is the ordinary Lie derivative. This is then extended using the Leibniz rule.
Transitive Courant algebroids can be classified locally [15]. The result is that locally any
transitive Courant algebroid over M looks like the “trivial” model

TM & T*M & (g x M), (2.1)

where the trivial vector bundle in the last summand is constructed using a Lie algebra g
with an invariant nondegenerate symmetric bilinear form (or quadratic Lie algebra for short),
which we will denote simply by Tr. Thus the sections of E consists of a formal sum of a
vector field, 1-form field, and a g-valued function. The remaining structures are given by

alr + a+s) =, (x+a+s,y+p+t):=aly)+ B(z)+ Trst

. (2.2)
[+a+s,y+ B+t :=Lyy+ (Lo —iyda + Trtds) + (Lat — Lys + [s, t]g).

This bracket encodes the gauge structure of the relevant supergravity [9]. Note that in order
for the kinetic term for the gauge fields to have the correct sign, one requires the bilinear
form Tr to be negative-definite. Globally, one can use Courant algebroid automorphisms to
glue this local description over different patches in M to a global one.

3In the literature this is also commonly called the Leibniz identity, with the name Jacobi identity used
for the vanishing of the sum of cyclic permutations of [[u,v], w], which is how the corresponding axiom for
Lie algebras is typically written. However, it can be argued that already in the Lie algebra context, the
more natural way of writing the axiom is ad.[v, w] = [adwv, w] + [v, ad,w], which is the reason for our choice
of nomenclature.



To see a global example, suppose we start with a principal G-bundle over M, with a
connection V4 with curvature F and a 3-form H € Q3(M), satisfying

dH = 1 Tr(F A F).

Then we obtain a transitive Courant algebroid £ = TM & T*M & adg, where the last
summand corresponds to the associated adjoint vector bundle. The anchor and inner product
take the same form as for the above local model, while one can write the bracket concisely as [9]

[x+a+s,y+ B+t =Lyy+ (Lf —iyda+ Tr[(Vas)t — (i, F)t + (iyF)s] +iyiz H)
+ (12Vat — iy Vas + [s,t]g + iyi F).
Due to our focus on 10-dimensional N = 1 supergravity we will (through most of the text)

restrict our attention to transitive Courant algebroids with dim M = 10; though it will be
clear from the calculations that many of the results apply directly to the more general setups.

2.2 Bosonic fields

Let us now turn to the supergravity fields, starting with the generalised metric. This is defined
simply as a map of vector bundles ¢: E — E which is both symmetric and satisfies G? = id.
Such a map induces an orthogonal decomposition £ = Cy @ C_ into £1 eigenbundles; in
turn, G can be completely reconstructed from C. In the present case, we shall focus on
the cases where

e the anchor a restricted to Cy is an isomorphism
o the induced inner product (-, - )|c, has signature (9, 1)
e (. admits a spin structure.

The last (very mild) condition is there simply to ensure the existence of the appropriate
spinor bundles for the description of the fermionic fields. The first two conditions ensure that
we recover the usual physical fields. More concretely, assuming dim M = 10 and following [9],
any C4 in (2.1) which satisfies these conditions has the form

Cy = {w+ (ing +iaB — $ Tr AipA) +i,A |z € TM} (2.3)

for some Lorentzian metric g, Kalb-Ramond field B € Q%(M), and gauge field A € Q(M, g).
(We will soon see how the dilaton enters.) We also record here that it follows that

c_.=Cc_aC”
CLi={z+ (~iag + B -~ }TrAipA) +i,A |z € TM) (2.4)
C" :={0-TrtA+t|tcgx M},

with all the subbundles Cy, C’ , C” orthogonal to each other. To understand the role of the
%Tr(A iz A) term, note that in the parametrisation (2.3) the anchor map gives an isometry
(up to a numerical factor £2) between (C4,( -, - )|c.) and (T'M,g), i.e.

(ug,us) = £2g(a(uy), a(uy)), Vuy € Cyy um € CL. (2.5)



To encode the dilaton, let now H be the line bundle of half-densities on M. To have
a concrete picture in mind note that any choice of coordinate system z# on M gives rise

to a local section \/ |dz! A - Adxdm M| of H; changing the coordinates corresponds to
multiplying this section with |J acobian|_1/ 2. The product of two half-densities gives a density
and can thus be naturally integrated over M (even when M is not orientable).

The bosonic field content of our theory will be encoded via a generalised metric ¢ and
an everywhere non-vanishing half-density o € I'(H). To recover the standard description
of the dilaton in terms of a scalar function ¢ one writes

0% =& =/|gle™**, (2.6)

where /[g] is the metric density. Note that our description here is equivalent to realising the
bosonic fields as a G-structure, with G the stabiliser of the generalised metric inside O(p, q),
for the generalised frame bundle with enhanced structure group O(p, q) x RT as in [7].

At several points in the present text it will be convenient to work with an explicit frame
compatible with ¢. For this purpose we will always use a local frame

6A == {€a7 ea}

which is adjusted to the decomposition £ = C; & C_,* and which satisfies (ea,eB) =MAdAB
for some ny4 € {£1}. We will call such a frame orthonormal. One of the big advantages of such
a frame is the fact that the structure coefficients c4pc of the Courant algebroid, defined by

CABC ‘= <[6Aa 63], 6C>7
are completely antisymmetric.

2.3 Fermionic fields

Under the above assumptions on E and Cy (in particular concerning the signature of the
latter), let us denote the vector bundles of positive and negative chirality Majorana-Weyl
spinors associated to C'y by Si. The fermionic fields of our model are then

peT(IS, ® H), ¢ el(lS.®C_®H),

where II stands for the parity shift (i.e. it states that the fields are taken to be anticommuting).
Note that ¢ has a C_-valued vector index and a spinor index w.r.t. the spinor bundle for
C. This distinction, which follows [7], is absolutely crucial and heavily restricts the possible
terms in the action and variations which one can write down. Also note that we have defined
p and v to be half-densities, following the insights from [16] (see also [4]). This results in
further simplifications to the form of the action and variations below.

Let us again look concretely at what this reproduces in the case (2.1), (2.2) with the
generalised metric given by (2.3). Under the identifications

Cy =TM, C.=C_eC'=2TM® (gx M)

“T.e. e, is a frame of C;+ and e, is a frame of C_.



we decompose p and 1) as
p=V200, %= V20+ gox,
where we included some factors of v/2 for convenience. The fields in the decomposition are
o the dilatino p, i.e. a positive chirality Majorana spinor w.r.t. the Lorentzian metric g
o the gravitino 1, i.e. a negative chirality Majorana vector-spinor
o the gaugino ¥, i.e. a Lie algebra-valued negative chirality Majorana spinor.

2.4 Generalised connections

In this subsection we follow [7]. For any Courant algebroid we can define generalised
connections as natural generalisations of affine connections on T'M. A generalised connection
is thus an R-bilinear map

D:T(E)xT(E) = T(F), (u,v)— Dy,

such that Dy, = fDy, Dy(fv) = fDyv + (a(u)f)v, and D( -, -) = 0. In the last formula we
have again extended D, (via the product rule) to act on any tensors in E. Any generalised
connection D acts naturally also on densities and half-densities via

Dy = Lyp — MDAuA, Dyo:=L,0— %UDAUA,

with u and o a density and a half-density, respectively. For any orthonormal frame we also
define the connection coefficients I" spc by

(De,v)” = aea)v” +TaP 0.
Due to the last condition in the definition of a generalised connection these satisfy
IF'apc = —TacB-

We will say that a generalised connection D is Levi-Civita for G and compatible with
o, denoted simply by D € LC(@,0), if the following holds:

e DG =0, or equivalently I' 400, = I'4aa =0,
e Do =0, or equivalently T4 45 = divep,
» D is torsion-free, i.e. I'ypc) = —%CABc,

where
divu := 07 2L,0% ueT(E)

is the divergence w.r.t. 0. Note that in particular this implies

Dyu =divu,  YueT(E).



Crucially, LC(@, o) is nonempty, though typically quite large [17]. In other words, the
choice of bosonic fields does not determine uniquely or naturally some specific Levi-Civita
connection. However, there are several “bits” of D which are uniquely fixed by ¢ and
o [6, 7,9, 17] — and these are precisely the ones that are required for our supergravity
description. For instance, it follows from the above constraints that

Faﬁ'y = —Capry, I‘cubc = —Cabc
which is equivalent to the statement
DU+U* = [UJF’U*]*? DU—U+ = [U,,’U+]+,

where subscripts + denote the orthogonal projections £ — CL. Another such operator
is the Dirac operator

lD = 'YaDay

acting on spinor half-densities (w.r.t. Cy), e.g. the p field. To see this, note that a choice of an
orthonormal frame produces a local trivialisation of our vector bundles, so that in particular

(S, @H)=T(H)® S,
where SS)r is the vector space of positive Majorana spinors. In this identification we have

]2,0 = 'YGLeap + %Fabc'yabcp = ’YaLeap - %Cabcfyabcpv (27)

where £ is now understood as only acting on the half-density part of the expression. Other
uniquely-defined operators are

wwa _ ,YaLeawa_i_ irabcﬁyabcwa_’_raaﬁvawﬁ — ,yaLeawa . %Cabc’)’abcwa _caaﬁ,yawﬂ’ (28)
Dap:Leap‘i'%rabcfybcp_%rv'yap :Leap_%Cabc’}’bcp—%(divea)pa (2'9)
Doﬂ/)a =Le, ¢o¢ + ir‘abc’)/bclba + %Fﬂy’wﬂ/}a =Le, T/JQ - %Cabcrybclba + % (diV ea)¢a-
We see that in all these the dependence on the representative in LC'(@, o) vanishes, and in
addition p and Py are also independent of . In particular the kinetic terms v P9, pIPp,
and pD,Y® appearing below depend only on (¢, G), (p,G), and (p, ¥, G, o), respectively.

As a final useful fact, note that for any generalised connection we have (assuming a
compact support) that for any v € T'(E) and p a density

| Datwhn) = [ (DYusu+ D= [ Lun =0,
M M M
allowing us to use integration by parts.

2.5 Curvature operators

Curvature tensors in generalised geometry have been introduced in numerous works [6-9, 17—
21]. Here we provide a brief review of the concepts and identities relevant for the task at hand.



For any D € LC(Q,0) we can construct the generalised Riemann tensor Rapcp as
R(w, z,x,y) := %wDyB(:L‘A[DA, Dplzp 4 24 [Da, Dplep — (Dazp)(DA2p)). (2.10)
One can check that this is indeed a tensor, and has the following symmetries:

Rapep = Rapjep = Rapjep) = Repas, Rapop) = 0. (2.11)

Unfortunately, the generalised Riemann tensor depends on the choice of the representative
D in LC(@, o). However, one can construct a generalised Ricci tensor R ap and generalised
scalar curvature R which do not, by

Ray = R = 4R 4y Rae = Ry = 0, R :=2R™ .
For instance, in an orthonormal frame we have [6, 21, 22]
R = —=2(dive?)(dive,) — 4a(e®) dive, + %cabcc“bc + Capy ™. (2.12)

The unimportant prefactors 2 and 4 in the definition of R 45 and R are related to the
conventions which we have adopted in the present work.? To justify the particular choice
of contractions, note that we have the identities (B.2), (B.3), (B.7):

maﬂcé =0, (Rbabv = g{ﬁ aBy> mab ab + maﬁ af — ‘11,

where ¥ € C*°(M) is independent of D, ¢, o (it is intrinsic to the Courant algebroid

structure).’

Finally, we note the generalisations of the usual formulas linking the Dirac operator with
the curvatures. These are the Lichnerowicz formula

(> + DYDy)e = —LRe (2.13)
and the formula
[lD,DB]E = %maﬁ Ve, (2.14)

with e € T'(ILS_ ® H), generalising the ones in [7]. These are proven in appendices B.2
and B.3, respectively.

5Changing the definitions in order to get rid of these factors would introduce unwanted prefactors elsewhere
(the whack-a-mole principle).

5This in particular shows that the present definition of the Ricci tensor coincides with the one in [22] (in
the case of half-densities), while the scalar curvature differs from the one in [22] by a function independent
of ¢ and o. Note that the formulas in [22] possess a certain symmetry in regard to Cy and C_; the fact
that in the present text we require the less symmetric definition is related to the asymmetric nature of the
N = 1 supergravity.



3 The theory and its local supersymmetry

3.1 The field content, action, and supersymmetry transformations

Let us now summarise all the ingredients of the theory.

While the physical spacetime remains a ten-dimensional manifold M, we consider an
enhanced physical background given by a transitive Courant algebroid F with base M. Over
this background, we then have the field content of the theory as follows:

e a generalised metric

G € End(E),

satisfying G7 = ¢ and ¢? = 1, corresponding to an orthogonal splitting F = Cy @ C_
s.t.

— C4 has signature (9,1) and admits spinors

— the anchor map a gives an isomorphisms between C; and T'M
e an everywhere non-vanishing half-density o
« a generalised dilatino p € T'(ILS} ® H)
o a generalised gravitino ¢ € T'(ILS_ ® C_ ® H).
Finally, the supersymmetry parameter is
ec I(IIS_ ® H).

As before, H and S denote the half-density line bundle (w.r.t. M) and the Majorana-Weyl
spinor bundles for C, respectively. We claim that in terms of these variables the action
of N' = 1 supergravity coupled to Yang-Mills multiplets is

S = /M Ro? + VoDV + pIp + 2pDath™ — =50 (PaYedeh™) (577" p)
— 5570 (YaYedeth™) (V74"
and the supersymmetry variations are
5gab = 5gaﬂ = 07 5@&5 = 5gﬂa = %0725%1&5
oo = %0'_1([)6)
0p = De + 130 (daVeaeth™ )y e
S = Da€ + 50 *(Yap)e + g0 ($aye€)1p

Recall that we use the indices a,b,c,..., a,3,7,... (and A, B,C,...) for Cy, C_ (and E)
respectively. As discussed in the Introduction, the above claim follows from the facts that

o the action is invariant under said supersymmetry transformations (this is shown in the
remainder of this section)

o the action and supersymmetry transformations reduce to (1.3) and (1.4), respectively
(this is shown in appendix C)

,10,



e up to quadratic order in fermions the expressions (1.3) and (1.4) coincide with the
standard ones [1-3] (and thus also the generalised-geometric expressions from [7, 9])

and from the uniqueness of the supergravity action. Note that the two quartic terms
appearing in the action are in fact the only ones (up to Fierz identities) compatible with
the generalised-geometric index structure.

Finally, for later reference we also include the equations of motion, obtained using
formulas from appendix B.5:

0= maa +0'72 (;1/_}6711Daw5 + &a’YaDﬁwﬁ - &B’YaDﬁwoc + %p_’YaDa/) - %TZ_JOJD@/)
+ iﬁ’Yabwaa - i&a'YabDbp)a
0=R+0 2(20*Dyp + 2pDoth®) (3.1)
4 s o) (07 ) + gy (Fareacts ™) @)

0= DPp+ Dot® — 20 (VaYeae™ )7 p,
0=Dy* =D — o> [%(ﬁ%dep)'y"dewa + 155 (V5 Yeded” )’V“led)a} .

3.1.1 A generalisation

Let us now consider the more general context in which we take an arbitrary Courant
algebroid E — M (without imposing transitivity or the condition dim M = 10) together
with an arbitrary generalised metric ¢ € End(FE) satisfying G7 = ¢ and ¢? = id, such that
rank C_ # 1, the subbundle C; admits spinors and has signature either (9, 1), (5,5), or (1,9).
The latter requirement is needed for the existence of Majorana-Weyl spinors and for the Fierz
identities to hold. The condition on the rank of C_ is required for the space LC(C, o) to
be non-empty (cf. [22], see also appendix B.4). Other fields, as well as the supersymmetry
parameter, remain sections of the same vector bundles as in the preceding subsection.

The main point here is that the action (1.1) is still invariant under the supersymmetry
transformations (1.2) and leads to the equations of motion (3.1). Of course, it can no longer
be reduced down to yield the usual supergravity (1.3), (1.4). Nevertheless, this generalisation
is quite useful for several reasons. First, it is needed for showing the compatibility of
supergravity with the Poisson-Lie T-duality (see section 4). Second, by taking various special
cases one recovers theories which can either serve as useful toy models or lead to theories
which are interesting in their own right.

For instance, in the special case ¢ = id (corresponding to E = C) one recovers the
dilatonic supergravity theory of [16]. This is a topological theory, whose field content only
consists of the dilaton and dilatino.

Another interesting limit is obtained by taking the manifold M to be a point. In this case
the field space becomes finite-dimensional and all the expressions become purely algebraic.
Nevertheless, the theory is still symmetric under (1.2), and so it provides a convenient toy
model for understanding the structure of the fully physical setup.

— 11 —



3.2 Invariance under local supersymmetry

The supersymmetry variation of the action is

65= [ [-Aoe daruer iR e

+ [2¢“¢Dae+ia‘2<wap><ew> — 0 (Para€) (07" D)
~§072(0,706) (30" D+ 57 D e~ Gy D7) |

+ |21 e+ 5502 (53 ¥a) (6 Pp) — 30 2 (0°70€) (97" Dap) |

+(2pDa D% — 302 ($ap) (€D p)+ 50 > (Vavae) (57" D p) =20 Do Pe
+ 0207305 (01 Do)+ 02 (Yava€) (507 D p+ L5y ™ Dyt — 192 Dy )
Lo™2(50) (5" Dap+ pDats”)|

+[ g0 PO sy (7 Vp)
310 0 (Dact 40 (Gap)et 40 (Farac)rs) (77)
— 5810 () (Det 1;202(@7;3)1/,7)7/(3)6)}

+ [ o (o)) 57

IO (DVG+§U_2(¢70)6+éU_Q(wwae)v“P)]

3.2.1 Quadratic order

As the first step in showing §.5 = 0 we consider the terms quadratic in fermionic variables
(p, ¥, and €). First, the terms containing p and € combine to

(0.5)pe = / LR (pe) + 2pIp*e + 25Dy D% = 0
M
due to the Lichnerowicz formula (2.13). Similarly,
()0 = | 5 R Guae + 20" PDac = 20°Dalbe = | 26%(=} Raar” + I, Dal)e,

which again vanishes due to (2.14).
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3.2.2 Quartic order

Using integration by parts and (A.4) we calculate

(6S)¢¢1/)5
= /M o [ i(lDaVaDﬂbaW%Ya - %(JJQ’YCLD’yw'Y)QZ)a’Ya + %@WVGDWJQ)?Z)OC%
giw 3)%a) D77 + (593 Dy00a) 577 + 55 (5°v(3)a) D7y | €
- / (35 + a5 — 25) (@™ 10Ya) (D101 + (~4s + 55 ) (Dyfarav") (@77 Pe)]

Similarly,

(08)yppe = /M o2 {—i(m"“Dap)w“% — 2(ap)D*p + 2(pY*Dp)paa — 3 (W Dap)p
— Y(pDu™)p + 551(p7P) p) Doty (3) + 1,%2<57<3>Dap)zﬁaw3>] €

(A.3)

) /M 072 [~3(ap)D"p = F(8°Dap) + vy (77 Dup) i 7| € 0.

Finally, to show the vanishing of

(8S) puppe = / [1 Dap) D™ — Loy DY)V ava + o5 (V3 ta) Dpy®
+ (—39°D% + 1py" Dyt = 69" Dyp) bava

+ 153 (Vv3) Datba) 7P + 3,é4(¢a7(3)¢a)17a/)7(3)7“] €

we first show the vanishing of the above terms containing Dp:

M

X [ 35 (0°v8)%0) By = 4 (5 D" p)ara = (477 Dop)barva+ 557 (0773 a) Dap " | €
A.3),(A.6 a_be —_abc —~_ cC
-2 )/M (g %Cd%){ Dapy***t =3 g5 D570~} (— g3 Dy - D' o7™)

+ 381 Dambc‘i’y“]

= /MUJ(@"‘%M%)D”/? (— 577" — 7" a+ T va" !+ 135057 = 0.

,13,



Plugging this back and using gamma contractions we get
(88)yype = /M o ? [i(%p)l%a — 1 (Y PV )barva + 107 Dyt )barva
o 7(3)Dawa)ﬁv(3)v“}e

~3(Pap) Dt + (=4 + 1) (97" Dot bava — £ (PDaV®) by

Il
_—
q
[\')
—~ '_| —
»N»—‘

1/;&7(3)Da1/}a) 7(3)’7a:| €

(A'7) — e — a
= /MO 2 (— 182 + 183) (073 Datba) (57 P%€) = 0.

Since there are no (65),,pc terms this concludes the invariance of the action up to terms

quartic in fermions.

3.2.3 Sextic order

Finally, we have to show the vanishing of the two sextic terms, (0.5)yyypppe and (0.5)yyppppe-
For the latter one we set

= = () %a) (57 p) (pe)

and then using

C Re' a C QL a ac o (A.9), (A 10)
(77" 0) (0 bearp) = — (97" ) (VY *Ybeap) + 6(27" ) (¥ Veap)

we calculate

(0.8 )yppppe = /M o (77 p) (hap) (P v(3)€) — E
(A3) /M o4 [%(57(3)@(lga%?))lpa)(ﬁy(?»)fy(?))e) — E]
(A.10) a =
= [ o [0 o) Dy ) 7P A ) —

abc

o [%(m P)(PaYae s ™) (pY° bc)_%E}

%07 P) (Pavacs v ) (wner! + 45577 + 205 )e) — 82

Il
E\

S

=

1z

Ne)
:\ N

o [ (7" ) (D var ) (P’ ) — 5]

(7™ ) WaYar s ™) (p(vey! — 61)e) — =]

o

S

16
IN[JL)
E\

o252 -1-1)=0.
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Using the symmetry in the exchange of abc with def in (¥*Yapetba ) (¥ Yde 1) we then
have for the remaining term

(65) e
= = /M ot [—916(1/_10‘7(3)%)(@7{3)%)(57(3)7'(3)6) + 2 (W3 %a) (@YD) (Pe)

— (™3 %) (yp) YD) — (D*y3)1ha) (7737 p) (Pyvae)

= /M ot {—418(1#“7(3)%)(@!)77{3 ) (P7 D7 D) + T3 %a) (D7D, ) (pe)
— () (57997%9) (0 70)|

s [ oA ) | =3 0 ) (0 v }e) + A )

— 21y ) (pe) — 15 (DT Yaeth) (7€)

155 (Y Yae pgthy) (P71 )]
~ /Ma*‘*(zz?a%bcwa) o (7T ) (1853 — 120357)e — H5 1) (59
= (ORI (977°0) = (Mg — 305 ) (5217
= a5 | 07 @ ) [(W“@f«pw(mb%fe) (=% + ) + @) (5o (L - 1)
~ T g ) (77 )|

) gt [ o G bt (e (1 ) = 0.

This concludes the proof of the supersymmetry invariance of the action to all orders in fermions.

4 Compatibility with the Poisson-Lie T-duality

4.1 Courant algebroid pullbacks

Poisson-Lie T-duality [13] in the context of supergravity can be elegantly stated using the
language of Courant algebroids, in the following way [19, 21] (for a double-field theoretic
approach see [23, 24]). Suppose we have a pullback of vector bundles along a surjective
submersion 7:

E —— FE

J l (4.1)

M —— M
and suppose that both of these are equipped with a Courant algebroid structure such that
for all u,v € T'(E)

7 [u,v] = [ u, ], ™ (u,v) = (7*u, 7*v), mea(mu) = a(u).
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We then call E' a Courant algebroid pullback of E. Note that for a given Courant algebroid
E and a map M’ — M the Courant algebroid pullback does not need to exist nor be unique.
The possible Courant algebroid pullbacks were characterised in [25].

As the main example, suppose that g is a quadratic Lie algebra (i.e. a Lie algebra with
an invariant pairing) and h C g is a coisotropic subalgebra (i.e. Lie subalgebra satisfying
bt C h). Let H C G be a corresponding pair of Lie groups.” Note that g is in fact a Courant
algebroid over a point base M = pt. Importantly, it can be shown [25] that there exists
a unique Courant algebroid pullback

gxG/H—— g

| |

G/H —— pt
along the trivial map G/H — pt, such that the anchor map
a:gx G/H - T(G/H)

coincides with the infinitesimal action of G on the homogeneous space G/H. It follows easily
from the transitivity of this action that the Courant algebroid g x G/H is also transitive.

More generally, one can start with the same data, together with a principal G-bundle
P — M with vanishing first Pontryagin class, and then obtain particular (transitive) Courant
algebroid pullbacks along the map P/H — P/G = M. For more details see Example
5.10 in [21].

4.2 Poisson-Lie T-duality

Suppose now we have a Courant algebroid pullback. Following [21] we also suppose that
there exists a fibrewise half-density 7 on M’ (i.e. a family of half-densities defined on the
fibres of the map m: M’ — M), which satisfies

LT =0,  Yuel(E). (4.2)

Note that this action of the Lie derivative is meaningful, since a(7*u) preserves the distribution
kerm, on M’.

For instance in the simple model example above there is only one fibre, namely the
entire space M’ = G/H. Hence the condition (4.2) reduces to the existence of a G-invariant
half-density on G/H. Such a half-density exists if and only if b is unimodular.

Starting from a half-density o on M, we can now create a new half-density ¢’ := 77%0
on M'. The condition (4.2) then ensures that Levi-Civita connections also transport nicely,
namely for any ¢ and ¢ on E we have

LC(GQ,0) = LC(m*Q,mm%0), D 7*D, (4.3)
where 7D is the (unique) generalised connection on E’ satisfying

(7" D) gy (7 0) = 7 (Dyv), Vu,v € I'(E).

"We will also suppose that G and H are connected and H is a closed subgroup.
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Finally, we assume that F satisfies the requirements of the setup of subsection 3.1.1,
namely it admits a generalised metric whose C'y is spin and of the required signature, and
has rank C_ # 1. Any pullback Courant algebroid will then automatically satisfy these
conditions as well. We can then formulate the core statement of Poisson-Lie T-duality in
the context of supergravity as follows:

If the fields (G, o, p, %) satisfy the equations of motion (3.1) on E then so do the fields
(7*Q, 7o, T p, TT YD)

on E'. Similarly, if the former field configuration preserves some supersymmetry e, the latter
one is supersymmetric for Tm*e.

This is an immediate consequence of (4.3). For instance, for any spinor half-density A on
M and a section u € T'(E) we have®

(T D) e, (T70*N) = 70 (Dy ).

Similarly we get that the Riemann tensor is natural w.r.t. Courant algebroid pullbacks, i.e. the
Riemann tensor of the pulled-back connection is the pull-back of the original Riemann tensor.
Using these facts we can then write the r.h.s. of the equations (3.1) or of the supersymmetry
variations (1.2) for the pulled-back data as the pull-backs of the r.h.s. of the original data;
since the latter vanishes, so does the former. Note that (in the case of equations of motion)
this result is a generalisation of the result [21] to the full theory, including the possibility of
backgrounds with nontrivial fermions. For a corresponding analysis within the superspace
approach see [26], which uses the language of double field theory.

The duality itself then arises whenever we have two different Courant algebroid pullbacks
of the form

E E E}

L

M s M 2 M

Any field configuration on E then gives rise to two configurations on E{ and E), which are
called Poisson-Lie T-dual. The above analysis then implies that the configuration on E
satisfies the equations of motion if and only if the configuration on E) does. If F} and Ej
are both transitive, the equations of motion coincide with the usual supergravity ones.

The simplest example (cf. [21]) of such a duality setup arises whenever we can find two
unimodular coisotropic subalgebras hi, hs C g of the same quadratic Lie algebra — this results
in dual supergravity configurations on the spacetimes G/H; and G/Hs. In the particular
case when h; Nh2 = 0 (which requires dim h; = dim by = %dim g) we have local isomorphisms
G/H, = Hy and G/Hy = Hy, with the groups H; and Hs forming a dual Poisson-Lie pair [27].
This in the origin of the term Poisson-Lie T-duality.

8To see this, note that any spinor half-density can be written as A\ = oy, with x a spinor — we then get

(7" D)r=u(777A) = (7" D)rru[(7770) (7" x)] = (777 0) (7" D)eu(77X) = (777 0) 7" (Dux) = 77" (Du(0x))-
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A Spinors in 10 dimensions

A.1 Conventions
We will work in ten dimensions with metric g of signature (—,+,...,+). We set

0. 9= —9 =1,

Clifford relations are

{Ya, W} = 29ap-

The Majorana conjugate is defined by
b= 9TC,
with the charge conjugation matrix C' satisfying

CyeCt = —AT, ct =—c.

a

In particular, if a;...ax consists of k terms then

k+1 T

C’Val...akc_l = (_1)[ 2 ]’Yal.“bkv

implying the important flip formula

k1] _

VVar.ap X = (-l ]xval...akw,

0

for 1, x fermionic. We set 7, := 7°...4°, so that

k
Yai...ap V¥ = (_1)[2]ﬁ\/jgea1..-akb1...blo,k"Yblmblofk.
We define the positive/negative chiral Majorana spinors by 7.1 = ¢ and —1, respectively.

A.2 Gamma matrix algebra and Fierz identities

All the spinors appearing in this subsection will be fermionic and Majorana. First, denoting
the chirality by ch, we have

L (M Yar.anbr..b, A2) (A377 P 0g) = (ch Ag)(ch )\4)(—1)1+[%]%(5\1761"'6"/\2)(szal...ancl...cqh),
(A1)
where ¢ := 10 — (n + p), and so in particular

ﬁ(5\17(10_13)>\2)(5\37(10_p))\4) = —J1(ch A9)(ch Aa) (M A2) (Asy P M), (A.2)
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where we used the simplifying notation

(- ),y(p)(, .. ),y(p)(. ) = ageay ()Y ()

Fierz identities follow from the basic orthonormality relation, where for any spinor

matrix M
1 10 (_l)p(pgl)
p=0

Taking any expression M A2A3 )y we can substitute the above formula for M = Ay\3. After
some flipping this results in the identity (where we stripped the first and last spinor)

1 10
3*2

In what follows, we will use the notation where both v; and \; are fermionic chiral Majo-

1P+t _
Vo) ¥ y(®)

rana spinors such that all ); have the same chirality, and all A\; have the same chirality which
is opposite to the chirality of ¢;. With this understanding the last formula and (A.2) imply

(Artn) (Aathz) = 15 (Avn)A2) (P17 D2) + g5 (AivggAe) (917 D)

+ 5315 M) A2) (017 Peda). (A.3)
From this one can also derive
(M7ar2) (A7) = 2 (M7ars) A2y Ma) + 55 Ay As) Aay P M), (A.4)
(AMYad2) (P171h2) = 2(Mathr) Motha) + 2 My tn) Aoy @ 2) + 15 (Aavaywn) Ay Ws),
(A.5)

as well as

(M 11) (W2vat3) = — 15 (MY P) (W17et3) — 5 (MP2) (Y17"03) — a5 (AP 1h) (V1Yederbs)
5
32

- Q(J\’ch%)(l/_}l’ywl/}s) - 3751;4(5\’)’cdef¢2)(1;17b6d6fw3)-
(A.6)

In particular (A.3) implies
(A1) (Aot2) + (Aih2) Matn) = & (Ayapre) (17 Ps). (A7)

Other useful identities are [1]

O X My = (AN A (A.8)
M\ Map = 0 (A.9)
(AN AYape = 0. (A.10)

(A.8) and (A.9) can be obtained by considering the third anti-symmetric power of a chiral
spinor, which is an irreducible representation of the spin group, corresponding to a two-form
spinor 9|4y satisfying v%1bap = 0. Setting Xape = (AYabeA)A we thus have that Xgpe = 3Va¥bd]-
From this follows 1, = é’ycxabc which immediately implies (A.9) and substituting this back
into the previous relation gives Yqpe = %’Y[aVEXbc]e; which is equivalent to (A.8). Finally, (A.10)
follows by multiplying (A.9) by ~e..
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B Elements of generalised Riemannian geometry

B.1 Properties of the Riemann tensor

Recall that the Riemann tensor for D € LC(G, o) was defined in (2.10). First, we observe
the following simplifying property:

if x € T'(C) and y € I'(C_) or vice versa then R(w, z,x,y) = %xAwaD[DA, Dglzp.
(B.1)
In particular

for any D € LC(G,0) we have Rgpes =0, ie. R(Cy,C_,C,C_) =0. (B.2)
From (B.1) is follows that for z € T'(C) and y € T'(C-) we have

2Z2Y* (R aea — R7 aya) = 2°Y* (R aca — R7 avya) = %yo‘ [Dg, Dy)2% — %za[Da, D,y
= 5[y*DaDaz® — y* Do Doz — 2°DoDay® + 2D Do y®]

Dy(y*Duoz®) — y*DaDyz® — Do (2°Doy®) + 2°Dq Doy

div([y, 2]4+) — Ly div z — div([z, y]-) + £, divy]

divly, z] — Ly divz + £, divy]

071/&[%2}0 — Ly(o7 L,0) + L.(071Ly0))

o Ly — Lyl + £:Ly)0 =0,

—_

—~

NN ST ST S )

where the subscripts + denote the projection onto Cy. In other words [6]
for any D € LC(G,0) we have R 4ea = R7 aya- (B.3)

B.2 Lichnerowicz formula

Here we derive the Lichnerowicz formula for the action on spinor half-densities:
P’ + DD, = —L1®. (B.4)

The proof presented here is straightforward, though rather messy — we leave the finding of a
more conceptual approach (akin to the one in ordinary geometry) open.
To prove the formula, we first calculate the ingredients — following (2.7) we have

2
B = (Y"Leo = f50aber™) (1'Ley — fcacsr™)
_ 1,.ab 1 a def 1 def
= LeaLe, + 27 [LeavLeb] ~ 12 (a(e )Cdef)'Ya’Y — 12 {'Ya,’Y }CdefLe“
+ 525 Cabel™ T {7, Ve r }
= LeaLea + %’Yab'c lea,en] — %(CL(ea)cd@f)’Y

1 a bee 1 abc
+ 16C bcCaef”Y - 54CabcC -

adef _ %(a(ea)caef)'yef — %caef'yefﬁea

When acting on half-densities we have

L[ea,eb] =L c = CabCLec + %a(ec)cabC-

CabC€
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Similarly, one can write the Jacobi identity as
aleja)cpoyp + cpapce)” b — salep)cape = 0.

This in particular implies
a(e[A)CBCD} = %C[ABECCD]E-

Returning back to ]?2 this gives

2
D" =Leale, + %Caefvef[;ea + %(a(ea)caef)yef — T%cabccaef*ybcef — icabccabc. (B.5)

Similarly, on spinor half-densities we have

DaDa — DeaDea - DDeaea

= (Lea — icabc'ybc — %(div eo‘)) (Lea — icade'yde — %(div ea))

1
2
_(L e be ld [ L 1 de_ld-
= ex — 3C by T 2( wve ) ea — 1Cade” 2( 1V€a)
= Leale, — %(a(ea)cade)’}’de - %
+ Tlﬁcabcco‘devbcyde — i(div e“)(divey)
1
2

= Leale, — %(a(ea)cade)’yde —
bede 1 abe

cade'ydeﬁea — %(a(eo‘) divey)

cadefyde,cea — %(a(eo‘) divey)

+ T%cabcco‘dew Cabe — %(div eY)(diveg)-
Together we thus get
D’ + DD, = Loale, — Q—anbccabc — 2a(e®) dive, — 1(dive®)(dive,) — %co‘bccabc.

Using

Leake,0 = 2Lealo(072Le,0%)] = L(Leao) dive, + 2oa(e”) dive,

= o [L(dive")(diveq) + Sa(e?) dive,]

and the analogous formula for C_, we finally obtain

122 +D*D,, = %(div e®)(divey) + %a(ea) dive, — icabcc“bc — %cabccabc (2.12) —% R.
B.3 The other formula
It is much simpler to prove that on spinor half-densities one has
[, Da] = % Raa v* (B.6)

Namely, rewriting (B.1) as [Dg, Da]?B = 2Raa 45, it follows that

(2.11) (B.
[’YaDav Da]f = % maacd 7a70d6 = R ozcd")/d6 = i maoc ,YaE.
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B.4 Generating Dirac operator

Note that sections 2.4 and 2.5 apply also to the more general context where E is any
Courant algebroid, ¢ is any endomorphism with ¢7 = ¢ and G2 = id, and ¢ an everywhere
non-vanishing half-density, provided

rank C # 1 and rank C_ # 1,

since otherwise the space LC(G, o) may be empty (cf. [22]).

A particularly important special case is ¢ = id in which we have C;. = F and C_ =0,
and the Dirac operator becomes the generating Dirac operator ]Z)gen of Alekseev-Xu [15, 28].
In this case the Lichnerowicz formula (2.13) gives

7> :_%m:_%G%ABABECOO(M) for any D € LC(id, o).

gen
Using the fact that for any ¢ we have LC(GQ,0) C LC(id, o), we get

R gy + RV 5 B RAB Ly — 4 forany D € LO(G, ). (B.7)

Since Pgey is independent of both o (cf. (2.7)) and ¢, so is the sum R oy + RO 5.
For completeness we note that in the case (2.2) the formula (B.5) implies

2 1 ijk
wgen = _ﬂfl]kf] = const,
where f;;;, are the structure coefficients of g.

B.5 Variations of the kinetic operators

The variation of I'ypc and of the curvature tensors under the change of ¢ and ¢ was
calculated in [22]. Here we will only need’

(OD) g =0,  (6T)aay =Da0G1a, (61 abe = —Dp0Gaa, (0T)va = —3Da0Ga"+2D, 22
as well as
/ (5 R)o? = / R (6G)*0>. (B.8)
M M
Note that both §Gq, and dG,s always vanish as a consequence of

0 =4(id) = 6G* = (6G)G + G(5G).

We now wish to show the following variations:'"

((ﬂp)p = %5gaa7aDaP + %(Dadgaa)')’a%
(6D)™ = 530G a7 Dotb™ + 1(D10G7 )7 "™ + (D*6G )y by,
(5Da)p = _%6gaaDa,0 - %(Db(sgac)”}/bcp - (Da%j> P,

“Note that (6T)apc = ' ho — 'A%, with both expressions evaluated in the original frame.
10Note that it is not completely obvious (but it is still true) that the r.h.s. of these expressions are independent
of the choice of the representative D and that the first two are also independent of o.
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which then yield

| #6D)p = | 35677 Dap),
[ 0065 = [5G0 (3ar"DI0% + 979" Do — bar" D7)
[ 76D = | 6Gan (<357 D%+ 1y Dy = 151" Dyp) + 520 Dap + pDat”).
To prove the variation formulas we note that we can take
deq = %6@'1@60” deq = 7%5(;“&6@,
and that the connection coefficients transform under the change of basis deq = M 4ep as
5(Capc) = MP 4T ppc + MP T apc + MPcT app + alea) Mpe.
We then directly calculate

(‘ﬂ”)p =0 <7a£’ea + %Fabc’}’abc> P
— AL, P+ 5 ((O0)abe + 306" Tane + 30G 1 Tape + 5967 Lapy ) 1
§5gaaea 1 abc D) al abc D) bl afBc 204G ‘claby |V P
=1L 1560 ,e,P + §9G aTabcy™p
= 190G o Leup + 17" (a(a)0G%0)p + (F0G%aT a0 p = 6GaTa"°p)
+ (179G %I T sap = 179G %I "ap)
= %VG(;QQ@DaP + %VG(Daégaa)ﬂ
(ED)* = 7" Lie, ™ + 16(Tape) Y9 + 6(La®y )¢
= VL 1500, ¥ + 20GT Dy + (DIGGY, + 26671 5%, ) 10,
= 31906 oL, ¥ + $9°(a(e)G7 )" + (6G7aT 0y "9 = $6G7 T, "y v
+ DGy 1y, + 3665 Ty Yy + (iv“égﬁ I g0® — 74667 arwwa)
= 37°0G7a Dy + §7(D40G7a)0" + DG a7 4,
(0Da)p = Lse,p + 15( abc)’Y p— *5(F77a)
5Q aLeqp (a(ea)(sg a)p ’(Db‘sgca)')’ p— *5Q Fabc’)/ p

1(DadGa)p — (D ),0+ 1067l yap

—30G aLe,p — 1(a(€a)6G a)p — 1(D56Gea)y*p — §6G al'abey"p
+idgafra o= (Da22)p
~33GaDap = 1(Ds0Gea)yp — (Dal2) p.
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C Unpacking the generalised geometry

C.1 Calculating the brackets

We consider the local model
E=TM®T*"M @ (g x M),

with the structure

alx +a+s) =z, (t+a+s,y+8+t):=ay)+ B(x)+ Trst
[x+a+s,y+ L+t :=Ly+ (LyS —iyda+ Trtds) + (Lyt — Lys + [s,t]q)

and a generalised metric given by

E=C,oC_=C.o((C_aC"

Cp ={o+ (ing+isB - TrAizA) +i,A | 2 € TM}
CL={o+ (~ing+irB — $TrAiyA) +i,A| 2 € TM}
C'={0-TrtA+t|tegx M}

As the first step, we will identify F with TM & TM @ (g x M) via the bundle isomorphisms

i+ = (alc,) ' TM — Cy, j-=(aler )" TM — C.,

jax =+ (Fizg +i,B — 3 Tr AigA) + i A

and
Jo: M xg—CY, Jgt = —TrtA+t.

A straightforward calculation then gives

ez, jry] = jelz,y) £29(Va,y) + iyizdB + 3iyiz Tr(A A dA) — Tr(AiyipdA) + iyip F
[j:l:xajgﬂ = jg(iﬂcht) - Tl"[t(’ixF)],
[Jgs, Jgt] = Jg([5,t]g) + Tr(tV as),

and the subsequent

<[j:|:x7j:|:y]7j:|:2> = iQQ([xvy]a Z) + ZQ(VZ{E, y) + ZZZZJZQCH7
(Jew, jxyl je2) = £29(Vom,y) + iziyis H,

where V is the (ordinary) Levi-Civita connection, Vat := dt + [A, t]4, and

F=dA+ 3[A, A, H :=dB+ }cs(A), cs(A) == Tr(ANdA) + § Tr(A A [A, Aly).
(C.1)

— 24 —



C.2 Structure coefficients via a normal frame

We will now use the standard argument using a normal frame (cf. [21]). Let us pick — around
any point p € M — a local frame E, of TM satisfying g(Fq, Ep) = ga» = const (in the
entire neighbourhood) and Cape = 0 at p, where T are the usual connection coefficients (in
particular we have [E,, Ep] = 0 at p). We also choose a basis E; of the Lie algebra g. We
then define the following frame of C.:

€a ‘= %(j-i—Ea)a
which gives (eq, €p) = gap, and so in particular also e® = g?e;. We also define the frames
€y = %(j,Ea), €; = ]gEz
of C" and C”, respectively. (In particular we now have a further splitting of the frame
eq into e; and e;.)

Next, using the fact that the images of ji, j_, and j; are mutually orthogonal, we
calculate the needed ingredients at the point p:

Cabe = ([€as €1], €c) = 7<[J+Ea7 J+Eb], j+Ee) = 2\/ Hape,
and similarly
Cabe = ;WHabCa Cabi %(Fab)ia Cobe = 2\[H besy Cobi = %(Fab) Caij = %(Aa)kfkip

where f;j; are the structure coefficients of g. Recalling the relation (2.6), locally (i.e. not
just at p) we have

dive, = dive, = %(—2Eag0 +T%,)
and so at p we get dive, = dive; = —\/§Eag0.

C.3 Scalar curvature
At p we then have
RW® = —(dive®)(dive,) — 2a(e®) dive, — %cabccabC + %cabcc“bc
= —2(E°9)(Ea) + 2E"Eatp — T4, — §([ea, es], €c) ([, €”], €°) + §{[ea, €], [, €”])
= —2(E%9)(Eqap) + 2E°Eqp — T°4," — 31 Hape H™ + & Tt F, F,

and so
R =R+ 4Ap — 49(Vp, V) — & Hope H + L Tr Fy B,

where R is the usual scalar curvature for g.
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C.4 Fermionic kinetic terms

Recall that the fields are decomposed as

p=V20p, U= V200", Y= gsox'.

We first calculate (noting that v, = —+v/20, due to the minus sign in (2.5)) that at the point p

Dp &0 V2 [ “Le,(0p) — 120-Cabc’7abcp} V2 [l(diV €a)oy'p + oy aleq)p — 1120601707&{)69}
50 [~ (Ba)y"0 + 1" Eap — 31 Haney"™0| = 450 (=(Vap)r"0 + Yo — 1 o)

Dia 2 \1[0’ (-(VcSO)Wcll)a + Vo — LH g + V20567 0¢ + Cbaﬂbxi)

150 [(Ve)rWa = Vb + LB + L Haped " + 3 T Furx

D 2 ?a [ Vo)V + YXi — SHXi — 257" — V207X ]

o |=(Vae)y"xi + Vaxi — 1Hx; — (Fab)ﬂbll’a]

Dip 22 [Lea (06) — Leanr"(00) — $(div ea)(00)]

)

= 711*\/*0— (190 p+ Eap Hab07 p+ (Ea(/))p} = %U [vap Hab07 p}
(2.9) 4 4 4
Dip = %aczbcv p= —% (Fye)in"p = —%aﬂp
where

Yax == Vx +7"[Aa, Xlg- (C.2)
For the kinetic terms we then have
— _ 2 1 —
php=0? (pYe—ipHo)
VDo =0 [0 Vba+ FO B e+ 5 Tr (XVax— FXHX) + 3 Hapeb ™y b+ Tr Foth™x
U Dap =0 (B Vap— 1" Huer o~ Trx o)
Together this gives S = [, /]gle 2?L with
L=R+4/Vp|> = {5 HaeH + § Tr Fyp F° = $*Ybo + pVp + § TrXVax — 20°Vap
+ il])aﬂll)a - %F_)Hp Y TYXHX + Habclba bll)c 1I)a-[{abclybcp
+1iTrxFo+Tr Fabtbav”x + 5 (WaYpeah®) (p7*0) — =< (p’y’”dp) Tr(XVbeaX)
- ﬁ(d)aVcdelba)(d)b’YCdel\bb) + ﬁ(wa’%dew )Tr(X’YCdeX) m Tr (X’Yach) Tr(leabCX)

where we used [y, v/[gle 2?A¢ = 2 [}, /]gle 2?|V|?. Switching to the more standard
W, v, ... spacetime indices we then obtain (1.3).

C.5 Variation of the generalised metric

An infinitesimal variation dG of a generalised metric ¢ can be equivalently described via
a map 7: Cy — C_ (the graph of er, with e a small parameter, corresponds the new
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deformed generalised metric). To express the latter in terms of dg, 0B, and dA via the
correspondence (2.3) we start with jio € Cy and then identify 7(jx) as the unique element
in C_ for which

-New

J+@ + et (jra) € Im 7Y,
up to order e, where
iy =y + [iy(g + €6g) +iy(B + €6B) — 3 Tr(A + €0 A)iy (A + e0A)] +iy(A+ eSA).
A quick calculation then reveals
T(jyx) = j_ (=397 Yiz(6g + 0B + L Tr SA N A)) + jg(i0A).
Using the frame from subsection C.2 and the relation

0Gaa = ((0Q)ea, ea) = 2(T€q, €q)

we obtain

0Gue = (0g + 0B+ I Tr6ANA)ge,  6Gui = V2(5A)4.

The supersymmetry variations (1.4) then follow directly (using e = —-20e€).
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