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1 Introduction and conclusion

N = 1 supergravity in ten dimensions plays an important role in string theory, since (for
a particular choice of the gauge group) it describes the two-derivative part of the massless
sector of heterotic and type I superstring theories. Despite the fact that the explicit form
of this theory has been known for many decades now [1–3] (see also [4, 5] for a slightly
simpler treatment), and significant geometric structure has been found to underlie the
theory at lowest nontrivial order in fermions [6–9], there has been little progress in a similar
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understanding the structure of the higher fermion terms, which are crucial for the theory
to be truly supersymmetric.1

In this paper we present a direct derivation of N = 1 supergravity coupled to Yang-Mills
multiplets, precisely by formulating the question in terms of the geometric approach of
generalised geometry. This results in the following surprisingly simple form of the action:

S =
∫
M

Rσ2 + ψ̄α /Dψ
α + ρ̄ /Dρ+ 2ρ̄Dαψ

α − 1
768σ

−2(ψ̄αγcdeψα)(ρ̄γcdeρ)

− 1
384σ

−2(ψ̄αγcdeψα)(ψ̄βγcdeψβ), (1.1)

which is invariant under the supersymmetry transformations

δGab = δGαβ = 0, δGaβ = δGβa = 1
2σ

−2ϵ̄γaψβ

δσ = 1
8σ

−1(ρ̄ϵ)
δρ = /Dϵ+ 1

192σ
−2(ψ̄αγcdeψα)γcdeϵ

δψα = Dαϵ+ 1
8σ

−2(ψ̄αρ)ϵ+ 1
8σ

−2(ψ̄αγcϵ)γcρ

(1.2)

The relevant notation and details are discussed in section 2. Decomposing the expressions
in terms of the standard fields via

G, σ ⇝ metric g, Kalb-Ramond field B, gauge field A, dilaton φ

ρ ⇝ dilatino ρ ψ ⇝ gravitino ψ, gaugino χ

we arrive at the action

S=
∫
M
Φ

(
R+4|∇φ|2− 1

12HµνρH
µνρ+ 1

4 TrFµνF
µν−ψ̄µ /∇ψµ+ρ /∇ρ+ 1

2 Tr χ̄ /∇Aχ−2ψ̄µ∇µρ

+ 1
4ψ̄

µ /Hψµ− 1
4 ρ̄ /Hρ−

1
8 Tr χ̄ /Hχ+

1
2Hµνρψ̄

µγνψρ+ 1
4ψ̄

µHµνργ
νρρ

+ 1
2 Tr χ̄/Fρ+TrFµνψ̄µγνχ+ 1

384(ψ̄µγνρσψ
µ)(ρ̄γνρσρ)− 1

768(ρ̄γ
µνρρ)Tr(χ̄γµνρχ)

− 1
192(ψ̄µγρστψ

µ)(ψ̄νγρστψν)+ 1
192(ψ̄µγνρσψ

µ)Tr(χ̄γνρσχ)

− 1
768 Tr(χ̄γµνρχ)Tr(χ̄γ

µνρχ)
)
, (1.3)

with Φ :=
√
|g|e−2φ and the supersymmetry transformations

δgµν = ϵ̄γ(µψν)

δBµν = ϵ̄γ[µψν] − TrA[µϵ̄γν]χ

δAµ = −1
2 ϵ̄γµχ

δφ = 1
4 ρ̄ϵ−

1
4ψ̄

µγµϵ

δρ = − /∇ϵ+ (∇µφ)γµϵ+ 1
4 /Hϵ+

1
96(ψ̄µγνρσψ

µ)γνρσϵ+ 1
4(ρ̄ϵ)ρ−

1
192 Tr(χ̄γµνρχ)γ

µνρϵ

δψµ = ∇µϵ− 1
8Hµνργ

νρϵ− 1
4(ψ̄µρ)ϵ−

1
4(ψ̄µγνϵ)γ

νρ+ 1
4(ρ̄ϵ)ψµ

δχ = 1
2 /Fϵ−

1
4(χ̄ρ)ϵ−

1
4(χ̄γµϵ)γ

µρ+ 1
4(ρ̄ϵ)χ, (1.4)

1Notably, some progress has been achieved in [10–12] in the context of double field theory, using superspace
and other techniques.
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which — although significantly longer than the preceding expressions — still provide a
simplification compared to the standard treatment. In the above we followed the usual
conventions (C.1), (C.2), together with /C := 1

p!Cµ1...µpγ
µ1...µp for a p-form C.2

The simplicity of the action (1.1) and of the transformations (1.2) allows one to check the
local supersymmetry of the action by hand — we exhibit the entire calculation (as well as the
equations of motion) in section 3. Due to the uniqueness of the supersymmetric extensions
we know that the action (1.3) and supersymmetry (1.4) have to coincide with the originally
found form [1–3], up to simple field redefinitions (and Fierz identities).

We note that the formulation (1.1), (1.2) is fully geometric and only requires very mild
topological assumptions (namely that the bundle C+ given by the generalised metric admits a
spin structure). It also obviates the use of supercovariant derivatives, commonly employed in
the usual approach. Finally, the generalised-geometric formulation makes manifest the compat-
ibility of the supergravity equations with Poisson-Lie T-duality [13] (see section 4 for details).

The more detailed structure of the paper is as follows. In section 2 we provide an
introduction to generalised geometry, with the more technical details and derivations moved
to appendices B and C. In section 3 we recall the details of the proposed theory, display its
equations of motion, discuss generalisations of the setup, and finally provide a full derivation
of the local supersymmetry of the action to all orders. The last section 4 discusses Poisson-Lie
T-duality and its compatibility with the supergravity equations of motion and with the local
supersymmetry transformations. The spinor conventions and the full list of the required
Fierz identities can be found in appendix A.

2 Generalised geometry

In this section we provide an introduction to the necessary aspects of generalised geometry:
the theory of Courant algebroids. We start by briefly mentioning the more formal approach
and then provide the specific details for the case at hand.

2.1 Courant algebroids

The central notion of generalised geometry is that of a Courant algebroid [14, 15]. This is a
mathematical structure which (roughly speaking) captures the symmetries of the massless
sector of string theory. More concretely, a Courant algebroid consists of the following data:

• a (smooth) vector bundle E →M

• an R-bilinear bracket on the space of sections Γ(E) of E

• a non-degenerate symmetric bilinear pairing ⟨ · , · ⟩ on the fibers of E

• a vector bundle map a : E → TM called the anchor
2Note that our definition of the dilatino follows [7] (up to a sign). Setting λ = γµψ

µ + ρ we obtain the more
standard definition, which leads to the simple transformation δφ = 1

4 λ̄ϵ but is less natural from the viewpoint
of generalised geometry. Note also that in the variation of ψ the cubic fermionic terms all contain ψ, ρ, ϵ but
in different combinations. In principle one could use Fierz identities to obtain a more homogeneous-looking
expression; however, the price to pay for this would be the appearance of more complicated numerical
coefficients. Same applies to δχ.
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which satisfies the following axioms (for all u, v, w ∈ Γ(E), f ∈ C∞(M)):

• Jacobi identity3 [u, [v, w]] = [[u, v], w] + [v, [u,w]]

• the derivation property for multiplication by functions [u, fv] = f [u, v] + (a(u)f)v

• the invariance of inner product a(u)⟨v, w⟩ = ⟨[u, v], w⟩+ ⟨v, [u,w]⟩

• the symmetric part of the bracket is governed by the pairing [u, v] + [v, u] = D⟨u, v⟩,

where we have defined D : C∞(M) → Γ(E) by ⟨u,Df⟩ := a(u)f . Throughout the remainder
of this paper we will also use the identification E ∼= E∗ provided by ⟨ · , · ⟩.

From these axioms one can prove other useful formulae, such as

a([u, v]) = [a(u), a(v)]

or a ◦ a∗ = 0, which can be equivalently stated as the fact that

0 → T ∗M
a∗−→ E

a−→ TM → 0

is a chain complex. When the latter is in fact an exact sequence, the algebroid is called
exact. More generally, if a is surjective it is called transitive.

From the axioms it also follows that for any u ∈ Γ(E) one can define the generalised Lie
derivative Lu, which can act on any section of E⊗n or the tensor product of any such section
with any (half-)density on M . For instance, for v ∈ Γ(E) and τ a (half-)density on M , we have

Luv = [u, v], Luτ = La(u)τ,

where L is the ordinary Lie derivative. This is then extended using the Leibniz rule.
Transitive Courant algebroids can be classified locally [15]. The result is that locally any

transitive Courant algebroid over M looks like the “trivial” model

TM ⊕ T ∗M ⊕ (g×M), (2.1)

where the trivial vector bundle in the last summand is constructed using a Lie algebra g

with an invariant nondegenerate symmetric bilinear form (or quadratic Lie algebra for short),
which we will denote simply by Tr. Thus the sections of E consists of a formal sum of a
vector field, 1-form field, and a g-valued function. The remaining structures are given by

a(x+ α+ s) := x, ⟨x+ α+ s, y + β + t⟩ := α(y) + β(x) + Tr st
[x+ α+ s, y + β + t] := Lxy + (Lxβ − iydα+Tr t ds) + (Lxt− Lys+ [s, t]g).

(2.2)

This bracket encodes the gauge structure of the relevant supergravity [9]. Note that in order
for the kinetic term for the gauge fields to have the correct sign, one requires the bilinear
form Tr to be negative-definite. Globally, one can use Courant algebroid automorphisms to
glue this local description over different patches in M to a global one.

3In the literature this is also commonly called the Leibniz identity, with the name Jacobi identity used
for the vanishing of the sum of cyclic permutations of [[u, v], w], which is how the corresponding axiom for
Lie algebras is typically written. However, it can be argued that already in the Lie algebra context, the
more natural way of writing the axiom is adu[v, w] = [aduv, w] + [v, aduw], which is the reason for our choice
of nomenclature.
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To see a global example, suppose we start with a principal G-bundle over M , with a
connection ∇A with curvature F and a 3-form H ∈ Ω3(M), satisfying

dH = 1
2 Tr(F ∧ F ).

Then we obtain a transitive Courant algebroid E = TM ⊕ T ∗M ⊕ adG, where the last
summand corresponds to the associated adjoint vector bundle. The anchor and inner product
take the same form as for the above local model, while one can write the bracket concisely as [9]

[x+ α+ s, y + β + t] = Lxy + (Lxβ − iydα+Tr[(∇As)t− (ixF )t+ (iyF )s] + iyixH)
+ (ix∇At− iy∇As+ [s, t]g + iyixF ).

Due to our focus on 10-dimensional N = 1 supergravity we will (through most of the text)
restrict our attention to transitive Courant algebroids with dimM = 10; though it will be
clear from the calculations that many of the results apply directly to the more general setups.

2.2 Bosonic fields

Let us now turn to the supergravity fields, starting with the generalised metric. This is defined
simply as a map of vector bundles G : E → E which is both symmetric and satisfies G2 = id.
Such a map induces an orthogonal decomposition E = C+ ⊕ C− into ±1 eigenbundles; in
turn, G can be completely reconstructed from C+. In the present case, we shall focus on
the cases where

• the anchor a restricted to C+ is an isomorphism

• the induced inner product ⟨ · , · ⟩|C+ has signature (9, 1)

• C+ admits a spin structure.

The last (very mild) condition is there simply to ensure the existence of the appropriate
spinor bundles for the description of the fermionic fields. The first two conditions ensure that
we recover the usual physical fields. More concretely, assuming dimM = 10 and following [9],
any C+ in (2.1) which satisfies these conditions has the form

C+ = {x+
(
ixg + ixB − 1

2 TrA ixA
)
+ ixA | x ∈ TM} (2.3)

for some Lorentzian metric g, Kalb-Ramond field B ∈ Ω2(M), and gauge field A ∈ Ω1(M, g).
(We will soon see how the dilaton enters.) We also record here that it follows that

C− = C ′
− ⊕ C ′′

−

C ′
− := {x+

(
−ixg + ixB − 1

2 TrA ixA
)
+ ixA | x ∈ TM}

C ′′
− := {0− Tr tA+ t | t ∈ g×M},

(2.4)

with all the subbundles C+, C ′
−, C ′′

− orthogonal to each other. To understand the role of the
1
2 Tr(A ixA) term, note that in the parametrisation (2.3) the anchor map gives an isometry
(up to a numerical factor ±2) between (C±, ⟨ · , · ⟩|C±) and (TM, g), i.e.

⟨u±, u±⟩ = ±2g(a(u±), a(u±)), ∀u+ ∈ C+, u− ∈ C ′
−. (2.5)
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To encode the dilaton, let now H be the line bundle of half-densities on M . To have
a concrete picture in mind note that any choice of coordinate system xµ on M gives rise
to a local section

√
|dx1 ∧ · · · ∧ dxdimM | of H; changing the coordinates corresponds to

multiplying this section with |Jacobian|−1/2. The product of two half-densities gives a density
and can thus be naturally integrated over M (even when M is not orientable).

The bosonic field content of our theory will be encoded via a generalised metric G and
an everywhere non-vanishing half-density σ ∈ Γ(H). To recover the standard description
of the dilaton in terms of a scalar function φ one writes

σ2 = Φ =
√
|g|e−2φ, (2.6)

where
√
|g| is the metric density. Note that our description here is equivalent to realising the

bosonic fields as a G-structure, with G the stabiliser of the generalised metric inside O(p, q),
for the generalised frame bundle with enhanced structure group O(p, q)× R+ as in [7].

At several points in the present text it will be convenient to work with an explicit frame
compatible with G. For this purpose we will always use a local frame

eA = {ea, eα}

which is adjusted to the decomposition E = C+ ⊕C−,4 and which satisfies ⟨eA, eB⟩ = ηAδAB
for some ηA ∈ {±1}. We will call such a frame orthonormal. One of the big advantages of such
a frame is the fact that the structure coefficients cABC of the Courant algebroid, defined by

cABC := ⟨[eA, eB], eC⟩,

are completely antisymmetric.

2.3 Fermionic fields

Under the above assumptions on E and C+ (in particular concerning the signature of the
latter), let us denote the vector bundles of positive and negative chirality Majorana-Weyl
spinors associated to C+ by S±. The fermionic fields of our model are then

ρ ∈ Γ(ΠS+ ⊗H), ψ ∈ Γ(ΠS− ⊗ C− ⊗H),

where Π stands for the parity shift (i.e. it states that the fields are taken to be anticommuting).
Note that ψ has a C−-valued vector index and a spinor index w.r.t. the spinor bundle for
C+. This distinction, which follows [7], is absolutely crucial and heavily restricts the possible
terms in the action and variations which one can write down. Also note that we have defined
ρ and ψ to be half-densities, following the insights from [16] (see also [4]). This results in
further simplifications to the form of the action and variations below.

Let us again look concretely at what this reproduces in the case (2.1), (2.2) with the
generalised metric given by (2.3). Under the identifications

C+ ∼= TM, C− = C ′
− ⊕ C ′′

−
∼= TM ⊕ (g×M)

4I.e. ea is a frame of C+ and eα is a frame of C−.
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we decompose ρ and ψ as

ρ = 4√2σρ, ψ = 4√2σψ+ 1
4√2
σχ,

where we included some factors of 4√2 for convenience. The fields in the decomposition are

• the dilatino ρ, i.e. a positive chirality Majorana spinor w.r.t. the Lorentzian metric g

• the gravitino ψ, i.e. a negative chirality Majorana vector-spinor

• the gaugino χ, i.e. a Lie algebra-valued negative chirality Majorana spinor.

2.4 Generalised connections

In this subsection we follow [7]. For any Courant algebroid we can define generalised
connections as natural generalisations of affine connections on TM . A generalised connection
is thus an R-bilinear map

D : Γ(E)× Γ(E) → Γ(E), (u, v) 7→ Duv,

such that Dfu = fDu, Du(fv) = fDuv + (a(u)f)v, and D⟨ · , · ⟩ = 0. In the last formula we
have again extended Du (via the product rule) to act on any tensors in E. Any generalised
connection D acts naturally also on densities and half-densities via

Duµ := Luµ− µDAu
A, Duσ := Luσ − 1

2σDAu
A,

with µ and σ a density and a half-density, respectively. For any orthonormal frame we also
define the connection coefficients ΓABC by

(DeAv)B = a(eA)vB + ΓABCvC .

Due to the last condition in the definition of a generalised connection these satisfy

ΓABC = −ΓACB.

We will say that a generalised connection D is Levi-Civita for G and compatible with
σ, denoted simply by D ∈ LC(G, σ), if the following holds:

• DG = 0, or equivalently ΓAaα = ΓAαa = 0,

• Dσ = 0, or equivalently ΓAAB = div eB,

• D is torsion-free, i.e. Γ[ABC] = −1
3cABC ,

where
div u := σ−2Luσ

2, u ∈ Γ(E)

is the divergence w.r.t. σ. Note that in particular this implies

DAu
A = div u, ∀u ∈ Γ(E).

– 7 –
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Crucially, LC(G, σ) is nonempty, though typically quite large [17]. In other words, the
choice of bosonic fields does not determine uniquely or naturally some specific Levi-Civita
connection. However, there are several “bits” of D which are uniquely fixed by G and
σ [6, 7, 9, 17] — and these are precisely the ones that are required for our supergravity
description. For instance, it follows from the above constraints that

Γaβγ = −caβγ , Γαbc = −cαbc,

which is equivalent to the statement

Du+v− = [u+, v−]−, Du−v+ = [u−, v+]+,

where subscripts ± denote the orthogonal projections E → C±. Another such operator
is the Dirac operator

/D := γaDa,

acting on spinor half-densities (w.r.t. C+), e.g. the ρ field. To see this, note that a choice of an
orthonormal frame produces a local trivialisation of our vector bundles, so that in particular

Γ(S+ ⊗H) ∼= Γ(H)⊗ S0
+,

where S0
+ is the vector space of positive Majorana spinors. In this identification we have

/Dρ = γaLeaρ+ 1
4Γabcγ

abcρ = γaLeaρ− 1
12cabcγ

abcρ, (2.7)

where L is now understood as only acting on the half-density part of the expression. Other
uniquely-defined operators are

/Dψα= γaLeaψ
α+ 1

4Γabcγ
abcψα+Γaαβγaψβ = γaLeaψ

α− 1
12cabcγ

abcψα−caαβγaψβ , (2.8)
Dαρ=Leαρ+ 1

4Γαbcγ
bcρ− 1

2Γ
γ
γαρ =Leαρ− 1

4cαbcγ
bcρ− 1

2(diveα)ρ, (2.9)
Dαψ

α=Leαψ
α+ 1

4Γαbcγ
bcψα+ 1

2Γ
γ
γαψ

α =Leαψ
α− 1

4cαbcγ
bcψα+ 1

2(diveα)ψ
α.

We see that in all these the dependence on the representative in LC(G, σ) vanishes, and in
addition /Dρ and /Dψα are also independent of σ. In particular the kinetic terms ψ̄α /Dψα, ρ̄ /Dρ,
and ρ̄Dαψ

α appearing below depend only on (ψ,G), (ρ,G), and (ρ, ψ,G, σ), respectively.
As a final useful fact, note that for any generalised connection we have (assuming a

compact support) that for any u ∈ Γ(E) and µ a density∫
M
DA(uAµ) =

∫
M
(DAuA)µ+Duµ =

∫
M

Luµ = 0,

allowing us to use integration by parts.

2.5 Curvature operators

Curvature tensors in generalised geometry have been introduced in numerous works [6–9, 17–
21]. Here we provide a brief review of the concepts and identities relevant for the task at hand.

– 8 –
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For any D ∈ LC(G, σ) we can construct the generalised Riemann tensor RABCD as

R(w, z, x, y) := 1
2w

DyB(xA[DA, DB]zD + zA[DA, DD]xB − (DAxB)(DAzD)). (2.10)

One can check that this is indeed a tensor, and has the following symmetries:

RABCD = R[AB]CD = RAB[CD] = RCDAB , RA[BCD] = 0. (2.11)

Unfortunately, the generalised Riemann tensor depends on the choice of the representative
D in LC(G, σ). However, one can construct a generalised Ricci tensor RAB and generalised
scalar curvature R which do not, by

Raγ = Rγa := 4Rb
abγ , Rac = Rαγ = 0, R := 2Rab

ab.

For instance, in an orthonormal frame we have [6, 21, 22]

R = −2(div ea)(div ea)− 4a(ea) div ea + 1
3cabcc

abc + cabγc
abγ . (2.12)

The unimportant prefactors 2 and 4 in the definition of RAB and R are related to the
conventions which we have adopted in the present work.5 To justify the particular choice
of contractions, note that we have the identities (B.2), (B.3), (B.7):

Raβcδ = 0, Rb
abγ = Rβ

aβγ , Rab
ab +Rαβ

αβ = Ψ,

where Ψ ∈ C∞(M) is independent of D, G, σ (it is intrinsic to the Courant algebroid
structure).6

Finally, we note the generalisations of the usual formulas linking the Dirac operator with
the curvatures. These are the Lichnerowicz formula

( /D2 +DαDα)ϵ = −1
8Rϵ (2.13)

and the formula

[ /D,Dβ ]ϵ = 1
4 Raβ γ

aϵ, (2.14)

with ϵ ∈ Γ(ΠS− ⊗ H), generalising the ones in [7]. These are proven in appendices B.2
and B.3, respectively.

5Changing the definitions in order to get rid of these factors would introduce unwanted prefactors elsewhere
(the whack-a-mole principle).

6This in particular shows that the present definition of the Ricci tensor coincides with the one in [22] (in
the case of half-densities), while the scalar curvature differs from the one in [22] by a function independent
of G and σ. Note that the formulas in [22] possess a certain symmetry in regard to C+ and C−; the fact
that in the present text we require the less symmetric definition is related to the asymmetric nature of the
N = 1 supergravity.
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3 The theory and its local supersymmetry

3.1 The field content, action, and supersymmetry transformations

Let us now summarise all the ingredients of the theory.
While the physical spacetime remains a ten-dimensional manifold M , we consider an

enhanced physical background given by a transitive Courant algebroid E with base M . Over
this background, we then have the field content of the theory as follows:

• a generalised metric
G ∈ End(E),

satisfying GT = G and G2 = 1, corresponding to an orthogonal splitting E = C+ ⊕ C−
s.t.

– C+ has signature (9, 1) and admits spinors
– the anchor map a gives an isomorphisms between C+ and TM

• an everywhere non-vanishing half-density σ

• a generalised dilatino ρ ∈ Γ(ΠS+ ⊗H)

• a generalised gravitino ψ ∈ Γ(ΠS− ⊗ C− ⊗H).

Finally, the supersymmetry parameter is

ϵ ∈ Γ(ΠS− ⊗H).

As before, H and S± denote the half-density line bundle (w.r.t. M) and the Majorana-Weyl
spinor bundles for C+, respectively. We claim that in terms of these variables the action
of N = 1 supergravity coupled to Yang-Mills multiplets is

S =
∫
M

Rσ2 + ψ̄α /Dψ
α + ρ̄ /Dρ+ 2ρ̄Dαψ

α − 1
768σ

−2(ψ̄αγcdeψα)(ρ̄γcdeρ)

− 1
384σ

−2(ψ̄αγcdeψα)(ψ̄βγcdeψβ)

and the supersymmetry variations are

δGab = δGαβ = 0, δGaβ = δGβa = 1
2σ

−2ϵ̄γaψβ

δσ = 1
8σ

−1(ρ̄ϵ)
δρ = /Dϵ+ 1

192σ
−2(ψ̄αγcdeψα)γcdeϵ

δψα = Dαϵ+ 1
8σ

−2(ψ̄αρ)ϵ+ 1
8σ

−2(ψ̄αγcϵ)γcρ

Recall that we use the indices a, b, c, . . . , α, β, γ, . . . (and A,B,C, . . . ) for C+, C− (and E)
respectively. As discussed in the Introduction, the above claim follows from the facts that

• the action is invariant under said supersymmetry transformations (this is shown in the
remainder of this section)

• the action and supersymmetry transformations reduce to (1.3) and (1.4), respectively
(this is shown in appendix C)
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• up to quadratic order in fermions the expressions (1.3) and (1.4) coincide with the
standard ones [1–3] (and thus also the generalised-geometric expressions from [7, 9])

and from the uniqueness of the supergravity action. Note that the two quartic terms
appearing in the action are in fact the only ones (up to Fierz identities) compatible with
the generalised-geometric index structure.

Finally, for later reference we also include the equations of motion, obtained using
formulas from appendix B.5:

0 = Raα+σ−2
(

1
2 ψ̄βγaDαψ

β + ψ̄αγaDβψ
β − ψ̄βγaD

βψα + 1
2 ρ̄γaDαρ− 1

2 ψ̄αDaρ

+ 1
4 ρ̄γabD

bψα − 1
4 ψ̄αγabD

bρ

)
,

0 = R+σ−2(2ψ̄αDαρ+ 2ρ̄Dαψ
α)

+ σ−4
[

1
768(ψ̄αγcdeψ

α)(ρ̄γcdeρ) + 1
384(ψ̄αγcdeψ

α)(ψ̄βγcdeψβ)
]
,

0 = /Dρ+Dαψ
α − 1

768σ
−2(ψ̄αγcdeψα)γcdeρ,

0 = /Dψα −Dαρ− σ−2
[

1
768(ρ̄γcdeρ)γ

cdeψα + 1
192(ψ̄βγcdeψ

β)γcdeψα
]
.

(3.1)

3.1.1 A generalisation

Let us now consider the more general context in which we take an arbitrary Courant
algebroid E → M (without imposing transitivity or the condition dimM = 10) together
with an arbitrary generalised metric G ∈ End(E) satisfying GT = G and G2 = id, such that
rankC− ̸= 1, the subbundle C+ admits spinors and has signature either (9, 1), (5, 5), or (1, 9).
The latter requirement is needed for the existence of Majorana-Weyl spinors and for the Fierz
identities to hold. The condition on the rank of C− is required for the space LC(G, σ) to
be non-empty (cf. [22], see also appendix B.4). Other fields, as well as the supersymmetry
parameter, remain sections of the same vector bundles as in the preceding subsection.

The main point here is that the action (1.1) is still invariant under the supersymmetry
transformations (1.2) and leads to the equations of motion (3.1). Of course, it can no longer
be reduced down to yield the usual supergravity (1.3), (1.4). Nevertheless, this generalisation
is quite useful for several reasons. First, it is needed for showing the compatibility of
supergravity with the Poisson-Lie T-duality (see section 4). Second, by taking various special
cases one recovers theories which can either serve as useful toy models or lead to theories
which are interesting in their own right.

For instance, in the special case G = id (corresponding to E = C+) one recovers the
dilatonic supergravity theory of [16]. This is a topological theory, whose field content only
consists of the dilaton and dilatino.

Another interesting limit is obtained by taking the manifold M to be a point. In this case
the field space becomes finite-dimensional and all the expressions become purely algebraic.
Nevertheless, the theory is still symmetric under (1.2), and so it provides a convenient toy
model for understanding the structure of the fully physical setup.
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3.2 Invariance under local supersymmetry

The supersymmetry variation of the action is

δS=
∫
M

[
−1

2 R
aα ψ̄αγaϵ+ 1

4 R ρ̄ϵ
]

+
[
2ψ̄α /DDαϵ+ 1

4σ
−2(ψ̄αρ)(ϵ̄ /Dψα)− 1

4σ
−2(ψ̄αγaϵ)(ρ̄γa /Dψα)

− 1
2σ

−2(ψ̄γγaϵ)
(

1
2 ψ̄αγ

aDγψα+ψ̄γγaDαψα−ψ̄αγaDαψγ
)]

+
[
2ρ̄ /D2

ϵ+ 1
96σ

−2(ψ̄αγ(3)ψα)(ϵ̄γ(3) /Dρ)− 1
4σ

−2(ψ̄αγaϵ)(ρ̄γaDαρ)
]

+
[
2ρ̄DαD

αϵ− 1
4σ

−2(ψ̄αρ)(ϵ̄Dαρ)+ 1
4σ

−2(ψ̄αγaϵ)(ρ̄γaDαρ)−2ψ̄αDα /Dϵ

+ 1
96σ

−2(ψ̄γγ(3)ψγ)(ϵ̄γ(3)Dαψ
α)+σ−2(ψ̄αγaϵ)

(
−1

2 ψ̄
αDaρ+ 1

4 ρ̄γ
abDbψ

α− 1
4 ψ̄

αγabDbρ
)

− 1
4σ

−2(ρ̄ϵ)(ψ̄αDαρ+ρ̄Dαψ
α)

]
+

[
1

3072σ
−4(ρ̄ϵ)(ψ̄αγ(3)ψα)(ρ̄γ(3)ρ)

− 1
384σ

−2ψ̄αγ(3)
(
Dαϵ+ 1

8σ
−2(ψ̄αρ)ϵ+ 1

8σ
−2(ψ̄αγaϵ)γaρ

)
(ρ̄γ(3)ρ)

− 1
384σ

−2(ψ̄αγ(3)ψα)ρ̄γ(3)
(
/Dϵ+ 1

192σ
−2(ψ̄γγ′(3)ψγ)γ′(3)ϵ

)]
+

[
1

1536σ
−4(ρ̄ϵ)(ψ̄αγ(3)ψα)(ψ̄γγ(3)ψγ)

− 1
96σ

−2(ψ̄αγ(3)ψα)ψ̄γγ(3)
(
Dγϵ+ 1

8σ
−2(ψ̄γρ)ϵ+ 1

8σ
−2(ψ̄γγaϵ)γaρ

)]

3.2.1 Quadratic order

As the first step in showing δS = 0 we consider the terms quadratic in fermionic variables
(ρ, ψ, and ϵ). First, the terms containing ρ and ϵ combine to

(δS)ρϵ =
∫
M

1
4R(ρ̄ϵ) + 2ρ̄ /D2

ϵ+ 2ρ̄DαD
αϵ = 0

due to the Lichnerowicz formula (2.13). Similarly,

(δS)ψϵ =
∫
M

−1
2 R

aα ψ̄αγaϵ+ 2ψ̄α /DDαϵ− 2ψ̄αDα /Dϵ =
∫
M

2ψ̄α(−1
4 Raα γ

a + [ /D,Dα])ϵ,

which again vanishes due to (2.14).
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3.2.2 Quartic order

Using integration by parts and (A.4) we calculate

(δS)ψψψϵ

=
∫
M
σ−2

[
−1

4(ψ̄αγ
aDγψ

α)ψ̄γγa − 1
2(ψ̄

αγaDγψ
γ)ψ̄αγa + 1

2(ψ̄γγ
aDγψα)ψ̄αγa

+ 1
96(ψ̄

αγ(3)ψα)Dγψ̄
γγ(3) + 1

48(ψ̄
αγ(3)Dγψα)ψ̄γγ(3) + 1

96(ψ̄
αγ(3)ψα)Dγψ̄

γγ(3)
]
ϵ

=
∫
M
σ−2

[(
1
96 + 1

96 − 1
48

)
(ψ̄αγ(3)ψα)(Dγψ̄

γγ(3)ϵ) +
(
− 1

48 + 1
48

)
(Dγψ̄αγ(3)ψ

α)(ψ̄γγ(3)ϵ)
]

= 0.

Similarly,

(δS)ψρρϵ =
∫
M
σ−2

[
−1

4(ρ̄γ
aDαρ)ψ̄αγa − 1

4(ψ̄αρ)D
αρ̄+ 1

4(ρ̄γ
aDαρ)ψ̄αγa − 1

4(ψ̄
αDαρ)ρ̄

− 1
4(ρ̄Dαψ

α)ρ̄+ 1
384(ρ̄γ

(3)ρ)Dαψ̄
αγ(3) + 1

192(ρ̄γ
(3)Dαρ)ψ̄αγ(3)

]
ϵ

(A.3)=
∫
M
σ−2

[
−1

4(ψ̄αρ)D
αρ̄− 1

4(ψ̄
αDαρ)ρ̄+ 1

192(ρ̄γ
(3)Dαρ)ψ̄αγ(3)

]
ϵ

(A.7)= 0.

Finally, to show the vanishing of

(δS)ψψρϵ =
∫
M
σ−2

[
1
4(ψ̄αρ) /Dψα − 1

4(ρ̄γ
a /Dψα)ψ̄αγa + 1

96(ψ̄
αγ(3)ψα) /Dργ(3)

+
(
−1

2 ψ̄
αDaρ+ 1

4 ρ̄γ
abDbψ

α − 1
4 ψ̄

αγabDbρ
)
ψ̄αγa

+ 1
192(ψ̄

αγ(3)Daψα)ρ̄γ(3)γa + 1
384(ψ̄

αγ(3)ψα)Daρ̄γ
(3)γa

]
ϵ

we first show the vanishing of the above terms containing Dρ:

∫
M
σ−2

×
[

1
96(ψ̄

αγ(3)ψα) /Dργ(3)− 1
2(ψ̄

αDaρ)ψ̄αγa− 1
4(ψ̄

αγabDbρ)ψ̄αγa+ 1
384(ψ̄

αγ(3)ψα)Daρ̄γ
(3)γa

]
ϵ

(A.3),(A.6)=
∫
M
σ−2(ψ̄αγbcdψα)

[
− 1

96Daρ̄γ
aγbcd− 1

2
1
96D

aρ̄γbcdγa− 1
4

(
− 1

32Daρ̄γ
abcd− 5

32D
bρ̄γcd

)
+ 1

384Daρ̄γ
bcdγa

]
ϵ

=
∫
M
σ−2(ψ̄αγbcdψα)Daρ̄

(
− 1

96γaγ
bcd− 1

384γ
bcdγa+ 1

128γa
bcd+ 5

128δ
b
aγ

cd
)
ϵ=0.

– 13 –



J
H
E
P
0
7
(
2
0
2
5
)
1
1
4

Plugging this back and using gamma contractions we get

(δS)ψψρϵ =
∫
M
σ−2

[
1
4(ψ̄αρ) /Dψα − 1

4(ρ̄γ
a /Dψα)ψ̄αγa + 1

4(ρ̄γ
abDbψ

α)ψ̄αγa

+ 1
192(ψ̄

αγ(3)Daψα)ρ̄γ(3)γa
]
ϵ

=
∫
M
σ−2

[
−1

4(ψ̄αρ)Daψ̄
αγa +

(
−1

4 + 1
4

)
(ρ̄γabDbψ

α)ψ̄αγa − 1
4(ρ̄Daψ

α)ψ̄αγa

+ 1
192(ψ̄

αγ(3)Daψα)ρ̄γ(3)γa
]
ϵ

(A.7)=
∫
M
σ−2

(
− 1

192 + 1
192

)
(ψ̄αγ(3)Daψα)(ρ̄γ(3)γaϵ) = 0.

Since there are no (δS)ρρρϵ terms this concludes the invariance of the action up to terms
quartic in fermions.

3.2.3 Sextic order

Finally, we have to show the vanishing of the two sextic terms, (δS)ψψψψρϵ and (δS)ψψρρρϵ.
For the latter one we set

Ξ := (ψ̄αγ(3)ψα)(ρ̄γ(3)ρ)(ρ̄ϵ)

and then using

(ρ̄γbcdρ)(ψ̄αγbcdγaρ) = −(ρ̄γbcdρ)(ψ̄αγaγbcdρ) + 6(ρ̄γacdρ)(ψ̄αγcdρ)
(A.9),(A.10)= 0

we calculate

(δS)ψψρρρϵ =
∫
M
σ−4[(ρ̄γ(3)ρ)(ψ̄αρ)(ψ̄αγ(3)ϵ)− Ξ]

(A.3)=
∫
M
σ−4

[
1
96(ρ̄γ

(3)ρ)(ψ̄αγ′(3)ψ
α)(ρ̄γ′(3)γ(3)ϵ)− Ξ

]
(A.10)=

∫
M
σ−4

[
1
96(ρ̄γ

(3)ρ)(ψ̄αγ′(3)ψ
α)(ρ̄{γ′(3), γ(3)}ϵ)− Ξ

]
=

∫
M
σ−4

[
9
48(ρ̄γ

abcρ)(ψ̄αγaefψα)(ρ̄γef bcϵ)− 9
8Ξ

]
=

∫
M
σ−4

[
9
48(ρ̄γ

abcρ)(ψ̄αγaefψα)(ρ̄(γbcγef + 4δebγcf + 2δefbc )ϵ)− 9
8Ξ

]
(A.9)= 9

∫
M
σ−4

[
1
12(ρ̄γ

abcρ)(ψ̄αγabfψα)(ρ̄γcf ϵ)− 1
12Ξ

]
= 3

4

∫
M
σ−4[(ρ̄γabcρ)(ψ̄αγabfψα)(ρ̄(γcγf − δfc )ϵ)− Ξ]

(A.8)= 3
4

∫
M
σ−4Ξ(2− 1− 1) = 0.
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Using the symmetry in the exchange of abc with def in (ψ̄αγabcψα)(ψ̄γγdefψγ) we then
have for the remaining term

(δS)ψψψψρϵ

= 1
768

∫
M
σ−4

[
− 1

96(ψ̄
αγ(3)ψα)(ψ̄γγ′(3)ψγ)(ρ̄γ(3)γ′(3)ϵ) + 1

2(ψ̄
αγ(3)ψα)(ψ̄γγ(3)ψγ)(ρ̄ϵ)

− (ψ̄αγ(3)ψα)(ψ̄γρ)(ψ̄γγ(3)ϵ)− (ψ̄αγ(3)ψα)(ψ̄γγ(3)γaρ)(ψ̄γγaϵ)
]

(A.3)= 1
768

∫
M
σ−4

[
− 1

48(ψ̄
αγ(3)ψα)(ψ̄γγ′(3)ψγ)(ρ̄γ(3)γ′(3)ϵ) + 1

2(ψ̄
αγ(3)ψα)(ψ̄γγ(3)ψγ)(ρ̄ϵ)

− (ψ̄αγ(3)ψα)(ψ̄γγ(3)γaρ)(ψ̄γγaϵ)
]

(A.5)= 1
768

∫
M
σ−4(ψ̄αγabcψα)

[
− 1

96(ψ̄
γγdefψγ)(ρ̄{γabc, γdef}ϵ) + 1

2(ψ̄
γγabcψγ)(ρ̄ϵ)

− 5
8(ψ̄

γγabcψγ)(ρ̄ϵ)− 3
16(ψ̄

γγabcγdeψγ)(ρ̄γdeϵ)

− 1
192(ψ̄

γγabcγdefgψγ)(ρ̄γdefgϵ)
]

= 1
768

∫
M
σ−4(ψ̄αγabcψα)

[
− 1

96(ψ̄
γγdefψγ)ρ̄(18δadγbcef − 12δabcdef )ϵ− 1

8(ψ̄
γγabcψγ)(ρ̄ϵ)

− 3
16 ψ̄

γ(6δadγbce)ψγ(ρ̄γdeϵ)− 1
192 ψ̄

γ(γabcdefg − 36δabdeγcfg)ψγ(ρ̄γdefgϵ)
]

= 1
768

∫
M
σ−4(ψ̄αγabcψα)

[
(ψ̄γγaefψγ)(ρ̄γbcef ϵ)

(
− 3

16 + 3
16

)
+ (ψ̄γγabcψγ)(ρ̄ϵ)

(
1
8 − 1

8

)
− 1

192(ψ̄
γγabcdefgψγ)(ρ̄γdefgϵ)

]
(A.1)= − 1

36864

∫
M
σ−4(ψ̄αγabcψα)(ψ̄γγdefψγ)(ρ̄γabcdef ϵ) = 0.

This concludes the proof of the supersymmetry invariance of the action to all orders in fermions.

4 Compatibility with the Poisson-Lie T-duality

4.1 Courant algebroid pullbacks

Poisson-Lie T-duality [13] in the context of supergravity can be elegantly stated using the
language of Courant algebroids, in the following way [19, 21] (for a double-field theoretic
approach see [23, 24]). Suppose we have a pullback of vector bundles along a surjective
submersion π:

E′ E

M ′ Mπ

(4.1)

and suppose that both of these are equipped with a Courant algebroid structure such that
for all u, v ∈ Γ(E)

π∗[u, v] = [π∗u, π∗v], π∗⟨u, v⟩ = ⟨π∗u, π∗v⟩, π∗a(π∗u) = a(u).
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We then call E′ a Courant algebroid pullback of E. Note that for a given Courant algebroid
E and a map M ′ →M the Courant algebroid pullback does not need to exist nor be unique.
The possible Courant algebroid pullbacks were characterised in [25].

As the main example, suppose that g is a quadratic Lie algebra (i.e. a Lie algebra with
an invariant pairing) and h ⊂ g is a coisotropic subalgebra (i.e. Lie subalgebra satisfying
h⊥ ⊂ h). Let H ⊂ G be a corresponding pair of Lie groups.7 Note that g is in fact a Courant
algebroid over a point base M = pt. Importantly, it can be shown [25] that there exists
a unique Courant algebroid pullback

g×G/H g

G/H pt

along the trivial map G/H → pt, such that the anchor map

a : g×G/H → T (G/H)

coincides with the infinitesimal action of G on the homogeneous space G/H . It follows easily
from the transitivity of this action that the Courant algebroid g×G/H is also transitive.

More generally, one can start with the same data, together with a principal G-bundle
P →M with vanishing first Pontryagin class, and then obtain particular (transitive) Courant
algebroid pullbacks along the map P/H → P/G = M . For more details see Example
5.10 in [21].

4.2 Poisson-Lie T-duality

Suppose now we have a Courant algebroid pullback. Following [21] we also suppose that
there exists a fibrewise half-density τ on M ′ (i.e. a family of half-densities defined on the
fibres of the map π : M ′ → M), which satisfies

Lπ∗uτ = 0, ∀u ∈ Γ(E). (4.2)

Note that this action of the Lie derivative is meaningful, since a(π∗u) preserves the distribution
kerπ∗ on M ′.

For instance in the simple model example above there is only one fibre, namely the
entire space M ′ = G/H. Hence the condition (4.2) reduces to the existence of a G-invariant
half-density on G/H. Such a half-density exists if and only if h is unimodular.

Starting from a half-density σ on M , we can now create a new half-density σ′ := τπ∗σ

on M ′. The condition (4.2) then ensures that Levi-Civita connections also transport nicely,
namely for any G and σ on E we have

LC(G, σ) → LC(π∗G, τπ∗σ), D 7→ π∗D, (4.3)

where π∗D is the (unique) generalised connection on E′ satisfying

(π∗D)π∗u(π∗v) = π∗(Duv), ∀u, v ∈ Γ(E).
7We will also suppose that G and H are connected and H is a closed subgroup.
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Finally, we assume that E satisfies the requirements of the setup of subsection 3.1.1,
namely it admits a generalised metric whose C+ is spin and of the required signature, and
has rankC− ̸= 1. Any pullback Courant algebroid will then automatically satisfy these
conditions as well. We can then formulate the core statement of Poisson-Lie T-duality in
the context of supergravity as follows:

If the fields (G, σ, ρ, ψ) satisfy the equations of motion (3.1) on E then so do the fields

(π∗G, τπ∗σ, τπ∗ρ, τπ∗ψ)

on E′. Similarly, if the former field configuration preserves some supersymmetry ϵ, the latter
one is supersymmetric for τπ∗ϵ.

This is an immediate consequence of (4.3). For instance, for any spinor half-density λ on
M and a section u ∈ Γ(E) we have8

(π∗D)π∗u(τπ∗λ) = τπ∗(Duλ).

Similarly we get that the Riemann tensor is natural w.r.t. Courant algebroid pullbacks, i.e. the
Riemann tensor of the pulled-back connection is the pull-back of the original Riemann tensor.
Using these facts we can then write the r.h.s. of the equations (3.1) or of the supersymmetry
variations (1.2) for the pulled-back data as the pull-backs of the r.h.s. of the original data;
since the latter vanishes, so does the former. Note that (in the case of equations of motion)
this result is a generalisation of the result [21] to the full theory, including the possibility of
backgrounds with nontrivial fermions. For a corresponding analysis within the superspace
approach see [26], which uses the language of double field theory.

The duality itself then arises whenever we have two different Courant algebroid pullbacks
of the form

E′
1 E E′

2

M ′
1 M M ′

2
π1 π2

Any field configuration on E then gives rise to two configurations on E′
1 and E′

2, which are
called Poisson-Lie T-dual. The above analysis then implies that the configuration on E′

1
satisfies the equations of motion if and only if the configuration on E′

2 does. If E′
1 and E′

2
are both transitive, the equations of motion coincide with the usual supergravity ones.

The simplest example (cf. [21]) of such a duality setup arises whenever we can find two
unimodular coisotropic subalgebras h1, h2 ⊂ g of the same quadratic Lie algebra — this results
in dual supergravity configurations on the spacetimes G/H1 and G/H2. In the particular
case when h1 ∩h2 = 0 (which requires dim h1 = dim h2 = 1

2 dim g) we have local isomorphisms
G/H1 ∼= H2 and G/H2 ∼= H1, with the groups H1 and H2 forming a dual Poisson-Lie pair [27].
This in the origin of the term Poisson-Lie T-duality.

8To see this, note that any spinor half-density can be written as λ = σχ, with χ a spinor — we then get

(π∗D)π∗u(τπ∗λ) = (π∗D)π∗u[(τπ∗σ)(π∗χ)] = (τπ∗σ)(π∗D)π∗u(π∗χ) = (τπ∗σ)π∗(Duχ) = τπ∗(Du(σχ)).
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A Spinors in 10 dimensions

A.1 Conventions

We will work in ten dimensions with metric g of signature (−,+, . . . ,+). We set

ϵ0...9 = −ϵ0...9 = 1.

Clifford relations are

{γa, γb} = 2gab.

The Majorana conjugate is defined by

ψ̄ := ψTC,

with the charge conjugation matrix C satisfying

CγaC
−1 = −γTa , CT = −C.

In particular, if a1 . . . ak consists of k terms then

Cγa1...ak
C−1 = (−1)[

k+1
2 ]γTa1...bk

,

implying the important flip formula

ψ̄γa1...ak
χ = (−1)[

k+1
2 ]χ̄γa1...ak

ψ,

for ψ, χ fermionic. We set γ∗ := γ0 . . . γ9, so that

γa1...ak
γ∗ = (−1)[

k
2 ] 1

(10−k)!
√
−gϵa1...akb1...b10−k

γb1...b10−k .

We define the positive/negative chiral Majorana spinors by γ∗ψ = ψ and −ψ, respectively.

A.2 Gamma matrix algebra and Fierz identities

All the spinors appearing in this subsection will be fermionic and Majorana. First, denoting
the chirality by ch, we have

1
p!(λ̄1γa1...anb1...bpλ2)(λ̄3γ

b1...bpλ4) = (ch λ2)(ch λ4)(−1)1+[n
2 ] 1
q!(λ̄1γ

c1...cqλ2)(λ̄3γa1...anc1...cqλ4),
(A.1)

where q := 10 − (n + p), and so in particular

1
(10−p)!(λ̄1γ(10−p)λ2)(λ̄3γ

(10−p)λ4) = − 1
p!(ch λ2)(ch λ4)(λ̄1γ(p)λ2)(λ̄3γ

(p)λ4), (A.2)
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where we used the simplifying notation

(· · · )γ(p)(· · · )γ(p)(· · · ) = (· · · )γa1...ap(· · · )γa1...ap(· · · )

Fierz identities follow from the basic orthonormality relation, where for any spinor
matrix M

M = 1
32

10∑
p=0

(−1)
p(p−1)

2

p! γ(p) tr(γ(p)M).

Taking any expression λ̄1λ2λ̄3λ4 we can substitute the above formula for M = λ2λ̄3. After
some flipping this results in the identity (where we stripped the first and last spinor)

λψ̄ = 1
32

10∑
p=0

(−1)p+1

p! γ(p)ψλ̄γ
(p).

In what follows, we will use the notation where both ψi and λj are fermionic chiral Majo-
rana spinors such that all ψi have the same chirality, and all λj have the same chirality which
is opposite to the chirality of ψi. With this understanding the last formula and (A.2) imply

(λ̄1ψ1)(λ̄2ψ2) = 1
16(λ̄1γ(1)λ2)(ψ̄1γ

(1)ψ2) + 1
96(λ̄1γ(3)λ2)(ψ̄1γ

(3)ψ2)
+ 1

3840(λ̄1γ(5)λ2)(ψ̄1γ
(5)ψ2). (A.3)

From this one can also derive

(λ̄1γaλ2)(λ̄3γ
aλ4) = 1

2(λ̄1γaλ3)(λ̄2γ
aλ4) + 1

24(λ̄1γ(3)λ3)(λ̄2γ
(3)λ4), (A.4)

(λ̄1γaλ2)(ψ̄1γ
aψ2) = 5

8(λ̄1ψ1)(λ̄2ψ2) + 3
16(λ̄1γ(2)ψ1)(λ̄2γ

(2)ψ2) + 1
192(λ̄1γ(4)ψ1)(λ̄2γ

(4)ψ2),
(A.5)

as well as
(λ̄γabψ1)(ψ̄2γaψ3) = − 7

16(λ̄γ
bcψ2)(ψ̄1γcψ3)− 9

16(λ̄ψ2)(ψ̄1γ
bψ3)− 1

32(λ̄γ
bcdeψ2)(ψ̄1γcdeψ3)

− 5
32(λ̄γcdψ2)(ψ̄1γ

bcdψ3)− 1
384(λ̄γcdefψ2)(ψ̄1γ

bcdefψ3).
(A.6)

In particular (A.3) implies

(λ̄1ψ1)(λ̄2ψ2) + (λ̄1ψ2)(λ̄2ψ1) = 1
48(λ̄1γ(3)λ2)(ψ̄1γ

(3)ψ2). (A.7)

Other useful identities are [1]
1
2(λ̄γ

d[abλ)λ̄γdγc] = (λ̄γabcλ)λ̄ (A.8)
(λ̄γabcλ)λ̄γab = 0 (A.9)
(λ̄γabcλ)λ̄γabc = 0. (A.10)

(A.8) and (A.9) can be obtained by considering the third anti-symmetric power of a chiral
spinor, which is an irreducible representation of the spin group, corresponding to a two-form
spinor ψ[ab] satisfying γaψab = 0. Setting χabc = (λ̄γabcλ)λ we thus have that χabc = 3γ[aψbc].
From this follows ψab = 1

6γ
cχabc which immediately implies (A.9) and substituting this back

into the previous relation gives χabc = 1
2γ[aγ

eχbc]e, which is equivalent to (A.8). Finally, (A.10)
follows by multiplying (A.9) by γc.
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B Elements of generalised Riemannian geometry

B.1 Properties of the Riemann tensor

Recall that the Riemann tensor for D ∈ LC(G, σ) was defined in (2.10). First, we observe
the following simplifying property:

if x ∈ Γ(C+) and y ∈ Γ(C−) or vice versa then R(w, z, x, y) = 1
2x

AyBwD[DA, DB]zD.
(B.1)

In particular

for any D ∈ LC(G, σ) we have Raβcδ = 0, i.e. R(C+, C−, C+, C−) = 0. (B.2)

From (B.1) is follows that for z ∈ Γ(C+) and y ∈ Γ(C−) we have

zayα(Rc
acα −Rγ

aγα) = zayα(Rc
acα −Rγ

αγa) = 1
2y

α[Da, Dα]za − 1
2z
a[Dα, Da]yα

= 1
2 [y

αDaDαz
a − yαDαDaz

a − zaDαDay
α + zaDaDαy

α]
= 1

2 [Da(yαDαz
a)− yαDαDaz

a −Dα(zaDay
α) + zaDaDαy

α]
= 1

2 [div([y, z]+)− Ly div z − div([z, y]−) + Lz div y]
= 1

2 [div[y, z]− Ly div z + Lz div y]
= 1

4(σ
−1L[y,z]σ − Ly(σ−1Lzσ) + Lz(σ−1Lyσ))

= 1
4σ

−1(L[y,z] − LyLz + LzLy)σ = 0,

where the subscripts ± denote the projection onto C±. In other words [6]

for any D ∈ LC(G, σ) we have Rc
acα = Rγ

aγα. (B.3)

B.2 Lichnerowicz formula

Here we derive the Lichnerowicz formula for the action on spinor half-densities:

/D
2 +DαDα = −1

8R. (B.4)

The proof presented here is straightforward, though rather messy — we leave the finding of a
more conceptual approach (akin to the one in ordinary geometry) open.

To prove the formula, we first calculate the ingredients — following (2.7) we have

/D
2 =

(
γaLea − 1

12cabcγ
abc

) (
γdLed

− 1
12cdefγ

def
)

= LeaLea + 1
2γ

ab[Lea ,Leb
]− 1

12(a(e
a)cdef )γaγdef − 1

12{γa, γ
def}cdefLea

+ 1
288cabcc

def{γabc, γdef}
= LeaLea + 1

2γ
abL[ea,eb] − 1

12(a(ea)cdef )γ
adef − 1

4(a(e
a)caef )γef − 1

2caefγ
efLea

+ 1
16c

a
bccaefγ

bcef − 1
24cabcc

abc.

When acting on half-densities we have

L[ea,eb] = LcabCeC = cabCLeC + 1
2a(e

C)cabC .
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Similarly, one can write the Jacobi identity as

a(e[A)cBC]D + cE[ABcC]
E
D − 1

3a(eD)cABC = 0.

This in particular implies

a(e[A)cBCD] = 3
4c[AB

EcCD]E .

Returning back to /D
2 this gives

/D
2 = LeaLea + 1

2cαefγ
efLeα + 1

4(a(e
α)cαef )γef − 1

16c
α
bccαefγ

bcef − 1
24cabcc

abc. (B.5)

Similarly, on spinor half-densities we have

DαDα = DeαDeα −DDeαeα

=
(
Leα − 1

4c
α
bcγ

bc − 1
2(div e

α)
) (

Leα − 1
4cαdeγ

de − 1
2(div eα)

)
+ (div eα)

(
Leα − 1

4cαdeγ
de − 1

2(div eα)
)

=
(
Leα − 1

4c
α
bcγ

bc + 1
2(div e

α)
) (

Leα − 1
4cαdeγ

de − 1
2(div eα)

)
= LeαLeα − 1

4(a(e
α)cαde)γde − 1

2cαdeγ
deLeα − 1

2(a(e
α) div eα)

+ 1
16cαbcc

αdeγbcγde − 1
4(div e

α)(div eα)
= LeαLeα − 1

4(a(e
α)cαde)γde − 1

2cαdeγ
deLeα − 1

2(a(e
α) div eα)

+ 1
16cαbcc

α
deγ

bcde − 1
8c
αbccαbc − 1

4(div e
α)(div eα).

Together we thus get

/D
2 +DαDα = LeALeA − 1

24cabcc
abc − 1

2a(e
α) div eα − 1

4(div e
α)(div eα)− 1

8c
αbccαbc.

Using

LeaLeaσ = 1
2Lea [σ(σ−2Leaσ

2)] = 1
2(Leaσ) div ea + 1

2σa(e
a) div ea

= σ
[

1
4(div e

a)(div ea) + 1
2a(e

a) div ea
]

and the analogous formula for C−, we finally obtain

/D
2 +DαDα = 1

4(div e
a)(div ea) + 1

2a(e
a) div ea − 1

24cabcc
abc − 1

8c
αbccαbc

(2.12)= −1
8 R .

B.3 The other formula

It is much simpler to prove that on spinor half-densities one has

[ /D,Dα] = 1
4 Raα γ

a. (B.6)

Namely, rewriting (B.1) as [Da, Dα]AB = 2Raα
A
B, it follows that

[γaDa, Dα]ϵ = 1
2 Raαcd γ

aγcdϵ
(2.11)= Rc

αcdγ
dϵ

(B.3)= 1
4 Raα γ

aϵ.
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B.4 Generating Dirac operator

Note that sections 2.4 and 2.5 apply also to the more general context where E is any
Courant algebroid, G is any endomorphism with GT = G and G2 = id, and σ an everywhere
non-vanishing half-density, provided

rankC+ ̸= 1 and rankC− ̸= 1,

since otherwise the space LC(G, σ) may be empty (cf. [22]).
A particularly important special case is G = id in which we have C+ = E and C− = 0,

and the Dirac operator becomes the generating Dirac operator /Dgen of Alekseev-Xu [15, 28].
In this case the Lichnerowicz formula (2.13) gives

/D
2
gen = −1

8 R = −1
4 R

AB
AB ∈ C∞(M) for any D ∈ LC(id, σ).

Using the fact that for any G we have LC(G, σ) ⊂ LC(id, σ), we get

Rab
ab +Rαβ

αβ
(B.2)= RAB

AB = −4 /D2
gen for any D ∈ LC(G, σ). (B.7)

Since /Dgen is independent of both σ (cf. (2.7)) and G, so is the sum Rab
ab +Rαβ

αβ.
For completeness we note that in the case (2.2) the formula (B.5) implies

/D
2
gen = − 1

24fijkf
ijk = const,

where fijk are the structure coefficients of g.

B.5 Variations of the kinetic operators

The variation of ΓABC and of the curvature tensors under the change of G and σ was
calculated in [22]. Here we will only need9

(δΓ)[abc] =0, (δΓ)aαγ =D[αδGγ]a, (δΓ)αbc=−D[bδGc]α, (δΓ)γγα=−1
2DaδGα

a+2Dα
δσ
σ

as well as ∫
M
(δR)σ2 =

∫
M

Raα(δG)aασ2. (B.8)

Note that both δGab and δGαβ always vanish as a consequence of

0 = δ(id) = δG2 = (δG)G +G(δG).

We now wish to show the following variations:10

(δ /D)ρ = 1
2δG

α
aγ

aDαρ+ 1
4(DαδG

α
a)γaρ,

(δ /D)ψα = 1
2δG

γ
aγ

aDγψ
α + 1

4(DγδG
γ
a)γaψα + (D[αδGγ]

a)γaψγ ,

(δDα)ρ = −1
2δGα

aDaρ− 1
4(DbδGαc)γbcρ−

(
Dα

δσ
σ

)
ρ,

9Note that (δΓ)ABC := Γnew
ABC − Γold

ABC , with both expressions evaluated in the original frame.
10Note that it is not completely obvious (but it is still true) that the r.h.s. of these expressions are independent

of the choice of the representative D and that the first two are also independent of σ.
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which then yield

∫
M
ρ̄(δ /D)ρ =

∫
M

1
2δG

α
a(ρ̄γaDαρ),∫

M
ψ̄α(δ /D)ψα =

∫
M
δGγa

(
1
2 ψ̄αγ

aDγψα + ψ̄γγaDαψα − ψ̄αγ
aDαψγ

)
,∫

M
ψ̄α(δDα)ρ =

∫
M
δGαa

(
−1

2 ψ̄
αDaρ+ 1

4 ρ̄γ
abDbψ

α − 1
4 ψ̄

αγabDbρ
)
+ δσ

σ (ψ̄αDαρ+ ρ̄Dαψ
α).

To prove the variation formulas we note that we can take

δea = 1
2δG

α
aeα, δeα = −1

2δG
a
αea,

and that the connection coefficients transform under the change of basis δeA =MB
AeB as

δ(ΓABC) =MD
AΓDBC +MD

BΓADC +MD
CΓABD + a(eA)MBC .

We then directly calculate

(δ /D)ρ = δ
(
γaLea + 1

4Γabcγ
abc

)
ρ

= γaL 1
2 δG

α
aeα

ρ+ 1
4

(
(δΓ)abc + 1

2δG
α
aΓαbc + 1

2δG
β
bΓaβc + 1

2δG
γ
cΓabγ

)
γabcρ

= γaL 1
2 δG

α
aeα

ρ+ 1
8δG

α
aΓαbcγabcρ

= 1
2γ

aδGα
aLeαρ+ 1

4γ
a(a(eα)δGα

a)ρ+
(

1
8δG

α
aΓαbcγaγbcρ− 1

4δG
α
aΓαacγcρ

)
+

(
1
4γ

aδGα
aΓγγαρ− 1

4γ
aδGα

aΓγγαρ
)

= 1
2γ

aδGα
aDαρ+ 1

4γ
a(DαδG

α
a)ρ,

(δ /D)ψα = γaLδeaψ
α + 1

4δ(Γabc)γ
abcψα + δ(Γaαγ)γaψγ

= γaL 1
2 δG

γ
aeγ
ψα + 1

8δG
γ
aΓγbcγabcψα +

(
D[αδGγ]

a + 1
2δG

β
aΓβαγ

)
γaψγ

= 1
2γ

aδGγ
aLeγψ

α + 1
4γ

a(a(eγ)δGγ
a)ψα +

(
1
8δG

γ
aΓγbcγaγbcψα − 1

4δG
γ
aΓγacγcψα

)
+D[αδGγ]

aγ
aψγ + 1

2δG
β
aΓβαγγaψγ +

(
1
4γ

aδGβ
aΓγγβψα − 1

4γ
aδGβ

aΓγγβψα
)

= 1
2γ

aδGγ
aDγψ

α + 1
4γ

a(DγδG
γ
a)ψα +D[αδGγ]

aγ
aψγ ,

(δDα)ρ = Lδeαρ+ 1
4δ(Γαbc)γ

bcρ− 1
2δ(Γ

γ
γα)ρ

= −1
2δG

a
αLeaρ− 1

4(a(ea)δG
a
α)ρ− 1

4(DbδGcα)γbcρ− 1
8δG

a
αΓabcγbcρ

+ 1
4(DaδGα

a)ρ−
(
Dα

δσ
σ

)
ρ+ 1

4δG
γ
aΓaγαρ

= −1
2δG

a
αLeaρ− 1

4(a(ea)δG
a
α)ρ− 1

4(DbδGcα)γbcρ− 1
8δG

a
αΓabcγbcρ

+ 1
4δGα

cΓaacρ−
(
Dα

δσ
σ

)
ρ

= −1
2δG

a
αDaρ− 1

4(DbδGcα)γbcρ−
(
Dα

δσ
σ

)
ρ.
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C Unpacking the generalised geometry

C.1 Calculating the brackets

We consider the local model

E = TM ⊕ T ∗M ⊕ (g×M),

with the structure

a(x+ α+ s) := x, ⟨x+ α+ s, y + β + t⟩ := α(y) + β(x) + Tr st
[x+ α+ s, y + β + t] := Lxy + (Lxβ − iydα+Tr t ds) + (Lxt− Lys+ [s, t]g)

and a generalised metric given by

E = C+ ⊕ C− = C+ ⊕ (C ′
− ⊕ C ′′

−)

C+ = {x+
(
ixg + ixB − 1

2 TrA ixA
)
+ ixA | x ∈ TM}

C ′
− = {x+

(
−ixg + ixB − 1

2 TrA ixA
)
+ ixA | x ∈ TM}

C ′′
− = {0− Tr tA+ t | t ∈ g×M}.

As the first step, we will identify E with TM ⊕ TM ⊕ (g×M) via the bundle isomorphisms

j+ := (a|C+)−1 : TM → C+, j− := (a|C′
−
)−1 : TM → C ′

−,

j±x = x+ (±ixg + ixB − 1
2 TrA ixA) + ixA.

and
jg : M × g → C ′′

+, jgt = −Tr tA+ t.

A straightforward calculation then gives

[j±x, j±y] = j±[x, y]± 2g(∇x, y) + iyixdB + 1
2 iyixTr(A ∧ dA)− Tr(A iyixdA) + iyixF

[j±x, jgt] = jg(ix∇At)− Tr[t(iXF )],
[jgs, jgt] = jg([s, t]g) + Tr(t∇As),

and the subsequent

⟨[j±x, j±y], j±z⟩ = ±2g([x, y], z)± 2g(∇zx, y) + iziyixH,

⟨[j±x, j±y], j∓z⟩ = ±2g(∇zx, y) + iziyixH,

where ∇ is the (ordinary) Levi-Civita connection, ∇At := dt + [A, t]g, and

F := dA+ 1
2 [A,A]g, H := dB + 1

2 cs(A), cs(A) := Tr(A ∧ dA) + 1
3 Tr(A ∧ [A,A]g).

(C.1)
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C.2 Structure coefficients via a normal frame

We will now use the standard argument using a normal frame (cf. [21]). Let us pick — around
any point p ∈ M — a local frame Ea of TM satisfying g(Ea, Eb) = gab = const (in the
entire neighbourhood) and Γ̄abc = 0 at p, where Γ̄ are the usual connection coefficients (in
particular we have [Ea, Eb] = 0 at p). We also choose a basis Ei of the Lie algebra g. We
then define the following frame of C+:

ea := 1√
2(j+Ea),

which gives ⟨ea, eb⟩ = gab, and so in particular also ea = gabeb. We also define the frames

eȧ := 1√
2(j−Ea), ei := jgEi

of C ′
− and C ′′

−, respectively. (In particular we now have a further splitting of the frame
eα into eȧ and ei.)

Next, using the fact that the images of j+, j−, and jg are mutually orthogonal, we
calculate the needed ingredients at the point p:

cabc = ⟨[ea, eb], ec⟩ = 1
2
√

2⟨[j+Ea, j+Eb], j+Ec⟩ =
1

2
√

2Habc,

and similarly

cabċ = 1
2
√

2Habc, cabi = 1
2(Fab)i, caḃċ =

1
2
√

2Habc, caḃi =
1
2(Fab)i, caij = 1√

2(Aa)
kfkij ,

where fijk are the structure coefficients of g. Recalling the relation (2.6), locally (i.e. not
just at p) we have

div ea = div eȧ = 1√
2(−2Eaφ+ Γ̄cca)

and so at p we get div ea = div eȧ = −
√
2Eaφ.

C.3 Scalar curvature

At p we then have

Rab
ab = −(div ea)(div ea)− 2a(ea) div ea − 1

3cabcc
abc + 1

2cabCc
abC

= −2(Eaφ)(Eaφ) + 2EaEaφ− Γ̄cca,a − 1
3⟨[ea, eb], ec⟩⟨[e

a, eb], ec⟩+ 1
2⟨[ea, eb], [e

a, eb]⟩
= −2(Eaφ)(Eaφ) + 2EaEaφ− Γ̄cca,a − 1

24HabcH
abc + 1

8 TrFabF
ab,

and so

R = R+ 4∆φ− 4g(∇φ,∇φ)− 1
12HabcH

abc + 1
4 TrFabF

ab,

where R is the usual scalar curvature for g.

– 25 –



J
H
E
P
0
7
(
2
0
2
5
)
1
1
4

C.4 Fermionic kinetic terms

Recall that the fields are decomposed as

ρ = 4√2σρ, ψȧ = 4√2σψa, ψi = 1
4√2
σχi.

We first calculate (noting that ψȧ = − 4√2σψa due to the minus sign in (2.5)) that at the point p

/Dρ
(2.7)= 4√2

[
γaLea(σρ)− 1

12σcabcγ
abcρ

]
= 4√2

[
1
2(div ea)σγ

aρ+ σγaa(ea)ρ− 1
12σcabcγ

abcρ
]

= 1
4√2
σ

[
−(Eaφ)γaρ+ γaEaρ− 1

24Habcγ
abcρ

]
= 1

4√2
σ

(
−(∇aφ)γaρ+ /∇ρ− 1

4 /Hρ
)

/Dψȧ
(2.8)= − 1

4√2
σ

(
−(∇cφ)γcψa + /∇ψa − 1

4 /Hψa +
√
2cbȧċγbψc + cbȧiγ

bχi
)

= 1
4√2
σ

[
(∇cφ)γcψa − /∇ψa + 1

4 /Hψa +
1
2Habcγ

bψc + 1
2 TrFabγ

bχ
]

/Dψi
(2.8)=

4√2
2 σ

[
−(∇aφ)γaχi + /∇χi − 1

4 /Hχi − 2cbiċγbψc −
√
2cbijγbχj

]
=

4√2
2 σ

[
−(∇aφ)γaχi + /∇Aχi − 1

4 /Hχi − (Fab)iγbψa
]

Dȧρ
(2.9)= 4√2

[
Leȧ(σρ)− 1

4cȧbcγ
bc(σρ)− 1

2(div eȧ)(σρ)
]

= 1
4√2
σ

[
−(Eaφ)ρ+ Eaρ− 1

8Habcγ
bcρ+ (Eaφ)ρ

]
= 1

4√2
σ

[
∇aρ− 1

8Habcγ
bcρ

]
Diρ

(2.9)= −
4√2
4 σcibcγ

bcρ = −
4√2
8 σ(Fbc)iγbcρ = −

4√2
4 σ /F iρ

where
/∇Aχ := /∇χ+ γa[Aa,χ]g. (C.2)

For the kinetic terms we then have

ρ̄ /Dρ=σ2
(
ρ /∇ρ− 1

4 ρ̄ /Hρ
)

ψ̄α /Dψα=σ2
[
−ψ̄a /∇ψa+ 1

4ψ̄
a /Hψa+ 1

2 Tr
(
χ̄ /∇Aχ− 1

4 χ̄ /Hχ
)
+ 1

2Habcψ̄
aγbψc+TrFabψ̄aγbχ

]
ψ̄αDαρ=σ2

(
ψ̄a∇aρ− 1

8ψ̄
aHabcγ

bcρ− 1
4 Tr χ̄/Fρ

)
.

Together this gives S =
∫
M

√
|g|e−2φL with

L = R+ 4|∇φ|2 − 1
12HabcH

abc + 1
4 TrFabF

ab − ψ̄a /∇ψa + ρ /∇ρ+ 1
2 Tr χ̄ /∇Aχ− 2ψ̄a∇aρ

+ 1
4ψ̄

a /Hψa − 1
4 ρ̄ /Hρ−

1
8 Tr χ̄ /Hχ+

1
2Habcψ̄

aγbψc + 1
4ψ̄

aHabcγ
bcρ

+ 1
2 Tr χ̄/Fρ+TrFabψ̄aγbχ+ 1

384(ψ̄aγbcdψ
a)(ρ̄γbcdρ)− 1

768(ρ̄γ
bcdρ) Tr(χ̄γbcdχ)

− 1
192(ψ̄aγcdeψ

a)(ψ̄bγcdeψb) + 1
192(ψ̄aγcdeψ

a) Tr(χ̄γcdeχ)− 1
768 Tr(χ̄γabcχ) Tr(χ̄γ

abcχ),

where we used
∫
M

√
|g|e−2φ∆φ = 2

∫
M

√
|g|e−2φ|∇φ|2. Switching to the more standard

µ, ν, . . . spacetime indices we then obtain (1.3).

C.5 Variation of the generalised metric

An infinitesimal variation δG of a generalised metric G can be equivalently described via
a map τ : C+ → C− (the graph of ϵτ , with ϵ a small parameter, corresponds the new
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deformed generalised metric). To express the latter in terms of δg, δB, and δA via the
correspondence (2.3) we start with j+x ∈ C+ and then identify τ(j+x) as the unique element
in C− for which

j+x+ ϵτ(j+x) ∈ Im jnew
+ ,

up to order ϵ, where

jnew
+ y = y + [iy(g + ϵδg) + iy(B + ϵδB)− 1

2 Tr(A+ ϵδA)iy(A+ ϵδA)] + iy(A+ ϵδA).

A quick calculation then reveals

τ(j+x) = j−(−1
2g

−1ix(δg + δB + 1
2 Tr δA ∧A)) + jg(ixδA).

Using the frame from subsection C.2 and the relation

δGaα = ⟨(δG)ea, eα⟩ = 2⟨τea, eα⟩

we obtain

δGaċ = (δg + δB + 1
2 Tr δA ∧A)ac, δGai =

√
2(δA)ai.

The supersymmetry variations (1.4) then follow directly (using ϵ = − 2
4√2
σϵ).
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