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ABSTRACT

We present the results of a polarization study based upon relativistic magnetohydrodynamic modelling of jets running into
hydrostatic, spherically symmetric cluster atmospheres. For the first time in a numerical simulation, we derive Faraday rotation
measure maps (RM maps) from model cluster atmospheres based upon the universal pressure profile (UPP), incorporating a
temperature profile for a ‘typical’ self-similar atmosphere described by only one parameter — Msn. We compare our simulated
polarization products with current observational data from Very Large Array (VLA) and LOw Frequency ARay (LOFAR), as
well as continuing investigations from our previous work, such as the detectability of the Laing—Garrington effect. We also
studied the variation of mean fractional polarization with cluster mass and jet power. We produce simulated Stokes Q and U
channel images and using the Rotation Measure (RM) synthesis technique we create RM maps. These data provide insight into
what we should expect of current and future high-resolution polarimetric studies of active galactic nucleus (AGN) outflows
as we were able to probe the limitations of the RM synthesis technique by comparing it with the RM map direct from our
simulations. Highlights of our study include clear reproduction of polarization enhancements towards the edges of radio lobes
for suitable conditions and a demonstration that complex lobe morphologies with multiple emission and Faraday active regions
interspersed as might be expected in some pole-on or perhaps precessing sources should be distinguishable in observations with
current technology. Given that the UPP is our most representative general cluster atmosphere, these numerical simulations, and
the polarimetric properties derived from them, represent the most realistic yet for spherically symmetric atmospheres.
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1 INTRODUCTION and the electron density (n,) (Burn 1966), expressed as

. 3
1.1 Faraday rotation RM — — e - /neB” al. @
€y
Magnetized jet plasma inflates a cavity (sometimes referred to as me

a cocoon or lobe) which pushes back the surrounding plasma and
cluster magnetic field. It is the lobe which is responsible for polarized
radio synchrotron emission, and as this emission passes through the
surrounding magnetoionic medium it is subjected to Faraday rotation
(Clarke 2004; Govoni & Feretti 2004) which causes the plane of
polarization of the electromagnetic wave to be rotated by an angle
due to the difference in the propagation speed of the two circularly
polarized components. The observed angle of polarization, ¥, is
a function of the square of the wavelength A% and is related to the
intrinsic plane of polarization, v, (i.e. that emitted at the source)
by

where d! is the path length, e is the electron change, m is the electron
mass, ¢ is the speed of light, and ¢, is the permittivity of free space.
RM is measured in rad m~2 and e*/872¢,m?c? is a constant which
in physical units has a value of C = 2.62 x 10~'3 T~!. The use of
Faraday rotation to establish the magnetic field strength is limited by
the distribution of polarized radio sources and the current sensitivity
of radio telescopes (Taylor, Stil & Sunstrum 2009; Loi et al. 2019).
Typical values for RMs of active galactic nucleus (AGN) jets fall in
the range ~1-10* rad m~2 with values in the core sometimes reaching
10° rad m~2 (Broderick & McKinney 2010). Average values across
the lobes tend to be much lower, Perley, Roser & Meisenheimer
Yobs = Yin + RM A%, (1) (1997) found values of ~50 rad m~2 across the lobes of Pictor A;
Andati et al. (2024) found that values were higher and more varied
for the eastern lobe with peak values approaching twice the average
(the eastern lobe is at a greater distance from us). In comparison,
Hydra A displays extremely large values for RM of between ~12
000 rad m~2 and 5000 rad m~2 (Baidoo et al. 2023). Such variations
* E-mail: m.stimpson2 @herts.ac.uk between sources is mainly due to the impact of the AGN environment:

where RM is the Faraday rotation measure or simply ‘rotation
measure’. RM is proportional to the line-of-sight magnetic field (By)
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for example Pictor A is situated in a poor cluster whereas Hydra A
is in a relatively rich cluster.

As the lobe inflates, there is very little mixing of the intracluster
medium (ICM) plasma with the synchrotron-emitting lobe-plasma
and so the Faraday effects are often considered to be entirely external.
The material between the cocoon contact surface to the domain
boundary is called the Faraday screen, or the rotation measure
integration volume; the exact volume will depend upon the shape
of the cocoon and the viewing angle. The introduction of a jet into
the surrounding plasma will increase the RM; as the cocoon expands,
the plasma between the cocoon and the bow shock is compressed per-
pendicularly to the jet direction and expands toroidally, which results
in an increase in magnetic field strength, particularly tangentially to
the lobe’s working surface, as demonstrated in the simulations of
Huarte-Espinosa, Krause & Alexander (2011) which identified such
RM enhancements towards the edges of the visible lobe, which has
also been reported in recent observations (Anderson et al. 2022).
These findings were confirmed in the simulations of Jerrim et al.
(2024) who also demonstrated that the edge enhancement effect
is greater for higher power jets running into denser environments.
Jerrim et al. (2024) also investigated the two-dimensional fluctuations
in RM by calculating the structure function (Simonetti, Cordes &
Spangler 1984; Minter & Spangler 1996) and concluded that the edge
enhancement effect is a minor one and that a much greater influence
on the RM is the shape of the jet cocoon, the ‘RM window’.

RMs can be derived from multifrequency observations of sources
within or behind clusters by measuring the angle of polarization as
a function of A (equation 1). It is necessary to have at least three
wavelengths in order to remove the +nm ambiguity which comes
about from the fact that the measured angle Vs lies in the range
0 < Yobs < m radians so that a pair of measurements would not
tell us how many half-rotations have taken place between source
and observer. The contribution from our Galaxy is then subtracted
and using measured values of n, along our line of sight (LOS), we
can recover a measure of the ICM field (equation 2). In practice,
the use of RM to constrain the ICM field is limited to a few
nearby clusters with sufficient numbers of embedded or background
objects which can be detected and from which measurements can be
taken; the Coma cluster is the best constrained example, having 12
polarized sources detected in and behind it (Bonafede et al. 2010,
2013).

Analytical approaches to modelling RM have been used by a
number of authors employing various levels of complexity (e.g. Kim
et al. 1990; Tribble 1991; Feretti & Giovannini 2008). The last of
these used a tangled magnetic field and radial gas density distribution
varying with the isothermal B-model. Real Faraday screens are a
good deal more complicated than analytic models; for example the
Faraday rotation maps of Hydra A (Taylor & Perley 1993) indicate
that the northern and southern lobes have opposite RM values (i.e.
positive and negative) suggesting a magnetic field variation on the
scale of 50kpc. In addition, there are small-scale fluctuations on
the size of ~10 kpc throughout both lobes; these findings indicate
a multiscale magnetic field. For greater realism we must move
away from analytic approaches to numerical models which more
faithfully incorporate observations of the density and magnetic field
distributions within cluster environments; in particular the ground-
breaking work of Murgia et al. (2004) which has been developed
and used in our current model (refer to Stimpson, Hardcastle &
Krause 2023). In terms of observations, the high Faraday resolution
of LOFAR (van Haarlem et al. 2013) has enabled RM studies at metre
wavelengths and improved the resolution of observations, although
the challenge is that longer wavelengths are more impacted by RM
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induced depolarization and so the sensitivity of observations needs
to be greater.

1.2 Polarization

Optical and radio emission from the jets and lobes of AGNs is
synchrotron, which is intrinsically highly polarized as seen for
example in M87 (Baade 1956; Biretta, Stern & Harris 1991). Theory
indicates that, for optically thin emission and a uniform magnetic
field, the polarization is nearly 70 per cent (Pacholczyk 1970) (see
Appendix A). In observations, however, the degree of polarization
is often much less, for example Aller et al. (1985) found typical
values of around 5 percent, and more recently O’Sullivan et al.
(2023) found a median of 1.8 per cent using data from the LOFAR
Two-metre Sky Survey. This is due to beam depolarization effects;
along the LOS, contributions from different regions with opposite
orientations of magnetic field strength combine and cancel out and
so reduce polarization. In order to recover high polarization fractions
we need to consider observations at high resolution and/or frequency.
Pictor A is a very bright discrete Fanaroff-Riley type II (FRII) radio
source, well known for its round lobes. Using data from the Very
Large Array (VLA), Perley et al. (1997) found polarization values
of between 30 and 60 per cent along the lobe edges and between 10
and 20 per cent within the central regions of the lobes. A recent study
of Pictor A using the MeerKAT radio telescope (Andati et al. 2024)
also identified peak values of around 60 percent. In comparison,
observations of Hydra A reveal even greater variability in polarization
across lobes, values ranging from as low as 2 percent in the inner
regions to 75 per cent at the lobe edges (Baidoo et al. 2023). This wide
range of values from various observations is expected as polarization
depends upon the observation frequency, the properties of the source,
the cluster environment and where in the source is being observed.

1.3 Depolarization

Burn (1966) showed that the radiation from sources of synchrotron
radiation is depolarized as a result of Faraday rotation by the
magnetized material which surrounds them. Depolarization is the
decrease in the percentage polarization that is caused by differential
Faraday rotation between the source and observer (we refer to this as
external depolarization, as opposed to internal depolarization which
takes place within the lobes). A fully resolved foreground Faraday
screen produces only Faraday rotation and not depolarization; but if
we have finite resolution then beamwidth depolarization will result.
This occurs when the width of the observing beam is greater than the
size of the fluctuations in the Faraday screen (as a result of variations
in density and/or magnetic field) and so radiation with a similar
position angle 1 but opposite orientation will be averaged out and so
the polarization reduced (i.e. depolarization will result). In addition,
bandwidth depolarization is caused by the variation of rotation angle
across the frequencies being observed.

External depolarization is frequency (or wavelength) dependent,
the standard parametrization derived by Burn (1966) using the
assumption of a Gaussian distribution of depths is (henceforth
referred to as the ‘Burn law’) is:

p = piexp (—2C*(nBy)3de)"), 3)

where p is the observed fractional polarization and p; its intrinsic
value, C is a constant (see above), (nB”ﬁ is the variance of the
product of electron density and field strength along the LOS, ¢ is
the source size, and d is the characteristic size of field reversals,
where we require that d is significantly smaller than the physical
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size of the beam. Clearly the problem here is the notion that there
is a characteristic scale that can be defined. Observations show
that a combination of resolved Faraday rotation and depolarization
implicitly invalidates this simple assumption; in reality there is a
power spectrum of values, which is taken into account in numerical
models by giving the spectrum a Kolmogorov-like three-dimensional
turbulent slope (Hardcastle & Krause 2014; English, Hardcastle &
Krause 2016, 2019; Stimpson et al. 2023).

We can model depolarization by considering the thermal material
in each cell between the lobe and observer (within the lobe); roughly
speaking, this material rotates the plane of polarization by the angle

¢ = CnyBj2%sz, 4)

where C is defined above, ny is the thermal density, A is the
observation wavelength, B is the component of magnetic field along
the LOS (i.e. along the z-direction), and &z is the length of the
cell. The polarization is expected to be a function of observing
wavelength; in general we can expect depolarization effects to
become important when Cngnd B”AZE ~ 1 where ¢ is the distance
through the region along the LOS; from this we can calculate a critical
frequency, below which depolarization will become important:

v & cy/CnyldByL. 5)

1.4 Rotation measure synthesis

The RM is often taken to be the slope of the polarization angle ¥
versus A? (e.g. Ruzmaikin & Sokoloff 1979):

dy(A?) |
RTERN ©

however, if there is more than one emitter along the LOS, then
the slope will not be a constant and it can be a non-trivial task to
disentangle the sources into separate components. More advanced
analysis uses the RM synthesis technique (Burn 1966; Brentjens &
de Bruyn 2005; Loi et al. 2019). First we replace RM with the
quantity ¢, the ‘Faraday depth’; a value related to the properties of
the Faraday rotating plasma by the equation:

telescope
b / neB -dl @)

ource

RM =

(compare with equation 2). Using this concept, Burn (1966) in-
troduced the Faraday dispersion function F(¢), which describes
the intrinsic polarized flux as a function of Faraday depth. By
expressing the polarization vector as an exponential (P = peV),
using equation (7) and integrating over all Faraday depths, we obtain

+00

PG2) = / F(¢)e?* dg, ®)
—00

where P()?) is the (complex) observed polarization vector [ P(A?) =

Q(A?) + iU(A?)]. This relation takes the form of a Fourier transform

and can be inverted to express the intrinsic polarization in terms of

observable quantities as follows:

+00 N
F(¢) = / P(A)e %927 d)2, )

We deal only with discrete and positive values of A2, and so the form
of this equation which is used in practice is a discrete sum, which
gives the reconstructed Faraday dispersion function

N
F(@)= K> W,pe 2004, (10)

n=1
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where W, are weights which can differ from unity, and K is the
inverse sum of the weights. The term A3 has been included as
Brentjens & de Bruyn (2005) demonstrated that if we give it a value
equal to the weighted mean of the observed A2, then a better behaved
response function results. The reconstructed Faraday dispersion
function can be expressed as:

F(¢) = F(¢) * R(9), (1)

where * denotes convolution and R(¢) is the rotation measure spread
function (RMSF), written in discrete form as:

N
R@) =K Y W,e 20i-0), (12)
n=1

RM synthesis is used to minimize the effects of nw ambiguity,
as well as to recover emission at multiple Faraday depths along a
particular LOS. The RM synthesis technique is widely used in the
polarization analysis of observations such as those from LOFAR
(e.g. Mahatma et al. 2021; Carretti et al. 2022, 2023; Snidari¢ et al.
2023; Gopinath et al. 2024) and the Karl Jansky Very Large Array
(e.g. Stuardi et al. 2022; Baidoo et al. 2023; Di Gennaro et al. 2023).
We implement the RM synthesis technique using PYRMSYNTH,' a
PYTHON script developed primarily for LOFAR Stokes Q and U
cubes.

In this paper, we aim to use the most realistic spherically symmetric
cluster atmosphere to recover the polarization properties knowing
the physical conditions of the clusters, which will give us insight
into whether we can use the RM synthesis technique to recover the
polarization properties of real cluster observations. In Section 2, we
present the UPP cluster atmosphere used in this study, our modelling
of this and the numerical methods used to create our synthetic
polarization quantities. We present our simulated results in Section 3.
Our summary and conclusions are found in Section 4.

2 NUMERICAL SIMULATION

2.1 The universal pressure profile cluster atmosphere

Based upon observations of X-ray clusters with Chandra and on
numerical simulations on scales larger than these, Nagai, Kravtsov &
Vikhlinin (2007) built upon the work of Navarro, Frenk & White
(1995) and proposed a ‘generalized Navarro, Frenk and White’
(GNFW) model expressed in terms of the gas pressure of the cluster.
The version below is that presented by Arnaud et al. (2010) and is
written in terms of the average scaled pressure p at a normalized
distance x (equation 14) from the cluster centre, the profile is

Py
(cs00x)” [1 + (es00x)”

where P, is the pressure at the centre of the cluster and the parameters
y, o, B are respectively the central slope (r < ry), intermediate slope
(r ~ry), and outer slope (r > r,). The scale radius ry, is defined
as the radius where the logarithmic slope of the density profile is
o = —2; and the concentration is defined as cso0 = Rsp0/7s. Rso0
represents the radius of the cluster corresponding to a mean mass
density contrast of 500 times the critical density of the Universe.
These parametrized values are linked to real values of pressure P(r)
and radial distance r using the scaling relations

pl) = e 13

P(r) = p(x)Ps0 and x =r/Rs00, (14)

Uhttps://github.com/mrbell/pyrmsynth
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where p(x) is the normalized pressure and is linked to the average
scaled profile p(x) by an empirical term which reflects the deviation
from standard self-similar scaling:

M a(x)
p(x) = p(x) [3 0 } ,

15
x 10"h3) Mg, ()

where a(x) is a variable in x linked to the mass of the cluster
and the dimensionless Hubble constant h;y = h/Hy where Hy = 70
kms~!Mpc~!. Psy is the ‘characteristic pressure’ which is dependent
upon mass and redshift as follows

JZE
3 x 10"h;) Mg

where h(z) is the ratio of the Hubble constant at redshift z to its
present value, h(z) = H(z)/Ho. Msy is the mass contained within
the radius Rsoo at which the mean mass density is 500 times that of
the critical density of the Universe at the cluster redshift p.(z). Msgo
and Rsq can be found from one another; from the definition of Msqg
we have

2/3
P500=1.65><10_3h(z)8/3{ } h2, keVem™3, (16)

4, 3H(2)?
Msoo = = Ripg500pc(z)  where  pu(e) = = (17
where G is the gravitational constant and H(z) =

Ho\/Qu(1 +2)3 + Q4 where, for a flat Lambda cold dark

matter (ACDM) cosmology, 24, =0.3 and 2, =0.7. These
relations are the GNFW model and the correct choice of parameters
will result in a very good fit to the pressure profiles of galaxy
clusters (as shown in appendix C of Arnaud et al. 2010). From
the UPP cluster pressure profile described here and using a cluster
temperature profile we can recover the density profile using the ideal
gas law p = nkT.

Arnaud et al. (2010) derived an average GNFW profile and for
their choice of parameters the scaled pressure profiles do not show
any significant dependence on mass; in other words equation (15)
reduces to p(x) = p(x) and so their model is self-similar. When X-
ray measurements are used to estimate cluster masses, it is assumed
that the cluster is in equilibrium (i.e. a perfectly relaxed cluster);
however, observations indicate that clusters are not all relaxed as non-
thermal pressure support is also present (e.g. Schuecker et al. 2004;
Sanders, Fabian & Smith 2011; Walker, Sanders & Fabian 2015;
Hitomi Collaboration 2016; Hofmann et al. 2016; Siegel et al. 2018;
Eckert et al. 2019); furthermore, simulations of clusters undergoing
mergers or feedback processes substantiate these observations (e.g
Vazza, Roediger & Briiggen 2012; Nelson et al. 2014; Gupta et al.
2017; Vazza et al. 2017; Bennett & Sijacki 2022) demonstrating that
cluster formation leads to significant non-thermal gas processes such
as turbulent flows and bulk motions. Neglecting the kinematics leads
to a systematic underestimation of the masses of galaxy clusters:
this is the hydrostatic mass bias. He et al. (2021) describe how
they employ a simulation (the Mock-X analysis framework) devised
by Barnes et al. (2021) which is able to model the evolution of
clusters, including the non-thermal pressure support, and simulate
X-ray emission. Their study leads to the debiased values for the
GNFW parameters (the values used in our model) which can be
considered to be more accurate than those provided by previous
studies; in addition, they confirmed the self-similarity conclusion of
Arnaud et al. (2010) in that this set of generalized parameters does
not depend upon mass.

In a cool core cluster the temperature rises steeply away from the
centre and reaches a peak of around a tenth of Rsg, then reduces
gradually towards large radii. The core is believed to be at a lower
temperature as a result of radiative cooling; the inner regions are
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at a higher pressure than the S-model predicts and this leads to a
greater luminosity and so shorter cooling time than the rest of the
cluster. Without compensation through a heating mechanism, the core
temperature falls (Fabian 1994). In this study we employ the cool
core temperature profile described by Vikhlinin et al. (2006). The
theory of cluster magnetic fields suggests that they scale with density
as B ocnl/? (Kunz et al. 2011); this is backed up by observations
(Bonafede et al. 2010) and is assumed by many authors (e.g. Miniati
2015; Miniati & Beresnyak 2015).

2.2 Simulation set-up

The numerical model used in this study is described in detail in
Stimpson et al. (2023) (henceforth referred to as Paper 5); here we
summarize the salient points. This model was a development of
that described in Hardcastle & Krause (2013), Hardcastle & Krause
(2014), English et al. (2016), and English et al. (2019) (henceforth
referred to as Paper 1, Paper 2, Paper 3, and Paper 4). The model
uses the UPP atmosphere and a jet with a Lorentz factor (y = 10)
which matches well with the values seen on parsec scales. The model
also employs stretched grids in order to model the central regions
at a high resolution and so enables a narrow, and so more realistic,
injection cylinder.

The UPP is a self-similar profile with one input variable: cluster
mass;” it represents observed cluster profiles more faithfully than
any other model atmosphere. The cluster mass is implemented as
Msgo in units of hy; x 10'*Mg. Following the methodology of
Huarte-Espinosa et al. (2011), Paper 2, Paper 3, and Paper 4; we
implement a cluster magnetic field which is multiscaled, tangled,
and has a magnitude related to the cluster density profile. Using the
equations of the universal pressure profile (see previous section), we
derived the following expression for the dark matter potential, used
to hold the mass of the cluster in place:

kT
o(r) =

In [x7 (1 + (es000)) 7] (18)
u

which can be compared with dark matter potentials for the S-profile
(Krause 2005) or the NFW-profile (Binney & Tremaine 2008). The
simulation unit for density, length, and pressure are set to py =
3.01 x 1073 kgm™3; Iy = 2.1kpc and py = poc? = 2.7 x 107° Pa,
respectively; and the simulation unit for the magnetic field is
calculated from By = c+/4mpy, giving 1.84 uT.

The simulations are carried out on a static three-dimensional
Cartesian grid centred on the origin and extending to a length of
300 kpc in each direction. To ensure that there are enough cells at
the end of the injection cylinder to enable the jet to successfully
get on to the grid, and for efficient use of computer resources, we
used stretched grids. The central patch is a 4.2 kpc cube in width
and is represented by 50 grid points in the y- and z-directions and
10 grid points in the x-direction. Either side of the central patch is
a geometrically stretched grid of 200 cells in the y- and z-directions
and 300 cells along the x-direction. The resolution along the y- and
z-directions ranges from 0.084 kpc at the centre to 6.9 kpc at the grid
boundary; along the x-direction the resolution ranges from 0.42 kpc
at the centre to 2.1 kpc at the grid boundary. The cell count is,
therefore, (n,,n,,n;) = (610,450, 450); all outer boundaries are
set to ‘periodic’. An injection cylinder is positioned in the centre
of the grid, with the two jets running along both directions of the
x-axis. We use a jet radius of 0.2 simulation units (0.42 kpc). The

2We assume that the model cluster is at a distance of z = 0.
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central patch has an aspect ratio of 5, increasing along the x-axis
towards the edge of the computational domain. The end of the
injection cylinder projects beyond the end of the central uniform
patch and so the cells here have an aspect ratio slightly higher than
5. However, in our present study we are interested in the magnetic
material along our LOS (we look along the z-axis) and towards the
lobes (i.e. at a distance from the centre) and these cells do not have
such a large aspect ratio in comparison with those along the x-axis.
The disadvantage of using stretched grids is that greater numerical
dissipation is likely to take place along the longer sides of such
cells; this introduces the possibility of grid-dependant artefacts. A
limited series of tests were carried out whereby the number of cells
along the x-axis was doubled (high resolution and smaller aspect
ratio) or halved (low resolution and greater aspect ratio); the results
can be seen in figs 13 and 14 of Paper 5. The conclusion drawn
from these tests was that the two higher resolution runs appear very
similar in terms of dynamics and energy, suggesting that differences
in resolution and grid anisotropy do not dominate these models.
In this paper, we extended our investigation of resolution (and so
cell anisotropy) to the calculation of fractional polarization and
depolarization. We find that for our two higher resolution runs, results
for fractional polarization and depolarization are very similar to one
another; whereas the lower resolution run achieves the same basic
trends but values are significantly different to the other two runs.
This finding highlights that resolution and grid anisotropy do have
an impact on the polarization results, although we believe that by
using results only from the two higher resolutions, we can minimize
this impact. Comparative data for our resolution study is presented
below in Section 3.

In the construction of the magnetic field of our model atmosphere,
we used a power spectrum and cut the scale off below ~3 pixels (see
Paper 5 for further details), this was motivated by RM observations
that exhibit large-scale structures extending up to 100s of kpc (e.g.
Guidetti et al. 2010; Jerrim et al. 2024). The correlation length of the
magnetic field in our models; therefore, extends over similar scales
and so we are able to model RM structures and depolarization over
these scales; shorter correlation lengths would not be able to model
these structures and so would be less realistic.

We used PLUTO version 4.4-patch?2 for this study (Mignone et al.
2007); all of the runs were carried out on the University of Hert-
fordshire High Performance Computing facility. Each job was run
on 384 Xeon-based cores, taking between one and four weeks each.
An output file was written by PLUTO every 50 simulation time units
(every 0.34 Myr in simulation time). We use the special relativistic
magnetohydrodynamics (RMHD) physics module, HLLD approx-
imate Riemann solvers and a second-order dimensionally unsplit
Runge—Kutta time-stepping algorithm, with a Courant-Freidrichs—
Lewy number of 0.3. A divergence cleaning algorithm is used to
enforce V - B = 0. The model assumes a single-species relativistic
perfect fluid (the Synge gas) which is approximated by the Taub—
Mathew equation of state (Taub 1948; Mathews 1971); for numerical
stability reasons, shock flattening was enabled through the use of
a diffusive Riemann solver (HLL) and limiter (MIN-MOD); our
simulations are non-radiative for both jet and cluster material.

The jet is injected with a constant velocity of 0.994985c¢; this
corresponds to a Lorentz factor of y = 10, well within the range
observed in jets. We limit our study to jets with equal contributions
of enthalpy and kinetic energy and inject a helical magnetic field (see
section 3.4 of Paper 5). The jet is injected with a conserved tracer
quantity of value of 1.0 (and zero elsewhere). Lobes are defined by
tracer values > 1073. The bow shock surface (between the shock
and the undisturbed ambient medium) is identified in a similar way
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to the tracer, by line-tracing from the edges of both sides of the
volume towards the centre and finding where the radial velocity
exceeds the defined value of 75 km s~. In this study a suite of results
was created by injecting jets of various powers into atmospheres
of various masses. Each run is described by a name of the form
jetXX_haloYY: the power of the jet had values of 0.5, 1,2 or 4 x
1038w, represented by XX having values of 05, 10, 20, or 40; and
the mass of the atmosphere had values of Msy = 0.333, 1,3 and
9 x 10'4h7_01M®, represented by YY having values of 03, 10, 30, or
90. The fiducial run for this study is jet10_halo30.

2.3 Simulated polarization — methods

The polarized emission from the lobe can be characterized by means
of the Stokes parameters. First, relativistic aberration needs to be
accounted for; this is where the angle between the light ray and the
velocity direction in the observer’s frame of reference 6, will be
different to that of the object’s frame 6, when moving at relativistic
speeds. The formula is (Einstein 1905)

, 19)

where S is the velocity in units of the speed of light. Therefore,
we define here B, and B, as the components perpendicular to the
aberration-corrected projection axis. The Stokes I (total intensity)
and Stokes Q and U (polarized intensities) parameters are then
calculated (in simulation units) by summing the following relations
along the LOS through the lobe volume

. La-1 o

ji=p (B2 + B2)™ " (B2 + B)D** (20)
. Se—1) o

Jjo =up (B} + B2)* 7 (B — B)D*" 2n
. HCE)) o

Jju=up (BI+ B2)*“ " (2B,B,)D*" 22)

where p is the local pressure, « is the power-law synchrotron spectral
index, which is taken to be o = 0.5 corresponding to an electron
energy index p = 2, and p is the maximum fractional polarization for
a given spectral index: fora = 0.5, u = (@ + 1)/(a +5/3) = 0.69.
D is the Doppler factor, given by

p=—
y(1 = Bcos(9)

where y is the Lorentz factor and 6 is the angle between the
projection vector and the velocity vector of the cell. Here, we have
assumed a constant power-law spectral index which leads to the
constant maximum fractional polarization quoted above, but this is
an approximation and it may be that values could be as high as
100 per cent depending upon the age of the source (see Appendix A
for an explanation).

In addition to the total Stokes /, equation (20), can be summed
along the LOS (ray-tracing) in order to obtain a simulated syn-
chrotron two-dimensional emission map. We can also create emission
maps for Stokes Q and U (using equations 21 and 22). The Stokes
parameters are observable quantities. The intensity in the x and y
polarization directions can be measured and from these Stokes / and
Q calculated, similarly Stokes U is found from similar measurements
at 45° to these axes. The linear polarization, IT can then be found
from:

(23)

VT

1

m= (24)
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Figure 1. Rotation measure spread function (RMSF). Data are for the VLA
with 1248 sets of Q and U maps — obtained by following the frequency
pattern of Baidoo et al. (2023).
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Figure 2. Rotation measure spread function (RMSF). Data are for 480 sets
of O and U maps — obtained by following the frequency pattern of LOFAR
(see O’Sullivan et al. 2023).

and the polarization angle (otherwise known as the Electric Vector
Position Angle, EVPA) can be found from

1 U

Y = —arctan | — | . (25)
2 0

Given that the magnetic field is perpendicular to the electric field,

then the observable direction of the magnetic field (projected on to

the sky) ¥, is given by

2

Observations of polarization are impacted by Faraday rotation.
The EVPA from the lobe emission is altered by Faraday rotation in
the ICM between lobe and observer and the variability of density
and magnetic field in this region leads to differential impacts upon
each ray as it moves towards us and so the polarization can be
reduced to very low levels, which correspond to those typically
observed (as discussed above). To obtain our depolarized fractional
polarization we first generated maps of Stokes /, Q, and U for the

_1 t H +Z (26)
wm_zarcan(Q> .

1673

lobes (equations 20, 21, and 22) as well as that of the RM for the
Faraday screen (equation 2). Rearranging equations (24), (25), and
(1) we derived expressions for the magnitudes of the simulated Stokes
Qobs and Uy which would be ‘observed’ after passing through the
Faraday screen (for a particular wavelength):

I Iinl

Qobs = (27)
v/ 1+ tan? 29gps
I [ip tan 2

Uobs — int tan 1/jobs (28)

1+ tan2 295

where Il is the fractional polarization of the non-depolarized
emission and [, is the Stokes I emission from the lobe (the
magnitude of which is not altered by depolarization). The signs of
these components can be derived from the rotated EVPA (i.e. ¥obs),
which means that our simulated measurements do not suffer from
the +nm ambiguity of observations. We then use equation (24) to
obtain a map of fractional polarization after depolarization, from
which mean fractional polarization (MFP) can be calculated and, for
a range of Stokes Q and U over a range of frequencies, the RM
synthesis technique can be used to obtain the Faraday dispersion
functions (FDF) and so the RM (defined as the peak of the FDF). In
our study, to give concrete examples, we use the frequency patterns
described by Baidoo et al. (2023) and O’Sullivan et al. (2023); the
rotation measure spread function (RMSF) corresponding to these can
be seen in Figs 1 and 2. However, our method can be applied to any
instrumental configuration and consequent RMSF.

3 SIMULATED POLARIZATION - RESULTS

3.1 Fractional polarization maps and histograms

In order to compare our simulations with real observations we created
a series of fractional polarization maps by first varying the frequency
of observation and then by convolving with a Gaussian of increasing
full width at half-maximum (FWHM), see Fig. 3 where we have
used the fiducial run of a jet of power 1 x 10°*W running into an
atmosphere of M5y = 3 x 10 h;ol M, shown once the average lobe
length has reached 250 kpc. The fractional polarization is reduced
with decreasing frequency and with reduced resolution (i.e. greater
FWHM of convolving Gaussian). These trends are replicated in the
histograms of Fig. 3 whereby it can be seen that the median polar-
ization decreases with reducing frequency and reduced resolution.
These results are in line with expectations as depolarization is greater
for lower frequencies as the electromagnetic wave is rotated more
for longer wavelengths; and a lower resolution will both result in
greater beam depolarization with more rays of light being combined
and oppositely polarized rays combining and cancelling out. Exactly
the same pattern of results is seen for frequency and resolution in
figs 3 and 7, respectively in Baidoo et al. (2023), where observations
of the polarization of Hydra A using the Jansky Very Large Array.
A notable feature of the fractional polarization images of Fig. 3
is the edge enhancement, this is particularly visible in the images
on the right-hand side (RHS). Such enhancement at the edges of
the lobe were also seen in the simulations of Huarte-Espinosa et al.
(2011) and in our previous work in Paper 2 (see fig. 9). As the
lobe inflates, its magnetic field orients itself with the lobe boundary
such that it becomes parallel with it, and this leads to increased
polarization. The magnetic field parallel to the lobe-boundary and
the increased polarization can be seen in Fig. 4 where the vectors’
direction indicate the direction of the magnetic field and the length of
the vectors indicate the relative magnitude of fractional polarization.
The vectors are predominantly parallel to the lobe boundary and
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Figure 3. Top panel: fractional polarization images for a jet of power 1 x 103W running into an atmosphere of Msoy = 3 x 10'* h;OIM@ shown once the
average lobe length has reached 250 kpc; our high resolution run is used here (see Paper 5). Left column shows decreasing observation frequency down the
figure; right column shows decreasing resolution (convolving with an increasing FWHM Gaussian). Logarithmic scale used for fractional polarization. This
plot is based upon figs 3 and 7 in Baidoo et al. (2023). Lower panel: histograms showing the distribution of fractional polarization corresponding to the four
fractional polarization images immediately above. Histograms are labelled with the FWHM of the Gaussian used when smoothing the image and the observation
frequency. All charts for external depolarization only.
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Figure 4. A simulated radio image from the same simulation as that used in Fig. 3: the shading represents Stokes / synchrotron emission and is overlaid with
vectors representing the direction of the magnetic field and the magnitude of fractional polarization. The magnetic field direction can be seen to be (generally)
parallel to the lobe-boundary and the fractional polarization tends to be higher at the lobe-boundary than in the centre of the lobes.

their lengths at the edge are higher than in the body of the lobe. A
particular region of edge enhancement is at the top and bottom of the
widest part of the left-hand lobe. In contrast, the first ~25 per cent
of the right-hand lobe nearest the cluster core has a more irregular
magnetic field direction on the lobe-boundary and correspondingly
lower fractional polarization in the plots on the RHS of Fig. 3.

The histograms of Fig. 3 are very similar to those we produced
for the lower resolution runs of Paper 2 (which were similar to those
produced by Huarte-Espinosa et al. 2011). However, in Paper 2 we
noted the presence of a considerable spike at the highest polarization
in all our simulation runs, which is never present in observations. In
our current results the spike is completely removed, more than likely
as a result of the more realistic, smaller injection cylinder (10 times
smaller radius) and the more realistic helical injection of magnetic
field (Paper 2 used a purely toroidal field). This improved aspect
of our model performance gives us confidence that our results are
an improvement upon our previous work and, therefore, closer to
realism. As a test of how great the influence of model resolution is
on our results, we replicated the bottom left panel of Fig. 3 for three
different resolutions; the results can be seen in Fig. 5 where our two
higher resolution runs produce consistent results despite differences
in their resolution.

3.2 Depolarization maps — frequency and resolution

In order to establish the degree of depolarization, we calculate the
[frequency-dependent depolarization ratio (FDR) and the resolution-
dependent depolarization ratio (RDR). The FDR is found from
dividing a fractional polarization map at a low frequency by one
at a high frequency, whereas the RDR is found by dividing a low
resolution fractional polarization map by one at higher resolution.
Examples are presented in Fig. 6 where the top left maps are for FDR
and the top right for RDR (see the caption for actual values used to
create these maps). In addition, the radial profile of depolarization
is also presented in the lower half of Fig. 6, these correspond to
the depolarization maps in the upper half of the figure. The mean
depolarization ratio is binned over a small distance and the shading
represents the standard deviation. For all these charts, lower values
mean stronger depolarization; although the depolarization ratio is
prone to large errors as it is a ratio of ratios and so the scatter is
large, resulting in some values greater than one in our charts. These
charts present very similar results to those presented in figs 4, 5, 8,
and 9 of Baidoo et al. (2023) for observations of Hydra A, which
again gives us confidence in our model. It can be seen in Fig. 6 that
the depolarization is greatest at the centre; the explanation for this
is that we have placed the AGN at the very centre of the cluster and

the result is that the depolarization is greatest there as it is a richer
environment. We can, therefore, use our depolarization maps as a
proxy for the density distribution of our cluster environment (given
we are observing our jets at an angle of 90° to the jet axis).

3.3 The Laing-Garrington effect

Depolarization impacts the lobe created by the jet which is further
away from the observer (the counterjet) more than the lobe created
by the jet moving towards us (the jet), this was established by Laing
(1988) and Garrington et al. (1988) and is known as the Laing—
Garrington effect. The simple explanation is that there is a greater
depth of Faraday screen between the observer and the more distant
counterjet (all other factors in equation 2 being equal), and so the
radiation from that more distant lobe will experience a greater degree
of depolarization in its journey to the observer, and so have a lower
polarization. Using the Laing—Garrington effect, Taylor & Perley
(1993) estimated the inclination of Hydra A to be < 60°.

In a similar way to our previous work in Paper 2, we simulate
observations based on those described by Garrington et al. (1991): we
derive the ‘observed’ Stokes maps after depolarization (i.e. Qs and
U,ps) at frequencies of 1.4 and 5 GHz for each lobe separately. Before
generating our resolved fractional polarization maps we convolve
our simulated Stokes parameter maps with a Gaussian designed to
represent roughly 15 beam widths across the source (thus matching
the observations of Garrington et al. 1991). The depolarization is
calculated as the ratio of MFP at each frequency (DP = f;4/ f5) and
is found for each lobe separately. We then find the depolarization
ratio, DPR = DP;/DP,;, where the subscript indicates either ‘jet’ or
‘counterjet’. The depolarization ratio defined in this way is expected
to be larger than unity, although the multiscaled and tangled nature of
the model ambient magnetic field will ensure significant variability
about any trend for this value (as seen in Paper 2). We replicate
these results for our current model by plotting the variation of the
depolarization ratio with viewing angle for the full range of our
cluster masses and jet powers (see Fig. 7). The LG effect will be
impacted by the multiscaled and tangled nature of our magnetic field
and the angle of view will determine which parts of the spatially
varying field the LOS passes through and so we expect considerable
scatter in our charts (as was noted in our previous work, Paper 2,
fig. 12).

In Fig. 7, we have plotted the LG effect as the black lines and,
as expected, there is considerable variability and the depolarization
ratio tends to have a minimum around 90° and increases away
from this towards the jet—counterjet axis. We do not know the
underlying function which determines the relation between the

MNRAS 539, 1668-1691 (2025)

G20z 1snBNy zz uo 158NnB Aq $Z91 | 1 8/8991/2/6ES/I0IE/SEIU/WO0"dNO"dILSPEOE//:SA]Y WO} POPEOJUMOQ]



1676

1.0

o
©

0.6

0.4

0.2

Normalization (arbitrary units)

Normalization (arbitrary units)

1.0 T

=3 FWHM = 2.9 kpc; freq. = 10x108 Hz
=3 FWHM = 2.9 kpc; freq. = 8x108 Hz
0.8} FWHM = 2.9 kpc; freq. = 6x108 Hz
=3 FWHM = 2.9 kpc; freq. = 4x108 Hz

0.6
0.4

0.2

Normalization (arbitrary units)

1
0.0 0.2 0.4 0.6 0.8
Fractional polarization

Figure 5. Same as bottom left panel of Fig. 3 except for different resolution
runs. The top panel is the high resolution run (same as in Fig. 3); middle panel
is the normal resolution run and the bottom panel is the low resolution run.
The two higher resolution runs produce very similar results whereas the low
resolution is significantly different. The resolution of the run has an impact
on the fractional polarization of the lobes, although this impact is minimized
when higher resolutions are used. Note that the low resolution run is only
used as a comparator in order to establish the impact of resolution.

Laing—Garrington effect and the angle of view; but in an attempt
to quantify the scatter in our data, we have made the assumption
that the shape of this curve is a quadratic (this has been determined
simply from the observations presented here). Using a least-squares
technique, we fit a quadratic curve to these results (shown in red)
and the standard deviation is calculated between the depolarization
ratio and this best-fitting quadratic curve. It can be seen that two of
our charts are so poorly behaved (as a result of the highly variable
magnetic field) that a quadratic curve would not fit. The other 14
curves have uncertainties in the range o ~ 6° to 33°. The general
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trend appears to be that the greater the cluster mass atmosphere, the
greater uncertainty in the angle, which can be explained in terms
of a greater (and consequently more variable) magnetic field (given
the magnetic field scales as ,/n, in our models, see Section 2.2).
We conclude that, within our simulations, we can use the Laing—
Garrington effect in order to constrain the angle of view to ~ 10° (at
best). It would be interesting to see whether such constraints could
be derived observationally for a large sample of radio sources.

3.4 Mean fractional polarization — variation with frequency
and resolution

The MFP is found by finding the average non-zero value for a
fractional polarization map. Given that polarization varies with
frequency and resolution, we expect the MFP to also vary with
frequency and resolution, as can be seen from our top left panel
of Fig. 8 where MFP is reduced for lower frequencies and lower
resolutions. A decrease in resolution reduces the MFP; this is to be
expected as a lower resolution results in a greater amount of beam
depolarization as regions of positive and negative polarization within
the beam will be averaged out. Depolarization is considered to be
due to an unresolved or partially resolved foreground screen, and can
largely be avoided by using high resolutions and high frequencies
(e.g. Guidetti et al. 2012); although the existence of small-scale
structure and limited resolution (particularly of distant objects)
means that it is not always possible to avoid some depolarization,
as is the case for the depolarized galaxies discussed by Hardcastle,
Massaro & Harris (2010) and Hardcastle et al. (2012).

In order to model the external polarization, we employ the Burn
Law (equation 3): in the top left panel of Fig. 8 we have plotted the
curve predicted by assuming an arbitrary value of d to be the size of
one pixel, p; = 0.35 and other values are taken from our numerical
model as average values for the shocked region. The resultant Burn
law gives a shape remarkably similar to those found from our results,
although it predicts a faster fall towards zero as the wavelength
decreases. In fact, our results show that the MFP does not reach zero,
particularly at high resolution, presumably because there are some
lines of sight that have very little effective depolarization. A general
prediction of this type of model is that the fractional polarization
will not show the exponential cutoff to zero of the Burn law, as in
fact is observed in some cases (e.g. Hardcastle 2003). Moreover,
even though the Burn law describes the qualitative shape of the
depolarization curve well, equation (3) does not take account of the
beam size and magnetic field power spectrum, both of which will
impact how quickly the value falls to minimum as the wavelength
decreases. The impact of beam size can be seen in our results but we
have used only one value for the power spectrum in our models and
so further work would need to be done to demonstrate its impact.

In addition to the external polarization, we also produced results
for combined external and internal polarization (dotted lines on
top left panel of Fig. 8) where internal depolarization includes
depolarization caused by material inside our lobe (identified by the
tracer, see Section 2.2) and external is due to everything else from the
nearest lobe surface. Just like the material in the Faraday screen, the
internal depolarization depends upon the density and magnetic field
values experienced by the emitted radiation. Given that the density
within the lobes is significantly lower than in the material external
to the lobes, we find that the internal depolarization has significantly
less impact than the external depolarization (for the resolution we
have chosen); this is observed in the top left panel of Fig. 8 where
the MFP is shown for external only and for combined internal and
external depolarization. The smaller effect of internal depolarization
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Figure 6. Top two rows: depolarization ratio maps. Left column for frequency depolarization ratio (FDR) and right column for resolution depolarization ratio
(RDR). Top FDR is the ratio of the 0.8 GHz image to the 4 GHz image; the bottom FDR is the 0.6 GHz image to the 4 GHz image. The top RDR is the ratio
of FWHM 11.6 kpc to 2.9 kpc and the bottom RDR is FWHM 23.2 kpc to the 2.9 kpc. Bottom two rows: depolarization ratio charts, correspond to the top
two rows. Black squares are the average ratio, the thin black line is for ratio = 1. The shaded region indicates the extent of the standard deviation about the
average value. These charts are based upon figs 4, 5, 8, and 9 in Baidoo et al. (2023). These maps are for external depolarization only and are for a jet of power
1 x 103 W running into an atmosphere of Msp = 3 x 104 h;ol Mg shown once the average lobe length has reached 250 kpc; high resolution run used here
(see Paper 5). In the lower four panels average values for the medium (grey) and low (light grey) resolution runs are included for comparison; these demonstrate
that while resolution influences depolarization, the general trends of all runs is the same.

is also seen in Figs 9 and 10 where the internal polarization is plotted
separately and can be seen to have much less impact in comparison
with the external. There is little evidence of internal depolarization
in observations of FRII radio galaxies, it is more likely that we would
find evidence of internal depolarization in FRI sources as we expect
them to have entrained a greater quantity of cluster gas into their
lobes, resulting in a higher lobe density. O’Sullivan et al. (2013)
have suggested that there is evidence of depolarization in the lobes
of Centaurus A, and predict a density of lobe material of 10> m—3,
which is about an order of magnitude higher than the average density
of our FRII model lobes. And so, given our current observational
limitations, we are unlikely to confirm internal depolarization in the
lobes of FRII’s at this time.

3.5 Mean fractional polarization — influence of cluster mass
and jet power

The top right panel of Fig. 8 shows the evolution of MFP with
frequency for the full range of cluster mass (measured as Msq,) and
jet power used in our suite of models; these are presented with high
values normalized to unity for ease of comparison. It is clear that
cluster mass and jet power influence the fractional polarization. In
order to separate out these two factors, two further plots were created
and are presented in the middle row of Fig. 8. The left chart averages
out the four jet powers at each cluster mass, the right chart averages
the four cluster masses at each jet power. It is clear that jet power has
a highly consistent impact upon the MFP: The greater jet power, the
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Figure 7. Variation of the Laing—Garrington effect with angle of view for the full range of cluster mass and jet power used in this study. An angle of 0°
corresponds to looking along the jet axis, 90° is when the AGN is in the plane of the sky and 180° is when we look along the counterjet. The density of the
cluster atmosphere increases down the chart from top to bottom as Msgy = 0.333, 1,3 and 9 x 1014h7’01 Mg, and the jet power increases from left to right as
0.5,1,2, and 4 x 10°¥W. The observation frequencies and resolution of our model match those used by Garrington, Conway & Leahy (1991). The black line
is the depolarization ratio (i.e. Laing—Garrington effect) and the red line is a quadratic fitted to the data using a least-squares technique. The standard deviation
between these two lines has been calculated for each graph (and labelled as o). The shaded areas are where the overlap between the the two lobes means that
the Laing—Garrington effect can no longer be calculated accurately, these areas are excluded from the calculation.

lower the MFP (i.e. greater depolarization) at a specific frequency.
Similarly for cluster mass, the trend is that the greater the cluster
mass, the lower the MFP for a specific frequency. The trend in MFP
with power and cluster mass can be linked to the morphology of the
lobes. In Fig. 9 (top panel) it can be seen that higher mass clusters
lift the lobes more from the centre through buoyancy and at the
same time the jets’ journey away from the core is impeded more

MNRAS 539, 1668-1691 (2025)

so that the lobes become separated, inflated and well-rounded. In
Fig. 10 (top panel) it can be seen that higher jet power produces
higher aspect-ratio lobes, the jet moves forward more rapidly and
the cluster atmosphere does not have time to lift the inner lobe away
from the core; this results in very pointed lobes.

In order to investigate the links found between MFP and lobe
morphology, the RM of the Faraday screen was analysed. The
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Figure 8. Top left: mean fractional polarization (MFP) as a function of frequency for a range of resolutions (as defined by the FWHM of the Gaussian used to
convolve with the original image) for a jet of power 1 x 103 W running into an atmosphere of M5y = 3 x 10# h7_0] Mg, shown for external depolarization only
and for both external and internal polarization; also shown is the Burn (1966) law (see the text). Top right: MFP for all runs (external polarization) normalized
to the value of the highest frequency; cluster mass is given as Msoy and measured in units of x 104 h7_01 Mg, and jet power is in units of x 103¥W. Middle row:
same data as top right panel except that runs have been averaged for a fixed jet power (left panel) and fixed cluster mass (right panel), this demonstrates that
higher density and lower power runs have lower MFP — corresponding to rounder lobes, suggesting that lobe morphology influences MFP. Bottom row: absolute
mean RM for all runs by power and atmosphere; these suggest that increases in cluster mass and jet power both increase the RM (see the text). All values are
for once the lobes have reached an average length of 250 kpc. With the exception of the top left chart, all runs are for a resolution of FWHM 2.9 kpc.
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Figure 9. Top panel: cross-section through a logarithmic density plot of various cluster atmospheres (labelled); Lower panel: the corresponding evolution of
mean fractional polarization (MFP) with frequency. As indicated, runs for internal, external, and combined polarization. All results convolved with a Gaussian
of FWHM of 2.1 kpc and for models extended to an average lobe length of 250 kpc. Higher cluster mass results in greater depolarization (see the text).

L
-4.0 -35 -3.0 2.5 2.0 -15 -1.0 05 0.0

Ms00 = 3x10* hzgdM,, Ms00 = 3x10* h; M, Ms00 = 3x10* hzg M. Ms00 = 3x10'* h;dM,,
P 5x1038 W P =1x10%® W P =2x10% W P = 4x10%® W
toso = 137.7 Myr taso = 56.4 Myr 250 = 26.9 Myr toso = 14.6 Myr

Distance (kpc)

o o o o o o o
o o o o o

o o o o o
o o o O o
& = S8 &

i
Distance (kpc)

0.4F 4+ 4+ 4+ .

Distance (kpc)

Distance (kpe) Distance (kpc)

=
)
T

Mean Fractional Polarization

0.2 internal | | internal | | internal | | internal |
external external external external
01F both n both L both L both
Ll pr————e. | ——————) Ll p————el | pr————el
10 107 10110 107 10110 107 10110 107 101
Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)

Figure 10. Top panel: cross-section through a logarithmic density plot of various powers (labelled). Lower panel: the corresponding evolution of mean fractional
polarization (MFP) with frequency. As indicated, runs for internal, external, and combined polarization. All results convolved with a Gaussian of FWHM of
2.1 kpc and for models extended to an average lobe length of 250 kpc. Higher power runs result in greater depolarization (see the text).
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RM maps for each run, once the average lobe length had reached
250 kpc, were created and the mean absolute RM for each map
was found; plots are presented in the bottom row of Fig. 8. An
increase in cluster mass corresponds to a greater mean absolute RM
(left plot); this supports the findings above as greater values of RM
would lead to greater depolarization. Greater values of RM are to be
expected as there will be higher values for both density and magnetic
field strength in the higher mass cluster. The variation of absolute
mean RM with jet power; however, is less clear. The conclusion is
that jet power increases the mean absolute RM, although the data
are not secure as only the highest mass run convincingly shows
this. Nevertheless, a trend of increasing RM with jet power can be
explained in terms of the morphology of the lobes: higher power jets
progress faster and so the material near the core has less time to move
outwards through buoyancy before the lobe extends to our average
250 kpc length; the result is that a greater proportion of high power
jets’ lobes remain near the core and so when we observe the lobes,
we ray-trace through more of the inner ‘high RM’ material and so the
mean absolute RM will be higher. Another factor which impacts the
mean absolute RM will be the impact on RM of the expanding lobes.
When lobes are inflating, they push back the surrounding atmosphere
and so increase its density and magnetic field strength; the result is
that the RM is increased at the lobe boundaries; this was demonstrated
by the work of Huarte-Espinosa et al. (2011) where higher RM values
were seen in models with inflated lobes in comparison with models
without. This effect will contribute towards the increased RM with
increased cluster mass as higher mass clusters have more rounded
lobes; however, this effect acts in the opposite way to our link between
RM and jet power, as lower jet powers have more rounded lobes (see
Fig. 10). We must conclude that the impact of the expanding lobe on
increasing the RM is a smaller effect than our explanation above of
higher jet powers having more of the lobe in the central regions and
so increasing the mean absolute RM.

In order to model the contribution of depolarization within the
lobes, we calculate the critical frequency from equation (5) (the
frequency below which internal depolarization becomes important).
We find that values increase monotonically with cluster mass (where
jet power has been averaged) in the range 0.2—-1 GHz, so agreeing
with the pattern seen in Fig. 9, where the internal polarization is
plotted separately from external and the frequency of the onset of
appreciable depolarization increases with cluster mass. Fig. 10 shows
the sequence for increasing power, which also shows a trend of
increasing depolarization with increased jet power (although this is
not as easily discerned as for cluster mass). However, the calculated
critical frequency (for average cluster mass) does not give a clear
trend for increasing jet power but somewhat erratic results between
0.3 and 0.7 GHz. In calculating the critical frequency, we must
remind ourselves that in constructing our model, assumptions about
the values within the lobe were made as these are poorly constrained
by observations. In addition, the formula used (equation 5) leaves
out much of the physics of real jets.

3.6 Rotation measure visualization

We create RM maps by use of equation (2), ray-tracing along our
LOS from the lobe-shock boundary to a fixed distance of 300 kpc
from the centre of the datacube. Using our fiducial run for a jet
of power 1 x 10®W running into an atmosphere of Msyp =3 X
10 h;OIMQ, we created a sequence of RM maps at intervals of
10°, starting by looking down the jet and finishing by looking down
the counterjet after a rotation of 180° (see Fig. 11). It can be seen
that values of RM are considerably higher when viewing the lobe

1681

inflated by the counterjet at a shallow angle; this is expected as the
LOS passes through regions close to the core of the AGNs which
have higher values of density and magnetic field strength, as well
as a greater depth of view (in comparison with viewing the nearby
lobe). This variation of RM with angle is also seen in our a fly-
by movie showing the RM map around the entire 360° rotation of
our higher resolution model: http://uhhpc.herts.ac.uk/~ms/rm.html.
These images (and movie) enable a dynamic visualization of both
RM and also the Laing—Garrington effect (see Section 3.3).

Fig. 12 shows the RM profiles of the lobes along their length.
These profiles were derived from our simulated RM maps; values
at a distance along the jet axis were binned in widths of 12.6 kpc
(15 pixels). In red we show the mean (data points) and standard
deviation (shade), and in blue is the median (data points) and the
upper and lower quartiles (shade). The cluster mass increases for
each panel going down Fig. 12 (note the different scales on the y-
axis) and towards the centre of the clusters. These cluster atmospheres
were created independently of one another and so the magnetic
field distributions vary considerably, the multiscaled nature of these
variations being visible (see Paper 5 for details). Given that the
distance from the lobes of these runs to the edge of the computational
domain is roughly constant (c. 300 kpc), it is the variation of cluster
density and magnetic field which leads to the variations in RM. The
jet power also has an effect, although this is less significant. It has a
role in altering the shape of the lobes and so the size of the Faraday
screen, as well as a small effect in amplifying the magnetic field
and increasing the density through pushing the surrounding material
back upon itself, as described by Huarte-Espinosa et al. (2011) and
discussed in Section 3.5. These charts can be compared with those
from observations, such as those of Baidoo et al. (2023); both ours
and those of Baidoo et al. (2023) demonstrate considerable variations
in RM value with distance from the cluster centre, often moving
between positive and negative values, indicative of the multiscaled
magnetic field believed to be a characteristic of clusters.

3.7 RM synthesis of 3C218, VLA observations

Hydra A (3C218) is a highly luminous Fanaroff-Riley type I (FR I)
radio galaxy and has been the subject of a number of polarization
studies (e.g. Taylor et al. 1990; Garrington et al. 1991; Taylor &
Perley 1993; Vogt & Enflin 2005; Baidoo et al. 2023). Here, we use
our model simulation as a representation of 3C218 by placing it at
the same distance as 3C218 and setting the resolution and noise level
to match those seen in the observations of Baidoo et al. (2023); but
we note that our cluster and radio source properties will be different
to those of 3C218.

Using the values from Table 1, we can make use of the ‘scale’
which converts from distance-size of object to angular-size and so
convert from beam resolution given in arcseconds by Baidoo et al.
(2023) to distance in kpc on the object and number of pixels in
our model. We can also compare the solid angle of the beam (o =
76,60,/41n2) to the solid angle of one pixel in our model in order to
find the number of pixels in the beam. We then calculate the Stokes
Q and U channel noise in simulation units as

(pixel model noise) < source noise) Fu
PIAT PR O ) (PR ) L TM

, 29
sim. pix ! Jy pix~! Fs @9

where Fy and Fj are the fluxes of the model and source in simulation
units and Jy, respectively and the Stokes Q and U channel noise has
been converted from Jy beam ™! to Jy pix ! by dividing by the number
of pixels in the beam. Following this method a set of Stokes Q and U
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Figure 11. Sequence of RM maps; top image observing down the jet axis,
each subsequent image is positioned an additional 10° from the axis, so that
the bottom image is looking down the counterjet. Images for a jet of power
1 x 10°¥W running into an atmosphere of Msgg = 3 x 1014 h;ol Mg with jet
extended to an average length of 250 kpc. Larger values of RM are visible
when viewing the counterjet at smaller angles to the jet-counterjet axis as the
more distant lobe is viewed through higher values of magnetic field, density
and depth of cluster material. Note: high resolution run used here (see Paper 5).
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Table 1. Conversion of resolution and Stokes Q and U channel noise to simulation units. The column headings are: Run number; Name of object; redshift (z);
Luminosity distance (Dr.); Resolution in arcsec; Flux of source in Jansky (Fs); Stokes Q and U channel noise in milliJansky per beam; Resolution in pixels per
beam; Flux of numerical model in simulation units (Fy); Stokes Q and U channel noise in simulation units per pixel. For run 1: Flux value is from Perley & Butler
(2017) at a viewing frequency of 2 x 10° Hz; redshift, resolution (in arcsec) and noise (in mJy beam ™", mid-point value of published range used) are from Baidoo
etal. (2023); Luminosity distance and Scale are calculated using the redshift value in the online calculator https://www.astro.ucla.edu/~wright/CosmoCalc.html
and assuming a flat ACDM cosmology with Hy = 69.3 km s~! Mpc™! and Q2 = 0.288 (from Baidoo et al. 2023); Flux of the model is calculated from the
simulation; model resolution and noise are then calculated from these values (see the text). For other runs: redshift; resolution (in arcsec); flux and Stokes Q and
U noise in mJy beam™! observed at a frequency of 144 MHz, are taken from the Virtual Observatory https://dc.g-vo.org (referenced in O’Sullivan et al. 2023).

Run Name z DL Scale Resolution Fg Noise Resolution Fum Noise
(Mpc)  (kpe arcsec™!) (arcsec) dy) (mly beam™!) (pix beam™!) (sim.) (sim. pixfl)
1 3C218 (Hydra A) 0.054 2433 1.062 15x1.0 30 0.58 1.9 4.64x 1077 4.77 x 10712
2 ILTJ115858.50+582040.8 0.0537 2225 1.079 20 1.5948 1.624 518 4.64 x 1077 9.11 x 10713
3 ILTJ144156.19+340128.9 0.0871  410.2 1.683 20 0.1722 3.276 1261 4.64x 1077 6.99 x 10~12
4 1LTJ142344.98+4633939.8 0.204  1033.3 3.456 20 3.8374 1.816 5318 4.64 x 1077 412 x 10714
maps with the resolution, noise and frequencies described by Baidoo resolution, lower frequency, and higher noise involved in LOFAR
et al. (2023) were created from our numerical model and using RM observations. In Fig. 15 the impact of lower signal-to-noise ratio can
synthesis with uniform weighting we produced an RM map (see the be seen in the RM map as a ‘speckled’ pattern around the edges, as
third panel down on the left-hand side of Fig. 13). well as on the right panel where the Faraday dispersion function has
The RM map generated from the RM synthesis technique can be many spikes; the peak value is not clearly defined and RM synthesis
seen on the third panel down on the left hand side of Fig. 13; this can often chooses a different value to the ‘correct’ value direct from the
be compared with the map directly from the simulation (top panel) or simulation. The impact of a lower resolution object (i.e. an object
the simulated map smoothed with a Gaussian to the same resolution which is further away) can be seen in Fig. 16 where, as well as
of observations (second panel down); the mean absolute difference spreading out over a larger area, the RM map forms a ‘patchwork’
between the top and third panels can be seen in the bottom panel. of constant values. This ‘patchwork’ is also seen in Fig. 14. The RM
In addition, the right-hand panel of Fig. 13 compares the Faraday maps from the simulation show a gradual variation in RM across the
dispersion function from RM synthesis (in black) with the RM value map without regions of constant value; nevertheless, the ‘patches’
direct from the simulation (red) for various identified LOS in the RM seen in the maps generated by RM synthesis do successfully produce
maps (points A to F). It can be seen that RM synthesis is successful in the same rough pattern and values, albeit with reduced precision.
recreating the RM map; the peak of the Faraday dispersion function These LOFAR examples, whilst resulting in RM maps of lower
coincides almost exactly with the value from the simulation for the quality than the higher resolution example in Fig. 13, nevertheless
LOS identified and the overall pattern of the RM map is faithfully do produce results which reflect the original RM map from the
replicated. The only area of discrepancy is that values at the very simulation, while the faithfulness of these to the true RM map is
edge of the lobes are less successfully reproduced as a result of the clearly limited by resolution and noise effects.

noise added to our Q and U maps before using RM synthesis. The
values of Stokes Q and U are very low at the edges of the lobe and

so the resultant signal tends to be drowned out by the noise near the 3.9 RM synthesis: RM between lobes

edge. If these were genuine observations then such values would be A major advantage of the RM synthesis technique is its ability to
removed by the image processing algorithms. We conclude that we distinguish between two or more sources of RM along a single LOS.
have been able to use RM synthesis to obtain the RM map from our As a test of our implementation of the RM synthesis method we
simulated AGN when we set the observational distance, resolution examine here the capacity to discern more than one source of RM
and noise level to similar values of current observations of Hydra A along a single LOS. We do this by looking along the jet axis of
as presented in Baidoo et al. (2023). our model and consider both external and internal contributors to

the Faraday dispersion. We use the fiducial model of a jet of power
1 x 10’ W running into an atmosphere of M5y, = 3 x 10'* h;ol Mo,

3.8 RM synthesis of LOFAR observations once it has reached an average lobe length of 250 kpc. We obtain

We use our model simulation as a representation of LOFAR objects our RM map by ray-tracing from the shock-lobe boundary at the
by setting the resolution and noise level of our model to match most distant part of the more distant lobe (inflated by the counterjet),
those seen in observations. Using the RM Grid of O’Sullivan et al. towards us through that lobe, through the intervening cluster material
(2023) and in particular data from the Virtual Observatory https: between the two lobes, through the lobe created by the jet closest
//dc.g-vo.org, we find data for three example LOFAR objects (see to us and finally through the material between that nearest lobe
Table 1). We then follow the same method as described in Section 3.7 and the observer. As the LOS passes towards us through lobe
in order to calculate model resolution and Stokes Q and U noise material, synchrotron emission from each cell contributes to the
(equation 29) and then to obtain our RM maps using RM synthesis. Stokes parameters, in addition, each cell (lobe and outside the lobe)
In order to ensure that our values are as realistic as possible, we causes Faraday rotation (although our study has shown that, for the
restrict our study to LOFAR objects with a similar linear size as our lobe densities used here, this is very small for lobe material). The
model (i.e. ~500 kpc). top panels of Fig. 17 show the RM map of just the external Faraday

The same analysis was carried out as above for these LOFAR screen (left) and also the sum total of the RM through both lobes and
objects, the charts produced can be seen in Figs 14, 15, and 16. RM intervening cluster material (right); where it is clear that including
synthesis has less success in recreating the RM map in comparison contributions through the entire model leads to Faraday depth values
with the Hydra A example in Section 3.7; this is as a result of the lower that are significantly greater/different to RM derived just from the
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Figure 13. RM maps from a simulation and from RM synthesis based upon the observations of 3C218 (Hydra A) by Baidoo et al. (2023). The left panel (from
the top) shows: RM map directly from the Faraday screen of our simulation; simulation RM map convolved with a Gaussian to give a resolution similar to that
of the observations; RM map from RM synthesis (derived from the frequency distribution, resolution and Stokes Q and U channel noise as described in Baidoo
et al. 2023, see Table 1); map of mean absolute difference between the RM map of the simulation (top) and that created by RM synthesis. The crosses show the
lines of sight (LOS) corresponding to the right panel showing RM values from the simulation (in red) and the Faraday dispersion function calculated from RM
synthesis (in black, peak value also in black). The model is for a jet of power 1 x 10’¥W running into an atmosphere of Msgpy = 3 x 104 h;OIMO. RM values
are for external Faraday rotation only. The y-axes of the Faraday dispersion function charts increase in steps of 0.001.
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Figure 14. Same as Fig. 13 except based upon the LOFAR observations of ILTJ115858.50+582040.8 from the RM Grid by O’Sullivan et al. (2023) (and data
from the Virtual Observatory https://dc.g-vo.org). Corresponds to run 2 of Table 1.

external Faraday screen. The lower panel displays the Faraday the observer (with internal depolarization from the nearest lobe);
dispersion function for labelled LOS through the model. It is clear while the other is from the cluster material between the lobes. The
that there are two main sources presented in these Faraday spectra: conclusion we draw here is that our RM synthesis technique is able to
one corresponds to the Faraday screen between the nearest lobe and disentangle the signal and reveal two (or more) sources, as expected.
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Figure 15. Same as Fig. 13 except based upon the LOFAR observations of ILTJ144156.194-340128.9 from the RM Grid by O’Sullivan et al. (2023) (and data
from the Virtual Observatory https://dc.g-vo.org). Corresponds to run 3 of Table 1.

4 SUMMARY AND CONCLUSIONS

In this study, we have derived polarization products from our
numerical model of a spherically symmetric cluster atmosphere
based upon the UPP; the most realistic general atmosphere yet.
We simulated some of the polarimetric observations of Hydra A (in

MNRAS 539, 1668-1691 (2025)

particular the work of Baidoo et al. 2023) and a selection of high-RM
LOFAR objects. We produced fractional polarization maps which
demonstrate the observational trends of a decrease in polarization
with frequency and resolution; these results reveal the same trends as
recent observations. We also produced depolarization maps which,
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Figure 16. Same as Fig. 13 except based upon the LOFAR observations of ILTJ142344.984-633939.8 from the RM Grid by O’Sullivan et al. (2023) (and data
from the Virtual Observatory https://dc.g-vo.org). Corresponds to run 4 of Table 1.

as well as being very similar to those of Baidoo et al. (2023), are able
to demonstrate that we placed our AGN at the centre of our cluster
as the measure of depolarization traces out the density profile of
our models. We conclude that depolarization can be used as a proxy
for the cluster density profile; although we must be mindful that, as

highlighted by Jerrim et al. (2024), the RM map depends critically
upon the shape of the lobe and so this also has a great influence upon
the amount of depolarization.

We reproduced some of the results we saw in our previous work
on polarimetric simulations, such as the Laing—Garrington effect.
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Figure 17. Ability of RM synthesis to distinguish two or more sources — observation along jet axis. Top left panel: RM maps for external Faraday screen only
(left) and for all material inside and between lobes (right), with labelled LOS. Bottom left panel: Faraday spectra of LOS from RM synthesis (black) and from
the simulated external Faraday screen (red). Results here are for a jet of power 1 x 103®W running into an atmosphere of Msgy = 3 x 10'4 h7_01 Mp; are derived
from the frequency distribution as described in Baidoo et al. (2023). Top right and bottom right, same as LHS but for the LOFAR frequency distribution as

described by Mahatma et al. (2021).

As well as demonstrating the effect, we varied the angle of view in
order to demonstrate that the effect is greater for angles closer to
the jet—counterjet axis, as expected as the RM would be greater for
the more distant lobe. If magnetic field structures in real clusters
are similar to the multiscale turbulent one that we have used here,
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the accuracy with which the orientation of the jet axis to the LOS
can be determined is limited to tens of degrees at best. In addition,
our fractional polarization histograms, as well as reproducing the
expected trends in polarization with frequency and resolution, were
more faithful to those seen in observations than in our previous work.
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This is likely as a result of improvements in our numerical model as
we used a smaller (and more realistic) injection cylinder as well as a
helical injected magnetic field in our jet.

In conducting a study of the variation of MFP with frequency
for a range of resolutions, we found that results were in agreement
with expectations (lower MFP with lower resolution). Furthermore,
our results follow the general trend of the Burn law (Burn 1966) in
describing how the MFP decreases below a certain frequency.

We investigated the variation of MFP with frequency (for a fixed
resolution) for the full range of cluster mass and jet power of our
models and conclude that both cluster mass and jet power influence
the variation of MFP. We found that MFP decreases with increasing
cluster mass and increasing jet power. These results can be explained
by the RM properties of the Faraday screen: we calculated the mean
absolute RM for each of our runs and demonstrated that greater
cluster mass and greater power jets have larger values of RM.
The impact of clusters of greater mass is accounted for by larger
values of density and magnetic field strength (so RM is greater)
but the impact of jet power is influenced by the morphology of the
resultant lobes; whereby more of the higher power lobes exist behind
regions of higher RM (i.e. near the core). We identified from phys-
ical principles a critical frequency for internal depolarization (the
frequency below which depolarization becomes important) which
supported our trend of increased cluster mass leading to increased
depolarization.

RM was visualized in a number of ways; one way was to view
our model from different angles and so observe the variation of RM
for a sequence of images. This enabled us to see that values for RM
were considerably higher when viewing the more distant lobe at a
smaller angle to the jet—counterjet axis. This enables us to visualize
the reason behind the Laing—Garrington effect; a differential in RM
between the lobes when the AGN is not aligned with the plane of the
sky.

We used the RM synthesis technique to create RM maps from
simulated Stokes Q and U images, which were adjusted to reflect the
resolution and noise of real observations of Hydra A and LOFAR.
We found that, whilst the process is successful in recreating the
simulated RM map, this can be limited by both the resolution and the
noise level of the source. The lower resolution results in a patchwork
of RM values as the FDF is spread over a larger range of Faraday
depth; whereas the increased noise level is seen on the FDF as many
spikes. It was seen that the noise impacts more those LOS with lower
values of Stokes Q and U (i.e. near the edges of the lobe, where the
LOS passes through less synchrotron emitting material as the lobe
is thinnest here) leading to greater uncertainty of RM value here. In
real observations such values would be removed as they would fall
below a pre-determined signal-to-noise ratio.

In this study, we have utilized LOFAR objects identified within the
RM Grid of O’Sullivan et al. (2023); therefore, our examples have
detectable RM values and so we do not present ‘typical’ LOFAR
objects but only those whose RM screens have been detected by
current instrumentation. Even within the examples we have provided
here, it is clear that RM synthesis has difficulty in recovering the
RM map of many objects, especially at low frequencies, and only for
those examples which are bright and nearby are we able to obtain a
detailed RM map using RM synthesis. A key limitation of LOFAR
is the low resolution used to create the RM Grid (i.e. 20 arcsec) and
in future, should higher resolutions be used, then this will enable the
recovery of the RM map from RM synthesis for more distant and
less powerful examples.

We used RM synthesis to successfully demonstrate the expected
result of looking down along the jet axis of our simulation through
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both lobes; we identified multiple components. This important test
highlights the fact that a normal straight non-restarting jet can be
identified by RM synthesis as a single RM source, provided it
is in the plane of the sky, whereas more complicated scenarios
(such as looking end-on, restarting jets, precessing jets) have more
complicated RM synthesis results which evidence evolutionary
histories. One example is Hydra A, the RM synthesis results in
Baidoo et al. (2023) demonstrate that along some LOS there are
additional Faraday screens most likely as a result of entrained gas,
possibly due to the jet re-starting or changing direction. A future
scope of work would be to synthesize such evolutionary activity
within our models and find links to the characteristic RM synthesis
output; this would prove a very useful tool for RM synthesis
observations of AGN. Our study has shown that this work would
certainly be possible for VLA objects, and also for bright, nearby
LOFAR objects.
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APPENDIX A: MAXIMUM VALUE FOR
FRACTIONAL POLARIZATION

We argue that synchrotron emission from aged sources can have a
fractional polarization higher than the widely accepted value of ~0.7,
and potentially up to 100 per cent. In our context, we are dealing with
the synchrotron emission from large-scale regions (i.e. AGN lobes)
which would be expected to have an aged electron spectrum which
steepens from an initial power law before cutting off completely at
some critical energy. Because of the different behaviour of total and
polarized emission, such an electron population would be expected to
have a frequency-dependent fractional polarization, which increases
as the spectrum steepens, and can approach 100 percent as the
exponential cut-off is reached.

The polarized emissivity is calculated in the standard way by
integrating over the electron population and pitch angle distribution,

T rEmx /3Be3 sina
Jp(v)z/ voPBersma

G(x)N(E)sinadEda, (Al)
1672egcm,

Enmin
where x is a dimensionless function of the frequency, field strength,
and energy:

v drmicty

Ve T 3¢E’Bsina’
and G(x) is the conventional way (Rybicki & Lightman 1986)

of expressing the dimensionless frequency dependence of single-
electron polarized emissivity:

G(x) = xKyp3(x), (A3)

(A2)

X =

with K3 the modified Bessel function of order 2/3.

When intrinsic polarization of synchrotron radiation is discussed
it is often assumed that the electron energy distribution N(E) is a
power law Ny E~7; in this case it is well known (Rybicki & Lightman
1986) that the ratio of emissivities can be shown to be independent
of frequency, giving a fractional polarization for p =0.5: u =
(p+ 1)/(p+5/3) = 0.69. However, we expect large-scale regions
of synchrotron emission in radio galaxies to have an aged electron
spectrum which steepens from an initial power law before cutting
off altogether at some critical energy; here we use the Jaffe-Perola
model (Jaffe & Perola 1973). Because of the different behaviour of
polarized and total emissivity, such an electron population will have a
frequency-dependent fractional polarization, which increases as the
spectrum steepens, and can approach 100 per cent as the exponential
cut-off is reached (see Fig. Al).
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Figure Al. Left: total and polarized intensity as a function of frequency for an aged electron population. Right: fractional polarization as a function of
frequency. The example spectrum used has ymin = 10 and p = 2.2; the mean magnetic field is 1.5 nT, and the spectral age 3 x 10° yr. The fractional polarization
is consistent with the standard power-law calculation (see the text) in the region in which the total-intensity spectrum is a power law, but deviates in the regions
of low- and high-frequency cut-offs.
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