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 A B S T R A C T

This paper presents a novel analytical formulation for modelling the mechanics of non-uniform and asymmet-
rical straight beams made of functionally graded materials (FGMs) and composites. This approach addresses 
the complexities caused by the asymmetry of the cross-section and those arising from the variations in 
geometry and material properties along the beam’s axis by approximating these variations as stepped changes. 
It is assumed that each segment of the beam has constant properties, which are determined through the 
averaging of functions representing the actual property variations. This method enables efficient and accurate 
modelling/representation of beam structures such as wind turbine blades. The accuracy and reliability of the 
analytical model are verified through a comparison with the Technical University of Denmark (DTU) 10 MW 
reference wind turbine blade, considering two representative load cases (bending, BLC1 and torsional, BLC2) 
and confirming its ability to accurately predict the structural response. Furthermore, the study assesses the 
computational performance of the model, demonstrating its efficiency. This study contributes to the literature 
by providing a robust and computationally efficient approach for the analysis of wind turbine blades.
1. Introduction

Wind turbine blades are essential components in wind energy sys-
tems, significantly influencing the efficiency and performance of tur-
bines. The design and analysis of these blades are challenging due 
to the necessity for high-strength, lightweight structures capable of 
withstanding various dynamic and static loads as well as ensuring 
good aerodynamic performance (Liu et al., 2022b,a; Liu, 2021; Tüfekci, 
2023). The aerodynamic performance requirement significantly con-
strains the design of the outer geometry of the blade and leaves the 
internal support and material selection as design variables for the solid 
mechanics part of the design problem (Van Buren and Atamturktur, 
2012; Buckney et al., 2013; Zheng et al., 2023; Tüfekci et al., 2025; 
Jiang et al., 2022a). Hence, composite materials, known for their 
superior mechanical properties, are commonly used in manufacturing 
these blades. Due to the loading and operating conditions on the blades, 
different mechanical requirements are present for different parts of the 
blade, necessitating the use of various composite materials tailored 
to these specific demands. Making such design decisions requires a 
deep understanding of the blade’s mechanical behaviour, but creating 
full-scale models can be time-consuming, effort-intensive, and compu-
tationally expensive. Therefore, modelling blades as beams and shells is 
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a sensible and beneficial approach, balancing between computational 
efficiency and the ability to capture the essential mechanical responses 
of the structure. However, to represent such complicated geometries 
with beams is challenging due to a set of factors including the geometry 
of the cross-section and material properties (Couturier and Krenk, 2016; 
Tüfekci et al., 2020). Therefore,advanced beam theories are usually 
needed (Tüfekci et al., 2020; Branner et al., 2012; Blasques et al., 2016; 
Blasques, 2012).

The implementation of advanced beam models is a sound strat-
egy for structural analysis, combining two-dimensional cross-sectional 
analyses with one-dimensional beam analysis. This method has the 
potential to significantly reduce computational costs (Natarajan et al., 
2012; Branner et al., 2012; Artan and Tepe, 2025a,b; Tepe, 2025). Ad-
ditionally, tools like BEam Cross-section Analysis Software (BECAS) and 
Variational Asymptotic Beam Sectional Analysis (VABS) offer robust 
frameworks for the analysis of anisotropic and inhomogeneous beam 
sections. These tools, which have been rigorously validated against 
both experimental and numerical methods, are necessary for accurately 
modelling the complex structures of wind turbine blades, thereby en-
hancing the precision and reliability of structural analyses (Blasques, 
2012; Yu et al., 2012; Yu, 2011). Finite element (FE) modelling has 
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been demonstrated to be an effective approach for analysing the struc-
tural characteristics of composite wind turbine blades, enabling a com-
prehensive examination of stress, strain, and deformation under static 
and dynamic loads (Bechly and Clausen, 1997; Liu et al., 2022b,a; 
Zheng et al., 2023; Eder and Bitsche, 2015).

Non-linear beam theory, extended from Euler–Bernoulli to Timo-
shenko beam theory, demonstrates high computational accuracy and 
efficiency, effectively modelling bend-twist coupling due to material 
anisotropy and geometry as well as considering large deformation 
non-linearity (Zhou et al., 2018; Genel and Tüfekci, 2023b,a; Mo-
hamad Mirfatah et al., 2024; Tüfekci, 2025; Tüfekci et al., 2024b,a). 
Three-dimensional analytical beam models for the dynamic analysis 
of blades made of fibre-reinforced composites show close agreement 
between analytical and FE modelling results, achieving an accurate 
modelling of the blade dynamics while remaining computationally very 
efficient (Tüfekci et al., 2020).

Dynamic and aeroelastic analyses using thin-walled composite beam 
and continuum models reveal important coupling effects and validate 
natural frequencies and mode shapes under various operational condi-
tions (Yilmaz et al., 2014; Chang et al., 2020; Guo et al., 2020; Peng 
et al., 2024; Jiang et al., 2022b). Comprehensive FE modelling methods 
simulate multiple failure modes in composite box beams, which are also 
thin-walled structures that are beneficial in understanding the failure 
behaviour of wind turbine blades under various loading conditions 
as some wind turbine blade designs consist of beams with box pro-
files (Chen et al., 2019; Ozyildiz et al., 2018). Geometric non-linear 
analyses of composite beams using advanced parameterisation methods 
help in understanding the effects of large deformations and rotation in 
structural analysis. These are usually seen in such wind turbine blade 
systems and should be considered for realistic models (Wang and Yu, 
2017).

Sandwich materials are utilised in wind turbine blades due to their 
high specific stiffnesses and specific strengths, significantly improving 
performance and durability under various load conditions (Thomsen, 
2009; Tüfekci et al., 2023). The optimisation of resin uptake in the 
skin/core interphase region of 3D-printed core sandwich composites 
further illustrates the potential for enhanced bending and shear per-
formance in such materials (Cao et al., 2023). Composite materials, 
including glass and carbon fibres, are extensively used for their su-
perior mechanical properties and lightweight characteristics (Schubel 
and Crossley, 2012; Brøndsted et al., 2005; Spini and Bettini, 2024). 
Optimising the structural design of wind turbine blades requires the 
use of various computational and analytical methods to enhance per-
formance and reduce material costs. FE analysis plays a pivotal role 
in this process, providing detailed and accurate results regarding the 
stress and strain distribution within the blade structure (Theotokoglou 
and Balokas, 2014; Kong et al., 2005).

Comparative studies of different modelling approaches, including 
geometrically-exact beam and shell elements, highlight the strengths 
and limitations of each method. These comparisons are essential for 
selecting the most appropriate modelling technique for specific design 
and analysis requirements (Júnior et al., 2019; Cardenas et al., 2011; 
Tüfekci et al., 2020). For instance, modelling wind turbine blades using 
geometrically-exact beam and shell elements shows that these models 
present very similar global behaviour, though shell models reveal local 
buckling phenomena that may significantly impact the novel blade 
designs (Faccio Júnior et al., 2019).

In the broader context of composite materials and their applications 
in similar structural components, several studies can be found in the 
literature. Research on fibre ply design for aero engine composite fan 
blades demonstrates the impact of different ply orientation patterns on 
the reliability and vibration characteristics of the blades (Xiao et al., 
2017). Additionally, structural optimisation of composite wind turbine 
blades using genetic algorithms and FE analysis shows significant po-
tential for weight reduction and performance enhancement (Barnes and 
Morozov, 2016; Fagan et al., 2017; Wang et al., 2016).
2 
The mechanical performance of balsa wood and its sandwich struc-
tures is another area of interest, particularly for applications requiring 
high specific stiffnesses and specific strengths (Tüfekci et al., 2023). 
The use of analytical and numerical simulation and FE analysis to 
identify areas of weakness and optimise composite wind turbine blades 
underscores the importance of advanced modelling techniques (Raman 
et al., 2016; Tarfaoui et al., 2020; Liu et al., 2022b; Uzun et al., 
2024). Multiobjective optimisation of composite wind turbine blades 
highlights the need to balance material properties and geometric design 
to achieve cost-effective and high-performance structures (Jureczko 
and Mrówka, 2022). The development of damped structural dynamics 
models for large wind turbine blades, including material and structural 
damping, contributes to expand the understanding of the dynamic 
behaviour of these structures (Chortis et al., 2007).

Static and free vibration analyses of functionally graded material 
beams using modified Timoshenko beam theory and other advanced 
methods, including higher order beam theories that can provide a 
comprehensive understanding of the mechanical behaviour of these 
materials under various loading conditions (Katili et al., 2020; Filippi 
et al., 2015; Guan et al., 2023; Li et al., 2014; Hadji et al., 2021; Avcar 
et al., 2021).

In this context, this research contributes to the field of mechanics 
by presenting a novel analytical framework designed to model the me-
chanics of beams with asymmetric cross-sections and varying geometry 
and material properties along their axis. The approach addresses the 
complexity of variation by employing a stepped approximation, where 
each segment of the beam is assumed to have constant properties de-
rived from averaging functions that represent actual variations (Tüfekci 
et al., 2020; Tufekci and Ozdemirci, 2006; Tufekci and Dogruer, 2002, 
2006). This stepped approximation allows for the discretisation of the 
beam into manageable segments, simplifying the analysis and mak-
ing it possible to achieve an analytical solution while maintaining a 
high level of accuracy. By capturing the variations in geometry and 
material properties, the framework effectively models the complex 
interactions within the beam structure under static loading conditions, 
including cases involving concentrated loads. This capability is par-
ticularly important for components like wind turbine blades, which 
are subjected to diverse and significant forces. Additionally, the model 
lends itself well to comparison with high-fidelity numerical analyses, 
supporting its accuracy and applicability. The proposed model’s perfor-
mance is validated using the Technical University of Denmark (DTU) 
10 MW reference wind turbine blade, demonstrating its accuracy and 
applicability to wind turbine blades and other complex structures. 
The validation process includes comprehensive comparisons with es-
tablished numerical methods, showing that the analytical model can 
achieve similar levels of accuracy while significantly reducing computa-
tional time, resource requirements, and pre-processing effort. Owing to 
its non-complex theoretical foundation, the method provides practical 
advantages in terms of implementation and performance, making it a 
suitable alternative for the structural analysis of complex beam-like 
components. The model provides significant advantages, including the 
ability to handle complex geometries and material distributions with 
reduced computational costs compared to more detailed FE methods. 
The smooth transitions between segments, ensured by the model’s 
formulation, enhance the overall fidelity of the simulation, making it a 
practical and robust tool for engineers working on advanced structural 
designs. Ultimately, this research contributes to the broader field of 
structural analysis by introducing a method that provides theoretical 
simplicity and computational efficiency, enabling accurate and practi-
cal modelling of composite beams and blades, as well as other complex 
systems that can be represented using beam formulations.

2. Analytical formulation of the beam

This section presents the analytical formulation required to describe 
the mechanical behaviour of a beam with non-uniform and asymmetric 
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Fig. 1. Schematic representation of the blade geometry, coordinate system, displacement components (𝑢, edgewise, 𝑣, flapwise, 𝑤, axial), and rotation components (𝛺𝑥, 𝛺𝑦, 𝛺𝑧).
characteristics. The formulation incorporates the fundamental princi-
ples of equilibrium, compatibility, and constitutive relations in order to 
establish a comprehensive framework for analysing beams with varying 
material properties and geometric configurations along their length. 
By deriving the equilibrium equations, compatibility conditions, and 
constitutive relationships in a systematic manner, a set of combined 
equations governing the beam’s response under various loading con-
ditions is constructed. These equations are then represented in matrix 
form in order to permit further analysis and numerical implementation.

Fig.  1  illustrates the coordinate system and loading directions used 
in this study. The local (𝑥, 𝑦, 𝑧) coordinate system is defined such that 
the 𝑧-axis lies along the blade (beam) span. The displacement compo-
nents 𝑢, 𝑣, 𝑤 correspond to edgewwise, flapwise, and axial directions, 
respectively. Similarly, 𝛺𝑥, 𝛺𝑦, 𝛺𝑧 represent the rotations about the 
respective axes. The figure also shows the typical application points and 
directions of loads, which are referenced in the following derivation of 
the equilibrium equations.

The analytical formulation developed in this study is grounded 
in the Timoshenko beam theory, which provides an accurate rep-
resentation, particularly for beams with moderate slenderness. The 
model assumes small deformations and linear elastic material be-
haviour throughout the structure. Classical assumptions associated 
with Timoshenko theory are adopted, including the preservation of 
cross-sectional rigidity, meaning each cross section remains planar and 
undistorted during deformation, and allowance for shear deformation 
by introducing transverse shear strains. These assumptions enable the 
inclusion of both bending and shear effects in the analysis, which 
are essential for accurately modelling complex structures like wind 
turbine blades that may exhibit significant transverse shear. The theory 
therefore provides a robust and computationally efficient framework 
for capturing the coupled axial, bending, shear, and torsional responses 
of composite and functionally graded blades.

2.1. Equilibrium equations

The equilibrium equations are given below:
𝑑𝐹𝑥
𝑑𝑧

+ 𝑞𝑥 = 0 (1)
𝑑𝐹𝑦

𝑑𝑧
+ 𝑞𝑦 = 0 (2)

𝑑𝐹𝑧
𝑑𝑧

+ 𝑞𝑧 = 0 (3)
𝑑𝑀𝑥 − 𝐹 + 𝑚 = 0 (4)

𝑑𝑧 𝑦 𝑥

3 
𝑑𝑀𝑦

𝑑𝑧
+ 𝐹𝑥 + 𝑚𝑦 = 0 (5)
𝑑𝑀𝑧
𝑑𝑧

+ 𝑚𝑧 = 0 (6)

where 𝑞𝑥, 𝑞𝑦, and 𝑞𝑧 are the distributed external forces; 𝑚𝑥, 𝑚𝑦, and 
𝑚𝑧 are the distributed external moments; 𝐹𝑥, 𝐹𝑦, and 𝐹𝑧 are the in-
ternal force resultants; and 𝑀𝑥,𝑀𝑦, and 𝑀𝑧 are the internal moment 
resultants.

2.2. Compatibility equations

The compatibility conditions of the beam are described by the 
following equations:
𝑑𝑢
𝑑𝑧

−𝛺𝑦 − 𝜀𝑥𝑧 = 0 (7)
𝑑𝑣
𝑑𝑧

+𝛺𝑥 − 𝜀𝑦𝑧 = 0 (8)
𝑑𝑤
𝑑𝑧

− 𝜀𝑧𝑧 = 0 (9)
𝑑𝛺𝑥
𝑑𝑧

− 𝜔𝑥 = 0 (10)
𝑑𝛺𝑦

𝑑𝑧
− 𝜔𝑦 = 0 (11)

𝑑𝛺𝑧
𝑑𝑧

− 𝜔𝑧 = 0 (12)

where 𝜔𝑥, 𝜔𝑦, and 𝜔𝑧 represent the curvature components of the 
deformed beam axis, 𝜀𝑥𝑧 and 𝜀𝑦𝑧 denote transverse shear strains and 
𝜀𝑧𝑧 represents the axial strain.

2.3. Constitutive equations

Under the assumptions of linear elastic material properties, the 
constitutive equations are given by: 
⎡

⎢

⎢

⎣

𝐹𝑥
𝐹𝑦
𝐹𝑧

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝐺𝐴𝑘𝑥 0 0
0 𝐺𝐴𝑘𝑦 0
0 0 𝐸𝐴

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜀𝑥𝑧
𝜀𝑦𝑧
𝜀𝑧𝑧

⎤

⎥

⎥

⎦

(13)

⎡

⎢

⎢

⎣

𝑀𝑥
𝑀𝑦
𝑀𝑧

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝐸𝐼𝑥 −𝐸𝐼𝑥𝑦 0
−𝐸𝐼𝑥𝑦 𝐸𝐼𝑦 0

0 0 𝐺𝐼𝑡

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜔𝑥
𝜔𝑦
𝜔𝑧

⎤

⎥

⎥

⎦

(14)

where 𝐴 is the cross-sectional area; 𝐼𝑥 and 𝐼𝑦 are the moments of 
inertia; 𝐼𝑥𝑦 is the product moment of inertia; 𝐼𝑡 is the torsional constant; 
𝑘𝑥 and 𝑘𝑦 are shear correction factors; and 𝐸 and 𝐺 are the Young’s and 
shear moduli, respectively.
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𝐀 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 1 0 1
𝐺𝐴𝑘𝑥

0 0 0 0 0

0 0 0 −1 0 0 0 1
𝐺𝐴𝑘𝑦

0 0 0 0

0 0 0 0 0 0 0 0 1
𝐸𝐴 0 0 0

0 0 0 0 0 0 0 0 0 𝐼𝑦
𝐸(𝐼𝑥𝐼𝑦−𝐼2𝑥𝑦)

𝐼𝑥𝑦
𝐸(𝐼𝑥𝐼𝑦−𝐼2𝑥𝑦)

0

0 0 0 0 0 0 0 0 0 𝐼𝑥𝑦
𝐸(𝐼𝑥𝐼𝑦−𝐼2𝑥𝑦)

𝐼𝑥
𝐸(𝐼𝑥𝐼𝑦−𝐼2𝑥𝑦)

0

0 0 0 0 0 0 0 0 0 0 0 1
𝐺𝐼𝑡

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(23)

Box I. 
It is important to note that both Eqs. (13) and (14) are expressed 
as functions of the beam axis coordinate 𝑧, meaning that the internal 
force and moment resultants on the left-hand sides, as well as the 
corresponding strain and curvature quantities on the right-hand sides, 
represent their respective values at a given 𝑧 coordinate along the 
beam. This spatial dependence allows the formulation to account for 
the non-uniform characteristics of the structure.

2.4. Combined equations

The combined equations derived from the equilibrium and com-
patibility equations, along with the constitutive relationships, are well 
known as:
𝑑𝑢
𝑑𝑧

= 𝛺𝑦 +
𝐹𝑥

𝐺𝐴𝑘𝑥
(15)

𝑑𝑣
𝑑𝑧

= −𝛺𝑥 +
𝐹𝑦

𝐺𝐴𝑘𝑦
(16)

𝑑𝑤
𝑑𝑧

=
𝐹𝑧
𝐸𝐴

(17)

𝑑𝛺𝑥
𝑑𝑧

=
𝑀𝑥
𝐸

(

𝐼𝑦
𝐼𝑥𝐼𝑦 − 𝐼2𝑥𝑦

)

+
𝑀𝑦

𝐸

(

𝐼𝑥𝑦
𝐼𝑥𝐼𝑦 − 𝐼2𝑥𝑦

)

(18)

𝑑𝛺𝑦

𝑑𝑧
=

𝑀𝑥
𝐸

(

𝐼𝑥𝑦
𝐼𝑥𝐼𝑦 − 𝐼2𝑥𝑦

)

+
𝑀𝑦

𝐸

(

𝐼𝑥
𝐼𝑥𝐼𝑦 − 𝐼2𝑥𝑦

)

(19)

𝑑𝛺𝑧
𝑑𝑧

=
𝑀𝑧
𝐺𝐼𝑡

(20)

2.5. System representation and solution method for beam analysis

2.5.1. System representation
Eqs. (15)–(20) and (1)–(6) are used to formulate the system of 

12 first-order ordinary differential equations with 12 variables, which 
govern the beam’s static response and are expressed compactly in 
matrix form: 
𝑑𝐲
𝑑𝑧

= 𝐀𝐲 (21)

where 𝐲 is the state vector given by: 
𝐲𝑇 =

[

𝑢, 𝑣,𝑤,𝛺𝑥, 𝛺𝑦, 𝛺𝑧, 𝐹𝑥, 𝐹𝑦, 𝐹𝑧,𝑀𝑥,𝑀𝑦,𝑀𝑧
]

(22)

and 𝐀 is the system matrix, which is shown by the equation in Box  I.
The solution of the differential equation given in Eq.  (21) is ex-

pressed as: 
𝐲(𝑧) = 𝐘(𝑧, 𝑧0)𝐲0 (24)
4 
Here, 𝐘(𝑧, 𝑧0) denotes the fundamental solution matrix, and 𝐲0
represents the initial value vector. If 𝐀 is constant, representing a beam 
with constant cross-sectional and material properties, Eq. (24) can be 
explicitly written using the matrix exponential as: 
𝐲(𝑧) = 𝑒𝐀𝑧𝐲0 (25)

In this context, 𝐘(𝑧, 𝑧0) = 𝑒𝐀𝑧 provides the exact solution of Eq.  (21) 
under the assumption of constant coefficients.

Hence, 𝐘 is given by the equation in Box  II. 

2.5.2. Analytical solution
The system of differential equations represented by Eq.  (21) is 

analytically solvable when cross-sectional and material properties are 
constant. However, beams often exhibit variable properties along their 
length. To address these variations, the proposed approach segments 
the beam into regions with constant properties, enabling accurate 
approximation of the beam’s behaviour.

The segmentation divides the beam into multiple sections, each 
with averaged geometric and material properties based on the av-
erage value theorem. This transforms the complex variable-property 
problem into manageable sub-problems whilst maintaining an accurate 
representation of the beam’s characteristics.

To apply the segmentation, the domain is divided into 𝑛 segments, 
with segment boundaries defined by:

𝑧0 = 0, 𝑧1 =
𝑙
𝑛
, … , 𝑧𝑖−1 =

(𝑖 − 1)𝑙
𝑛

,

𝑧𝑖 = 𝑖𝑙
𝑛
, … , 𝑧𝑛−1 =

(𝑛 − 1)𝑙
𝑛

, 𝑧𝑛 = 𝑙
(27)

where 𝑖 is the index identifying the segment and 𝑙 denotes the total 
length of the beam.

The boundaries of segment 𝑖 are defined by: 
𝑧𝑖−1 ≤ 𝑧 ≤ 𝑧𝑖, 𝑖 = 1, 2,… , 𝑛 (28)

The average value theorem is then applied within each segment to 
compute effective properties: 

𝑓𝑖 =
1

𝑧𝑖 − 𝑧𝑖−1 ∫

𝑧𝑖

𝑧𝑖−1
𝑓 (𝑧) 𝑑𝑧 (29)

where 𝑓 (𝑧) denotes a property function of the beam, 𝑓𝑖 indicates the 
average value of segment 𝑖 and 𝑧𝑖−1 and 𝑧𝑖 are the bounds of the 𝑖th 
segment. By averaging the properties over each segment, it would be 
possible to represent the complex variability of the beam into a simpli-
fied series of constant-property regions without compromising on the 
accuracy. The segmentation and averaging approach is schematically 
shown in Fig.  2.
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⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢
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1 0 0 0 𝑧 0 𝑧
𝐺𝐴𝑘𝑥

− 𝐼𝑥𝑧3

6𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
𝐼𝑥𝑦𝑧3

6𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0 −𝐼𝑥𝑦𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
−𝐼𝑥𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0

0 1 0 −𝑧 0 0 𝐼𝑥𝑦𝑧3

6𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
𝑧

𝐺𝐴𝑘𝑦
− 𝐼𝑦𝑧3

6𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0 𝐼𝑦𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
𝐼𝑥𝑦𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0

0 0 1 0 0 0 0 0 𝑧
𝐸𝐴 0 0 0

0 0 0 1 0 0 −𝐼𝑥𝑦𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
𝐼𝑦𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0 −𝐼𝑦𝑧

𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
−𝐼𝑥𝑦𝑧

𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0

0 0 0 0 1 0 −𝐼𝑥𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
𝐼𝑥𝑦𝑧2

2𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0 −𝐼𝑥𝑦𝑧

𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
−𝐼𝑥𝑧

𝐸(𝐼2𝑥𝑦−𝐼𝑥𝐼𝑦)
0

0 0 0 0 0 1 0 0 0 0 0 𝑧
𝐺𝐼𝑡

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 −𝑧 0 1 0 0
0 0 0 0 0 0 𝑧 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
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Box II. 
 
Fig. 2. Schematic visualisation of segmentation and averaging process for beam properties with different geometric and material properties. Different colours indicate different
material properties.
 

 
 

 
 

 
 

 

 

 

In segment 𝑖, the system matrix is approximated as constant: 
𝑑𝐲𝑖(𝑧)
𝑑𝑧

= 𝐀𝑖𝐲𝑖(𝑧), 𝑧𝑖−1 ≤ 𝑧 ≤ 𝑧𝑖 (30)

where 𝐀𝑖 is the constant coefficient matrix associated with the 𝑖th
segment.

Since the equation is a system of first-order linear ODEs with
constant coefficients, its solution in the 𝑖th segment can be expressed
as: 

𝐲𝑖(𝑧) = 𝑒𝐀𝑖𝑧𝐲0𝑖, 𝑧𝑖−1 ≤ 𝑧 ≤ 𝑧𝑖 (31)

or in matrix notation: 

𝐲𝑖(𝑧) = 𝐘𝑖(0, 𝑧)𝐲0𝑖, where 𝐘𝑖(0, 𝑧) = 𝑒𝐀𝑖𝑧 (32)

Here, 𝐘𝑖(0, 𝑧) is the fundamental solution matrix for the segment 𝑖.

2.5.3. Boundary and continuity conditions
The transition across segments and enforcement of boundary condi-

tions are governed by the initial values formulation: 

𝐲1(𝑧) = 𝑒𝐀1𝑧𝐲01 (33)

At the root (𝑧 = 0): 

𝑒𝐀10 = 𝐈 (34)

where 𝐈 is the identity matrix. Thus, Eq. (34) becomes: 

𝐲1(0) = 𝐲01 (35)

Here, 6 components of each boundary vector are known.
5 
For a clamped boundary (fixed end/root), displacements and rota-
tions are zero: 

𝑢𝑟 = 𝑣𝑟 = 𝑤𝑟 = 𝛺𝑥𝑟 = 𝛺𝑦𝑟 = 𝛺𝑧𝑟 = 0 (36)

and the force and moment resultants 𝐹𝑥𝑟, 𝐹𝑦𝑟, 𝐹𝑧𝑟, 𝑀𝑥𝑟, 𝑀𝑦𝑟, and
𝑀𝑧𝑟 are unknown support reactions that must be calculated. Here, the
subscript 𝑟 stands for the root.

For a free end (the tip of the blade): 

𝐹𝑥𝑡, 𝐹𝑦𝑡, 𝐹𝑧𝑡,𝑀𝑥𝑡,𝑀𝑦𝑡,𝑀𝑧𝑡 (37)

are determined by the external loads. Here, the subscript 𝑡 indicates the
tip. While 𝑢𝑡, 𝑣𝑡, 𝑤𝑡, 𝛺𝑥𝑡, 𝛺𝑦𝑡, and 𝛺𝑧𝑡 are unknown displacements and
rotations which need to be calculated.

The continuity conditions across segments, which ensure that the
state vector remains continuous at the interfaces between adjacent seg-
ments, also account for the concentrated loads applied at the segment
boundaries. This is shown as: 

𝐲𝑖−1(𝑧𝑖) = 𝐲𝑖(𝑧𝑖) +𝐊𝑖 (38)

where 𝐊𝑖 is the external concentrated load vector at coordinate 𝑧𝑖 that
has the dimensions of 12 × 1 and it can be described as: 

𝐊𝑇
𝑖 =

[

0, 0, 0, 0, 0, 0, 𝐹𝑥𝑖, 𝐹𝑦𝑖, 𝐹𝑧𝑖,𝑀𝑥𝑖,𝑀𝑦𝑖,𝑀𝑧𝑖
]

(39)

Then, explicitly formulating the continuity conditions yields: 

𝑒𝐀𝑖−1𝑧𝑖𝐲0(𝑖−1) = 𝑒𝐀𝑖𝑧𝑖𝐲0𝑖 +𝐊𝑖 (40)
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Fig. 3. A view of the computer model of the DTU 10-MW reference wind turbine blade.
2.5.4. Assembly of continuity and boundary conditions
Each block equation has dimension 12 × 12, and all continuity and 

boundary conditions can be assembled into the global system: 

𝐘𝐺 𝐲𝐺 = 𝐛𝐺 (41)

where:

• 𝐘𝐺 ∈ R12𝑛×12𝑛 is the global fundamental matrix. Here the sub-
script 𝐺 stands for global.

• 𝐲𝐺 ∈ R12𝑛×1 is the unknown vector of all segment initial values 
𝐲0𝑖

• 𝐛𝐺 ∈ R12𝑛×1 is the right-hand side containing the concentrated 
loading and the prescribed boundary conditions

The global fundamental matrix 𝐘𝐺 is given below: 

𝐘𝐺 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐗𝟏 𝟎𝟏 ⋯ 𝟎𝟏
−𝑒𝐀1𝑧1 𝑒𝐀2𝑧1 ⋯ 𝟎𝟐
𝟎𝟐 −𝑒𝐀2𝑧2 ⋱ ⋮
⋮ ⋱ ⋱ 𝟎𝟐
𝟎𝟐 ⋯ −𝑒𝐀𝑛−1𝑧𝑛−1 𝑒𝐀𝑛𝑧𝑛−1

𝟎𝟏 ⋯ 𝟎𝟏 𝐗𝟐

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(42)

In this matrix, 𝐗𝟏 corresponds to the first six rows of 𝑒𝐀10, and 𝐗𝟐
corresponds to the last six rows of 𝑒𝐀𝑛𝑙 due to the boundary conditions 
of the blade being modelled as clamped-free. The symbol 𝟎𝟏 denotes 
a zero matrix of size 6 × 12, while 𝟎𝟐 denotes a zero matrix of size 
12 × 12.

Then the solution vector and right-hand side are: 

𝐲𝐺 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐲01
𝐲02
⋮
𝐲𝑖
⋮
𝐲0𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐛𝐺 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐊𝑟
𝐊1
⋮
𝐊𝑖
⋮
𝐊𝑡

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(43)

Here, 𝐊𝑟 is a 6 × 1 vector corresponding to the boundary condition 
at the root, and is zero since the first six rows are taken. Similarly, 𝐊𝑡
is a 6 × 1 vector representing the boundary condition at the tip, and it 
includes tip external loads as the last six rows are taken.

This formulation results in a linear system with 12𝑛 unknowns and 
12𝑛 equations, incorporating both continuity and boundary constraints. 
By solving Equation (41), initial values vector 𝐲𝐺 is obtained. This 
vector 𝐲𝐺 consists of 𝐲0𝑖 which is the initial value vector of segment 
𝑖. Having obtained 𝐲0𝑖 for each segment, the analytical solutions can be 
formulated by using Eq.  (31).

The importance/significance of this segmentation approach can be 
summarised as follows:
6 
• Simplification of Complex Problems: By dividing the beam into 
segments with constant properties, the original complex problem, 
characterised by variable coefficients in the governing differential 
equations, is transformed into a set of simpler sub-problems. 
These sub-problems can often be represented by differential equa-
tions with constant coefficients, which are easier to solve and 
provide a more straightforward pathway to analytical solutions.

• Improved Accuracy: Averaging properties within each segment 
ensures that the overall behaviour of the beam is accurately cap-
tured, even with significant variability in geometric and material 
properties.

• Flexibility: This method can be applied to beams with any varia-
tion in properties, making it a versatile tool for analysing a wide 
range of beam configurations.

This segmentation and averaging process is critical for the accurate 
representation and analysis of beams with variable properties, ensuring 
that the proposed analytical model can handle complex, real-world 
engineering systems efficiently and accurately. Therefore, the segment 
sizes must be arranged accordingly to maintain the model’s accuracy 
and reliability. A convergence analysis might be necessary to ensure 
the accuracy of the constructed model.

3. Numerical example: DTU 10 MW composite wind turbine blade

To validate this formulation, an example from a paper published 
by Blasques et al. (2016) is used. That research also proposes an 
approach that models composite wind turbine blades as beams and 
compares their approach to a full-scale FE model consisting of shell 
elements. Specifically, the numerical example focuses on the DTU 10-
MW composite wind turbine blade, a well-documented and publicly 
available model developed by the DTU in collaboration with Vestas 
Wind Systems (Bak et al., 2013). This blade model is characterised by 
its non-uniform geometry and the use of composites and FGMs, which 
are very useful for meeting the operational requirements and achieving 
the necessary structural efficiency of large-scale wind turbine blades.

The DTU 10-MW wind turbine blade has a complex structural form 
that incorporates aerofoil designs and is supported by internal beams. 
The blade’s cross-section geometry is optimised for both aerodynamic 
and structural performance, making it an ideal case study for validating 
the proposed analytical formulation for non-uniform and asymmetrical 
beams. The blade and its cross-section are illustrated in Figs.  3 and 4.

To represent the blade using the analytical model, the DTU 10-
MW wind turbine blade is segmented into sections, each assumed to 
have constant properties. These properties are derived by averaging 
functions that represent the actual variations in geometry and mate-
rial characteristics along the blade’s length. BECAS, an open-source 
software, is employed in this process by extracting the cross-sectional 
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Fig. 4. Description of the asymmetric cross-section.
Table 1
Loading scenarios BLC1 and BLC2 used for validation of the DTU 10-MW blade, as reported by Blasques et al. (2016).
 Load Case Quantity Spanwise Position 𝑧 [m]
 20.1 30.4 33.0 47.7 52.0 62.4 65.8 76.2 84.8  
 
BLC1

𝐹𝑥 [kN] 0.0 0.0 290.0 180.0 0.0 130.0 0.0 18.0 25.0  
 𝐹𝑦 [kN] 230.0 270.0 0.0 0.0 250.0 0.0 220.0 190.0 165.0 
 𝑀𝑧 [kNm] −122.7 −226.5 −27.1 −8.0 −170.8 −0.6 −111.9 −74.0 −46.9 
 BLC2 Position 𝑧 [m] 89.166

 𝑀𝑧 [kNm] 450
properties of the blade. BECAS provides detailed data on the material 
and geometric properties of the blade’s cross-section, which are then 
used to curve fit the functions that describe these variations along the 
blade as previously done by Tüfekci et al. (2020). The blade is modelled 
using 100 segments along its axis, with properties averaged based on 
10 points sampled within each segment (Tüfekci et al., 2020).

The comparison between the models of the DTU 10-MW reference 
blade includes critical assessments of its global response, displacement, 
and localised strain behaviour under two benchmark loading scenarios, 
namely BLC1 and BLC2, as defined by Blasques et al. (2016). These 
loads are applied at specified stations along the blade and are not 
restricted to tip loading. The specific loads applied in these scenarios – 
including edgewise force, 𝐹𝑥, flapwise force, 𝐹𝑦, and torsional moment, 
𝑀𝑧 – are summarised in Table  1. The boundary condition for all models 
(analytical and FE) assumes a fixed-free configuration, where the root 
of the blade is clamped and the remainder is left unconstrained.

• Flapwise Bending and Axial Force (BLC1): This loading case 
is designed to simulate the aerodynamic loading scenario by 
applying a combination of concentrated transverse forces (𝐹𝑦) and 
(𝐹𝑥), and torsional moments (𝑀𝑧) at multiple stations along the 
blade span. These loads are applied at the half-chord location of 
the cross-sections to emulate realistic aerodynamic effects. Due 
to the geometric offset between the nodal positions of the beam 
model and the actual load application point, additional torsional 
moments are applied exclusively in the beam finite element model 
to maintain equivalence with the shell model. The distributed 
nature of the forces makes BLC1 suitable for capturing bending 
and axial behaviours under operational conditions.

• Tip Torsional Moment (BLC2): In this case, a single torsional 
moment of 450 kNm is applied at 𝑧 = 89.166 m, which corresponds 
to the tip of the blade. This scenario evaluates the torsional stiff-
ness and deformation characteristics of the blade, demonstrating 
the structural response under torsional loads.
7 
The inclusion of both BLC1 and BLC2 load cases enables a com-
prehensive validation of the proposed analytical beam model across 
different deformation modes. BLC1 reflects a realistic operational sce-
nario involving complex load distributions that test the model’s ability 
to capture flapwise bending, axial tension/compression, and torsional 
coupling effects. In contrast, BLC2 isolates the blade’s torsional re-
sponse, serving as a benchmark for evaluating the accuracy of torsional 
stiffness representation. By applying these cases to both the analytical 
beam model and the high-fidelity shell-based finite element model 
under identical boundary conditions, the comparison assesses not only 
the global displacement fields but also local strain behaviours. This 
validation approach thus provides a rigorous benchmark for verifying 
the predictive capabilities of the beam formulation across a broad range 
of mechanical behaviours.

The proposed analytical model’s computational performance and 
accuracy are evaluated through convergence and CPU time analysis. 
The solution is implemented as a computer program in Python 3.8.12 
and executed on an iMac (Retina 5K, 27-inch, Late 2014) with a Quad-
Core Intel Core i7 processor running at 4 GHz, 32 GB of memory, and an 
AMD Radeon R9 M290X GPU with 2 GB of VRAM. This computational 
setup ensures the model’s performance is evaluated under conditions 
typical of a desktop environments.

The focus of this assessment is on how the number of segments 
affects the computational efficiency and accuracy of the model. This 
evaluation is crucial for demonstrating the practical applicability of the 
analytical model, considering the computational resource requirements 
and the precision of the results.

4. Results and discussion for the numerical example

4.1. Overall behaviour of the wind turbine blade: Displacement field

The analytical approach proposed in this study is validated by com-
paring its results with those obtained from BECAS and shell methods, 
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Fig. 5. Comparison of BECAS, full-scale FE with shell elements, and the analytical results (Blasques et al., 2016).
which are well-documented in the literature. Fig.  5 presents compar-
isons of displacement and rotation results along the length of the wind 
turbine blade under different load cases. The plots address Load Case 
BLC1, which involves flapwise bending, edgewise bending, and axial 
displacement, and Load Case BLC2, which focuses on torsional loading. 
The displacements in the 𝑥- and 𝑦-directions, as well as the rotations 
about the 𝑥-, 𝑦-, and 𝑧-axes, are analysed in terms of 𝑢, 𝑣, and 𝛺𝑥, 𝛺𝑦, 
𝛺𝑧, respectively.

Fig.  5(a) shows the edgewise displacement 𝑢 along the blade length 
for Load Case BLC1. The analytical approach demonstrates excellent 
agreement with both BECAS and shell methods, particularly in the 
linear region up to approximately 60 metres. Minor deviations observed 
near the tip are attributed to geometric non-uniformities. The maxi-
mum error remains below 5%, indicating strong predictive capability.

In Fig.  5(b), the flapwise displacement 𝑣 for Load Case BLC1 is 
shown. The analytical results closely match those of BECAS and the 
shell model, with only small differences near the blade tip. These 
discrepancies are within acceptable limits for engineering analysis, with 
a maximum error around 3%.

Fig.  5(c) presents the flapwise rotation 𝛺𝑥 for Load Case BLC1. 
The proposed analytical model captures the rotational response well, 
following the BECAS and shell results closely. Slight deviations appear 
near the free end but remain minor. The maximum error is slightly less 
than 5%.
8 
Fig.  5(d) shows the edgewise rotation 𝛺𝑦 for Load Case BLC1. The 
analytical model aligns well with the literature data, especially in the 
mid-span region. Deviations near the root and tip are minimal, and the 
maximum error is under 6%.

In Fig.  5(e), the torsional rotation 𝛺𝑧 for Load Case BLC1 is shown. 
The analytical prediction follows the general trend of both reference 
models, although small oscillations appear in the relative difference 
curve. The overall behaviour is well captured, with the maximum error 
remaining below 7%.

Finally, Fig.  5(f) shows the torsional rotation 𝛺𝑧 for Load Case 
BLC2. The analytical model again matches well with BECAS and the 
shell solution, with only small differences near the blade tip. While the 
analytical model appears slightly stiffer, it effectively reproduces the 
overall structural response. The maximum error is approximately 4%.

One notable observation is that the analytical beam solution ap-
pears smoother compared to the other models. This smoothness can 
be attributed to several factors. First, the geometric and material prop-
erties in the analytical model are defined using curve-fitted functions, 
ensuring a continuous representation of these properties along the 
beam. In contrast, the other models, particularly those using BECAS, 
define material properties in a more discontinuous manner, which can 
introduce abrupt changes and thus less smooth results. Additionally, as 
a beam model, the analytical approach inherently ensures continuity 
at the segment boundaries due to the transition conditions between 



M. Tüfekci and E. Tüfekci European Journal of Mechanics / A Solids 115 (2026) 105832 
Fig. 6. Comparison of localised strain results between the analytical model, BECAS, and the FE shell method.
each segment. This continuity in the solution further contributes to 
the smoothness of the results, providing a more refined and consistent 
prediction of the blade’s behaviour.

4.2. Localised characteristics of the blade: Strain at cross-sections based of 
local fibre directions

In addition to the displacement and rotational behaviour, the lo-
calised strain distribution across different cross-sections of the wind 
turbine blade provides more information about the blade’s structural 
characteristics including structural integrity. 𝜀11 refers to the axial 
strain component that is aligned with the local fibre direction and 𝜀12
indicates shear strain between fibre and transverse directions. Fig.  6 
illustrates the comparison between the strain values obtained using 
the proposed analytical approach, BECAS, and FE shell models. These 
comparisons are made to further validate the analytical model’s ability 
to capture local behaviour alongside the global behaviour, particularly 
in regions of interest where stress and strain concentrations are critical.

Fig.  6(a) presents the strain distribution in the local fibre direction, 
𝜀11, under Load Case BLC1. The results show excellent agreement 
between the analytical model, BECAS, and the shell FE method, with all 
three approaches following the same trend along the blade length. The 
analytical model accurately captures the peak strain near the mid-span, 
with deviations remaining below 5%, demonstrating the reliability of 
the proposed method in predicting local strain concentrations. Slightly 
lower magnitudes calculated by the analytical model are expected due 
to its assumption that the cross-section remains rigid, leading to less 
deformation and hence lower strain values than the more compliant 
shell FE model that actually captures the deformation of the blade’s 
cross-sections.

In Fig.  6(b), the transverse axial strain along the local fibre direc-
tion, 𝜀11, under Load Case BLC1 is compared across the three methods. 
The analytical approach again shows a strong correlation with the 
results from BECAS and the shell FE method, particularly in the regions 
near the blade root and tip. The differences observed are minimal, and 
the maximum error is approximately 4%, which is within acceptable 
engineering limits for this type of analysis. As in the previous case, the 
slightly lower strain values from the analytical model are expected due 
to the rigid cross-section assumption.
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Finally, the shear strain, 𝜀12, under Load Case BLC2 is shown in Fig. 
6(c). The shear strain results highlight the analytical model’s ability 
to capture the blade’s response to torsional loading. The agreement 
between the analytical model, BECAS, and the FE shell method is 
excellent, with deviations of less than 5% along the blade length, 
particularly near the blade tip where shear effects are significant. The 
reduced strain magnitudes calculated by the analytical model are, once 
again, attributed to the assumption that cross-sections remain rigid and 
undeformed, leading to lower strain estimates compared to the shell FE 
results, which account for cross-sectional deformations.

The comparison of calculated strain values reinforces the validity 
of the proposed analytical model in predicting both the global and 
localised behaviour of the wind turbine blade. The excellent agreement 
with BECAS and FE methods, particularly in critical regions, highlights 
the model’s robustness and practical applicability for large-scale wind 
turbine blade analyses. The slightly lower strain values predicted by the 
analytical model are consistent with the assumption of a rigid cross-
section, which leads to less deformation and hence lesser strain values 
compared to more compliant FE model.

4.3. Convergence and CPU time analysis

In this section, the convergence behaviour and computational per-
formance of the proposed analytical model are discussed considering 
the impact of the number of segments on the accuracy of the results 
of the first loading scenario BLC1. Additionally, the CPU time required 
for computations is evaluated.

Fig.  7(a) illustrates the error in the calculated tip displacement mag-
nitudes as a function of the number of segments. The error is computed 
using the tip displacement magnitudes obtained with 500 segments 
as the reference value. It can be observed that the error decreases 
significantly as the number of segments increases, demonstrating the 
convergence of the model. Notably, the maximum error is reduced to 
below 5% when the number of segments exceeds 100, indicating that 
the model provides accurate results with sufficient segmentation. The 
observed stiffness in the analytical model, attributed to the neglect 
of cross-sectional deformation, is evident in the error reduction trend. 
Despite this, the analytical model captures the overall system behaviour 
accurately.
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Fig. 7. Convergence and CPU time analysis for the proposed analytical model for BLC1.
 

Fig.  7(b) presents the CPU time required for computations with 
varying numbers of segments. It is clear that the computational time 
increases with the number of segments. The relationship between the 
number of segments and CPU time is approximately quadratic, which 
is consistent with the expected computational complexity for this type 
of analysis. For practical applications, a balance between accuracy 
and computational efficiency must be considered, with the number 
of segments chosen to ensure acceptable accuracy while maintaining 
manageable computation times.

5. Conclusion

This study presents a novel analytical approach for analysing non-
uniform and asymmetrical beams made of functionally graded mate-
rials (FGMs), with validation provided through a detailed numerical 
example involving the DTU 10-MW composite wind turbine blade. The 
key contributions of this work include the formulation of equilibrium, 
compatibility, and constitutive equations that effectively capture the 
complex interactions within beams with varying properties along their 
length.

The DTU 10-MW composite wind turbine blade served as an ideal 
test case due to its intricate geometry and material heterogeneity. To 
ensure accurate representation, the blade was segmented into regions 
with constant properties, and the geometric and material characteristics 
within each segment were averaged. These properties were extracted 
using BECAS, an open-source tool designed for analysing anisotropic 
and inhomogeneous beam cross-sections, which played a critical role 
in curve-fitting the variation of these properties along the blade’s axis.

The performance of the proposed analytical model was validated 
against results from BECAS and full-scale shell FE models from the 
literature. Excellent agreement was observed in strain, displacement 
and rotational responses along the blade length, with a maximum error 
of consistently below 7%. This validation demonstrates the accuracy 
and robustness of the proposed analytical model in capturing the 
overall system behaviour, despite the model’s inherent simplifications.

Additionally, the computational performance of the analytical model
was evaluated through a detailed convergence and CPU time analysis. 
The error in the calculated tip displacement magnitudes decreased 
significantly as the number of segments increased, with sufficient ac-
curacy achieved using more than 100 segments. The CPU time analysis 
indicated a quadratic relationship between the number of segments 
and computation time, demonstrating that the analytical model offers 
a balance between accuracy and computational efficiency, making it 
suitable for practical engineering applications.

Even though the proposed analytical model has been successfully 
validated against the DTU 10-MW wind turbine blade case, which 
features non-uniform geometry and material heterogeneity, certain lim-
itations remain when applying the model to more complex structural 
configurations. Specifically, blades that exhibit significant twist, taper, 
or include multi-cell transverse cross-sections, as well as those with 
10 
spatially varying locations of centroids, shear centres, torsional axes, 
and flexural axes, may introduce deformation modes and coupling 
effects that extend beyond the capabilities of the current formulation. 
These complex features can lead to intricate three-dimensional stress 
states and local behaviours that are not fully captured by the present 
beam-based approach. Future work may address these challenges by 
incorporating more advanced cross-sectional modelling techniques or 
extending the theory to account for such geometrical complexities.

Overall, the results demonstrate that the proposed analytical ap-
proach is both effective and reliable for the analysis of non-uniform 
and asymmetrical beams made of functionally graded materials. The 
agreement with well-established numerical methods further validates 
the model’s applicability, particularly for the design and optimisation 
of large-scale wind turbine blades. The consistent maximum error of 
below 7% across all comparisons highlights the model’s accuracy and 
practical relevance.

Finally, the proposed analytical model exhibits strong convergence 
characteristics and reasonable computational demands. The results in-
dicate that the model can reliably predict the structural behaviour 
of non-uniform and asymmetrical beams, which offers significant ad-
vantages for engineering applications, particularly in the design and 
optimisation of wind turbine blades. Future work could extend this 
approach to include local stress and strain assessments, improving the 
model’s applicability and precision for even more complex structural 
analyses.
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