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1. Introduction

In this paper we study the existence of solutions to the heterotic G, system on certain 7-dimensional almost contact
metric manifolds for which the characteristic holonomy is reduced to either SU(3) or Sp(1)Sp(1).

The heterotic G, system [1-11] describes supersymmetric compactifications of heterotic supergravity—including first order
o’ corrections—on a warped product of a compact 7-dimensional manifold and either 3-dimensional Minkowski or anti-de
Sitter space. It can be regarded as the 7-dimensional analogue of the Hull-Strominger system [12,13] and it is sometimes
referred to in the literature as the G, Hull-Strominger system. Solutions of the heterotic G, system have been constructed in
[1,14-19].

Any manifold M with a Gy-structure has an underlying almost contact metric structure as well as an almost 3-contact
metric structure [20], which amount to a reduction of the structure group of M to SU(3) or SU(2), respectively. We use
these additional structures to construct new solutions to the heterotic G, system. In particular, we will repeatedly use a
decomposition of the tangent bundle TM determined by the action of the structure groups.

These G-structures are particularly well-behaved when they admit a characteristic connection with parallel skew torsion
and reduced holonomy. Thus, we focus on manifolds where the characteristic holonomy reduces to one of the subgroups of
G, depicted in Fig. 1.

In our solutions, the compact manifold M can always be described as the total space of a Riemannian foliation. This is
a common trait of all the existing solutions of the heterotic G, system. In fact, although our solutions differ from those in
[17-19] by our choice of G, instantons, the manifolds underlying those constructions can be regarded as particular cases of
the manifolds we consider.

Under our assumptions, the Riemannian submersion from M to the leaf space is compatible with the characteristic G-
connection. Solving the heterotic G, system requires a detailed understanding of this connection as well as two different
instanton connections on bundles over M. We show that the study of the heterotic G, system is much simpler when all the
connections can be projected to the base of the submersion. For that reason we will consider instanton connections on the
tangent bundle that lie in a 1-parameter family V* and satisfy this property.

We first study the case of characteristic holonomy Sp(1)Sp(1). A particularly nice class—and to the authors knowledge the
only one known—of manifolds satisfying all these assumptions is the class of 3-(«, §)-Sasaki manifolds. These were defined
in [21] as generalizations of 3-Sasaki structures admitting well-behaved characteristic connections. We find approximate
solutions as well as the following exact solutions in the degenerate case § = 0:

Theorem 1.1. Let o’ > 0 and let (M, g, &, 1i, ¢i)i=1.2,3 be a degenerate 7-dimensional 3-(«, §)-Sasaki manifold with its canonical
G-structure @ and canonical connection V with torsion T. Ifoc2 = ﬁ then

(M, ), (TM,V~P),(TM, V), T],

where 8 = 2(8 — 2a), is a solution to the heterotic G, system.

For the SU(3) case, the best analogue is given by n-Einstein «-Sasaki manifolds. When these manifolds admit a spin
structure, they also depend on two parameters (¢, §) and we will call them («, §)-Sasaki manifolds. This is motivated by
the fact that the dependence on the parameters («,d) is very similar to that of 3-(«, §)-Sasaki manifolds. Unfortunately,
this case is less well-behaved and we will only be able to obtain approximate solutions.

Both 3-(«, §)-Sasaki and (c«, §)-Sasaki manifolds share an additional common feature: they are characterized by the
existence of certain generalized Killing spinors. We will also present this formalism and use it to give a description of the
different G,-structures from a spinorial point of view.

The paper is organized as follows. In Section 2 we introduce the heterotic G, system and in Section 3 the geometries
where we are going to study the system. In Section 4 we discuss solutions on 3-(c¢, §)-Sasaki manifolds. In Section 5 we
discuss the case of spin n-Einstein «-Sasaki manifolds and introduce our description as («, §)-Sasaki manifolds. Finally, in

G2 u@a)
v N v
Sp(1)Sp(1) SUB3)
N %
SU@)

Fig. 1. Diagram of groups.
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Section 6 we summarize our results and point out some future directions. Appendix A gives an overview of the spinorial
perspective.

2. The heterotic G, system

In this section we introduce the heterotic G, system following [22]. The system describes A" = 1 supersymmetric vacuum
solutions of heterotic supergravity on a warped product M3 x M, where M3 is a maximally symmetric 3-dimensional
Lorentzian space (the spacetime) and M is a compact 7-dimensional Riemannian manifold.

Supersymmetry requires the compact manifold M to have a Gy-structure and the gauge fields to be G,-instantons, so we
begin with a brief review of G,-geometry to present the concepts that we will use and set our notation. For more detailed
introductions to the topic, see for example [23-25].

Definition 2.1. Let M be a 7-dimensional manifold. A G,-structure on M is a nowhere-vanishing three-form ¢ on M which
can be identified at every point p € M with

g0 =123 _ o145 _ 167 _ 0246 | p257 _ ;347 _ 356

where {e!,..., e} is a local basis of one-forms and we are writing el = e A e/. We call ¢ the associative form and we say
that (M, @) is a manifold with a G,-structure.

Remark 2.2. The existence of the associative three-form ¢ is equivalent to the usual notion of G,-structure as a reduction
of the structure group to G,. Furthermore, ¢ determines a metric g and an orientation on M which can be used to define
the coassociative four-form

Y=,

Tensors in (M, ¢) decompose in terms of representations of the group G;. The following proposition shows the decom-
position in the case of differential forms.

Proposition 2.3. Consider (M, ¢) a manifold with a Gy-structure. Let A¥ = AX(T*M) denote the bundle of k-forms on M and A’f, =
A’I‘,(T*M) denote the subbundle of A¥ consisting of k-forms transforming in the p-dimensional irreducible representation of G,. Then,
the following holds

0 0 1 1 2 2 2 3 3 3 3
A°=AY9,  A'=A),  AZ=AZeAl,, AP=Aerienrd,,

and the decomposition for higher degrees follows from Hodge duality.

Each A’I‘J can be characterized in terms of the associative and coassociative forms. For example A%4, which corresponds
to the two-forms contained in the Lie algebra gy of G, can be described as

A, =(BeA?:Bop=0)={BeA’:BAy=0}. (2.1)

The decomposition of dg and dy in G-representations characterizes the G,-structure.

Definition 2.4. Let (M, ¢) be a manifold with a Gy-structure. The torsion classes of the Gy-structure are the forms g € A,
71 € Al, 1, € A2, and 13 € A3, satisfying

dp=ty¥ +3171 Ap+ %13, dy =41 AY + %13

When all the torsion classes vanish the Gy-structure is torsion-free and the manifold M has G, holonomy. We are inter-
ested in more general types of G,-structures.

Definition 2.5. Let (M, ¢) be a manifold with a G,-structure. We say the G,-structure is conformally coclosed if T, =0, and
we say that it is coclosed if T =13 =0.

Conformally coclosed G;-structures have the key property of admitting a characteristic G,-connection. We now recall the
necessary notions: metric connections V on TM are in bijective correspondence to torsion tensors

T(X,Y,Z)=g(X,VyZ—-VzY —[Y,Z]).
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Indeed, for a torsion tensor T the corresponding connection is given by g(X, VyZ) = g(X, V;%Z) + A(X,Y, Z), where A is
the contorsion tensor defined as

AX,Y,2) = %(T(X, Y, 2)-TY,Z,X)+T(Z,X,Y)).

Definition 2.6. A metric connection is said to have skew-symmetric torsion (or simply skew torsion) if T € A3T*M.
In this case A= 1T, so in short V= V& 4+ %T. In [3] the authors prove

Proposition 2.7 ([3]). Let (M, ¢) be a manifold with a conformally coclosed G;-structure. There exists a unique metric connection V¢
that has totally skew-symmetric torsion and is compatible with the G,-structure. Its torsion tensor is given by

1
TCZE‘L’o(p—‘C1_H/f—T3. (2.2)

We call this the characteristic Go-connection.
In addition, we will be interested in connections that are related to the G,-structure in a particular way:

Definition 2.8. Let A be a connection on a vector bundle V with curvature F4 € A2(End(V)). We say A is a Gy-instanton if
its curvature satisfies F4 € Aﬁ(End(V)). Using (2.1), this can be equivalently expressed as

Fany =0.
We are finally in a position to introduce our main object of study:
Definition 2.9. A quadruple [(M, @), (V, A), (TM, ®), H] constitutes a solution to the heterotic G, system if the following holds:
(M, @) is a 7-dimensional compact manifold with a conformally coclosed G;-structure.
H =T¢ is the torsion of the characteristic G,-connection.

V is a vector bundle on M equipped with a Gy-instanton connection A.
The tangent bundle TM of M is equipped with a G;-instanton connection ®.

In addition, the physical flux H and the instanton connections A, ® must satisfy the heterotic Bianchi identity

/

dH=aZ(trFA/\FA_trR®/\R@)’ .

where o’ > 0 is the string parameter, F4 denotes the curvature of A and Rg is the curvature of ©.

Remark 2.10. A quadruple [(M, ¢), (V, A), (TM, ©), H] satisfying the first three bullet points in Definition 2.9 is, from
the point of view of heterotic supergravity, a solution to the Killing spinor equations that any supersymmetric background
requires. The heterotic Bianchi identity is imposed by the anomaly cancellation condition of heterotic string theory, and—
provided that the fourth bullet point holds—this is sufficient to ensure that a solution to the Killing spinor equations is
in fact a solution to the equations of motion of heterotic supergravity [8]. Thus, a solution to the heterotic G, system
constitutes a supersymmetric solution of heterotic supergravity.

Heterotic supergravity in this context should be understood as the theory obtained at first order via a perturbative
expansion of heterotic string theory on the string parameter «’ [26,27]. As pointed out in [28], this means that it is enough
for the equations to be satisfied only up to first order in o'.

We can therefore consider a relaxed version of the heterotic G, system. We still require the first three bullet points in
Definition 2.9 and the Bianchi identity to hold exactly, but we impose the instanton condition on ® only up to first order
in «’. Given a quadruple [(M, ¢()), (V, A(@")), (TM, ®(«')), H(@’)] where both gauge fields and the G;-structure may
depend on o/, this condition can be phrased following [18] as

Ro A¥lg=0@@)? asa’—0, (2.4)

where | - |¢ is the pointwise C%norm with respect to the metric g induced by ¢ and Re is regarded as a section of
A% ® End(TM).

Definition 2.11. We say that a solution to the heterotic G, system is exact if ® is an honest Gy-instanton, and approximate
if ® instead satisfies (2.4).
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Remark 2.12. The torsion classes of the G-structure present in the heterotic G, system encode some of the physical infor-

mation of the compactification [29]. In particular, the dilaton field w is encoded by 7; = 1 dy and the cosmological constant

A of the 3-dimensional spacetime satisfies A ~ — 2.

In order to find solutions below we are particularly interested in connections with skew-torsion that satisfy VT =0,
where T is the torsion of V. In this case we say V has parallel skew-torsion. This assumption has important implications on
the curvature

R(X.Y,Z,V):=g(([Vx, Vy] = VixyDZ. V).

Indeed, in this case we obtain a tangible first Bianchi identity
XY,z XY,z
6 RX.Y.Z,V)=07(X,Y,Z,V)= & g(T(X,Y),T(Z,V)), (2.5)

X,Y,Z
where here and hereafter & denotes the sum over all cyclic permutations of X, Y, Z. In particular, this yields pair
symmetry

R(X,Y,Z,V)=R(Z,V,X,Y).

Remark 2.13. Note that if the characteristic connection V¢ has parallel skew-torsion then pair-symmetry of R implies that
V¢ is a Gy-instanton. This has been observed for example in [30].

We recommend [31] for a deeper introduction to connections with skew-torsion, particularly in relation to string theory.
3. Contact geometry

In this section we recall some standard definitions of contact geometry that will be used in the paper and we set our
notations. A standard reference on the topic is [32].

Definition 3.1. An almost contact structure (£, 7, ¢) on a 2m + 1-dimensional smooth manifold M consists of a vector field &,
a one-form 7 and a (1, 1)-tensor field ¢ satisfying
p*=—ld+n®s, nE=1.

In this case, the tangent bundle of M splits as TM = H & (), where H = ker(n) is a 2m-dimensional distribution. We call
& the Reeb vector field and we say that (M, &, n, ¢) is an almost contact manifold.

Remark 3.2. Every almost contact manifold admits a Riemannian metric g which is compatible with the almost contact
structure in the following sense:

g(@X, oY) =g(X,Y) = n(X)n(Y).

In this situation, = g(-, £) and H = (£)*. We say that (£, 7, ¢, g) is an almost contact metric structure and that (M, £, 1, ¢, g)
is an almost contact metric manifold.

Remark 3.3. A choice of almost contact metric structure on a manifold M is equivalent to a choice of U(m)-structure on
M—that is, a reduction of the structure group to U(m) x 1.

In particular, note that ¢|3 defines an almost complex structure on #. Furthermore, the fundamental form ®(X,Y) =
g(X, ¢Y) defines a hermitian form on H via ®|.

Definition 3.4. An «-contact metric structure on a 2m + 1-dimensional smooth manifold M is an almost contact metric
structure such that

dn=2a®,
where @ € R\{0} and ®(X, Y) = g(X, ¢Y) is the fundamental form. Note this is a particular case of a contact structure since
n A (dn)™ #£0, and we call n the contact form. We say that M is an «-contact metric manifold.

Definition 3.5. An «-Sasaki structure on a 2m + 1-dimensional smooth manifold M is an «-contact metric structure which
is normal, meaning that the following quantity vanishes for all vector fields X, Y:

Ng(X.Y)=[$X, Y]+ ¢*[X. Y] — $[pX. Y] — ¢[X. Y]+ dn(X, Y)E .
In this case we call M an «-Sasaki manifold.
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The vanishing of Ny makes ¢ an integrable transverse structure on #, see e.g. [32]. In other words

Theorem 3.6. An «-Sasaki structure admits a locally defined Riemannian submersion 7w : (M, g) — (N, gn) along V := (&) such that
¢ projects under 7 and induces a Kdhler structure on N.

We will be especially interested in «-Sasaki manifolds of a particular type:

Definition 3.7 ([33]). An «-Sasaki structure on a manifold M is n-Einstein if there are constants A, v such that Ricg =
Ag+vn @n. In this case we call M an n-Einstein «-Sasaki manifold.

Remark 3.8. As shown in [33], every simply connected 7n-Einstein «-Sasaki manifold M is spin. In Section 5, we will char-
acterize these manifolds in terms of the existence of a particular SU(m)-structure that constitutes a reduction from the
U(m)-structure associated to the metric almost contact structure.

Definition 3.9. An SU(m)-structure (&,1, ¢, g, ®, ) on a 2m + 1-dimensional manifold M is given by an almost contact
metric structure (&, n, ¢, g) with fundamental form & together with a nowhere-vanishing complex m-form €. The form
is of type (m, 0) with respect to the complex structure on H induced by ¢ and satisfies

1 m (_])m(m—1)/2 im

— QAQ. (3.1)
m! 2m

Remark 3.10. This is in fact equivalent to the usual definition of an SU(m)-structure on M as a reduction of the structure
group to SU(m) x 1. By [34], the intrinsic torsion of the structure is completely determined by the exterior derivatives of
the forms & and .

We will call a frame adapted to a G-structure if it is a section of the principal bundle associated to that G-structure. For

SU(m)-structures an orthonormal frame {eq, ..., exn+1} is adapted if the dual coframe {e“}i’r:{l satisfies
m
n=e', ©=-) eMae Q= (+ie)n- A +ie®™). (3.2)
a=1

We will be particularly interested in the situation where we have three different almost contact structures interacting with
each other. As it turns out these admit just the right amount of flexibility for finding solutions.

Definition 3.11. An almost 3-contact structure on a 4n + 3-dimensional smooth manifold M consists of three almost contact
structures (&;, 1i, ¢i)i=1,2,3 that satisfy the compatibility conditions

piodj=dx—1nj V&, niog;=n. (3.3)

Here and from hereon we employ the convention that (ijk) is an arbitrary even permutation of (123).

Definition 3.12. Every almost 3-contact structure admits a Riemannian metric g which is compatible with each of the three
almost contact structures. We then call (&, ni, ¢i, £)i=1,2,3 an almost 3-contact metric structure and (M, &;, 1i, ¢i, £)i=1,2.3 an
almost 3-contact metric manifold.

We denote the vertical and horizontal spaces of (M, &, i, ¢i, 8)i=1,2.3 as V = (§1,&2,&3) and H = yi= ﬂ;; ker n;.

Remark 3.13. A choice of almost 3-contact metric structure on a manifold M is equivalent to a choice of Sp(n)-structure on
M—that is, a reduction of the structure group to the group Sp(n) x 1s.

In particular, we can interpret {qﬁi}?:l as an almost hyperhermitian structure on A with fundamental forms CI>,.7“ = Oj|y.

We also have a notion of adapted frame for Sp(n)-structures: we say an orthonormal frame {e, e3, ..., eamy+3} is adapted

if the dual coframe {e“}:‘l":{3 satisfies
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ni=e', forie{1,2,3},
n
1= 13 — Z <e4r+4 A eS|t o e4r+7) ’
r=1
. (34)
By = —n3 — Z (e4r+4 A eHT6 _ o4t e4r+7) ’
r=1

n
B3 =11y — Z <e4r+4 AedHT 4 pdrt5 o e4r+6) ’
r=1

where 1;; = n; A nj. Such a frame can always be constructed using the properties (3.3).

4. Characteristic holonomy Sp(1)Sp(1)

In this section we study the heterotic G, system on 3-(«, §)-Sasaki manifolds. We begin with a description of these
manifolds and their most relevant properties before discussing a 1-parameter family of connections V* on the tangent
bundle. We then specialize our results to dimension 7 and solve the heterotic G, system using the family V*.

4.1. 3-(c, 8)-Sasaki manifolds

We begin by introducing 3-(«, §)-Sasaki manifolds and some of their main properties, we refer the reader to [21,35,36]
for further details.

Definition 4.1. A 3-(«, §)-Sasaki manifold is an almost 3-contact metric manifold satisfying the differential condition

dni =20 ®; +2(a — 8)njx = 22D — 260, (41)

where o and § are real constants with o # 0.

The definition suggests that § =0 is a special case, and we will see this come into effect later on. In fact, we can classify
3-(a, §)-Sasaki manifolds in three different types as follows:

Definition 4.2. A 3-(«, §)-Sasaki manifold is called
a) degenerate if § =0,
b) positive if ad > 0,

c) negative if o < 0.

These definitions are motivated by the fact that each type of 3-(«, §)-Sasaki manifold is invariant under a class of
deformations called H-homothetic deformations:

Proposition 4.3 ([21]). Let (M, g, &, ni, ¢i)i=1,2,3 be a 3-(«, 8)-Sasaki manifold. Consider the deformed structure tensors

X S1 -
cgly +aglyu, fi=cni, &‘ZE&', di=¢;.

g
Then (M, &, &, fii, ¢i)i=1.2.3 is a 3-(&, 8)-Sasaki manifold with
c ~ 0
-o, §=-.
a c
In particular, the deformed structure is degenerate/positive/negative if and only if the initial structure was.

&:

In addition, we will see in Theorem 4.6 that the parameter «§ is related to the curvature of the base space of a submer-
sion, providing further motivation for the classification.
A key property of 3-(«, §)-Sasaki manifolds is that they admit a particularly well-behaved connection:

Theorem 4.4 ([21]). A 3-(«, §)-Sasaki manifold (M, g, &;, ni, ¢;) admits a unique connection V with skew torsion such that

Vx¢i =B (X)¢j — ni(X)dr) ,
for any even permutation (ijk) of (123) and 8 = 2(8 — 2). Its torsion is given by

7
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3
T=2a) niA®M+2(5—40)ns. (4.2)
i=1

and satisfies VT = 0.
If 8 =0, or equivalently § = 2«, then V¢; =0 for all i € {1, 2,3} and we call the 3-(«, §)-Sasaki manifold parallel.

Definition 4.5. The connection above is called the canonical connection.! We refer to its torsion, curvature and other associ-
ated tensors as canonical.

The canonical connection has holonomy Sp(n)Sp(1), whose representation in dimension 4n + 3 is reducible and gives rise
to a locally defined submersion:

Theorem 4.6 (/35]). A 3-(«, §)-Sasaki manifold admits a locally defined Riemannian submersion : (M, g) — (N, gn) with totally
geodesic fibres tangent to V. The base space (N, gn) inherits a quaternionic Kdhler structure that is locally given by the almost complex
structures J; = 1, o ¢; o S, Where s is any local section of 7.

Furthermore, the canonical connection projects to the Levi-Civita connection on the base in the sense that

VEVY = . (VxY),

where X and Y are the horizontal lifts of X, Y. The scalar curvature of the base space N takes the value scal®¥ = 16n(n + 2)as.

Remark 4.7. The Reeb vector fields satisfy [&;,&;] = 28&, see [21]. Thus, if § # 0 the leaves of the canonical submersion
defined above are orbits of an SU(2) action. As a result, the leaves are necessarily compact and the leaf space N obtains
globally the structure of an orbifold.

In the degenerate case § = 0 the situation is different: the leaves are orbits of the action of a 3-dimensional abelian group
(e.g. R3 or T3) and the leaves are not necessarily compact anymore. Furthermore, in this case the base has a hyperkihler
structure. For a more detailed description of the different possibilities we refer the reader to [37].

As degenerate 3-(«, §)-Sasaki manifolds are central to our solutions of the heterotic G,-system, we briefly review some
explicit examples.

Example 4.8 ([21]). The quaternionic Heisenberg group H™™ is the simply connected Lie group with Lie algebra
0 X z
HE={l0o 0 x|egin+2 H), XeH" ZeImH
0 0 O

Consider H™™ with its canonical left-invariant metric g induced by the standard scalar product on §™T. Let {&iti=1,2.3

be an orthonormal basis of ImH c p™H, {ni}i=1,2,3 its dual and {;}i=1,2,3 the endomorphisms acting as unit imaginary

quaternions from the left on H and ImH. Then (M, g, &. ni, ¢i)i=12,3 is a degenerate 3-(ct, §)-Sasaki manifold with o = 1.
This example is non-compact but admits a cocompact lattice.

More generally, degenerate 3-(«, §)-Sasaki manifolds are obtained via the following construction:

Proposition 4.9 ([38]). Let (N, gn, J1, J2, J3) be a hyperkdihler manifold with integer Kéhler classes [wi] € H*(N,Z), i =1, 2, 3.
Let M be the T3-bundle obtained as a fibre product of the three Boothby-Wang-bundles associated to [w;li=1.2.3. Then M admits a
degenerate 3-(«, 8)-Sasaki structure with Reeb vector fields tangent to the fibres of M.

The compact quotient of the quaternionic Heisenberg group can be understood as applying Proposition 4.9 to the flat
hyperkahler torus. In addition, [39, Lemma 2.2] shows that there exists at least one K3-surface satisfying the requirements
of Proposition 4.9, providing an additional compact example.

It will be convenient in what follows to study 3-(«, §)-Sasaki manifolds using a spinorial perspective. The right notion
of generalized Killing spinor for 3-(«, §)-Sasaki manifolds was introduced in [40]:

1 The reader should be aware that in other references, such as [19] or [24], the name canonical connection is used to denote different connections.

8
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Definition 4.10 ([40]). A spinor W in a 3-(«, §)-Sasaki manifold is said to be H-Killing if it satisfies

3
o oa—946
v§w25x-w+72m(xmg.w forall X e TM. (4.3)
=1

As explained in Appendix A.3, an almost 3-contact metric manifold can be equivalently described in terms of six spinors
{W; +}i=1,2,3, where each pair of spinors ¥; 4 spans the rank 2 bundle [41]

Ei={Vel'(D)| (—2¢;i(X)+&-X—X-&)-¥=0 forall vectors X}.

The six spinors span together the bundle E = E; + E; + E3, which might not be a direct sum. This means that the spinors
might not be linearly independent, as can be seen from particular examples in [42,43]. We will later see that this is the
situation in dimension 7.

It was shown in [40] that for every (simply connected) 3-(c, §)-Sasaki manifold the spinors in the bundle E are -
Killing. This actually characterizes 3-(«, §)-Sasaki manifolds in the sense of the following proposition:

Proposition 4.11. Let M be an almost 3-contact metric manifold and suppose the spinors {W; 1 }i=1.2,3 in the bundle E satisfy (4.3)
for some real constants o and § with o # 0. Then, M is 3-(«, §)-Sasaki.

Proof. In order to show that (4.1) holds, we first need to compute V)g(si. The fact that the spinors W; 1 satisfy (A.13) will
prove crucial for this. Taking the covariant derivative of the expression &; - ¥; = W; _ and using the Leibniz rule together
with the assumption that the spinors satisfy (4.3), we obtain for any X € TM

3
)
(VE6) - Wie =5 (X-5i =& X) - Wip + “T;moo (D¢ -& — & - D) - Wiy,

where we have used (A.13) again to rewrite ¥; _ in terms of W; . Using (A.14) and noting that ®;-& - ¥ = (éi P+ 2$k) Y
for any spinor W, we can compute

oa—96
(V}g&)~‘lfi,+=—a%‘i £ Wiy + T(CDJ"S:' —& D)) V4

=—a¢i§) Vit +(@—8)& Viy=—8& Wiy,
and the non-degeneracy of the Clifford product implies that sti = —4§ &. Analogously, one obtains
VEE =0, Vg =8, Vigi=-a¢i(X) forXeH.

Since the connection is metric, we immediately obtain V;g(m from these formulas. In particular, note that with our conven-
tions for the fundamental form we have V)g< ni =a ®;(X, ) for X € H. We can then compute in an adapted frame:

an+3 an+3
dn; = Z e"/\VggMn,' =—8NjANk+IMm AN+ Z e" A Djer, ) = —Z(Snjk—i-ZaCDH,
pn=1 r=4

which shows the result. O

This illustrates that the class of manifolds we are interested in can be equivalently described in terms of spinors. In the
case of dimension 7, these spinors take a very particular form that we will describe in detail later.

4.2. The family of connections V*

We want to introduce a more general family of connections. We define the three-form

3

p=ma+y mArdlt. (44)
i=1

This is well-defined in all dimensions, but it is especially important in dimension 7 as then ¢ constitutes a Gy-structure,
compare [21].
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Proposition 4.12. Let (M, g, &, ni, ¢i)i=1,2.3 be a 3-(«, §)-Sasaki manifold. Denote by V its canonical connection with skew-torsion
T and ¢ as above. Then, there exists a family of metric connections V*, A € R, with parallel torsion T* that preserve the splitting
TM =Y & H, satisfy Vo =0 and

Vidi = (B+D0()$j— 1)) . (4.5)
The torsion T*(X, Y, Z) :== g(X, T*(Y, Z)) has non-zero components

T(X,Y,Z)+20p(X,Y,Z) X,Y,ZeV,
T(X.,Y,Z) XeV, Y, ZeH,

T(X,Y,Z) = N (4.6)
T(X,Y,2)-5¢X,Y,Z) YeV, X,ZeH,
T(X,Y,Z)—%go(X,Y,Z) ZeV, X,YeH.
These connections are projectable under the canonical submersion 7 : (M, g) — (N, gn) in the sense that
VR'Y =1 (V3Y). (4.7)

Proof. We obtain V* as the unique metric connection with torsion T* or equivalently by setting V* = V + A* where

1
ANX,Y,Z)= §<T*(x, Y,Z)—T*(Y,Z,X) +T*(Z,X,Y) = T(X,Y, Z))

WX, Y, Z) XY, ZeV,
=1-30(X,Y,2) YeV.X,ZeH, (48)
0 else.

We remark that g(X, V{} Z) =g(X,VyZ) when Y € H. This immediately proves (4.7) from the corresponding statement for
V.
We now prove (4.5). If Y € H then as above V%,¢,- = Vy¢; =0 so (4.5) holds trivially. Now suppose Y € V:
2X. (Vi) Z) = g(X. V3 ($iZ)) — 8(X. $i V¥ Z)
=g(X, (Vy¢)Z) + AMX. Y. Z) + A (¢iX. Y., Z)
=B2(X, I (Y)pj — 1j(V)P) Z) + A*(X, Y, $iZ) + A ($iX, Y, Z).

When X, Z are of different type, A*(X,Y, Z) and ®;(Z, X) = g(Z, ¢; X) both vanish. Therefore, we only need to check for
X, Z which are both in either V or H.If X,Z e H

A A A °
AMX Y, $iZ) + B @IX, Y, 2) = 5 3 (V) @e(X, $iZ) + P ($iX, 2))
=1

=—-r(n;(NgX, pZ) — i (Y)&(X, 9;Z)),
where we have used (3.3). If X, Z €V then

AMX, Y, $iZ) + AN $iX, Y, Z) = A(23(X, Y, $iZ) + n123($i X, Y, Z))
=2 (Y) (ke (2)0i (X) = 0i(Z) (X)) — nj (V)i (2)n;(X) — nj(Z)ni (X))
=2g(X, ()i Z — nj(Y)$Z).

Thus, we have shown (4.5). We then have that V* preserves V), as ¢;(V*&) = —(V*¢;)& € V, and consequently the orthog-
onal splitting TM =V & H.
To be more precise we have

Vi&i = =7 (V&) = ¢i(Vi$DE = (B + M (OE — 1j(X0E) , (4.9)

where we have used that 0 =d(g(&;, &)) = 2n; (V*&).

It remains to show VT* = V¢ = 0. Observe that V* preserves a given tensor if and only if it preserves its components
with respect to the splitting TM =V @ H. In particular, from (4.2), (4.4) and (4.6) we see that V*T* = V¢ = V*T =0 if
and only if V* Z?=1 ni A CD?" = V*n123 = 0. The latter is just the volume form in V and thus parallel. Using (4.9) and (4.5)
we find

10
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V@i A ®p) = (Vini) A i+ mi A (VD))
=B+1)MXONj A D —nj(X)n A D + N (X)ni A Pj —nj(XIni A D).

If we sum over all i € {1, 2,3} we see that all terms cancel out, and n; A ®; =n; A d)iH — n123 yields the result. O
In what follows, we will denote all tensors corresponding to V* by a A index, such as for example T* and R*.

Remark 4.13. In dimension 7 the family agrees with two other constructions of G;-connections for certain values of the
parameter A:

If A < 4a then V* is the canonical connection of the 3-(c, §)-Sasaki structure obtained by the #-homothetic deformation
with parameters

/ A
a=1, c=,/1——.
4a

Since the deformation changes the metric, V* will not have skew-torsion with respect to the original metric g. However,
we still have V*g =0 and V*¢ =0.

If § # 5cr, then V* is given as the 1-parameter family of connections compatible with the G;-structure (4.4), compare [24].
In this case A = (1 + 2a)(5« — §), where a is the parameter of the family as written in [19].

Lemma 4.14. If Z is a horizonal lift of a vector fieldon N, Y € V and X € H then

3
A
g(X,Vy2) = (Za - 5) D ni(NP(Z, X).
i=1

Proof. For a combination of vector fields X, Y, Z as above the canonical connection satisfies (Vy Z)y = —2« 2?21 ni(Y)oiZ,
compare [35, Lemma 2.2.1]. Using the notation in the proof of Proposition 4.12 we find

3
A
gX, V52 =8(X, Vv 2) + AMX, Y, 2) =20 ) mi(Y)®i(Z, X) = S9(X, Y, 2)

i=1

3
A
= (Za - 5) D o n(N)®i(Z,X). O

i=1

Lemma 4.15. For tangent vectors X, Y, Z, V e TN with horizontal lifts X, Y, Z, V we have
3
REV(X,Y,Z,V)=R'X,Y.Z,V) —a(4a — 1) Y &i(X,)®i(Z, V). (4.10)
i=1

In particular, R*| A2H@A2H IS pairwise symmetric.

Proof. We recall from [35] that for X,Y e H

3
[X,Yly=—2a ) ®i(X,Y)§.
i=1
Using this as well as the identities (4.7) and Lemma 4.14 we find
NV VN Z, V) = gn (VR T (VZ), V) = 8(Vta (Vo Z), V) = (V5 Vi Z, V),
g A 2 A 7 17 A 7\
gN(V[)?,y]Z: V)= gN(n*szs V)= g(v[Y,V]Z’ V) — g(V[Y,?]vZ’ V)
A 3
— A7y (XY (7 VYV
=gV 72 V) - <2a - 5) ;nl([x, YW ®i(Z, V)
1=
3

= g(v[*ﬂ]_, V) +ada -2 0i(X.V)®(Z. V).
i=1

Combining both identities we obtain (4.10). O

11
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Observe that o(4a — 1) = —a (B + A) + 2a8. As we will soon see these summands relate to the geometry of the fibres
and base of the canonical submersion, respectively.

Lemma 4.16. We have for X,Y,Z € TM

R*(X, V)$iZ — iR (X, Y)Z =22 (B + M)(DJ (X, Y)p;Z — T(X, V) 2)

(411)
—(B+1)Ea — )M (X, Y)P;Z — nii(X, )k Z),
and fori e {1, 2, 3}
R* (X, V)& =2 (B + M (DX, V)E; — DT (X, Y)E&) (412)
—(B+AM@x —1)Mi(X, V) — (X, Y)E) .
Consequently we obtain
3 a -1 X,Y,Z, VeV,
R*X,Y,Z,V)=—(B+ 1) (Zd)i(x, Y)CIDi(Z,V)) 20 X, YeH, Z, VeV, (413)
i=1 20—% X, YeV, ZVeH.
In addition, R*(X, Y, Z, V) vanishes if X, Y or Z, V are of mixed type. Finally, for X,Y,Z e Handi e {1,2,3}
RMX,Y,Z,$iZ) + R*(X, Y, $;Z, ¢ Z) = 2a(B + M) Di(X, V)| Z||. (4.14)

Proof. We first show (4.11). We compute in analogy to [36]:
R*(X, Y)$iZ — iR (X, Y)Z = (V3 (Vi) Z — (V5 (Vi) Z — (Vix y 1) Z
= (B 4+ DXM(Y)Nj + m(V)(Vidj) — X0j (Y — 0 (Y)(Vih)) Z
— (B+ MY (X)) + m(X)(V5)) — Y (X)) — 0 (X) (V¥ ) Z
— (B+ DX, YD$j — nj([X. YD) Z
= (B+DXM(Y)) = Y (X)) — mie (X, YD) $; Z
— (X () = Y(@;(X)) — nj([X, Y])¢Z)
+ (B + W2 ()M (X) = me (X (V) Z + (1 (Y)ni(X) — nj(X)mi(Y);2)
= (B+ M) (dn(X, V) Z — dnj (X, V)P Z) — (B + 1> (i (X, V) Z — 1ij(X. Y) i Z)
= (B+ M a(PFX, V)p;Z — THX, V) Z)
+ (o — V) (i (X, V) Z — 0ij (X, Y)$;Z))

where in the last step we have used (4.1) and 8+ A =28 — (4o — A).

To obtain (4.12), we let (4.11) act on &; and apply ¢; from the left. Analogously, to show (4.14) it is enough to consider
(4.11) for the tensor field ¢; and contract it with ¢ Z.

The first and second lines of (4.13) are immediate from (4.12). For the final line, we may extend Z as a horizontal lift and
choose the vector fields X, Y in such a way that n;(X), n;(Y) are constant for every i € {1, 2, 3}. Then we use Lemma 4.14
to obtain

RM(X.Y,Z,V) = g(V4V§ — ViV — Vix yDZ, V)
3

1 A A
== (o =) Y g (Vi ($iZ) = (X Vy($iZ) = ni[X, YDHZ, V).
i=1

Observe that while Z is projectable ¢;Z is not. Nevertheless, we have

Vi (@iZ) = (V) Z + ¢i(Vy 2)
3

4o — A
> e (YV)pieZ
=1

=B+ (¥)$;(2) —nj(¥V)$(2) — —

1 1
=B +20+ 1= MG Z —nj(Y)$Z) + 5 (o = mi(Y)Z,

12
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where we can rewrite B8 + 2o = 28 — 2. We can now insert this formula in the first two terms of the expression of
R*(X,Y,Z,V), and use that [&;, &;] = 28& in the last one to obtain

1 ijik
RMX.Y,Z. V)= —;@a—VN@E —da+1) & ;X YV)g(hZ, V)

— (4o — 1) iék Nik(X,Y)®i(Z,V)
1 3
= —5 (4o — (45 — 4t +x);¢>i(x, Y)®;(Z,V)
3
8 — 1) Y Pi(X, V)Pi(Z, V)
i=1
1 3
= —5 (4o — 1) +A);q>,-(x, Y)®di(Z, V).

The final statement we need to prove is that R(X, Y, Z, V) vanishes if X,Y or Z,V are of different type. By (4.12), the
statement is clear for Z, V. Again using (4.12), we may assume that X € V and Y, Z, V € . Using that V*A* =0 and the
Bianchi identity for V (2.5), we obtain the Bianchi identity for V*

X,Y.Z xvz N
S RX,Y,Z,V)=07(X,Y,Z,V)+ & A™V,T*(X,Y), 2),
where o7(X,Y, Z,V) is defined in (2.5). For X eV, Y, Z,V € H we find

XY, Z,V /XY ,Z
2R(X,Y,Z,V)=2R(X,Y,Z,V)—2R(Z,V.X,.V) = & (e R(X,Y,Z,V))

X,Y,Z,V (X,)Y,Z
=& ( S ANV, THX,Y), 2)>

as the cyclic sum over all entries of a four-form vanishes. Then a case by case study of (4.8) and (4.6) shows that if exactly
one of X,Y,Z,V is vertical while the others are horizontal, then A*(V,T*(X,Y),Z)=0. O

We denote the curvature operator R* € A2T*M ® End(T M) given by
gRMX,Y)Z, V) =R*X,Y,Z,V).

Lemma 4.17. Let R} € (A%2V & A?H) ® (End(V) @ End(H)) C A2T*M ® End(TM) be given by

4o — k 20
R%=_|: ]Z¢1®¢17

a__

where the matrix is understood with respect to A%V @& A*H — End(V) @ End(), that is: the entries of the matrix indicate the
coefficients of the four different components of the operator ®; ® ¢;. Then, the curvature operator R* € A2T*M ® End(T M) is

R =(B+ MR} + Rz,
where Ry € A*>H ® End(#) is related to the Riemannian curvature operator R8N of the base by

3
Ry=R +208 ) O} @ il .
i=1

In particular, R is independent of A.

Proof. We observe that by (4.13) all but the A2} — End(H)-component of R* are included in (8 + A)R%. Then by defini-
tion Ry :=R* — (B + MR} € A*H ® End(H). From (4.10) we have for X,Y € H

13
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3
Ra(X. V) =R*X. Vg +a(B+1) Y ®i(X. V)iln
i=1
3
=REV(X,Y) +a((4a — 1)+ (B+ 1) Z Di(X, Y)oiln
i=1
3
=REN(X,Y) + 20182 ®;(X,Y)piln. O

i=1
4.3. Solving the heterotic G, system

Our discussion so far has been completely general, but we are particularly interested in the case n =1 corresponding to
7 dimensions. We therefore fix the dimension for the rest of the section.

The spinorial description of 3-(«, §)-Sasaki manifolds in dimension 7 is well understood [21]. As shown in [40], in this
case the bundle E has rank 3 and is spanned by the auxiliary spinors, see Appendix A.3 for a more explicit description. They
are conventionally denoted as i;, where one should note that v; € E; N E, but y; ¢ E;. They are H-Killing spinors, and
using (A.16) in (4.3) we see they satisfy:

200 — 6 36 — 2«
s 8ol —
TE: ¥i, nglﬁz— 2
In addition, 3-(c, §)-Sasaki manifolds possess a fourth generalized Killing spinor determined by o = —&; - ¥; for any of the
auxiliary spinors. This is known as the canonical spinor and from (A.15) applied to (4.3) it satisfies

o o
V)gﬂpizix-wi for X e H, ng,-= i, for j#i.

g 3a g 200 — &
VX1/10:—7X-\/IO fOI'XE'H, VYI/I(): 2
The canonical spinor is essential to us since it generates via (A.7) the canonical G,-structure ¢ of a 7-dimensional 3-(«, §)-

Sasaki manifold. This is the G;-structure given precisely by the formula (4.4). Note that, with respect to the standard volume

Y-¢yo forYeV.

form el"7 = —%77:‘ A <I>i3, the coassociative four-form is given by
LIk g H H
Y= @ /\nj,<+62q>l ADH. (4.15)
=1

It was shown in [21] that the canonical Gy-structure is coclosed and that its associated characteristic connection agrees with
the canonical connection from Definition 4.5. As a result, the characteristic G-connection has reducible holonomy inside

Sp(1)Sp(1).

Proposition 4.18. The canonical G,-structure ¢ in (4.4) is coclosed with torsion classes
12 1
T1=172=0, T0=7(206+5), 73 = (10 — 26) 77123—5(/) . (4.16)

Proof. Using (4.1) it is immediate to compute de¢ and dy and identify the torsion classes. Alternatively, one can obtain the
torsion classes directly from the spinors using the formulas from [44]. O

We will later require the exterior derivative of the torsion (2.2):

Lemma 4.19 ([21]). The torsion of the characteristic G-connection is

3
TC=2(8 —4a)maz +2a Y _ne A,
=1

and its exterior derivative is

- 3
i,jk
dT =4ap & O/ Anj+4a®) ot Al (417)
(=1

14
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Remark 4.20. Each of the auxiliary spinors v; gives rise to a different G,-structure ¢; := 1123 + 2n; A d>,-7" - 23:1 Ne A <I>Z"
which can also be considered. Each ¢; becomes nearly parallel for the choice of parameters « = § corresponding to a
3-a-Sasaki manifold.

The canonical Gy-structure, on the other hand, becomes nearly parallel if and only if § = 5. In the case of squashed
3-Sasaki manifolds, this choice of parameters corresponds to a metric that, in the literature, is sometimes referred to as the
“other” Einstein metric.

In dimension 7 the dimension of H—or equivalently the dimension of the base N of the canonical submersion—is 4.
Therefore, we may split the space of two-forms A2 = A%N = A%r @® A2 into self-dual and anti-self-dual two-forms. Note

that in this case A2 A A2 = 0. Furthermore, {®7*} is a basis of A2 that satisfies ®/¢ A d>;" =0 for all i # j.
Lemma 4.21. We have A%V & A2 C kerR; and A% C kerR}.

Proof. Since R, € A2H ® End(#) we have A2V e ker(R;). Note that for any orthonormal coframe {e“}:i":f the horizontal

part of the fundamental form is given as d>l?" = —}l fif (e" A pie" + pje" A pye”). Additionally, we observed in Lemma 4.15

that R*| 29,929 has pair symmetry. Applying (4.14) and |®7|? = 2n we thus find

4n+3
1
RMN@Il=—7 D (RMe" A gieDln + R dje" A dre)la)
r=4

1
= 506(/3 + M)A il = (B + MR (@3,
and we find <I>i7" € ker R;. On the other hand, we have ®;(A2) =0 proving the final claim. O
Proposition 4.22. Let (M, &, i, ¢i, £)i=1.2.3 be a 3-(a, 8)-Sasaki manifold. The family of connections V* satisfies
A ATk (g H 1
R /\1/f=—(/3+?~)§ G| P/ AP ANK® ¢i|v+§¢i|7-l . (4.18)
Thus, V* is a Gy-instanton for the canonical G,-structure if and only if A € {0, — ).

Proof. Note from (4.15) that ¥ € A2 A A2 & A2 A A%V, so we immediately have R, A ¥ = 0. Observing that ®7¢ A @7t =
2dvoly for all i € {1, 2, 3}, we find

i,j.k 1
RIAY =6 ((4a — MMk A Eobi” AOH — 200! A DM /\njk> ® dily

i,j.k A 1
+ & <(2a - 5) ik A ECDI-H A —adlt A D]t An,-k> ® diln

Mgk o o 1
=—§ S Y"ADPTANK® ¢i|v+§¢i|7{ .

The result follows as R* = (8 + A)R)} +Ry. O
Remark 4.23. The exact Gy-instantons coincide if and only if 8 =0, or equivalently § = 2. For A =0 the instanton is
precisely the canonical connection V of the given 3-(«, §)-Sasaki manifold. For positive 3-(c, §)-Sasaki manifolds the A =

—pB Gy-instanton can be understood as the canonical connection of the 7-homothetic deformation into a parallel 3-(«, §)-
Sasaki manifold.

Lemma 4.24.

i,j.k
r(R* ARM = 12a(B+ 1% & ((4a — A OF —adH A cb,.”) Lt Ry ARy). (4.19)

Proof. We identify Endgew(TM) with A2T*M via the metric. Then, the image of R} lies in A2 @ A2V whereas the im-
age of R lies in AZ. Since these spaces are orthogonal with respect to the metric in A2, so are their corresponding
endomorphisms with respect to the trace metric. In particular, tr(R’} A R3) =0. Thus,

tr(R* ARM) = (B+ A2 tr(R} ARY) +tr(Ra AR2).

15
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We compute
s A N P TRY, 1 H 1 H 2
tr(RIARIIH) =6 (a“P/" AP —« 5(40[ — MNP ANK— 5(40( — Mo AP | tr(d; %)
Lk H H H
=—4a & (oubi AN D — (4o — 1) D; /\77jl<) R
i,j.k
(R ARMyY) = & (40526192'[ A DM — 20(da — W) A — (A — )2 i A q>l?*) tr(¢2]y)

ijk
=8« & (a@?{/\<1>,7*—(4a—k)<1>,7{/\njk),

and adding them we obtain (4.19). O

Theorem 4.25. Let o’ > 0 and let (M, g, &, 1i, ¢i)i=1,2,3 be a degenerate 7-dimensional 3-(c, §)-Sasaki manifold with its canonical

G-structure ¢ and canonical connection V with torsion T. Ifa? = ﬁ then

(M. @), (TM,V~F) (TM, V), T],
where 8 = 2(8 — 2«), is a solution to the heterotic G, system.
Proof. We have already seen that V= V? and V—# are G;-instantons. Hence, we only have to check the heterotic Bianchi
identity. On the right hand side we have by (4.19)

a/

Z(tr(R’ﬁ ARTA) —tr(R® A RY))

a/

= —(tr(R2 A R2) — 12082 i”ék (4anig A DM —adlt A DT — tr(Ry A R2))
=72 2 2 njk i i i 2 2
202, K H
=3a°B 6<<I>,- A D] —4njkA<I>i>,
whereas the left-hand side is given by (4.17). Equating the coefficients of the forms we get two equations
40? =30 8%, 4ap = —120%p%a’,

2 __ 1
- 12a'°

which have a real solution if and only if § = 0. In this case, o O

Remarks 4.26. We obtain exact solutions for arbitrary parameter «’. Using (4.16) we see that in our solutions 72 ~ % and
by Remark 2.12 this means that the 3-dimensional cosmological constant is inversely proportional to the string parameter,
A~ & This means that in the «’ — 0 limit, the AdS; radius goes to zero and the spacetime becomes singular. This feature
is also present in other solutions to the heterotic system in the literature, see for example [19].

It is interesting to study the behaviour of the string parameter under the -homothetic deformations introduced in
Proposition 4.3. With respect to global scaling, i.e. a = c?, taking c — 0 we have o — oo, implying o’ — 0. Thus, a collapsing
limit for M corresponds to a small string parameter. In addition, any #-homothetic deformation with % — oo recovers the
limit o’ — 0. This means that a small string parameter can also be obtained by sufficiently enlarging the fibres of the
3-(«, §)-Sasaki manifold relative to the base space.

Apart from exact solutions we can consider approximate solutions in the sense of Definition 2.11. We will be able to
find these on both positive and negative 3-(«, §)-Sasaki manifolds. We first study which pairs of connections (A, ®)—with
A being one of the instantons in Proposition 4.22—provide solutions to the heterotic Bianchi identity:

Proposition 4.27. Let o’ > 0 and let (M, g, &, 1)i, ¢i)i=1.2,3 be a 7-dimensional 3-(c, §)-Sasaki manifold. Then the following pairs of
connections solve the heterotic Bianchi identity (2.3)with H =T:

i) (A, ©) = (V~F, V*) with A = 28 and the additional condition %, =12(5 — ).

? =
ii) (A,®) = (V,V*) with » = —B & /B2 + 5%, provided that o and § can be chosen such that 5= = —p2? + 28(8 + p) +
2./83(8 + 2) for some choice of sign.

Proof. In both cases the left-hand side of the Bianchi identity is given by (4.17), and using Lemma 4.24 we see that the
R, terms on the right-hand side cancel out. Equating the coefficients of the forms, we obtain a system of two algebraic

equations.
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For i), the equations are

40 =3’ (B+1)?, 40 =3d'a(f+ 1>\ —4a),

and these are easily solved to yield the result.
For ii), the equations are

40?2 =3d'0*(B+ 1> =B, 4daB=-30"a((B+1)*—4a((B+1>—p).

Solving the first equation provides the desired value of A. Plugging this into the second equation gives, after some manipu-
lation, a quadratic equation for % whose solution is the constraint we wanted. O

Remark 4.28. The heterotic Bianchi identity can never be solved with our families of connections for the choice o =6
corresponding to a 3-«-Sasaki manifold. Therefore, including deformations beyond global rescaling proves essential to obtain
solutions.

We obtain approximate solutions for the first case in Proposition 4.27.

Theorem 4.29. Let o’ > 0 and let (M, g, &, 1i, ¢i)i=1,2.3 be a 7-dimensional 3-(«, §)-Sasaki manifold with its canonical G,-structure

@ and canonical connection V with torsion T. Consider § = §(¢’) such that § = (’)(oz’)% as o’ — 0, and take ¢ = § — \11@ Then,
for the choice A = 2§ the quadruple
[(M, @), (TM,V~F),(TM, V"), T]
is an approximate solution to the heterotic G, system.
Proof. By Proposition 4.27, the chosen connections satisfy the heterotic Bianchi identity. On the other hand, Proposition 4.22

shows that V—# is a G,-instanton and it only remains to verify that the instanton condition on the connection V* is satisfied
up to first order in «’. From (4.18) we obtain

3
1
IR* Alg=81(8 —a)8| |dvoly Ay (njk ® (Pily + 5d>i|q.[)> =485 —a||5].
i=1 g
As o' — 0, we have that |§ — o| = —— = O(a’)*% and |8 = (’)(a/)%. This immediately ensures that (2.4) is satisfied and

V12!
finishes the proof. O

Remarks 4.30. There are several possible choices of § that yield valid approximate solutions as «’ — 0, the simplest one
5
being § = (') 2.
Note from (4.16) that for these solutions the torsion class tg blows up as &’ — 0. This is the same behaviour as the exact
solution we obtained earlier.
Finding an approximate Gy-instanton for the second case in Proposition 4.27 does not seem possible. The reason is that

. 5 .
the term /B2 + % is always at least O(«’)"2 as o’ — 0, so one would need 2 = O(«’)2 as o’ — 0. However, this appears
to be unfeasible since we must also impose the intricate relation between «’, § and 8 we found earlier.

5. Characteristic holonomy SU(3)

In this section we study the heterotic G, system on spin n-Einstein o-Sasaki manifolds. To do so, we first describe these
manifolds in terms of two constants («, §) in complete analogy with the 3-(«, §)-Sasaki manifolds in the previous section.
We then introduce once again a 1-parameter family of connections V* on the tangent bundle, and after specializing to
dimension 7 we find approximate solutions to the heterotic G, system.

5.1. («, §)-Sasaki manifolds

We begin with the following definition:

Definition 5.1. A 2m + 1-dimensional manifold M is (c, §)-Sasaki if it has an SU(m)-structure (&, n, ¢, g, ©, Q) (see Defini-
tion 3.9) satisfying

dn =20, dQ=(m+1)idn AR, (5.1)

where « and § are real constants with « # 0, and the structure corresponds to a generalized Killing spinor in the sense of
Appendix A.2.
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Remark 5.2. In [45] the authors argue that the defining spinor of an SU(m)-structure with d® =0 and d(n A ©) =0 should
be generalized Killing. However, the statement is proved only in the real analytic case and in dimension 5, see [46]. We
expect the assumption on the spinor in the previous definition to be redundant.

Remark 5.3. It is essential to note that (o, §)-Sasaki manifolds are precisely the spin n-Einstein «-Sasaki manifolds, so
Definition 5.1 is equivalent to Definition 3.7 in this case. Indeed: as observed in [34] (see also [46] for the 5-dimensional
case), the U(m)-structure associated to the «-Sasaki structure of a spin n-Einstein «-Sasaki manifold can be further reduced
to an SU(m)-structure. In addition, [34] shows that the intrinsic torsion of the SU(m)-structure takes a very particular form
and depends on two real parameters (A, ). Conversely, we will show that an (c, §)-Sasaki manifold is n-Einstein «-Sasaki.
One then can check that (A, u) = o, —(m + 1)8). We will refer to spin n-Einstein «-Sasaki manifolds as (c, §)-Sasaki
manifolds to stress the dependence on the parameters («, §).

Remark 5.4. Decomposing the holomorphic volume form in its real and imaginary parts, Q = Q4 +iQ_, the last equation
in (5.1) reads

dQy =—M+1SnAQ_, dQ_=m+1)5nAQy,

By definition, an (¢, §)-Sasaki manifold is determined by a generalized Killing spinor W. The following proposition ex-
pands on the specific form of that Killing spinor.

Proposition 5.5. Let M be a 2m + 1-dimensional (o, §)-Sasaki manifold. Then, M admits a generalized Killing spinor W satisfying

o mo —(m-+1)8
Vﬁ\l!:(—l)’"HEXAIJ, vng(—l)m%g.\p, (5.2)
where X € H = ker(n) and & is the Reeb vector field.
Conversely, if (M, g) is a 2m + 1-dimensional (oriented) Riemannian spin manifold with a nowhere-vanishing pure Dirac spinor ¥

satisfying (5.2)—where « and § are real constants with o # 0—then M is an («, §)-Sasaki manifold.

Proof. We first prove the converse: assume that M has a nowhere-vanishing pure Dirac spinor W satisfying (5.2), which
means

SE) = (D" (ma— m+18E, SX)=(-D""aX forallXeH,

where S is the endomorphism introduced in Definition A.1. As explained in Appendix A.2, the spinor ¥ defines an SU(m)-
structure on M whose intrinsic torsion is encoded by V&W [45]. We can now use the formulas in Lemma A.8 to compute
the exterior derivatives of n and Q. For example, working in the adapted frame given in (3.2) we have

2m+1 2m+1 2m+1
dn = Z e AVE = Z e A ((=1D)™1S(e)a®) = Z e A (eqid®) =20 d.
n=1 n=1 a=2

The computation of dS2 is analogous and we recover the expressions (5.1), showing that M is an («, §)-Sasaki manifold.

Assume now we have an (o, §)-Sasaki manifold M. Its SU(m)-structure is equivalently described by a generalized Killing
spinor W whose derivative encodes the intrinsic torsion of the SU(m)-structure. Since the forms ® and Q satisfy (5.1), the
computation above shows that VW must be of the form (5.2), finishing the proof. O

Corollary 5.6. An (¢, §)-Sasaki manifold is a-Sasaki, in particular the Nijenhuis-tensor N vanishes.

Proof. Using the specific form of the generalized Killing spinor and Lemma A.8 we have V)g(d:' =an A X°. By the Chinea-
Gonzalez classification [47], we have that (M, g, &, 7, ¢) is «-Sasaki. O

Remark 5.7. Every (o, 8)-Sasaki manifold admits a second generalized Killing spinor ¥ satisfying
mao (m—i—l)as.qj’

2
where X € H =ker(n) and & is the Reeb vector field.

Both W and W are Sasakian quasi-Killing spinors in the sense of [48] with (a,b) = ((—1)"*! % (—1)'"”"7“ (a — 8)) for ¥
and (a,b) = (%, — "'T“ (o — 8)) for W. Some of the results in [48] follow as particular cases of our description. For example,
[48, Theorem 6.14] corresponds to equations (5.2) and (5.3) for the choices & = 1/a and § =1 (note however that with our
conventions the endomorphism S has an additional global minus sign compared to that of [48]).

In particular, the case @ =68 =1 corresponds to Sasaki-Einstein manifolds [49], which admit two Killing spinors with
Killing constant of the same sign for odd m and of opposite sign for even m.

_ o _ _
vixvzix-\y, ViU =— (5.3)
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Employing the techniques of [48], we can use the spinor W to compute the Ricci tensor in terms of the parameters («, §).
Our language simplifies the proof given in [48].

Proposition 5.8 ([48]). The Ricci curvature of an (o, §)-Sasaki manifold is given by

Ric8 («, 8) = 2 ((m + 1)8 — ) gy + 2mar’ gy . (5.4)

Proof. We use the 1/2-Ricci formula obtained in [48]:

1 2m+1
ERicg(X) W=D (VgW) — V& (DW) — Z‘ ey - ,

9/4

where here X € I'(TM). The proof follows the idea of [48, Lemma 6.4] and is most conveniently performed in an adapted
frame. We first consider the case X =&. A direct computation using (5.2) and the Clifford relations (A.1) gives the action of
the Dirac operator on W

2m+1 2m+1

moa —(m+1)68
DW=¢ VEW+ Zea-vfaw:(_l)mfs £-W— Zea eq-
a=2
18
=_(_1)m%\p7

and using (5.2) again we find

a—(m—i—l)é)(ma—i—(m—i—l)&)é.qj.

v§ (DY) = (m
2 2

To compute the other terms in the formula, we need the covariant derivative of &, which can be obtained from the formulas
in Lemma A.9 and it is simply the usual covariant derivative of the Reeb vector field of an «-Sasaki manifold

Vg =—ap(X),
where X € I'(TM). The last term becomes
2m+1 2m+1 o? 2m+1
Z; eu.véggugw:—a X; ea.vg(ea)wz(—l)m 2; ea-pled) - V= (—1)""a?d. v,
= a=. a=

and observing that

2m+1 2m+1 2m+1
DE- W)= ey Vi (G- W)=Y e (—ap@E)) Y+ ) ey-£-Vi (W)
= a=2 n=1
ma— (m+1)8 i1 O
=200 W ()" U (-]) Zea £-eq-

ma—(m+1)38

=20® V4 (-7 E- U+ (D™ amg-w

2
=20{<I>.q1+(_-1)m+13ma—2ﬂ%_.\p7
we obtain
D (VvEw) :(_1)mwms,%
=(—1)m(ma—(m+1)5)acp'qj_(ma—(;n+1)5> (Bmoz—;m+1)5>§.\p.

Combining these formulas we find
1
iRicg(S) W==D"Mm+D)(@—-8)ad® V- ma—m+1DSma V.
Recall that W is a section of X in the language of [48], see Lemma A.4 for the characterization of ¥¢. This means that
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O - V=m(-1)"E V¥,
and we can therefore rewrite
1 . 5
iRng(E) W=ma“E- V.
We can then read the vertical component of the Ricci tensor. The computation for X € H is analogous but it requires some

knowledge of the covariant derivatives of the other terms in the frame. From Lemma A.9 we can write

2m+1

Viea=—ag(X.¢))E+ Y g(Vxea ep)ep,
b=2

for X e'(TM) and a € {2, ...,2m + 1}. The terms in the 1/2-Ricci formula are

062 o 2m+12m+1
D(VEW)=(=D"—glea) & W+ (D" 30 S g(Vieaep)en ey ¥
n=1 b=2
m-—2)a m+1)8
L m=2 :( 08, g
maoa+ (m+1)68
Vag(D\I/)Z—O(#Ea"D,
2m+1
mo —(m+1)48
doeu Vg W=D g ea) £ W
ey ba
n=1
a 2m+12m+1
1
+ ()" ;; b; g(Viea, ep)e, ey W,

and note that the terms including g(V;g(ea, ep) cancel out once these expressions are introduced in the 1/2-Ricci formula.
We obtain

%Ricg(ea)‘\pz(_nm% (m—TDa+ (m+1)8

1Ol(Ol—(S)d)(ea)‘é“l’-FOl 3

eq V.
The characterization of X in Lemma A.4 implies that
¢ea) - £-¥=(-D)""eq- W,
and using this property we can rewrite
%Ricg(ea) W=(m+1s—a)aes- ¥,
showing the result. O

Remark 5.9. Note the Ricci curvature is that of an n-Einstein «-Sasaki manifold with A =2 ((m+1)§ —«) and v =2(m +
Do (s — ).

At this stage it is illustrative to highlight the similarities between our treatment of (¢, §)-Sasaki manifolds and 3-(«, §)-

Sasaki manifolds. First of all, for an (¢, §)-Sasaki manifold the parameter o8 determines the transverse Kdhler geometry in
exactly the same way as for 3-(«, §)-Sasaki manifold it determines the transverse quaternionic Kihler geometry.

Remark 5.10. From (5.4), using the O’Neill formulas one finds that the Ricci curvature of the Kdhler base space is given by

RicBN (X, Y) =2a((m+ 1) —a)gn(X, Y) + %g(T(X,E), T(Y,%))

=20((m+1)8 —o)gn(X,Y) + 20?2 8(dX, dY) =2(m+ Dad gy .

In particular, here the base is Kdhler-Einstein. Furthermore, it shows the parameter a8 is directly related to the curvature
of the base space and it motivates the distinction of three different cases in complete analogy with Definition 4.2:

a) If § =0, the manifold is null o-Sasaki.
b) If @é > 0, the manifold is positive o-Sasaki.
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¢) If a8 <0, the manifold is negative a-Sasaki.

One can therefore regard § = 0 as a “degenerate” case where M is a contact Calabi-Yau manifold [50] and the second
equation in (5.1) simplifies to d2 = 0. This is analogous to the role the parameter § plays for 3-(«, §)-Sasaki manifolds.

Contact Calabi-Yau manifolds have recently gathered some attention in relation to string theory models, see [18,51,52].
One of their main advantages is that in dimension 7 the associated G;-structure can be studied via techniques of Calabi-Yau
geometry.

For (w, 8)-Sasaki manifolds we obtain an analogue of Proposition 4.3 for an appropriate definition of #-homothetic
deformations:

Proposition 5.11. Let (M, &, 1, ¢, g, ®, Q) be an («, §)-Sasaki manifold. Consider the deformed structure tensors

i 1 -
g=Cglvtagly, fi=cn, i=_§ ¢=¢, Q=a’Q.
Then (M, 8, &, 7, ¢, ®, Q) is an (&, §)-Sasaki manifold with

. C < 0
a=-uo, d=—.
a c
In particular, the deformed structure is null/positive/negative if and only if the initial structure is.

Proof. Combining g and ¢ we find ® =a ®, and from (3.1) we see that (g, &, 7], ¢, ®, Q) defines an SU(m)-structure on M.
Substituting the forms (1, ®, Q) in terms of (77, ®, ) in (5.1), we find the stated values of @ and §. O

Since (o, §)-Sasaki manifolds are «-Sasaki, they admit a distinguished connection with skew torsion. This connection can
be seen as the analogue of the canonical connection of 3-(c, §)-Sasaki manifolds.

Theorem 5.12 ([3]). An «-Sasaki manifold (M, g, £, 17, ¢) admits a unique connection V with skew torsion preserving the «-Sasaki
structure, VE =0, Vi) =0, V¢ = 0. The torsion tensor is parallel VT = 0 and is given by

T=nAdn=2anAd. (5.5)

Definition 5.13. We call the connection above the Sasaki connection and refer to its torsion, curvature and other associated
tensors as Sasaki.

Note that this connection does not preserve in general the SU(m)-structure since it does not parallelize the associated
spinor ¥ [3]. Indeed, using the formula for V82 in Lemma A.8 and the explicit form of the torsion (5.5), we can compute
the covariant derivative

VeQ=—i2ma —(m+1)5) 2, VxQ =0, forall X e H.

We find that the Sasaki connection preserves the underlying SU(m)-structure if and only if § = mZ%a. This subfamily of
manifolds where the Sasaki connection parallelizes additional forms is the (o, §)-Sasaki analogue of parallel 3-(«, §)-Sasaki
manifolds and it will play an important role later.

Remark 5.14. We summarize here some specific values of & and & that correspond to distinguished types of (¢, §)-Sasaki
manifolds.

e The case o« =8 =1 corresponds to Sasaki-Einstein manifolds [49]. Similarly, the case o =§ is just a global rescaling of
a Sasaki-Einstein manifold.

e The degenerate case § = 0 corresponds to (spin) null n-Einstein «-Sasaki manifolds. This is the case of contact Calabi-
Yau manifolds first introduced in [50].

e The case § = nf—jf]oz corresponds to manifolds where the Sasaki connection preserves the underlying SU(m)-structure
[3]. The case with m =3 and o =1 has been further considered in [53].

These cases are represented schematically in Fig. 2.
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Fig. 2. Distinguished values of («, ) for an («, §)-Sasaki manifold.

5.2. The family of connections V*

In analogy to Proposition 4.12 we look at the following family of connections, which are well-defined not just for («, §)-
Sasaki manifolds but for any «-Sasaki manifold in arbitrary dimension 2m + 1.

Lemma 5.15. Let (M, £, 7, ¢, g) be an a-Sasaki manifold. Then there exists a family of metric connections V* with V*¢ = V*& =
V*1n = 0 and parallel torsion given by

TX,Y,Z) XeV, Y, ZeH,
T(X,Y,Z)—%(UACD)(X,Y,Z) YeV, X,ZeH,
TX,Y.Z)=5mA®)X.Y,Z) ZeV, X,YeH,
0 else.

TX,Y,Z) =

These connections are projectable under the locally defined submersion 7 : (M, g) — (N, gn) introduced in Theorem 3.6, satisfying

VE'Y = 7. (VAY). (5.6)
Proof. We find that the metric connection with torsion T* is given by V* = V + A*, where

ANX. Y, Z) = —IMAPNX,Y,Z) YeV. X, ZeH,
Y, 0

else.

In particular V} = Vy for horizontal vectors Y € H and (5.6) follows from the same statement for V, see [38]. We also
immediately see that V%,d: = Vy¢ =0 for all cases except Y € V, X, Z € H, and in that case we have

X, (Vi) 2) = g(X, (Vy)Z) + AM(X, Y, 9Z) + A*($X, Y, Z)
A
= Eﬂ(Y)UD(X, $Z) + @(¢X, 2)) =0.
Now ¢ (V*£) = —(V*¢) =0 and 0 =d|£|?> = 2n(V*£) prove that V*& = V*5 = 0. We then conclude that T* is parallel. O

Remark 5.16. We have an («, §)-Sasaki version of Remark 4.13: if A < 4« then V* can be understood as the Sasaki con-
nection of the (o, §)-Sasaki structure obtained by 7{-homothetic deformation—in the sense of Proposition 5.11—with the
parameter a arbitrary and

A’
c=,/1——.
4o

Remark 5.17. These connections with the particular choice A =40 — ”;—?;18 were studied in [30] for Sasaki-Einstein manifolds
and deformations of the form (o, §) = (1, 8) with § > 0. In [30], the authors find these connections to be SU(m)-instantons,

and we will see below that for m = 3 these are the only G-instantons in our family of connections.
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Lemma 5.18. Let Z be a horizontal lift of a vector field on N, Y € V and X € H. We have
A A
g(X,VyZ) =20 — 5 nY)o(Z, X). (5.7)
Proof. From [54, Lemma 2.4] we have that g(X,VyZ)=T(X,Y,Z) =2an(Y)®(Z, X) and thus

gX,V32)=g(X,VyZ) + AM(X,Y, 2) = <2a - %) nY)®(Z,X). o

Proposition 5.19. The curvature R* (X, Y, Z, V) vanishes whenever any vector is vertical and for horizontal vectors

REN(X,Y,Z,V)=R*X,Y,Z,V) —a(4a — MO X, Y)P(Z, V). (5.8)
In particular, the curvature operator R* satisfies pair symmetry.
Proof. If either Z € V or V € V then by skew-symmetry in the last entries of R* and the invariance of V we find

R*(X,Y,Z, V) =0. Using skew-symmetry in the first entries, the same holds for X,Y € V. Suppose now that X € V and
Y, Z,V e H. Then using the Bianchi identity for V we have

XY.ZV XY.Z
2R(X,Y,Z,V)=2R(X,Y,Z,V)-2R(Z,V,X,Y)= & (& R(X)Y,ZV))

X.Y.ZV XYz
= 6 (orX,Y,Z,V)+ 6 ANV, T(X.,Y),2))

XY,ZV XYz
= 6 (6 A"V, T(X,Y),2))=0,

where the last step follows since A*(V, T(X,Y), Z) vanishes whenever exactly one of X,Y, Z, V is vertical and the others
are horizontal.
We now prove (5.8). Let X,Y,Z,V € H, we have V§" ViV Z = m(V%V%?) and

an (T T T\ (T AT _ A =
gN(V,VlX,yJZ)—g(V,V—[X,YJZ)—g(V,Vlyyy]Z V[Y,VJVZ)

— — A — — —
=g(V.Viy3,0) — <2a — 5) n(X, YD®(Z, V)

_ — A . —
_ A _
=g(V.Vgy D)+ <2a 2) dn(X,Y)®(Z, V)
=g(V, V[*Y V]7) +a(da—0NeX,Y)P(Z,V),

and the statement follows. O

Proposition 5.20. Let (M, &, n, ¢, g, P, ) be an («, §)-Sasaki manifold, then
m+1
Rk=a<<4a—%8>—)»)d>®¢+7€2, (5.9)

where ® € ker R, and R is purely horizontal related to RN via

2(m+ Das
_2mADas

REN =R, ®¢.

Proof. By [55, Definition 11.2] for Kdhler-Einstein manifolds & is an eigenvector of the Kdhler curvature operator, with
eigenvalue the negative of the Einstein constant, see Remark 5.10.% Since |®|2 =m,

REN _ _ 2(m+ Dad
N m

PR¢+ R,

for some R, with ® € ker'R;. The statement follows from (5.8). O

2 Note the curvature in [55] is defined with an additional —1 compared to ours.
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5.3. Solving the heterotic G, system

From this point onwards we focus on the case m =3 corresponding to 7 dimensions. The SU(3)-structure gives rise to a
U(1)-family of G,-structures with associative and coassociative forms given as follows

@) =—n AP +sin(@) Q4 +cos@) 2,

1 (5.10)
(@)= 5@ AD+sin(@)n A Q_—cos(@)n AQy,

where 6 € U(1) and we are using the standard volume form e!"7 = —%n A 3. See Appendix A.2 for a description of these
Gy-structures in terms of the SU(3) spinors.

Proposition 5.21. The G;-structures ¢(0) in (5.10) are all coclosed with torsion classes

4 4
T1=17=0, 10:—5(305 +48), 13= 7(05 —8)(@n A D —3(sin(f) Q4 + cos(0) 2-)) .

Proof. Using (5.1) it is immediate to compute dp and dy and identify the torsion classes. Alternatively, one can obtain the
torsion classes directly from the spinors using the formulas from [44]. O

Using (2.2) we obtain

Corollary 5.22. The torsion of the characteristic Gy-connection is

c —6a + 86 60 — 46 .
T"(0) = f” AND+ —3 (sin(@) QL4 +cos(@)2_) ,
and its exterior derivative is
c —6a + 86 60 — 46 .
dT (0) =2« fcb N D445 —5 (—sin(@)n AQ_+cos(@)nAQy). (511)

Remark 5.23. Note that the Sasaki connection and the characteristic connection of an («, §)-Sasaki manifold do not generally
agree. By uniqueness, they agree if they have holonomy in SU(3) = G, NU(3) C SO(7) which corresponds to the parallel case
§= %a. As we already pointed out, this setting was found and investigated in [53].

This constitutes a key difference with the 3-(«, §)-Sasaki case, for which the canonical connection is also the character-
istic connection.

We can now investigate which connections in our family are G;-instantons
Theorem 5.24. Let (M, £, 17, ¢, g, ®, Q) be an («, §)-Sasaki manifold. The connection V* satisfies
s o (4 3
R mp(&):E §(3a—28)—k "R, (5.12)
which means that V* is a Gy-instanton for the G,-structure ¢ (#) if and only if
A= 4 Ba — 26)
=3 .
In particular, V is a Gy-instanton if and only if § = %a.

Proof. We decompose the curvature R* as in Proposition 5.20 and begin showing that R, A ¥ (6) = 0. Recall from (5.10)
that 1 (0) has terms depending on €., Q@_ and ® A ®. With respect to the complex structure ¢|; we have Q_ e A®3,
Q, € A>0 and ® € AV, Furthermore, since R8¥: A1 — A1 for any Kihler manifold, so does R, and we immediately
conclude Ry A Q4 =Ry A Q_ =0. In addition, Ry L ® so ® A ® A Ry =0, proving the statement.

We are only left with the term proportional to ® ® ¢ in (5.9). Again ® € A1 implies that ® AQ_ =0 and ® A Q; =0,
so a single term in R* A ¥ (@) survives. Note it does not vanish: since 7 is a contact form we have

8N ADPADAD=nAdn’+£0,

and a direct computation finishes the proof. O
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We are interested in solving the heterotic Bianchi identity using connections from the family V*. To do so, we will see
that dT¢ has to be proportional to ® A ®. By (5.11) this implies

83a—28)=0. (513)

Observe that this is precisely satisfied if either Hol(V) =SU(3) or M is a degenerate («, §)-Sasaki. We obtain the following
theorem:

Theorem 5.25. Let (M, &, 7, ¢, g, ®, Q) be a 7-dimensional («, §)-Sasaki manifold with G,-structure ¢(0) as in (5.10). Consider
connections (V, A) = (TM, VM) and (TM, ®) = (TM, V*2) from the family in Lemma 5.15. Then [(M, ¢ (6)), (V, A), (TM, ©), H =
T€] solves the heterotic Bianchi identity (2.3) if and only if

a) §=0and \y =4a /(4o — 11)2 — &,
b) §=3aand iy =+/(11)2+ &

Proof. Since ® | R, we find from (5.9) that

Ol2
tr(R* ARM) = ?(4(301 —28) —30)%tr(¢?) D A D +tr(Ry AR2)

2 2
_ _%(4(305 —28) —31)%DP A D+ tr(Ry AR).

In the heterotic Bianchi identity, the curvature terms tr(Rz A R2) cancel out and the right hand side only has a ® A & term.
From (5.11) we then see that solutions are only possible if (5.13) is satisfied. In this case, we have

dT¢ = +40°Dd A D,

where the + sign corresponds to § = %a and the — sign corresponds to § = 0. The heterotic Bianchi identity reduces to an
algebraic equation for the coefficient of the ® A ® term

C(/
—da = 2 (—6a2(4a — A1) + 602 (4o — AZ)Z) for5 =0,
2o 2.5 12 205 2 3
4o’ = (—Ga (A1)2 + 602 (3) ) for s = Zer.
and solving the second order equation for A, yields the result. O
Our procedure does not yield exact solutions to the heterotic G, system:

Theorem 5.26. Let [(M, ¢(9)), (V, A), (TM, ®), H] be as in Theorem 5.25. The quadruple is never an exact solution to the heterotic
Gy system.

Proof. For an exact solution we need the connections A = V* and ® = V*2 to be Gy-instantons. By Theorem 5.24 this
forces A1 = Ay = %(30[ — 28) and from Theorem 5.25 we see the heterotic Bianchi identity can not be solved. O

Nevertheless, we do find approximate solutions as we now show.
Theorem 5.27. Let [((M, ¢(9)), (V, A), (TM, ®), H] be as in Theorem 5.25. The quadruple is an approximate solution to the heterotic

G, system if and only if § = %a, AM=021m==+ % anda = O(a’)% when o’ — 0.

Proof. By Theorem 5.24, the connection A = VM is a Gy-instanton if and only if A; =4« for § =0 or A =0 for § = %a.
From Theorem 5.25 we immediately see that the heterotic Bianchi identity can not be solved in the case § = 0, whereas for
§= %a we must take

In this case it only remains to impose the instanton condition on the connection ® up to first order in «’. From (5.12) we
have
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A2 :g 8 3 — E
R Ay (0)lg 7V 3O{,lfb ® Plg =6a,/ vk

and we see the condition (2.4) is satisfied if @ = O(a/)% when o’ — 0. O

Remarks 5.28. There are several possible choices of « that provide valid approximate solutions as o’ — 0, the simplest one
5
being o = () 2.
In all these approximate solutions the geometry of the compact space is tied to the string constant ¢’. In particular, note

2
that as o’ — 0 we have o, 8§ — 0 which corresponds to a decompactification limit. Similarly, since A ~ — 12 = — <§a> ,

the 3-dimensional spacetime is anti-de Sitter with cosmological constant A — 0 as o’ — 0. Therefore, it approaches flat
Minkowski space as o’ — 0, analogously to the solutions of [18].

Finally, it was pointed out in [20] that when the holonomy of the characteristic connection is reduced to SU(3), solutions
of the heterotic G, system present enhanced A =2 supersymmetry. This is precisely the case for § = %a, so Theorem 5.27
gives examples of A/ =2 vacuum solutions where the compact manifold is not a simple direct product of a 6-dimensional
SU(3)-manifold and a circle.

6. Conclusion and outlook

In this paper we have studied the heterotic G, system on 3-(c¢, §)-Sasaki and («, §)-Sasaki manifolds. These are two
different types of almost-contact manifolds with reduced structure group, and they admit coclosed Gj-structures. In both
cases, we have constructed a 1-parameter family of connections on the tangent bundle that we have later used to solve the
heterotic Bianchi identity.

For 3-(«, §)-Sasaki manifolds, the associated family of connections includes two different G,-instantons. We have shown
that these provide an exact solution of the heterotic G, system in the degenerate case § = 0. On the other hand, for § #0
we have only been able to obtain approximate solutions to the system.

We have also obtained approximate solutions using (o, §)-Sasaki manifolds. Although these manifolds can be understood
simply as spin 7n-Einstein «-Sasaki manifolds, our presentation highlights a similar behaviour to that of 3-(«, §)-Sasaki
manifolds. This provides a very useful guiding principle for the construction of approximate solutions.

There are several potential directions for future research. First of all, it would be interesting to obtain even more solutions
to the heterotic G, system. To this end, one could study families of connections in bundles other than the tangent bundle.
Alternatively, one could try to exploit more general G;-structures, particularly in the 3-(«, §)-Sasaki setting.

One of the key properties of the connections we use in our solutions is their projectability. Therefore, another natural
way to look for new solutions of the system would be to consider deformations of the connections that preserve this
property. This could potentially describe a particular direction within the moduli space of solutions.

In fact, the infinitesimal moduli space of the heterotic G, system has received wide attention in the literature recently
[17,22,56-59]. One could study the infinitesimal moduli space of the solutions we present here and analyze whether they
are obstructed or they correspond to honest deformations.

Furthermore, since the spacetime associated to the solutions we present is Anti-de Sitter, a better understanding of the
moduli space would be relevant to the Swampland program [60,61]. In particular, this would provide a new scenario to test
the AdS distance conjecture [62] in the heterotic setting.

Although n-Einstein «-Sasaki manifolds have been extensively studied in the literature, our presentation as (&, §)-Sasaki
manifolds is new. Further exploration of this perspective could prove fruitful in a similar way to the case of 3-(«, §)-Sasaki
manifolds.

Finally, the manifolds we have considered admit a description in terms of spinors. A more detailed analysis of these
spinors and their properties would provide further insight into the geometry of 3-(«, §)-Sasaki and («, §)-Sasaki manifolds.
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Appendix A. Spinor conventions

The appendix expands on the spinor picture of the G-structures used in this work, namely G = G;, SU(m), and Sp(n)
in dimensions 7, 2m + 1, and 4n + 3, respectively. This picture is evident throughout the main text, yet does not have the
spotlight we feel it deserves. We begin introducing our notation and conventions for spinors, that mostly follow [63]. We
focus on the odd-dimensional case which is the one relevant to us.

Let {eq,...,eans1) be the canonical orthonormal basis of R2™+1, The Clifford algebra Cliff(R2™*1) is the multiplicative
algebra generated by the vectors {e1, ..., exm+1} together with the relations
ey ey ey e =—25, for w,vefl,...,2m+1}. (A1)

The group Spin(2m + 1) sits inside Cliff(R2™*+1) as a subgroup

Spin2m + 1) = {x1 - ... - xop | X, € RZMH1,

Xu| =1,neN}.

We can use the complexification of the Clifford algebra Cliff© (R2™+1y ~ Mat(2™, C) @ Mat(2™, C) to construct a complex
2™M-dimensional irreducible representation of Spin(2m + 1). To do so, we define the matrices

R R (R (A R )

and we use them to construct an algebra morphism p : cliff© (R?m+1y 5 Mat(2™, C) as follows:
. (m)
ple)=iT® - T,

(m—a) (@1
pn)=EQ - QERZI®T® - QT,

(m—a) @1
pEur1)=EQ - - QEQR£HLRT® --- T,

where a € {1,...,m} and ® denotes the Kronecker product of matrices. Note that our choice of morphism is a reordering
of the one described in [63]. Now, the restriction of p to the subgroup Spin(2m + 1) provides an irreducible representation
of Spin(2m + 1) on C?2" that we call the spinor representation Azy.1. The elements of C2" are called spinors.
The map p can be also used to define an action of vectors on spinors known as Clifford multiplication. Given a vector

v = v'e; the Clifford multiplication of v with a spinor u is given by

vV-ui= vip(ei)u.
When defining the spinor representation, there is a sign ambiguity in the choice of p(eq). Our choice is such that for any
spinor u we have

€1+ ... eymp1-u=(—)" 1y, (A.3)

There exists a basis of spinors that is particularly well adapted to our purposes. To construct it, define the following vectors
in C?2

u(l)—i<1> u(—l)—i<l>
2\ V2 i)

and use them to define the spinors

U, ....,em)=u() @ - Qu(em),

where ¢, = +1 for a € {1, ..., m}. Then, a basis of the space of spinors is given by
{uet,....,em) | €a==x1,ae{l,...,m}}. (A.4)
This basis is orthonormal with respect to the standard hermitian product (-,-) in C2", and the hermitian conjugate of
u(eq,...,em) is given by u(—e1, ..., —em)T. The Clifford multiplication of the vector e; on this basis is particularly simple
m
e1-u(er, ..., Eem) :i(Hsa> (=D)™u(er, ..., em).
a=1

Now, let (M, g) be a 2m + 1-dimensional oriented Riemannian spin manifold with spin structure Q. We denote the associ-
ated spinor bundle by

Y= Q Xspin@m+1) A2m+1-
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A section of X is called a Dirac spinor. We will typically work with an orthonormal frame {eq, ..., ean+1} of M and describe
Dirac spinors in terms of the basis {u(e1,...,&m)}.
The manifolds we want to study possess spinors that are particularly well-behaved with respect to covariant derivatives.

Definition A.1. A nowhere-vanishing spinor W is a generalized Killing spinor if it satisfies

1
ViV = ES(X) W, (A5)

where S is a symmetric endomorphism of TM.

Finally, we point out that Clifford multiplication can be used to define a C-linear map jy : T€M — % [64] (see also
[65]) as follows

ju(v)=v- U, (A.6)

for any v € TC M. Furthermore, we can define an inner product on TCM by linearly extending the metric g. It turns out
the subspace ker(jy) is isotropic with respect to this inner product, meaning that g(v, w) =0 for any v, w € ker(jy).

Definition A.2. We say that a spinor W € I'(X) is pure if the subspace ker(jy) is maximally isotropic, for the 2m + 1-
dimensional case this means dim®€ (ker(jy)) =m.

A.1. Gy-structures in terms of spinors

We now focus on the case m = 3 corresponding to a 7-dimensional manifold M. In addition to the spinor bundle obtained
via the spinor representation A; on C8, we can also study spinors on a bundle obtained via a real representation, see for
example [44,53] although our conventions are slightly different. To do so, consider the algebra morphism ,oR : Cliff R7) —
Mat(8, R) defined as follows

p®(e1) = E1a + E34 + Esg + Es,, o®(e2) = E13 — Egq — Es7 + Ees,,
p®(e3) = E1a + Ea3 + Esg — Ee7, R (es) = E1s — Eag + E37 — Eag,
p®(es) = E16 + Eas — E3g — E47, o®(e6) = E17 — Eag — E35 + Eag,

R (e7) = E1g + Ey7 + E36 + Eus .,

where Ej; denotes the matrix with the entry (ij) equal to —1, (ji) equal to +1 and all other entries equal to 0. The
restriction of pR to the subgroup Spin(7) provides an irreducible representation of Spin(7) on R® that we call the real
spinor representation Ag{. The standard basis of R® constitutes an orthonormal basis of real spinors. Given (M, g) a 7-
dimensional oriented Riemannian spin manifold, we can construct a real spinor bundle T® via this real representation

ZR = Q XSpin(7) AH}.

A section of =R is called a Majorana spinor. These spinors are important to us because they are associated to the existence
of Gy-structures on M.

Proposition A.3. Let M be a 7-dimensional (oriented) Riemannian spin manifold. A Gy-structure on M is equivalent to the choice of a
nowhere-vanishing Majorana spinor on the real spinor bundle of M up to scalar multiplication.

Indeed, given a nowhere-vanishing Majorana spinor W € I'(S®) the subgroup of Spin(7) fixing the spinor is precisely
G, and the associative three-form as well as the coassociative four-form can be recovered by

1
ga:—z§<\Il,eu-ev-ep-\ll)e“/\e“/\e", (A7)
mv,p =7
1
Y= Z Z(\I’,eﬂ-eu-ep-eg-llf)e“/\e"/\e”/\e", (A.8)
w,,p,o "

where (-, -) denotes the scalar product in the real spinor bundle induced by the standard R® product. On the other hand, if
M has a Gy-structure the real spinor representation splits into irreducible G, representations as A§ =1&®7, where 1 is the
trivial representation and 7 is the vector representation. We obtain a nowhere-vanishing Majorana spinor patching together
the spinors in the 1 representation.
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It is also possible to understand A%R as a sub-representation of A7 and regard Majorana spinors as Dirac spinors satisfy-
ing an additional reality condition [66]. To do so, we define the charge conjugation matrix C as

C=TQREQT,

where T and E are defined in (A.2). Note C is a real symmetric matrix that squares to the identity and satisfies C - p(ey,) =
—p(e)T - C forall we(l,...,7). We define the map J: C® — C? as follows

J(u) = Ci.

The map J is invariant under the action of Spin(7). In addition, it defines a real structure on C2 in the sense that it is
antilinear J(AW) = X J(¥) and squares to the identity. The spinors satisfying the reality condition J(u) =u give rise to a
real subrepresentation of Aj.

This is most easily seen in a basis. A basis for the real spinors is given by

1 1
vi=—ul,1,)+u-1,-1,-1), v2=—i—=u(1,1,1) —u(-1,-1,-1)),
V2 V2
1 1
v3=—@u(-1,1,1) —u(l,-1,-1), va=i—=u(-1,1,1) +u(l, -1, -1)),
V2 V2
1 1
vs =——(u(, -1, +u(-1,1,-1)), ve=—i—u(,-1,1)—u(-1,1,-1)),
V2 V2
1 1
v7=—=(,1,-1)—u(=1,-1,1), vg=i—=u(1,1,-1) +u(-1,-1,1)),
V2 V2
where we are using the basis of C?® introduced in (A.4). We then find that the representation A; reduces precisely to the
representation A%Q on R8 = Spangp (v1,...,vg) that we introduced earlier.

A.2. SU(m)-structures in terms of spinors

We now discuss in detail how an SU(m)-structure on an odd-dimensional manifold M can be equivalently formulated in
terms of the existence of nowhere-vanishing spinors.

Let M be a 2m + 1-dimensional manifold with an SU(m)-structure (£, n, ¢, g, ®, ) (see Definition 3.9). Then M must be
a spin manifold and the inclusion SU(m) c SO(2m + 1) lifts to SU(m) C Spin(2m + 1). The group SU(m) acts on the spinor
bundle X fixing a 2-dimensional space of Dirac spinors [30]. To see this explicitly, consider an adapted frame {eq, ..., exm+1}
of M as defined in (3.2). Note the frame satisfies e; =& and epq4+1 = ¢ (ezq) for a € {1,...,m}. Since M is in particular an
almost contact metric manifold, the spinor bundle ¥ splits as follows:

Lemma A4 ([48, Lemma 6.2]). Let (M, &, n, ¢, g) be a 2m + 1-dimensional almost contact metric manifold which is spin and with
fundamental form ®. Then the spinor bundle X splits into the orthogonal direct sum X =Xo® X1 @ - - - ® Xy, where

Qly, =—i@r—m)ld, &z, =i(-D"(-D", dim(zr):(T)'

Moreover, the bundles X and Xy, can be defined by

So={Vel(®)| —¢pX)-¥V+iX - U+ (—1)"n(X)¥ =0 for all vectors X},
Sn={Vel(®)| —¢X)-¥—-iX -W—n(X)¥V=0 forall vectors X} .

A basis of X, is given by the spinors u(eq, ..., &y) (as introduced in (A.4)) for which exactly r elements of {¢1, ..., em}
are equal to —1. Note as well that with our conventions some additional minus signs appear in Lemma A.4 when compared
with the lemma as stated in [48].

Considering the subgroup SU(m) C SO(2m + 1) that leaves the forms 7, ®, Q invariant, it can be checked that this group
precisely fixes the spinors in the 2-dimensional bundle X¢ & X;,. This implies that both X and ¥, have nowhere-vanishing
sections, as the local descriptions can be patched together consistently. We can now compute how the holomorphic volume
form acts on these sections

Lemma A.5. Let M be a 2m + 1-dimensional manifold equipped with an SU(m)-structure (¢, 1, ¢, g, ®, Q). Given the splitting of the
spinor bundle ¥ = X0 @ X1 @ - - - ® Xy according to the almost contact metric structure and writing Q2 = Q4 +1iQ_, we have

Qyily, =0, Q_|y, =0, forre{l,....m—1}.
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Let W € I'(Zg) nowhere-vanishing, we have that ¥ € I' () is also nowhere-vanishing and the following formulas hold:

Q- w=i"2" 1y, Q_ - w=—imtlm-1
QU= ()™ mam-l g, QU= (-1 gl gy,

Proof. The lemma can be shown by direct computation using the explicit form of €2 in (3.2) together with Clifford multi-
plication. The fact that W € I'(X;;) is immediate looking at the spinors in a local frame. O

The forms associated to the SU(m)-structure can be recovered from Xg @ X, as bilinears in the spinors. Given a
nowhere-vanishing Dirac spinor W € I'(Xp), using the Clifford product formulas in Lemma A.4 we find that the almost
contact structure is recovered by

. 1
n=i(=1""> (e, Wek, d):—zzi(\ll,eu-evwl!)e“/\e”, (A.9)
iz v

whereas the formulas in Lemma A.5 show that the holomorphic volume form is given by

mm+1) | ] _
Q=1 z " Y ﬁ<\1/,e,“.....eum-qf)el“A...Ae#m, (A.10)

where (-, -) is the hermitian product on the spinor bundle induced by the hermitian product on the fibres.

Note that nowhere-vanishing sections W € I'(Zg) and W € I'(,,) are pure in the sense of Definition A.2. Indeed, using
the characterization given in Lemma A.4 we see that {eyq + iezq+1} with a € {1,...,m} is a basis for ker(jy), whereas
{e2q —iexqq1} with a e {1,...,m} is a basis for ker(j). This is the key property of the spinors in Xg and X, that guarantees
that they define an SU(m)-structure, as we now illustrate.

Suppose (M, g) is a 2m + 1-dimensional oriented Riemannian spin manifold with a nowhere-vanishing pure Dirac spinor
W e I'(X). Note that g being a positive metric implies that every element v € ker(jy) must be of the form v{ +iv; for
some non-zero vi, vy € TM with g(vq, vq1) = g(vz, v2). This means we can construct an orthonormal frame {eq, ..., eym+1}
of M such that {ey; +iepq41} with a e {1,...,m} is a basis for ker(jy). We can then define a (1, 1)-tensor field ¢ by

¢(e1) =0, ¢ (€2q) = €201, ¢ (€2041) = —€2q, for ae{l,...,m}.

Define & =e; and 1 =e!. Note that ¢? = —Id+1 Q £, so (£, 1, ¢) defines an almost contact structure on M. Furthermore,
using that ey, - W = —ieq+1 - ¥, the Clifford relations (A.1) and the equation (A.3) we deduce that

E-U=(=D"iv,

which by the characterization of Lemma A.4 implies that W € I'(Zp), where we are decomposing X with respect to the
almost contact structure (&, 7, ¢). Now, we obtain an additional nowhere-vanishing spinor W € I'(Z;,;) and we construct the
differential forms of the SU(m)-structure via (A.9) and (A.10). Therefore, a nowhere-vanishing pure Dirac spinor determines
an SU(m)-structure on M.

The discussion of this appendix can be summarized in the following proposition

Proposition A.6. Let (M, g) be a 2m + 1-dimensional (oriented) Riemannian spin manifold. An SU(m)-structure on M is equivalent
to the existence of a nowhere-vanishing pure Dirac spinor on the spinor bundle of M.

We are specially interested in the case where the spinor associated to the SU(m)-structure is generalized Killing. This
should be indicated in the torsion classes, although proofs only exist under additional assumptions. In [45] the authors show
the following for real analytic manifolds.

Proposition A.7 ([45]). Suppose that M is real analytic. The spinor associated to an SU(m)-structure (¢, n, ¢, g, ®, Q) on M is gen-
eralized Killing if and only if

dd=0 and din A2)=0.
The authors in [45] argue that real analyticity should not be required for the above statement. However, to our knowledge
a proof without real analyticity exists only in dimension 2m + 1 =5, see [34]. If the structure gives rise to a generalized

Killing spinor then the torsion of the SU(m)-structure is encoded by the symmetric endomorphism S.
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Lemma A.8 ([45, Lemma 1]). Let (M, g) be a 2m + 1-dimensional oriented Riemannian spin manifold with an SU(m)-structure
&,n,¢, g, O, Q) determined by a generalized Killing spinor W satisfying (A.5). Then, the following holds
VEn = (D" Ss(X),0,
O==D™IpASX),
EQ=(=1)™1i(g(S(X),£)Q— X).Q
= g(5(X), &) nA(S(X)€2)) .

Note that with our choice of conventions these formulas include an additional global minus sign compared to the ones
in [45]. The proof of Lemma A.8 in [45] relies on expressing the part of the connection one-form w € A' ® so(2m + 1)
that takes values in the complement of su(n) in terms of the endomorphism S. This information determines the covariant

derivative of the Reeb vector field and provides some additional information about the covariant derivative of the other
elements of an adapted basis:

Lemma A.9. Let (M, g) be a 2m + 1-dimensional oriented Riemannian spin manifold with an SU(m)-structure (¢,7, ¢, g, ®, Q)
determined by a generalized Killing spinor \V satisfying (A.5). The Reeb vector field satisfies

Vs = (D" p(S(X)).
Consider an adapted frame {eq, ..., eam+1} of M in the sense of (3.2). Then,

g(Viea. &) = (—=1)"g(S(X), ¢ (eq))
whereae{2,...,2m+1}.
Let us now focus on the case m =3 corresponding to a 7-dimensional manifold. Since SU(3) C G, the SU(3)-structure

on M must give rise to a Gy-structure. In fact, we have a U(1) family of G-structures, as we now illustrate. From the spinor
W € I'(2) defining the SU(3)-structure, we construct

1 - 1 -
U, =—(V+V), U_=—i—(¥-—-V). (A11)
V2 V2
These are Majorana spinors as introduced in Appendix A.1. To see this, it is enough to consider the adapted orthonormal
frame {eq,...,e7} where W is described by u(1, 1, 1) and observe that in this basis W, and W_ correspond to the Majorana

spinors vq and vy in Appendix A.1. Combining them we obtain a U(1) family of Majorana spinors that we can parametrize

by
0 . (0
W(0) = cos 5 W, 4+ sin 5 w_,

and using (A.7) and (A.8) we find the associative and coassociative forms (5.10) that define the G;-structures induced by
these spinors.

A.3. Sp(n)-structure in terms of spinors

We conclude by explaining how an Sp(n)-structure on a 4n + 3-dimensional manifold M can be described in terms of
spinors. Some references discussing the topic from the perspective of 3-Sasaki geometry are [30,41-43].

Let M be a 4n + 3-dimensional manifold with an almost 3-contact metric structure as in Definition 3.11 and Defini-
tion 3.12. This is equivalent by Remark 3.13 to a choice of Sp(n)-structure on M. This implies that M is spin [32], and in fact
the group Sp(n) fixes a 2n + 2-dimensional space of Dirac spinors on X [30]. We will however focus in a particular subset
of these spinors.

Recall that by Remark 3.3 an almost contact metric structure in a manifold of dimension 4n + 3 is equivalent to a
U@2n + 1)-structure. Since Sp(n) c SU(2n + 1) ¢ U(2n + 1), the spinors fixed by the Sp(n)-structure include the spinors
defining the SU(2n + 1)-structures underlying each of the three almost contact metric structures.

Note that for us the dimension of M is 4n+3 =2m+ 1 so m=2n+ 1 is odd. Therefore, we can describe each almost
contact structure not in terms of (¥, ¥) but in terms of their real and imaginary parts (¥, W_) defined as in (A.11). The
almost contact forms can be obtained (for odd m) by

1
n= Z e Wye P=—) (W e, e, Wy)el ne’. (A12)

Using Lemma A.4, we see that for odd m
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E-W,=W_, X -W,=¢X) W_ forXeE)". (A13)

In particular, given the spinor W, we can obtain W_ by a Clifford product with the Reeb vector field £&. Combining both
formulas in (A.13), we have that

£-X W, =¢(X) W, for X e (&)*. (A14)

Therefore, each of the three almost contact metric structures (&;, ni, ¢i, g); is determined by a pair of spinors (¥; 4, ¥; _)
that recover the associated forms as bilinears via (A.12).

Thus, the set of six spinors {W; +}i—1,23 fully recovers the almost 3-contact metric structure. Using (A.13) it is easy to
verify that the spinors W; 1 are precisely the ones spanning the bundles E; introduced in [41]:

Ei={Vel'(D)| (—2¢i(X)+&-X—X-&)-¥=0 forall vectors X}.

As illustrated in specific examples in [42,43], the bundle E = Eq + E; + E3 might not be a direct sum. This means the spinors
{W; +}i=1,2,3 might not all be linearly independent.

This is precisely the situation for the case n =1 corresponding to a 7-dimensional manifold, in which we focus from
now on. As explained in [30], Sp(1) fixes 4 spinors on X, and we will show that only 3 of them belong to E. We work in
an adapted frame as defined in (3.4), and describe the spinors in terms of the decomposition of Lemma A.4 associated to
the first almost contact structure.

The spinors W¥; 4+ can all be expressed in terms of the spinors W 1+ and the almost 3-contact forms. In fact, for the
7-dimensional case it is easy to check directly from the Clifford algebra that

¥y 4+ =V, V=& V¥, V3 =& VY, W3 =Wy, .

This prompts us to define the auxiliary spinors

Y1 =8 -V, Yo =W 4, Y3 =W _,

so that E; is spanned by v; and vy, and E is spanned by the three spinors {v;}i—1,23. There is an additional spinor
preserved by the Sp(1)-structure that we call the canonical spinor

Yo :=—& W1 4.
Using (A.13) and (A.14) one can show that the following formulas hold:

& -vo=1i b -Yo=& Yo, (A.15)
& -vj =1, &Y =& - Vi, & -Yj=-3& v;. (A.16)

Both the canonical and the auxiliary spinors are Majorana, and thus give rise to Gy-structures on M via (A.7). In fact, by
taking combinations of the auxiliary spinors we see that the spinors in the bundle E generate an SU(2) family of G,-
structures. These are fundamentally different from the one generated by the canonical spinor, which is the one we are
interested in.

Data availability
No data was used for the research described in the article.
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