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thought of as generalised instantons. These include Yang-Mills theories on manifolds with
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solutions of ten-dimensional supergravity, using their formulation as generalised G-structures
on Courant algebroids. We provide a universal algebraic construction of a complex, which we
call the BPS complex, that computes the infinitesimal moduli space of the instanton as one of
its cohomologies. We call a class of these spinor type complexes, which are closely connected
to supersymmetric systems, and show how their Laplacians have nice properties. In the
supergravity context, the BPS complex becomes a double complex, in a way that corresponds
to the left- and right-moving sectors of the string, and becomes much like the double complex
of (p, q)-forms on a Ké&hler manifold. If the BPS complex has a symplectic inner product,
one can write down an associated linearised BV Chern-Simons theory, which reproduces
several classic examples in gauge theory. We discuss applications to (quasi-)topological
string theories and heterotic superpotential functionals, whose quadratic parts can also be
constructed naturally from the BPS complex.
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Introduction

When studying a quantum field theory or string theory, it is often convenient to study

a simpler ‘twisted’ theory first which, in nice cases, teaches us something about the full

theory. In the past, this strategy has been used to great effect and has led to interesting

connections with other topics in geometry and topology. For example, topological quantum

field theories [1] are simple models of quantum field theory in that they have no propagating



degrees of freedom and they were famously related to topological invariants of the underlying
manifolds in a variety of situations [1-3]. The topological versions of string o-models [3, 4]
also gave rise to topological string theories [5, 6], which are subsectors of the full string theory
where exact computations can be performed. In fact, these computations were shown to give
results that remain valid in the full theory [6, 7]. A further interesting class of simplified
QFTs are holomorphic field theories, as studied in [8-11], which are simpler than full smooth
QFTs but have considerably more structure than topological field theories.

Many of these theories arise from taking a supersymmetric theory and applying a twist [1].
This is a two-step process in which one first modifies the Lorentz symmetry of the theory, and
correspondingly the energy-momentum tensor, so that one of the spinor supercharges becomes
a scalar that can be defined globally regardless of the particular metric on the manifold. One
then adds this supercharge to the BRST operator of the theory, which significantly modifies the
spectrum of physical states in general. In the case that the energy-momentum tensor becomes
BRST exact, the correlation functions become metric independent and one has a topological
field theory of “Witten type”. For example, Donaldson-Witten theory can be constructed as a
twist of 4d N = 2 Yang-Mills theory, in which case the spectrum of the twisted BRST operator
becomes the SU(2) instantons. Other examples are the A- and B-models which are twists
of 2d N = (2,2) o-models. Subsequently, such twists have been studied extensively [12-19].

For metrics which admit a parallel spinor field, one can single out a global scalar
supercharge for the theory without the need to modify the Lorentz symmetry or energy-
momentum tensor [20, 21], though one still needs to add the scalar supercharge to the BRST
operator of the theory (for example, in order that the Yang-Mills action becomes a topological
term up to BRST exact pieces). The parallel spinor field is equivalent to a torsion-free
G-structure on the tangent bundle, with a structure group that preserves the spinor. In other
cases, one could have a G-structure which admits a line of singlet spinors which are charged
under some U(1) subgroup, and then one must perform a twist of the theory to obtain a scalar
supercharge. Either way, such G-structures play an important role in the study of twisted
theories. In gauge theories, the physical states which are kept in the twisted theories are
then the various types of instanton configurations defined with respect to these G-structures,
and the quantum path integrals localise onto these states. These instantons solve first-order
equations which imply the second order Yang-Mills field equations, as explored and classified
in [22, 23]. There have been many previous studies of the geometry of these instanton
configurations and their moduli spaces [15, 24, 25|, their coupling to gravity in the context of
heterotic supergravity [26-28], and their relation to D-branes in type II strings [29, 30].

Recently, it was proposed how to twist supergravity theories [31] using this latter strategy,
enabling also the study of holographic duality to the twisted gauge theories [32] as a toy model
of the AdS/CFT correspondence [33]. In the supergravity context, the twist is performed by
working in the BV formalism and giving a vacuum expectation value to the bosonic ghost
field corresponding to one of the supersymmetries. For supergravity theories coupled to super
Yang-Mills multiplets, this procedure leads to the twist of the Yang-Mills sector in agreement
with the previous constructions. Much work has been done to construct twisted supergravity
theories [34-38], much of it using the pure-spinor superfield formalism (see e.g. [39] and
references therein) and recent developments of it [40, 41].



Ubiquitous in these constructions is a differential complex, properties of which provide
information about the instanton states as well as 1-loop corrections. In this paper, we show how
one can construct these complexes associated to instantons and their gravitational analogues
via a seemingly universal algebraic procedure whose main ingredient is a (generalised) G-
structure on the manifold. We shall refer to these complexes as the BPS complex. One of
the cohomologies of the BPS complex computes the infinitesimal moduli of the instantonic
configuration. We go on to show how BPS complexes can be used in various ways to construct
Chern-Simons-type actions associated to instantonic states and explore how their relation
with spinors and supersymmetry provides additional relations between the various differential
operators acting on them.

A precursor of central importance for the present work is the complex defined by
Carrién [42]. It is associated to a G-structure (which must satisfy relevant constraints on
its intrinsic torsion) such that the first cohomology group gives the infinitesimal moduli
space of the relevant instanton configurations in gauge theories. In this article, we show how
to construct such complexes not just for gauge theory instantons, but for instanton states
associated to G-structures quite generally. The gravitational versions of such instantons are
the torsion-free G-structures themselves while in supergravity they are general supersymmetric
Minkowksi backgrounds (including fluxes). In the cases of heterotic geometries with flux,
our construction reproduces the complexes found in earlier systematic constructions of the
infinitesimal moduli [43, 44] after redefining fields (see also [45, 46]). Indeed, this shows
very concretely how the bundles denoted @ in those references, and which also underlie the
algebroids discussed in [45, 47, 48], arise naturally in generalised geometry.

Generalised geometry [49, 50] and the resulting formulation of supergravity [51] and
supersymmetric backgrounds [52-55] is a natural language in which to consider general
supersymmetric solutions, and it will be a central part of our construction here. In this
picture, the conditions for supersymmetry become equivalent to the existence of a torsion-
free generalised G-structure [54, 55] (or singlet torsion in the AdS case [56-58]) and this
formalism has been used, for example, to make general statements about the moduli spaces
of such backgrounds with no assumptions about the nature of the fluxes [59-62], as well as
many other developments. Here, this reformulation enables us to define the BPS complex
associated to a supersymmetric flux geometry as the direct analogue of the complex we define
for torsion-free G-structures in ordinary Riemannian geometry. In this work, for simplicity
we restrict attention to O(d,d) x RT generalised geometry for the NS-NS sector of type II
theories as described in [51] and the O(d,d + n) x RT generalised geometry for heterotic
supergravity [63, 64].! In these geometries, the decomposition of the generalised tangent
bundle into positive and negative sub-bundles under the generalised metric enables one to
associate target space geometric features with the left- and right-moving sectors of the string
worldsheets. This in fact gives our complex the structure of a double complex and we will see
that it behaves analogously to the double complex of (p, ¢)-forms on a Kéhler manifold. The
SU(3) x SU(3), G2 x G2 and Spin(7) x Spin(7) cases were previously described in detail in [67].

'In this work we will take the connection on the tangent bundle which appears in the Riemann tensor
squared term in the Bianchi identity to be an additional spurious degree of freedom, as in e.g. [43, 60].
See [65, 66] for an interesting approach to resolving this issue.



For particular G-structures, the BPS complex obtains extra structure, and we call these
spinor-type complexes. These appear already in examples of the gauge theory BPS complex
of Carrién. It can happen that the sum of terms appearing in the even and odd parts of
the BPS complex form the decomposition of spinor representations of the orthogonal group
under the structure group G. The BPS complex thus becomes isomorphic to pair of spinors,
which together form a representation of the Clifford algebra. The key point is that under
this isomorphism, the Dirac operator is related to a combination of the differential and its
adjoint. In these cases, one finds a general proof that the Laplacian for the BPS complex is
proportional to the de Rham Laplacian acting on the forms. This provides a general structure
to case-by-case computations which have appeared in other sources [67, 68].

The notion of spinor type complex also appears in O(d, d) generalised geometry, where
the weighted spinor bundle associated to the generalised tangent space is isomorphic to the
polyforms on the manifold [49-51], with the O(d, d) generalised Dirac operator becoming the
exterior derivative twisted by the three-form field strength H. Previous works [50, 69, 70] have
studied the decomposition of this complex which occurs when one has generalised G-structures
of various types and its Hodge theory. While in the generalised Kéhler case we reproduce the
complex of [69], we emphasise that our construction is different to what is done in those works,
allowing for complexes which do not have a generalised spinor interpretation. Further, even
in the generalised Kéhler case we use a different grading on the double complex according to
the exterior powers of the sub-bundles Cy and C_ of the generalised tangent space in which
the terms occur. This is crucial for matching the elements of the complex against worldsheet
features of string theory. Rather than viewing the O(d, d) Dirac operator (d + HA) as a
differential, in our construction we view it as a sum of left- and right-moving Dirac operators.
That its square is zero corresponds to the equality of the left- and right-moving Laplacians A
and A_, which is related to level-matching on the string. Coupled with the Kéahler identities
mentioned above, this equality also ensures that we have an analogue of the d0-lemma.

Note that in the context of supersymmetric backgrounds, the isomorphisms of the BPS
complexes, which provide the deformation complexes of the generalised G-structure associated
to the NSNS fields, with polyforms that could be thought of as RR fields, is a manifestation
of the spectral flow on the worldsheet from a spacetime perspective. This identification of
NSNS and RR degrees of freedom is special to N/ = 2 backgrounds and explains why one
can naturally describe the supersymmetry of NSNS backgrounds in terms of generalised pure
spinors [52, 53, 71], which one would more naturally associate with RR degrees of freedom. In
this sense, the description of the BPS complex that we provide here, thought of as a quotient
of A*(F), puts the discussion firmly back into the sphere of NSNS objects, and also applies
to general structure groups, rather than restricting to the spinor type cases.

As well as providing the infinitesimal moduli spaces of solutions, a principle application of
our formalism lies in the systematic construction of field theories in which the classical states
are instantons. In many interesting cases, the BPS complexes we define have a symplectic
inner product, such that one can directly write down a quadratic BV action for a field theory
from them. For certain examples of Carrion’s gauge theory BPS complexes, this reproduces
the quadratic part of the actions for Chern-Simons theory and its various higher dimensional
generalisations [72-75] which have been of great interest to physicists and geometers alike. For



the complexes arising from supergravity backgrounds, we are able to reconstruct the SU(3)
and G2 heterotic superpotential functionals to quadratic order. Indeed, via this construction,
there will be a heterotic analogue of each of the aforementioned gauge theories. It was also
shown in previous work [67] how the SU(3) x SU(3), G2 x G2 and Spin(7) x Spin(7) complexes
for type II geometry gave target space descriptions of the worldsheet BRST complexes of
the corresponding (quasi-)topological string theories [3, 76]. This enables one to write target
space quadratic actions (where the relevant symplectic pairing exists) whose quantisation
gives the correct one-loop terms [67, 77].

This paper is structured as follows. In section 2, we review Carrién’s construction and
go on to introduce spinor type complexes, prove general results about their Hodge theory
and Laplacians, discuss the definition of instantons and the relation to BPS states and
comment on product manifolds. Section 3 contains a series of examples of quadratic BV
actions which result from the BPS complexes of section 2. We generalise the construction
to gravitational instantons (i.e. torsion-free G-structures) in section 4. Section 5 provides
the further generalisation to generalised G-structures, which in relevant cases correspond to
generic supersymmetric Minkowksi backgrounds of type II and heterotic supergravity with
NSNS and gauge field fluxes. We also derive the Kéhler identities for G x G_ structures,
and introduce spinor type complexes in the type II cases, for which we prove the equality
of the Laplacians A. Section 6 contains some examples of applications of the formalism:
infinitesimal moduli spaces of flux backgrounds, topological string theories and heterotic
superpotential functionals.

2 Carrién’s instanton complex

In this section, we review Carrién’s construction of a complex associated to gauge theory
instantons on a manifold with a torsion-free G-structure.? These are the BPS complexes for
gauge theories in our terminology. We go on to define what we call “spinor-type” examples
of these complexes, for which we are able to provide a general proof that their Laplacians are
proportional to the usual de Rham Laplacians acting on forms. We also demonstrate that
on product manifolds with product metrics, the BPS complex becomes the tensor product
of the BPS complexes on the factors, such that the product of two spinor type examples
remains spinor type. Finally, in cases where the BPS complex has a symplectic inner product
of the right degree, one can see it as the BV complex of a field theory and we discuss several
examples of theories which arise in this way in section 3.

2.1 Colour-stripped BPS complex

Let us recall how Carrién [42] defines a complex (A®,d) on a real manifold M of dimension d
with a G-structure, for G C SO(d). In fact, to begin with, let us examine a “colour-stripped”
version, in which one considers only differential forms, rather than the endomorphism valued
forms considered in [42] which we will address later in section 2.4. By a slight abuse of
notation, we will write g both for the Lie algebra of G and the induced subbundle of

20ne can in fact relax the torsion-free requirement to allow for some intrinsic torsion in some cases, but for
simplicity we will restrict to considering the case of torsion-free structures here.



A2T* := A’T*M = s0(TM). At first we consider the case with trivial gauge bundle for
simplicity. One defines the bundle A* to be the quotient of the bundle of k-forms

AFT* (2.1)
by the subbundle
B* .= g A AFT2T, (2.2)

The spaces of sections of A* and B¥ will be denoted A¥ and B*, respectively. The differential
on the BPS complex A°® is then defined to be d = P o d where P is the projector onto A°.

For a general G-structure, one would not find that dz =o. However, it is easy to see that a
sufficient condition for this to hold is that the image of d restricted to B2 = I'(g) C T'(A2T*) =
0?2 lies inside B2. To see this, note that any element 3 € B can be written as a sum of terms

p= Zﬁz‘ A A (2.3)
with 3; € T'(g), and so if d(B?) C B? then

dg = Z(dﬁi) A i + Zﬁi A (dAi) (2.4)

also lies in B. This means that d preserves B, which is then a differential ideal. To see that
then d2 = 0, note that given o € A*, one has

do = da+7 (2.5)
with n € B. Thus
0=d%a = (A2a+7') +dpy (2.6)

where 7’ and dn are in B. This implies that both d%2a = 0 and 7 4+ dn = 0 as AFT* is the
direct sum of A* and B*. We have essentially just shown that (B,d) is a sub-complex and
taken the quotient of (2°,d) by it to construct (A, J)

The condition that d sends B? to B> can be viewed as an intrinsic torsion condition as
follows. Let V=V + X be a G-compatible connection, which is not necessarily torsion-free.
Here V is the Levi-Civita connection and ¥ € I(T* ® (T ® T*)) is a generic tensor. As V is

G-compatible, it preserves g representations, and thus for any 3 € B2 C Q2 one has
VBET(T*®g) andso deBel(gAT*) =B (2.7)
Therefore, we have
df =dyB =d¢B —def (2.8)

Thus the condition that d3 € B2 is equivalent to dx/3 € B3. This is simply a condition on

which G-irreducible parts of 3 are allowed. However, any G-compatible part of 3 can be

n

m'p]) S0 in fact this is a

absorbed into V and dy; depends only on the torsion of ¥ (i.e. |
constraint on the intrinsic torsion of the structure.



2.2 Examples

We start with the two trivial examples. Firstly, one can consider the case G = SO(d),
in which case all two-forms are in the span of the Lie algebra at each point and are thus
projected out, leaving

00 % 0lso (2.9)

The other trivial case is that of an identity structure G = {1}, in which case the quotient
does nothing and the BPS complex is simply the de Rham complex.

As we will elaborate on further in section 2.4, one of the initial motivations for the
construction was the observation that taking structure group SU(2)r C SU(2) x SU(2)g ~
Spin(4) in four dimensions, one finds the complex

000 %o g g (2.10)

where Q%71 is the self-dual two-forms and P, is the projector Q% — Q**. A one-form «
is thus d-closed if da is anti-self-dual.

Next, in any even dimension d = 2N one can consider u(N) C so(d). We have a
preserved complex structure J with respect to which I'(u(N)) ~ Qb1 so that the quotient
procedure gives

0 — 00 912 1.0 @ Qo1 9+9 2,0 @ 02 910 (3,0 B 003 (2.11)

One can also consider the subtly different complex which comes from taking su(N) C so(d),
which is the direct higher-dimensional analogue of (2.10). This is the same as (2.11) aside
from an extra piece in degree two, corresponding to forms proportional to the Kéahler form w:

0= Q00 QL0 g 0 020 g (L) 3 2 W Q30 0% . (212)

In the definition of an instanton that we describe in section 2.4 below, this extra piece gives
an extra constraint on the curvature of our gauge connection which imposes the full hermitian
Yang-Mills equations rather than merely the condition that the gauge bundle is holomorphic.
Aside from the degree zero piece, (2.11) is clearly the induced real space of a sum of two
complexes of complex forms: the usual Dolbeault complexes (Q*°,9) and (Q%*,9). In what
follows, we will complexify the scalar and tend to focus on the anti-holomorphic half

0 Q004 01 5 02 8 03, 50N (2.13)

The complexification of the scalar is important as it is the generator of gauge transformations
in what follows, and in applications of this complex to moduli spaces, results in geometric
invariant theory suggest that the moduli space including the D-term supersymmetry conditions
should be the solutions of the F-terms modulo complexified gauge transformations (see
e.g. [15, 59] for discussions of this phenomenon). In the applications that we consider, the
U(N) complex (2.11) will be living on a Calabi-Yau manifold where there is in fact a further
reduction of the structure group to SU(N), and this SU(N) structure is also torsion-free.
The additional degree two piece of the complex that is present in (2.12) versus (2.11) would



impose the hermitian Yang-Mills condition on our instanton field strength, which can be
thought of as a D-term condition. By working with the U(/V) complex and complexifying the
scalar, we thus account for these additional conditions in a simple fashion when considering
moduli. Thus in the remainder of this article, we will take (2.13) (or very occasionally its
complex conjugate) when considering U(N) C SO(2N) structures.

For other cases, we use the notation that Q¥ denotes k-forms which are sections of the
sub-bundle of A*T*M transforming in the representation r of the structure group G.

In seven dimensions, one can consider torsion-free G structures (i.e. metrics with
Riemannian holonomy G3), with g2 C so(7). This gives a BPS complex:

035t 402403 50 (2.14)
Similarly, for Spin(7) in eight dimensions the BPS complex is:
050409402 50 (2.15)

2.3 Spinor type complexes and Hodge theory

In the construction above, we assumed that the structure group is a subgroup of SO(d)
and thus in particular induces a Riemannian metric on M, and consequently also an inner
product on A*T*. We can then identify A with the orthogonal complement of B, i.e. we
have an orthogonal decomposition

AFT* = AF @ BF = AF @ (g A AF2T) (2.16)

Using the induced positive inner product on A® one can define the adjoint d' of the differential
d. Armed with this, one can then define the Laplacian operator

A ={d,d} (2.17)
and find a Hodge decomposition of each space A* in the usual way?
AP =ImdeImd & HY . (2.18)

In fact, it is often convenient to introduce conventional numerical factors into the
definitions of the inner product and the adjoint so that these operations remain compatible
with isomorphisms between the different spaces A* in the complex. We do not wish to go
into details of this here, but refer the reader to [67] for explicit details in the cases of Go
in seven dimensions and Spin(7) in eight dimensions. There it is seen that the convention
choices result in, for example, Laplacian operators that depend only on the representation of
the structure group and not the degree of form in which the representation appears.

One can observe that, in some interesting cases, the vector bundle underlying the BPS
complex is isomorphic to a pair of spinor bundles A®* ~ S, & .S_. We will refer to these cases
as BPS complexes of “spinor type”. Here, in even dimensions the summands S* are the

3We ignore finer analytic details concerning the completeness of the inner product in making this statement
here.



spinor bundles of positive and negative chirality, while in odd dimensions they are simply two
isomorphic copies of the spinor bundle. Overall, they form a representation of the Clifford
algebra, and thus there is an action of the Dirac operator on them, which is crucial for what
follows below. One can also see that they correspond to the odd and even degree forms in the
BPS complex respectively and thus transform oppositely under parity so that they form a
pinor overall. For spinor type complexes, the inner products used to define the adjoint operator
and Laplacian are naturally the relevant spinor inner products, written in terms of forms,
and it is the representation theory of spinors that leads to the seemingly strange numerical
factor choice arising in the treatment of e.g. [67]. Further, one has that a Dirac-type operator

D = ad + bd! (2.19)

corresponds to the usual spinor Dirac operator Y acting on the pair of spinors.* The
coefficients a and b depend on the particular details of the case in question, but the square
of the operator is always proportional to A

D? = ab{d,d"} = abA (2.20)
For example, for the U(3) complex in six-dimensions, we have
0= = Q3 =03 =01 =0 (2.21)

where we have in fact decomposed into SU(3) representations as we assume that the metric
has a torsion-free SU(3) structure as discussed above. The even parts are thus 1+ 3 ~ 4
and odd parts are 1 + 3 ~ 4. This is the usual isomorphism between Q0:(even/edd) 5nq g+
on a Calabi-Yau manifold given by

Wal...ak <~ Wal...ak’yal"'aktf (222)

where € is the parallel singlet spinor. It is then a simple calculation to see that the Dirac
operator Y acts as 9+20" on the corresponding (0, k)-forms. This then squares to 2A5 = Agg.

Another example of a spinor type complex comes from the G9 case in seven-dimensions
where we have the BPS complex representations

0= = Q7r = Qr =01 =0 (2.23)

so that again the even and odd parts become spinors:

1
Y(wo,w2) = woe + §wmwm"€
(2.24)

1
X(wla W3) = Wmfyme + ?Wfiﬁbmnprymnpe

where € is the parallel singlet spinor and the singlet 3-form is wynp = @3¢mnp for a scalar
w3 and Go three-form ¢.

“This is also noted in [15].



Following the conventions of [55], we first note that we can choose ¢ Majorana, and
that the y-matrices are purely imaginary. Thus, it is natural to form a complex spinor with
real part ¢ and imaginary part x as

U(w) = ¢(wo, w2) + x(w1,ws3). (2.25)
We can then express the spinor Dirac inner product via form inner products, and find:

(W) ¥(A) = (wo, Ao) + (Wi, M) + 3+ (w2, Ag) + 7+ (w3, A3)

, (2.26)
+ 1 ((wog, Az) — (w3, Ao@) + (W19, A2) — (w2, A119))

where we used the standard metric induced inner product on forms (wp,A,) =
I%wml_,_mp)\ml“‘mp. We note that the factors in front of the two- and three-form inner
product arise naturally through y-matrix contractions, matching the ones imposed in [55],
and thus providing an explanation for their appearance in the G complex. We thus take the,
positive definite, real part of the inner product eq. (2.26) to define the adjoint operators of d.

Since the Dirac operator ¥ maps even to odd spinors and vice versa, we make the ansatz

Yip(wo, wa2) = x((Dw)1, (Dw)3), (2.27)
Yx(wi,ws) = ¥((Dw)o, (Dw)a2), (2.28)

for some differential operator D acting on the forms.
Using the inner product formula (2.26), we deduce the action of D on the even spinor to be

(Dw)m = Vimwo + 3VPwpy, (2.29)
(Dw)mnp = (PLdyws2)mng, (2.30)

for 77% the projector onto the singlet part of the three-form, while the action on odd spinors
is given by

(Dw)o = V"wp, (2.31)
7
(Dw)mn = (P’?del)mn + gvapmn, (232)
for P2 the projector onto the 7 part of the two-form. Note, that not only do we find the

d = P o dy action naturally, but also the correct factors for the adjoint, as found in [55].
Thus we can identify

(Dw)1 = dwy — dfws, (2.33)
(Dw)s = dw, (2.34)
(Dw)o = —dTwy, (2.35)
(Dw)s = dw; — dfws (2.36)

Consequently, we have shown the Gy complex to be of spinor type and that the Dirac
operator corresponds to D = d — df so that

~

YO (w) = ¥((d—dhw) (2.37)

,10,



We note that where the complex becomes spinor type, there must be a singlet spinor
e corresponding to the scalar Q° and (at least in the SU(N), G and Spin(7) cases) the
vector representation does not feature a singlet of the structure group, so that we must have
€7™e = 0 and thus € is a pure spinor. One might think that this suggests possible connections
to the pure spinor superfield formalism [78-83], which has been a topic of particular interest
recently [35, 40, 41]. However, there are two ways in which pure spinors appear in those
constructions: firstly in the definition of pure spinor superfields and secondly via the G-
structure with which one constructs twists. Our spinor is naturally the one corresponding to
the G-structure and not directly the one corresponding to the pure spinor superfield, though
there may be some more indirect connection.

Using the spinor presentation, one can see that the Laplacian A will always be proportional
to the de Rham Laplacian acting on the corresponding form if the metric is Ricci flat as
follows. The Laplacian A= (& + aT)2 is proportional to the square of the Dirac operator
in the spinor formulation which a standard calculation expands as

Y2y = (vmvm - iR) b, (2.38)

where R is the Ricci scalar. For a spinor ¢ = ¢e with V,,e = 0, the operator on the r.h.s. acts
as a scalar operator and as Ve = 0 its expression transfers directly across to the resulting form

. 1
(Aw)my...m,, X (Vme — 4R> Win,y...my, (2.39)

Next, we expand the de Rham Laplacian acting on a generic form w as

(Aw)mlmk = _vzwml--.mk, + k[vp7 v[ml]w\p|m2mk]
= ~ V2w, + KR [, Olplima..mi] = k(k = 1) Ry Sinalpgloms.mi] (2.40)

= _v2wm1...mk + kRp[m1w|p\m2...mk} - 7k(k - 1)R[m1m2pqw|pq\m3...mk}

2

where we have used the algebraic Bianchi identity. However, as R € I'(g ® g) and A was
defined to be orthogonal to B, we have

Rmnpquqnl... =0 (241)

for forms w in A, so that for w € A the Riemann tensor term above vanishes. If the metric
is Ricci flat, which for some structure groups G is implied by the vanishing of the intrinsic
torsion, we have A x A x V? for both operators acting on A.

This result implies that the harmonic forms, which are representatives of the cohomology,
match those for the usual de Rham Laplacian in the relevant representation of the structure
group. Note, however, that the Ricci flat condition is sufficient but not necessary here. For
example, it is well-known that on all Kéhler manifolds the Dolbeault Laplacian Aj is half
the de Rham Laplacian and the cohomology groups also decompose by (p, q) type.

2.4 Bundle valued forms and instanton moduli

One can extend the BPS complex as defined above to one based on

Q*(End(V)) = D(A*T* ® End(V)) (2.42)

— 11 —



for V a vector bundle with gauge group K, so long as one has a connection A on it whose
curvature F € Q%(End(V)) is an instanton, by which we mean

F €T(g®End(V)) C Q*(End(V)) (2.43)
The point is that this means quantities of the form
djw=(d+ AN *w=F Aw € T(g AA*T* ® End(V)) (2.44)

are projected out when one takes the quotient by I'(g A A*T* @ End(V)). Defining dy to
be the composition of d4 and projection onto the quotient A*(EndV'), the above arguments
establishing that (A*(EndV),dy) is a complex go through exactly as before aside from the
small modification that now (2.6) becomes

FAa=d4a=(%a+7)+dan (2.45)

Due to (2.44), this still implies that d%a = 0.

The physical motivation for defining these BPS complexes is that their cohomologies
naturally capture the infinitesimal moduli spaces of generalised instanton configurations.
These are defined to be field configurations (i.e. connections on V up to global gauge
transformations given infinitesimally by 64 = da\ for A € Q°(EndV)) where (2.43) holds.
Given such a field configuration, one can consider an infinitesimal deformation of it 0A =
a € QY(EndV). The induced infinitesimal change in the curvature is then JF = daa, so
the infinitesimal moduli space is [42]

{o:daa =0} ker(d: A! — A?) 1
Minstanton = = ~ =H (A 2.46
Instant {a=da)} Im(d : A° — A') A (2:40)

One could also wonder why one defines a generalised instanton to be a configuration satisfy-
ing (2.43). Firstly, one notes for the four-dimensional case of (2.10) one recovers the usual
condition of (anti-)self-dual curvature. As is now well-known, studying the moduli spaces
of such objects led to the discovery of Donaldson invariants of four-manifolds [84]. More
generally, a natural place where such configurations appear is in supersymmetric solutions to
supersymmetric gauge theories on curved manifolds. Indeed, this setup exactly appears as the
gauge sector part of the equations defining supersymmetric solutions of heterotic supergravity.
In such theories, one can have a supersymmetry generated by a Killing spinor € of the
underlying supergravity background. Part of the supersymmetry conditions then become

ox ~ """ Frpne =0 (2.47)

where the spinor field y is the fermionic superpartner of the gauge field. The spinor e defines
a G-structure on the manifold where G is the stabiliser of € and in the simplest case € is
parallel with respect to the Levi-Civita connection such that the G-structure is torsion-free.
Equation (2.47) then states that the two-form curvature F lies in the Lie algebra g at each
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point, which is exactly our condition (2.43) above.® Note that, in the usual cases, such
configurations satisfy a BPS bound, see [85] for more details.

2.5 Product manifolds

Another complex one can construct using the above prescription, and one that will preempt
some of the double complexes we will produce in later sections, is if the manifold has a
product structure with a product metric. Suppose, for example, we have M = X x Y with
dim X = m, dimY = n, and metric g5y = gx + gy. In this case, the structure group reduces

SO(d) — SO(m) x SO(n) (2.48)

and the de Rham complex decomposes into a double complex

NT*M ~ @ APT*X @ AIT*Y (2.49)
k=p+q
with
dy =dx +dy, dk =d} =dxdy +dydx =0. (2.50)

Suppose further that the manifolds X, Y have a reduced structure group Gx C SO(m),
Gy C SO(n). Then it is easy to show that the BPS complex associated to G is the tensor
product of the BPS complexes associated to Gx and Gy. In the notation of section 2.1,

we have
Ak AFT*M
Mg AAR2TE N
e ( APT*X ) ®( AIT*Y )
IR T gy A A2THY (2.51)
= P 45w AL
ptg=k

Furthermore, it easy to see that
aM:aX+g1y, &%:&%:&X&er&y&X:O, (2.52)

where dy is the differential associated to the BPS complex Ax on X, and similarly for dy.
Hence, the BPS complex decomposes into a double complex in this case.

It also follows from the representation theory of spinors that if Ax and Ay are spinor
complexes, then the total complex A,y is also a spinor complex. Indeed, the tensor prod-
uct of two pinor representations (over R) gives an object on which one can act with the
higher-dimensional Clifford algebra, which can be seen explicitly via similar gamma matrix
decompositions to those found in appendix A.

®Note again that for G = SU(N) C SO(2N) the supersymmetry condition (2.47) imposes both the
holomorphic bundle condition F%2? = 0 (F-term) and the hermitian Yang-Mills condition w 4 F = 0 (D-term).
One expects that the infinitesimal moduli space of such configurations will be that of only the holomorphic
bundle condition (F-term) moduli complexified gauge transformations. This will correspond to the cohomology
of (2.13) (with values in End(V)), so we use this complex in these cases.
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3 BYV Chern-Simons theories

In certain cases, the BPS complexes of section 2 occur with a natural graded symplectic
pairing (-, -) (or can be completed to give a natural pairing, see section 6.3) which is compatible
with the differential structure. When this happens, the BPS complex can provide the BV
complex associated to some QFT. At the quadratic order, these are generally associated to
generalisations of Chern-Simons theories. The general construction runs as follows.
Suppose p is such that (AP, APT1) is non-zero. In particular, this requires that the pairing
is of degree —(2p + 1). Provided the pairing is compatible with the differential, there is a
gauge symmetry f, ~ d fp—1, and gauge for gauge f,—1 ~ d fp—2, etc. In the BV quantisation
we would need to introduce ghosts, and ghosts for ghosts f,, € A™ for n < p. For each f,, we
introduce an anti-field fop41-, € A?Pt1=n and we can write the total BV action as

SBV:%<f,&f>, feAa. (3.1)

Above, we have written f = fy+ f1 + ... for a generic element of the BPS complex.
Since this action is quadratic, it is straightforward to quantise it and find the 1-loop
partition function. A detailed discussion of how this is done in the de Rham case is given in
e.g. [77], and the procedure works similarly for any case. Due to the alternating statistics of the
ghosts and anti-ghosts, the modulus of the 1-loop partition function reduces to an alternating
product of determinants of Laplacians A, on A". The final result is, in general [36, 87]

2p i(_l)p+l
| Zrt00p] = (H (det 'Aw(‘””) — Tor(A, )31’ (3:2)
n=0

where, on the right hand side, we have introduced the definition of the analytic torsion
of a complex (A,d).
We will see how this works for various cases below.

3.1 3d abelian Chern-Simons

The 3d abelian Chern-Simons theory is a quadratic theory with the following action.
1
szi/ A AdAL,  Are A= Ql(M) (3.3)
M

This has a 0-form gauge symmetry and so we need to introduce a ghost field Ay € QO,
and antifields A,, € Q"(M) where n = 2,3. The Grassman statistics of the fields satisfy
e(A,) = (—1)"*1. The quadratic BV action for this theory is then given by

1 . 1
SBV:7<A,dA>:7/ AANdA, A€ A =Q%M) (3.4)
2 2 M

where integration over the top-form component is implied. In this case, it is clear that the
BV complex is just the de Rham complex, and the symplectic pairing is (4, A") = [, AN A"
This is the BPS complex associated with the trivial structure group G' = 1.5 In this case,
the 1-loop partition function gives the Ray-Singer torsion of the 3-manifold M [1].

5Note that by Stiefel’s theorem, every orientable compact three-dimensional manifold is parallelisable [88].
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3.2 Holomorphic Chern-Simons

Holomorphic Chern-Simons on a Calabi-Yau 3-fold works analogously. The quadratic action
is given by

1 _
S = 5/ Ao NOAG I AR, Agy € AN = QOL (M) (3.5)
M

We need to introduce ghosts and anti-fields Ay, € Q%"(M) with statistics €(A4g,) = (—1)"*L.
The quadratic BV action then becomes

_1 v _1 I~ e __ 0,e
SBV—§<A,dA>Q_§/MA/\8A/\Q, A A = Q% (M) (3.6)

In this case, the BV complex is the BPS complex associated to the Kéahler structure of the
Calabi-Yau with G = U(3), as in (2.13) and the surrounding discussion. The symplectic
pairing is the wedge-product followed by integration against the holomorphic top-form. Note
that compatibility of the symplectic pairing with the differential d requires that € is a
holomorphic section of Q3%(M), and hence we require a fully integrable SU(3) structure,
not just U(3) structure, to recover the holomorphic Chern-Simons theory. Here, the 1-loop
partition function gives the holomorphic Ray-Singer torsion of the Calabi-Yau 3-fold [72].

3.3 G2 Chern-Simons
There is a similar theory of G2 instantons [73, 74| (further discussion can be found in
e.g. [26, 89, 90]). The quadratic action is given by
1
525/ ANdANsp,  Ac Al =Q\(M) (3.7)
M

where p € Q3(M) is the Go three-form. We need to introduce ghosts and anti-fields A,, € A"
with statistics €(A4,) = (—1)""!. The quadratic BV action then becomes

1 - 1 -
Sey = 5 (4,d4) :7/ ANdAAxp,  Ae A (3.8)
2 v 2Jm

Here, the BV complex is simply the BPS complex for a G5 manifold, and the symplectic
pairing is the wedge product followed by integration with *¢. In this action, one could in
fact use the usual exterior derivative instead of d and the presence of x¢ will project dA
onto the relevant representation in A.

3.4 4d Chern-Simons

In [75], a 4-dimensional version of Chern-Simons was put forward via a holomorphic twist of
a 4-dimensional theory. It is defined on a manifold of the form M = C x ¥, where C' = R? or
S1 x R, and ¥ is a Riemann surface. To define the action, we require a meromorphic 1-form
w = w(z)dz on X, where z is a holomorphic coordinate. The quadratic action is then given by

1
525/ WAAAdA, A e QY(M) (3.9)
M

Note that, because of the non-dynamical 1-form w, the A,dz component of A; drops out,
and we can view A € I'(AL(C) @ AYL(D)).
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To find the BV action, and relate this to the BPS complexes we have been discussing
previously, we note that the background C'x ¥ has a natural 1 xU(1) C SO(2)xSO(2) € SO(4)
structure. The associated BPS complex consists of sections of the bundles

A% = A2, Al = AL(C) @ AYN(D), (3.10)
A2 = AL(C) @ (AL(O) @ A% (X)), A% =AL(C) 2 A" (D), '
and the differential is
d=dc +ds (3.11)

We can think of this as a double complex, as in section 2.5, with the left and right differentials
dc and Oy, respectively. To write down the BV action, we require a graded symplectic
pairing which is compatible with the differential. Such a pairing is not unique, but is instead
defined by an element w € Q50(X), which must be do + s, closed, up to possible d-function
contributions at the poles of w.” The full BV action can then easily be written as

1 - 1 .
Sey = 5 (A.d4) :f/ WAANIA,  Ae Al (3.12)
2 w  2Ju
Restricted to degree 1, this reproduces the 4d Chern-Simons action (3.9), as required.

4 Gravitational BPS complex

To build the gravitational BPS complex associated to a torsion-free G structure, we start
from the graded vector space Q*(TM). This does not carry a natural differential. One then
views gl(TM) ~ AY(T*) ® T in the same way as one identified so(T'M) ~ A2T* in section 2.
Given a G-structure, one can then view g C A'T*®T and form A as the quotient of A*T*®T
by g A A*T*, and again set A := I'(A). The first terms of this complex are then®

0 — I(TM) — D(gl(TM)/g) — T(T™)) — ... (4.1)

The third term here requires a little explanation. Consider a tensor ¥ € Q!(gl(T'M)) which
can be thought of as the difference of two connections on the tangent bundle. We define a
map 7: T* @ (T ®T*) — T®A?T* to give the difference of the torsions of the two connections,
i.e. with respect to any frame {é,} for the tangent bundle

T(E)%e = —25p"% (4.2)
This map restricts to a map 7| on 7% ® g. We then have an exact sequence of bundles
0 ker(r]) % T* @ g 2 T o A2T* 55 T () 5 0 (4.3)
where we have defined the bundle

T = coker(r|) = (T'® A*T*)/Im(7]) (4.4)

"If this is the case, then one must carefully define boundary conditions for the field A. See e.g. [91].
8A similar complex to this also appears in [92].
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Given a G-compatible connection, the projection of the torsion of this connection onto
Tt does not change if one shifts to a different G-compatible connection by adding to it
a tensor ¥ € Q!(g). Therefore, it is independent of the choice of G' compatible connection
and represents a property of the G-structure itself. It is called the intrinsic torsion of the
structure, and can be thought of as a part of the torsion which is common to all connections
compatible with the G-structure.

Given a torsion-free G-compatible connection V, we can define on a € QF(T'M)

A

(da)mm---nk+1 = (k + 1)@[n1amn2mnk+1] (4'5)

As the connection is compatible, and thus preserves G representations, this can then be
projected onto the quotient complex to define an operator d on the quotient complex A as
in section 2. One can see that this is independent of the choice of torsion-free compatible
connection and thus d is a natural operator on the complex. First, if one shifts the torsion-free
compatible connection by a torsion-free tensor X € Q'(g) then the shift of the operator d
acting on a € QF(T M) representing an element of A is

A

6(da)mn1...nk+1 = (k + 1)(2[711 : a)mng...nk+1]
= (k + 1)E[n1m‘p|ap
=(k+ I)Epm[nlozp

k(k +1)2),,Poya (4.6)

_ m
n2..ng41] Pl -ngep1]

n2...Npt1]

which lies in I'(g A A*T*) and is thus annihilated on projection to A.
Further one can check that d2 = 0 via the same proof as in section 2. For a € QF (TM)
representing a class in A¥ one has

A

(d%0) ™y g = (b + 1)k +2) Vi, Vg 0™y

= (k4 1)(k + 2) Riny . ™ 1p1 0 s 0] wn
— k(k + 1) (k + 2) Riny s ns & lplns..mn o]

= —2(k + 1)(k + 2) Rypn, "y 0¥

n3...Ng42]

where we have used the Bianchi identity R[,,”; = 0. Since the Riemann tensor is a section
of A2T* @ g, we have d2« € I'(g A A**1T*). One can then write

da=da+17 (4.8)
for n € T'(g A A*T*) and then
o =d%a+n +dy (4.9)

for ’ € T'(g A A*H1T%). Projecting this equation onto the quotient A¥*2 one thus arrives
at d2 = 0 on A

One can interpret this BPS complex as follows. Consider a G-frame {é,} for the tangent
bundle, which is a local section of the principal sub-bundle of the frame bundle corresponding
to the G-structure. (In these frames, the components of all invariant tensors of G take a
specific set of constant values so that the matrix representation of the structure group G
is also the same at all points.)
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For simplicity of exposition? we assume reducibility of gl(d, R) under the subalgebra
g so that

gl(d,R) =g K (4.10)

for K some representation of g. An infinitesimal variation of the G-structure then corresponds
to defining a new frame {&,} for the deformed G-structure, which we can write as

el =éq+ X uty (4.11)

for components X%, in K at each point. The tensor X thus defines an element of A'.
Suppose we have a compatible connection V. For a vector field v = v°é. we then have

b

Voba = 1V, bq = v°wel oty =: w, by (4.12)

where the components of w, lie in g. We then look at deforming the connection V to
V =V +3for ¥ € QYgl(TM)). Then

1b Al ! Al N b Al
Wy 0y = Viy,€, = Ve, + 2,706 (4.13)

and we have

Vol = Vy(eq + Xbaep)
= wvbaéb + (8UXba)éb + Xbawvcbéc
= w,a () — Xel) 4+ (0yX 10 + w, P X)) + O(X?)

= (Wvba + vU-Xba)éb + O(X2)

(4.14)

Note that in these equations, the components of w, are naturally the components of the
connection V with respect to the original frame é,, while the components of w) of V' and
the tensor X are taken with respect to the é/, frame. We thus have that to first order in
X the variation of the connection is given by:

Wy — Wy = By + (Vo X)% (4.15)
We require that w, and w), lie in g and therefore so must 2, + V, X. If we write

» = %0 4 nE) (4.16)
then we have that

»f) = v, X (4.17)

(int)

We then define the map 7 as above and 7 = wo 7 and have

T(int)(g) — T(int)(g(g) + Z(K)) — T(int)(E(K)) — W(T(E(K)))
= Py (;(QV[IJXGC]) €q ® (€b A €C)> (4.18)

=dx

9This is not necessary: one can instead work via projections onto the quotient gl(d, R)/g.
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so that dX is the intrinsic torsion of the new G-structure to first order in X.
Next, we consider what it means for X to be exact. If we act with an infinitesimal
diffeomorphism generated by a vector field v on our frame, we have

0bq = Loba = LY q = Vyba — (V X 1) - 64 = (wo'a — Vav?)é (4.19)

where here we used the notation V x v for Vv viewed as an endomorphism of TM. Now,
as wy lies in g an infinitesimal rotation of the frame by w, merely results in a new frame
compatible with the original G-structure and thus does not change the G-structure itself.
Therefore, for our purposes here we can discard this part of the variation. The last term
in (4.19), however, does contain a part which appears to change the G-structure. This is
the part of V x v with components in K, which is precisely dv. Therefore, G-structures
which are related by an infinitesimal diffeomorphism have

X =dv (4.20)

for some vector field wv.
We thus see that the infinitesimal moduli space of torsion-free G-structures is given by

{x:dx =0} _

M-Sr: <
Gt {X = dv}

H'(A) (4.21)

exactly as for (2.46).
For example, one can consider the case of a GL(n,C) structure on a 2n-dimensional

manifold, corresponding to a complex structure. In this case one has that g ~ {((T*)I’O ®
'Y e (T e To’l)} o 5O that projecting out g A A*T™ we are left with the BPS complex
A* with

AR = [QOR(T10) @ 0RO (T01)] iy (4.22)

with the differential given by the usual @ on Q%¥(T10) and 9 on QFO(T%1). As for the
discussion of the usual Dolbeault complexes of forms in section 2 above, we tend to use the
complex parameterisation of this complex and simply write it as

(A%, d) = (Q°%(T"0),0) (4.23)
This BPS complex is of course well-known in the study of complex structures (see e.g. [93]).

Indeed, p € Q%1(T10) provides a Beltrami differential, deforming the complex structure via

9 _ 90 0
970 9za Mg

and in the infinitesimal case, such a deformation is induced by an infinitesimal diffeomor-

(4.24)

phism if
1= Oe e c I(T™Y) (4.25)
The condition that [T%!, 7% ¢ T%! then comes out to be

ou =0 (4.26)
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so that indeed the infinitesimal moduli space of complex structures is given by the first
cohomology as above.

In the above example, the structure group GL(n,C) does not preserve a metric. In
general, given a torsion-free G-structure on TM, the Riemann tensor R € Q%(g). If G
preserves a metric, i.e. G C SO(d) as we assumed in section 2, then Rynpq = Rpgmn and we
have R € I'(g ® g) C Q%(g). Thus for metric G-structures, one has a close analogue of (2.43).

5 The BPS complex for Courant algebroids and supergravity

We now proceed to mimic the construction of section 4 in generalised geometry. We will see
that this produces a natural BPS complex associated to torsion-free generalised G-structures,
one of whose cohomology groups will later be seen to give the infinitesimal moduli space of
such structures in section 6.1. For particular types of structure which preserve a generalised
metric, we will see that the BPS complex becomes a double complex, which is a tensor product
of BPS complexes of the type considered in section 2. We show that these satisfy Kéahler
type identities in general. There is also a notion of spinor-type complexes in generalised
geometry, which have the further interesting properties that the left and right Laplacian
operators are equal, and thus they satisfy 00-type lemmas.

We start with the tensor hierarchy (excluding dilaton terms) for O(d,d) generalised
geometry. This is simply the graded vector space I'(A®*E) where E ~ T'®T* is the generalised
tangent bundle. In fact, one can also consider the case of O(d,d + n) generalised geometry
for heterotic supergravity where E ~ T & End(V) @ T* for a gauge bundle End(V'), or more
generally any Courant algebroid. Similarly to the gravitational construction of section 4, the
graded vector space I'(A®*E) does not carry a natural differential. However, we will consider
the case where E has a torsion-free generalised G-structure [54] and take a quotient of A*E
by g A A*E viewing g C A’E ~ so(d,d + n). We will then find that the sections of this
quotient have a natural differential as in the previous section.

Demonstrating the existence of the differential and deriving its properties is slightly
harder than in the constructions of the previous sections, in large part due to the complications
of defining a Riemann tensor in generalised geometry. In this section, we explain how the
complex is constructed for any generalised G-structure in O(d,d 4+ n) generalised geometry,
and go on to show that for a large class of structure groups which preserve a generalised
metric one in fact obtains a double complex satisfying Kahler type identities. Further, as
SO(d,d + n) is an orthogonal group, it has spin representations and there is an analogue of
the spinor type complexes of section 2. The generalised-metric-compatible cases of these turn
out to have the property that the two natural Laplacians on the double complex are equal,
which is the analogue of the statement that Ay = Aj in ordinary Kéhler geometry.

A quick note on notation and conventions in this section. We shall use e to denote
vectors in a local frame of the Courant algebroid E. Since E =2 E*, we shall not distinguish
between their frames. Uppercase Roman indices ey4 will denote an arbitrary frame and
indices will be raised and lowered with the canonical inner product (-, -). Lowercase Roman
indices e, ez will denote frames of C1 respectively, which are the positive and negative
eigenbundles of the generalised metric.
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5.1 Preliminaries
5.1.1 Courant algebroids

Let us start setting the stage by introducing Courant algebroids [94] and discussing some
of their basic properties.
A Courant algebroid is a vector bundle £ — M equipped with

e abracket [-, - ]: ['(E) x I'(E) —» I'(E)
« a fiberwise non-degenerate symmetric bilinear form (-, - )
e a vector bundle map p: £ — TM
satisfying the following conditions for all u,v,w € I'(E) and f € C*°(M):

[u, fo] = flu,v] + (p(u) f)o,

[u’ [Ua U}H = [[uv U]a w} + [Ua [uv ’LUH,
p(u){v, w) = ([u, v], w) + (v, [u, w]), [u, v] + [v,u] = p*d{u,v),

where p*: T*M — E* is the transpose of p, and we used the identification F = E* provided
by the pairing ( -, - ). Note that, in parallel with ordinary geometry we will also use the
notation L,v := [u,v] and call L the Dorfman derivative.

Various other properties can be derived from these axioms, such as

p([u, v]) = [p(u), p(v)] (5.3)

or po p* = 0. The latter property can be rephrased as the statement that
0TM 5 BELTM -0 (5.4)

is a chain complex. When this is in fact an exact sequence, we say that the Courant algebroid
is exact. More generally, if the complex is exact in the last (or equivalently in the first) point,
i.e. when p is surjective, we say that the algebroid is transitive.

An example of an exact Courant algebroid is given by

E=TM&T"M, (5.5)
equipped with

(X +a,Y + 8] =LxY + (Lxf —iyvda+ H(X,Y, -),
where H is closed 3-form. In fact, one can show [95, 96] that every exact Courant algebroid
is of this form, for some H.
More generally, starting from an arbitrary principal G-bundle P — M with vanishing

first Pontryagin class w.r.t. an invariant pairing on g, one can construct a transitive Courant
algebroid structure on

E=TM ®ad(P)®T*M. (5.8)

Every transitive Courant algebroid is locally of this form [95, 96].
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Returning now to the general case, let e4 be a local frame for which (e, ep) are constant
functions. It is then easy to see that the structure coefficients

caBc = ([ea,eBl,ec) (5.9)

are completely antisymmetric. The Jacobi identity can then be written as

1
p(e[A)CBC]E + CD[ABcc]DE — gp(eE)cABc =0. (5.10)
Note that in this section all the indices will always be raised/lowered with ( -, - ) and we

will freely assume the identification £ = E* provided by this pairing.

5.1.2 Generalised metrics, connections, and G-structures

The analogue of an ordinary metric is provided by a generalised metric G, which is a
symmetric endomorphism (vector bundle map) of E satisfying G = 1. We will denote the
+1-eigenbundles of G by CL. Note that

E=C,®C_ (5.11)

is an orthogonal decomposition. Conversely, any orthogonal decomposition (5.11) corresponds
to a generalised metric G. Generalised metric is thus equivalent to the choice of a subbundle
Cy C E for which (-, - )|c, is non-degenerate.

As an example, any choice of metric g and 2-form B on M defines a generalised metric
on the exact Courant algebroid (5.5) by

Cy :=graph(¢g+B) ={X + (9(X, - )+ B(X, -)) | X e TM}. (5.12)

Similarly, one can encode the data of g, B, and a connection A using a generalised metric
on a transitive Courant algebroid.

If the signature of the pairing ( -, - ) is (p, ¢), the Courant algebroid naturally has a
reduced structure group O(p,q) C GL(p + ¢,R). A choice of a generalised metric breaks
this group down further to the product of the orthogonal group corresponding to the
decomposition (5.11). In particular, if the induced pairing on C and C_ is positive and
negative definite, respectively, then the group reduces as

O(p,q) — O(p) x O(q). (5.13)

For any subgroup G C O(p, q), a generalised G-structure is a reduction of the structure
group from O(p, q) to G. In particular, if G C O(p) x O(q) then a generalised G-structure
induces a generalised metric of the above type. Note that since any local G-frame is also
an O(p, q)-frame, the functions (e4,ep) are automatically constant.

Quite analogously to the standard case, we define (Courant algebroid) connections [97]
as operators D satisfying

Dgyv = fDyv, Dy(fv) = fDyv+ (p(u)f)v, p(u){v,w) = (Dyv,w)+ (v, Dyw). (5.14)

Defining the action of D on functions by D, f := p(u)f and using the Leibniz rule, we can
act with D on an arbitrary section of the tensor products of E.
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A torsion of D is the tensor [97]
Tp(u,v) = Dyv — Dyu — [u,v] + (Du, v). (5.15)

It is easy to see that T' € T'(A3E). A connection D is called Levi-Civita if it has vanishing
torsion and DG = 0.

Finally, a generalised G-structure is called torsion-free if it admits a torsion-free connection
preserving the generalised G-structure. For instance, any generalised metric is torsion-free [98].

5.1.3 Riemann tensor

For any torsion-free connection D we define the Riemann tensor [99]

1
R(w,z,z,y) := §U}DZJB(5'3A[DA, Dglzp + 2 Da, Dplzp — (Dazg)(D*2p)). (5.16)

It is not difficult to see that this indeed defines a tensor with the following symmetries:
Rapcp = Riapiep = Rapicp) = Repas- (5.17)
The algebraic Bianchi identity [100, 101]
Riapeip = 0. (5.18)

is more involved. Too see this, note that due to the other symmetries this statement is
equivalent to Rj4pcp) = 0. First, picking a local frame with (ea,ep) constant, we calculate

DaDg(ec)p = (DeyDegec)p — (Db, epec)p = (De, (8% cen))p —Ta”B(Degec)p

= pleaA)Tppc +Tapel s8¢ — T A% 5T Epe,

Using the torsion-free condition 2I'4p)c + I'cap = —capc twice in a row we get

1
[DCAB] = #\€[A] el\p\ec)p) — 5\VE(€[4)B €C) D]
R 2(ea) " DeDip(ec) 5 (Dl )8)(D"(ec)p))
1
= 2Dy Dp(ec)p) — irE[BAFEDC]

1
= —2p(e(a)lsop) — 20 ap"Topis + 20 paplc” p) — §FE[ABFECD]
2
= gp(e[A)CBCD] + (PP 4pTepie + cap”Tenie)
1
+ 20T 0" b + 52T aBE T op) + capie T o)
2

1
= gﬂ(e[A)CBCD] + C[ABEFCD}E + §C[AB\EIFECD]

2 1
= gp(e[A>cBCD] - §C[ABECCD]E,

which vanishes by the Jacobi identity (5.10).
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5.1.4 Curvature operator

Let D be a Levi-Civita connection for a generalised metric G. Define the curvature operator [51]

R:T(Cy) xI'(C_) — Der(E), R(zq,y-) = 25 y? [Dq, Dg), (5.19)

where Der(E) stands for degree 0 derivations of the algebra I'(A*E). We can also rewrite
this as follows:

R($+v y*) = :L“‘j_y‘_l_([Dea, Dea] - DDeaea*Deaea) = $(—I|—ya—([D€aa Dea] - D[ea,ea])v (5'20)

~

where we used % y® (Deg, €5) = 0. From this it follows that R(z,y_) vanishes on C*°(M)
I'(A°E) and hence is a purely algebraic operator,

R(z4+,y-) € T'(End(FE)). (5.21)
Explicitly, we have
[Da, Dal* B = 2Raa” 5. (5.22)

Suppose now that we have a torsion-free generalised G-structure, where G C O(p) x O(q).
Let D be a torsion-free compatible connection and e4 a local G-frame. Then an easy
calculation shows that

[Da, Da] = plea)la — plea)la + [La,Ta] = caa”Ta. (Ta)Pc:=Ta"c. (5.23)
Since in a G-frame we have I'4 € g, we in particular obtain
R(z4+,y-) € I'(g) C T'(End(E)). (5.24)

5.2 The BPS complex for torsion-free generalised G-structures

Suppose now that we have a torsion-free generalised G-structure. Set F':= A*FE, FP := APE,
and with the corresponding spaces of sections denoted F and FP, respectively. Just as before,
we define A := F/(g A F) and A := I'(A).

Let D be a torsion-free compatible generalised connection. This gives a derivation

D: F— F, (Dw)ap..c = (p+ 1)Djawp._c) for w € FP. (5.25)

In particular we have Df = p*(df ). Taking e4 any G-frame, the compatibility of D means

Tapce® @ e € g C F, while torsion-freeness corresponds to capc = —3F[ABC}. Note that

the antisymmetry inA the last two indices givesAF[ ABC] = %F[ ABjC T %Fc AB- ]
We claim that D preserves g A F' so that D descends to a well-defined operator D on

A. This follows exactly as for the ordinary case of section 2. The connection D preserves

G-representations, so that if o € I'(g) then D, , o € T'(g) and so Da = e* A D, € T(E A g).

The result then follows from the fact that D is a derivation of the wedge product on F.
Denoting equality up to an element of I'(g A F') by =, we have

. 3 1 1
Dey = F[CB}AeC ANeB = <2F[CBA] — QFACB) e“ NeP = —§CCBA€C A\ eB, (5.26)
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which shows that the induced operator D is actually independent of the choice of D.
Finally, let us show that Dis a differential,

D? =0. (5.27)
Since D? = %[f),f)] is a derivation, it suffices to check that D2f and D?e4 both lie in
I'(g A F). For the former we have

D2 = D(plea)f) = —gecue AePplen)f — e AP plen)ple)],

which vanishes due to [p(eg), p(ea)] = p([es,ea]) = cg Cplec). For the latter,

A 14 1 1
D?ey = —§D(CCBABC AeB) = <—2p(eD)CCBA + 2CEBACDC«E> eP neC AeP
1
= —Bp(eA)cDCBeD nef Aef =0,

where we have used the Jacobi identity (5.10).
Thus we have a natural complex (A, D) associated to our torsion-free generalised G-
structure, which is our BPS complex in this setting.

5.3 The G4 X G_ double complex and Kéhler identities

Suppose we have a Courant algebroid E of signature (n4,n_), and a torsion-free G-structure,
where G = G4 x G_, with G4 C O(n4). This induces a positive-definite generalised metric
G € End(E) and the associated bundle decomposition E = C & C_. Let now D be a
torsion-free compatible generalised connection. Assume that the trace of D coincides with
the divergence w.r.t. some volume form ® on M, i.e. for every u € I'(E) we have

Dau® = ®71L, ) ®. (5.28)

Note that the pair consisting of a G-structure and a volume form & is equivalent to a
G-structure in the sense of O(p, q) x RT-geometry of [51]. The torsion-free connection D
automatically extends to a corresponding connection in the O(p, q) x RT-geometry by taking
® to be covariantly constant. The condition (5.28) is then equivalent to the statement that
this new connection is also torsion-free (in the O(p,q) x R*-sense). Since it is the latter
geometric description in which supersymmetry takes the natural form, in the physically
relevant examples studied below the condition (5.28) will be satisfied.

For any G and a Levi-Civita connection D one can define the (generalised) Ricci tensor [99]

by the following contraction of the Riemann tensor:'"

R = R, = QRAQAI;, Ry, = Ry := 0. (5.29)

It can be shown that this tensor in fact depends only on G and Tr D [98]; hence in our case it
is a function of G and ®. In fact, the condition (5.28) ensures that one can equally write
R =A4R, ;= 4R° (5.30)

ach*

10The factor of 2 is purely conventional.
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Assuming (5.28), we can now define a positive-definite inner product on each F? by

1
(w,)F = j/ oG48 .GPwa. o7B..p, (5.31)
pJmMm
and we have
(D'w)a..p = -G“PDewpa.. p-
Now extend G to a derivation G of F (with trivial action on FO). Defining the bicomplex
FP4 =T (FP1), FPi9:= APC, @ N1C_ (5.32)
we have Gw = (p — q)w for any w € FP4. Since D is Levi-Civita, we have the decomposition
D=D,+D_, D FP9cFrtla  pD_Frac Fratl, (5.33)

Since G induces a positive-definite inner product on the whole F, we can again de-
compose F' into

F=A& B, B:=gAF, A:= B*. (5.34)
Both A and B inherit the bigrading from F. Explicitly, we have
A=F'@oF'o{we FZ2? | 2Bu,p. o =0, Vz € g}. (5.35)

We will use p: FF — A and i: A — F for the orthogonal projection and inclusion, respectively.
Define also Fy := A*Cy and Ay = (g+ A Fi)L C Fy, with p+: Fr — AL denoting
the orthogonal projection. Crucially,

A=A, ®A_, (5.36)
and so in particular p = p; ® p_. To see this, we directly calculate

A=(gANF)r =@ . ANF, ANF_+g ANF, ANF )L
= (g AFL AF ) N (Fy Ago AT

= (g4 AF) @ F) N (Fr@(g- AF))T

(

— (A, ®F)N(F, A )=A, ®A_.

Note that D preserves B, since the adjoint action of g preserves g C F2. Consequently,
Dt preserves A. Using the orthogonal decomposition (5.34), we can write the differential
D on A now via

D:=poDoi: A= A (5.37)
We now define the Laplacian

A:=DD'+D'D: F = F. (5.38)



A quick calculation reveals that for w € FP we have
Awap..c = -G DpDrwap..c + pGPE[Dp, Dialw gis..c)- (5.39)
Let us now show that if G is Ricci flat then the operator
polAoi: A— A (5.40)
preserves the bigrading. This is equivalent to showing that in the Ricci flat case
[6,Al A C B. (5.41)
We start by calculating

G, Alw = g(gDE[DD, DrlGY ywip..c — GPF[Dp, Dalwrs..cG g)e* NeB A~ A e”

= g(gDE [DE, DpIGY ywpp. . — [DP, Dalwpp. c)e* AeP A neC

=T [([Dcv DEL]WCB..,C)ea A €B JANRREWAY CC + ([DE, Da]w,‘;Bmc)ea A\ eB A---A 60:|

dp(p —1 a ¢
= p@;)(RCaDchD,,.ce“ NeB A NeY + REPpwep.ce® NeP A neD),

where in the last line we have used R;P, = 0 = R°,P (note that R;; automatically

vanishes). Continuing, and using RA[BC}D = —%RADBC’ by (5.18), we have
R%P pwen..ce® AeP + RE,P gwep. ce® A eP
= R hywea.ce® A+ REw i o€ Ae
+ R e Ne® + RS Ly e A
= — R wea_ce® A e — Ryl e Aet
- Ra[ab]dwéd...cea Aeb — RQ[EJ}BWEJ.._Cea A b
- %(R@dewcdmOea net+ R g oot neb
" Rédabwéd“_cea A Eb + RaEEJchZ..,Cea A eE)
- %(R‘_LbABwAB-Cea Neb+ RCJABWCJ...CGA AeP) = %RCJABWCJ..,CGA neB =0,

where we have used the fact that Reaape? AeP ~ (R(eq,ea)an)e AeP € T(g) due to (5.24).
This proves (5.40) and (5.41).

Let us also define another Laplacian
A:=DD'+D'D: A— A (5.42)

Using the previous calculation, it is not difficult to show that A also preserves the bigrad-
ing of A:
We start by noting that

poAoi—A =poDo(1—iop)oDioi+poDio(1—iop)oDoi = poDio(l—iop)oDoi, (5.43)
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since Dt preserves A. Thus it suffices to show that [Q,pfﬁ(l - zp)ﬁz] = 0. Since

D=etA De,, Dt = _gABiCAD€B7 [C;, D] = gABeA A Depg, [G7 DT] =teaDey, (5.44)

we can write for any w € A (dropping i’s)

[G,pD¥(1 = p)Dlw = p[G, D'|(1 = p) Dw + pD' (1 - p)[G, D]w
= piga(l = p)D.,(e? A D, w)
—pG*Pic,(1=p)GPDey(ec A Depw)
= 2pica(1 = p)De, (€% A Deyw) + 2pia (1 — p) Deg (€ A De,w).

This vanishes since for any uy € Cy,v_ e C_, 1=7, A7- € A= Ay N A_ we have

Piuy (1 = p)(v- AT) ~ piu, (1 = prp-) (T4 A (v- A7)
= pluy (74 A (L= p-)(v- AT))
= (P4iu, 74) Ap—(1 = p-)(v- AT-) =0,

and similarly when we exchange + and —. Thus A also preserves the bigrading.

As D preserves the generalised metric, we can write D= dy + d_ with
dy: AP — APTLa d_: AP9 — APat! (5.45)
Similarly Df = dl +d' with
al : AP — Ap—1a dl: AP — Apa=t (5.46)
and we have
A={d,,dl}+{d_,d"} +{dy,d }+{d_,dl} (5.47)

The statement that A preserves the bigrading of A corresponds precisely to the Kéhler
identities
{dy,d"} ={d_,d}} =0 (5.48)

5.4 Examples
5.4.1 G X G structures in type 11

For U(3) x U(3), G2 x G2 and Spin(7) x Spin(7) these double complexes appeared in [67] in
the context of the type II topological string. We shall review the structure of the complexes
here before reviewing the application to topological strings in section 6.

These generalised G-structures were originally used to describe supersymmetric back-
grounds of type II [53, 71]. Indeed, a background preserving N' = 2 supersymmetry in an
NSNS background requires two internal O(d) spinors e* which are parallel with respect to
the Bismut connections V* = V + %H , respectively. These two spinors define two different
SU(3), Ge, or Spin(7) structures in 6, 7, and 8 dimensions respectively. Lifting this to
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generalised geometry, the two spinors transform with respect to the left and right groups
in the generalised metric structure

O(d,d) — O(d)4 x O(d)_. (5.49)

They define, respectively, SU(3) x SU(3), G2 x G2, or Spin(7) x Spin(7) structures, and
the Killing spinor equations guarantee that one can choose some generalised Levi-Civita
connection D such that Det = 0. That is, supersymmetry guarantees that the reduced
G-structure is integrable.

For these cases, the BPS complex is a doubled version of Carrién’s gauge theory BPS
complex from section 2. As discussed in section 2, for on a torsion-free SU(3) structure
it is natural to take the complex (2.13) which is half of that for U(3) with the scalar part
complexified. Correspondingly, for SU(3) x SU(3) structures in generalised geometry we
take the complex for U(3) x U(3), also with complexified scalar. For the G2 and Spin(7)
cases, it will be convenient to enhance the notation and explicitly write the representations
that appear. Namely, we write

APE = T(A2Cy ® AIC-) (5.50)

where r, s are the representations appearing in the gauge theory BPS complexes.
We can then write the G2 complex as

0,0
d At d
+ —
/ ol > \
1,0 0,1
A7 Atz
e ~ he ~
2,0 1,1 0,2
A71 Azz Az
he ~ he ~ he ~
3,0 2,1 1,2 0,3 5.51
A Az Az AR (5:51)
~ he ~ v ~ v
3,1 2,2 1,3
Atz A7z A7
~ v ~ v
3,2 2,3
Az Az
~ v
3,3
A1,1
and the Spin(7) complex as
0,0
V A1 d
. N \\%
1,0 0,1
Agh Al's
2,0 1,1 0,2 5.52
Az Ag's AT% (5:52)
2,1 1,2
A7’ Ag7
2,2
A7z
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In the case of SU(3) structures, there is a subtlety. The gauge theory BPS complex (2.13)
in this case is isomorphic to the Dolbeault complex, and we may choose whether this is
(QP02.9) or (2°P,9). In section 2, we made an arbitrary choice to associate it with the
antiholomorphic complex. When one combines two copies of the complex, however, there are
two inequivalent choices which correspond to whether we take two antiholomorphic copies of
the Dolbeault complex, or one holomorphic and one antiholomorphic. We therefore have two
non-isomorphic BPS complexes for SU(3) x SU(3) structures given by

ART =T (AP0 @ A%IC) (5.53)
AL =T (A% C @ A™IC) (5.54)

In [67], they named these two choices the A- and B-complexes, and indeed they are relevant
for the topological A- and B-models respectively, as we will review later.

In [102], this structure was related to the generalised Kéhler geometry associated to the
SU(3) x SU(3) structure. In that case, one has two generalised complex structures 7; which
commute and define a generalised metric G = — 71 J». Since they commute, they define a
decomposition of the complexification of £ =T @ T™* into simultaneous (+i, +i) eigenspaces.
Moreover, since they commute with the generalised metric, this decomposition respects the
generalised metric decomposition into C1. In particular, the simultaneous eigenspaces are
precisely the spaces Cﬂlt’o, C’O’l, and one can show that the +i eigenspaces L;r of J; satisfy

Lf=cec?, Lf=c’ec®. (5.55)
Therefore, the A- and B-complexes have the following total spaces

DAL =PraLy), DAY =PrnrL) (5.56)

p.q p.q

and correspond to a refinement of the Dolbeault complex associated to the generalised complex
structure into a double complex [50, 103]. The two inequivalent choices correspond to the
two different generalised complex structures in a generalised Kéhler structure.

5.4.2 G x SO(d + n) structures for heterotic

For heterotic structures, we have the groups G x SO(d + n) C SO(d,d + n), which are of
the type discussed in section 5.3, but are not spinor type. In these cases the generalised
Dolbeault complex takes the form of the tensor product of the gauge theory BPS complex
for the group G on the left (which is of spinor type in many interesting cases) with the
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trivial one (2.9) on the right:

dy
“ ™~
/ O+l QJ“O(C' )
/ ™~ s
0l arL(C)
I’ ™~ '
05 25 (C)
' ™~ «
0f%(Co)

(5.57)
where QT* = T'(A*C,) and the diagram continues to the lower left as far as needed. We
identify the bundles called @ in refs. [43, 44] with C_ (or its complexification in the SU(N)
case). The lower row of (5.57) then forms the various differential complexes involving @
written down in those references. Note that C_ ~ T'M @ End(V') and in the case G = SU(NV)
we have (C_)¢ ~ TMg @ End(V)e ~ TU0 @ 7+0.0) @ End(V)¢, which is the bundle Q
discussed in [43]. The upper row forms part of the gauge structure needed to write BV
actions for such theories.

5.5 Spinor type complexes in O(d,d) x RT generalised geometry

We now specialise to the case of O(d,d) generalised geometry relevant to the NS-NS fields
of type II theories as in [51], where the generalised tangent space is an exact Courant
algebroid. We will see that these geometries admit analogues of the spinor type complexes of
section 2.3, where the BPS complex becomes a sum of spinors of O(d, d) decomposed under
the structure group. In O(d, d) generalised geometry, one can have spinor type complexes
for structure groups which do not preserve a generalised metric. For example, the structure
groups U(N, N) C SO(2N,2N) relevant to generalised complex structures have this property.
However, here we will focus on the case where the structure group has the form G x G_ as
in section 5.3 and the corresponding generalised metric is positive definite and generalised
Ricci flat. In these cases, the complexes can be viewed as tensor products of two gauge
theory spinor type complexes. Similarly to what was found in section 2.3, the spinor type
property leads to relations between the various Laplacians appearing in the construction. In
particular, we show that Ay = A_ for these cases, which when combined with the Kéhler
identities is sufficient to prove a 90-type lemma. We also construct a different Laplacian
operator which is shown to agree with the H-twisted de Rham Laplacian on the polyform
representation of the spinors. We start by reviewing some features of spinors in O(d,d) x R*
generalised geometry, and how the additional R™ factor in the structure group enables one
to represent the spinors as polyforms.

First, let us recall some features of the spinor bundle S(FE) in O(d,d) x RT generalised
geometry (see [51] for full details) and the associated Clifford algebra Cliff(d, d; R). The spinor
bundle (with zero Rt weight) is isomorphic to the bundle (det 7%)~1/2 @ A*T* whose sections
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are weighted polyforms. As such, we will here assume that we have a section ® € I'(det T%)
which gives us an isomorphism to weighted spinors S(E); /2 which can be represented directly
as polyforms under the relevant GL(d,R) subgroup of O(d,d) x Rt

o

S(E) = S(E)yjp ~ A*T*M (5.58)

In applications to physics, we will take & = \/ge*%’ to be the natural string frame integration
measure. We will also assume that our O(d,d) x RT connections are compatible with the
density ® such that we need not distinguish carefully between weighted and un-weighted
spinors when acting with our differential operators built from these connections. Recall that
we also noted this as our assumption at the start of section 5.3.

We denote the generators of the Clifford algebra Cliff(d, d;R) by I'4. In the cases we
examine, the generalised structure group will always be contained in the maximal compact
subgroup, so that it will define a generalised metric. We can thus consider the decomposition
of the spinors and Clifford algebra under Spin(d) x Spin(d). As such, we decompose the
index A — (a,a), the vector indices for Cy and let the matrices 4% and 4* be two sets of
generators for Cliff(d,R), again one for each of C'y. There are then several possible cases
for the decomposition of the spinors and the matrices I'4, depending on the dimension d,
as we review in appendix A. However, these differ only slightly in form. The decomposition
of the spinor always has the form

=) (Rt (5.59)

where {1+ € S(Cy) and t = 1 for d even or a constant vector in a two dimensional auxiliary
space for d odd. There are similar tensor product decompositions of the matrices T'4 acting
on the decomposed spinor, as we describe in more detail in appendix A. For our purposes
here, the important point to extract is that in all of these cases we have the decompositions

[T =1 4+ T% = (4?1 4+ ") @101=(1"")®1e1 - 0
ot — nab]l +T% — 1 (—gab]l _ 7ab) ®1l=-1® (WaWb) ®1 (5.60)
This means that if we have two spinors (+ € S(Cy) and we embed the tensor product ( ® (—
into S(E) by tensoring it with some constant auxiliary vector ¢ as above, then acting with
I'“T"® on it corresponds to acting on ¢, ® (_ with (y%9®) ® 1 and similarly acting with rard
on it corresponds to acting on {; ® (_ with —1 ® ('ya'yl_’).

Finally, we recall from [51] that for a torsion-free generalised connection the O(d, d) Dirac
operator J) = ' D acts on the polyform presentation of a weighted spinor ¥ via the exterior
derivative. In fact, this is true in the “twisted picture” of generalised geometry in which a
section of S(E); o is in fact a collection of local polyforms on patches of the space related by
gauge transformations. One can also work in the “untwisted picture” in which we use the
B-field specified by the generalised metric to define a global polyform corresponding to the
spinor. In this picture, the Dirac operator becomes dy = d 4+ (HA). In any presentation,
one sees that the Dirac operator squares to zero

P’ = (D)2 =0. (5.61)
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We now use these facts to derive properties of the Laplacians on spinor type complexes
as follows. First, we examine (5.61) in terms of Cliff(d, d, R) I'-matrices with indices split
under O(d) x O(d) acting on a generalised spinor

(T4Dy)? = (1D, +%D;)? = (I1°D,)? + (I'°Dy)? + T°T?[D,, Dy (5.62)

The last term here can be expressed as the Spin(d) x Spin(d) action of the generalised
curvature operator (5.19) on the generalised spinor W which is given by

L They (5.63)

aabc

1 1
[Dq, Da]¥ = ZRaachbC\If + 4R

since in terms of Cliff(d,d, R) I'-matrices, Spin(d) x Spin(d) is generated by T'® and rab,
Thus contracting with the additional I-matrices in (5.62) we have

_ 1 - 1 _

9T Dy, Da| W = Zra(RM,crarbC)\]? + ZF“(RM_J,EP‘T”C)\IJ
1 -

= Zra (R&[abc} Fabc + 277abR&achC)\I]

1 abé ab c
+ Zra(Ra[aEa]Fa “+ 20" R q5:1) ¥

(5.64)

=0

where in the last step we have used the algebraic Bianchi identity (5.18) and that N Raape ~

Rz. = 0 and naI_’RaaEE ~ R,z = 0 on a generalised Ricci flat manifold. So we have

(T°Dy)* + (T%D3)?> =0 (5.65)

Next we show that the terms (I'*D,)?¥ and (I*D;)?¥ become A, and —A_ when seen
as actions on an element of the double complex.

From (5.60), on a spinor ¥ = (4 ® (_ ® t, we have that
(TD0)*W = [(*Da © 1)*(¢4 @ )| @t (5.66)

The operator (y*D,) acting on the spinor (, viewed as an element of the spinor type complex
A, is the Dirac operator D, the analogue of (2.19) for d;, on A;. When tensored with
the C_ spinor (_, the action of the generalised connections on (_ will be precisely such that
(v*D, ® 1) acts on the tensor product as D4 on A. Thus

(T9De )T = A, T (5.67)
Similarly,
(M"Da)?¥ = —[(1©"Da)% (¢ © ¢ )| @t = AW (5.68)
so that (5.65) becomes
Ay =A_ (5.69)

for the double complex A.
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The equality (5.69) and the Kéhler identities in particular imply the Hodge decomposition
on compact spaces for each of D, dy, d—. This can be stated as

APY =d,d_AP~ b1 g did_AerLq—l ® d+dT_.Ap_17q+1 ® deT_Ap+1,q+1 @ HP? (5.70)

From this it follows that we also have the dd-lemma. For completeness, we repeat the proof
here as it appears in Kahler geometry.

Lemma 1 (09-lemma). Let o € AP be D-closed, where D = dy+ +d_. Then the following
are equivalent

(a) o is D-ezact.

(b) « is dy-ezact.

(c) « is d_-ezxact.

(d) o is dyd_-exact.

(e) o is orthogonal to the harmonic forms HP9).

Proof. Clearly (d) implies (a), (b) and (¢). The usual Hodge decomposition also gives that
any of (a), (b) and (¢) imply (e). To show that (e) implies (d), note that as « is D-closed
of pure type, « is also di-closed and d_-closed. Assuming (e), and using the d;-Hodge
decomposition, it follows that « is d4-exact,

a=dyn, (5.71)
for n € AP~14. But 7 can be decomposed under the d_-Hodge decomposition as
n=d_y+d~+6. (5.72)

Using the Kéhler identities, we see that only the d_-exact part of i contributes to a:

0=da=ddn=-dddy = ddv=0. (5.73)

We therefore have
a=dyd 7y, (5.74)
for v € AP~1a~ 1, O

Next, consider the Pin-cover s of the generalised metric, viewed as an endomorphism.
This has

GAp(sTPs )y =14 = 471 =gApTo (5.75)
and thus

sDAD 4510 = GABL 4D ¥ = (1D, — 1D, ¥ := P9% (5.76)
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Viewing the O(d,d) spinor as a polyform, it is known [51] that

(+) — 1 ai..aq
R R AR o
and that on a form vy of degree k
Ty = (=) sy IO = (1)) gy (5.78)
Putting all these together, one finds that
(Ay A = (IDy)2W — (D = (D, DO)w = L (-1)'ap¥ (579

is essentially the H-twisted de Rham Laplacian Ay = {dpy, dL} (in the untwisted picture
where ) = dg).

6 Applications

In this section, we will look at a few applications of the BPS complex to supergravity and
string theory. To match conventions in the supergravity literature, we will follow [51] and
denote frames for the generalised tangent bundle {E4} and their dual frames {E4} for the dual
bundle (so that the natural inner product is (E4, Eg) = §45). We also adopt the notational
convention of [51] for raising/lowering C_ indices (on decomposed O(d,d + n) tensors) in
sections 6.3 and 6.4, which results in relative minus signs versus that used in section 5.

6.1 Moduli spaces of flux backgrounds

It is straightforward to see that the BPS complex A we have constructed calculates the
infinitesimal moduli of the underlying torsion-free generalised G-structure as its second
cohomology group, by employing the same argument as in section 4. Indeed we can interpret
the first few terms as (similar statements have appeared in [70, 104])

0 — I'(A’E) - D(A'E) —= T(o(d,d +n)/g) — D(T)) - .. (6.1)

Here, there is a reducible gauge symmetry generated by sections of A’E (i.e. scalars), which
in cases relevant to supergravity corresponds to the gauge-of-gauge transformations for the
B-field, so that the cohomology relevant to the moduli of the structure becomes the second

(int) written here corresponds to the bundle of which

cohomology here. Again the last term T
the intrinsic torsion of the generalised G-structure is a section. This can be understood
as follows.

Consider a tensor 3 € E* ® g which can be thought of as the difference of two compatible
generalised connections D: EF — E* ® E. Recall that the torsion of a generalised connection
can be defined using the Dorfman derivative to give a tensor T'(D) € T'(A3E). We define
amap 7: E* @ A2E* — A3E to give the difference of the torsions of the two connections.

With respect to such the frame {E A}, the map 7 takes the form

7(X)aBc = 3% (4B (6.2)
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This map restricts to a map 7| on E* ® g. We then have an exact sequence of bundles
0= ker(r]) % E* @ g b A3E 5 T 5 (6.3)
where we have defined the bundle of which the intrinsic torsion of a G-structure is a section by
70 = coker(7]) = (A’E)/Im(7)) (6.4)

Given a G-compatible connection, the projection of the torsion of this connection onto
T does not change if one shifts to a different G-compatible connection by adding to it a
tensor X € E* ® g. Therefore, it is independent of the choice of G-compatible connection
and represents a property of the G-structure itself. It is called the intrinsic torsion of the
structure, and can be thought of as a part of the torsion which is common to all connections
compatible with the G-structure.

As in section 4, we can interpret the maps D by considering a G-frame E4 for E and
a G-compatible connection D with

DyEs =P AEg (6.5)

where again we use the notation Qy 24 = VEQeB 4 and Qy is a section of g ¢ E* ® E.

As in section 4, for simplicity we assume reducibility so that we can decompose!!

so(d,d+n)=g®d¢t (6.6)
and write a frame for a nearby G-structure as
E%:EA—{—XBAEAB (6.7)

where the generalised tensor X lies in ¢.

We can then compute the intrinsic torsion induced by the deformation X of the structure,
working to first order in X. We consider a deformed compatible connection D' = D + %,
for ¥ € I'(E* ® g), so that

OB ARl = DI, E!y = Dy Ey + Sy B 4Bl (6.8)
and we have
DyE'y = Dy(Ea + XBAEp)
= OB AEg+ Oy XP ) Ea+ XB 0y 5EC
= WP A(E — XOBEL) + (OvXPa+ QB X0)EL + O0(X?)
= (P4 + Dy XBLEL +0(X?)

(6.9)

The shift in the components of the connection (each with respect to their corresponding
frames) is thus given by

O — Qs =Sy + Dy X'p (6.10)

" Again, this is not necessary: one can instead work via projections onto the quotient so(d,d + n)/g.
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and the quantities on both sides must lie in g. Let us again split the tensor X via
Y =30 450 (6.11)
and the previous equation tells us that

s = —Dyx (6.12)

Using the map 7 as above and defining 70" = 7 o 7, we have

T(int)(g) — T(int)(z(g) + E(f)) — 7-(int)(g(?)) — 77(7-(2(3)))

1
::P@(—ﬁﬂﬁDMng)EAAEBAEC> 613
= —P(DX)

=-DX

so that for X € A! we have that DX is proportional to the intrinsic torsion of the new
G-structure to first order in X.

Next we examine which tensors X are induced by the action of an infinitesimal generalised
diffeomorphism generated by a generalised vector V' € T'(E). The action on generalised
tensors is via the Dorfman derivative so we have

6ﬁg::LVEg::L$ﬁg::(DV——D>%M¢®Vﬁ.EM::(QVBA—QnBQDMVd>EB (6.14)

The parts of the last expression in parentheses which lies in g merely rotate E4 to a new
G-frame for the original G-structure and thus gives no deformation of the structure itself.
We are thus interested only in the part which lies in €. As Qy lies in g, this is given by

1 A .
‘X:P%2@DMW@EAAEB):PM@NU:DV (6.15)
We thus see that the infinitesimal moduli space of torsion free generalised G-structures
is given by
X:DX=0
MG_str - g — Hl (A) (6-16)
{X =DV}
exactly as for (2.46) and (4.21).
Note that for the heterotic cases
G xO(d+n)CO(d) xO(d+n) CO(d,d+n), (6.17)

the BPS complex takes the form (5.57), in which the lower row is the tensor product of
a gauge theory BPS complex for C tensored with C_ and the differential d; is defined
using a generalised connection. Denote this complex by A, (C_). Again, the bundle C_ (or
its complexification) is the one denoted @ in [43, 44], and A4 (C_) is the complex used to
compute the moduli in those references. The upper row is the gauge theory BPS complex,
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denoted here A., again with the differential d. defined using a generalised connection.
Denoting by Ar the total complex, one has a short exact sequence of complexes:

0— AL (C)[1] = Ar — Ay — 0 (6.18)

where the maps are inclusion and projection and [1] denotes a degree shift by one. If one
has H*"1(A,) = H¥(A,) = 0 for some k, then the associated long exact sequence in
cohomology gives us

H*(Ar) ~ H*(A4(C-)) (6.19)

For k = 2, this would give us the infinitesimal moduli space of the G x O(d+n) C O(d,d+n)
structure in terms of the cohomology of A, (C_), which was the moduli space appearing
in [43, 44].

Note that naively this is not quite the full moduli space of the supersymmetric background,
which would be the moduli space of a G x O(d+n) C O(d,d +n) x RT structure, with the
additional RT factor corresponding to the dilaton field. Thus in general, H?(Ar) will give
the moduli space of the supergravity background at fixed dilaton.

However, in the case of SU(3) structures, as considered in [43], it turns out very non-
trivially that it matches the physical moduli space. This follows from similar reasoning to
that used in the discussion of gauge theory instantons on torsion-free SU(N) structures in
section 2. In particular, we take the analogue of the complex (2.13) with the complexified
scalar, so that overall we have

0,0 d_
Q@0 T~
y — ~
Y Q0 )
e

+
« ~
QSE),Z) Qg?,l) (C_) (6'20)
0,3 < e 0,2
) 2" (c)
P
(0,3)
Q0(c.)

Taking the tensor product with the (complex) forms in Qg;' effectively complexifies the
C_ bundle. Consequently, taking the cohomology in dy effectively is a quotient by the
complexification of the infinitesimal gauge transformations of the supergravity theory. Further,
as we actually construct the BPS complex using the Lie algebra u(3) ® s0(6 + n) we are really
computing the moduli of the structure as a U(3) x SO(6 +n) C SO(6,6 + n) structure, which
corresponds to the J-structure of [60]. To get the physical moduli space, one needs to include
the 1-structure, which includes an additional C'°°(C*) of degrees of freedom compared with
the J-structure, as we will discuss below in section 6.3. The physical moduli space (plus
an additional C* factor corresponding to constant rescaling of ) is the Kéhler quotient of
the moduli space of ¥-structures with integrable J-structure by the gauge transformations.
But one expects that this can be computed as a regular quotient by the complexified gauge
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transformations, at least if one restricts to so-called polystable points. (For a more detailed
discussion of this construction, see [60].) As a C* family of integrable -structures give the
same J-structure, the moduli space of J-structures should match the physical moduli space.
Thus, the second cohomology of (6.20) in fact should match the physical moduli space.

6.2 Target spaces for topological strings

As mentioned in section 5.4.1, the first appearance of the type II BPS complex is in the
study of topological strings of [67]. It was noted that the double complex precisely captures
the target space realisation of the worldsheet BRST complex of the topologically twisted
sigma model. Moreover, the 1-loop partition function of the theory calculates a quantity
associated to the complex called the analytic torsion.

To see this, note that in an N' = (1,1) 2-dimensional sigma model, the left- and right-
moving fermion fields 1+ can be seen as sections of S(X) ® ¢*(CL1) respectively, where
S(X) is the worldsheet spinor bundle and ¢: ¥ — M is the embedding function. When
the target space has a refined G-structure, the worldsheet theory has enhanced symmetry.
The most famous example is when the target space is Kdhler and the worldsheet theory
has enhanced N = (2,2) supersymmetry. For the G5 and Spin(7) strings, the enhanced
symmetries are particular W-algebras. Schematically, these algebras are generated by the
worldsheet operators T, G, which generate the left /right-moving A/ = 1 Virasoro algebra, as

well as operators X, M which take the approximate form'?

X = ®upa 0 o M=y, 00O (6.21)

Here ®,,. 4, are the components of differential forms in singlet representations with respect
to the G-structure.'

In each of the cases above, one can define a twist of the theory by an operator related
to the spectral flow operator of the SCFT. In particular, one looks for a bosonic operator p

through which one can define a twisted energy momentum tensor
Tiwist ~ T+ 8p (6.22)

which has vanishing central charge. In the SU(3) case, the operator e'” defines spectral flow of
the worldsheet SCFT. In the G2 and Spin(7) cases, one can bosonise the theory and find that

X ~ (9p)? + 9% (6.23)

In any case, the new twisted energy momentum tensor provides new Lorentz charges to all
the fields. One finds that the dimensionless operators can be identified with sections of AP4,
where AP? are the vector bundles in the double complex defined in section 5.4.1, i.e. the
vector bundles appearing in the BPS complex. Furthermore, one can find a nilpotent operator
Q@ acting on the Hilbert space which decomposes into left- and right-moving pieces and acts as

Q=QL+Qr (6.24)
Qr: T(APY) > T(APTHY) | Qp: T(APY) — T(APTT) (6.25)

2More details can be found in [67].

Y3For Gy structures and SU(3) structures, we get one set of tensors for each singlet differential form.

-39 —



The left- and right-moving pieces are the operators d+ from the double complexes of sec-
tion 5.4.1

Qu=di, Qr=d_. (6.26)

From this, the authors in [67] were able to identify the 1-loop partition function by

using the formula for free energy at 1-loop

1
Fi = 8(Hy, — Hp); log [ (det’(H + Hp)) "D Fefn| (6.27)
Fr,Fr

Here F g is the left/right fermion number and Hy = {Qy, QTL} is the left-moving Hamil-
tonian, and similarly for Hr. By the identification of 1,z with di, and using the fact
that A, = A_ for these cases,'* we identify the term in the [...] as the analytic torsion
of the BPS complex.

In the case of topological strings on Kéhler manifolds, and topological strings on Go
manifolds, where the BPS complex admits a pairing, we can also provide a Chern-Simons-like
description of the target space theory. In these cases, the pairing is given by

()= [ efng rea. (6.29)

where & = \/ge_%’ is the generalised density for the dilaton field ¢ and we assume that we
work with a generalised Levi-Civita connection which preserves this density.

One can then construct a diagonal complex D from the double complex via DF = A*F*,
corresponding to the level-matched worldsheet operators, with second order differential
dp = d4+d—. The ghost number zero fields in the theory then form a general element f € D°,
with Chern-Simons type action

S:<fo,dpf):/M<I>f/\d+d_f, feD* . (6.30)

However, unlike in our examples above, this is only the ghost number zero fields and to write
a BV action, one must introduce ghosts and anti-fields, which can also be described in terms
of elements of the BPS complex A, and the BRST operator which can be described in terms
of d. and d_. The gauge symmetry for the field strength F' = dpf = did_f is

SRk = d ARLE g kke (6.31)

'The Laplacians Ay correspond to the worldsheet Hamiltonians for the left- and right-moving modes. The
condition (5.69) then becomes the level matching condition on the worldsheet. It is then natural that this is
related to the vanishing of the square of the Dirac operator on the generalised spinor, as in the coordinate
basis one has:

d® = (T104)° = 0294 + TP 9405 = 0704 (6.28)

and the “weak constraint” 8A8A = 0 is well-known to be related to the level matching condition in the
literature on double field theory [105]. The other natural Laplacian operator (5.79) has leading term
A® ~ 2GABDsDp + ..., and being harmonic with respect to this operator is analogous to the mass shell
condition.
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so that the cohomology of the BRST complex at ghost number zero is given by the Aeppli
cohomologies of the double complex A for the degree (k, k) elements. One could thus think
of this theory as a Chern-Simons-type theory for the Aeppli cohomology. One can represent
the full set of fields and anti-fields diagrammatically using a series of copies of the double
complex A, one for each element f appearing in (6.30), and selecting only a particular subset
of the elements in each, similarly to the complexes appearing in [106-108], see also [109].
Further details of this construction will be presented elsewhere. Note, however, that the
00-lemma, means that the Aeppli cohomologies are isomorphic to the di-cohomologies for
these complexes, which are in turn isomorphic to the spaces of harmonic elements. Thus,
despite the apparently different form of the action, the classical states for these theories are
still related to on-shell deformations of the classical backgrounds.

The BV quantisations of the actions (6.30) were previously shown [67, 77] to reproduce
the analytic torsion appearing in the one-loop partition functions (6.27).

6.3 SU(3) heterotic superpotential

In this section, we will see that in six-dimensions the heterotic U(3) x SO(6+n) complex (on a
supersymmetric background with a torsion-free SU(3) x SO(6+n) C SO(6,6+n) xR™ structure)
is closely related to the theory of [110, 111] based on the heterotic superpotential [112-114].
In fact, one has to perform a mild extension of this BPS complex to give it a BV symplectic
pairing. One can easily see that an enlargement of some kind must be necessary as the
superpotential depends on the dilaton, which does not appear in the degrees of freedom of
the U(3) x SO(6 +n) C SO(6,6 + n) structure (one must enlarge the generalised structure
group to SO(6,6 +n) x RT to see this degree of freedom [51]). Correspondingly, the equation
of motion of the superpotential theory is more constraining than simply requiring that the
U(3) x SO(6 + n) structure is torsion-free [60]. There is an additional part of the generalised
intrinsic torsion of the enclosing SU(3) x SO(6+n) C SO(6,6+n) x RT structure transforming
in the (3, 1) representation that is constrained to vanish by the vanishing of the superpotential
and its variation. However, these points are cured by using a simple extended version of the
U(3) xSO(6+n) complex described below, and we will see that the natural Chern-Simons-type
theory for this complex precisely reproduces the heterotic superpotential at quadratic order.

The superpotential is a functional of a generalised SU(3) x SO(6+n) C SO(6,6+n) x RT
structure. It was shown in [60] how a generalised U(3) x SO(6+n) C SO(6,6+n) structure (a
“J structure”) is defined by a generalised tensor J € T'(A2E). As U(3) x SO(6+n) C SO(6) x
SO(6 4 n), this defines a generalised metric on E, and J annihilates C_ and squares to minus
one acting on Cy. The (complexified) C} bundle is thus split into the +i-eigenbundle Ci’o
and the —i-eigenbundle C{''. If the line-bundle A3C)" is trivial, then a further reduction of
the structure group to SU(3) x SO(6 + n) is possible, and this has an associated invariant
tensor x € F(A?’C'g_’l) C I'(A3E). To define a SU(3) x SO(6+n) C SO(6,6+n) x R structure,
one requires a generalised tensor 1) € I'(A3E ® det T* M), which is the product of a tensor of
the same type as xy above with a density ® = \/§e*2¢ that trivialises the RT factor of the
enlarged generalised structure group SO(6,6 + n) x R™ which includes the dilaton. Such a
tensor defines the SU(3) x SO(6 4+ n) subgroup entirely and thus also defines a generalised
metric, a dilaton and an associated J structure.
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For a v-structure, with associated J-structure, the value of the heterotic superpotential is

W ~ /tr(J D Xaq ) ~ /¢ABCDAJBC (6.32)

In [60], it was stated that D in this equation is a generalised Levi-Civita connection, but
in fact the equation holds for any torsion-free generalised connection.

Let us write ¢4B8¢ = ®&xABC where & = \/ﬁe*% is the generalised volume density. We
define an SU(3) x SO(6 +n) frame {E4} = {Ef, Ef, E} (ub. a,b = 1,2,3 are holomorphic
indices for C and m,n = 1,...,6 4+ n are real indices for C_) to be one for which we have:

J% = i6%, Jb = —ig®; ¥ = ¢abe =1 (6.33)

where the last condition also fixes the R™ frame.
If we then vary the connection in (6.32) by an arbitrary tensor 4%, we find

Q
ISall
Al
™
l
~
o~
o]

S(WABCDaJpe) = €

(6.34)

which vanishes if ¥ is torsion-free (so that YiaBc) = 0). This demonstrates the claim above
that the connection appearing in the definition of the superpotential (6.32) can be any
torsion-free generalised connection.

We can then parameterise an infinitesimal variation of the structure via a variation
of the frame and density:

SES =iaE}l + B EY + A E,
5EA; = —iaE}f —f—ﬁabE;r +AamET;l
0By = Ns By + A BT

0b = A®

(6.35)

The parameters in this equation parameterise a (real) element of 0(6,6 +n) x RT/su(3) x
50(6 4+ n) at each point, so that Ef = (Ef)*, Az™ = (A,™)* and Ba® = (Ba")*. Note
here we are using the convention of raising/lowering decomposed indices with the ordinary
metric g,; as in [51]. The “canonical” index positions in which they are matched with the
O(d,d + n) indices are

A

5, AP, AMp, Ey, EA (6.36)

To calculate the components of 948 and §J4 5 we write

1
A YA
V=X =g

J =169 B @ B —i6% Bl @ B

L DA B NELE
(6.37)
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and then expand out the primed objects to first order in the deformation parameters
a,ﬁaE,A(—lm and A. This results in

5w&5€ = (A— 3104)6&55 577/1&56 _ 6656660 &bai)m _ 6al§éAéfn

5™, = iA™ 8J%, = —iA%,

] i _ - (6.38)
0JM; = —iAg™ 0J% = 1A%,
50 = —2iB5° 5J%, = 2iB,°

Using that one can take D in (6.32) to be any fixed background torsion-free connection
(i.e. it does not depend on the structure), it is then very straightforward to calculate the
perturbative expansion of the superpotential. One has:

SW ~ / (5048 D T + 0B Dad Tc (6.39)

and
S2W ~ / [2045C D Tpe + 26045 Db e + 4P Dab® Tic (6.40)

However, if we are expanding around a supersymmetric background, we can make the
convenient choice that D is a torsion-free compatible connection for that background solution.
This means that in the background DJ = D1 = 0, so on integration-by-parts dW = 0 (as
it should be around a supersymmetric solution) and

82W ~ / 200 BC D 48 T pc
) ) (6.41)
- / 4i€™ | — Ag™ DyAam + Aa™ D Be + ¢ DaBs + Ba® Doy

where we have defined the complex scalar ¢ = A — 3ia. This is the quadratic action (for
ghost number zero fields) which we seck to recover from our extended BPS complex below.
Note that it depends only on the variables (Az™, Ba5, @) and not their complex conjugates,
so that it is indeed holomorphic on the parameter space.

We now examine the heterotic complex (5.57) for the structure group U(3) x SO(6 + n)
in six-dimensions, which takes the form:

0,0 d_
QS— ) \
y — ~

_l’_

' ™~

Q0 Q®(c) (6.42)

0,3 < e 0,2 <
Qf? o!¥(c.)

«

(0.3)

Q.(C-)

One might try to write a BV action associated to the total complex of (6.42), i.e. a free-field

theory whose equations of motion are the statement that the fields in ero,z) & Qf’l)(C_)
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are closed in the total differential, with the gauge symmetry shifting them by exact pieces.
Unfortunately, (6.42) does not have a cyclic structure (in the language of the Lo.-algebra
community) or graded symplectic pairing (in the BV language). The row with C_ factors
is self-dual, but there are no partners for the fields and anti-fields in the first row. This
means that one cannot apply the standard procedure for constructing an action from the
complex (see e.g. [115]).

However, there is a simple procedure to construct a complex equipped with a cyclic
structure from one that does not. Consider a general complex (C,d¢). If one simply adds
the dual complex shifted by one degree (C*[—1],d¢) to form

--~—>C,2®C§‘—>C,1@C§—>CO@CT—>C’1@C’5‘—>02690i1—>03@0i2—>... (6.43)

then this has a natural pairing of the spaces opposite each other with respect to the middle

arrow. One could then write a BV action using this pairing.'®

In our case, the QSE")(C,) row of (6.42) is self-dual and would have a pairing of the

)

add a copy of the dual of this row and use that Q?r’p o~ (Q?r’gfp )* via contraction with the

right type were it all we had. It is the other QS?" row which lacks a pairing. We can thus

anti-holomorphic top-form Q for C.. Via this isomorphism we also have that d’} becomes
dy again. Overall, we simply add a degree-shifted copy of the top row to get

0,0
Q{0
' e
ot e
Q) e -
A e -
Q0 () e
\ /
Q$73)

The horizontal levels in this diagram then have ghost numbers +2,+1,0,—1, -2, —3 re-
spectively and one has a symplectic pairing of degree +1. We also see that there are
natural additional maps Qf”“)(c,) — Qf’k), given by the duals of our existing maps
Qf’k) — Qf’k)(C’_) (i.e. contractions Dywg, z ™ using the frame indices introduced above)
and maps ng’kﬂ) — Qf’k) proportional to dl , so we include these. The inclusion of these
last maps means that naively (6.44) will not have the structure of a double complex.

It is not obvious that the total differential dy on (6.44) squares to zero. Acting on the
middle and lower rows, one can deduce that this is so from the fact that the dual differential

on total complex Ap from (6.42) squares to zero. However, acting on an element of the top

5Note that one could do this for any of the complexes which lack a BV symplectic pairing. For example, for
the Carrién complexes for structure groups SU(2) in four dimensions or Spin(7) or SU(4) in eight dimensions,
this recovers part of the action for the theories of instantons in [1, 15]. One could also do this for the heterotic
versions of these complexes.
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row, there are several terms. The first is proportional to the square of the differential on A7
which we know vanishes from the results of section 5. However, in our extended complex
there is also a term proportional to dd_=A_ (for the top row) and another proportional
to {d, di} = Ay4. It is not immediately clear that these terms cancel as we do not have
a direct analogue of the results of section 5.5 for the heterotic case. However, one can see
that these Laplacians are in fact equal by using that the complex Qi" is spinor type and the
supersymmetry algebra. We have that Qgg' ~ I'(S(C4)) and in terms of the spinor variables,
the Dirac operator D4 (i.e. the analogue of (2.19) for this single complex) corresponds to
the Dirac operator appearing in the supersymmetry transformation of the dilatino field p,
ie. for w € Q?;' corresponding to 6 € I'(S(C4)) we have

Diw <+ ~A"Dp0 =0dgp (6.45)
where m = (a,a) is a real index for Cy, so that the Laplacian A} o D% comes from
Diw < (Y"Du)*0 =Dy (dp) (6.46)

We also have that the map d_ is given by the corresponding variation of the combined
gravitino and gaugino fields v

so that the corresponding Laplacian is proportional to
D" Dpway an < D™Dgpf = D™ (5pm) (6.48)

The proportionality of the Laplacians Ay then follows from the closure of the supersymmetry
algebra on the p equation of motion ¥ D,,p — D™ = 0 (or equivalently the construction
of the generalised Ricci scalar as in [51, 64]):

60(Y" Dp — D™p3,) = (v Dpn)?0 — D™ D,0) = —%RG =0 (6.49)

where R is the generalised Ricci scalar curvature which vanishes for a supersymmetric
Minkowski vacuum.'® This relation between the Laplacians leads to the result that the total
differential dy on (6.44) squares to zero.

Having established that (6.44) is a complex, which was constructed to have a BV
symplectic pairing, one can then write the corresponding Chern-Simons-type BV action, as
was done for gauge theories in section 3. It is easy to see that taking an element f; of ghost
number zero, with components (Az™, 8.5, ¢), one can apply the differential dy and use the
natural integration against the 1 structure (which has components € in the SU(3)xSO(6+n)
frames as in (6.33)) to recover an expression of the type (6.41) for the inner product

S = (fo,dfo) - (6.50)

Note that the closure of the supersymmetry algebra on the gravitino (and gaugino) equation of motion

Ds — Damp = 0 also corresponds to properties of the complex: namely the double complex property
{d4+,d-} = 0 and the Kéhler identity {de,} =0.
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An element f_; of ghost number one has (complex) components (Vz, V™) which are some
of the components of a complex generalised vector V. Viewing fy as the parameters of a
deformation of the generalised SU(3) x SO(6 + n) structure, taking fo to be dy f_1 gives the
action of an infinitesimal complexified generalised diffeomorphism on the structure. This is
precisely the gauge symmetry of the superpotential theory and we see that (6.44) is indeed
the BRST complex of the superpotential theory, which has BV action

S = (f,df), (6.51)

for f a generic element.

One could be troubled by the fact that (6.44) looks different to the complex for the
superpotential theory as described in [111]. In particular, it does not have the structure
of a double complex. This is due to the fact that we have expanded the superpotential
functional in a different basis of fields. We will show in future work that a field redefinition,
corresponding to a different parameterisation of the variation of the generalised structure,
provides an equivalence to the complex of [111].

6.4 G2 heterotic superpotential

We can perform the same analysis for the Gy heterotic superpotential. Such a background
corresponds to an Gg x SO(7 + n) structure. Such a structure is defined by a generalised

tensor ¢ € T(AE @ det T*M). Tn a frame {Ea} = {E}, B2} (with m,n,... =1,2,...,7
indices for Cy and m,n,... =1,2,...,7+ n indices for C_), we can write
P =Py, X =@™PEL ANEF A E; , d = /ge %%, (6.52)

where ¢ are the components of a stable 3-form in 7-dimensions (i.e. the components of
a G 3-form). With this, the (real) superpotential takes the form

W~ /‘PXABEXCDE Diaxseny (6.53)

where D is any torsion free generalised connection (one can use the same proof as in the
previous section to show that T is independent of the choice of torsion free connection). The
superpotenial W should be compared with [116], where the superpotential was computed from
a reduction of the ten-dimensional theory, and shown to reproduce the right supersymmetry
conditions.

We would like to take the second variation of this around some on-shell background. This
means we are free to choose D to be torsion-free and compatible with the G x SO(7 + n)
structure, in which case the second variation takes the form

52 ~ / (6(I)XABEXCDE 4 Doy ABELCD | @XABE(;XCDE) Diadxse) - (6.54)

We can take the following form for the variations

Sy = 3ﬁ[mq<pnp]q 7
S = 3A™ "1 (6.55)
60 = AD,
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where [, € Q;“2, A", € Q;F’I(C_), and A € Qf’o. With this parameterisation, the
action (6.54) takes the form

S2W ~ / 6™ (20D By — 3B D" Brp + 207 Dy + 6Aen D AT, ) (6.56)

How does this relate to the BPS complexes we have defined? The BPS complex for
G2 x SO(7 4+ n) structures takes the form

‘d+/ ' ~
+,1

Qq (el
' ™~ '
0 Qi) (657
' ~ '
07° 07%(C-)
~ '
r(el)

As before, this does not have a cyclic structure but we can perform the same procedure as
for the SU(3) case to write down an extension which does. We find

0
0F
1 < - 0
QO e
ar? QFL(C) Cof
ot e e
73 R .. 72
Q;%(C-) B
- '
3
0f

The maps QPF(C_) — QFP* and QP — QFF are precisely the duals of the maps
appearing in (6.57) as before. The horizontal levels are defined to have ghost number
+2,41,0,—1,—2, -3, and the symplectic pairing is of degree +1.

We need to determine whether the total complex of (6.58) really defines a complex, i.e.
the total derivative squares to 0. The difficult part is the total derivative acting on the top
row which will return a term proportional to dw o< (A4 — A_)w. Once again, we can use the
fact that this complex is a spinor complex and Q¢ ~ QT°dd ~ ['(S(C,)). The conditions
coming from supersymmetry ensure that the left and right Laplacians are equal on the top
row, as in (6.49) and hence the total space of (6.58) is a complex.

A generic element fy of degree 0 in this complex can be parameterised by (A™,,, Bmn, A).
One then finds that the action (6.54) takes the form

S = <f0,afo> (6.59)
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and that the associated BV action is given by a generic element f of the complex

Spv = (f,df) (6.60)

It remains an open and interesting question as to whether a field redefinition of the form
used in [111] will allow us to rewrite (6.58) as a double complex. If it is possible then
we can immediately write down the 1-loop partition function following the techniques in
that paper. Vis-a-vis these questions, see [117], where the second order deformation of the
superpotential of [116] is computed giving rise to a double complex, which is then utilised to
compute the one-loop partition function. It would be interesting to compare the generalised
analysis with this computation.

7 Discussion and outlook

In this work, we have shown that Carrién’s prescription to construct a complex associated to
Donaldson-Thomas-type instantons of a gauge theory on a manifold with a torsion-free G-
structure is actually part of a much more general picture. This includes gravitational instantons
(i.e. torsion-free G-structures themselves) and supergravity instantons (i.e. supersymmetric
backgrounds, or equivalently torsion-free generalised G-structures). We have shown how
to construct these more general complexes, which we have labelled BPS complexes, via
information from only the (generalised) G-structure. Further, we have shown that for
particular choices of the group G, these BPS complexes become equivalent to spinors and the
corresponding differentials and their adjoints are packaged together into the Dirac operator
acting on those spinors. This observation provided elegant general proofs of statements
relating the Laplacian on the BPS complex to the de Rham Laplacian, or its H-twisted
version in the generalised geometry case. Thus far, these relations had been noted in specific
cases and proved by direct calculations, whose shape appears to have little in common between
the cases [67, 68]. The spinorial description thus provides a pleasing general structure to
these results, as well as suggesting strong connections between these constructions and
supersymmetry. It remains an interesting problem in algebra to find an elegant classification
of the groups and subgroups for which the BPS complexes are spinor type in this sense, and
to extract possible connections to the theory of pure spinors.

We also explored how, in cases where the BPS complex has a BV symplectic pairing,
one can write a quadratic BV actions associated to it. The classical on-shell states of these
theories are those for which the gauge field is closed in the differential on the BPS complex,
and thus are instantons in the relevant sense. These actions reproduced the linearised versions
of many Chern-Simons gauge theories that have been of interest over the years. One could
thus view the construction as a way to construct interesting gauge theories of instantons
associated to G-structures, using only their algebraic data, as the construction of the BPS
complex is essentially a purely algebraic prescription. We also briefly noted that for cases
which do not have a BV symplectic pairing of this type, there are other constructions of
actions that one could perform. For example, for structure groups SU(2) in four dimensions
or Spin(7) or SU(4) in eight dimensions one could proceed as in (6.43) to produce a new
complex equipped with a symplectic pairing and then write an action.
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For the generalised G C O(d,d 4+ n) structures appearing in heterotic and type II
supersymmetric backgrounds, we have also found that the BPS complex possess significant
additional structure. In particular, whenever the structure group has the form G4 x G_
such that one can associate G+ with the left- and right-moving modes of the string, the BPS
complex becomes a double complex, which is the tensor product of the left- and right-moving
gauge theory BPS complexes. Further, we have seen that these satisfy Kéhler identities.

In the cases of heterotic structures G x SO(d + n), we were able to relate these double
complexes fairly directly to prior works on heterotic moduli [43, 44], and in spinor type
cases, key properties of the complex such as the equality of the Laplacian A, and A_ on
the first row of the BPS complex could be expressed as the closure of the supersymmetry
algebra on the fermion equations of motion. In the case of SU(3) x SO(6 + n) in six-
dimensions, ot three complex dimensions, we were able to construct a mild extension of
the BPS complex to describe the BRST-BV complex of the superpotential theory, and this
equality of Laplacians was crucial for consistency. Moreover, without prior knowledge of the
superpotential theory, the extended BPS complex could be motivated by wishing for the
existence of a BV symplectic pairing, such that one could write an associated BV action. In
this way, one could have reconstructed the superpotential theory at quadratic order starting
from the BPS complex. This provides, admittedly with considerable hindsight, another
example of the use of this formalism to construct interesting action functionals, also in
complex dimensions other than three.

Perhaps the most elegant of our examples, though, are the spinor type complexes in
O(d, d) geometries relevant to type II strings. These were shown to satisfy not only the Kéahler
identities but also the equality of the left- and right-moving Laplacians, which further gives
rise to a d0-lemma. In many ways, these BPS complexes thus behave much like the double
complex of (p, g)-forms on a Kéhler manifold. The equality of the Laplacians Ay and their
relation to the (H-twisted) de Rham Laplacian can further be interpreted as target space
artefacts of the level matching and mass-shell conditions on the worldsheet. Examples of these
spinor type complexes were shown in previous work [67] to describe the physical operators on
the worldsheets of (quasi-)topological strings. Our treatment here provides elegant general
proofs of the properties of these double complexes that were previously derived by direct
calculation in the specific cases considered. Further, we have provided a more general structure
to the target space actions associated to these theories as a kind of Aeppli-Chern-Simons
theory in which the diagonal complex of the double complex provides the ghost number
zero field content, with the second order differential dd_ providing the kinetic operators.
The ghost number zero physical states thus become the Aeppli cohomologies of the double
complex, while the gauge structure involves complexes of a similar nature to those appearing
in [106-109]. We aim to explore the further general properties of these theories in future work.

There are many other directions in which one could hope to extend and apply this
construction. For example, one could consider weakening the conditions on the torsion of
the underlying G-structure. Throughout this article we have taken our G-structures to be
torsion-free, which corresponds to supersymmetric Minkowski vacua (on the external space
part of a compactification) in the gravitational cases. However, it is known that in Carrién’s
original construction, only some of the intrinsic torsion classes are required to vanish for the
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complex to exist. For example, for U(N) structures in 2N dimensions, one only requires that
the manifold be complex (rather than Kéhler) for the usual Dolbeault complex to exist. One
could explore if, in particular, one could allow a constant singlet torsion, with accompanying
non-zero scalar curvature, to define similar structures on supersymmetric AdS vacua. It may
also be possible to test for the existence of torsion-free structures by comparing Bott-Chern
or Aeppli type cohomologies against the full cohomology of the complex as one does in usual
Kahler geometry. It would also be interesting to see if one can connect the cohomology of
these complexes to sheaf cohomologies via Poincaré lemmas.

One could also consider corresponding statements in exceptional generalised geome-
tries [118-120] describing the internal sectors of eleven-dimensional supergravity and type
IT theories including RR fluxes. Here, there is a clear picture of how to proceed. In the
O(d,d + n) geometries, the graded vector space A®(E) which we start with has a physical
interpretation as the tensor hierarchy [121, 122] of the supergravity theory, which can be
seen as the analogue of the de Rham complex in generalised geometry [123, 124]. Notice
that in O(d, d) geometry, there is an alternative analogue, which is given by the weighted
spinors that can be represented as polyforms on the manifold. Our spinor type complexes
thus provide a concrete relation between these two objects in the case of N/ = 2 backgrounds.
The bundles corresponding to the tensor hierarchy are known for exceptional geometries [125].
While the algebraic product on this is more complicated, one can still use it to generate a
subspace from the Lie algebra of the structure group g C F ® E*. The resulting quotient
will then contain the full tower of ghosts for the generalised diffeomorphism symmetry, the
infinitesimal deformations of a G-frame and the intrinsic torsion space so that it will give
the infinitesimal moduli of the structure as in section 6.1 of the present article. An analogue
of the superpotential complex can also be constructed for the J structure in the E7(7) case,
as one would expect. We hope to provide details of this construction in future work. There
are substantial complications in applying the methods that we use here in the exceptional
context. In particular, the absence of a generalised Riemann tensor would seem to obstruct
proofs of the types we have employed in section 5 (though see [126] for some recent ideas).
The construction of these complexes in exceptional geometry may therefore shed light on
how to construct such Riemann tensors. It would also be curious to examine whether there
is an analogue of spinor type complexes in exceptional geometry, producing an analogue of
spinorial representations of the exceptional groups. Unlike in the cases we examine here,
these representations may be infinite-dimensional.

One can also view the double complexes appearing in the O(d,d) cases as double
copy constructions, where a gravitational theory can be seen as the product of two gauge
theories (see [127, 128] and references therein). In particular, these would be examples where
the background geometry is non-trivial. The BPS complex is the tensor product of two
gauge theory BPS complexes, one for each of the left- and right-moving string sectors, with
differentials constructed from the corresponding generalised connections. The double copy one
finds is perturbative around a supersymmetric supergravity background equipped with two
gauge theory instanton solutions. The cohomologies representing the on-shell deformations of
these instantons have harmonic representatives in the Laplacians A4. As these Laplacians
are equal, one can then simply take the tensor product of two such deformations to get a
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harmonic deformation of the supergravity background. This is precisely a classical double
copy relation. The double copy has been applied to topological gauge theories previously
in [129, 130] and to four-dimensional instantons in [131, 132]. Our construction provides a
linearised version for a wide class of theories of instantons.

While in this work we have considered only the linearised theories, corresponding to
the infinitesimal deformations of the underlying instanton solutions, one could also wish to
study the non-linear deformation theory, or correspondingly the interacting field theories.
For the Chern-Simons gauge theories and the superpotential theories [110], the interactions
are known. It would be curious to see whether there is an elegant systematic construction of
them extending our work here. As a first step in this direction, it would be interesting to
compute the index of the corresponding deformation complexes, counting the expected, or
“virtual”, dimension of the moduli space. This is of particular interest for ' = 1 backgrounds,
where one might expect a vanishing index, and thus a zero-dimensional virtual moduli space.
It is tempting to speculate whether analogs of Donaldson-Thomas invariants [72, 73] can
be defined in these cases, and if the index has something to say about the true nature of
the physical moduli space, and indeed the string theory moduli problem, when all higher
order and non-perturbative corrections are included.

We also expect that the BPS complex will be useful in the study quantum aspects of
the corresponding (quasi-)topological theories. For example, anomalies are often phrased
in terms of curvature polynomials on a “universal geometry”,'” as for example with the
holomorphic anomaly of Kodaira-Spencer theory [6, 133]. The Universal geometry picture
was first considered by Atiyah-Singer in [134], and further developed in [135-138] in the
study of Donaldson theory and Donaldson invariants. A Universal geometry picture has also
been developed for six-dimensional heterotic geometries [139-141], where it was observed
that the universal geometry has many features mimicking that of the underlying geometric
structure. We hence expect that the technology presented here will be useful for in pursuing
these ideas in more generality, e.g. in defining analogs of Donaldson invariants, and we hope
to explore these ideas further in the future.
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"In the Universal geometry picture, one thinks of the manifold, together with the geometric structure of
interest, as a fibration over the moduli space of said geometric structure.
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A Gamma matrix decompositions

Here we provide some details of the decomposition of the Cliff(d, d; R) gamma matrices r4
in terms of two sets of generators v* and 7 for Cliff(d,R), thought of as attached to the
bundles C'y. As above, we have A, B =1,...,2d is an O(d, d) vector index and a,b=1,...,d

and a,b = 1,...,d are vector indices for C;. We also write that v(9 =~ .. 44,
For d odd, we can decompose I'4 as:
=421 I =12+"®is? (A1)

where ¢ are the Pauli matrices and we take the matrices v* and 7% to generate irreducible
representations of Cliff(d,R) for odd d so that ~@ is proportional to the identity. The
Spin(d, d) spinor thus decomposes as

S(E)=S(Cy)®S(C_) ® R? U=> (@t (A.2)

where (+ € S(C+) and t is an auxiliary vector in R?. This auxiliary vector is necessary to
account for the fact that the Clifford algebra representations are real spaces, and one is really
taking the tensor products over R, despite that they are often expressed in terms of complex
components. This means that, for example, one must think of C as a subalgebra of 2 x 2
real matrices. From (A.1) One can then easily see that

T = (1% @ 1® 1 Mr=-10 () ®1 (A.3)
For d = 4n, we have (v(d))2 = +1 so that we can decompose I' as:
M =~"®1 % =~ g (9 (A.4)
so that the Spin(d,d) spinor decomposes as
S(B)=S(CHesC)  v=Y (e (A.5)

where (1 € S(C1). Again one has

=M et T =-180%") (A.6)
For d = 4n + 2, we have (*y(d))2 = —1 so that we can decompose I'4 as:
re — ,ya ®1 re — V(d) ® /-ya’ (A7)

so that the Spin(d,d) spinor decomposes as
S(E)=S(C@8(C)  w=Y el (A8)
where (+ € S(C1) and again
r're = (%" @1 I’ = -1® (1%") (A.9)
We have thus established equations (5.60) in all cases.
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