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Abstract

The high pilot overhead associated with channel estimation (CE) is a major
challenge in reconfigurable intelligent surfaces (RIS)-assisted wireless systems. A
two-timescale CE framework has been proven to be able to significantly reduce
the pilot overhead. This framework employs a coordinate descent-based itera-
tive refinement (CDIR) optimization algorithm based on full-duplex base station
(BS) assumptions, yet it suffers from high computational complexity. In this
paper, we reconsider the optimization algorithm and two working modes along
with full-duplex BS. Firstly, the CE equations are reformulated as a second-order
nonlinear rank-one optimization problem after data matrix completion. Then,
the received complex-valued pilot matrix is partitioned and represented in real
form, and an optimization method based on principal eigenvector approximation
is proposed. Lastly, a semi-closed-form expression is used to construct the rela-
tion between the received pilots and the channel parameters. Discussions and
simulation results demonstrate that the proposed method exhibits lower com-
putational complexity, lower pilot overhead, and acceptable estimation accuracy
compared to various benchmark schemes. Especially, when the signal-to-noise
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ratio of the received pilots is less than 20 dB for the case of two pilot trans-
mitting antenna, the estimation accuracy surpasses that of the referenced CDIR
optimization algorithm.

Keywords: Reconfigurable intelligent surface, Channel estimation, Two-timescale
framework, Principle eigenvector approximation.

1 Introduction

Reconfigurable intelligent surface (RIS) is a novel technology for fifth generation (5G)

beyond. It is expected to improve the receiver signal-to-noise ratio (SNR), the band

and energy efficiency, and the network capacity by way of intelligently modifying the

wireless propagation environment [1, 2]. RIS, typically composed of a passive sur-

face array, intelligently adjusts the reflection coefficient of each reflection unit and the

overall beam direction to combine several in-phase multipath signals at the receiver.

To realize the expectations, it is undoubtedly important to develop an efficient and

accurate channel estimation (CE) method for RIS-assisted wireless systems, especially

for the massive multi-input-multi-output (MIMO) orthogonal frequency division mul-

tiplexing (OFDM) systems to be compatible with 5G beyond [3, 4]. Different from

current CE methods, the CE framework for RIS-assisted wireless systems has to deal

with the newly added cascaded channel among base station (BS)-RIS-Users with a low

pilot overhead [5, 6]. The newly added cascaded channels, originate from the BS, then

are reflected by the RIS, and finally reach different users. This is challenging because

the RIS is passive and does not have the ability of signal processing. Hence, there is

much literature on it.

Initially, classical CE methods were applied. The authors in [5, 6] considered the

available fundamental algorithms and provided a general CE framework based on the

channel reciprocity between the BS and users. Reference [7] proposed an minimum

variance unbiased (MVU) CE method by optimizing the reflection coefficients of RIS
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elements to a discrete Fourier transform (DFT) matrix, thereby improving estimation

accuracy and reducing computational complexity. Then, reference [8] addressed the

non-ideal relationship between the phase and amplitude of the RIS reflection coef-

ficients and proposed a CE method based on the discrete phase model. Recently,

machine learning methods were also utilized to further enhance the CE accuracy.

For instances, the underestimated channel was treated as an image on the time-

frequency plane, and convolutional deep neural networks (DNNs) with the ability of

super-resolution image reconstruction were used to achieve higher CE performance

[9, 10]. Additionally, reference [11] proposed an untrained DNN to improve estimation

accuracy, while simultaneously accounting for the nonlinear effects of RIS hardware.

However, another more critical aspect of CE research of RIS-assisted wireless sys-

tems is reducing pilot overhead, particularly when RIS is applied to massive MIMO

systems, with huge underestimated channel parameters. Reference [12] demonstrated

the significance of reducing pilot overhead as the number of BS antennas and RIS

reflective elements increases, especially for multi-user RIS assisted systems [13]. There-

fore, semi-blind CE methods were explored to mitigate this pilot overhead [14].

Reference [15, 16] used compressed CE methods based on sparse channel assumptions

and orthogonal matching pursuit (OMP) algorithms. Reference [17] proposed a semi-

active RIS model to overcome the problem. Additionally, reference [18] leveraged user

clustering to further reduce pilot overhead.

Most papers estimated the channel among BS-RIS-User as a whole cascaded chan-

nel. Different from these papers, the authors in [19] proposed a novel method, called

the two-timescale dual link CE framework, which estimates the BS-RIS and RIS-Users

channels separately. It estimates the mobile RIS-User channel with a high frequency

and the quasi-static BS-RIS channel with a low frequency. Then the pilot overhead can

be significantly reduced. This framework has received wide attention. For instance,
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reference [17] studied a novel double-RIS-aided system and proposed a Bayesian chan-

nel estimation (CE) method. Reference [20] investigated a beam training method

to achieve the maximum beamforming gain. These works are all based on the two-

timescale CE framework. References [17, 21–24] exploited the two-timescale property

of the cascaded channel and proposed various CE methods based on different system

models and assumptions. Reference [17] proposed a separate CE method, similar to

the two-timescale framework, but it considered a hybrid active and passive RIS sys-

tem and sparse channels. Reference [21] proposed a novel two-stage CE strategy to

reduce pilot overhead for RIS-assisted millimeter wave systems. The main difference

is that in Stage One, it estimates the BS-RIS channels by utilizing correlation factors

between different paths of the RIS-BS channel when all users send pilots to the BS

instead of relying on the BS full-duplex assumption. Reference [22] decomposed the

RIS-reflected channels into three major components: static BS-RIS angles, quasi-static

RIS-UE angles, and time-varying BS-RIS-UE path gains, and then estimated them

on different timescales. This method imposes stricter limitations on the time-varying

characteristics of the propagation channels and is therefore only applicable to more

specific scenarios. Reference [23] developed a two-stage adaptive CE scheme without

making assumptions about specific time variance properties. It incorporated a check

process for the initial channel status and used it in the second CE stage. However, the

CE accuracy of the check process requires further improvement. Recently, reference

[24] also analyzed the characteristics of the cascaded channel and proposed a method

that combines amplitude correlation with existing structured sparsity.

The key to the two-timescale CE framework is to estimate the quasi-static backscat-

tered cascaded channel between BS-RIS accurately and efficiently. Reference [19]

adopts an iterative optimization method based on gradient. The computation cost

at the BS is high, especially for the massive MIMO-OFDM system. Moreover, the

description of the algorithm is complicated, and it is hard to manifest the intrinsic
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relationship between the channel parameters and the received pilots. In this paper, we

propose an optimal CE scheme to reduce the computation cost of this two-timescale

CE framework. The contributions and novelties are summarized as follows.

� We mainly focus on the CE framework of the backscattered cascaded channel

between BS and RIS for the reason that the CE methods of BS-Users and RIS-Users

channels have no difference with the CE methods in conventional wireless systems.

� We reconsider the assumption of full-duplex BS, and classify the working modes to

monostatic and mixed modes. Different from the equation (14) in [19], we represent

the optimization problem as a new form after simple matrix completion. It facilitates

obtaining a semi-closed-form expression.

� We propose a CE method based on principle eigenvector approximation (PEA).

Compared with the iterative optimization method, named coordinate descent-based

iterative refinement (CDIR) in [19], our method has lower computational complexity,

a semi-closed-form expression, and a comparable estimation accuracy while reducing

the pilot overhead simultaneously.

Notations: Lower-case and upper-case boldface letters a and A denote a vector

and a matrix, respectively; AT , A∗, AH and Tr(A) denote the transpose, conjugate,

conjugate transpose, and trace of matrix A, respectively. 0n×n and In respectively

represent n×n zero and identity matrices, and j =
√
−1. diag (a) denotes the diagonal

matrix with the vector a on its diagonal. Lastly, R and C respectively denote the

real and complex number sets, CN (µ,C) denotes complex Gaussian distribution with

mean µ and covariance matrix C.
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2 The two-timescale CE framework

2.1 System model and assumptions

The typical system model of a RIS-assisted wireless MIMO system is shown in Fig.1.

The BS is a full-duplex BS, and has M antennas. RIS has N reflection elements. With

the assistance of RIS, the BS communicates with K single-antenna mobile users. For

each subcarrier frequency within every OFDM symbol, which is one slot in the time-

frequency plane, the received signal of BS y ∈ CM×1 will be the sum of the direct K

user signals and the RIS reflected user signals, and can be expressed as the system

model equation [5]

y =

K∑
k=1

(hD,k +Gdiag (ϕ)hA,k)sk +w, (1)

where hD,k ∈ CM×1 is the direct propagation channel between the k-th user and

BS, G ∈ CM×N is the channel between RIS and BS, hA,k ∈ CN×1 is the channel

between the k-th user and RIS, sk ∈ C is the pilot symbol sent by the k-th user,

ϕ = [ϕ1, ϕ2, · · · , ϕN ]
T

is a vector composed of the reflection coefficients of RIS, and

ϕn ∈ C is the reflection coefficient of the n-th element of RIS,w ∈ CM×1 is the additive

white Gaussian noise (AWGN) at BS. Reflection coefficient ϕn can be expressed as

ϕn = ρne
jθn , and ρn ∈ [0, 1] is the amplitude, θn ∈ [0, 2π] is the phase.

Note that RIS-assisted wireless systems, equation (1), have two new channels, G

and hA,k. The RIS does not have the capability of signal processing due to the necessity

of low cost and low complexity of system implementation. So most papers define the

cascaded channel among BS-RIS-Users as Ck ≜ Gdiag (hA,k), and estimate it as one

channel.

As most references do, this paper assumes the RIS-assisted wireless system is a time

division multiplexing system, and the uplink and downlink channels are reciprocal.
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Fig. 1 System model.

The k-th user will transmit the pilots, and the BS will estimate the channels Ck and

hA,k using the classical algorithms in MIMO OFDM system [5, 25, 26]. This paper

also assumes other necessary parts, the synchronization and cyclic prefix, work well.

The MIMO channel between BS and RIS is modeled as a backscattered cascaded

Rician fading channel, which is used in the deduction of the optimal algorithm and

simulations.

2.2 The protocol of CE

In the two-timescale CE framework, the BS and the RIS are mostly placed in fixed

positions, and the BS-RIS channel G is quasi-static. We only need to estimate G in a

large-timescale. The RIS-User channel and the BS-User channel are time-varying due

to the mobility of the users, so we need to estimate them in a small-timescale. We will

obtain Ck using an unchanged high-dimensional G and a changed low-dimensional

hA,k during the two-timescale pilot CE frame. Therefore, the pilot overhead can be

significantly reduced.

Fig. 2 shows the pilot transmission frame structure. In the dual-link large-timescale

CE stage, the BS transmits pilots to the RIS via the downlink channel using a selected

antenna. Simultaneously, the RIS reflects pilots to the BS via the uplink channel

using a set of pre-designed reflection coefficients. Concurrently, the BS receives pilots
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using the remaining antennas (or includes the transmitting antenna itself via a radio

frequency (RF) circulator). After self-interference mitigation, the BS-RIS channel is

estimated at the BS. Regarding the mobile RIS-User and BS-User channels, since

they are low-dimensional, they can be estimated using a classical CE algorithm in

the uplink small-timescale pilot transmission stage. The pilot frame structure for this

stage will be explained in Section 4.

In the dual-link large-timescale CE stage, the BS needs to work in full-duplex

mode. And it is divided into two working modes in this paper, depending on whether

the pilot transmitting antenna simultaneously receives RIS-reflected signals. They are

the monostatic antenna mode, which is consistent with the paper [19], and the bistatic

plus monostatic antenna mixed mode. Both modes require full-duplex BS communi-

cation, but the methods for achieving self-interference cancellation differ [27]. In the

monostatic mode, self-interference originates from the air interface signals propagated

from the nearby transmitting antenna. Besides RF domain and digital domain tech-

niques, self-interference elimination can also be achieved through signal isolation and

zero traps in the spatial domain. However, in the mixed mode, there are newly added

internal RF self-interferences in the transmitting and receiving channel, which are

affected by various factors such as circulator leakage. Since the full-duplex BS hard-

ware implementation structures differ, we consider the above two modes separately

[28, 29]. Handling self-interference can be main challenges in practical systems, but we

also assume that the noises caused by self-interference are 3 dB higher after applying

various elimination techniques, as referenced in paper [28].
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Fig. 2 The pilot frame structure.

3 The proposed optimal CE method for the BS-RIS

dual-link

3.1 Problem formulation

In Fig.2, the pilot frame consists of N subframes, and each subframe lasts for L time

slots. In the n-th (n = 1, 2, · · · , N) subframe, the reflection coefficient vector at the

RIS is ϕn ∈ CN×1. In the m1-th (m1 = 1, 2, · · · , L) time slot of the n-th subframe,

the m1-th BS antenna transmits a pilot sm1,n, and the rest M − 1 BS antennas (or

M antennas for mixed mode) receive the RIS reflected pilots. The received pilots at

the rest BS antennas can be written as

ym1,m2,n =
[
(gm1

⊙ gm2
)
T
ϕn

]
sm1,n + im1,m2,n + zm1,m2,n, (2)

where m2 = 1, 2, · · · ,M , and only for monostatic antenna mode m2 ̸= m1,

which means the receiver antenna is different from the transmitter antenna. gm1
≜

G (m1, :)
T ∈ CN×1, gm2

≜ G (m2, :)
T ∈ CN×1, are the vectors that denote the

uplink channels from the RIS to the m1-th and m2-th BS antenna, respectively.

zm1,m2,n ∼ CN
(
0, σ2

z

)
is the received AWGN at the m2-th BS antenna. im1,m2,n is

the self-interference after mitigation, and it can be mitigated to as low as about only
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3 dB higher than the receiver noise. Therefore, we assume im1,m2,n ∼ CN
(
0, σ2

i

)
and

there is no considerable differences in orders of magnitude between σ2
i and σ2

z .

Denote the index tuple set S1 ≜ {(m1,m2) |1 ≤ m1 ≤ L, 1 ≤ m2 ≤ M,m1 ̸= m2}

for monostatic mode and S2 ≜ {(m1,m2) |1 ≤ m1 ≤ L, 1 ≤ m2 ≤ M}

for mixed mode. After N subframes, we can get all the received pilots

{ym1,m2,n| (m1,m2) ∈ S1,2, 1 ≤ n ≤ N} in the dual-link pilot transmission

frame. The received pilots corresponding to the m1-th transmitting antenna

and the m2-th receiving antenna throughout N subframes are defined as

yT
m1,m2

≜ [ym1,m2,1, ym1,m2,2, · · · , ym1,m2,N ].

Assuming the transmitted pilot sm1,n =
√
PBS without loss of generality, where

PBS is the transmitted power of the single BS transmitting antenna. We can write the

model in the vector form

yT
m1,m2

=
√

NPBS (gm1
⊙ gm2

)
T
Φ+ iTm1,m2

+ zTm1,m2
, (3)

where Φ = [ϕ1,ϕ2, · · · ,ϕN ] ∈ CN×N , im1,m2
= [im1,m2,1, · · · , im1,m2,N ]

T
, zm1,m2

=

[zm1,m2,1, · · · , zm1,m2,N ]
T
. And ⊙ is the Hadmard product. For the convenience of

signal processing, the reflection coefficient vectors are designed as a unitary DFT

matrix Φ [7].

For all (m1,m2) ∈ S1,2, we can easily obtain that

(gm1 ⊙ gm2)
T
= [gm1,1gm2,1, · · · , gm1,Ngm2,N ]

=
1√

NPBS

yT
m1,m2

Φ−1

− 1√
NPBS

(
iTm1,m2

+ zTm1,m2

)
Φ−1.

(4)

where 1√
NPBS

yT
m1,m2

Φ−1 is the estimation of (gm1
⊙ gm2

)
T

with an error

1√
NPBS

(
iTm1,m2

+ zTm1,m2

)
Φ−1.
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Now that for a specific n, 1 ≤ n ≤ N , the products gm1,ngm2,n are dependent

on the n-th RIS element but independent of other RIS elements. That is to say, the

problem of estimating the quasi-static BS-RIS channel can thus be divided into N

independent subproblems. Since |S1,2| ≥ M is required to guarantee the solvability of

the subproblems, we need to have L ≥ 2 for monostatic mode, but L ≥ 1 for mixed

mode because of |S2| = M when L = 1, that is the transmitting antenna also receives

pilots simultaneously.

For simplifying the deduction and obtaining a semi-closed form of the proposed CE

method, we use a simple matrix completion equation to construct some new redundant

equations for monostatic mode only. That is for the case of m1 = m2,

ym1,m1,n =
ym1,m2,nym1,m3,n

ym2,m3,n
, (5)

where n = 1, 2, · · · , N , (m1,m2) ∈ S1, (m1,m3) ∈ S1, (m2,m3) ∈ S1, and m2 ̸= m3.

Note that there is phase ambiguity of 1800 in the above equation, but it will be

eliminated automatically. It will be explained in Section 5.1.

Hence we define the n-th RIS element related channel coefficients as gn ≜

(g1,n, g2,n, · · · , gM,n)
T
, which is the n-th column of BS-RIS channel matrix G. We

also define [am1,m2,1, am1,m2,2, · · · , am1,m2,N ] ≜ 1√
NPBS

yT
m1,m2

Φ−1, and reshape all

the am1,m2,n to N matrices, with n-th matrix AT
n ∈ CL×M . Its element of m1-th row

and m2-th column is am1,m2,n. Note that the diagonal elements of An are constructed

using matrix completion in equation (5) for monostatic mode.

So we can formulate the n-th subproblem for both modes as

gn = argmin
gn

Θ(gn)

Θ (gn) =
∣∣∣∣An − gng

T
nEL

∣∣∣∣2
F
,

(6)
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where EL = [e1, e2, · · · , eL] ∈ CM×L, and el ∈ CM×1 is a vector, with its l-th element

being one, and others being zero. And ∥ · ∥F is the Frobenius norm.

For the description simplification in the following sections, we change An to A

and gn to g for independent optimization problems with a specification n. To enhance

readability, the symbols for the above system model are listed in Table 1. The symbols

and functions needed to describe the subsequent CE optimal algorithms are provided

in Table 2.

Table 1 Summary of the system model related symbols.

Symbols Meaning

M the number of BS antennas
N the number of reflection elements of RIS, or the number of pilot subframes
K the number of mobile users with single antenna
L the number of BS transmitted antennas, or the number of slots in one subframe
J the number of subframes in small-scale CE
j the sequence number of subframe in small-scale CE
y the received signal of BS, and y ∈ CM×1

hD,k the direct propagation channel between the k-th user and BS, and hD,k ∈ CM×1

hA,k the channel between the k-th user and RIS, and hA,k ∈ CN×1

G the channel between RIS and BS, and G ∈ CM×N

sk the pilot symbol sent by the k-th user, and sk ∈ C
sm1,n the BS transmitted pilot using m1-th antenna in n-th subframe
ym1,m2,n the BS received pilot with m1-th transmitting antenna and m2-th receiving antenna in n-th subframe

ϕ the vector composed of the reflection coefficients of RIS, and ϕ = [ϕ1, ϕ2, · · · , ϕN ]
T

ϕn the reflection coefficient of the n-th element of RIS, and ϕn ∈ C
ρn the amplitude of ϕn, and ρn ∈ [0, 1]
θn the phase of ϕn, and θn ∈ [0, 2π]
w the AWGN at BS, and w ∈ CM×1

Ck the cascaded channel among k-th user, RIS and BS, and Ck ≜ Gdiag (hA,k)
n the n-th subframe, and n = 1, 2, · · · , N
m1 the sequence number of BS transmitting antennas
m2 the sequence number of BS receiving antennas
gmi

the vector of the uplink channel from the RIS to the mi-th BS antenna (i = 1, 2)
gn, g the n-th column of the BS-RIS channel matrix G
zm1,m2,n the received AWGN at the m2-th BS antenna, and zm1,m2,n ∼ CN

(
0, σ2

z

)
im1,m2,n the self-interference after mitigation, and im1,m2,n ∼ CN

(
0, σ2

i

)
S1 the index tuple set for monostatic mode, and S1 ≜ {(m1,m2) |1 ≤ m1 ≤ L, 1 ≤ m2 ≤ M,m1 ̸= m2}
S2 the index tuple set for mixed mode, and S2 ≜ {(m1,m2) |1 ≤ m1 ≤ L, 1 ≤ m2 ≤ M}
ym1,m2 the received pilots corresponding to the m1-th transmitting antenna and the m2-th receiving antenna
PBS the transmitted power of a single BS transmitting antenna
Φ the reflection DFT matrix of RIS

An, A the reshaped and constructed matrix from [am1,m2,1, am1,m2,2, · · · , am1,m2,N ] ≜ 1√
NPBS

yT
m1,m2

Φ−1

Θ(·) the objective function, defined in equation (6)
EL the constant matrix, and EL = [e1, e2, · · · , eL] ∈ CM×L

el the vector with its l-th element being one and others being zero, and el ∈ CM×1
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Table 2 Summary of the symbols and functions in CE optimal algorithms.

Symbols Meaning

AE the symmetric form of the data matrix A, defined in equation (10)
AEL

the first L rows and first L columns of AE, and AEL
∈ CL×L

AEL̄
the last M − L rows and L columns of AE, and AEL̄

∈ C(M−L)×L

gL the first L elements of g
gL̄ the remaining M − L elements of g
gRIL the real-valued representation of gL

gRIL̄ the real-valued representation of gL̄

ĝ the estimated value of g
vZ1L

the dominant eigenvector of Z1L , and vZ1L
∈ R2L×1

λZ1L
the maximum eigenvalue of Z1L

sym(·) the symmetric operation, defined in equation (10)
lu(·) the matrix partition operation, defined in equation (12)
ld(·) the matrix partition operation, defined in equation (12)
Ω {·} the complex-to-real transformation operation, defined in equation (15)
PEA(·) the primary eigenvalue approximation function for the transformed real matrix, defined in equation (21)

Z1L the real-valued representation of AEL
, and Z1L ≜ Ω {AEL

} ∈ R2L×2L

Z2L the real-valued representation of AEL̄
, and Z2L ≜ Ω

{
AEL̄

}
∈ R2(M−L)×2L

Ψ(·) the primary eigenvalue approximation function, defined in equation (23)
A the constructed tensor from all the An, and A ∈ CL×M×N

ỹk,j the equivalent received pilot for the k-th User in j-th subframe, and ỹk,j ∈ CM×1

PUE the transmitted power of each User
B the data matrix defined in equation (28)

It is worth noting that equation (4) represents the least squares solution for gm1 ⊙

gm2 , and pilot overhead can be further reduced if we adopt a sparse representation for

the channel G, which involves formulating and solving an underdetermined system of

equations. This will be left for future work.

3.2 Optimal solution based on the PEA

In this section, we present a novel approach to obtain the global minimization of the

optimization problem, as defined in equation (6). Θ {g} can be firstly expanded as

Θ {g} = Tr
{
AAH −AET

L g∗gH − ggTELA
H + ggTELE

T
Lg

∗gH
}
. (7)

Then we derivate it with respect to g and set it to zero to characterize the critical

points

∂Θ {g}
∂g

= −gT
(
ELA

H +
(
ELA

H
)T)
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+ gT
(
g∗ gH EL ET

L +EL ET
L g∗ gH

)
= 01×M . (8)

After simplifications, we get

AE g =
(
g∗ gH EL ET

L +EL ET
L g∗ gH

)
g, (9)

where AE ∈ CM×M is a symmetric matrix and is defined as

AE ≜ sym
{
A∗ET

L

}
=

(
A∗ET

L

)T
+A∗ET

L. (10)

Equation (9) is essentially a system of equations, consisting of M complex nonlinear

equations. The unknown variables are the M complex entries of g. Solving (9) directly

is very expensive in computation when the number of BS antennas is large (M ≫ 1)

[12]. Next, we will solve it efficiently after using a partitioned matrix representation

of (10) and an alternative real domain representation.

Now we express AE as a new form of the partitioned matrix,

AE =

AEL
AT

EL̄

AEL̄
0(M−L)×(M−L)

 , (11)

where AEL
∈ CL×L is the first L rows and first L columns of AE. And similarly, the

last M −L rows and L columns of AE are represented as a (M −L)×L matrix AEL̄
.

They can be represented as left and right multiplications of specific constant matrices

applied to AE . For subsequent description clarity, we define this matrix partitioning
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operation as functions lu(·) and ld(·).

AEL
= lu (AE) ≜

[
IL 0L×(M−L)

]
AE

[
IL 0L×(M−L)

]T
AEL̄

= ld (AE) ≜

[
0(M−L)×L IM−L

]
AE

[
IM−L 0(M−L)×L

]T (12)

We denote the first L entries of g ∈ CM×1 by a L × 1 column vector gL ≜

[[g]1, [g]2, · · · , [g]L]T and the remaining M−L entries by a (M−L)×1 column vector

gL̄ ≜ [[g]L+1, [g]L+2, · · · , [g]M ]
T
. So equation (9) can be represented as

AEL
AT

EL̄

AEL̄
0(M−L)×(M−L)


 gL

gL̄

 = ∥gL∥2

 g∗
L

g∗
L̄

+ ∥g∥2

 g∗
L

0(M−L)×1

 . (13)

Then the real representation of the complex matrix is used on both sides, an alternate

system of 2M real equations can be defined as

 Ω {AEL
} Ω

{
AT

EL̄

}
Ω
{
AEL̄

}
02(M−L)×2(M−L)


 gRIL

gRIL̄

 =

 (
∥gL∥2 + ∥g∥2

)
I2L 02L×2(M−L)

02(M−L)×2L ∥gL∥2I2(M−L)


 gRIL

gRIL̄

 , (14)

where Re{·} and Im{·} represent the real and imaginary parts of a matrix or vector,

Ω {·} ≜

 Re{·} −Im{·}

−Im{·} −Re{·}

 (15)

represents the transformation of complex matrix to real matrix, and gRIL =

[Re{gL} Im{gL}]T ∈ R2L×1, gRIL̄ = [Re {gL̄} Im {gL̄}]
T ∈ R2(M−L)×1.
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After further simplifications, the initial system of M complex equations (9) is lastly

translated to the following two systems of real nonlinear equations

(
∥gL∥2 + ∥g∥2

)
gRIL = Z1L gRIL + ZT

2L gRIL̄ , (16)

Z2L gRIL = ∥gL∥2gRIL̄ , (17)

where Z1L ≜ Ω {AEL
} ∈ R2L×2L and Z2L ≜ Ω

{
AEL̄

}
∈ R2(M−L)×2L. Here Ω {·}

means the complex to real transformation which is defined in (15). From (17), we get

gRIL̄ =

Re{gL̄}

Im{gL̄}

 =
1

∥gL∥2
Z2L gRIL . (18)

Finally using another deduction from (14),

ZT
2L gRIL̄ =

(
∥g∥2 − ∥gL∥2

)
gRIL , (19)

we obtain the following key result after simplifications

Z1LgRIL = 2∥gL∥2 gRIL . (20)

Equation (20) is in the form of a conventional eigenvalue problem, the solution

to (20) for gRIL is the eigenvector corresponding to the positive eigenvalue 2∥gL∥2

of the matrix Z1L . This is also the estimate for the global minimum problem (6).

Furthermore, since g = Re{g}+j Im{g} ∈ CM×1, the real and imaginary components

for the first L entries are obtained from the eigenvector vZ1L
∈ R2L×1 corresponding

to the maximum eigenvalue λZ1L
of Z1L . We define this operation as the function
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PEA(·),

ĝRIL
= PEA(Z1L) ≜ ±

√
λZ1L

2

vZ1L

∥vZ1L
∥

(21)

Lastly the remaining M − L entries of vector g can be calculated based on equation

(18).

3.3 Semi-closed form of ĝ

Henforth, we can represent ĝ as

ĝ = Re


ĝL

ĝL̄


+ jIm


ĝL

ĝL̄




=

IL 0L

IM−L 0M−L


ĝRIL

ĝRIL̄

+ j

0L IL

0M−L IM−L


ĝRIL

ĝRIL̄


=

IL jIL

IM−L jIM−L


ĝRIL

ĝRIL̄



(22)

Moreover, as noted from the definitions for sym {·}, matrix partitioning and Ω {·} in

(10), (12) and (15), respectively, the estimate ĝ is actually a function of AE = A∗ET
L.

Based on the equations (18) and (21), we can summarize that the proposed optimal

CE of the BS-RIS channel vector g for a specific n can be expressed in semi-closed

form.

ĝ = Ψ
(
A∗ET

L

)
(23)

where

Ψ(·) ≜

IL jIL

IM−L jIM−L


 PEA (Ω (lu (sym (·))))

Ω(ld(sym(·))
∥PEA(Ω(lu(sym(·))))∥2PEA (Ω (lu (sym (·))))

 (24)
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3.4 Special cases

Now we consider two special cases of L = 1 and L = M . It means only one BS antenna

or all the BS antennas are used as pilot transmitting antenna respectively. Obviously

it is necessary that the full-duplex BS is working on mixed mode.

3.4.1 L = 1

For this case, solving (20) reduces to solving the following two equations

Re {[AE]11}Re {[ĝ]1} − Im {[AE]11} Im {[ĝ]1} = 2∥ [ĝ]1 ∥2 Re {[ĝ]1} ,

− Im {[AE]11}Re {[ĝ]1} − Re {[AE]11} Im {[ĝ]1} = 2∥ [ĝ]1 ∥2 Im {[ĝ]1} ,
(25)

where [AE]11 denotes the first element of matrix AE, [ĝ]i is the i-th element of ĝ, and

∥ [ĝ]1 ∥2 = (Re {[ĝ]1})2+(Im {[ĝ]1})2. Solving the above equation (25) and substituting

the resultant into (18), yields the desired estimate for L = 1 as

Re {[ĝ]1} ≜ ±
√

|[AE]11|+Re{[AE]11}
2 ,

Im {[ĝ]1} ≜ ± Im{[AE]11}√
2(|[AE]11|+Re{[AE]11})

,Re {[ĝ]i}

Im {[ĝ]i}

 ≜
[Z2L ]i1 Re{[ĝ]1}+[Z2L ]i2 Im{[ĝ]1}

|[ĝ]1|2
,

(26)

for i = 2, 3, · · · ,M .

3.4.2 L = M

Here using the fact that EL = IM in equation (6), the optimal estimation of g is given

by (21). Further, with L = M , the real and imaginary component of g can be directly
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Algorithm 1 Proposed PEA-based optimal solution to the N CE subproblems (6)
for obtaining the estimation of BS-RIS channel, G = [g1,g2, · · · ,gN ].

Require: The parameters of system model: L, M , N , Φ, PBS and the received pilots:
ym1,m2

for all the (m1,m2) ∈ S1,2.

Ensure: The estimated BS-RIS channel, Ĝ = [ĝ1, ĝ2, · · · , ĝN ].
1: if the full-duplex BS is working on monostatic mode (L ≥ 2) then
2: using (5) to complete received pilots ym1,m2

for the cases of m1 = m2.
3: end if
4: For all (m1,m2) ∈ S1, construct tensor A ∈ CL×M×N using A (m1,m2, :) =

1√
NPBS

yT
m1,m2

Φ−1.

5: for n = 1, 2, · · · , N do
6: Reshape AT = A (:, :, n).
7: Compute AE based on equation (10).
8: Compute Z1L and Z2L based on equation (15) and (11).
9: Compute the first L elements of ĝ based on equation (21).

10: Compute the left M − L elements of ĝ based on equation (18).
11: end for

return Ĝ = [ĝ1, ĝ2, · · · , ĝN ].

obtained using the maximum eigenvalue of Z1L as

Re{[ĝ]i}
Im{

[
ĝ
]
i
}

 = ±
√

λZ1L

2

[
vZ1L

]
i

∥vZ1L
∥
, (27)

where ∀i = 1, 2, · · · ,M , and vZ1L
represents the eigenvector corresponding to the

maximum eigenvalue of Z1L .

3.5 Algorithm and computation complexity

After the above derivatives and nontrivial complex to real transformations, we have

finally reduced the whole CE process to a simple semi-closed-form expression. We just

mainly need to compute the principle eigenvalue and eigenvector of a 2L× 2L square

matrix Z1L and a matrix multiplication between Z2L and gRIL . The proposed optimal

CE algorithm is described in Algorithm (1).

In steps 1-3, the parameters initialization and data completion of received pilots

are finished. The computation complexity is 2LN complex multiplication or 8LN real
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multiplication. In step 4, the tensor A is constructed, and Φ is assigned as a DFT

matrix as referenced in [7]. The calculation is indeed an inverse DFT of yT
m1,m2

and it

needs N
2 log2 N complex multiplications for the fast Fourier transform will be utilized.

Thus this step needs 2LMN log2 N real multiplications. In steps 6-8, the sym {·} and

Ω {·} are simple matrix operations. They can be operated through special addressing

of the data memory. In step 9, the equation (21) is used to calculate the first L

values of ĝ. The Ψ {·} operation is actually to calculate the principle eigenvalue and

its corresponding eigenvector of 2L× 2L square matrix Z1L . Using the symmetric QR

iterative method, the computation complexity is O
(
4L2N

)
real multiplications. In

step 10, based on the equation (18), we calculate the last M −L values of ĝ, which is

a matrix multiplication and needs 4L (M − L)N real multiplications. Therefore, the

total algorithm complexity is O (4LMN + 2LMN log2 N + 8LN). For typical system

model parameters, this is better than the optimization algorithm in [19] where the

computation complexity is O
(
N3 + LMN2 + LMNImax

)
.

4 The CE method for the uplinks of RIS-UE and

BS-UE

Given the estimate of the quasi-static BS-RIS channel G, we can estimate the mobile

RIS-User channel {hA,k|1 ≤ k ≤ K} and the BS-User channel {hD,k|1 ≤ k ≤ K} with

the conventional uplink pilot transmission scheme and CE method.

As depicted in Fig.2, the uplink pilot transmission frame consists of J subframes,

and each subframe lasts for K time slots. In the j-th subframe (j = 1, 2, · · · , J), the

reflection coefficient vector at the RIS is set to be ϕj ∈ CN×1. The complex reflection

coefficient vectors are randomly selected from a DFT matrix of dimension N × N .

During the K time slots in a subframe, the Users transmit uplink orthogonal pilot

sequences, i.e., sk ∈ CK×1, k = 1, 2, · · · ,K.
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We use ỹk,j ∈ CM×1 denotes the equivalent received pilot for the k-th User in j-

th subframe. Then based on the system model (1), we can distinguish the channels of

different User by right multiplying the conjugate of the pilot sequences:

ỹk,j =
1

KPUE
Yjs

∗
k

=
1

KPUE

K∑
k′=1

[Gdiag (hA,k′)ϕj + hD,k′ ] sTk′s∗k +
Wjs

∗
k

KPUE

= [Gdiag (ϕj)hA,k + hD,k] + w̃k,j

= Bj

hA,k

hD,k

+ w̃k,j , k = 1, 2, · · · ,K,

(28)

where PUE denotes the transmitted power of each User, Yj ∈ CM×K is the matrix

of received pilots at the BS in j-th subframe, and each column of Yj is the received

pilots in a single time slot, Wj ∈ CM×K is the noise, and w̃k,j =
Wjs

∗
k

KPUE
, Bj ≜[

Gdiag
(
ϕ̃j

)
IM

]
.

Then, by collecting the equivalent received pilots in J subframes, we have

ỹk = B

hA,k

hD,k

+ w̃k, k = 1, 2, · · · ,K, (29)

where ỹk ≜
[
ỹT
k,1, ỹ

T
k,2, · · · , ỹT

k,J

]T
, B ≜

[
BT

1 ,B
T
2 , · · · ,BT

J

]T
, and w̃k ≜[

w̃T
k,1, w̃

T
k,2, · · · , w̃T

k,J

]T
.

In the above equation, B is determined by the exact quasi-static channel G and

the predesigned
{
ϕj

∣∣∣1 ≤ j ≤ J
}
. Based on the estimated quasi-static channel matrix
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Ĝ, we can define B̂ as

B̂ ≜


Ĝdiag (ϕ1) IM

...
...

Ĝdiag (ϕJ) IM

 . (30)

Finally, the mobile channels can be estimated by the conventional least square (LS)

estimation as

ĥA,k

ĥD,k

 = B̂†ỹk =
(
B̂HB̂

)−1

B̂H ỹk, k = 1, 2, · · · ,K, (31)

where B̂† is the pseudo-inverse of B̂. ĥA,k and ĥD,k are the estimates of the RIS-UE

channel and the BS-UE channel of the k-th User, respectively.

5 Discussion

5.1 Phase ambiguity

Notice that the estimator ĝ yielding the global minimizer involves an unresolvable 180◦

phase ambiguity and hence is not unique. Note that Ck = Gdiag (hA,k), and the aim

is to save pilot overhead by estimating G and hA,k separately. Once G is estimated,

unchanged during the large-timescale though with phase ambiguity, the BS will esti-

mate the new small-timescale hA,k and calculate Ck using the pilots transmitted from

the k-th user. This will also result in a 180◦ phase ambiguity to hA,k. However the BS

only uses the cascaded channel Ck to realize the maximum ratio SNR or RF beam-

forming. In other words, this phase ambiguity will disappear automatically when we

use the product Gdiag (hA,k).
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5.2 Pilot overhead

As shown in Fig.2, for the large-timescale CE stage, the pilots are contained in N

subframes, and each subframe contains L time slots, thus the pilot overhead is τ1 =

NL. For the mobile small-timescale CE stage of the channels between K users and

the BS or RIS, there are NK and MK parameters for hA,k and hD,k need to be

estimated, respectively. Since the BS of M antennas receives MK pilot symbols in

each timeslot, so J ≥ ⌈(M +N)K/MK⌉ = ⌈N/M⌉+1 subframes are required, where

⌈·⌉ indicates that it is rounded up. Therefore, the pilot overhead for the small-scale CE

is τ2 = K⌈N/M⌉+K. On the other hand, the pilot overhead of the two-timescale CE

framework depends on the ratio of coherence time between the quasi-static channel

and the mobile dynamic channel α = TL/TS . Therefore, the total pilot overhead is

τ = NL/α+K⌈N/M⌉+K.

6 Experiments

6.1 Simulation setup

To compare effectively with the existing methods, we use the same channel models and

system parameters as in [19] to simulate the proposed method. And the Monte Carlo

method is used to evaluate its performance under different system model parameters.

Hence the normalized mean square error (NMSE) of the estimated channel matrix

G and cascaded channel for k-th User Ck are approximately calculated through the

arithmetic mean as

NMSE(G) ≜
∥Ĝ−G∥2F

∥G∥2F
(32)

and

NMSE(Ck) ≜
∥Ĉk −Ck∥2F

∥Ck∥2F
. (33)

In our simulations, the number of BS antennas M = 16, the number of RIS reflec-

tion units N = 64, the number of pilot transmitted BS antenna L ∈ {1, 2, 4,M}, and
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the number of users K = 8. The large-scale fading between BS and RIS is modeled

as ρg = ρ0 (dg/d0)
αg , where ρ0 = −20 dB is the large-scale fading factor at the ref-

erence distance of d0 = 1 m, and we set path loss exponent αg = 2.1. The BS-RIS

distance is dg = 20 m. Rician channel model is used as the small-scale fading, and the

noise power is computed for different SNRs by SNR = PBSρ
2
g/(σ

2
i + σ2

z), where the

self-interference is set to 3 dB higher than the receiver noise, that is σ2
i = 2σ2

z . In the

simulation of the CE algorithm in [19], the outer iterative times Imax is set to 5, for

a quite low NMSE from the results of Fig.7 in [19].

6.2 Simulation results

The purpose of two-timescale CE framework is to save pilot overhead. Figures 3 to

5 present the curves of pilot overhead as M , N and K increase, respectively. Among

these, the pilot overhead of the MVU estimation method is NK +K, while the pilot

overhead of multi-user channel estimation is K + N + max
{
K − 1,

⌈
(K−1)N

M

⌉}
[12,

13]. The pilot overhead of sparse CE methods based on compressed sensing is

O{KS logN}, where S is sparsity level [13, 15]. And in reference [13], the pilot

overhead is also determined by the number of common paths Lc between the RIS

and users for the modified OMP algorithm. Notably, the pilot overhead of the pro-

posed PEA-based CE method is τ = NL/α + KN/M + K, whereas that of [19] is

τ = (N + 1)L/α +K⌈N/M⌉ +K. The minor difference arises because the proposed

PEA-based method eliminates pilots for estimating environmental reflections.

The results show that the proposed PEA-based method and the two-timescale

strategy can significantly reduce pilot overhead. It is worth noting that α significantly

affects this reduction. For instance, the pilot overhead of the multi-user CE method

in [13] is lower than that of the proposed method when α ≤ 2. In other words, the

proposed method saves pilot overhead through utilization of the quasi-static property

of the channel between the BS and RIS and exploitation of large coherence time

conditions.
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Fig. 3 Pilot overhead with different M .

The pilot overhead of sparsity-based CE is closely related to the sparsity level S. In

RIS-assisted systems, S typically represents the number of effective paths in cascaded

channels, as used in millimeter-wave systems. In order to meet sparsity channel condi-

tions, the number of paths of the actual propagation channel is limited to single digits

in the simulations. Fig. 3 shows that the pilot overhead of sparse estimation methods

does not depend on M . Although channel sparsity may relate to M in practice, sim-

ulations here consider only S = 3 and S = 6, yielding M -independent curves. Figs. 4

and 5 simulate how this pilot overhead varies with N and K. Notably, pilot overhead

for S = 3 is lower than that of other methods or approximately equal under some

values of K and N . This is expected since the proposed method, MVU, and Multi-

user method target general channels, not dedicated sparse channels in millimeter-wave

angular domains. Thus, each method has distinct application scenarios. It is worth

noting that only the general compressive sensing method in reference [15] has been

simulated and evaluated here, while the more complicated modified OMP algorithm

in reference [16] has not been simulated.

Fig.6 illustrates the estimation accuracy for the special cases of L = 1 and L = M

when the full-duplex BS is working on mixed mode. Simulation results illustrate the

impact of received SNR and L on the estimation accuracy of G. And we observe that
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Fig. 4 Pilot overhead with different N .

2 3 4 5 6 7 8
number of UEs,  K

0

100

200

300

400

500

600

pi
lo

t o
ve

rh
ea

d

Proposed PEA-based method, =1
Proposed PEA-based method, =2
Proposed PEA-based method, =4
MVU estimator [7]
Multi-user estimator [13]
Sparsity-based CE,  S=3 [15]
Sparsity-based CE,  S=6 [15]

Fig. 5 Pilot overhead with different K.

as the SNR increases, the difference of NMSE between the two special cases becomes

larger. For instances, as the SNR increases from -10 dB to 20 dB, the difference in

NMSE increases from approximately 5 dB to 10 dB. Although the NMSE is better

for L = M compared to L = 1, the pilot overhead is much higher. Therefore, careful

consideration should be given to selecting the number of pilot transmitting antennas

L.
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Fig. 6 Estimation error of G for special cases L = 1,M (only for BS mixed mode).

For the monostatic mode and mixed mode of the full-duplex BS, Figures 7 and 8

compare the estimation errors of the proposed PEA-based method with the reference

method presented in [19], across different values ofM and SNR when L = 2. Simulation

results show that the proposed PEA-based method with BS working on mixed mode

has the best performance. The reason is that there are more data equations available

than in the other two cases. For the monostatic mode, the proposed PEA-based method

has a better performance when the SNR is below about 20 dB.

When the SNR exceeds 20 dB, the proposed PEA-based method in monostatic

mode yields higher but acceptable NMSE than the CDIR method. This is because

we deliberately introduced L redundant data equations to simplify computational

complexity and unify the CE algorithm with a semi-closed-form expression for both

working modes. These equations are constructed from actual pilot data via matrix

completion, and will cause minor estimation errors by assigning slightly larger weights

to these redundant equations. The CDIR method adopts an iterative optimization

approach designed specifically for monostatic mode. Its drawbacks include empirically

determined iteration counts and high complexity. This method achieves marginally

better accuracy at high SNR, but convergence slows at low SNR. Considering
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Fig. 7 Estimation error of G with different SNR, where L = 2

RIS deployment scenarios—typically user-proximal and BS-distanced [1, 4]—received

pilots frequently operate in low-SNR regimes. Therefore, the proposed PEA-based

method demonstrates stronger suitability.

Using the proposed PEA-based method and the reference method, Fig. 8 demon-

strates how the estimation error (NMSE) varies with the number of transmitting

antennas L when the SNR is -10, 0, and 10 dB. The experimental results show that

the number of pilot transmitting antenna L has a certain degree of influence on the

estimation error. Specifically, as L increases, the estimation error decreases. This is

because a larger L results in more overdetermined equations for CE. Furthermore,

the impact of SNR on the estimation error is also significant. For instance, the curve

representing the estimation error drops more rapidly at 10 dB compared to 0 dB,

and it drops more slowly at -10 dB. Therefore, in practical applications, a reasonable

selection of the number of pilot transmitting antennas is crucial. This involves making

appropriate compromises between SNR, pilot overhead, and CE errors.

Optimizing this problem involves numerous parameters, such as antenna config-

urations, pilot overhead, channel conditions, beamforming algorithms, and so on.

Some papers study this issue by examining the curve of estimation accuracy versus
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Fig. 8 Estimation error of G with different number of transmitting antenna L.

pilot overhead or by evaluating the ultimate channel capacity [5, 15]. The former

approach presents overly simplistic results and fails to reflect the weighting of various

parameters, while the latter requires consideration of beamforming algorithms.

Given that this problem falls into multi-objective optimization, where CE error

and pilot overhead form a pair of mutually conflicting objective functions, this paper

employs a Pareto analysis based optimization method and presents numerical results

for optimizing the selection of the number of BS and RIS antennas [30]. In the Pareto

analysis, the channel conditions are fixed at typical values: the SNR of the received

pilots is 10 dB, the ratio of coherent time is α = 2, and the number of users is

K = 8. Objective function 1 is the pilot overhead, which is a function of N , M , and

L. Objective function 2 is the estimation error, represented by the numerical results

of the proposed PEA-based optimization method. After applying the Pareto search

algorithm, the optimization results are presented in Fig. 9 and Fig. 10. The Pareto

frontier is illustrated with the horizontal axis representing the pilot overhead and the

vertical axis representing the estimation error, along with the corresponding antenna

configurations. In practical system design, considering factors such as overall system

requirements and hardware implementation costs, an optimized antenna configuration

is selected to ensure that both objective functions lie on the Pareto frontier.
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In order to compare the estimation accuracy with other CE methods, Fig.11 shows

the NMSE of the cascaded channel Ck with different SNR. We can see that the NMSE

decreases as SNR becomes large except for the sparsity-based CE method [15, 16].

This is because the modified sparsity-based method and its modified OMP algorithm

cannot achieve a meaningful CE when the sparsity is not available in Rician channels.

The results show that the proposed PEA-based method obtains lower NMSE than the

multi-user CE method and the referenced CDIR method. The MVU CE method in [7]

30



-5 0 5 10 15 20 25 30
SNR /dB

-60

-50

-40

-30

-20

-10

0

10

20

30

40

N
M

S
E

 /d
B

Referenced CDIR method [19]
MVU estimator [7]
Multi-user estimator [13]
Sparsity-based method [15]
Proposed PEA-based method (monostatic mode)
Proposed PEA-based method (mixed mode)

Fig. 11 Estimation error of the cascaded channel Ck with different uplink SNR.

is more accurate. This is mainly because the pilot overhead is an order of magnitude

higher than those of other methods.

7 Conclusion

In this paper, we propose an optimal scheme of two-timescale CE framework for RIS-

assisted wireless system. The primary contribution includes reformulating the CE

problem into a set of optimum equations for two full-duplex working modes, and

introducing a novel PEA-based optimal algorithm. Simulations demonstrate the pro-

posed algorithm has lower computation complexity and acceptable estimation error

compared to the referenced CE method. In future work, we plan to explore the sta-

tistical properties of the BS-RIS channel and leverage machine learning methods to

improve CE accuracy. Specifically, to explore the channel’s statistical properties, we

believe that integrating the sparse channel assumption into the system model and

applying a sparse representation to the BS-RIS backscattered channels, followed by

specific mathematical derivation and experimental validation of the PEA optimization

method, represents a promising direction for future research.
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