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Classical linearized gravity admits a dual formulation in terms of a higher-rank tensor field. However,
proposing a prescription for the instanton sectors of linearized gravity and its dual, we show that they may
be quantum inequivalent. The duality anomaly is obtained by resolving the dual graviton theories into
vector-valued p-form electrodynamics and is controlled by three topological invariants: the Reidemeister
torsion, Ray-Singer torsion, and twisted Euler characteristic. Under the proposed instanton prescription, the
duality anomaly vanishes for an odd number of spacetime dimensions as a consequence of the celebrated
Cheeger-Müller theorem. In the presence of a gravitational θ-term, the partition function is a modular form
in direct analogy to Abelian S-duality for Maxwell theory.
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I. INTRODUCTION

It sometimes happens that a theory admits a dual
description that, although ostensibly distinct, is in fact
physically equivalent. The most relevant example here is
Montonen-Olive/S-duality in (supersymmetric) quantum
field theory [1–4], but dualities have played pivotal role
in the development of modern physics across diverse
domains: bosonization [5] in Luttinger liquids and
Majorana zero modes [7–9], Kramers-Wannier duality in
the Ising model [10], particle-vortex duality in the frac-
tional quantum Hall effect [11–15], S-duality in symmetry
protected topological phases [16], and U-duality in super-
gravity and string/M-theory [17–21], to name but a few.
Often such dualities shed new light on otherwise inacces-
sible facets of the phenomenology [22] and may reveal
deep links to mathematics, such as mirror symmetry and the
geometric Langlands correspondence [24].
An early example is the classical electric-magnetic duality

of d ¼ 3þ 1 Maxwell theory, a precursor to Montonen-
Olive S-duality. Electric-magnetic duality requires magnetic
monopoles which, as Dirac argued, would imply electric
charge quantization [25]. More generally, Abelian p-form

gauge theories [26] in d spacetime dimensions enjoy a
classical electric-magnetic duality [27] in which the p-form
gauge potential A is dualized to a ðd − 2 − pÞ-form
potential Ã via the relation dA ¼ ⋆dÃ, where ⋆ is the
Hodge dual. Such electric-magnetic duality is a pervasive
phenomenon in classical gauge theory, at least for free
theories; cf. Refs. [28–30]. However, a classical electric-
magnetic duality may be anomalous at the quantum level
[31–35]. Rather than thinking of this as a failure, there are
at least two opportunities presented by such an obstruction.
First, constraining the theory to achieve anomaly freedom
(covariance) frequently entails important insights [36], as in
Dirac’s charge quantization condition. Second, the dual
description may allow for a more favorable quantization.
Historically, both takes have proven effective.
Given these successes, it is natural to seek generaliza-

tions to the more challenging context of gravitational
dualities. In particular, there exists a dual formulation
[44–50] of linearized gravity propagating on a background
manifold ðM; gÞ. The perturbative graviton, hμν, is replaced
by a vector-valued (d − 3)-form, h̃μ1…μd−3ν, with corre-
sponding symmetry constraints [51]. Going beyond the
free theory, in Ref. [47], an action including the full dual
graviton g̃μ1…μd−3ν and graviton gμν together is introduced
and shown to yield a theory equivalent to Einstein-Hilbert
gravity [53], establishing directly the equivalence of the
linearized dual graviton theories. Although standing alone,
such dual formulations of gravity also inevitably arise in
manifesting M-theory dualities [45–47,56–62] and in
gravitational generalized symmetries [63–69].
It is natural then to ask whether the duality anomaly

persists. We address this question here. The answer rests on
elegant relations among topological invariants, notably the
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Cheeger-Müller theorem [70–73], and subtle points regard-
ing the nature of instantons in linearized gravity. Our
analysis relies crucially on resolving the symmetry con-
straints of the linearized (dual) graviton, using the Batalin-
Vilkovisky (BV) formalism [74–78], to rearticulate it as a
T�M-valued (d − 3)-form field. This implies that the
positive-energy mode contributions to the dual partition
functions combine into the Ray-Singer analytic torsion, as
witnessed for dual p-form Maxwell theories [32]. In the
latter case, the zero modes and instantons conspire to cancel
the anomaly in odd dimensions [35]. However, the corre-
sponding treatment in the gravitational setting is less
clear since the linearization of the “instantons” is not
obvious [79]. Here, we propose a prescription for the
instantons as elements of Hpþ1ðM;ZÞ and compute the
duality anomaly for linearized gravity on a flat background
metric. We find that the anomaly is

Zgrav=Z̃grav ¼ ðκ=κ̃Þ12χðM;T�MÞ; ð1Þ

where κ (κ̃) is the (dual) linearized gravity coupling
constant and χðM;T�MÞ is the Euler characteristic for
the cohomology of M twisted with respect to the local
system given by T�M [80]. The purely topological char-
acterization of the anomaly and its absence in odd dimen-
sions a posteriori justify our instanton prescription.
Moreover, it suggests a number of entailments regarding
the definition of the partition function for gravity and
dualities in string/M-theory that we expand on in the
conclusions.

II. CHEEGER-MÜLLER THEOREM

Suppose that we are given a closed oriented connected
Riemannian manifold ðM; gÞ and a vector bundle
E ↠ M equipped with a flat connection and a compatible
metric.

A. Ray-Singer analytic torsion

The space of E-valued differential forms Ω•ðM;EÞ
has canonical covariant (since E is flat) differential
d∶Ω•ðM;EÞ → Ω•þ1ðM;EÞ. The metrics on M and E
induce an adjoint d†∶Ω•ðM;EÞ → Ω•−1ðM;EÞ, in terms
of which one can define the Laplace–de Rham operator
ΔE

p∶ΩpðM;EÞ → ΩpðM;EÞ as ΔE
p ¼ dd† þ d†d. Since M

is compact, ΔE
p is positive semidefinite with pure point

spectrum fλng. Ray and Singer defined the zeta-function-
regularized determinant restricted to the strictly positive
spectrum,

det0
�
ΔE

p

� ¼ exp
�
−ðζEk Þ0ð0Þ

�
; ð2Þ

via the analytic continuation of ζEk ðsÞ ¼
P

λn>0 λ
−s. The

Ray-Singer analytic torsion [81–83] is then defined as

τRSðM;EÞ ¼
Yd
k¼0

det0
�
ΔE

k

�−ð−1Þkk=2: ð3Þ

B. Reidemeister torsion

Consider the E-valued cohomology HkðM;EÞ (with
integer coefficients). This is a finitely generated Abelian
group, such that we may decompose it (noncanonically) as
a direct sum of a torsion-free part Free ðHkðM;EÞÞ and the
torsion part TorðHkðM;EÞÞ,

HkðM;EÞ ≅ Free
�
HkðM;EÞ� ⊕ Tor

�
HkðM;EÞ�: ð4Þ

Picking a topological basis fwig on FreeðHkðM;EÞÞ, we
may represent the metric as a bEk × bEk matrix ½Γk�ij ¼
½M�⌢ð½wi�⌣½wj�Þ [84], where bEk is the rank (kth Betti
number) of the free Z-module FreeðHkðM;EÞÞ. The
Reidemeister torsion [86–88] is the quantity

τReidðM;EÞ ¼
Yd
k¼0

detΓð−1Þk=2
k

��TorðHkÞ��ð−1Þkþ1

; ð5Þ

where jGj denotes the order (cardinality) of a finite
group G. (For the torsion subgroup factor, see Ref. [16],
Appendix E.) It can be shown that it does not depend on the
arbitrary choice of topological basis, so it is an invariant of
the topological manifold M and the flat vector bundle E.
The Cheeger-Müller theorem [70–73] states that, when

TorðHkðM;EÞÞ ¼ 0, τRSðM;EÞ ¼ τReidðM;EÞ, as conjec-
tured by Ray and Singer.

III. DUALITIES FOR p-FORM
ELECTRODYNAMICS

In the partition function of higher gauge theories [89]
(such as p-form electrodynamics), the ghosts, ghosts-for-
ghosts, and so on are important [90]. To this end, we
employ the BV formalism.
The BV action for an Abelian p-form gauge potential A

(valued in the trivial line bundle E ¼ M ×R) is

S ¼ 1

q

Z
dA ∧ ⋆dAþ Aþ ∧ dcð0Þ þ cþð−1Þ ∧ dcð−1Þ � � �

×…þ cþð2−pÞ ∧ dcð1−pÞ; ð6Þ

where q is the coupling constant. In addition to A, this
action involves the tower of ðp − 1þ iÞ-form field ghosts
cðiÞ, with ghost number 1 − i, as well as the corresponding
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antifields Aþ; cþð0Þ;…; cþð1−pÞ. Gauge fixing involves (see

Ref. [91], Sec. 4.4) the introduction of a large number of
trivial pairs of Nakanishi-Lautrup fields and antighosts,
ðbði;jÞ; c̄ði;jÞÞ, where i∈ f1 − p;…; 0g; j∈ fi − 1; iþ 1;…;
−i − 3;−i − 1g, and their corresponding antifields. Here,
c̄ði;jÞ is a ðp − 1þ iÞ-form field of ghost number j, and
bði;jÞ is an auxiliary ðp − 1 − iÞ-form field of ghost number
jþ 1. After gauge fixing in (the p-form analog of)
Feynman gauge and integrating out the auxiliary
Nakanishi-Lautrup fields bði;jÞ, we are left with

S ¼ 1

q

Z
1

2
A ∧ ⋆ΔAþ

X0
i¼1−p

c̄ði;i−1Þ ∧ ⋆ΔcðiÞ

þ 1

2

X0
i¼1−p

X−i−1
j¼iþ1

i=≡j ðmod 2Þ

c̄ði;−jÞ ∧ ⋆Δc̄ði;jÞ; ð7Þ

where Δ ¼ dd† þ d†d is the Laplace-de Rham operator.
The partition function Zp ¼ R DADc exp S, where we

have denoted the measure for the ghost tower by Dc, splits
into three contributions: (i) the positive eigenvalues of Δ,
which involve the zeta-regularized determinant det0Δ;
(ii) the zero modes of Δ, which involve HkðM;ZÞ for
k ≤ p; and (iii) a sum over the possible Uð1Þ (p − 1)-
gerbes [89,92] on M, which involves Hpþ1ðM;ZÞ.
In evaluating the ratio of the dual partition functions
Zp=Z̃d−p−2 that characterizes the duality anomaly of
p-form electrodynamics, all three contributions come into
play. The first contribution organizes itself into the Ray-
Singer torsion [32]; the second and third contributions
organize themselves into the Reidemeister torsion with
some additional factors [35]. When d is odd, the two
contributions precisely cancel each other out due to the
Cheeger-Müller theorem; when d is even, one finds [see
Ref. [35], Eq. (1.1)]

Zp=Z̃d−p−2 ¼ ðq=q̃Þ12ð−1Þpþ1χðMÞ; ð8Þ

where χðMÞ is the Euler characteristic of M and q̃ ¼ 2π=q
is dual the coupling constant.

IV. LINEARIZED (DUAL) GRAVITY

In this section, ðM; gÞ is a closed oriented Riemannian
manifold. We further assume g is flat so that T�M is flat and
we may employ the Cheeger-Müller theorem.

A. T�M-valued p-form resolution of the graviton

Consider linearized gravity (with no cosmological con-
stant) atop a background Riemannian manifold ðM; gÞ. In
terms of a perturbative metric

ffiffiffi
κ

p
hμν ¼ gdynamical

μν − gμν,
where gdynamical is the dynamical metric and κ ¼ 8πG is
the gravitational constant, the massless BV Fierz-Pauli

action for linearized gravity is simply

SFP ¼
1

κ2

Z
ðvolgLFP½h�Þ þ hþμν∇μXν; ð9Þ

where LFP½h� is the familiar massless Fierz-Pauli

Lagrangian density, κ2 ¼ 16πGðdÞ
N c−3, volg ¼ ddx

ffiffiffiffiffiffiffiffiffiffiffiffiffij det gjp
is the volume form, h ¼ hμνgμν is the trace, hþμν is the
graviton antifield tensor density, and Xμ is the diffeo-
morphism ghost.
Harmonic gauge, ∂μhνμ ¼ 1

2
∂νh, reduces the action to

SFP ¼
1

κ2

Z
volg

�
1

4
hμνΔhμν þ X̄μΔXμ

�
; ð10Þ

where X̄μ is the diffeomorphism antighost and Δ is the
Laplacian with respect to g.
At this point, one could express the positive-energy-

mode contribution to the partition function in terms of
the determinant of the Laplacian on symmetric rank-2
tensor fields, Zosc ¼ ðdet0ðΔTM⊙MTM

0 ÞÞ−1=2det0ðΔ1Þ [93].
However, we can short circuit much of this by the following
trick: similar to the generalized metric in generalized
geometry (see, e.g., Refs. [94,95]), we may add an extra
sector corresponding to a two-form (Kalb-Ramond-type)
field Bμν and consider

Hμν ¼
1ffiffiffi
2

p �
hμν þ Bμν

�
; ð11Þ

which is a 2-tensor without any symmetry properties. We
may regard Hν ¼ Hμνdxμ as a T�M-valued 1-form [96]
so that

SFP;gf ¼
1

κ2

�
ST

�M
1 − S2 þ S̄1 − S0

	
; ð12Þ

where

ST
�M

1 ¼
Z

1

2
Hμ ∧ ⋆ΔHμ þ X̄μ ∧ ⋆ΔXμ ð13aÞ

SM×R
2 ¼

Z
1

2
B ∧ ⋆ΔBþ

X0
i¼−1

c̄ði;i−1Þ ∧ ⋆ΔcðiÞ

þ 1

2
c̄ð−1;0Þ ∧ ⋆Δc̄ð−1;0Þ ð13bÞ

S̄M×R
1 ¼

Z
c̄ð0;−1Þ ∧ ⋆Δcð0Þ þ c̄ð−1;−2Þ ∧ ⋆Δcð−1Þ

þ 1

2
c̄ð−1;0Þ ∧ ⋆Δc̄ð−1;0Þ þ 1

2
ϕ ∧ ⋆Δϕ ð13cÞ

SM×R
0 ¼

Z
1

2
ϕ ∧ ⋆Δϕ: ð13dÞ
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Here, SEp is the gauge-fixed BV action for an Abelian p-
form valued in the flat vector bundle E; cf. Eq. (7). The
S̄M×R
1 term may be thought of as two copies of Maxwell

theory with wrong statistics, that is, a pair of anticommut-
ing vector fields c̄ð0;−1Þ and cð0Þ together with their requisite
commuting scalar (anti)ghosts c̄ð−1;−2Þ; cð−1Þ; c̄ð−1;0Þ;ϕ.
In terms of the degree-of-freedom count, the identity (12)

may be expressed as 1
2
dðd − 3Þ ¼ ðdðd

1
Þ − 2dðd

0
ÞÞ−

ððd
2
Þ − 2ðd

1
Þ þ 3ðd

0
ÞÞ − 2ððd

1
Þ − 2ðd

0
ÞÞ − 1.

We therefore may write the partition function Zgrav for
linearized gravity as

Zgrav ¼
ZT�M
1 ðZ̄M×R

1 Þ2
ZM×R
2 ZM×R

0

¼ ZT�M
1

ZM×R
2 ðZM×R

1 Þ2ZM×R
0

; ð14Þ

where we have used the fact that reversing the statistics
inverts the partition function, Z̄E

p ¼ 1=ZE
p.

B. T�M-valued p-form resolution of the dual graviton

The dual graviton h̃μν1…νd−3 in Refs. [45,47,48] trans-
forms in the GLðdÞ-representation given by the Young
diagrams

ð15Þ

That is, h̃μν1…νd−3 ¼ h̃μ½ν1…νd−3� and h̃½μν1…νd−3� ¼ 0. For
convenience, let us call such tensor a ½1; d − 3�-tensor.
The field h̃ transforms under a gauge transformation

valued in a T�M-valued (d − 4)-form as

δh̃μν1…νd−3 ¼ X̃ð0Þ
μ½ν1…νd−4;νd−3� − X̃ð0Þ

½μν1…νd−4;νd−3�: ð16Þ

When d ¼ 4, then X̃ð0Þ
μ is merely T�M-valued 0-form, and

this reduces to the standard linearized diffeomorphism

δh̃μν ¼ X̃ð0Þ
ðμ;νÞ, while for d > 4, X̃ð0Þ

μν1…νd−4 decomposes

into the irreducible (d − 3)-form and ½1; d − 4�-tensor
GLðdÞ-representations; cf. Refs. [48], Eq. (3.27) and [49],
Eq. (2.1). In formulating the complete BV action, it is
convenient for us not to make this decomposition, however.
Additionally, there is a tower of T�M-valued ðd − 4 − iÞ-

form ghosts, i∈ f0;…; d − 4g, for higher-order gauge-for-
gauge symmetries [97,98] given by

δX̃ð−iÞ
μν1…νd−4−i ¼ X̃ð−i−1Þ

μ½ν1…νd−5−i;νd−4−i�: ð17Þ

Thus, the BV action is

S̃ ¼ S̃F̃P þ
1

κ̃2

�Z
hþμν1…νd−3X̃ð0Þ

μ½ν1…νd−4;νd−3�

þ
X0
i¼5−d

X̃þμν1…νd−4þi

ðiÞ X̃ði−1Þ
μ½ν1…νd−5þi;νd−4þi�

�
; ð18Þ

where S̃F̃P is the ordinary action for the dual graviton
[44,97,98] and κ̃ ¼ 2π=κ.
Applying a suitable gauge choice [97], one obtains

S̃gf ∝
Z

1

2
h̃μ ∧ ⋆Δh̃μ þ

X0
i¼4−d

¯̃Xði;i−1Þ
μ ∧ ⋆ΔX̃ðiÞμ

þ 1

2

X0
i¼4−d

X−i−1
j¼iþ1

i=≡j ðmod 2Þ

¯̃Xði;−jÞ
μ ∧ ⋆Δ ¯̃Xði;jÞμ; ð19Þ

where we have added ðd − 4 − iÞ-form antighosts ¯̃Xði;jÞ
μ of

ghost number j and used T�M-valued p-form notation
ωμ ¼ 1

p!ωμν1…νpdx
ν1 ∧ � � � ∧ dxνp . The degree-of-freedom

counting is thus as expected:

1

2
dðd − 3Þ ¼ d

�
d

d − 3

�
−
�

d
d − 2

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

h̃

−
X0
i¼4−d

ð−1Þið2 − iÞd
�

d
d − 4þ i

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

XðiÞ;X̄ði;jÞ

: ð20Þ

Now, similar to (12), we may introduce an extra
(d − 2)-form field B̃μν1…νd−3 ¼ B̃½μν1…νd−3� to write

H̃μν1…νd−3 ¼ h̃μν1…νd−3 þ
1ffiffiffiffiffiffiffiffiffiffiffi
d − 2

p B̃μν1…νd−3 ; ð21Þ

such that H̃μν1…νd−3 is an arbitrary T�M-valued (d − 3)-
form. Then, S̃gf ¼ 1

κ̃2
ðST�M

d−3 − Sd−2 þ S̄d−3 − Sd−4Þ, where

ST
�M

d−3 ¼
Z

1

2
H̃μ ∧ ⋆ΔH̃μ þ

X0
i¼4−d

¯̃XðiÞμ ∧ ⋆ΔX̃ðiÞ
μ

þ 1

2

X0
i¼4−d

X−i−1
j¼iþ1

i=≡j ðmod 2Þ

¯̃Xði;−jÞ
μ ∧ ⋆Δ ¯̃Xði;jÞμ ð22aÞ

Sd−2 ¼
Z

1

2
B̃ ∧ ⋆ΔB̃þ

X0
i¼3−d

c̄ði;i−1Þ ∧ ⋆ΔcðiÞ

þ 1

2

X0
i¼3−d

X−i−1
j¼iþ1

i=≡j ðmod 2Þ

c̄ði;−jÞ ∧ ⋆Δc̄ði;jÞ ð22bÞ
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S̄d−3 ¼
Z X0

i¼3−d

 
c̄ði;i−1Þ ∧ ⋆ΔcðiÞ þ 1

2

X−i−1
j¼iþ1

i=≡j ðmod 2Þ

c̄ði;−jÞ ∧ ⋆Δc̄ði;jÞ
!

þ
X0
i¼5−d

 
Λ̄ði;i−1Þ ∧ ⋆ΔΛðiÞ þ 1

2

X−i−1
j¼iþ1

i=≡j ðmod 2Þ

Λ̄ði;−jÞ ∧ ⋆ΔΛ̄ði;jÞ
!
þ 1

2
ϕ̃ ∧ ⋆Δϕ̃ ð22cÞ

Sd−4 ¼
Z

1

2
ϕ̃ ∧ ⋆Δϕ̃þ

X0
i¼5−d

Λ̄ði;i−1Þ ∧ ⋆ΔΛðiÞ þ 1

2

X0
i¼5−d

X−i−1
j¼iþ1

i=≡j ðmod 2Þ

Λ̄ði;−jÞ ∧ ⋆ΔΛ̄ði;jÞ; ð22dÞ

where we have introduced the p-form BV triangles of
(anti)ghosts cðiÞ; cði;jÞ;ΛðiÞ;Λði;jÞ as required. These are, in
an obvious sense [99], dual to the (anti)ghosts of (12); for
instance, the (d − 4)-form ϕ̃ and its associated and BV
triangle ΛðiÞ; Λ̄ði;jÞ is dual to the 2-form field B in (13b).
Then, we may interpret each term in (22) as follows:

ST
�M

d−3 is the action for an unconstrained T�M-valued
(d − 3)-form gauge field, dual to (13a); Sd−2 is the action
for a (d − 2)-form gauge field, dual to the (13b); S̄d−3 is the
action for a pair of wrong statistic (d − 3)-form fields, dual
to (13b); and Sd−4 is the action for a (d − 4)-form gauge
field, dual to the S2 in (13c). Again, the total degree-of-
freedom count correctly matches 1

2
dðd − 3Þ.

Putting these contributions together, the dual partition
function Z̃grav for the dual graviton may be written as

Z̃grav ¼
ZT�M
d−3

ZM×R
d−4 ðZM×R

d−3 Þ2ZM×R
d−2

: ð23Þ

C. Duality anomaly for linearized gravity

Using (14) and (23), the duality anomaly is given by

Zgrav

Z̃grav
¼ ZT�M

1

ZT�M
d−3

·
ZM×R
d−2

ZM×R
0

·
ZM×R
d−4

ZM×R
2

·

�
ZM×R
d−3

ZM×R
1

�
2

: ð24Þ

Noting each factor is a ratio of dual E-valued p-form
partition functions, upon generalizing [35] to vector-
bundle-valued p-form fields, the positive-energy modes
yield the Ray-Singer torsion for E → M, while the zero
modes and instantons combine into the Reidemeister tor-
sion up to an anomaly given by ðκ=κ̃Þ12χðM;T�MÞ to yield (1).
In d ¼ 4 [100], one can add a gravitational θ-term, the

linearization and resolution of θ
R
R ∧ R. In this case,

the duality is extend to a modular SLð2;ZÞ action on
τ ¼ θ

2
þ i 2π

κ2
. The partition function is then a modular form,

Z̃ðτÞ ¼ eiστ−
1
4
ðχ−σÞτ̄−1

4
ðχþσÞZð−1=τÞ, up to a phase given by

the twisted Hirzebruch signature σðM;T�MÞ. This is in
direct analogy to Abelian S-duality [33], with the corre-
sponding phase identified in Refs. [16,34,35]. Accordingly,

the duality interchanges the linearized first Bianchi iden-
tities [101] and equations of motion of the dual gravitons
[28], which in d ¼ 4 can be placed into an SLð2;ZÞ
doublet. Finally, if we dimensionally reduce the dual gravi-
tons to d ¼ 4, we obtain dual graviphotons (Maxwell
gauge potentials) that are related by an Abelian S-duality.
Arriving at these conclusions relied on the Cheeger-

Müller theorem equating the Ray-Singer and Reidemeister
torsions. In doing so, T�M must be assumed flat [102], but
in establishing the existence of anomalies, this is no loss.
Less trivially, the T�M-valued p-form instantons must be
taken to be in Hpþ1ðM;ZÞ, a matter we turn to now.

D. Instanton sector

The gravitational duality anomaly (1) depends crucially
on the contributions from zero modes and instantons.
Indeed, if one were to ignore them, the duality anomaly
would vanish in even dimensions and not in odd dimen-
sions [103], contradicting standard expectations.
The zero modes straightforwardly correspond to the zero

eigenvalues of the Laplace–de Rham operator for (vector-
bundle-valued) differential forms, including those for
ghosts. On the other hand, the prescription for instantons
is more subtle. For p-form electrodynamics, the instanton
sectors are given by topologically inequivalent gerbes or,
equivalently, the integer cohomology classes Hpþ1ðM;ZÞ;
the possible gauge fields are connections on one of the
possible gerbes on M. There is, however, no analog for
general relativity on a fixed smooth spacetime manifoldM;
all metrics are (nondegenerate) sections of the one fixed
bundle, Sym2ðT�MÞ. Rather, the gravitational partition
function includes the sum over all possible topologies
and smooth structures of the spacetime manifold M. Apart
from being technically difficult to compute, the “lineari-
zation” appropriate for massless Fierz-Pauli gravity, which
involves a single fixed background metric, topology, and
smooth structure, is not obvious.
To some extent, this is an issue of semantics in defining

what the quantum theory of the massless Fierz-Pauli model
(and its dual) should be. What ought to be summed over in
the path integral? Here, we have defined the instanton
sectors of the dual graviton theories to be
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“
HnðM;TMÞ

Hnþ1ðMÞ ⊕ HnðMÞ ⊕ HnðMÞ ⊕ Hn−1ðMÞ ; ” ð25Þ

where n ¼ 2 for the dual graviton and n ¼ d − 2 for the
dual graviton so that they are related via Poincaré duality.
This expression is enclosed in quotes since it is not a true
quotient but rather a suggestive notation for the prescription
that there is a multiplicative factor corresponding to a sum
over HnðM;TMÞ and the inverse of a factor corresponding
to a sum over Hnþ1ðMÞ ⊕ HnðMÞ ⊕ HnðMÞ ⊕ Hn−1ðMÞ.
The intuition behind (25) is that the (dual) graviton
[resolved to a T�M-valued ðd − 3Þ=1-form] instantons
contribute a factor ofHnðM;TMÞ, the cohomology relevant
to the integral T�M-valued curvatures. However, this over-
counts due to the ghost integral curvatures, hence the
denominator Hnþ1ðMÞ ⊕ HnðMÞ ⊕ HnðMÞ ⊕ Hn−1ðMÞ,
which subtracts the ghost instanton contributions.
Intrinsically, the prescription (25) makes sense if the

Fierz-Pauli model is considered as a gauge theory in its own
right: we are simply summing over all ways in which the
field Hμν can have nontrivial Čech cocycles, modulo the
corresponding nontrivialČech cocycles for Bμν ¼ H½μν� and
the corresponding (anti)ghosts, and similarly for the dual
graviton. This seems a natural, and almost inevitable,
contribution to the path integral. Extrinsically, one can
always combine a massive Fierz-Pauli model with its dual
to manifest a classical Uð1Þ duality symmetry that should
only be anomalous in even dimensions, since anomalies are
given by certain characteristic classes of even degree. This
requires the instanton sectors be given by (25). Turing this
around, duality anomaly freedom (or modularity) can be
used as a heuristic identifying the correct path integral,
which cannot be inferred from the classical action alone.

V. CONCLUSIONS

Providing an instanton prescription and resolving
Sym2ðT�MÞ into Ω1ðM;T�MÞ, we have shown that the
linear graviton duality anomaly is controlled by the Euler
characteristic and, when a θ-term is included, that the
partition function is a modular form on θ

2
þ i 2π

κ2
. A number

of implications and generalizations present themselves.
Most obviously, the resolution method should be directly

applicable to the numerous exotic dualities for various
spins [28,48], sufficing to compute the duality anomalies
and to identify an instanton sector prescription.
More ambitiously, recall the invocation of the Cheeger-

Müller theorem required T�M be flat so as to form a
representation of π1ðMÞ. Physically, there is no reason for
this restriction: the anomaly should always exist and be an

invariant of the smooth structure of M. This suggests an
extension of the Cheeger-Müller theorem that applies for
nonflat vector bundles. On the “analytic” side, it would
involve the zeta-regularized determinant and zero modes of
the Lichnerowicz operator differing from the Laplace–de
Rham operator Δ by curvature terms, ΔLhμν ¼ Δhμν −
2Rμρνσhρσ þ 2RðμρhνÞρ, for which there exist known
results [93]. Pushing this even further, one could consider
the sum over background metrics, then differentiable
structures and even topologies, but here one would expect
the anomaly to factorize over the sum.
Of course, here we have only treated the linearized

graviton partition functions. Ultimately, the full interacting
theories should be considered. However, the linearized
duality anomaly calculation is nonetheless an important
step since either it persists in the full theory (which is
perhaps the default expectation) or it is miraculously
canceled upon including interaction (in which case know-
ing the linearized anomaly independent is an essential
ingredient).
Finally, dual gravitons, and related generalizations

thereof, arise in various approaches to quantum gravity
[104], M/E-theory [45–47,56–62] and generalized sym-
metries [63–69]; the duality anomaly may have nontrivial
consequences in such contexts. For instance, building on
the argument of Ref. [105], the vanishing of the gravita-
tional and Abelian 3-form duality anomalies in M-theory
(since d ¼ 11), implies anomaly freedom for type-IIA
string theory. The anomaly of the IIA massless sector is
canceled precisely by that of the M-theory Kaluza-Klein
tower [106]. Put another way, insisting on duality anomaly
freedom in type IIA implies the existence of the M-theory
Kaluza-Klein spectrum. More radically, it is tempting to
speculate that, just as the S-duality of d ¼ 4;N ¼ 4 super-
Yang-Mills theory is a consequence of d ¼ 6 string/string
duality [4] and the self-dual d ¼ 6;N ¼ ð2; 0Þ theory
[108], the modularity of the d ¼ 4 linearized graviton
partition function observed here is a remnant of the
conjectured self-dual d ¼ 6;N ¼ ð4; 0Þ “gravi-gerbe”
theory [46,61,109].
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