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ABSTRACT

This paper explores how time-varying increases in mass accretion onto rapidly spinning black holes influence their long-term
spin evolution when affected by superradiance - a process where energy is extracted from the black hole by a surrounding axion
field. Using simulations the study tracks how sudden accretion boosts affect a critical spin-down phase (the superradiance drop)
during which the black hole’s spin rapidly decreases while its mass remains nearly constant. The black hole spin evolution is
controlled by the competition between two processes: how fast angular momentum is added through accretion, and how fast it
is removed by the axion cloud. One major conclusion is that boosts to the accretion rate before the superradiance drop have the
strongest effect, as they can delay or reshape the drop and significantly shrink the region of the mass-spin plane depopulated
due to the superradiance. In particular, a super-Eddington accretion rate of 5 times Eddington accretion, lasting for 4 Myr and
occurring 30 Myr before the superradiance drop can reduce the superradiance exclusion region in the mass-spin plane by 40 %.
In contrast, boosts to the accretion rate after the superradiance drop only cause temporary changes in the black hole spin. The
study also shows that black holes with lighter axion clouds are more sensitive to these early boosts and can show observable spin
changes lasting tens to hundreds of millions of years. Heavier axion clouds, however, require much stronger or longer-lasting

boosts to produce similar effects, making them more stable under variable accretion.
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1 INTRODUCTION

For light bosonic fields (axions specifically), hydrogen-like gravita-
tional orbitals form around the black hole, much like the electromag-
netic orbitals of electrons in hydrogen atoms (Baumann et al. 2019b;
Arvanitaki & Dubovsky 2011; Arvanitaki et al. 2017). These orbitals
are known as axion clouds. The orbitals are derived by solving the
Klein-Gordon equations for a scalar field in the Kerr metric. When
the black hole is spinning fast enough (such that its horizon angular
velocity is greater than the angular phase velocity of a given orbital
wave mode) we observe a non-classical transfer of angular momen-
tum and energy from the black hole to the orbital (Zel’Dovich 1971;
Starobinskil 1973; Bardeen et al. 1972; Detweiler 1980). This effect,
known as superradiance, continues until the black hole spins down
enough so that the superradiance condition is no longer met. This
leads to certain mass/spin values of black holes being disfavoured
as the superradiance effect should rapidly evolve black holes away
from specific regions in the mass-spin parameter space (called the
Regge plane) (Arvanitaki & Dubovsky 2011). As the orbital phase
velocity depends on the mass of the boson, we can use data from the
observed masses and spins of black holes to constrain the mass of
possible bosonic fields (Brito et al. 2015; Stott & Marsh 2018).
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Observational signatures of superradiance have been explored us-
ing the measurements of stellar black holes to exclude the mass of
axions () in the range of 6 x 10713¢V < u < 107'2¢V (Cardoso
et al. 2018), and supermassive black holes to exclude the mass of the
axions in the range of 7 x 1072%¢V < u < 1071V (Stott & Marsh
2018). Further work has been done on the theoretical front by solving
these orbitals at higher orders, including self-interactions, relativis-
tic effects and coupling up to n = 5 (Witte & Mummery 2025; May
et al. 2025; Sarmah et al. 2025; Baryakhtar et al. 2021; Witek et al.
2013). Superradiance effects have also been analysed on more com-
plex black holes such as charged black holes (Li et al. 2025), which
showed that electromagnetic scattering intensity can be significantly
enhanced by superradiance. The emission of the gravitational waves
from the black hole and bosonic cloud system has also been pre-
dicted (Arvanitaki & Dubovsky 2011; Arvanitaki et al. 2017; Saha
et al. 2022; Davoudiasl & Denton 2019). Similarly to the atomic
case, binary black holes experience interaction between both orbitals
that can imprint themselves on emitted gravitational waves (Wong
2019; Baumann et al. 2019a). Binary interactions themselves can
also destabilise the boson cloud and even terminate superradiance
(Fan et al. 2024).

However, black holes do not exist in isolation in nature. Therefore,
matter surrounding the black hole can accrete onto it and affect the
superradiance process. Several studies have explored the effect of
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dark matter accretion (Hui et al. 2023) and baroynic accretion (Stott
& Marsh 2018; Brito et al. 2015) under the assumption of a constant
matter accretion rate onto the black hole. The main conclusions for
baryonic accretion showed that accretion can drive a black hole to
a stronger superradiance effect by increasing the black hole mass,
which in turn reduces the superradiance extraction timescale. This
allows a black hole, which previously had a low enough mass to be
far away from the exclusion region, to be driven towards it and hence
undergo rapid superradiant extraction. (Brito et al. 2015) further
showed that the energy density of the built-up scalar cloud is very low
even though the scalar cloud becomes a sizeable fraction of the black
hole mass. This is because the cloud is spread over a large distance,
with typical densities of the cloud below 1078 of the BH density(Brito
et al. 2015) pgy' Therefore, the backreaction is negligible, and the
Kerr metric still accurately describes the black hole. For this reason,
we will ignore backreaction effects and perturbations from the Kerr
metric throughout this project.

Itis well established that massive black hole growth is not constant
across cosmic time. Instead, the bulk of black hole mass is assem-
bled through multiple periods of radiatively efficient accretion with
overall lifetimes on the order of 108yr or more (Soltan 1982; Yu &
Tremaine 2002; McLure & Dunlop 2004; Trakhtenbrot et al. 2011).
Simulations have shown that even during active phases, accretion
rates onto black holes are highly variable. The clumpy nature of the
interstellar medium naturally leads to variability in the feeding rate
of black holes on timescales below a Myr (10°yr) (e.g. Dubois et al.
2015; Anglés-Alcézar et al. 2013; Beckmann et al. 2019; Prieto et al.
2017). More sustained boosts in accretion rate, lasting 107 years or
more, can be triggered by galaxy-wide events such as galaxy mergers
(Hopkins et al. 2006; Di Matteo et al. 2008; McAlpine et al. 2018;
Lapiner et al. 2021). In the early Universe, such accretion bursts can
exceed the Eddington limit (Regan et al. 2019; Massonneau et al.
2023; Husko et al. 2025; Lupi et al. 2024).

In this paper we investigate how periods of efficient accretion affect
the distribution of black hole spins and masses for supermassive black
holes in the presence of a scalar cloud. The remainder of this paper is
organised as follows: Sec. 2.1 and Sec. 2.2 detail how the black hole
superradiance model is created and any nomenclature we define. Sec.
2.3 develops a framework for analysing the timescales to understand
how superradiance works. Then low boost and high boost variable
accretion models are added to the black hole simulation in Sec. 3.1
and Sec. 3.2 respectively. The axion mass is then varied and the
effects of variable accretion are investigated in Sec. 3.3. The effects
of the accretion events are then collated and analysed against the
exclusion region in Sec. 3.4.

2 BLACK HOLE SUPERRADIANCE WITH ACCRETION
EVENTS

2.1 Superradiance Model

In this paper we use the model from Brito et al. (2015), to model the
impact of black hole superradiance on black hole spin in the presence
of accretion. Adjusting the model for our unit convention gives the
following equations:

1 ¢ (T 2ur
=56 o h ) (1)
48 GM \GM? i
! The black hole density is ppg = 32(;33716\42
4 BH
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M, = 2Msawr, 2
M = Macc — M;, (3)
J=Jacc - —. 4)
where @ = thM . Mg, M and u correspond to the axion cloud mass,

black hole mass and axion mass respectively. wy is the frequency term
for the lowest energy orbital that exhibits superradiance and can be
understood as the timescale of growth for a particular orbital. Macc
and Jacc are the rate of changes of mass and angular momentum,
due to the external baryonic accretion into the black hole. 7 is the
Planck constant, G the gravitational constant and ¢ the speed of
light. r; is the event horizon for a rotating black hole given by

202 2 . .
ry = GL—IZ‘” + 4/ Gcﬁ” - m Equations 3 and 4 are conservation

equations for mass and angular momentum respectively.

The lowest energy orbital that exhibits superradiance creates the
strongest superradiance effect and dominates the shape of the exclu-
sion region. The superradiant extraction timescale for the next orbital
exceeds the age of the universe for supermassive black holes. For this
reason, only the lowest energy orbital is considered here.

The dimensionless black hole spin parameter is defined as a =

G‘}\{ﬂ. When w; — 0 and no more angular momentum is exchanged
between axion cloud and black hole, a — a; where:
da
Acrit = m- ©)
This allows us to rewrite wr as:
1 3
1= EG—Mw — aerit)e’. (6)

To model the rate of gas mass accretion M cc onto the black hole,
we assume a thin accretion disc and parameterise Macc = fraaMEgdd
where fgqq is the Eddington ratio and Mgqq is the Eddington mass
accretion limit. To compute the angular momentum accretion onto
the black hole we follow Bardeen (1970):

. GM 1+2 —362}61@ -2 .
Jacc = Macc, @)
3cV3 | — 2GM
3c?risco

where rsco is the ISCO radius of the Kerr black hole. The positive
sign of the angular momentum accretion term also implies we are
only investigating the pro-grade accretion events.

2.2 Model parameters and nomenclature

We visualise the impact of superradiance by plotting the evolution
of our black holes on the black hole mass - spin plane, which is
known as the Regge plane. The exclusion region is defined to be
the region of the Regge plane predicted to be devoid of black holes
due to superradiance effects. The exclusion region is an important
diagnostic tool to constrain axion masses by comparing predicted
exclusion regions to observed black hole mass and spin values.

In this paper, we investigate the impact of discrete mass accretion
events on the distribution of black holes in the Regge plane, with
a particular view to understanding their impact on the shape of the
exclusion region. Each discontinuous boosts in accretion is applied



tev(Gyr) \ Ate,, (Myr) 10 15 20 25 30 40

0.16 LE1I0 LE15 LE20 LE25 LE30 LE40
0.26 LM10 LMI15 LM20 LM25 LM30 LM40
0.36 LL10 LL15 LL20 LL25 LL30 LL40

Table 1. Model labels for boosts to feqgq = 0.5. The columns represent Az,
which is the duration of the accretion boosts. The rows correspond to fe.,,
which is the time when the boosts are applied. Each cell corresponds to a
specific simulation scheme.

tev(Gyr) \ Aty (Myr) 1 1.5 2 2.5 3 4

0.16 HE1 HELl5 HE2 HE25 HE3 HE4
0.26 HM1 HMIL.5 HM2 HM25 HM3 HM4
0.36 HL1 HL1.5 HL2 HL25 HL3 HL4

Table 2. Model labels for boosts to feoqq = 5. The structure of the table is
the same as table 1.

at a fixed Eddington ratio fgqq, starting at a time z., and lasting for a
duration of At.,. Simulations presented in this paper are labelled as
follows:

(i) By the strength of their accretion boost: L(ow) for a boost to
feda = 0.5, H(igh) for a boost to fgqq = 5.

(i1) By the starting time of the boost z.,: E(arly) for ey = 0.16Gyr,
M(id) for ey = 0.26Gyr and L(ate) for tey = 0.36Gyr

(iii) A number to denote the boost duration Aty in Myr.

Simulations with boosted accretion are compared to a fiducial
simulation that retains fggg = 0.05 throughout. For example, a boost
to fead = S attey = 0.26 Gyr for 1 Myr would be denoted as HM1.

In this work, we ignore relativistic corrections when the black hole
spin approaches unity, and therefore limit the maximum allowed spin
to be below a = 0.998 (Thorne 1974). In practice, we set Jacc =0
when a = 0.998 and only include a non-zero accretion term in the
angular momentum conservation equations when a < 0.997. Mass
accretion Macc remains constant throughout. To predict the impact
of each accretion event on the Regge plane, we numerically solve the
equations laid out in Sec. 2.1 for a range of initial conditions that
vary:

The initial seed mass of axion cloud M,
The axion mass u

The initial black hole mass M

The initial spin of black hole a

The Regge plane exclusion region is illustrated below. The ex-
clusion region of a given simulation is denoted using S with the
simulation label as the argument. For example, the exclusion region
area of the HM1 case is denoted by S(HM1). The function S is
defined as follows:
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Exclusion Region Comparison
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Figure 1. An illustration of the exclusion region. fex for LE20 is the ratio
between the area of the green shaded region and the pink shaded region. ¢ is
the start of the first superradiance drop, #, is the end of the first superradiance
drop, and 73 is when the black hole is maximally spinning again (the end of
the simulation).

log M (75)
S=/ a(t =1, M)dlogM
logM(7y)
logM(713)
a(t =1, M)dlogM,

(®)

where 7 and 7 are the times for the start of the first superradiance
drop and the end of the drop, respectively, as shown in Fig. 1. 7, is
the time when a.jt = 1. As a evolves with time and can have multiple
values for a given black hole mass, piecewise functions dependent
on the simulation time must be used in the integral.

+ (log M (12) — log M (75)) —/

log M (71)

2.3 A discussion of relevant timescales

In this section we explore the impact of superradiance on the spin
evolution of black holes under two assumptions: no external mass
accretion, called noacc, and constant mass accretion at an Eddington
ratio of fggg = 0.05 called noboost. As can be seen in Fig. 2, in
both cases an initially maximally spinning black hole undergoes a
"superradiance drop" where the spin magnitude decreases as angular
momentum is extracted from the black hole by the axion cloud. The
drop happens earlier with accretion (noboost) than without (noacc).
To understand why the black hole spin evolves in this manner in both
cases it is instructional to consider the two timescales that govern
this evolution.

From Eq. 4, the timescale for superradiance to exchange angular
momentum between the axion cloud and the black hole is
J GaMz(%) b

==l 9
Ts J,  2ch u “1 ©

where J = %2“ In the absence of accretion, this is the only relevant
timescale governing the system. We will discuss noacc first to under-
stand how the different components in 7, influence the evolution.
For constant black hole mass M, we can write § o %wl which
means that the frequency term wy can also loosely be understood
as the rate of angular momentum extraction per axion particle since

% represents the number of axion particles in the axion cloud. This

MNRAS 000, 1-13 (2015)
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Figure 2. Time evolution of, from top to bottom, the characteristic timescales
T, and Tyec, the frequency of the lowest energy orbital wy, the axion cloud
mass Mg and the black hole spin a for the case without accretion (blue) and
a case of constant accretion of fgqq — 0.05.

means the rate of superradiance is higher when there are more axions
in the cloud, or when wy is larger.
Taking the log of 75,

J M? Gapu
1 =log(%=) = log(—) —1 log(—%). 1
og 75 = log( J) og( Ms) og(wr) + log( 2ok ) (10)

The first term is a ratio between the mass of the black hole and the
scalar cloud whilst the second term is the frequency.

As can be seen in Fig. 2, for our test black hole without accretion
(noboost, blue line) T is originally very high. Initially, wy is positive
and roughly constant as a changes slowly. As a result, the axion cloud
grows in mass (see Eq. 2 and third panel in Fig. 2) and 7, decreases.
Once 7 becomes sufficiently small to be comparable to ML, super-
radiance efficiently extracts angular momentum from the black hole
and a rapidly decreases: We refer to this as the "superradiance drop"
throughout the paper.

At this point there is a turning point in 75, with the behavior now
determined by wy: As wy — 0, the axion cloud mass stabilizes and T
continuously increases. As a result the transfer of angular momentum
between the black hole and the axion cloud ceases and the black hole
spin stabilised, as @ — ait. Since log wy does not asymptote to —oo,
the black hole spin never exactly reaches the critical spin. It should
be noted that %—z at late time adjusts such that it is relatively constant
so any shape behaviour in 7y is driven by wy.

MNRAS 000, 1-13 (2015)

The situation can be better understood by considering a discrete
picture of fixed time steps. A small w; with a black hole spin just
above the critical spin means the spin decays slightly closer to the
critical spin in a small time step as superradiant extraction still occurs.
This then reduces wy further through Eq. 6 so that for the next time
step, the amount of decay is slightly lower as 7y increases due to
a lower wy. This process continues and the difference in a — acyit
becomes orders of magnitude smaller.

The time at which the drop occurs depends on black hole mass.
If either the scalar cloud mass Mg or frequency of the black hole wy
are higher initially then 7y is lower initially and superradiance effects
can be observed faster. Since w; o« M® and 7, o« %—: = M~ from
Eq. 9, increasing black hole mass greatly reduces 7, and therefore the
characteristic timescale on which the problem evolves. By contrast,
a changes on the order of unity so the initial spin (and the evolution
of the spin throughout) has little influence on the evolution of the
system. M and Mg remain the dominant variables.

In the presence of accretion, the timescale of accretion also be-
comes relevant to the evolution of the system:

Tacc = i (11)
Jacc

is the timescale for the black hole to obtain angular momentum

through external mass accretion, where Jace follows Eq. 7.

Now consider external baryonic Eddington accretion onto the
black hole in this timescale framework. As can be seen in Fig. 2,
in the presence of accretion (noboost) the super-radiance drop oc-
curs earlier and the black hole spin a is not approximately constant
after the drop. Notably, the superradiance drop occurs in the brief

window while 7, < Tye.. From Eq. 4, once Jace < 5MS the black
hole starts losing angular momentum and a decreases, at first slowly
and then increasingly rapidly as 7, — wil when again a superra-
diance drop occurs. The sped-up evolution is mostly driven by an
increased rate of growth for Mg which causes 7, to decrease faster.
There is also a smaller increase in wy (decrease in — log wy before the
superradiance drop, not present in noacc which also speeds up the
evolution of the system.

Unlike in noacc, the spin a in noboost is not constant after the
drop but increases again with time. However, phenomenologically,
the two systems behave similarly, as this increasing spin at late times
is driven by the fact that a (M) and the critical spin continues to
increase as the black hole grows. During the superradiance drop,
wi rapidly decreases (—log wy increases) but then, unlike in noacc,
levels off longterm. This reflects the fact that a state of equilibrium
is established between the growth of the axion cloud and that of the
black hole. During each accretion event, the black hole finds itself at
a > aqit(M) i.e. the accreted angular momentum spins up the black
hole above the critical spin for its current mass. The change in ac
also explains why the drop in a is smaller for noboost than for noacc:
by the time the superradiance drop occurs, the black hole mass M
has grown in noboost, and as a result a; is higher. As 7g 2 Tacc,
superradiance extracts that extra angular momentum, driving the
longterm (albeit slow) evolution in Ms that can be seen in Fig. 2, and
keeping a ~ ai; over long periods of time.

Differentiating Eq. 5 gives the rate of increase in critical spin for
a given accretion rate as:

dagic  4(1—40?) Gu dM
dt — (1+4a2)? ch dt’

12)

dM/dt ~ Macc during the late time evolution since the mass



extraction rate due to the effect superradiance is at a maximum ~ ﬁ
of the mass accretion rate.

As the black hole mass continues to increases, 7, and T,c. continue
to balance each other closely as the black hole slowly spins up,
follow the critical spin trajectory. The plateauing of 7y after the
superradiance drop means the frequency term wj, which defines the
evolution of the 7y at late times, is relatively constant (we call this the
equilibrium frequency). If the black hole spin were to deviate more
significantly from aj then wy term would correspondingly increase.
The equilibrium value of wy found here is likely set by a combination
of our choice of fgqq and the timestep we chose for integration, as
this determines the total angular momentum injected into the black
hole at each accretion event.

If the spin of the black hole were to evolve such that ai; > a at
any time, then wy would become negative. Physically, in this case the
axion cloud (and its momentum) would accrete back onto the black
hole, spinning it back up until a ~ a.. Again, the effect becomes
less efficient as a — acj; so the black hole spin only ever asymptotes
towards

A note to mention is the use of an initial seed mass for the axion
cloud. For our simulations we have used a seed mass of 0.01Mg
throughout. A seed mass of 0.01u could also be used to mimic a
quantum fluctuation in the axion cloud. Since the superradiance drop
occurs when Mg is large enough, the seed mass has a direct impact on
the exclusion region. Generally a lower axion mass means T begins
at a higher value meaning it takes longer to decay to ~ Q)L which in
turn allows more mass to be accreted into the black hole reducing the
exclusion region. For reference (not shown) in the constant accretion
model of fggg = 0.05, a seed mass of 0.01u causes the superradiance
drop to occur at ~ 10%-2 Mg, compared to 10%-! M, for a seed mass of
0.01Mo.

3 RESULTS

In this section, we test the impact of the timing of a single accretion
boost (zey) and the length of the accretion boost (At ) on the evolution
of the black hole in the Regge plane. Unless otherwise specified, the
axion mass is 1072%¢V. Black holes initially grow at fgqq = 0.05.
Accretion is boosted at time ., for a duration of At., and then returns
to fgaqa = 0.05.

Boosted simulations are compared to the simulation noboost from
Section 2.3 that retains fgqq = 0.05 throughout.

3.1 Low boost

First, we analyse the impact of a low (L) boost to fggqg = 0.5, a
factor 10 in comparison to the baseline accretion. In this section we
analyse three timings for the accretion boost: an early timing boost at
tey = 0.16 Gyr, labeled LE, an intermediate boost at #o, = 0.26 Gyr
labeled LM, and a late boost that occurs at f., = 0.36 Gyr labeled
LL following the naming convention established in Sec. 2.2. Without
the accretion boost, the super-radiance drop occurs at ¢t ~ 0.29 Gyr.
As can be seen in Fig. 3, even short accretion boosts that start
and end before the superradiance drop reduce the exclusion region.
The timing of the onset and the duration of the accretion boost
significantly affect the shape of the exclusion region in the Regge
plane. In comparison to the noboost case, all accretion boosts studied
here reduce the size of the exclusion regions but the timing of the
onset of the boost (#.,) critically matters. The largest reduction is
seen for the /M simulations (middle panels), whose boost begins just
before the superradiance drop in the noboost case. Any impact of
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boosts is temporary, as all simulations evolve along the critical spin
at late times. Generally across all 7.y, longer accretion boosts (larger
At.y) close off more of the exclusion region. For boosts applied before
the superradiance drop (simulation sets E & M), a larger Az., means
more mass is accreted into the black hole before the drop.

The right-hand panels of Fig. 3 show the time evolution of 7
and T, for a selected subset of simulations. The time of the boost
can be identified by the temporary discontinous drop in T,e.. The
late continuous decrease in T, is due to the spindown of the black
hole following the superradiance drop. As discussed in Sec. 2.3, the
superradiance drop occurs when Ty ~ Ts.

As canbe seen in the right-hand panel of Fig. 3, during the boost the
decay rate of 7y increases because wy, which is strongly dependent on
the black hole mass, grows faster than without the boost. This means
wy is higher during the boost at a given time than without the boost.
A higher wy causes Mg to grow faster, which in turn leads to a steeper
reduction in 7 even after the boost has finished. As mentioned in
Sec 2.3, wy is relatively constant during this early period compared
to Mg, which means the moment the superradiance drop occurs is
when Mg reaches a critical mass, driven by the external accretion.
This means that the superradiance drop (where 73 ~ Tycc) occurs
earlier in time for longer accretion bursts, but at a higher black hole
mass (see left-hand panel of Fig. 3). The higher mass of the black
hole at the superradiance drop means the black hole meets the critical
spin evolution track at a higher value of spin. Longer boosts close
off more of the accretion region as they maintain the black hole at a
maximum spin state for longer.

Comparing the first and second row of Fig. 3, it can be seen
that equivalent boosts applied at o, = 0.26 Gyr (M) compared to
tey = 0.16 Gyr (E) closes more of the exclusion region. Hence boosts
applied closer to the original superradiance drop have a larger impact
on the exclusion region than those further away. The boosts bring the
black hole mass to the point where the superradiance drop occurs
(in the mass domain). There is a time delay between the onset of the
superradiance drop and the end of the boost but not much mass is
added in this phase for a noticeable difference in the Regge plane.
Therefore, the larger the mass of black hole at 7., the larger the black
hole mass will be at the end of the boost for a given At.y. This means
a larger 7.y will lead to a larger shift in the Regge plane. tey + Atey
should be less than the time of the second superradiance drop for the
above logic to hold. In cases where it is shorter, the boost saturates
on the drop (as seen in LM20, LM25, LM30, and LM40).

For some of the 7.y = 0.26 Gyr boosts ( M, middle panels of Fig. 3),
the boost is still active when the superradiance drop occurs (namely
LM20, LM25 and LM30). These simulations converge onto where
the drop would have been for a simulation with constant fgqq = 0.5.
As soon as the boost ends (see e.g. LM20 just after the onset of the
drop) they evolve away again as the accretion timescale increases
again until a new equilibrium is restored when the black hole mass
and spin has evolved back onto the critical spin trajectory. This shows
that for a black hole with variable accretion, it is the peak accretion
rates that determine the size and shape of the remaining exclusion
region. Unlike for the early boosts in the top panel, boosts that occur
during the superradiance drop are self-limiting in the sense that there
is a maximum reduction in the exclusion region for any boost length
studied here.

Now consider late time accretion events applied after the initial
superradiance drop at te, = 0.36Gyr (L, bottom row of Fig. 3). In
this regime 7,.. and 7 are at an equilibrium point prior to the boost,
as explained in section 2.3. Boosting the accretion in this regime
disrupts the established equilibrium as the accretion timescale Ty
drops during the accretion boost (see bottom right panel of Fig. 3).

MNRAS 000, 1-13 (2015)
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Figure 3. Left: The Regge plane shows that as At.y increases, more of the exclusion region closes off. For boosts applied before the initial superradiance drop,
the drop itself is pushed to higher mass levels the longer the boost. This will tend to the constant accretion trajectory for fgqq = 0.5. For boosts applied after
the initial superradiance drop (fey = 0.36G yr) the boost deviates the black hole away from the critical spin trajectory. A second drop in spin occurs when the
boost is released, so the longer the duration, the longer the black hole remains deviated. Right: A longer duration boost applied before the superradiance drop
means more mass is accreted into the black hole causing quicker decay in timescale as wr is larger at a given time. Once the drop occurs, 7 establishes an
equilibrium with the external mass accretion. For boosts applied after the superradiance drop, Ty is not faster than 7, until the boost is removed. With a larger
Aty in this regime, the black hole continuously tends to the critical spin trajectory without ever losing angular momentum, establishing a new equilibrium with

the fgqq = 0.5 accretion rate.

This evolves the black holes away from the critical spin temporarily.
During this time, 7, decreases until it establishes a new equilibrium
state with the new accretion rate. Therefore a greater difference in
Tace and 7y (by a greater accretion boost) would require 7 to decay
further. This gives more time for accretion to spin up the black hole,
deviating it further away from the critical spin trajectory.

When the spin deviates away from the critical spin, wy is the only
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term directly affected since wy oc (a — acyit). Therefore the response
to bring the system back to equilibrium is driven by w;. A larger wy
would lead to a stronger response from the black hole to bring 75 to
the new equilibrium state. From considering the Eq. 6 form of wy, a
fixed difference a —ait with a higher mass black hole would result in
a higher wy causing a stronger ’restoring response’. Therefore higher-



mass black holes do not deviate as much from a;; for a fixed boost
within this regime.

In the above results, only the LL40 boost lasts long enough for
the new equilibrium to be established. When the shorter boosts are
released, a second small super-radiance drop occurs as 7, dominates
OVer Tyec, Which re-establishes equilibrium with the initial accretion
rate.

Overall, for the set of simulations studied in this section we see
the largest reduction in the accretion region for the longest boosts
that occur before the superradiance drop actually occurs. Once the
drop begins, the shape of the exclusion region is bounded by that
of constant accretion at the boosted accretion rate. Boosts after the
superradiance drop can temporarily reduce the she exclusion region
by increasing the black hole spin. However, for all boosts tested here
the black hole spin remains moderate if the boost occurs after the
accretion boost.

3.2 Stronger boosts

We now test the impact of boosts of a factor 100 over the baseline
accretion rate, to fggg = 5 (simulation suite H). This represents
a boost that is 10 times stronger than those discussed in Sec. 3.1
(simulation suite L). We have reduced the boost lengths by a factor
10 in comparison to those probed in Sec. 3.1 to ensure that the
total mass accreted during boosts remains the same. This choice also
reflects the fact that simulations have found that higher Eddington
accretion rates can generally be sustained for shorter periods of time
(see Sec. 1 for a discussion)

In comparison to those shown in Fig. 3, the Regge trajectories for
stronger boosts applied at the same 7., in Fig. 4 before the initial
superradiance drop (HE and HM versus LE and LM) share a similar
shape. This reflects the fact that both sets of black holes are at a
similar mass at the onset of the superradiance drop.

To understand the differences, we must consider the value of Mg at
the end of the boost, since Mg drives the evolution to superradiance.
Applying chain rule on Eq. 2 and assuming dd—’\t’l ~ My We get:

dMS _ ZMSa)I _ 2Msw1 (13)
am Macc fEddM
Integrating from a black hole mass of My to M| gives :
2 Ms(M1) (M, a)
Ms(My) = Ms(Mo) exp(—/ LT M (14)
Sedd I M

All terms in the integral only depend on M since a can be considered
to be constant before the superradiance drop. The integral will there-
fore be the same at the end of the applied boost for both strong and
weak boosts (since the total mass accreted is the same). Therefore
the ﬁ factor reduces the axion cloud mass at the end of the boost.
So, for the lower boost (boost to fggg = 0.5, Fig. 3) the axion cloud is
much larger at the end of the boost than for the stronger boost (boost
to fedg = 5, Fig. 4) since it has had more time to grow. Due to the
smaller axion cloud at the end of the boost it takes longer from the
end of the boost to when superradiance dominates. This additional
time between the end of the boost and the superradiance drop means
more mass is accreted at the baseline accretion rate before the su-
perradiance drop for the strong boosts than the weak boosts so the
drop in spin occurs at a somewhat higher black hole masses. This
difference in mass is comparatively small, as the black hole is heavier
than before the boost so axion cloud mass increases quickly (due to
higher wy), driving 7y down, while the accretion rate is again low
(the baseline accretion rate fgqq = 0.05). These effects mean there
is not enough time for the mass of the black hole to significantly
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increase compared to the equivalent fgqq = 0.5 boost case, causing
both trajectories to be similar in the Regge plane.

In the middle panels of Fig. 4 the short boost durations for all
simulations tested here mean that all boosts finish before the onset
of the superradiance drop. For this reason the HM simulations show
no evidence of the convergent behaviour seen for e.g. LM25.

For boosts applied after the initial superradiance drop at fey =
0.36 Gyr (HL), we can see higher fgqq boosts lead to larger devi-
ations from aj than for the LL simulations (compare bottom left
panels of Fig. 4 and 3). As explained in Sec. 2.3 the deviation occurs
because the equilibrium is disrupted and 7, must decay further to
re-establish the equilibrium (see also left hand panel of Fig. 4). A
higher fgqq boost means the initial difference between T,c. and 75 is
larger. Therefore a higher fggq boost at a specific f., after the initial
superradiance drop will cause the spin of the black hole to deviate
further. With a larger deviation, wy increases, decreasing 7, directly
through Eq. 9. However, this effect is insignificant since the differ-
ence between the a — aj; term in the two cases is smaller than an
order of magnitude for a given mass. As in the case in Sec. 3.1, Mg
growth (through w) drives the reduction of 7. The spin deviates
further from ac;; until either Mg grows large enough to reduce ¢, and
establish a new equilibrium, or the boost is removed in which Ty
will jump to a higher value causing a second superradiance drop.
While the boost is still active, the Regge trajectory can be seen to
fall back to a.it much more gradually (the process of equilibrating
with the boosted accretion rate) than the initial superradiance drop.
This is because wy is much lower since a — a; is lower compared to
before the initial superradiance drop. This prevents an overshoot in
Mg growth as seen in the initial superradiance effect since wy tends
to more modest values as equilibrium is re-established.

Overall we conclude that for boosts before the superradiance drop it
is predominantly the total mass accreted that determines the evolution
of the black hole in the Regge plane and as a result the effective
exclusion region. The evolution of black hole constantly accreting
at the peak accretion provides a limiting case that determines the
absolute limits of the accretion region. All black holes temporary
boosted to that accretion rate predict an accretion rate larger than for
peak constant accretion.

For accretion boosts after the superradiance drop, even strong
sustained accretion boosts only produce a comparatively moderate
deviation from the critical spin. The magnitude of the maximum
deviation is set by the peak accretion rate, with larger Eddington
ratios producing larger deviations. Longer boosts do not increase the
maximum spin of the deviation but they do decrease the size of the
exclusion region further as they maintain black holes at increased
spin for longer. Once the boost stops, black holes drop back onto the
critical spin at almost constant black hole mass in a second, smaller
superradiance drop.

3.3 Varying axion mass

So far we have only analysed simulations with an axion mass of
the 1072%¢V. In this Section we will use a variant of the simulation
LE30 with an axion mass of 10 18¢V, which we will call highaxion.
The Regge trajectories were found to coincide when the parameters of
highaxion are set so that all ratios fgqq are increased by a factor of 100
and any time value and duration are reduced by a factor of 100 (which
is equivalent to the mass ratio between axion masses of 10™13¢V and
1072%¢V) compared to the fiducial simulation LE30. This means that
highaxion has a background accretion rate of fggqg = 5, which is
boosted to fgqq = 50 attey = 0.16 Myr for Azey, = 30 Kyr. Increasing
the accretion efficiency but decreasing the duration means that the
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Figure 4. Left: The Regge trajectory can be seen to be similar to the fgqq = 0.5 model.Right: The timescale decay can be seen to occur much faster than in the
fEdd = 0.5 boost case since the rate at which the black hole grows is faster, decreasing ¢ quicker.

total mass accreted onto both black holes remains the same. Fig. 5
shows how adjusting the accretion ratios and durations in this way
compensates for the change in axion mass. This shows a universality
in the superradiance effect where a change in accretion efficiency
can compensate for a change in axion cloud mass as long as the total
accreted mass remains the same.

To understand why a higher axion mass needs more efficient ac-
cretion to produce the same reduction of the exclusion region, we
investigate how the timescale for the onset of accretion is affected by
the change in axion mass u. The derivation using a constant accretion
model and natural units (¢ = 1,G = 1,7 = 1) is outlined in detail
in App. A. Denoting #, as the time to superradiance, the final result
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shows that for different axion masses of u; and y, we expect

4 | 24 M, 5123 fo.8ad (a1 — @y erit) 15)
- |fs2— 5 log
A |7 A aSMy 513 f1,.8ad (a2 — @2erit)

ts,1 =

where A; = (a; — ai,crit)aﬁg,ui, a; and a; iy are dimensionless spin
and critical spin parameters , M; s are the initial cloud masses, and
fi Eda are the Eddington ratios of the accretion associated with two
axion masses of y;, where i = 1,2. All terms in Eq. 15 are evaluated
att = 0. Note that in deriving Eq. 15 we assume the black hole to be
maximally spinning due to T, << 7 initially. This means the black
hole will always spin up maximally long before the superradiance
drop. Hence, a| = a» is usually the case, but we’ve kept the terms in
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Figure 5. Regge trajectory for simulations with axion mass of 10™'8¢V (cyan, highaxion) and 10720V (purple dashed simulation, LE30) respectively. The
parameters of highaxion are set so that all fgqq ratios are increased by a factor of 100 and any time value and duration is reduced by a factor of 100 (which is
equivalent to the ratio 107 18¢V and 10-2°¢ V) compared to the fiducial simulation LE30. This means that highaxion has a background accretion rate of fgqq = 5,
which is boosted to fggg = 50 at tey = 0.16 M yr for Aty = 30K yr. The overlap of the trajectories shows the universality of superradiance, and how changing

the accretion parameters is degenerate with changing the axion mass.

the equation for completeness. This indicates that altering the axion
mass affects the onset of superradiance in two ways simultaneously.
First there is a simple scaling (the ratio of Ay/A; on Eq. 15) in which
higher mass axions experience the superradiance drop early by a fac-
tor of wy /w1, given a constant initial @ in both cases. Secondly, the
final term imposes a further time delay in the onset of the superra-
diance drop. When f> gaq = Z—? fi,Ead and initial @; = a7 as in our
simulation scheme, the final term is generally much smaller than z; .
If black holes both start at the same spin with matching initial o and
axion cloud seed mass, then we approximately get f5 | = %ts,z. This
scales all characteristic timescales by the axion mass ratios. Since
mass accretion is largely unaffected by superradiance effects before
the superradiance drop, a; = g exp (fgddfs) at the point of the su-
perradiant drop which means the a at which the superradiance drop
occurs is the same for both axion masses given the above conditions.
An accretion boost can be considered as another regime of constant
accretion, meaning the same time scalings hold as seen in Fig. 5.
Further details of this are explained in App. A.

One point that should be noted is the wider difference in the initial
noboost superradiant drop of the hL3 regge trajectory compared to
the 1E30 case. This is due to the negative time delay term in Eq.
15 as already mentioned above. The delay leads to a slightly earlier
tg,1 (assuming p; > pp), which leads to a lower @ at which the
superradiance drop occurs relative to the p, case. The difference
is more pronounced in the noboost case since « is lower at the
superradiance drop, leading to a larger time delay in Eq. 15.

It can be seen in the second panel of Fig. 5 that after the initial
superradiance drop, in the late spin evolution regime, the spins of
the BH’s align to the critical spin trajectory. This the case where
an accretion boost is applied after the initial superradiance drop.
Therefore, to prove the alignment of the trajectories in the Regge
space, we must show that 4% is independent of . The mathematical

dlna
derivation of this is laid out in App. B. The final result shows:

da dt 2 .
= = |—=_BM
dina  aM \3qv3 €

K

24 Ms(a - acrit)a7 - 2a

C (16)
With the scaling £ gaa = A f1.Eaa used previously, Macc is con-
stant across yu at all @ (including the accretion events as the time
component can be written as @ which is shared across u in our

simulation schemes).

As shown in App. B, after the initial superradiance boost Mg o
u~!. This means the second term of Eq. 16 is independent of .
Mg = 2M,w; = ﬁMs(a — acp)a®u is also independent of 4 when
the Mg oc 1~ ! scaling is applied. As each term of M = Macc — M is
independent of i, M will also be independent of . This finally leads
to every term in Eq. 16 being independent of y in our simulation
scheme. This causes the Regge trajectories to align, as the initial
«a and a are shared before the late boost is applied, since the first
superradiance drop has already occurred.

Note that the derivation in App. B cannot be used for boosts before
the superradiance drop, as the Mg o 1~ ! relation does not hold until
after the first superradiance boost.

3.4 Exclusion Area

To consolidate our results we consider how the area of the exclusion
region changes as a function of the boost parameters. Sections 3.1
and 3.2 have shown that boosted accretion always reduces the size
of the exclusion region. We quantify the impact of accretion boosts
by computing fix, the fraction of the area of the exclusion region in
the Regge plane with the boost divided by the area of the exclusion
region without the boost.

S(x)
S(noboost)

Jex(x) = a7
The definition of S is given in Eq. 8 where x denotes a specific
simulation scheme. The smaller f.« the larger the impact of the
accretion boost. fex = 0 would be equivalent to a black hole that
is always maximally spinning while f.x = 1 would be a simulation
where the accretion boost has no impact on the exclusion region. In
Fig. 6 we plot f.x as a function of the total mass gained during the
accretion boost, Mpgest for all simulations in Fig. 3 and Fig. 4.
Firstly, we report a general trend that higher Mpoos leads to lower
fex. This was already noticeable in previous sections where a larger
change in black hole mass lead to the exclusion region closing further.
Boosts applied before the superradiance drop (fey = 0.16 Gyr, ey =
0.26 Gyr) can reduce fex much more (the top two panels of Fig. 6
show values of fex min ~ 0.6) than boosts after the superradiance drop
(tey = 0.36 Gyr, bottom panel of Fig. 6 has a minimum fx ~ 0.88).
For different fgqq, it can be seen that the behaviours before the
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Figure 6. My, is the total mass accreted during the boost event. As expected,
a larger Mpoost leads to a lower fix. For different figqq it can be seen that for
tey = 0.16 Gyr this has little impact (outlined in Sec. 3.2). In comparison
boosts applied at zey, = 0.36Gyr follow different trajectories for different
fEdd since a higher fgqq has larger impact on exclusion region (outlined in
Sec. 3.2). During ey = 0.26G yr, the transition phase occurs where the two
fEdd begin to deviate away as the superradiance drop occurs, switching into
the late time regime.

superradiance drop are similar. In the ey, = 0.16 Gyr case, both tra-
jectories line up closely (explained in Sec. 3.2). Boosts applied after
the superradiance drop (e = 0.36 Gyr) show a deviation between
the two fgqq trajectories. As outlined in Sec. 3.2, this is because the
early time behaviour of the Regge trajectory is dependent on Mpgost
whilst late time behaviour is dependent on fgyq. Hence, the higher
feda gives a low fe for te, = 0.36Gyr since the equilibrium is dis-
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rupted more. fo, = 0.26 Gyr is the transition period in which the
behaviour is initially similar to the ey = 0.16 Gyr case, where both
fiaq are closely aligned. The fggg = 0.5 scheme at 7., = 0.26Gyr
with boosts of At,, > 20Myr, overlaps with the superradiance drop
during the boost itself as can be seen from the middle right panel of
Fig. 3. Therefore, once the drop occurs, longer boosts (higher Mpoost)
have a marginal impact on the exclusion region because they do not
alter the position of the superradiance drop. The fggg = 5 boosts in
comparison are completed before the drop, as they have a shorter
duration, so they close off more of the exclusion region for the same
Moost-

The bottom panel of Fig. 6 confirms that boosts after the superra-
diance drop have less of an impact on the exclusion region compared
to before. In this regime, the strength of the boost rather than Mpgegs
matters much more especially for weak boosts where the trend is
almost flat with Mpo0sc. A stronger boost means that the black hole
will take longer for 75 to decay and re-equilibrate the system. This
allows more angular momentum to be accreted into the black hole
causing a stronger deviation in its Regge trajectory.

4 DISCUSSION & CONCLUSIONS

In this paper we presented a study to understand how temporary
boosts in mass accretion onto initially highly spinning black holes
changes their longterm spin evolution under the influence of super-
radiance. We particularly studied how parameters of the accretion
boost influenced the evolution of the black hole in the Regge plane
(the mass-spin or M — a plane). To investigate the effects of vari-
able accretion, accretion boosts were applied before and after the
superradiance drop.

We report that an initially highly spinning black hole will undergo
a superradiance "drop" where the spin of the black hole strongly
decreases at approximately constant black hole mass, consistent with
previous studies (Brito et al. 2015; Cardoso et al. 2018). After the
drop, the black hole evolves along the critical spin trajectory in the
Regge plane. These two trajectories in the Regge plane define the
exclusion region — part of the Regge plane that is depopulated of
highly spinning black holes due to the superradiance effect. Accretion
boosts can change the black hole mass at which the drop occurs, or
boost the black hole spin above the critical spin value during the
duration of the accretion boost, thus altering the exclusion region.
Specifically, we conclude the following:

e The evolution of the black hole spin is determined by the relative
evolution of two characteristic timescales: the timescales for angular
momentum to be accreted onto the black hole from external accretion
T.cc and the timescale for the axion cloud to extract the rotational
energy from the black hole 7. Both timescales continue to evolve
until they establish an equilibrium.

e The initial evolution of the superradiance timescale 7y is driven
by the growing mass of the axion cloud. Once 7 has fallen sufficiently
low to be comparable to the accretion timescale, the superradiance
drop occurs.

e A smaller initial axion cloud mass causes the superradiance
drop to occur later as it takes longer for 7 to decay to the critical
level.

e For boosts that begin before the superradiance drop, the later
the boost is applied (larger z.y in our nomenclature) the more the
exclusion region is closed off. This occurs upto the point of saturation
where the drop occurs during the boost itself. Once the drop begins,



the shape of the exclusion region is bounded by that of constant
accretion at the boosted accretion rate.

e The longer the boost is applied for (larger Atey in our nomen-
clature) the more the exclusion region is closed off.

e Boosts after the superradiance drop temporarily deviate the
black hole from the critical spin, closing some part of the accre-
tion region. The higher the fg4q of the boost, the greater the increase
in spin.

e Higher axion masses need stronger boosts to have the same
impact on the black hole spin evolution?. Although exact relation
between the axion masses and the strength of the boost is likely
impacted by the relativistic corrections.

A theoretical framework of analysing timescales was developed
in section 2.3. Using this approach, it was found that the black hole
is driven to superradiance through the increase in the axion cloud
mass. The evolution after the superradiance drop in spin is due to the
decaying wi frequency. This in turn keeps the black hole decaying to-
wards the critical spin trajectory (where wi(acrit) = 0 which stops the
transfer of momentum between the black hole and the axion cloud).
A simple Eddington thin disc accretion model was then added to
understand the impacts of accretion. Accretion can be seen to drive
a black hole to experience the superradiance drop quicker than with-
out accretion. This is because the black hole becomes more massive
which increases wy and hence increases the rate of cloud growth.
Furthermore, an equilibrium state in the timescales of superradiance
and accretion emerged after the superradiance drop.

Overall, our work showed that it is the peak accretion rates onto a
variably accreting black hole that have the largest impact on the shape
of the exclusion region, but that the impact on the accretion region
is largest if the boost occurs before the superradiance drop. It was
found that variable accretion events before the superradiance drop
could have a significant effect in altering the size of the exclusion
region for low axion masses (u = 10720 and lower) for reasonable
accretion events with Eddington ratios of fg4q = 5 lasting for 5 Myr.
The timescales during which the black hole spin exceeds that of the
corresponding non-boosted simulations exclusion region (order of
107 — 103yr) is long enough to possibly be observable. The impact
of such early boosts closes the accretion region for lower black hole
masses.

‘We have shown that the superradiance effect is fairly stable against
variable accretion effects after the superradiance drop, as for such late
accretion events the fraction of the accretion region closed off due to
the accretion boost remains small. Higher axion masses are generally
more stable against variable accretion events as unrealistically high,
sustained Eddington ratios are required to significantly change the
exclusion region.

One of the caveats of the analysis presented in this paper is exclu-
sion of more realistic self-interaction terms that modify the superra-
diant states and their time-scales. In particular, self-interaction could
delay the spin extraction and also reduce the amount of angular mo-
mentum extracted from the black hole. Coupling of the time-varying
accretion with more realistic self-interaction models could therefore
have strong implications for the exclusion region in the Regge plane.
We leave the details of such calculations to future work.

Overall, our results show that the exclusion region remains in ex-
istence even for boosts in accretion rate that lead to significant black

2 For two axion particles with masses gy and sy, boosts with Atey =
Ateyo X pof/pr and feda,1 = feda,2 X p1/po lead to equivalent, but not
identical, trajectories on the Regge plane.
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hole mass growth.One limitation of our study is that we have as-
sumed initially maximally spinning black holes for all our models. A
lower initial spin ag << amax can also reduce the size of the exclu-
sion region by delaying the superradiance drop (Sarmabh et al. 2025).
Gravitational wave emission from the axion cloud was also omitted
from this study. Adding this dissipative effect would delay the onset
of superradiance as the axion cloud would take longer to reach the
critical mass. Secondly, boosts that occur after the first superradiance
drop would further deviate from the critical spin trajectory due to the
interplay between the energy dissipation due to gravitational waves
and the accretion boost. While the boosts tested here have been cho-
sen to be representative of those experienced by massive black holes
both in observations and simulations (see Sec. 1 for a discussion),
our study cannot probe the cumulative effect of continued changes
in accretion on the long-term spin evolution of black holes. To do so
would require modelling the spin evolution of black holes including
the effect of super-radiance based on the black hole’s mass accre-
tion histories extracted from cosmological simulations. Such a study
would allow us to predict the expected distribution of massive black
hole spins for different axion masses. We could also use it to study
under which conditions realistic black holes meet the conditions for
superradiance drops across cosmic time. We defer this study to future
work.
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APPENDIX A: TIME OF SUPERRADIANCE DROP
DEPENDENCE ON u

To prove the alignment of Regge trajectories for boosts before the
superradiance drop, we must show that the @ at which the drop occurs
at is independent of y. This is first done through deriving the time
at which the superradiance drop occurs for the constant accretion
case (constant fg44). This can then be trivially extended to a boosted
situation as the boost can be considered as another regime of constant
accretion.

The following derivation uses natural units (c = 1,G = 1,/ = 1).
As outlined in Sec. 2.3, initial wy is assumed constant before the

superradiance drop compared to axion cloud growth.
2

Firstly, from Eq. 9 we have log 7, ~ log e log wr + log %
S

Using wy = ﬁ(a — aui)@®u from Eq. 6 and substituting explicit M
dependencies with % we get:

24a

log 7y =log| ——————
) a6MS/~12(a - acrit)

(AD)

Secondly, before the superradiance drop, the decay of 7 is driven

by the growth of the axion cloud rather than w; as explained in

. dlog M dl dlog M dlog M
Sec. 2.3. This means “—5—= 2l and =5 %

which is also established in Sec. 2.3. From this we can see that the

dl
derivative of log 7y ~ log M ~log Ms~log wi+log 4", is — (;% =
dlog M
_ 05, S _ —2wr. Once again using wy = %(a — Geit)a® i from
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Eq. 6 gives

dlog 7, ~_MS 1

i v viChe aerin)@p. (A2)

For current purposes, we assume % to be relatively constant
before the superradiance drop which, is correct to the first order.

M
Moving onto T, from Eq. 11 we can write Ty = a and
acc
using Myee = fraaM gives
10g Tace = log —— (A3)

Edd

Assuming the rate of decay of 7y is constant in log space, the time
between the beginning of the evolution and the superradiance drop
(here called t,) is given by

_log Taec —log 75
BE T den A

dt

Where all quantities (a, a.ri;» Ms and «) are evaluated at time 7 = 0
as we assume constant decay in .

The only exception might be the black hole spin a, which we
assume to be maximal for the purpose of this discussion. This is
justified because for our simulations T, << 7 initially, which
means the black hole will always spin up maximally long before the
superradiance drop. Plugging Eq. A1, A2 and A3 into Eq. A4 gives

24 24 fi
‘. log ( fEdd )

= (A5)
(a- acril)ag,u aéMSﬂz(a — Qcrit)

where all terms are constant and evaluated at ¢ = 0.
So for different axion masses of y; and u, we expect

6 2
Ay 24 @M sy forad(ar — ai erie)
t1 = == |ts2 = S log | — . = (A6)
Ay Az a3y My s 5 f1,Ead (@2 = a2,crit)
where
A; = (a; — aj i) ;. (A7)

From this, the & at which the superradiance drop occurs (denoted as

as) is given by as = ;-0 exp (fgddats) as % >> dgs before the
superradiance drop3. Considering shared initial @, (@ — acrit) and Mg
as in our simulation scheme, we see that Eq. A6 has a scaling of Z—f
with a time delay as the second term. This time delay is much smaller

than the leading #, > term. This means ¢, = %zs,z. Therefore, as

Sf1.Baa = % J2.Edd in our simulation scheme, s is the same across
(1 and py causing the Regge trajectories to align. For a boosted
case, the boost can be considered as another regime of constant
accretion, so the time scalings hold. The only caveat is that from
Eq. 14, My s # M, s after the boosts. However, this only contributes
to the time delay term, which is usually small. This means that the
tg1 & %ts; scaling will still largely hold.

APPENDIX B: REGGE PLANE EVOLUTION
DEPENDANCE ON 4

To prove the alignment of the trajectories in the Regge space, we must

show that % is independent of u. Therefore, if initial conditions

(a, @ and M) are shared, then the Regge trajectories will align. Using

- . - . dlog M,
3 Note that this is not in contradiction to the previous result of %

dlogM
dt



http://dx.doi.org/10.1103/PhysRevD.109.024059
http://dx.doi.org/10.1086/499298
http://dx.doi.org/10.1103/PhysRevD.107.104018
https://ui.adsabs.harvard.edu/abs/2023PhRvD.107j4018H
http://dx.doi.org/10.1093/mnras/staf146
http://dx.doi.org/10.1093/mnras/stab1205
http://dx.doi.org/10.1103/PhysRevD.111.024059
https://ui.adsabs.harvard.edu/abs/2025PhRvD.111b4059L
http://dx.doi.org/10.1051/0004-6361/202348788
http://dx.doi.org/10.1051/0004-6361/202243170
http://dx.doi.org/10.1103/PhysRevD.111.044062
https://ui.adsabs.harvard.edu/abs/2025PhRvD.111d4062M
http://dx.doi.org/10.1093/mnras/sty2489
http://dx.doi.org/10.1111/j.1365-2966.2004.08034.x
http://dx.doi.org/10.3847/1538-4357/aa5be5
http://dx.doi.org/10.1093/mnras/stz1045
http://dx.doi.org/10.1007/s10714-022-03010-6
http://dx.doi.org/10.1093/mnras/staf326
http://dx.doi.org/10.1093/mnras/200.1.115
https://ui.adsabs.harvard.edu/abs/1973JETP...37...28S
http://dx.doi.org/10.1103/PhysRevD.98.083006
http://dx.doi.org/10.1086/152991
https://ui.adsabs.harvard.edu/abs/1974ApJ...191..507T
http://dx.doi.org/10.1088/0004-637X/730/1/7
http://dx.doi.org/10.1103/PhysRevD.87.043513
http://dx.doi.org/10.1103/PhysRevD.111.083044
https://ui.adsabs.harvard.edu/abs/2025PhRvD.111h3044W
http://dx.doi.org/10.1103/PhysRevD.100.044051
http://dx.doi.org/10.1046/j.1365-8711.2002.05532.x
https://ui.adsabs.harvard.edu/abs/1971JETPL..14..180Z

natural units (¢ = 1, G = 1, i = 1), the mathematical derivation of
this is given below.

First, the derivative of a with In « is manipulated using chain rule
to give the following:

da__ da _ada
dine da  udM

(BI)

Using the definition of spin (a = J/M?) we take the derivatives with
respect to M give

a da a(ldJ 2J)

—— === -— B2
udM  u\M2dM M3 ®2
a is substituted to remove any J terms and any explicit M dependen-

cies are replaced with %

a1l d 2] u dJ
M2dM M3

nd =L — -2 (B3)
7

The derivative of angular momentum (J) with M can be converted

to a time derivative ;—1{4 = dd—,\’/, ‘CII—{. This is used in Eq. B3 to give:
da uodt dj
==——-2 B4
dina  adMdr " B9
dJ

< is the time derivative of the BH angular momentum, which is

described in Eq. 4 as J = Jacc - % We will analyze the terms

Jacc and % separately. Jacc is represented in Eq. 7 as Jacc =
ZM B acc. B is defined from Eq. 7 as

3V3
s 26 1+2 s ®5)
" 3¢V3 [ 20M
3¢2risco

From (Bardeen et al. 1972), the innermost stable circular orbit is
given by

risco = 3 [3+ 22(0) £ G- Zi@) G+ Zi(a) + 2@
(B6)
where

Zi@)=1+(1 —a2)1/3[(1 +a) By (1-a)s,

Z>(a) = V3a? + Zi(a)?.

Since Z; and Z, depend explicitly on the spin parameter a, all occur-
rences of ”15‘20 in B of Eq. BS are functions of a only, as the mass M
cancels. Hence, B itself is solely a function of a, with all other depen-

L . M . 2M,
dencies (including p) removed. Next, TS can be rewritten as +‘”’

(B7)

by substituting M through Eq. 2. Using wy = ﬁ (a — agig)a®u from
Eq. 6 gives:

M, 1

75 = ﬁMV (a - acn’t)a/8 (BS)
Using our definitions of Jacc and %, we can rewrite ‘é—{ through
Eq. B4 as:

aJ 2a

. 1 ;
Yo 2 BMce - — Ms(a - dui BY
TR AcC ~ 5y s(a - agida (B9)

This can then be used to substitute % in Eq. B4 to finally give:

da _dr (2 u

=— |—=—BM Ms(a - agi)a’ | -2
dina _ aM \3v3 AT 24 sa=deia’ | =2a

(B10)

To prove Eq. B10 is independent of y we must consider how Mg
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varies for different y. From Sec. 2.3 we know that before the super-
radiance drop, My increases to drive Ty to Tyc, causing the superra-
diance drop. After the superradiance drop, My is relatively constant.
In our simulation scheme, the initial Mg values are equal across u.
As the growth of Mg is what drives 7g to Ty, through Eq. 10:
log Mg o log 75(t = 0) — log Ty Where 75(z = 0) is the superradi-
ance timescale evaluated at the beginning of the simulation. Using
Eq. Al and Eq. A3 we get that M at the point of the superradiance
drop is

24 frad

<« — (B11)
#2Q6MS (a — acrit)

Ms
Where @, Mg, a and a,;; are all evaluated at + = 0. In our sim-
ulation scheme fggq o p pre-boost. Therefore at the point of the
superradiance drop,

Mg oy~ (B12)

where we have ignored any shared constant terms (such as @, Ms
and (a-acq) that are shared between yu in our simulation setup when
evaluated at = 0).

To prove that the relation Mg o ™! holds at later times after the
superradiance drop, we must show that dszs is also independent of
u. Using Eq. 2 we see:

. 1
Ms =2Msw; = 57 Ms(a - aei)a’p (B13)

Since Mg o u~! right after the initial superradiance drop, the de-
pendence on y is removed. Therefore, a Mg o ™! scaling remains
throughout the evolution of the black hole after the initial super-
radiance drop. Referring to Eq. B10, the second term within the
brackets, involving My, cancels with the factor of u, eliminating
any dependence on . Furthermore, the mass evolution equation,
4M = Macc — Ms, is likewise independent of 4, since both Macc
and My are independent of it. These relations will continue to exist
for any subsequent boost after the initial superradiance drop. As a
result, Eq. B10 is entirely independent of x, and black holes will fol-
low identical trajectories in the Regge plane even for boosts after the
initial superradiance drop, provided the appropriate scaling relations

are applied.

This paper has been typeset from a TEX/IATEX file prepared by the author.
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