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Abstract We classify all Polish semigroup topologies on the symmetric inverse monoid Iy on the natural
numbers N. This result answers a question of Elliott et al. There are countably infinitely many such
topologies. Under containment, these Polish semigroup topologies form a join-semilattice with infinite
descending chains, no infinite ascending chains, and arbitrarily large finite anti-chains. Also, we show
that the monoid Iy endowed with any second countable T} semigroup topology is homeomorphic to the
Baire space NN,
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1. Introduction

Recall that the full transformation monoid XX on a set X consists of all functions from
X to X under the operation of composition of functions. The monoid XX plays the
same role in semigroup theory, as the symmetric group Sx does for groups. That is, by
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an analogue of Cayley’s Theorem every semigroup embeds into some full transformation
monoid.

From a set-theoretic point of view, X% is just the Cartesian product of |X| copies of
X. Thus XX has a natural topology, namely the (Tychonoff) product topology arising
from the discrete topology on each copy of X. This product topology, also known as
the pointwise topology, is compatible with the algebraic structure of XX in the following
sense. The semigroup multiplication on X%, seen as a function from XX x XX to XX is
continuous under the pointwise topology. This makes XX, equipped with the pointwise
topology, a topological semigroup. The symmetric group Sx is a subspace of X* and
forms a topological group under the subspace topology. That is, the multiplication map
(f,9) = fg and the inversion map g — g~ ! are continuous under the pointwise topology
on Sx.

The pointwise topology on XX is of particular interest in the case when X is countably
infinite, say X = N = {0,1,2,...}. In this case, XX = NV is the so-called Baire space.
The Baire space is a Polish space, i.e. a separable completely metrizable topological space.
The symmetric group Sy is a G subspace of N, and hence is a Polish space also. Polish
spaces and groups are widely studied in descriptive set theory, see [2, 5, 8,9, 13-17, 22, 27,
32]. The topology of the Baire space is intrinsic to the algebraic structure of the monoid
NN as it is the unique Polish semigroup topology on NV [7, Theorem 5.4]. Similarly, the
subspace topology inherited from the Baire space is the unique Polish group topology on
Sy [10, 18, 28]. For more about Polish topologies on groups and semigroups and their
relation to automatic continuity see [1, 3, 4, 6, 7, 11, 19, 21, 23, 25, 26, 29-31, 33].

Inverse semigroups are semigroups satisfying a “local inverses” axiom: for every z € S
there exists a unique ~! € S such that o'z = 2 and x~'zz~! = 27!, Being a natural
generalization of groups and semilattices, inverse semigroups have been widely studied
in the literature; see the monographs [12, 20, 24] and references therein. An inverse
semigroup S equipped with a topology 7 is called a topological inverse semigroup if both
multiplication and inversion are continuous in (S, 7). The symmetric inverse monoid Ix
consists of all bijections between subsets of X under the usual composition of binary
relations. By the Wagner-Preston Theorem [12, Theorem 5.1.7], Ix plays the same role
for the class of inverse semigroups as X ¥ for semigroups, or Sx for groups. It was shown
in [7, Theorem 5.15] that, analogously to NY and Sy, the symmetric inverse monoid Iy
possesses a unique Polish inverse semigroup topology, denoted Z4 in [7]. The reason for
the subscript in the name is that the authors of [7] found three further Polish topologies
on In: Z7,75,73, see below. The topology Z;, despite its other interesting properties, is
not a semigroup topology and hence less relevant for this paper. However, Zo and Z3 are
Polish semigroup topologies (but not inverse semigroup topologies) for Iy. Whereas a
classical result by Montgomery [22] implies that every Polish semigroup topology on a
group is a group topology, as the examples of Zo and Z3 show, the analogous statement
is not true for inverse semigroups.

The topologies Zo, Z3 and Z, are defined as follows. For every z,y € N let,

Upy=1{h€ly:(z,y) €h}, W,={hely:x¢dom(h)},
Wit ={hely:z¢im(h)}.



Classifying the Polish semigroup topologies on the symmetric inverse monoid 3

Then a subbasis for Zs is

{Usy 12,y e NfU{W, : z € N}; (1)
a subbasis for Z3 is

{Upy 2,y e NJU{W, ' : 2 € N};

and Z, is the topology generated by Zs U Zs.
It was also shown in [7] that every Polish semigroup topology for Iy is contained in 7
and contains either Zs or Z3 which led the authors to ask the following question:

Question 1.1. ([7, Question 5.17]). Are 7, 75, and Z, the only Polish semigroup
topologies on Iy?

In this paper, we answer Question 1.1 by classifying all Polish semigroup topologies on
the symmetric inverse monoid I; see Definitions 2.1, 2.2, and Theorem 2.3. In particular,
there are countably many such semigroup topologies, forming a join-semilattice with:
infinite descending chains, no infinite ascending chains, and arbitrarily long finite anti-
chains; see Theorem 2.7. If w denotes the first infinite ordinal, then each such Polish
semigroup topology is characterised by a special kind of function f : w+1 — w+1
that we will refer to as waning; see Definition 2.2. The order on the join-semilattice of
the Polish semigroup topologies on Iy is also completely characterised in terms of the
corresponding waning functions, see Theorem 2.6. Even though Iy can be made into a
Polish semigroup in infinitely many different ways, we always obtain the Baire space. More
precisely, we show that the symmetric inverse monoid Iy endowed with any 77 second
countable semigroup topology is homeomorphic to the Baire space NV, see Theorem 2.5.

This paper is organised as follows: in § 2, we provide the necessary definitions, and then
state the main theorems. In § 3, we show how to associate a Polish semigroup topology on
Iy to every waning function and, conversely, in § 4, we show that every Polish semigroup
topology on Iy equals one of the topologies from § 3. In § 5, we prove the remaining main
results.

2. Main results

Following usual conventions in Set Theory, we identify the set of natural numbers N
with the first infinite ordinal w = {0,1,2,...} and a natural number n with the ordinal
{0,...,n — 1}. The topologies on Iy arising from functions from the successor ordinal
w ~+ 1 of w to itself are defined as follows.

Definition 2.1. (The topology 7). Suppose that f :w+1 — w+1 is any function.
We define T¢ to be the least topology on Iy containing Zy and the sets of the form:

Upnx = {9 € In | [im(g) \ X| 2 n and | X Nim(g)| < (n)f}

where n € N and X C N is finite.
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Roughly speaking, the open sets Uy, x consist of those elements of Iy which try not
to map any points into X. An element g € Uy, x must map at least n points outside of
X and is allowed at most (n)f mistakes, i.e. points in the image of g in X.

It will transpire that every function f:w+1 — w+ 1 gives rise to a Polish semigroup
topology 77 on Iy (Theorem 3.10). However, distinct functions can give rise to the same
topology. To circumvent this, we require the following definition.

Definition 2.2. (Waning function). We say that a monotonic non-increasing func-
tion f:w+ 1 — w4+ 1 is waning if either: f is constant with value w; or there exists
i € w such that (i)f € w, and (j+1)f < (4)f for all j € w such that 0 # (§)f € w.

For example, the constant function 0 with value 0 is a waning function, and so too is
the following function:

w if @ <42
() f=191337T—2 ifd2 <2 <69
0 if > 69.

If f is a waning function, continuing to speak roughly, partial functions in Uy, x
defined on more points are allowed fewer mistakes.

For a topology 7 on Iy let 71 = {U~!: U € T}. It is routine to verify that if 7 is a
(Polish) semigroup topology on Iy, then so is 7 ~!. The following result answers Question
1.1 and is the main result of this paper.

Theorem 2.3. If T is a T1 second countable semigroup topology on Iy, then there
exists a waning function f such that either T =T, or Tt = T;.

Conversely, if f and g are distinct waning functions, then Ty and Ty are distinct Polish
semigroup topologies for Iy.

Clearly, there are only countably many waning functions, and so Theorem 2.3 has the
following corollary.

Corollary 2.4. The symmetric inverse monoid has countably infinitely many distinct
Polish semigroup topologies.

The remaining main results are less immediate consequences of Theorem 2.6 and will
be proved in § 5. As noted earlier, every T; second-countable topology for Iy is Polish.
In fact, up to homeomorphism, there is only one such topology.

Theorem 2.5. The symmetric inverse monoid Iy endowed with any Ty second
countable semigroup topology is homeomorphic to the Baire space NV,

As discussed in the introduction, we now address the question of how the Polish semi-
group topologies on Iy are ordered with respect to containment. If f,g € (w+1)“*!, we
write f =< g whenever (¢)f > (i)g for all ¢ € w+ 1. The reason that we order f < g when
f is coordinatewise greater than g will become apparent shortly. We denote by 20 the

set of all waning functions on w + 1 with the partial order <.
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Recall that, by [7], every T} second-countable semigroup topology on Iy contains Zy
or 73 = Z; ' and is contained in Z, = Z, '. Tt follows that the entire poset f of Polish
semigroup topologies on Iy, with respect to containment, is described by the following
theorem.

Theorem 2.6. (i) The function f — T; is an order-isomorphism from 20 to the
subposet of P consisting of topologies which contain Iy and are contained in Ty.

(i) the function f — 771 is an order-isomorphism from 20 to the subposet of P of
topologies lying between I3 and Zy.

The reason for defining < as we did, should now be clear: to avoid having an “anti-
embedding” and “anti-isomorphism” in the statement of Theorem 2.6.

Theorem 2.7. The partial order of Polish semigroup topologies on Iy contains the
following:

(a) infinite descending linear orders;
(b) only finite ascending linear orders; and
(c) every finite partial order.

3. From waning functions to semigroup topologies

In this section, we will prove the following for any waning function f:w+1—w+ 1:

(a) in Lemma 3.5 we establish a convenient neighbourhood basis for 7 at every g € In;

(b) in Theorem 3.10 we show that 7} (defined in Definition 2.2) is a Polish semigroup
topology on the symmetric inverse monoid Iy;

(c¢) in Lemma 3.11 we show that if f,h : w — w are waning functions, then 7y C 7, if
and only if f < h.

In terms of proving the main results of the paper, (b) above proves one direction of
Theorem 2.3, and (c) together with Theorem 2.3 proves Theorem 2.6.

Let g € In. We denote by |g| the size of g as a subset of N x N (i.e. |g| = [{(z, (x)g) :
x € N}|), and by gl, := {(z,y) € g | # € r} the restriction of g to {0,...,r — 1}.

Lemma 3.1. If f is a waning function and g € Iy, then there exists r € N such that

(r)f < (gh)f = (glN)f-

Proof. If f is constant with value w, then we define r = 0 and so (7)f = w < w =

(19D f = (gl Df

Suppose that f is not a constant function with value w. If |g| < w, then we define
r € N so that » > max(dom(g)). In this case, g[,, = g and (r)f < (|g|)f since |g| < r.

This implies that (r)f < (Ig]).f = (l91,)/-
If |g| = w, then we choose r large enough so that (|g[,|)f = 0. Since r > |g[,.|, it follows

that (r)f < (lg[,.])f = 0= (w)f = (lg]) /- O
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For any waning function f, any g € Iy, and any r € N such that the condition in
Lemma 3.1 holds we define:

Wigr ={h € In:hl, = gl, and [im(h) 0 (r \ im(g))| < (lg])f}- (2)

Lemma 3.2. If f is a waning function, g € Iy, and r € N are such that Wy 4, is
defined, then for any p > r, Wy 4, is defined and Wy g4, € Wy g .

Proof. Assume that Wy, , is defined, ie. (r)f < (|9])f = (lgI,])f. Fix any p > r.
Since f is a waning function and by the choice of r we have the following:

() f < (r)f <(ghf=gl.Df = gl,Df = (gD f

It follows that (p)f < (|g])f = (l91,])f and, consequently, the set Wy, , is defined. The
inclusion Wy 4, € Wy 4., follows easily from p > r. O

Definition 3.3. For all f € (w+1)“*Y we define f': w+1 — w+1 to be the unique
waning function obtained inductively as follows:

* Let (0)f" = (0)f.

e Ificwand (i)f' #0, then let (i+1)f = min{(i + 1) f, (i)f —1}.

e Ifiecwand (i)f' =0, then let (i+1)f = 0.

o if (i) f =w for alli € w, then let (w)f' = w, and otherwise let (w)f = 0.

In other words, for every i € w we have

(i) f" = max{0, min{(j) f — (i — j) : j < i}t},
where we use the convention that w — n = w for every n € w. Note that f' is equal
to the minimum waning function with respect to the order < on (w + 1)“+Y) such that

(0)f < (@) f for alli € w. In particular, f' = f whenever f is a waning function.

Lemma 3.4. Let f € (w+ 1)@ and g € Iy. If r € N satisfies (r)f' < (|g])f’ =
(lgl.1)f', then the set Wy 4, is an open neighborhood of g in (I, Ty).

Proof. By Definition 3.3, there is some j < |g[,.| such that (|g[,.)f" > () f—(lgl,]—7)-
Put

b=(lgl.Df" +1gl.l = ()f.

Observe that if (g1, )" # 0, then (gl )’ = () — (lgl,| - ) and hence b = j, and if
(lgT,.Df' =0, then b= |gl,.| — (j)f > j. Note that in either case we have the following:

<b<|gl,l-
gl.Df" =) f = (gl | =b).
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Let Y =r\im(g) and Z C im(g[,) be such that |Z| = |g[,.| — b. Then

(gl D" = G)f =121 (3)

Let X =Y U Z and note that b = |im(g],) \ Z| = |g[,| — |Z|. Then im(g[,) \ X =
im(g[,) \ Z and so

|im(g) \ X| = [im(g[,.) \ X| = [im(g[,.) \ Z] = b > j, (4)
and X Nim(g) = Z Nim(g) and so
X nim(g)| = [ZNim(g)| = |Z| = |gl.| = b= ())f = (gI,Df" < G)f

So g €Uy x ={l €Iy||im(l)\ X| > jand |X Nim(l)| < (j)f}. Moreover

ge{le |, =g} NUs,;x
={lely|l, =gl and |1m<>\X|>gand X nim()] < (5)f}
={leIy|l], =gl and |XNim(l)| < (j)f} (by 4)
={leIy|l, =gl and |im(1)mZ|+|im(1)mY\ <)} (as X = ZUY)
={ley|ll, =gl and |Z|+|im()NY| < (j)f} (as Z C im(g[,)

=im(l[,))

={ley|ll, =gl and |[im()NY] < (5)f —|Z]}
={len[ll, =gl and [im() NY] < (gl.[)f'} (by 3)
={ley|ll, =gl and [im()NY|<(lg])f'}
={len|ll, =gl and [im(l) N (r\im(g))| < (Ig])f'} = W g,

Lemma 3.5. If f is a waning function and g € Iy, then the family

Bi(g) = {Wygr: (r)f < (gD f = (lgl.Df}

forms an open neighbourhood basis at g in (I, Ty).

Proof. Clearly, for each open neighbourhood V of ¢ in (Iy,Zz), there exists large
enough r € N such that the set Wy, , is open in (Iy,7T;) (see Lemma 3.4) and g €
Wigr CV. Let n € Nand X be a finite subset of N such that

g€ Uspnx ={hely:|im(h)\ X|>nand | X Nim(h)| < (n)f}.
Let r € N be larger than all the elements of X, and large enough that |im(g[,)\ X| > n

and (r)f < (lg])f = (|g1,.])f- By Lemma 3.4, g € W4, and Wy 4, € Tr. We show that
Wf,g,'r‘ - Uf,n,X'
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Let h € Wyg,. As k], = gl, we have |im(h) \ X| > n. It remains to show that
|X Nim(h)| < (n)f. If (n)f = w, then there is nothing to show. Assume that (n)f € w.
By the assumption we have that

(1) 1\ m9)| < (1)
So, |im(h) N (X \ im(g))| < (Jg])f and hence
|im(h) N X| = |im(h) Nim(g) N X| + [im(h) N (X \ im(g))]
(9) N X+ [im(h) N (r\ im(g))]
(
(

)
)
< [im(g) N X |+ (lg]).f
< [im(g) N X[+ (n+[im(g) N X|) [ (as [im(g) \ X| = n).

< |im

If (n+ |im(g) N X|)f = 0, then |im(h) N X| < |im(g) N X| < (n)f, as g € U x. If
(n+|im(g)NX])f > 0, then taking into account that f is a waning function, we get that

(n+|im(g) N X|)f < (n)f — |im(g) N X]|.

In the latter case |im(h) N X| < |im(g) N X| + (n)f — |im(g) N X| = (n)f. Hence
|X Nim(h)| < (n)f, witnessing that Wy 4, C Uy, x. O

Lemmas 3.4 and 3.5 imply the following.
Corollary 3.6. If f € (w+ 1)(“’+1) is a function, then Ty C Ty.

Recall that a set U is a neighbourhood of a point z if x lies in the interior of U. In
particular, U need not be open. Lemma 3.5 implies the following, which will be important
in § 4.

Remark 3.7. For any waning function f the following assertions hold:

* For each h € Iy such that (|h])f =0, a set U C Iy is a neighbourhood of h in T
if and only if U is a neighbourhood of h in Z4.

¢ For each h € Iy such that (|h|)f = w, a set U C Iy is a neighbourhood of h in 7
if and only if U is a neighbourhood of h in Z,.

We will now show that the topologies 7; are Polish semigroup topologies for Iy. We
first show that the topology generated by Z> and any single set Uy, x is Polish.

Lemma 3.8. If f € (w+1)“"1, n € N and X is a finite subset of N, then the topology
Tn,x generated by Zo U{Uy , x} is Polish and possesses a base consisting of clopen sets.

Proof. It is easy to see that the set {g € Iy | |im(g) \ X| >n} is open in (Iy,Z).
Note that the subbasis for Z given in (1) consists of clopen sets and so Z; possesses

a basis of clopen sets. Thus we can find a family of clopen (with respect to Zs) sets
{Um ‘ m € N} C 75 such that
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U Upn ={g € In| |im(g) \ X| > n}.
meN

For each m € N, let Us n x,m = Uy n,x N Up,. By definition, these sets belong to 7, x.
Moreover,

Urnx = |J Urnxom-
meN

So, the topology T, x is equal to the topology generated by Zo U{Ufn x,m : m € N}.
Let us show that for each m € N the set Uy, x,m is closed in (In,Zy). Fix an arbitrary
m €N and g € In\ Uy n,x,m- If g U, then we define

W, = Iy \ Up.

Since the set Uy, is closed in (In, Z2), Wy is an open neighbourhood of g in (In, Z2) which is
disjoint from Uy x m- If g € Upy \Uf,n,x,m, then |im(g)\ X| > n and | X Nim(g)| > (n)f.
We define

Wy = {h € IN[h] im(g)nx)g-1 = 9l (im(g)nX)g-1 }-

Again, W, is an open neighbourhood of g in (Iy,Z) which is disjoint from Uy, x m. So
the set Uy n x,m is closed in (Iy,Zs) as required.

Since Z, is Polish, Lemma 13.2 from [17] implies that for each m € N the topology
generated by Zy U {Ufn x,m} is Polish. Lemma 13.3 from [17] then implies that the
topology Tn x is Polish as well. Note that for a given basis B of 7 consisting of clopen
sets, the family © = BU {Uy,, x,m : m € N} is a subbasis for 7, x consisting of clopen
sets. Then the finite intersections of elements of © form a basis of 7, x consisting of
clopen sets. O

The set of all finite subsets of N is denoted by [N]<*°.

Corollary 3.9. For any function f € (w+1)“T! the topology Ty is Polish and possesses
a basis consisting of clopen sets.

Proof. Since 7y is generated by J, oy UXG[N]<°° Tn,x, Lemma 13.3 from [17] implies
that the space (Iy,7y) is Polish. By Lemma 3.8, for each n € N and X € [N]<* the
topology T, x has a basis B,, x consisting of clopen sets. It is routine to verify that the
family B = {J,,ey U Xe[Nj<e B, x is a subbasis of 7y consisting of clopen (with respect
to 7) sets. Then the finite intersections of elements of B form a basis of 7; consisting of
clopen sets. O

Theorem 3.10. For each waning function f, (In,Tf) is a Polish topological
semigroup.

Proof. By Corollary 3.9, the space (Iy,7y) is Polish. Fix an arbitrary a,b,¢ € Iy
such that ab = c. If (|¢|) f = w, then by Remark 3.7 the neighbourhoods of ¢ in 7y and
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T, coincide. Since 7y is a semigroup topology and Zo C 7; we get that the semigroup
operation is continuous at the point (a, b). Assume that (|c|)f € w. Fix an arbitrary open
neighborhood U of c¢. By Lemma 3.5, there exists » € N such that Wy, C U. Choose a
positive integer p that satisfies the following conditions:

(1) ()f < (lal)f = (lal, ) f;
(2) (p)f < () f = ([bI,]) f;
(3) p > max({0,...,r}a);

(4) p>max({0,...,r}b71).

Lemma 3.5 and conditions (1) and (2) imply that the sets Wy, and Wy, , are open
neighborhoods of a and b, respectively. Let us show that Wy o, Wy, € Wy . Fix any
elements d € Wy, and e € Wy . Since af, = d[,, and b[,, = e[, condition (3) yields
that (de)[, = cf,. Let

joxd

A =1im(b) Nim(de) N (r\im(c)) and B =im(e)N (r\im(d)).

We claim that im(de) N (r \ im(c)) € A U B. Indeed, for any = € im(de) N (r \ im(c)),
either z € A or z € 7\ im(b). In the latter case, z € B, as required. In order to show
de € Wy ., it suffices to check |A| 4+ |B| < (|¢|) f.

Consider any y € A. If (y)b=! € im(a), then y € im(c), which contradicts the choice
of y. By condition (4), (y)b=! < p. Hence (y)b=! € dom(b) N (p \ im(a)), witnessing
that (A)b=! C dom(b) N (p \ im(a)). Since b is a partial bijection, |A| = |[(A)b7!] <
| dom(b) N (p\ im(a))|. For the sake of brevity we put ¢ = |dom(d) N (p \ im(a))|. Since
(y)b~' < pandel, = bl, we get that ((y)b~',y) € e. Taking into account that y € im(de),
we obtain (y)b~! € im(d) N (p\im(a)). It follows that (A)b~! C im(d)N (p\im(a)). Since
d € Wy, and b is a partial bijection, we get that |A] = [(A)b~!| < (|a|)f. Hence

|A| < min{t, (|al) f}-

Since e € Wy p, |B| < (|b]) f.

Finally, let us check that min{t, (|a])f} + (]0])f < (|¢|) f. Since for every x € dom(b) N
(p\im(a)), (z)b € im(b)\im(c) we get that |c| < |b|—¢t. If (|b])f > 0, then (|b])f+t < (|¢|)f
as f is a waning function. If (|b])f = 0, then min{¢, (|a|)f} + (|b)f < (la])f < (|c])f, as
la| > |c| and f is a waning function. Thus, de € Wy ., and, consequently, Wy o ,- Wy, C
Wy c.r. Hence (In, Tf) is a Polish topological semigroup. O

Finally, in terms of the promises made at the beginning of this section, we now show
how the topologies 77 are ordered with respect to inclusion.

Lemma 3.11. If f and g are waning functions, then the following are equivalent:

(i) Ty STy
(i) for alln € w, we have (n)g < (n)f.

Proof. (i) = (ii): Seeking a contradiction, we suppose that 7y C 7, but that there
exists n € N such that (n)f < (n)g.
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Let id,, be the identity function on {0,1,...,n — 1}, let b € N be such that (n)f <
b—n < (n)g. By Lemma 3.4, the set Wy q, 5 is open in (In, 7y). Since Wyja, » € Tg, by
Lemma 3.5 there is some r € N such that W iq, » € Wyia, b- Since Wy id,, t+1 € Wyid,. ¢

for any large enough ¢, we may choose r > b. By assumption b —n > (n)f >0, b > n
and so we may define:

h=id, U{(r+i,n+i)|ic{0,1,....b—n—1}} € Iy.

Then hl, = id, |
particular,

and |im(h) N (b \ im(id,))| = |im(k) N (r \ im(id,))] = b —n. In

T

()f < [im(h) O (b\ im(id,))] = [im(k) O (r\ im(id,))] < ()g = (|ida )g

and so h € Wy 4, » but h ¢ Wyiq, p», which is a contradiction.

(ii) = (i): Let U € T;. We show that U is an open neighbourhood of all its elements
with respect to 7,. Suppose that h € U. By Lemma 3.5, there is r € N such that
h € Wy, € U. Enlarging r if necessary we can assume that h € Wy, € 7T,. Since

(InD)g < (IA]).f,
Wynr C{l € In: 1], = bl and [im(l) 0 (r \ im(h))[ < ([R))f} = Wi
Hence U is an open neighbourhood of h with respect to 7. O
Lemma 3.11 implies the following.
Corollary 3.12. If f and g are waning functions, then Ty = T4 if and only if f = g.
The following corollary will be used in § 4.

Corollary 3.13. Let f,g€ (w+ I)L‘H'1 be waning functions, and F and G be the sets
of neighbourhoods of @ in Ty and Ty, respectively. Then F C G if and only if (0)f > (0)g.

Proof. By Lemma 3.5, the family By(@) = {W; g, : (r)f < (0)f} is a filter basis for
F. Since f is a waning function, (r)f < (0)f holds for all » € w+ 1, and so By (@) =
{Wior:rewl

If (0)f > (0)g, then Wy g, DO Wy gz, for all r, by the definition of these sets
(see Equation (2)). So By(@) = {Wyz, : 7 € w} is coarser than {W, &, : r € w} =
B,(2). Hence F C G.

Conversely, suppose that F C G. If we define waning functions f’ and ¢’ such that
(0)f" = (0)f and (0)¢’ = (0)g and (x)f" = (x)g’ = 0 if z # 0, then the set of neighbour-
hoods of @ in T is F. Similarly for 7, and G. A subset N of Iy is a neighbourhood
in Tz of p € Iy \ {@} if and only if N is a neighbourhood of p in Z4. Similarly, for Tj.
Hence every neighbourhood in T3 of every p € Iy is also a neighbourhood of p in 74. So
Ty C Ty and so, by Lemma 3.11, (0)f = (0)f' > (0)g’ = (0)g. O

By Corollary 3.9, every function f:w+1 — w+ 1 (not just waning ones) corresponds
to a Polish topology 77 on Iy. It is natural (but not necessary) to ask how these compare
to the Polish semigroup topologies 77 arising from waning functions f. We will show in
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Theorem 3.15 that 7y is a Polish semigroup topology for every function f : w+1 — w+1,
but that there always exists a waning function f’ such that 7; = 75 and so non-waning
functions do not give rise to any additional topologies.

Lemma 3.14. Let f be a waning function with (w)f =0, n € N and X € [N]<*>. If
g € Iy is arbitrary with |im(g) \ X| > n and | X Nim(g)| > (n)f, then (|g])f = 0.

Proof. If g is infinite, then we are done by the assumption that (w)f = 0. Suppose
that ¢ is finite. Then

(lgh)f < max(0, (Jg] = 1)f = 1) <--- <max(0, (|g] = (lg] = n))f = (9] = n))
= max(0, (n)f — (lg| — n)).

As |im(g)\ X| > n, it follows that |g| —n > |im(g)NX| > (n)f. So (n)f —(Jg|—n) <0
and hence max(0, (n)f — (|g| —n)) = 0 as required. O

Theorem 3.15. If f € (w+ 1)@*V | then T; = Tpr.

Proof. Note that if f],, is constant with value w, then f[, = f’|, and we are done.
So assume that this is not the case which, in particular, implies that (w)f’ = 0.

By Corollary 3.6, we have Ty D Ty and so it only remains to show that 7z O Ty. Let
neN, X € [N]<*, and

Ufn,x = {g e Iy | |im(g) \ X| > n and | X Nim(g)| < (n)f}

In order to show that Uy, x € Ty, let g € Uy, x be arbitrary. We show that Uy, x is
a neighbourhood of g with respect to 7.

First assume that (|g])f’ > 0. Since |im(g) \ X| > n and f’ is a waning function with
(w)f" =0, it follows from the contra-positive of Lemma 3.14, that | X Nim(g)| < (n)f’ and
so g € Uy x. Note that Uy, x C Uy,n, x so we have that Uy, x is a neighbourhood of
g with respect to Ty.

So now assume that (|g|)f’ = 0. Let r be larger than all elements of (X)g~! as well as
the first n elements of (N'\ X)g~!, and large enough that Wy ,, € Ty It follows that

gEWyp gr C{he€lx|gl, =hl, and im(h) N X =im(9) N X} C Uy x

so Ut x is a neighbourhood of g with respect to 77/ as required. g

4. From semigroup topologies to waning functions

We have shown in § 3 that every waning function gives rise to a Polish semigroup topology
on Iy. In this section, we will prove the converse, namely that every Polish (in fact every
T, and second-countable) semigroup topology on Iy corresponds to a waning function.
In other words, the aim of this section is to finish the proof of Theorem 2.3.

Recall that there are two minimal Polish semigroup topologies on Iy, namely Z5 and
Iy =1y ! Reflecting this fact, the correspondence between waning functions and Polish
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topologies on Iy is “one-to-two” in the following sense. Every waning function f gives
rise to a unique Polish topology 7Ty on Iy which contains Z, and a unique topology
7}71 containing Z3. Due to this duality we will mostly consider an arbitrary 7; and
second-countable topology T containing Z,.

The aim of the next definitions and results (up to and including Lemma 4.8) is to
construct a certain sequence of filters on Iy for such a 7 which we will call good filters.
The good filters will later be used to define the waning function corresponding to 7.

Definition 4.1. If X C N is finite, then we define ix : N = N\ X to be the unique
order isomorphism. For g € Iy let Tg = {h € Iy | g C h}. If g € Iy is finite, then we
define a bijection

dg:tg = In by (h)dy = iaom(g) © PO iy

Note that the function dg is continuous with respect to any shift continuous topology
on Iy and has a clopen domain with respect to Z,.

Lemma 4.2. If g is a finite idempotent of Iy, then dg is an isomorphism.

Proof. Since g is an idempotent, then g is an inverse subsemigroup of Iy. As d,
is a bijection it suffices to show that d, is a homomorphism. Let f,h € tg. Note that
%m(idom(g)f)ﬁim(g) =@,as g C f and f is injective. It follows that idom(g)fii_ml(g)z’im(g) =
idom(g) f- Then

(f)dg(h)dg = Zdom(q)fll_ml(g)zlm(q)hll_ml(g) = Zdom(q)fhll_ml(g) = (fh)d_(]
O

Definition 4.3. Let T be a second countable semigroup topology on Iy containing Lo
and g € Iy be finite. Then let

Frg:i= {(N N1g)dg ’ N isaneighbourhoodof g with respect to T}.

Lemma 4.4. If T is a second countable semigroup topology on Iy containing Iy, and
g,h € Iy are such that |g| = |h| < w, then Fr 4= Frp.

Proof. Let §; and 6 be the unique topologies on Iy such that dg : (tg,7) — (In, 01)
and dj, : (th, T) — (In, 62) are homeomorphisms. Note that Fr g4 is the set of neighbour-
hoods of @ with respect to 6,, and similarly F7 j is the set of neighbourhoods of & with
respect to 0s.

It suffices to show that 6; = 6. Let k : dom(g) — dom(h) be a bijection. Let

kd =kU (i(;olm(g) o idom(h)) S Sym(N)
Set
ki =g~ kah U (isy (g © Gim(ny) € Sym(N).

Then ¢ : Iy — Iy defined by ()¢ = k; 'ak; is a homeomorphism from (Iy, T) to (In, T).
Observe that
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(9)p =k gki =k 'gk; = k™ gg ™ "kqh = k™ 'kqh = k™ 'kh = h.
Also, for all f € Iy we have

<f)d9_1 = Zd_olm(q)fllm(g) U g

Hence
()dy ' ¢ =(igom(g) Fiim(g) U 9)0
= ((ighnge) © fdomn) ~ iem(q) Fim(o) iy © fimcny) ) U (90
= (i Fiminy ) U B
Thus

(£)dy  ddn = igomn) ((igolm(h)fiim(h)> U h) ifml(h) =

So dg_lqbdh : (Iny01) — (In,602) is the identity function. Being a composition of
homeomorphisms it is also a homeomorphism and so 6; = 0s. O

Definition 4.5. From now on we denote the filter Fr 4 by Fr g (this is well defined
by Lemma 4.4). We say that a filter F on Iy is good if F = Fr for somen € N and
some second countable semigroup topology on Iy containing L.

Lemma 4.6. If F is a filter, then F is good if and only if there is a second countable
semigroup topology T on In containing Ts such that F is the set of neighbourhoods of &.

Proof. (<) : In this case F = Fr o.

(=) : Suppose that F = Fr, for some n € N. Let id,, be the identity function on n.
By Lemma 4.2, dig, is an isomorphism from 1id,, to Iy which maps id, to @. Let the
semigroup 11id,, have the subspace topology inherited from (Iy,7), and 6 be the unique
topology on Iy such that diq, : Tid, — (In,0) is a topological isomorphism. Clearly,
0 is a second countable semigroup topology. Since 1id, is open in (Iy,7T) we get that
(Fr.m)dig. is the set of all neighbourhoods of id,, in 1id,. Thus Frn = (Frn)dig' )dia
is the set of all neighbourhoods of @ in (Iy,6). Hence Fg o = Fr p.

n

Definition 4.7. If T is a second countable semigroup topology on Iy containing Lo,
then we define the filter data of T to be the sequence

3’7’ = (]:Tm)new-

Lemma 4.8. If §1 = (Frn)new is the filter data of a second countable semigroup
topology T 2 Iy on Iy, then Fr ., C Frm for alln < m.

Proof. Assume without loss of generality that n < m. Let k € Iy be such that id,, C k
and k bijectively maps N\ (m \ n) to N in an order preserving fashion. Observe that the
function ¢y : 1id,, — 1id,, defined by
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(z)pr = k™ zk

is a continuous bijection with inverse x ~— (kzk=!) U idy\ - Since idw (m\n) idm = id,
and k[, =id,, then

(id,)or = k~tid,, k = id, id,, id, = id,, .

By 6 we denote the subspace topology on 1id,, inherited from (Iy, 7). Hence if N €
FTn, then (N)d;li is a neighbourhood of id,, with respect to ¢ and hence (N)d;ji ot
is a neighbourhood of id,, with respect to 6. To show N € F7 ,,, it therefore suffices to
check (N)dy' ¢; ' dia,, = N.

We show in fact that qS,;ldidm = diq, . Note that ¢y, diq,,, diq, are all injections and we
have by definition that

dom(qﬁk) = Tidm, 1m(¢k) = Tldn, and im(didm) = im(didn) = IN.
Thus (b,:l is a bijection from 71id, to 1id,,. For all x € 1id,, we have
(2)dsa, = inxiy and (2)¢) ' dia,, = im(kak™" Uidn )i = (imk)z(ink) "

Thus we need only show that i,, = i,,k. This is immediate as i, : N - N\ n, i, : N —
N\'m, and k[, : N\ m — N\ n are all order isomorphisms. O

The next major step is to show in Theorem 4.13 that every good filter has a convenient
basis (we will call it a basis consisting of wany sets). Furthermore, we will show that if
this basis is particularly nice (consisting of finitely wany sets), then the good filter arises
from a waning function.

Recall that by [X]<>° we denote the set of all finite subsets of a set X.

Definition 4.9. If9) C [N]<* is non-empty, then we say that a set S C Iy is P-wany
if there is n € N such that

S=Npyp:={fecln ’ dom(f)Nn =@ and there is Y € Y with im(f)NY =} .

We say a set is wany if it is Y-wany for some Q). We say that a set is finitely wany if
it is Y-wany for some finite ).

Remark 4.10. Note that for example if 2) = {&}, then
Ny = {f € Iy | dom(f)Nn =2},
if 9 = {{0}}, then
Ny = {f €Iy | dom(f)Nn =2 and 0 ¢ im(f)},
if Y ={{0,1,...,k}}, then

Npg = {f € Iy | dom(f) Nn =2 and im(f)N{0,1...,k} =2},
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if Y ={Y Cr||Y|=r—3}, then
Ny = {f € Iy | dom(f) Nn =2 and |im(f) Nr| <3},

etc. So all the usual sets we have used to define waning function topologies are of this
form.

From here onward we denote the set of finite elements of Iy by I .

Definition 4.11. We say that a filter F on Iy is defined by a waning function f, if
F is the filter of all neighbourhoods of @ with respect to the topology Ty (as defined in
Definition 2.1).

Definition 4.12. If X C Y are sets and F is a filter on Y, then we define the trace
of this filter on X by
Flx ={FNX|FeF}.
Theorem 4.13. If F is a good filter on Iy, then the following hold:

(i) The filter F has a filter base consisting of wany sets.
(i1) If F has a filter base consisting of finitely wany sets, then F can be defined by a
waning function.
(tii) If the filter F|i_, on I« has a base of the form (S; N I<n)icn where each set S; is
finitely wany, then there is a good filter F' defined by a waning function such that
]:‘I<N = ]:/|1<N'

Proof. We start with point (1). Let F be a good filter and N € F be arbitrary.
We will construct a wany set N € F with N C N. By Lemma 4.6, F is the set
of neighbourhoods of @ in a semigroup topology 7 on Iy. Theorem 5.1.5(vii) from [7]
implies that 7 C Z4. Then there exists an N’ € F NZ4 such that NN’ C N.

For all (F,X,Y) € Iy x [N]<* x [N]<*°, define

Urxy = {f € Iy | FC f,dom(f)nX =im(f)NY = @}.

As N’ € 7, there exists D C Iy X [N]<%° x [N]<* such that

N= |J Usxy-
(F,X,Y)eD

Moreover, there must be some triple (&, A, B) € D as & € N'. Let n € N be such that
AU B Cn and define

D = {(F,XUmY) | (F,X,Y) e D and Up xuny # @}.
Let

N":= U Urxy = U UsnoNUpxy =N NUgpno.
(F,X,Y)eD' (F,X,Y)eD
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Since Ug o is an open neighbourhood of @ in Z, C T, we get that N” € F. Let
N/// = N//N// C N/N/ C N'

Claim 4.14. If (F,X,Y) € D', then
Uz nUrxy =Ugny-

Proof. The containment C is immediate. Let h € Ug ,y be arbitrary. Note that
Up x,y is nonempty so dom(F)NX =im(F)NY = 2.

Let g1 = F and let g, be any partial bijection with image equal to im(h) \ im(g;) and
domain disjoint from n U X UY U dom(F) Uim(F). Let g = g1 U g2 € Iy. Note that
g€Upxy asdom(F)NX =im(F)NY =@ and im(h) NY = @.

Let f = hg=! = h(gy U g2)~!. Note that dom(f) C dom(h), so

dom(f)Nn=dom(h)Nn=9 and im(f)C dom(F)U dom(gs).
By the definition of D', X D n D B, and so

im(f) N B C (dom(F)Udom(gz)) N B = (dom(F) N B) U (dom(gy) N B) =
dom(F)NB Cdom(F)NX =@.

Hence f € Ug,n,p and h = fg € Uy »,BUF x,v as required. O

Let
) = {Y € [N]=*° | Yappears as the third entry of an element of D’} .

Since (@, A, B) € D, we have (&,n, B) € D’. Thus by Claim 4.14, we have

U Usny = U Uz nBUrxy

Yen (F,X,Y)eD!

C U Urxy U Urxy | = N'N"=N"
(F,X,Y)eD' (F,X,Y)eD'

For convenience denote N := UY@J Ug.n,y- Note that N is 9-wany. As n C X for
all (F,X.,Y) € D’ we have Upx,y C Uppny C Ugp,y. It follows that N C N and
subsequently N € F. Since N was chosen arbitrarily, N/ C N/ C N, and N"" is a
wany set, the result follows.

We now prove the parts (2) and (3) of the theorem together by proving the following
statement.

(2)&(3) If I € {In,In} and F|; has a filter base of the form (S; N I);eny where each
set S; is finitely wany, then there is a good filter F/ defined by a waning function such
that F|y = F1|1.
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Suppose that F and I are as hypothesized. We define
K={leN|{fel|(+1) Zim(f)}eFl|/}.
Claim 4.15. Let I,n € N and X € [N]<* be arbitrary such that | < |X|. Then
le K < {fel]|dom(f)Nn=2 and |im(f)NX| <1} € Flr.

Proof. We fix I,n € N and X € [N]<* such that | < |X]|.
(<) : Let o € Sym(N) be such that [ +1 C (X)o. Then

({feI|dom(f)Nn=2 and |im(f)NX|<I})o C{fel]||im(f)N(X)o| <1}
C{fel|im(f)2(@+1}.

Since F is a good filter and elements of Sym(N) act bijectively on Iy and they are
homeomorphisms of Iy endowed with any shift-continuous topology, we get that the
filter F|; is closed under right multiplication by elements of Sym(N). It follows that

{fel|im(f)2(+1)}eF|,

sol e K.

(=) : We have that {f € I | |im(f) N (I +1)| <1} € Fl;. Let r = |X|. Let G, be the
finite subgroup of Sym(N) consisting of all permutations with support contained in 7.
Note that

{feI|lim(f)nr| <} ={fel]|im(f)Nr has no subset of size | + 1}
= {f €1 | there is no ¢ € G, such that (im(f))o 21+ 1}
z{f€I|thereisnoaeGr such that im(fU)Ql—i—l}
= () {fer|im(fo)2i+1}

ceG,
= () {felo™|im(fo) 21+1}
ceG,
(as I = Io~ !, because o is a bijection)

= ﬂ {go7" € Io™" | im(go o) 21+ 1}
oceG,

= ﬂ {90_1 clo™?! | im(g) 2141}

UEGT

= () {fotel|im(f)21+1}

c€eG,

= () {rerl|im(f)2i+1}o".

ceG,
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So, since the filter F|; is closed under right multiplication by elements of Sym(N) we
have that {f € I f lim(f) Nr| <1} € F|;. As F contains all the 7 neighbourhoods of
@, we obtain that

{f €Ildom(f)Nn =g and |im(f)Nr| <1}
={fel|dom(f)nn=0o}n{fel]|lim(f)nr| <I}e Fl;.

Let p € Sym(N) be such that (r)p = X. It follows that

{f € Ildom(f) Nn =@ and |im(f) N X| <}
={fel| dom(f)Nn=@ and |im(f)Nr|<1l}pe Fs

as required. O

Claim 4.16. If F' € F|;, then there exist I,n € N and X € [N]<* such that
U:={fel|dom(f)Nn=@ and |im(f)NX| <1} € F
and U C F.

Proof. Let F' € F be arbitrary. By the assumption, F|; has a filter base of the form
(S; N I);eny where each set S; is finitely wany. Hence there is a finite non-empty set 2)
and n € N such that N, 9 N1 € F|r and

NogyNI={fel|dom(f)Nn=gand thereis Y €9 with im(f)NY = o} C F.

Let I be the largest integer such that I < ||JQ)| and every subset of |J9) of size [ is
disjoint from at least one element of ). Since 0 satisfies the condition above, the integer
[ is well defined.

Let G be the finite subgroup of Sym(N) consisting of all permutations supported on
U2. Then define

M:=1In ﬂ N,.90.
oceG

Note that M € F|;, and if for some f € Iy, |im(f) N UQY| < I, then im(fo) must be
disjoint from an element of Q) for all 0 € G, so f € M. Conversely, if f € M, then
[im(f) NUY| <1 as otherwise there is o € G such that im(fo) intersects every element
of ) and hence f ¢ N, 9o~ *. So

M:{fefy dom(f)ﬂn:@and|im(f)ﬁUQ_)\§l}€J:|1

choosing X = (J9) the claim follows. O
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If for all F € F|y, there is I,n € N and X € [N]<* with [ = | X| such that
{feI| dom(f)nn=oand |im(f)NX|<I}ecF|;
and
{feI|dom(f)Nn=oand |im(f)NX|<I} CF,

then we have that F|; is the set of all neighbourhoods of & in the subspace topology on
I inherited from (Iy,Z3), and we are done. Otherwise it follows from Claims 4.16 and
4.15 that K # @. Let k = min(K). It then follows from the same two claims that the
sets of the form

{feI| dom(f)nn=o and |[im(f)NX|<k}

for n € N and X € [N]<* with |[X| > k all belong to F|; and are a basis for this
filter. Hence if F’ is any filter defined by a waning function ¢ such that (0)¢ = k, then
Flr=F|r. O

We have shown that every good filter has a basis of wany sets and that a basis of
finitely wany sets may be used to construct a waning function. To bridge the remaining
gap, we show in Corollary 4.24 that a good filter cannot have a basis of wany sets without
having a basis of finitely wany sets.

Lemma 4.17. If Fi,F> are good filters and Fi|r_, = Fal|r_y, then Fi = Fo.

Proof. Let 61,605 be second countable semigroup topologies on Iy containing Z, such
that F; is the set of #; neighbourhoods of @ and F3 is the set of 3 neighbourhoods of
.

Suppose for a contradiction that F; € F». By Theorem 4.13, we can fix a wany set
Npgy € Fi \ Fa. Consider the product @idy = @ in the topological semigroup (I, 61).
Since (I, 61) is a topological semigroup, we can find W; € F1N6; and W,. € 6; C T, such
that idy € W, and W;W,. C N,, o). Since open neighborhood bases at idy in (Iy,Z2) and
(In,Z4) coincide, we lose no generality assuming there is n > m such that W, =7 id,,.

As WiNIcy € Filr.y = Fali_y, we can (by Theorem 4.13(1)) find a wany set Ny 9/ €
Fa such that Ny o NIey € Wy and k > n. Since Np, 9 ¢ Fy and Nigyr € Fa, we get
that Nk’gy g Nm’QJ. On the other hand, (Nk’@/ M I<N) Tldn g WZWT g Nm’@.

Let g € Nk,@/ \Nm’gj Ifg is finite, then g € (Nk,g)/ ﬂI<N) -idy C (Nk7@/ ﬂI<N) -tid,, C
N9, which is a contradiction. Hence g is infinite. Then g € Np, 99 and K > m > n
implies that im(g) intersects every element of ). Hence Ny, 9) contains no elements with
the same image as g.

Let ¢" == gl({0,1,...n—1})g-1- Since g € Ny 90 = [ Ni o := U{Jw : @ € Ny 9}, it follows
that ¢’ € N.o NIeny €Wy € Zy. So WiN 1y € Iy and (W, N 1g’) - Tid,, € Ny . Since
g € WiN1g' € Iy, there must be some infinite ¢’ € W;N1¢’ with im(¢”) Nn = im(g’) =
im(g) Nn. So the set ¢’ - 7id,, contains an element with the same image as g. This is a
contradiction, as g” - 1id,, € W/ -1id, C Ny, 9, and Ny, 9 contains no elements with the
same image as g. Therefore F; C F5 and by symmetry F; = Fo. g
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Definition 4.18. We say that a non-empty set ) C [N]<>° is bad if there is a good
filter F and n € N such that N, .9 € F and there is no finitely wany set S € F with
SC Npy.

Note that if 9 is bad and the good filter F witnesses this, then F has no filter base
consisting of finitely wany sets. We will show (eventually) that there are, in fact, no bad
sets.

Recall that [N]™ denotes the set of all subsets of N of cardinality n.

Lemma 4.19. If there exists a bad set ) C [N|<°°, then there is a set )’ C [N]<
such that the following hold:

(1) There is a good filter F such that Nog € F, and there is no finitely wany set S,
with SN Iy € ]:|]<N and SNI.y C NO’QJ/.

(2) The elements of 9’ are incomparable with respect to containment and if Y € [N]<>°
and {f € Iy ’ im(f)NY =@} C Noy, then there is Y' €Y' with Y’ C Y.

(3) For alln € N, the set [N]" NY) is finite.

Proof. We first construct a set satisfying (1), we will then modify this set to satisfy
(2) while ensuring it still satisfies (1). The resulting set will satisfy (3) as well. Let ) be
a bad set and let F be a good filter witnessing that ) is bad.

By Theorem 4.13, we can find a sequence (N; g, )ien of wany sets forming a filter base
for F.

For a good filter 7" and a set )’ C [N]<*°, let P(F’,Q)’) be the statement:

* Ny € F', and there is no finitely wany set S, with S N Icy € F'|;_, and
SNilcyC Nog)/.

Seeking a contradiction, assume that for every ¢ € N the statement P(F,%);) is false.
Then for all i € N, we can find a finitely wany set S; such that S; N Iy € Fl|7_, and
Si NIy € Ny,y,. Since F contains every Zo neighbourhood of @, for all ¢ € N the
set U; := {f € In | dom(f)Ni =@} belongs to F. Hence replacing S; by the finitely
wany set S; N U; if needed, we can assume that S; N Iy C N; g, for all i € N. Since
{Ni@i i€ N} is a filter base for F, it follows that {Si NIcy | i€ N} is a filter base
for F|;_,. By Theorem 4.13(3), there is a filter ' defined by a waning function such
that F'|;_, = Fli_,. By Lemma 4.17, 7/ = F. This is a contradiction as by assumption
F witnesses that 9 is bad, and F has a filter base consisting of finitely wany sets (see
Remark 4.10).

Thus we can find a set 2l such that P(F,2l). We next define a set )’ using 2l to satisfy
conditions (1) and (2). First, however, let

A =AU{Y e [N | {feln| im(f/)NY =2} C Noa}.

Note that Ny o € No o and No o NIy = Ny o NIcn and hence 2 also satisfies (1). Let
2)’ be the set obtained from A’ by removing all elements from 21" which are not minimal
with respect to containment. It is easy to see that Nysr = Npgy. Note that )’ now
satisfies (1) and (2).
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In order to show that )’ satisfies (3), we need the following auxiliary fact.

Claim 4.20. There are pairwise disjoint Y1,...,Yr € Q) such that Y N (Ulgigk Yi) =+
@ for allY € 9.

Proof. Note that if @ € 9, then Ny g = In = Ny z}. Then the finitely wany set
Noy,p belongs to F, and so setting S = Ny g)/, we obtain that )" doesn’t satisfy condition
(1). The obtained contradiction implies & ¢ 2)’.

Suppose for a contradiction that the claim is false. Let Y1 € 2) be arbitrary. If
Y1,...,Y; €9 are defined and pairwise disjoint, then as the claim is false we can find an
Y11 € %) disjoint from all of them. So we have an infinite sequence of pairwise disjoint
sets Y1,Ys,... € Y. If f € I, then im(f) intersects at most finitely many of the Y;,
hence Ny NIy = <y = Ny (&} N I<n. This contradicts the fact that )’ satisfies (1).
O

We show inductively that:

* For all n € N, there is a finite set B, C N such that for all Y € ), we have
Y N B,| > min{|Y|,n}.

Note that this implies that if |Y'| < n then Y C B, in particular this will imply (3) since
IN]* MY’ C P(B,). For the base case of the induction we set By = |J;,<, Yi where the
sets Y7, ..., Yy are those from Claim 4.20.

Suppose inductively that the statement holds for some 7 € N, so the set B; is defined.
For every subset S of B;, let

Vs ={Y\B; |Ye€Y andYNB; =5} ={V\S|YeY and Y NB; =5}.

Let S C B; be arbitrary. If 9% # @, let Y1 5 € 9’ (otherwise define V7 g := @). If
Yis,...,Y, s are defined, then let Y;11 s € 9’ be disjoint from ¥; g U...UY; g (if this
is impossible define Yj 1 ¢ := @).

Claim 4.21. U2, Y] s is finite.

Proof. Suppose for a contradiction that the set is infinite. It follows that Y} g # @ for
infinitely many j. Without loss of generality suppose that every Y} s is nonempty. Note
that, for all j, Y;sUS €9, and Y; s N B; = @.

We show that { f € Iy | im(f) NS = @} C Nog (so we can apply part (2) to S). Let
f € Iy be such that im(f) NS = @. Since im(f) is finite and the sets Y; g are pairwise
disjoint, only finitely many sets Y} g have nonempty intersection with im(f). In other
words, there exists j € N such that Y; ¢Nim(f) = @. It follows that (Y; sUS)Nim(f) = &,
so f € Ny . By (2) (using S as Y'), there is a subset Y’ of S belonging to 2)’.

Let Y € 9’ be arbitrary. Then Y/ CY US € 9’ and so Y, Y US € 9’. But elements
of 9)' are incomparable and so Y/ C S CYUS =Y’ Since Y and S are disjoint, Y = &
which shows that )%y C {@}. This contradicts the assumption that the sets Yj g are
non-empty, as required. O
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IfY €9 and Y N B; = S, then we have by construction that either Y C B; or

o0
YﬂUYj7S;«é®.

j=1
Thus the set
o0
Bit1 = B;U U U Yjs,
SCB; j=1
satisfies «. O
Lemma 4.22. Bad sets do not exist.

Proof. Suppose for a contradiction that bad sets do exist, and let ) be such a set.
Let 9’ be the set from Lemma 4.19, and let F be the good filter from Lemma 4.19(1).
By Theorem 4.13(1), we may suppose that

va@l 2 N279.J2 2

is a filter base for F for some sets 9); C [N]<°°. Since F is the set of neighbourhoods
of & in a semigroup topology on Iy and composition with an element of Sym(N) is a
homeomorphism, it follows that F¢ = F for all ¢ € Sym(N), where

Fo={Af:AeF}.

In particular, since Ng g € F it follows that Nggy¢ € F for any ¢ € Sym(N). Since
the sets IV; 9), are a base for F, there exists ¢4 € N such that N%@% C Ny ¢. For all

jeN, let §;:= {gi) € Sym(N) | iy = j}. Note that

Sym(N) = | J Si.

i€EN

As Sym(N) is Baire (under the pointwise topology), at least one of the sets S; is not
nowhere dense. In other words, the closure of S; contains a neighbourhood of some
0 € Sym(N).

If ¢ € 9715}, then ¢ € S; and so from the definition of S;,

Njg, € Nogtp = {fely:3Y €Y,im(f)NY = a}0¢
= {fely:FY €, im(f/)NnY0 =02} (*)
= Nogoo.

Also 9’0 satisfies the conditions of Lemma 4.19 with respect to the same F (as 70 = F
and F|r_,0 = Flr_,). Since the closure of S; contains a neighbourhood of 6, it follows
that the closure of #~15; contains a neighbourhood of idy. In other words, the closure of
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=15 contains the pointwise stabilizer {f € Sym(N) |z € F = (z)f = #} in Sym(N) of
some finite set F.

Claim 4.23. There ezists Y € 9); such that there is no Y’ € 9'0 withY' C FNY.

Proof. If the claim is false, then for all Y € 9); there is Y’ € 9’0 such that Y' C FNY.
Thus

Nj,@j N I<N - {f € I<N : 1m(f) N Y/ = @ for some Y/ S @/9 n P(F)} - NO,QJ/GO'P(F)
C Nogy0.

Then the set S = No gy 9np(r) is finitely wany, SNIF® € Fl;_,, and SNIF® C Ny gg.
But Lemma 4.19(1) applied to 2)'0 states that no such set S exists, a contradiction. O

Let the set Y € 9); be as given in Claim 4.23. Let B be the union of all elements of 9’0
of size at most |Y|. By Lemma 4.19(3), the set B is finite. Since Y € 9);, Y is also finite.
Hence there exists ¢ € Sym(N) fixing F' pointwise and satisfying (B\ F)¢NY = &. Since
the closure of §=1S; contains the pointwise stabilizer of F, we can choose ¢ € 0715;.
From (*), No,gy, € No,gr9¢, and Lemma 4.19(2) implies that there is Y’ € 9’0¢ such
that Y’ C Y. In particular Y'¢~! € 2)’0 and has at most |Y| elements. So Y'¢~! C B
implying that Y’/ C B¢. Thus Y’/ C By NY. But by the choice of ¢, BoNY C F. So
Y’ C FNY and since ¢ fixes F pointwise, Y'¢~! =Y’ C FNY. This is a contradiction
since, as was mentioned before, Y'¢~! € 92)'0 and Y was chosen to satisfy the property
given in Claim 4.23. g

Corollary 4.24. If F is good, then it can be defined by a waning function.

Proof. By Theorem 4.13(1), F has a filter base % consisting of wany sets. By Lemma
4.22, every set B € A is not bad, and so there exists a finitely wany set Ag € F such
that Ap C B. Hence the collection {Ap : B € %} of finitely wany sets is a filter base for
F as well. Thus by Theorem 4.13(2), F can be defined by a waning function. O

Definition 4.25. Let T be a second countable semigroup topology on Iy containing Lo,
with filter data (Fr ;)icw- By Definition 4.7, every Fr; is good, and so, by Corollary 4.24,
there exists a waning function f; : w +1 — w + 1 such that Fr; is the set of all
neighbourhoods of @ in the topology Ty, .

We define a function fr:(w+1) = (w+1) by

(1) (0)fr=(0)f; for alli € w;
(2) (w)fr =min{(0)fr, (1) fr,...}.

One might think that f7 depends on the choice of the waning functions f; in Definition
4.25. However, if f,g : w+1 — w + 1 are waning functions, then the topologies 7y and
T, have the same neighbourhoods of @ if and only if (0)f = (0)g (by Corollary 3.13).
Hence if f; and g; are waning functions such that F; is the set of neighbourhoods of @
in Ty, and 7Ty,, then (0)f; = (0)g;. It follows that fr is independent of the choice of the
fi in Definition 4.25.
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Theorem 4.26. If T is a second countable semigroup topology on Iy containing I,
then fr is a waning function.

Proof. If (F;);cw is the filter data of T, then by Lemma 4.8, F,,, C F, for all m < n.
So, by Corollary 3.13, if f,, and f, are waning functions corresponding to F,, and F,
(as in Definition 4.25), then (0) f, > (0) f,. In other words, f7 is non-increasing.

It therefore suffices to show that if i € N and (¢) f7 € N\ {0}, then (i + 1) fr < (4) fr.

Claim 4.27. If g € I.y and N C Iy, then N is a neighbourhood of g with respect to
T if and only if N contains the sets

{h € In|hl, = gl, and |im(h) N (r\ im(g))] < (lg]).f7}
for all but finitely many r € N.
Proof. Suppose that g € I.n. Then by Definition 4.5 and Lemma 4.4,
Fg = Frg ={(NN*1g)dy : N is a neighbourhood of g with respect to 7}.

Hence N is a neighbourhood of g if and only if (N N *1g)d, € F|g4. But F,4 is the set of
all neighbourhoods of @ in Ty for some waning function f|4 (as in Definition 4.25). By
the definition of fr, (|g|)fr = (0)f}4, and so Lemma 3.5 implies that N € F, if and
only if N contains a set of the form

Wi, o0 =1{h € In|hl, =@ and |im(h) Nr| < (0) fig = (I9]) f7}

for some large enough r € N. It follows that N is a neighbourhood of g (with respect to
T) if and only if (N N 1g)d, contains a set Wy, = o, for large enough 7.

We claim that the set (N N1g)d, contains a set Wio.2.r for all but finitely many » € N
if and only if NV contains a set of the form

{h € In | hl, = gI, and [im(h) N (r \ im(9))| < (|9 f7}
for all but finitely many r € N, as we can check that if 7 > |g| then
{h € In|hl, =gl and |im(h) N (r\ im(g))| < (gD f7} = Wy 0y dg
Hence

({h € In| b1, = gl and |im(h) 0 (r \im(g)| < (I9) S} )dg = Wi, o0oy-
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By Claim 4.27, the set
N:={f€ln]|id; C fand [im(f)N{i,i+1,...,i+ (@)f} < (@) fr}

is a neighbourhood of id; with respect to 7. Let U € T be such that id; € U C N. Since
U is a neighbourhood of id; and (i) f7 # 0, we can find g € U such that im(g) =i + 1.
As U is open, it is also a neighbourhood of g. So N is a neighbourhood of g.

It follows that

N :={fely|gC fand|im(f)n{ii+1,...,.i+ @) fr} <(@)fr}
={feln|gCfand|im(f)n{i+1,. ...i+ @) fr} < ()fr -1}

is a neighbourhood of g with respect to 7. Since |g| =i + 1, it follows that (i + 1) fr <
(1) fr — 1 as required. O

Theorem 4.28. If T is a second countable semigroup topology on Iy containing Zs,
then T = T¢,. In particular every second countable, semigroup topology on Iy containing
Zs can be defined by a waning function.

Proof. By the definition of fy, Lemma 3.5, and Claim 4.27, we know that for all
g € I<n, g has the same neighbourhoods with respect to 7 as Tz,. Thus we need only
consider the neighbourhoods of the infinite elements of I.

We split the proof into two cases.

Claim 4.29. If (w)fr =0, then T =Ty,.

Proof. Let N € N be such that (N)fr = 0. Let a € N be arbitrary. We show that the
set

{fely|N<|fl andagim(f)}

is open with respect to 7. Note that this is sufficient as the Z, neighbourhoods of any
infinite element of Iy are generated by these sets and sets from 7.
Let Fyq:={f €In||f|=Nand a¢im(f)}. Observe that

{femw|N<|flandagim(f)}= |J {felv|gCfandagim(f)}.

9gEFN o

Thus we need only show that the sets in the above union are open.
Endow the set {f € Iy ‘ N < |f] < oo} with the subspace topology inherited from
(In,Z4) and fix any g € Fy,q. Define ¢ : {f € Iy ‘ggf} — {f €y ’ N < |f] < oo} by

(f)¢ = [ o idim(g)uga} -
Note that ¢ is continuous. It follows that

({Fet|agim(D})e = {f el |gC fandagim(f)}
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is open in {f € Iy | g C f}, which is also open in T D Zy so the result follows. O
Claim 4.30. If (w)fr =w, then T =Ty, = 1.

Proof. Let W € T, and g € W be infinite. We need only show that W is an Z
neighbourhood of g. Consider the product idyg = g. As Zo C T C Zy and B := {tid,, :
n € N} is an open neighborhood base of idy in both Z, and Z,, we get the family B also
forms a base at idy in 7. Since T is a semigroup topology, there is U € 7 and n € N
such that

(1id,)U C W.

Since U € Iy, there exists finite ¢’ C g such that g[,, = ¢',, and ¢’ € U. As ¢’ is finite
and (|¢']) fr = w, it follows that U is a Zy neighbourhood of ¢’. So there is some finite
k € N such that

Urg ={f € In [ fl =9Ik} CU.
In particular
(Tidy)Uk,g € W.
Let m := max{{k,n} Udom(g’) Uim(g')} + 1. We have
(Tidy)Unm g € W.

It therefore suffices to show that U, o C r idn)Umygr7 as Up, ¢ is open in Z, and contains
g. Let h € Uy, ¢ be arbitrary. Put hy = g[,, = ¢'[,, = hl,, and hy = h '\ h1. We have that

h = hy U hs.

Let [ : im(hg) — N\ m be an injective function.
Note that

@ = dom(id, ) Ndom(hyl) = im(id,,) Nim(hel) = dom(I~*) Ndom(g") = im(I~!) Nim(g).
It follows that

h = hy Uhg = (id, og') U (hal o I71) = (id,, Uhal) o (¢’ UI™Y) € (1idy)Upg-
Hence U,, o+ C (1idp)Upn, g O

The two claims above complete the proof of the theorem. O
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5. Proofs of the remaining main results

In this section, we prove Theorems 2.5-2.7. We start with Theorem 2.5, which states
that the symmetric inverse monoid Iy endowed with any T} second countable semigroup
topology is homeomorphic to the Baire space NV,

Proof of Theorem 2.5. By Corollary 3.9, the spaces (In,7;) and (Iy, 7}71) are
Polish and possess a base consisting of clopen sets for every waning function f. By the
Alexandrov-Urysohn Theorem (see, for example, [17, Theorem 7.7]), a non-empty Polish
space X possessing a base consisting of clopen sets is homeomorphic to the Baire space
N if and only if each compact subset of X has empty interior. Recall that for each
waning function f the spaces (I, 7¢) and (I, 7}71) are homeomorphic. By Theorem 2.3,
it is enough to show that (I, 7}) is homeomorphic to the Baire space for each waning
function f. Since all the topologies 7 fall between Z, and Z4, it suffices to check that the
sets which are compact with respect to Zo have empty interior with respect to Zy. If this
was not the case, then there would be a basic open set U in Z, whose closure in (I, Z3)
is compact. Then there exist n € N, a finite subset X of N and a finite partial bijection
h:n— N\ X such that

U={feln|fl,=hand im(f/)NX =2}.

It is straightforward to check that the set U is closed with respect to Z, and the open
cover

U:{{fEIN ’ (n)f:m} ’mEN}U{{fEIN’ngédom(f)}},
has no finite subcover. O

Recall that 3 denotes the poset of Polish semigroup topologies on Iy, with respect to
containment, and 27 the set of all waning functions equipped with the partial order =<,
where f < g if and only if (n)f > (n)g for all n € w + 1. We proceed with Theorem 2.6,
which states that

(i) the function f +— T is an order-isomorphism from 20 to the subposet of B consisting
of Polish semigroup topologies which contain Zs and are contained in Zg;

(ii) the function f — Tf_l is an order-isomorphism from 20 to the subposet of P of
Polish semigroup topologies lying between Z3 and Z,.

Proof of Theorem 2.6. (i) Lemma 3.11 and Corollary 3.12 imply that the function
f — Ty is injective and order preserving. By Theorem 2.3, this function is surjective
and, as such, an order-isomorphism from 20 to the subposet of 9 of Polish semigroup
topologies lying between Zo and Zy.
(ii) Observe that Z, * = T3, Z, * = T, and 7}_1 C 7,7 " if and only if T; C T, for any
waning functions f and g. At this point the proof of item (ii) is dual to the one of (i). O

Finally, we prove Theorem 2.7, which states that the poset P contains the following:

(a) infinite descending linear orders;
(b) only finite ascending linear orders; and
(c) every finite partial order.
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Proof of Theorem 2.7. By Theorem 2.6, it suffices to prove that 20 satisfies (a), (b),
and (c).

(a) For every n € N, define f,, : w+1— w+ 1 by (0)f, =n and (i) f, = 0 for all i > 0.
Then each f,, is waning and m > n implies that (¢) f,, > (7) f,, for all ¢ € N. Thus (fp,)nen
is an infinite descending chain in 20.

(b) Suppose for a contradiction that (f;);en is an infinite ascending linear order with
respect to 2. In other words, with respect to the pointwise order, we have fy > f1 >
fa.... Note that as f; < fo with respect to the pointwise order, there is some n € N such
that (n)f1 # w.

Let k =min{j € N|3p € N (j)f, #w}. Let p € N be such that (k)f, < w. Then for
all i € N and j < k, we have (j) f; = w.

It follows from f, being a waning function that (k + (k)f,)f, = 0, and hence there is

m € N for which (i) f, = 0 for all ¢ > m. Observe that there are at most ((k)f, +1)((k+
fp+1)...((m)f, +1) < oo functions in our sequence bounded above pointwise by fp,
which yields a contradiction.
(¢) Let (X, <) be a finite poset. First note that the map x — |z is an embedding of
(X, <) into (P(X), C). Moreover the map from P(X) to {0,1}* which sends each set S
to its characteristic function (z — 1 <= z € S) is an order isomorphism with respect to
the coordinate-wise order on {0, 1}¥. So it is sufficient to embed {0, 1}* into 2. Assume
without loss of generality that X = n and note that for example the set

{f €W |(n)f=0and for all i € n,we have (i)f € {3(n—1i)+1,3(n — i)+ 2}}

is order isomorphic to {0,1}", as required. O
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