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venue, Klaipėda, LT-92294, Lithuania
University of Derby, College of Science and Engineering, Markeaton Street, Derby, DE22 3AW, UK

 R T I C L E  I N F O

eywords:
-integral
inear Elastic Fracture Mechanics (LEFM)
moothed Particle Hydrodynamics (SPH)
ingle Edged Notch Tension (SENT)
inite Element Method (FEM)
racture

 A B S T R A C T

The stress intensity factors or strain energy release rate are typically used to characterise the 
stress field in the vicinity of a crack in fracture mechanics. One way to obtain the strain energy 
release rate in elastic–plastic fracture mechanics is from the stress and deformation field around 
the crack tip through the calculation of the J integral. The J-integral is contour independent, 
although the contour must start and end from a traction-free surface, such as the crack surface. 
Using Green’s theorem, the J-integral can be formulated as a surface or area integral, which 
makes it convenient for implementation in finite element method (FEM). More importantly, 
the J-integral calculation is insensitive to uncertainty of the exact crack tip location, can be 
applied for linear elastic analysis with small scale yielding and in an improved formulation for 
elastic–plastic fracture. In short, the J-integral is an indispensable tool in the study of fracture 
mechanics.

Despite the J-integral being widely used in FEM, including availability in most commercial 
FEM codes, there is currently no algorithm to calculate the J-integral in the Smoothed Particle 
Hydrodynamics (SPH) method. This is somewhat surprising since the SPH method, due to its 
meshless nature, has inherent advantages in dealing with cracks compared to mesh based 
methods such as FEM. In this paper we will therefore address this deficiency and develop 
an algorithm for calculation of the J integral in the SPH method. The implementation of his 
new alghorithm is based on a new definition of the weighting function 𝑞1, as appropriately 
normalised kernel function, which inherently satisfies all the specific requirements on 𝑞1: The 
function is sufficiently smooth in the J-integral area, it is equal to unit inside contour path 
of the integral and zero outside of the path. A further element of novelty is that in the 
current implementation, the gradient of this function is evaluated analytically rather than 
through a numerical approximation. The verification and validation of developed algorithm 
is based on simulation of the standard single edge notch tension test (SENT) under the 
plain strain conditions. The SPH results are compared to the FEM results for stress and 
displacement fields in the vicinity of the crack tip, as well as the J integral solutions. The 
SPH results demonstrated convergence and were within 2% of the converged FEM solutions. 

∗ Corresponding author.
E-mail address: t.de-vuyst@herts.ac.uk (T. De Vuyst).
ttps://doi.org/10.1016/j.engfracmech.2025.111833
eceived 23 August 2025; Received in revised form 23 December 2025; Accepted 30 December 2025
vailable online 31 December 2025 
013-7944/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license 
 http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/engfracmech
https://www.elsevier.com/locate/engfracmech
https://orcid.org/0000-0002-4372-4055
https://orcid.org/0000-0002-4677-068X
https://orcid.org/0000-0003-4596-5730
https://orcid.org/0000-0002-8522-7903
mailto:t.de-vuyst@herts.ac.uk
https://doi.org/10.1016/j.engfracmech.2025.111833
https://doi.org/10.1016/j.engfracmech.2025.111833
http://crossmark.crossref.org/dialog/?doi=10.1016/j.engfracmech.2025.111833&domain=pdf
http://creativecommons.org/licenses/by/4.0/


T. De Vuyst et al. Engineering Fracture Mechanics 333 (2026) 111833 
 
The validation also allows for the definition of simple guidelines for the definition of the 
J-integral area to achieve accurate results. The implementation is currently developed for 
linear elastic fracture mechanics applications, but its generalisation and application to elastic–
plastic fracture mechanics, including the combination with elastic–plastic constitutive models 
is straightforward.

1. Introduction

Fracture mechanics allows for the identification and quantification of the conditions necessary for unstable crack propagation, 
i.e. catastrophic failure, in many structures. Generally, this requires knowledge of both the material’s fracture characteristics, 
e.g. toughness and the energy release rate for the defect in question. Numerical methods, such as the Finite Element Method 
(FEM) but also meshless methods such as Smoothed Particle Hydrodynamics (SPH) [1–5], enable the determination of the stress 
and deformation fields in almost any structural component under a wide range of loading conditions. The energy release rate for 
particular defects can be calculated from the numerically determined equilibrium fields. For isotropic linear elastic solids, the 
dominant asymptotic stress, strain, and displacements fields in vicinity of the crack tip scale linearly with the stress intensity 
factor (SIF) K, as defined in [6]. K is related to the energy release rate G and the J integral [7] having in mind the one to one 
correspondence, 𝐺 = 𝐽 [8]. Consequently, SIF and strain energy release rates are the key parameters for the assessment of structural 
integrity using the linear elastic fracture mechanics. Thus, it is the quantities, K and J, which we seek to extract from numerical 
solutions.

In materials exhibiting elasto-plastic deformation, the near-tip (plastic) asymptotic behaviour, under certain restricted conditions, 
is represented by a family of self-similar fields. For materials which obey power-law or linear strain-hardening constitutive 
relationships and experience nearly proportional loadings, these fields are known as the HRR fields [8,9] and have the distinctive 
characteristic of scaling with J in a way dependent on the strain hardening exponent. Another area where the J-integral is commonly 
used is in the modelling of delaminations in multi-layer composite structures [10,11].

The stress intensity factor, K, and the J integral are used for defect assessment in a number of structural engineering standards 
such as BS7910 [12]. In these assessments numerical modelling is routinely used for evaluation of the J-integral values at a flaw. 
Several procedures have been developed to extract K and J from FE solutions, and these are available in many commercial FEM 
codes [13,14]. Although at this stage we only consider standard FEM and SPH techniques it is worth specifically highlighting the 
virtual crack closure technique (VCCT) to calculate energy release rate in FEM [15,16] and the Extended Finite Element Method 
(XFEM) [17,18] as important numerical techniques used in fracture mechanics to accurately model crack propagation without 
requiring mesh refinement. Unlike traditional FEM, XFEM enriches the solution space by incorporating special functions that capture 
singularities and discontinuities within standard finite element meshes. In J-integral calculations, XFEM plays a crucial role by 
allowing discontinuities to be represented within standard finite element meshes. This eliminates the need for complex remeshing 
as cracks grow, making simulations more efficient and accurate. In addition, XFEM allows for more accurate representation of 
the singular stress field near the crack tip and consequently enhances the accuracy of J-integral evaluations. This method is 
particularly useful in analysing fatigue crack growth, stress intensity factors, and fracture toughness in structures subjected to 
variable loads and with complex geometries. However, the method faces challenges in maintaining accuracy when dealing with 
complex geometries [19].

For instance, in three-dimensional cracked bodies, even under uniform loading, the magnitude of stress and deformation varies 
through the thickness of the specimen along the crack front. Studies with standard compact test (CT) specimens have shown that 
the SIF, i.e. J-integral tends to be highest at the midplane and lowest at the free surface [20]. This variation is due to differences in 
constraint conditions: the midplane experiences higher constraint, leading to greater energy release rates, while the free surface has 
lower constraint, reducing the J-integral value. The ability to accurately assess and predict these effects is fundamental to structural 
safety.

The SPH meshless method is inherently well suited for modelling damage, fracture and failure of solids and structures under 
monotonic and/or dynamic loading. Typical applications are modelling of ballistic impact and fragmentation modelling [21–24], 
and these illustrate, due to its meshless nature, the strength of SPH in the ease with which failure (necking, shear bands, . . . ) and 
cracks can be modelled. More recently some researchers have started to investigate the use of the SPH for fatigue and fracture 
mechanics problems [25–28]. They highlight the ease with which the geometry can be discretised around the crack tip as another 
advantage of the SPH method for this type of problems, and develop crack propagation algorithms based on the stress intensity 
factor and Paris’ Law. The focus in their work lies on the representation of the crack growth, i.e. the progression of the crack front 
and the representation of the discontinuity in the displacement and stress fields at the crack surface. They rely on resolving the stress 
field in the vicinity of the crack tip and correlating this with the theoretical stress distribution to estimate the Stress Intensity Factor, 
𝐾. From this survey of the current state-of-the-art on to analysis of fatigue and fracture mechanics problems with the SPH method, 
it is clear that there is a limited amount of work on this topic. Specifically, the absence of a method to calculate the J-integral in 
the SPH method can be considered a major obstacle in the use of the SPH method for fracture mechanics problems.

A specific engineering example where SPH based fracture modelling have demonstrated potential is problems involving fluid–
solid interaction phenomena. For instance, coupled liquid flow and solid deformation in porous materials has a wide range of 
applications, such as wave-porous structure interaction in coastal, hydraulic fracturing in geotechnical or carbon dioxide capturing in 
2 
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 Nomenclature
 𝐚 Acceleration vector  
 𝐄 Green–Lagrange strain tensor  
 𝐅 Deformation gradient tensor  
 𝐺 Strain energy release rate  
 𝐈 Second order identity tensor  
 𝐽 Value of the J-integral  
 Jac Jacobian  
 𝐾 Stress intensity factor  
 𝑛𝑖, 𝑛1 Normal vector, component of n in direction of the crack  
 𝐏 Nominal stress tensor  
 𝑞 J-integral weighting function  
 𝐮, 𝑢𝑖 Displacement vector  
 𝑈 Internal Energy  
 𝑉 , 𝑉 0 Particle volume, particle initial volume  
 𝑊 Kernel function  
 𝛿𝑖𝑗 Kronecker delta function  
 𝜀 Strain rate tensor  
 𝜌, 𝜌0 Density, initial density  
 𝜎, 𝜎𝑖𝑗 Cauchy stress tensor  

environmental engineering [29]. Conventional FEM is commonly used to solve the coupled flow-deformation problem including the 
application of J-integral as fracture parameter [30,31]. However, these methods often cannot efficiently handle large deformations 
in post-failure stage [29]. SPH offers an advantages in this domain as it deals better with large deformations and eliminates mesh 
distortion issue [31,32]. Thus having J-integral computation algorithm implemented in SPH, would allow to simulate and quantify 
fracture as it is done in FEM, but without the mentioned drawbacks.

The purpose of the current paper is therefore to address this issue and develop an SPH algorithm for the calculation of the 
J-integral, and to assess its capabilities relative to FEM models. The paper is structured as follows: following this introduction, 
Section 2 summarises the specific SPH scheme used in the simulations and Section 3 then discusses on the development of the 
algorithm to calculate the J-Integral in SPH, this is then followed by a section with the description of the validation test and the 
reference FEM solutions. The Section 5 contains the SPH model results, including a study of different modelling choices. The paper 
is completed with the outline on the findings in the conclusion section.

2. Summary of total Lagrange SPH algorithm used

The explicit Total-Lagrangian form of SPH was used for this investigation with a central difference time integration scheme. 
The use of a Total-Lagrangian form ensures stability in tension. The Total Lagrange SPH formulation evaluates all kernel sums in 
the reference configuration (indicated by the use of sub/superscripts 0 in the following equations). A detailed description of the 
algorithm used can be found in [33], but the main equations for each time step are as follows: The deformation gradient 𝐅 is 
calculated using: 

⟨𝐅⟩𝑖 = −
∑

𝑗
𝑉 0
𝑗
(

𝐮𝑗 − 𝐮𝑖
)

⊗ 𝛁0𝑊𝑖𝑗 + 𝐈 (1)

From which the rate-of-deformation 𝜺̇ can be calculated via push-forward of the Green–Lagrange strain rate 𝐄̇ to the current 
configuration: 

𝐄̇ = 1
2
[

𝐅̇𝑇𝐅 + 𝐅𝑇 𝐅̇
]

(2)

𝜺̇ = 𝐅−𝑇 𝐄̇𝐅−1 (3)

From this the increment in Cauchy stress 𝝈 is calculated and pulled back into the Nominal Stress 𝐏: 
𝐏 = Jac𝐅−1𝝈 (4)

The momentum equation is then solved to obtain the new accelerations 𝐚: 

⟨𝐚⟩𝑖 = −
∑

𝑗
𝑉 0
𝑗

(

𝐏𝑗

𝜌20,𝑗
+

𝐏𝑖

𝜌20,𝑖

)

⋅ 𝛁0𝑊𝑖𝑗 (5)

From the particle accelerations the new velocities and positions are calculated using the central difference equations to complete 
the time step. Unless stated otherwise, a cubic B-spline kernel function is used to evaluate Eqs.  (1) and (5).
3 
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Fig. 1. Diagram showing definition of J-Integral.

3. Development of SPH J-integral expression

3.1. J-Integral as a surface integral in 2D

In the case of a non-linear elastic solid and assuming two-dimensional plane strain, Rice [8] showed that the J-Integral, evaluated 
on a closed contour about the crack tip, is path independent in conservative material systems in the absence of crack-face tractions, 
body forces, and thermal strains [8]. Following the work by Shih and co-authors [34–37] the J-Integral for general static conditions 
can be expressed in a Cartesian coordinate system [34] as: 

𝐽 = ∫𝛤

[

𝑈𝑛1 − 𝜎𝑖𝑗𝑛𝑖
𝜕𝑢𝑗
𝜕𝑥1

]

d𝑠 (6)

Here the 𝑥1 axis is parallel with the crack direction, 𝛤  is any contour beginning at the bottom crack face and ending on the 
top crack face, 𝑛𝑖 is the unit vector outward normal of contour 𝛤 , 𝑈 is the strain–energy density, 𝜎𝑖𝑗 is Cauchy stress and 𝑢𝑖 is 
the displacement vector. Further, following Shih et al. [34] this surface integral can be written as a volume integral through the 
introduction of weighting function 𝑞1. The requirement for function 𝑞1 is that it is a sufficiently smooth function in the area 𝐴, and 
that it is unity on the inside path, 𝐶1, and zero on and outside the path, 𝐶2, see Fig.  1.

The general expression for the J Integral in two-dimensions, applicable to cracks with no crack face traction, no body force and 
no thermal stresses, can be written as a volume integral as [34]: 

𝐽 = ∫𝐴

[

𝜎𝑖𝑗
𝜕𝑢𝑖
𝜕𝑥1

− 𝑈𝛿1𝑗

]

𝜕𝑞1
𝜕𝑥𝑗

d𝐴 (7)

where 𝑞1 is a sufficiently smooth function in 𝐴 that is unity, 𝑞1 = 1, on 𝐶1 and vanishes, 𝑞1 = 0 on 𝐶2. In the numerical evaluation 
of Eq.  (7) 𝐶1 is typically shrank to a point at the crack tip. In Finite Element Method (FEM) based calculations of the J-Integral 
the 𝑞1 function is generally defined as a piecewise continuous function defined by nodal values. This means that the function 𝑞1
has to conform to the mesh and the value of 𝑞1 has to be 0 on the outer contour and 1 on the inner contour. When evaluating 
the integral in Eq.  (7) using FEM, the values of the gradient of 𝑞1 are required at the integration points and are obtained using the 
element shape functions, usually Lagrange polynomials. In contrast the use of meshless methods such as SPH offers some interesting 
alternatives to this which will be described below and evaluated in the results section. Firstly, we observe that the choice of the 𝑞1
function in the SPH method offers much more freedom. The 𝑞1 function does not need to conform to any mesh and can for example 
be defined as an appropriately re-normalised kernel function (𝑞1 = 1 at centre and 0 on the external boundary). The advantage of 
this approach is that there are no special requirements in terms of discretisation. The crack and contour boundary of the area in the 
J-Integral formulation does not have to be located on particles, i.e. there are no specific requirements on the particle distribution 
around the crack tip (other than it is sufficient to accurately capture displacement and stress fields). Consequently the J-Integral area 
in this paper (2D problem) is simply defined as a circle. A second advantage, resulting from the choice of 𝑞1 as a SPH kernel-type 
function, is that the gradient can simply be calculated analytically at each particle (integration point). So it is sufficient that 𝑞  is 
1

4 
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differentiable, and simplifies the calculation of the J-integral and avoids inaccuracies that could be introduced when approximating 
the gradient of 𝑞1 numerically as is the case in FEM.

3.2. Implementation of J-Integral in SPH as a surface integral in 2D

For the implementation of the integral in Eq.  (7) in the SPH method we consider the Total Lagrangian SPH framework [33]. 
Initial results (Sections 6 and 7) in this paper are obtained using a cubic B-spline kernel function:

𝑊 = 𝐶
( 3
4
𝑧3 − 3

2
𝑧2 + 1

)

𝑧 < 1

𝑊 = 𝐶
4
(2 − 𝑧)3 1 ≤ 𝑧 < 2

𝑊 = 0 𝑧 ≥ 2

∇𝑊 = 𝐶
( 9
4
𝑧2 − 3𝑧

) 𝐱𝑖 − 𝐱𝑗
𝑧ℎ2

𝑧 < 1

∇𝑊 = −3𝐶
4

(2 − 𝑧)2
𝐱𝑖 − 𝐱𝑗
𝑧ℎ2

1 ≤ 𝑧 < 2

∇𝑊 = 0 ≥ 2

where 𝑧 = |

|

|

𝐱𝑖 − 𝐱𝑗
|

|

|

∕ℎ, and 𝐶 is a normalisation constant. In Section 8 the effect of using different 𝑞1 functions will be studied.
The integral is evaluated point-wise over the set of particles inside the integral’s domain, i.e. the volume integral is replaced by 

a sum over all particles that lie inside the volume, and Eq.  (7) becomes: 

𝐽 =
∑

𝑎∈𝐴
𝑉𝑎

[

𝜎𝑖𝑗
𝜕𝑢𝑖
𝜕𝑥1

− 𝑈𝛿1𝑗

]

𝑎

⟨

𝜕𝑞1
𝜕𝑥𝑗

⟩

𝑎
(8)

This integral is written in the current (deformed) configuration and is a sum of all particles 𝑎 that lie within the area 𝐴. In this 
configuration the state variables are the current density, 𝜌𝑎 and the stress is the Cauchy stress, 𝜎 and strain energy density 𝑈 , the last 
two are already calculated during the stress update in the constitutive model. The particle volume is 𝑉𝑎. Finally, the displacement 
gradient tensor in the current configuration, 𝜕𝑢𝑗∕𝜕𝑥𝑖, is easily obtained. When using the Total Lagrange formulation the deformation 
gradient 𝐹  is calculated, and the displacement gradient in the current configuration can be calculated using: 

𝜕𝑢𝛼
𝜕𝑥𝛽

= 𝛿𝛼𝛽 − 𝐹−1
𝛼𝛽 (9)

As mentioned earlier, the gradient of function 𝑞1
(

𝑥𝑎
)

, for particle 𝑎, in Eq.  (8) is the analytically calculated derivative of the 
cubic B-spline kernel 𝑊 (

𝐱𝑖, 𝐱𝑗 , ℎ
) with kernel support radius 𝐶2, i.e. 2ℎ = 𝑅𝐶2

 and normalisation constant such that at the centre 
of the circle, 𝑥𝑐 located at the crack tip, 𝑊

(

𝐱𝑐 , 𝐱𝑐 , ℎ
)

= 1, see Fig.  2. The expression for the gradient of 𝑞1 then becomes:

∇𝑞1 =
1

𝑊
(

𝐱𝑐 , 𝐱𝑐 , ℎ
)𝐶

( 9
4
𝑧2 − 3𝑧

) 𝐱𝑖 − 𝐱𝑗
𝑧ℎ2

𝑧 < 1

∇𝑞1 = − 1
𝑊

(

𝐱𝑐 , 𝐱𝑐 , ℎ
)

3𝐶
4

(2 − 𝑧)2
𝐱𝑖 − 𝐱𝑗
𝑧ℎ2

1 ≤ 𝑧 < 2 (10)

∇𝑞1 = 0 ≥ 2

The proposed algorithm is presented as a block diagram in Fig.  3. In terms of computational efficiency, the calculation of the 
J-integral is done as a post-processing operation (i.e. after the stress and displacement field has been calculated), similar to FEM. It 
is not a computationally expensive operation which can be understood by considering the example of the largest model used in this 
paper, and which has 140000 particles in total. Every particle has around 20 neighbours, so a total of 2800000 particle interactions 
need to be evaluated for each time step. In contrast the largest J-integral calculation has around 3000 particles with a similar 
calculation effort per particle, so the computational effort for the calculation of the J-integral is around 3 orders of magnitude lower 
than the effort to solve for the stress and displacements.

4. Test problem finite element model and reference data

The SPH form of the two dimensional J-integral is investigated through comparison of SPH results with a FEM reference solution. 
FE solution was validated against solution available from [38]. The test problem used in this paper is a 2D plane strain model of 
a Single Edge Notch Tension (SENT) specimen, shown in Fig.  4. The specimen has a total length of 50 mm and width 10 mm with 
a single crack located at the mid-point. The crack-length is equal to half the specimen width. The ends are clamped and a total 
extension in the axial (along the X-direction of 0.0507664 mm is applied to the specimen. In all models this is applied as a prescribed 
displacement in the axial direction of the specimen of 0.0253882 mm at each end. The purpose of selecting a clamped boundary 
condition is represent the actual test conditions and to define a set of boundary conditions that can be consistently applied in the 
different numerical methods and models. The material is elastic, with elastic modulus equal to 210 GPa, Poisson’s ratio is 0.3 and 
density is 7800 kg/m3.
5 
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Fig. 2. Definition of J-Integral area on SPH discretisation.

Table 1
FEM Models developed with Plain Strain 2D quadratic elements with and without focused mesh around the crack 
tip.
 FEM model Number of elements
 Width Length Along crack face Total  
 Focussed 20 (F20) 20 100 10 2380  
 Focussed 40 (F40) 40 200 20 9403  
 Focussed 80 (F80) 80 400 40 37639  
 Focussed 160 (F160) 160 800 80 152210 
 Not focussed 20 (NF20) 20 100 10 2000  
 Not focussed 40 (NF40) 40 200 20 8000  
 Not focussed 80 (NF80) 80 400 40 32000  
 Not focussed 160 (NF160) 160 800 80 128000 

4.1. Reference finite element models

Finite element models are developed using the ABAQUS CAE 2023 FE software [13] to provide reference solutions for comparison 
with the SPH model results. The models are developed by using standard 8-node biquadratic plane strain quadrilateral elements, 
CPE8, with aspect ratio 1 and the mesh density equivalent to the discretisation density in SPH models. Two modelling approached 
were developed, with and without focused mesh at the crack tip to analyse the sensitivity of the results and to match the approach 
used with SPH. Two models with the coarsest mesh, with 20 elements along the width, are shown in Fig.  5, whilst the mesh density 
for the other developed models are given in Table  1. J-Integral values were evaluated using the *CONTOUR INTEGRAL function, 
available in Abaqus, where the geometry of the crack is defined in terms of the node representing the crack tip and a vector in 
direction of the crack propagation. The model was developed to represent the 1∕√𝑟 type of singularity in strain at the crack tip, 
with the mid side node of the wedge elements being 0.25 times the edge length away from the crack tip. This setup improves the 
accuracy of the results for J integral. The J integral is evaluated for a number of contours specified as input. The contours are defined 
in terms of rings of elements surrounding the crack tip [13,39], starting from the first contour consisting of elements connected to 
the crack tip node. The subsequent contours are defined by adding a ring of elements that share nodes with the previous contour to 
the domain defined as the previous contour, as illustrated in Figs.  6 and 7. The weighting function 𝑞1 is zero at the nodes outside of 
the contour and one inside the contours at element corner nodes. The function takes a value between zero and one at the mid-side 
nodes according to the position of the node on the side of the element.

The full FEM results for the J-integral are listed in Table  4, but essentially from the third contour onwards the J-integral values 
converge to a value of 6786 J/m2 and 6785 J/m2 for the focussed and non-focussed meshes respectively. The results are not mesh 
sensitive which suggest that in all cases the mesh, with quadratic elements, is sufficiently fine. These results can be compared to 
the data for the J-integral in specimens with clamped ends published in [38]: For the total applied force on the specimen measured 
as 8595 N, the J-integral value is 6686 J/m2, which corresponds to an error of 1.47%.
6 
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Fig. 3. Block Diagram of the new algorithm to calculate the J-integral in SPH.

5. SPH models

In order to obtain the static stress state in the SENT specimen using the dynamic SPH solver, the specimen was loaded by 
progressively increasing the displacement and using dynamic relaxation with a dynamic relaxation factor of 0.995. Convergence 
was assumed when the kinetic energy KE in the system was reduced by four orders of magnitude from the peak value ie. 
KE = 0.0001KEmax. The displacement boundary condition is applied through adding layers of particles to each end, with the 
displacement of these particles prescribed to enforce the boundary condition. An isotropic linear hypoelastic material model was 
used. The crack was represented by modifying the neighbourhood of particles in the region of the crack. The models were constructed 
to place the crack tip at the origin, [0.0 cm, 0.0 cm], of the coordinate system, with the crack aligned with the 𝑌 -axis and the crack 
mouth at position [0.0 cm,−5.0 cm]. The coordinate axes used in the SPH model are shown in Fig.  9. In the region of the crack the 
rules used to define particle neighbourhoods are that particles that lie within the particles kernel support but are obscured by the 
crack are excluded from the kernel sums for that particle. With this approach the crack can be considered to be centred between 
7 
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Fig. 4. Geometry of the SENT specimen used.

Fig. 5. FEM models with crack shown as red line (a) focused mesh around the crack tip and (b) without the focused mesh.

particles, see Fig.  8. This approach has the advantage that there is no explicit representation of the crack required and no particle 
properties or behaviours need to be adapted. Models were generated for the same four resolutions used in the not focused mesh 
FEM models, with the equivalent SPH model having one particle for each element and located at the respective element’s centroid. 
Details of all these models are shown in Table  2, with the particle distributions for the second lowest resolution models shown in 
Fig.  9.

5.1. SPH model verification of model without crack

To verify the use of dynamic relaxation and the definition of the boundary conditions the SPH80 model (80 × 400 particles) 
was run without a crack present. This leads to a uniform stress away from the imposed displacement boundary conditions and the 
8 
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Fig. 6. Node sets for evaluation of J-integral in the Focused 20 model with a focused mesh around the crack tip: (a) nodes forming the second 
contour; (b) node set forming the 15th (last) contour for this model.

Table 2
Details of SPH models used in this study.
 SPH Model # particles across 

width
# particles across 
load direction

Particle spacing in 
mm

 

 SPH20 20 100 0.5000  
 SPH40 40 200 0.2500  
 SPH80 80 400 0.1250  
 SPH160 160 800 0.0625  

analytical plane strain solution is: 

𝜎 =
⎡

⎢

⎢

⎣

234.31 0 0
0 0 0
0 0 70.29

⎤

⎥

⎥

⎦

 MPa (11)

The stress extracted at the central particle in the SPH model is: 

𝜎 =
⎡

⎢

⎢

⎣

235.05 0 0
0 0 0
0 0 70.49

⎤

⎥

⎥

⎦

 MPa (12)

This shows good agreement with the analytical solution with an over-estimate of the direct stress of 0.32%.
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Fig. 7. Node sets for evaluation of J integral in the Not Focused 20 model mesh around the crack tip: (a) nodes forming the second contour; 
(b) node set forming the 10th (last) contour for this model.

Fig. 8. Detail of particle distribution at crack tip, crack location marked by red line. Crack centred between particles.

Fig. 9. Particle distribution for model with 40 particles across the specimen width (SPH40). Crack centred between particles and is shown with 
the red line.
10 
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Fig. 10. Comparison of Von Mises stress contours for FE and SPH solutions. Stress units MPa, colour scales and limits are the same for all plots. 
(a) Reference FE solution FEM160 (b) SPH model, 160 particle model (SPH160).

Table 3
Comparison of Crack Mouth Opening for 160 element/particle FEM and SPH models.
 SPH model Crack Mouth Opening Displacement (CMOD) in mm 
 SPH160 0.04248  
 FEM F160 0.04252  
 FEM NF160 0.04253  

5.2. SPH model stress and displacement results

For the comparison of the SPH J -integral calculation algorithm described above to FEM based results it is essential that the 
calculations are based on equivalent stress and displacement fields. Therefore, in this section a comparison of the stress and 
displacement results between the SPH and FEM solutions for the SENT specimen (model including a crack) are presented. Fig. 
10 shows von Mises stress, Fig.  11 shows axial stress, and the axial displacement field is shown in Fig.  12. Further comparison can 
be made by considering the stress state around the crack. It can be seen in Fig.  13 that the stress in front of the crack tip closely 
correlates with the FEM stress field. The opening of the crack at the crack mouth also correlates very well, with difference of 0.12%, 
as can be seen in Table  3. It is clear from the results in this section that the stress and displacement fields obtained by the SPH 
method are almost identical to the FEM results, and that these results form an appropriate starting point for the validation of the 
proposed SPH J-integral calculation algorithm. These results will be presented and discussed in the next section.
11 
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Fig. 11. Comparison of contours of stress component in loading direction for FE and SPH solutions. Stress units MPa, colour scales and limits 
are the same for all plots. (a) Reference FE solution (FEM160, XX-component) (b) SPH model, 160 particle model (SPH160, XX-component).

Fig. 12. Comparison of contours of displacement in loading direction for FE and SPH solutions. Displacement units mm, colour scales and limits 
are the same for all plots. (a) Reference focussed mesh FEM model, 160 element model (b) SPH model, 160 particle model.
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Fig. 13. Direct stress in front of the crack tip for the 160 element/particle models.

6. SPH J-Integral algorithm results and comparison to FEM results

In this section all J-integral results obtained are summarised: four models with different particle spacings or element sizes were 
used: 20, 40, 80 and 160 particles/elements across the sample width (in the crack direction). Furthermore, the J-integral has been 
calculated for several contour sizes (i.e. surface integral area), increasing as a function of the inter-particle spacing. The maximum 
contour used for each discretisation is plot as a red circle in Fig.  14. All images show the full height of SENT sample. For the coarser 
discretisations, on the left in Fig.  14, the radii that were used were larger since the particle spacing is larger in this case. The actual 
radius sizes used for each model, and the J-integral values obtained, are listed in Table  4 for the SPH models and Table  5 for FEM. 
All J-integral values presented in Table  4 are plot in Fig.  15 as a function of contour radius. The experimentally measured value 
for the J-integral reported in a previous section is represented as a straight line. It can be seen that as expected all models show 
converging behaviour as the contour radius increases. For the first few contours, with the smaller radii, the values are as expected 
not converged, and this is the case in both FEM and SPH results. The differences are more pronounced for the SPH results. The 
FEM results also show some mesh sensitivity, but since the models use quadratic elements stress gradients will be more accurately 
captured near the crack tip singularity compared to the SPH method which by nature produces smoothed fields and is inherently 
non-local [40]. The difference between the J-integral values for the focused and non-focused mesh results is very small, 6785 J/m2

versus 6786 J/m2 (a difference of 0.015%).
If we consider the results for the models with the most refined discretisation (160 particles/elements) then it can be seen that the 

SPH results converge to almost the same value as the FEM result with a non-focussed mesh: 6862 J/m2 vs. 6785 J/m2, a difference 
of 1.13%. When comparing to the FEM results with the focussed mesh the converged values are 6862 J/m2 and 6786 J/m2, a 
difference of 1.12%. This demonstrates that the algorithm proposed to calculate the J-integral in SPH works as well as FEM based 
J-integral calculations.

7. Accuracy of SPH J-Integral calculation

Analysing the results in Fig.  15 in more detail it can be seen that the coarser models (SPH20 and SPH40) do not fully converge 
even for the largest contours. This may be due to the magnitude of these contours is limited by the size of the specimen (see also 
Fig.  14a and b). Nevertheless, the final values of 6900 J/m2 and 6929 J/m2 obtained are still close to the 6786 J/m2 (1.7 and 
2.1% difference) of the FEM model with 160 elements. For the more refined models, SPH80 and SPH160, the results show clear 
13 
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Fig. 14. Largest J-integral area, highlighted in red, used for (a) SPH20, (b) SPH40, (c) SPH80 and (d) SPH160 models.

Fig. 15. Plot of J-integral value against J-Integral domain radius. The value of J-integral from the reference FE solutions and experimental results 
are marked as horizontal lines.

convergence with differences of 1.7% and 1.1% respectively. To understand the convergence behaviour better it is useful to plot 
the J-integral value as a function of number of particles in the J-integral sum, see Fig.  16a, and the J-integral value as a function of 
some measurement of the contour size, in Fig.  16b the ratio of the contour radius to the particle spacing. From these plots it can be 
seen that if the J-integral is calculated using around 200 particles then the calculation has mostly converged and if more than 500 
particles are used the value differs only 0.23% from the final value (6881 J/m2 vs. 6862 J/m2 for the SPH160 model). Instead of 
number of particles another guideline for the selection of the J-integral contour can be the ratio of the contour ratio to the particle 
spacing shown in Fig.  16b. This ratio can be seen as the equivalent to the contour number (successive rings of elements around the 
crack tip) in FEM. If this measure is used a value of 10 appears adequate. This is larger than the 3 layers that the FEM results need 
for convergence, but the FEM model uses quadratic elements which improves convergence, especially for the stress field.

8. Effect of choice of 𝒒𝟏 function on results

Until now the 𝑞1 weighting function in the calculation of the J-integral has been the cubic B-spline kernel function. In other 
words, 𝑞1 was chosen to be the same shape (albeit scaled differently) as the kernel function used to perform SPH gradient and 
divergence calculations. Using the cubic B-spline in a first instance is justified since after rescaling it satisfies all the conditions for 
the 𝑞1 function (equal to 1 at the centre and zero on the boundary and sufficiently smooth), as well having been demonstrated to 
work well as a weighting function (kernel) in SPH integrals. Although the results presented above show that the cubic B-spline is an 
adequate choice of 𝑞  function, in this section it will be investigated how other functions perform. For this, the Wendland C2 kernel, 
1
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Table 4
Values of J-Integral for SPH models (‘‘–’’ = no value for this size).
 Domain radius (mm) SPH20 SPH40 SPH80 SPH160 
 0.1 – – – 7133  
 0.2 – – 6113 7285  
 0.3 – – – 6971  
 0.4 – 4801 6366 6950  
 0.5 – – – 6914  
 0.6 – – 6589 6900  
 0.7 – – – 6889  
 0.8 4325 5787 6734 6881  
 0.9 – – – 6877  
 1.0 – – 6797 6874  
 1.1 – – – 6871  
 1.2 – 6339 6833 6873  
 1.3 – – – 6869  
 1.4 – – 6855 6867  
 1.5 – – – 6865  
 1.6 5573 6613 6869 6864  
 1.7 – – – 6863  
 1.8 – – 6880 6863  
 1.9 – – – 6862  
 2.0 – 6741 6888 6862  
 2.2 – – 6893 –  
 2.4 6299 6815 6898 –  
 2.6 – – 6901 –  
 2.8 – 6861 6904 –  
 3.2 6643 6891 – –  
 3.6 – 6913 – –  
 4.0 6806 6929 – –  
 4.8 6900 – – –  

Table 5
Values of J-Integral for Focussed mesh (F) and Non-Focussed mesh (NF) FEA models (‘‘|’’ = same value as above, 
‘‘–’’ = no value for this size).
 Domain radius (mm) FEM20 FEM40 FEM80 FEM160

 F NF F NF F NF F NF  
 0.0625 – – – – – – 6794 6789 
 0.1250 – – – – 6793 6789 6787 6783 
 0.1875 – – – – – – 6786 6786 
 0.2500 – – 6792 6789 6786 6783 6785 |  
 0.3125 – – – – – – | |  
 0.3750 – – – – 6786 6786 | |  
 0.4375 – – – – | | | |  
 0.5000 6789 6789 6784 6783 | | | |  
 0.6250 – – – – | | | |  
 0.7500 – – 6783 6786 | | | |  
 0.8750 – – | | | | | |  
 1.0000 6781 6783 | | | | | |  
 1.250 – – | | | | | |  
 1.500 6780 6786 | | | | | |  
 1.750 | | | | | | | |  
 2.000 | | | | | | | |  
 2.250 | | | | | | | |  
 2.500 | | 6783 6786 6786 6786 6785 6786 
 3.000 | | – – – – – –  
 3.500 | | – – – – – –  
 4.000 6780 6786 – – – – – –  
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Fig. 16. Plot of (a) J-integral against number of particles in the J-integral contour and (b) J-integral against ratio of contour radius to particle 
spacing. The value of J-integral from the reference FE solutions and experimental results are marked as horizontal lines.
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Fig. 17. Plot of different 𝑞1 functions used.

another common SPH kernel function, and a power law function will be tested. The Wendland kernel has the following form: 
𝑞1 = (1 − 𝑧)3 (1 + 3𝑧) (13)

The power law function that was chosen is: 
𝑞1 = 1 − 𝑧𝑛 (14)

where 𝑧 = |

|

|

𝐱𝑖 − 𝐱𝑗
|

|

|

∕𝑅𝑐2 , with 𝑅𝑐2  the outer radius of the J-integral domain. The choice of this power law function was motivated by 
the fact for higher values of the power 𝑛 the function will look similar to the 𝑞1 function used in FEM (i.e. 1 inside most of the domain 
and tending towards zero near the outer boundary) but retaining smooth derivatives like the SPH kernel functions. The functions 
used are plot in Fig.  17. The results obtained with the Wendland C2 kernel and the power law function with 𝑛 ∈ (2, 3, 4, 5) are plot 
in Fig.  19. It can be seen that the use of the Wendland C2 kernel 𝑞1 function yields a J-integral value that is slightly closer to the 
reference FEM solution. The convergence rate is similar to the cubic B-spline kernel 𝑞1 function. For the power law results the results 
show a different type of behaviour. Irrespective of the value of the power 𝑛 it is clear that while the J-integral values tend towards 
the same result, a large amount of oscillation is present in the results. The level of oscillation increases with the power 𝑛. Looking 
at 18 it can be observed that the spatial derivative of 𝑞1, 𝑑𝑞1∕𝑑𝑥, which appears in the J-integral, will be biased more and more 
towards the outer edge of the integral area, and the largest values of 𝑑𝑞1∕𝑑𝑥 will be immediately next to the outer boundary. This 
means that the contribution of the particles nearer the outer radius will become more important. Hence with this type of function 
the value of the J-integral will be very sensitive to the specific distribution of particles near the outer edge and this can explain 
the oscillation observed. In contrast, both SPH interpolation kernel based functions have much more gradual change of gradient 
across the area, see Fig.  18. This means that the contribution of each particle to the J-integral is much more even. Furthermore, 
17 



T. De Vuyst et al. Engineering Fracture Mechanics 333 (2026) 111833 
Fig. 18. Plot of derivative different 𝑞1 functions used.

the derivative of the Wendland C2 kernel changes slightly more gradual than the cubic B-spline which could explain the better 
convergence of the Wendland C2 kernel versus the cubic B-spline. Overall, these results indicate that with this J-integral calculation 
algorithm using a 𝑞1 function that has a gradual change of gradient over the domain is a key factor in obtaining accurate results 
and good convergence.

9. Application: Single Edge Notch Bend (SEND)

In order to evaluate the sensitivity of the results to the stress state in the sample the same specimen was used but this time in 
a Single Edge Notch Bend (SEND) configuration. This model is a 3-point bend test configuration, as shown in Fig.  20. Specimen 
geometry and material properties are the same as previously, but this time the specimen is supported on two 4 mm diameter rollers 
with centres 40 mm apart. The crack is located at mid-way between these rollers. Directly above the crack, the third roller, also 
with 4 mm diameter, is given a 1 mm vertical displacement to load the sample. The rollers are modelled as a rigid material. As in the 
previous SPH models the Total-Lagrangian kernel formulation has been used. The interaction between the sample and the rollers is 
handled through a frictionless particle-to-particle contact algorithm, details of which can be found in [41]. Based on the results of 
the previous sections the J-integral is calculated using a Wendland C2 shaped 𝑞1 function, as this provided the best convergence. 
Only the two most refined SPH models (SPH80 and SPH160) were run in this case. Similar to the SENT case, a reference FEM model 
of this test was also developed. The sample has the same mesh and material properties as the FEM160 SENT case. The rollers are 
modelled as a rigid material, and contact is handled through a frictionless contact algorithm. The xx-stress field is plot for both 
FEM and SPH models in Fig.  21. It can be seen that the stress field obtained by both models is very similar. Crucially the J-integral 
values obtained are also in good agreement, see Fig.  22: the FEM model predicts a J-integral value of 749 ⋅ 103 J∕m2, while the SPH 
models converges to values of 732 ⋅ 103 J∕m2 for the SPH80 and 744 ⋅ 103 J∕m2 for the SPH160 model, a difference of 2.3% and 0.8% 
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Fig. 19. Plot of J-integral against number of particles for different choices of 𝑞1 function.

Fig. 20. Initial configuration of SENB test.

respectively. With 500 particles in the support, the difference to the FEM solution is 3.3% and 2.4% respectively. So This good 
agreement indicates the robustness of the proposed algorithm for different configurations.

10. Conclusion

In this paper the calculation of the J-Integral in SPH was investigated. A new algorithm for the calculation of the J-Integral 
was proposed and it was demonstrated that the J-Integral calculated using this algorithm had a 1.0 to 3.0% difference compared 
to a refined FEM model with quadratic elements. It was demonstrated that compared to the algorithms used in FEM, the definition 
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Fig. 21. Plot of deformed shape and XX-stress component for (a) FEM model and (b) SPH model.

of the J-Integral in SPH can be significantly simplified by using a novel approach in choosing an SPH kernel type function for 
the weighting function 𝑞1. Based on the functions studied it can be concluded that a function with a gradually changing gradient 
from crack tip to outer radius, such as the functions typically used as SPH kernels, provide good results. Other functions, such as 
the power law studied in this paper can produce poor convergence in the form of large oscillations in the calculated value of the 
J-integral with increasing area. Compared to algorithms currently used in FEM, the proposed algorithm is radically different in that 
the J-integral is obtained by evaluating the gradient of the 𝑞1 function analytically rather than through interpolation functions, 
resulting in a significant simplification of the algorithm compared to FEM. This aspect also demonstrates the potential benefits of 
SPH for fracture mechanics. In terms of ensuring accuracy of the results using this algorithm: an analysis of the results for SENT and 
SENB configurations with different particle spacings and contour radii showed that as a guideline around 500 particles in J-Integral 
is required to obtain results that are within 2.5% of a similar FEM model. An alternative measure is to choose an adequate J-integral 
radius that is minimum 10 times the particle spacing. The extension of the algorithm to 3D needs to be addressed in future research. 
20 



T. De Vuyst et al. Engineering Fracture Mechanics 333 (2026) 111833 
Fig. 22. Plot of J-integral against number of particles for SENB configuration.

Furthermore, the accuracy of the point-wise integration of the J-integral with an analytical evaluation of the 𝑞1 weighting function 
proposed here could also be assessed for FEM based results.
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