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Abstract

This study presents an assessment of forced vibration responses of cracked beam-type
aerospace structures using VIbration BehaviouR ANalysis Tool (VIBRANT), a high-
fidelity time-marching analysis platform. The methodology captures contact-induced non-
linearities arising when crack surfaces intermittently open and close during vibration, pro-
ducing time-varying stiffness and damping. Frequency-domain behaviour is extracted
from time-domain simulations of beams representing aero-engine blades and wing struc-
tures under various crack configurations. Results reveal that a crack-induced nonlinear-
ity is strongly configuration-dependent: only specific combinations of crack depth, po-
sition relative to the moment distribution, and excitation amplitude produce detectable
nonlinear signatures, whilst other configurations—including cracks representing signifi-
cant structural compromise—exhibit quasi-linear response that would evade conventional
vibration-based detection. The deeper crack configuration activates breathing behaviour
at higher forcing levels, leading to rightward resonance frequency shifts and amplitude
reductions due to impact and frictional contact damping, whereas the baseline and repo-
sitioned crack configurations maintain a quasi-linear response across all forcing levels ex-
amined. This configuration-dependent character of the breathing crack nonlinearity—and
in particular the conditions under which nonlinear signatures are absent despite active
damage—represents a critical finding for structural health monitoring and maintenance
planning in aerospace applications.

Keywords: nonlinear system modelling; nonlinear dynamics; time-marching; forced
response; aerospace structures

1. Introduction

Modern engineering structures such as aero-engine components and wind turbine
blades are subject to complex dynamic loads that often induce significant deformations
and nonlinear behaviour. In particular, bladed disc assemblies in aircraft engines oper-
ate under extreme conditions where large deflections, contact interactions and nonlinear
material properties critically influence their forced vibration response [1-8]. To ensure
structural integrity and reliable performance, engineers have developed various mod-
elling techniques. Frequency-domain approaches—most notably the Harmonic Balance
Method (HBM)—approximate the nonlinear equations by decomposing the response into
a series of harmonics, thus converting time-dependent problems into a set of algebraic
equations [9-11]. The HBM is particularly effective for periodic solutions in large-
scale systems and has been utilised for applications ranging from unsteady nonlinear
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behaviour [10] to stochastic analyses under uncertainty [12] and model order reduction
for intricate geometries [13]. In contrast, time-marching methods solve the full nonlin-
ear differential equations directly in the time domain, capturing transient effects and the
complete harmonic content at higher computational expense [14-17]. Despite this com-
putational cost, these techniques have proven robust for capturing the intricate dynamics
of systems such as frictional brake assemblies. Recent progress—including pseudotime
stepping and multigrid acceleration—has further improved their computational efficiency,
making them viable for complex engineering applications [10,18,19].

Research has led to the development of specialised techniques that blend frequency-
and time-domain approaches. For example, HBM variants—such as the Receptance HBM
and the Global Residue HBM—have been refined to efficiently handle frictional and
contact-induced nonlinearities in rotating systems [20,21]. Moreover, hybrid approaches
integrating finite element modelling with frequency-domain techniques have emerged to
capture both the spatial and temporal aspects of dynamic behaviour [10,22-24].

The integration of the HBM with continuation methods allows researchers to track
periodic solutions as system parameters vary, thereby capturing complex bifurcation sce-
narios and multi-valued Frequency Response Functions (FRFs) [18,25]. Recent advances
in bifurcation tracking methodologies have extended these capabilities to systems with
parameter-dependent excitations [26], the optimisation of nonlinear energy sinks under
harmonic forcing [27], and robust design against vibro-impact phenomena [28]. This com-
bined approach is particularly effective for systems such as turbine blade-disc assemblies
with underplatform dampers, where it is crucial to accurately predict contact pressures
and include zero-harmonic contributions in the multiharmonic expansion [22,23]. Addi-
tional techniques, such as quasi-linearisation, further simplify the analysis by transform-
ing the nonlinear differential equations into algebraic forms [24].

Advanced computational tools have emerged to address these challenges. Software
packages like NLvib are adept at simulating nonlinear structural behaviour, whilst spe-
cialised tools such as MANLAB and Mousai provide powerful capabilities for exploring
nonlinear periodic solutions through continuation and harmonic balance solvers [29-31].
Proprietary codes, including FORSE from Imperial College London and PERMAS from Intes,
offer additional capabilities for modelling forced responses in nonlinear systems [6,32-38].
These computational frameworks have been successfully applied to diverse engineering
problems, including large-scale geared systems with vibro-impact responses [39], periodic
waveguides with localised nonlinearities [40], and damage detection in structures with un-
known local nonlinearities [41].

Mechanical systems with impact nonlinearities—often known as vibro-impact
oscillators—exhibit a broad spectrum of dynamic behaviours that have drawn extensive
attention over recent decades. In these systems, an oscillating mass intermittently col-
lides with a barrier, thus introducing a non-smooth nonlinearity that markedly alters the
FRF relative to a linear system [39]. The presence of impacts results in a piecewise varia-
tion in stiffness; for instance, when the mass strikes the barrier the effective stiffness rises
abruptly, leading to a shift or splitting of the resonance peak, whereas a gap prior to im-
pact introduces a softening effect at lower amplitudes. Nordmark’s work [42] on grazing
bifurcations illustrated that minor perturbations at the onset of contact could provoke a
cascade of period-doubling bifurcations and chaos.

Comprehensive overviews by Ibrahim [43] and Babitsky [44] have detailed analyti-
cal strategies for tackling such systems, including piecewise analytical solutions and non-
smooth coordinate transformations that address velocity discontinuities. Experimental
validation has been provided by Ing et al. [45], who investigated an impact oscillator
with a one-sided elastic constraint, thereby demonstrating the onset of chaotic behaviour
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and multiple coexisting periodic responses. Rebougas [46] further compared modelling
approaches—contrasting contact force models with restitution-based methods—to reconcile
analytical, numerical, and experimental FRFs. The FRF of an impact oscillator is funda-
mentally distinct from that of a linear system, exhibiting amplitude-dependent stiffness,
multiple coexisting attractors, abrupt transitions and rich harmonic content. Advanced
numerical techniques combining the HBM with grazing bifurcation analysis have proven
particularly effective for investigating vibro-impact phenomena in complex mechanical
systems [28,39]. The most directly relevant studies, namely, those by Nordmark [42],
Ibrahim [43], Babitsky [44], Ing et al. [45], Rebougas [46], Karkar et al. [18], Stefani et al. [25],
Fang et al. [47], Liu and Khulief [48] and Bruns et al. [49], provide a robust theoretical and
experimental foundation for understanding and modelling these non-smooth dynamics.

Within this broader context of nonlinear structural dynamics, breathing cracks repre-
sent a particularly important class of damage that introduces bilinear stiffness behaviour.
Breathing cracks open and close during vibration cycles, creating time-varying stiffness
that manifests as distinct nonlinear phenomena [50,51]. Recent studies have developed so-
phisticated modelling approaches for breathing cracks, including semi-analytical methods
for rotating blades [52], modal analysis techniques accounting for internal resonance ef-
fects [53], and comprehensive frameworks for crack identification and localisation [54,55].
These investigations demonstrate that breathing crack behaviour is highly sensitive to
crack parameters and operating conditions, making nonlinear vibration analysis a promis-
ing approach for structural health monitoring. It is well documented that, depending
on excitation frequency and amplitude, breathing cracks may generate sub-harmonic and
super-harmonic components due to partial closure and intermittent contact, particularly
when impact-like interactions occur [56]. However, these nonlinear frequency compo-
nents are strongly regime-dependent and may be absent when crack breathing remains
smooth or weakly activated.

Early and well-established numerical studies have demonstrated that breathing
cracks in beam-like structures can be effectively modelled through bilinear or unilat-
eral stiffness formulations. Iterative time-domain approaches and reduced-order finite
element models have been successfully employed to capture crack opening—closing be-
haviour and its influence on forced-response characteristics [57,58]. These studies show
that crack breathing introduces time-varying stiffness governed by the interaction be-
tween excitation level, crack geometry, and local contact conditions, leading to amplitude-
dependent dynamic behaviour even in geometrically simple beam configurations.

The engineering significance of studying crack-induced nonlinear dynamics in
aerospace structures is multifold. First, breathing cracks introduce subtle amplitude-
dependent behaviour that conventional linear modal analysis cannot detect, requiring
advanced nonlinear techniques for reliable identification. Second, understanding the tran-
sition from quasi-linear to measurably nonlinear response as crack severity increases en-
ables the development of damage thresholds for maintenance scheduling. Third, the ef-
fects of crack location and moment distribution on detectability are examined, providing
knowledge that is critical for optimising sensor placement and inspection protocols in
operational aircraft. Finally, accurate prediction of crack breathing effects under realistic
forcing conditions supports risk assessment and remaining life estimation, directly con-
tributing to flight safety and operational reliability.

Modern experimental validation increasingly relies on non-contact optical measurement
techniques that complement computational approaches for lightweight aerospace structures.
Digital Image Correlation (DIC) has emerged as a powerful full-field measurement method
for modal analysis, offering significant advantages over traditional point-wise sensors such
as accelerometers [59,60]. Recent advances in optical systems—including laser Doppler
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vibrometry, stereo-photogrammetry, and phase-based motion magnification—have ex-
tended measurement capabilities to rotating structures, high-frequency modes, and micro-
scale deformations [61,62]. Three-dimensional vibration measurements with optical sys-
tems employ enhanced methodologies such as multi-view configurations, telecentric
lenses, and virtual speckle patterns to address challenging measurement scenarios [63,64].
These experimental techniques provide essential validation data for computational plat-
forms and enable correlation between numerical predictions and physical behaviour, rep-
resenting a complementary approach to advancing structural dynamics characterisation
for aerospace applications.

Computational investigation of breathing crack dynamics has been extensively ad-
vanced through finite element implementations using commercial software. Andreaus
and colleagues employed contact formulations in ADINA (Bentley Systems, https://
www.bentley.com/software/adina/, accessed on 28 February 2026) to examine harmoni-
cally forced cracked beams, identifying sub- and super-harmonic responses characteristic
of bilinear stiffness behaviour and demonstrating that nonlinear forced-response charac-
teristics enable experimental damage detection [65-67]. Ma and co-workers developed
specialised cracked beam elements validated against commercial finite element models for
rotating blades, investigating crack breathing mechanisms under combined aerodynamic
forcing and centrifugal effects whilst examining the influence of crack parameters on vi-
bration characteristics and breathing status [68,69]. Independently, Al-Qaradawi et al. [70]
examined nonlinear dynamic characteristics of a cracked blade using ANSYS (ANSYS,
Inc., Canonsburg, PA, USA; https:/ /www.ansys.com, accessed on 28 February 2026), fur-
ther demonstrating the applicability of commercial finite element tools to breathing crack
problems. These established finite element approaches have demonstrated that breathing
cracks produce distinctive harmonic content, amplitude-dependent frequency shifts, and
characteristic whirl orbits in rotating systems, providing foundations for vibration-based
crack detection methodologies.

This study presents a high-fidelity numerical assessment of cracked beams as
aerospace components under forced vibrations using VIBRANT: Vlbration BehaviouR
ANalysis Tool [8,19,71]. VIBRANT employs a time-marching approach to extract the
frequency-domain behaviour of mechanical systems, enabling realistic predictions of
vibrational response even when cracked surfaces come into contact during vibration,
thereby introducing nonlinearity and altering structural stiffness. The methodology accu-
rately captures both transient and steady-state dynamics despite the presence of various
nonlinearities associated with damage. Time-domain simulations are performed on beam
models representing aero-engine blades and wing structures with crack configurations,
and the resulting data are transformed to determine the forced response across a range of
operating conditions. The results reveal that crack-induced nonlinear behaviour is subtle
and strongly configuration-dependent, with only specific combinations of crack depth, lo-
cation, and forcing amplitude producing detectable nonlinear signatures, a finding with
direct implications for the design of vibration-based damage detection strategies.

Whilst VIBRANT’s general architecture and validation have been established in pre-
vious publications [8,19,71], the present work constitutes its first application to breath-
ing crack problems, providing novel insights into the configuration-dependent nature
of crack-induced nonlinear dynamics. The central contribution lies in the systematic
parametric investigation revealing that detectable nonlinear signatures—specifically right-
ward frequency shifts and normalised amplitude reduction—emerge only under spe-
cific combinations of crack depth, position, and forcing level, whilst other crack config-
urations representing comparable structural compromise produce quasi-linear response
that would be difficult to distinguish from undamaged behaviour using conventional
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vibration-based monitoring. The demonstration that crack position relative to mode shape
and moment distribution critically determines whether nonlinearity manifests—and thus
whether damage is detectable—has direct implications for structural health monitoring
protocols in aerospace applications.

Although the present work represents the first application of VIBRANT to breathing-
crack dynamics, the validation philosophy follows established practice in nonlinear struc-
tural dynamics: numerical frameworks are commonly verified against accepted refer-
ence problems and benchmark trends before being extended to new nonlinear phenom-
ena. In the specific context of breathing cracks, classical analytical and experimental stud-
ies have shown that opening—closing behaviour produces an effective bilinear stiffness
and a reduced frequency drop relative to an always-open crack, with the dominant re-
sponse depending on the interplay between preload and vibration amplitude [72]. More
broadly, benchmark-driven validation is standard in nonlinear forced-response modelling
of contact/friction and vibro-impact phenomena, where trend-level agreement in reso-
nance shift, peak amplitude evolution, and harmonic content is often the primary indica-
tor of physical consistency prior to application to more complex geometries and operating
conditions [73,74]. Recent review studies further emphasise that breathing-crack-induced
nonlinearity manifests through a wide range of mechanisms, including bilinear stiffness
variation, amplitude-dependent damping, and harmonic generation, with the dominant
features depending strongly on operating regime and modelling assumptions [54].

It is emphasised that the present study is positioned as a clear and reproducible set
of reference cases, intended to illustrate the proposed modelling workflow and the capa-
bilities of the VIBRANT framework for analysing crack-induced nonlinear dynamics. A
simplified structural configuration is therefore adopted to allow the underlying nonlin-
ear mechanisms to be examined in a transparent manner, without introducing additional
sources of complexity. Whilst more detailed models incorporating additional physical ef-
fects and geometric features are essential for specific engineering applications, the chosen
level of abstraction here serves to facilitate interpretation, reproducibility, and comparison,
and to provide a baseline that can be readily extended in future studies.

2. Overview of VIBRANT’s Architecture

VIBRANT: VIbration BehaviouR ANalysis Tool is a computational platform designed
to facilitate time-marching frequency-sweep analyses for diverse mechanical systems.
By integrating the simulation capabilities of Abaqus 2024 (Dassault Systemes, Vélizy-
Villacoublay, France; https://www.3ds.com/products/simulia/abaqus, accessed on 28
February 2026) with a robust Python 3.11 (Python Software Foundation, https://www.
python.org, accessed on 28 February 2026) scripting environment, the platform automates
complex workflows to achieve high reliability and accuracy in dynamic analyses. VI-
BRANT is engineered to address a large variety of nonlinear phenomena such as con-
tact interactions, localised plasticity, large deformations, and energy dissipation induced
by damping. In addition, the platform supports multiphysics simulations. To manage the
computational demands associated with these analyses, parallel processing techniques are
employed, making VIBRANT a useful tool for applications in aerospace and mechanical
engineering [8,19,71].

2.1. Framework and Toolchain

The platform is built upon a suite of established software utilities that manage
model configuration, simulation execution, and result visualisation. Abaqus is utilised
as the primary finite element analysis software, while Python scripts coordinate au-
tomation and data-handling processes. Numerical computations are performed using
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NumPy 1.26 (https://numpy.org, accessed on 28 February 2026), and Matplotlib 3.8
(https:/ /matplotlib.org, accessed on 28 February 2026) is employed to generate visual
representations of the results. Standard Python libraries, including os, math, and time, are
also incorporated to support system-level operations, tracking and debugging.

For proper operation, it is necessary that both Python and Abaqus are correctly in-
stalled and configured. The accompanying scripts should either be located in the same
directory as the Abaqus files or have their paths specified to ensure proper integration.

2.2. Process Flow

The VIBRANT workflow begins with the setup stage, where the frequency range,
nodes, and amplitude values are defined and the necessary data structures are initialised.
This is followed by the preparation step, during which the Abaqus models are updated
for each specified frequency and the corresponding modifications are saved. In the execu-
tion phase, these updated models are submitted to Abaqus and the simulation progress is
closely monitored. Once the simulations are completed, the processing step extracts the
relevant data, computes the system responses, and stores the results for further analysis.
The subsequent management phase involves organising the generated files and creating
plots for visualisation, ensuring that all outputs are appropriately saved. Finally, in the
finalisation stage, the results are compiled and summarised, including the reporting of
computational time and resources used, thereby completing the workflow. Figure 1 shows
the flowchart that outlines the sequential steps executed by the VIBRANT platform.

Input

FE model, frequency range
[Wmin, Wmax], forcing amplitude Fy

Initialise Frequency Sweep
Discretise frequency range:
wi (i = 1,2,..., N)

For each frequency point w; (parallel)

|

‘ Time-Domain Simulation ‘

Apply harmonic force Fsin(w;t)
Time-march until steady state

. |

Steady state reached?

Yes

Compute steady-state am-

Extract Response
plitude Xo(w;), phase ¢(w;)

Assemble FRF
Collect {(w,‘/Xo(wx):tP(‘*’i))}iAil

Frequency response curves,

Output
visualisation, metrics

Figure 1. Computational process of the VIBRANT platform for frequency sweep analysis.
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3. Representative Cracked Beam/Blade
3.1. Description of the System

A cantilever beam was adopted to represent a simplified cracked blade under vibra-
tional loading. As shown in Figure 2, the beam is fixed at one end and subjected to a
concentrated sinusoidal force at the free tip. A crack is introduced near the clamped re-
gion, reflecting the type of damage that often emerges towards the end of an aerospace
component’s operational life. The crack depth is denoted by b, while the intact (undam-
aged) cross section is indicated by b'. a denotes the distance between the crack and the
free end and #’ indicates the distance between the crack and the fixed boundary. For clar-
ity, the beam has a total length of 800 mm, a width of 80 mm, and a thickness of 2mm
(perpendicular to the page).

Fex

a a
I

z

L.

Figure 2. Schematic of the representative cracked beam model representing a blade. The beam is
clamped on the left and excited by a sinusoidal force at the free tip.

The material was chosen as Ti—-6Al-4V, with an elastic modulus of 110 GPa, a Pois-
son’s ratio of 0.31, and a density of 4600 kg/m?>. This alloy is widely used in aerospace
applications due to its high strength and stiffness-to-weight ratio and considerable
fatigue resistance.

During vibration, the cracked surfaces may intermittently come into contact, intro-
ducing nonlinearity into the system’s dynamic response and altering its effective stiffness.
In the numerical model, the crack contact was defined as a hard contact in the normal
direction and frictional in the tangential direction, with a friction coefficient of 0.1.

For the purposes of this study, the forced response was measured at the same free-tip
node where the sinusoidal force is applied. This ensured a consistent reference for ampli-
tude and phase, allowing direct observation of how crack-induced nonlinearity influenced
the beam’s response across a range of operating conditions. Consequently, this beam serves
as a convenient test case for studying the impact of crack-induced nonlinearity on forced vi-
brations in structures representative of aero-engine blades and wing components.

3.2. Finite Element Model Description

The representative beam was modelled using a three-dimensional finite element
formulation implemented in Abaqus/Standard. The structure was discretised using
quadratic tetrahedral solid elements, which are suitable for capturing bending-dominated
deformation and local stress gradients near geometric discontinuities. The final finite ele-
ment mesh consisted of 4208 elements, with local refinement applied in the vicinity of the
crack to accurately resolve contact interactions between the crack faces.

The crack was explicitly represented as a geometric notch, allowing the opposing
crack surfaces to undergo intermittent opening and closure during vibration. Contact be-
tween the crack faces was enforced using a hard-contact formulation in the normal direc-
tion to prevent interpenetration, and a Coulomb friction model in the tangential direction
with a friction coefficient of 0.1. This formulation enabled physically realistic represen-
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tation of crack breathing behaviour and associated frictional energy dissipation without
introducing artificial compliance through penalty stiffness.

The beam was fully clamped at the left end, with all translational and rotational de-
grees of freedom constrained. The excitation was applied at the free end as a sinusoidal
surface traction, producing transverse bending deformation. The structural response was
obtained through time-domain numerical integration, and steady-state vibration charac-
teristics were extracted from the converged periodic response.

To assess numerical robustness, mesh sensitivity was examined by progressively
refining the mesh in the crack region through successive halving of the minimum al-
lowed element size. Refinement continued until the difference in key response metrics—
specifically, resonance frequency and peak normalised amplitude—between the finest
mesh and the preceding refinement remained within 5%. This procedure ensured that
the reported forced-response characteristics were not significantly influenced by discreti-
sation effects.

The friction coefficient value of 0.1 lies within the range commonly reported for dry
metal-metal contact under vibratory conditions, particularly for titanium alloys. Paramet-
ric variations within a broader range (¢ = 0.05-0.3) were examined at selected operating
points and primarily influenced the magnitude of energy dissipation, whilst leaving the
qualitative nonlinear signatures—such as amplitude-dependent frequency shift and nor-
malised amplitude reduction—unchanged. A value of 1 = 0.1 was therefore adopted as a
representative choice balancing physical realism and numerical stability.

Time-domain integration was performed using sufficiently small time steps to accu-
rately resolve contact events during crack opening and closure. Additional checks con-
firmed that further reduction in the time step did not alter the steady-state response char-
acteristics reported in this study, indicating that the results were not sensitive to the chosen
integration parameters.

3.3. Case Definitions

Three cases were considered to systematically assess how variations in crack param-
eters affected the beam’s nonlinear response. The baseline configuration featured a crack
depth of b located at distance a from the free end (equivalently, 2’ from the clamped end).
In the subsequent cases, a single parameter was varied relative to the baseline, as sum-
marised in Table 1. These cases provided a structured framework for analysing the influ-
ence of crack depth and position on the forced response of the beam structure.

Table 1. Crack parameters for the representative beam in each case. Only one parameter is altered
in each scenario to allow systematic comparison of the resulting nonlinearity.

Case Crack Depth Crack Position

Baseline b Distance 4 from free end (a’ from clamp)
Case 1 125 Same as baseline (deeper crack)

Case 2 b Closer to the clamped end, 0.54’ (see Figure 2)

Baseline Case: The crack depth was b and it was positioned at distance a from the free
end (equivalently, a’ from the clamped end). This served as the reference configuration.
For the baseline case, the geometric relations are:

4b="V , 4d =a 1)

Case 1 (Deeper Crack): The crack depth was increased from b to 1.2 b, whilst its posi-
tion remained unchanged (distance a from the free end). A deeper crack creates a larger
compliance difference between the open and closed states, enabling more pronounced
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stiffness variation during vibration cycles and strengthening the amplitude-dependent
nonlinear behaviour.

Case 2 (Shifted Crack Location): The crack depth b remained the same, but the crack was
repositioned closer to the clamped end at 0.54’. At that location, the moment created at
the cracked cross section by both the excitation and inertia forces is larger, giving the crack
greater influence on overall structural stiffness. This positioning affects how the crack
opens and closes during vibration, influencing the breathing behaviour and consequently
affecting the nonlinear response characteristics.

3.4. Nondimensionalisation of System Variables and Results

To facilitate comparison and enhance the generality of the results, the response quan-
tities were nondimensionalised. The frequency was nondimensionalised by dividing the
dimensional frequency by the first bending natural frequency, w;, of the baseline test case,
neglecting contact between the crack surfaces. Thus, the nondimensional frequency is
defined as: o

w = o 2)

The response amplitudes were measured at the free tip of the beam (where the ex-
citation force was applied) and were nondimensionalised using a reference amplitude,
X ref- This reference amplitude was chosen as the static displacement that the beam tip
exhibited under the applied force in each simulation. Accordingly, the nondimensional

amplitude is:
_ Xo
o= Xo,ref”
re

3)

where X is the dimensional tip displacement amplitude.

Because X is the static displacement of the beam tip under the applied force, the
nondimensional amplitude Xj represents the dynamic amplification factor at each fre-
quency. At resonance, the amplification can be significantly greater than unity; a peak
value of Xy ~ 11.5 indicates that the dynamic response amplitude is approximately
11.5 times the corresponding static deflection. This scaling is physically meaningful: the
peak value reflects the effective quality factor (inverse of twice the damping ratio) of the
system at resonance, and any deviation from overlapping normalised FRF curves between
different forcing levels directly indicates amplitude-dependent (i.e., nonlinear) stiffness
or damping.

For the excitation force, a natural scaling is provided by the characteristic inertial
force of the system. Recognising that the linear stiffness is given by:

k = mw? (4)

s
where m is the mass of the system, a reference force can be defined as:
Fret = k Xo et = 1 wpy X0 ref- ®)
Accordingly, the nondimensional excitation force is defined as:

P=t - ®)
K ref m w% XO,ref
It is important to note that X, varies for each forcing level, as it represents the
static displacement under that specific applied force. Consequently, in a perfectly linear
system, the nondimensional amplitude X, would remain constant across all forcing levels,
producing overlapping FRF curves.
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4. Results and Discussion

In this section, three sets of FRF curves are examined for the baseline cracked beam
and two modified crack configurations. The analysis reveals that the manifestation of
crack-induced nonlinearity is strongly configuration-dependent: whilst certain crack pa-
rameters produce clearly identifiable nonlinear signatures, others yield quasi-linear re-
sponse despite the presence of significant structural damage.

Figures 3-7 display the normalised amplitude X, versus normalised frequency @
for four nondimensional excitation forces: F = {6.0,12.0,20.0,30.0}. The FRF plots are
presented over the range @ = 0.8-1.2, which encompasses the resonance region where
amplitude-dependent nonlinear signatures—frequency shifts, peak broadening, and ampli-
tude variations—are concentrated. At frequencies well below that range, the response am-
plitudes are small and all configurations behave quasi-linearly, providing no additional di-
agnostic information. Representative time-domain responses and their corresponding fre-
quency spectra are also presented to illustrate the steady-state vibrational behaviour at near-
resonance operating conditions, where nonlinear signatures are most pronounced. An in-
termediate forcing level of F = 7.5 is selected for these time-domain illustrations, with the
excitation frequency chosen close to the resonance of each respective configuration.

)

Winin,
—
N
1

Normalised Amplitude X/ Xo(
» o

O L L L Il
08 085 09 09 1 1.05 11 115 1.2
Normalised Frequency @

Figure 3. FRF for the baseline case (crack depth b, located at distance a from the free end). Nor-
malised amplitude versus normalised frequency for F = 6.0,12.0, 20.0, 30.0.

g Steady-state response (baseline), F = 7.5, @ = 0.9040
g 520
=% o
e
720
Z° 760 765 770 775 780 785 790 795 800
Normalised time
7 =1/T (cycles)
= 10
E o
]
g
225
£z
3
Z. 0 L
0 1 2 3 4 5 6 7 8

Frequency / fi (harmonic order)

Figure 4. Steady-state time-domain response and frequency spectrum for the baseline case at F = 7.5
and @ = 0.9040.
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)
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Normalised Amplitude X/ X(
o )

o]

O L L
08 08 09 0.9 1 1.05 1.1 1.15 1.2
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Figure 5. FRF for Case 1 with deeper crack (crack depth 1.2, located at distance a from the free
end). Normalised amplitude versus normalised frequency for F = 6.0,12.0,20.0, 30.0.
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at F =7.5and @ = 0.8490.
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end). Normalised amplitude versus normalised frequency for F = 6.0,12.0,20.0, 30.0.
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4.1. Baseline Case

Figure 3 presents the FRF for the baseline configuration, where the crack has depth b
and is located at distance a from the free end. The response reveals remarkably weak non-
linearity across all forcing levels examined. All four curves exhibit resonance peaks at ap-
proximately @ = 1.00 with nearly identical normalised maximum amplitudes of approxi-
mately 11.5. The curves overlap almost completely throughout the entire frequency range,
from the pre-resonance region through resonance and into the post-resonance regime.

The close overlap of all four FRF curves is an important observation that indicates
quasi-linear behaviour. Since the amplitude normalisation accounts for the static displace-
ment under each forcing level, an ideal linear system would be expected to produce closely
overlapping curves; the physical response amplitude would scale approximately propor-
tionally with force, and the normalised amplitude would remain relatively constant. The
baseline configuration exhibits behaviour consistent with this expectation: examining the
curves in detail, in the pre-resonance region (v < 0.95), all four forcing levels produce
very similar normalised amplitudes that increase gradually with frequency. At resonance
(w =~ 1.00), the peak amplitudes for all forcing levels cluster tightly around 11.5, with
minimal variation. In the post-resonance region (w > 1.05), the curves again overlap
closely as amplitudes decay smoothly. The resonance peaks maintain symmetric, bell-
shaped profiles with consistent bandwidth across all forcing levels, suggesting that the
effective damping ratio remains approximately constant across the range of excitation
amplitudes examined.

This behaviour suggests that the crack does not undergo significant breathing cycles
that would introduce substantial amplitude-dependent stiffness or damping. At that loca-
tion and with that crack depth, the vibrational motion appears insufficient to induce the in-
termittent crack closure and contact necessary for significant nonlinear effects to manifest.
The crack surfaces may remain in near-continuous light contact throughout the vibration
cycle, or conversely, remain predominantly open without sufficient compressive loading
to force complete closure. In either scenario, the effective structural stiffness and damp-
ing appear to remain approximately constant across the forcing range examined. Without
alternating between distinctly open and closed states with associated impact and friction,
the system does not appear to develop the nonlinear damping mechanisms characteristic
of breathing cracks, and consequently exhibits quasi-linear behaviour with closely over-
lapping FREF curves.

To further illustrate the steady-state response characteristics, Figure 4 shows the time-
domain displacement and corresponding frequency spectrum at a near-resonance operat-
ing point (F = 7.5, @ = 0.9040). This frequency is selected within the pre-resonance rise of
the FRF, where the response amplification is substantial and any nonlinear effects would
be most readily observable. The time-domain plot reveals a highly sinusoidal response
with constant amplitude and frequency, displaying no visible distortion, modulation, or
transient behaviour. The waveform maintains smooth, symmetric oscillations over the
entire time window examined (cycles 760-800), confirming stable periodic motion.

The frequency spectrum provides complementary evidence of predominantly linear
behaviour. A single dominant peak appears at the fundamental excitation frequency with
normalised amplitude of approximately 10.5, consistent with the dynamic amplification
expected near resonance. Notably, no significant higher harmonics are detectable in the
spectrum: there are no visible peaks at integer multiples of the fundamental frequency. In
nonlinear systems, even weakly nonlinear ones, energy transfer to higher harmonics typ-
ically produces visible spectral peaks. The absence of such peaks, combined with the rel-
atively flat noise floor across all frequencies, suggests predominantly sinusoidal response
characteristic of systems exhibiting quasi-linear behaviour.
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4.2. Case 1: Deeper Crack

Figure 5 corresponds to Case 1, where the crack depth is increased from b to 1.2b
whilst maintaining the same location. This configuration exhibits the strongest nonlinear
effects among the three cases examined. At the lower forcing levels (F = 6.0 and 12.0),
the resonance occurs at approximately @w ~ 1.00 with peak normalised amplitudes of ap-
proximately 12.5. The two curves overlap closely, indicating quasi-linear behaviour at
these moderate excitation levels; the physical response amplitude appears to scale approx-
imately proportionally with force, consistent with the behaviour expected for a predomi-
nantly linear system.

However, at higher excitation levels, notable changes occur that indicate measurable
nonlinear behaviour. At F = 20.0, two significant phenomena emerge: first, the reso-
nance peak shifts rightward to approximately w ~ 1.05, representing approximately a 5%
increase in resonance frequency; second, the peak normalised amplitude remains at ap-
proximately 12.5, similar to the lower forcing levels. At the highest forcing level F = 30.0,
the rightward frequency shift continues to @ ~ 1.08-1.10 (approximately 8-10% increase),
and notably, the peak normalised amplitude decreases to approximately 12.0.

The rightward frequency shift is consistent with crack closure and stiffness restora-
tion, i.e., an effective bilinear stiffness associated with opening—closing behaviour [72].
When the crack closes during the compressive phase of vibration, the crack surfaces are
expected to come into contact and remain pressed together with friction (Coulomb fric-
tion coefficient 4 = 0.1), largely restoring the local stiffness towards near-intact values
during portions of the vibration cycle. This intermittent stiffening appears to increase the
system’s effective natural frequency, manifesting as the rightward shift in resonance. The
progressive nature of the shift—largely absent at F = 6.0 and 12.0, appearing at F = 20.0,
and strengthening at F = 30.0—indicates the amplitude-dependent nature of the effective
stiffness. The magnitude of the shift provides an estimate of the stiffness variation be-
tween predominantly open and intermittently closed crack states: a 10% frequency shift
corresponds to approximately 21% stiffness increase (since w o« v/k), suggesting that crack
closure recovers a substantial fraction of the stiffness lost when the crack is open.

The reduction in normalised amplitude at F = 30.0 provides important evidence of
nonlinear damping mechanisms. In an ideal linear system, the normalised FRF curves
would be expected to overlap closely regardless of forcing level, because both the physi-
cal response and the normalisation reference (X cf, the static displacement) would scale
proportionally with force. The observation that the normalised amplitude decreases from
approximately 12.5 (at F = 6.0, 12.0, and 20.0) to approximately 12.0 (at F = 30.0) suggests
that the physical response amplitude is not increasing proportionally with the applied
force. Whilst the actual physical amplitude at F = 30.0 is larger than at lower forcing
levels, its growth appears to be suppressed relative to linear scaling by enhanced energy
dissipation mechanisms.

This amplitude reduction in normalised coordinates is consistent with nonlinear
damping that appears to increase superlinearly with response amplitude. Two cou-
pled mechanisms are likely to contribute to this enhanced dissipation. First, when
the crack surfaces impact during closure, kinetic energy is dissipated through inelastic
micro-deformations and local plasticity at the contact interface. The severity of these
impacts—and thus the energy dissipation—is expected to increase with the relative veloc-
ity of the approaching surfaces, which grows with response amplitude. Second, once in
contact, the crack surfaces remain pressed together under normal forces that increase with
bending moment amplitude. Any relative tangential motion dissipates energy through
Coulomb friction. At F = 30.0, the higher response amplitude appears to lead to more se-
vere impacts with greater relative velocities, longer expected contact durations, and higher
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normal contact forces. These factors are expected to substantially increase the energy dis-
sipation per cycle. This combined impact-friction damping appears to limit the growth
of response amplitude, resulting in the observed decrease in normalised amplitude even
though the physical amplitude continues to increase with forcing.

Examining the FRF curves in greater detail reveals additional features suggestive of
nonlinearity. The curves for F = 6.0 and 12.0 maintain symmetric, bell-shaped resonance
peaks centred at @ = 1.00, characteristic of systems exhibiting predominantly linear be-
haviour. However, the curves for F = 20.0 and 30.0 exhibit notably different characteris-
tics. The resonance peaks shift rightward and become slightly asymmetric, with steeper
slopes on the low-frequency side, behaviour characteristic of hardening-type nonlinearity
where stiffness increases with amplitude. Furthermore, the bandwidth of the resonance
peak increases noticeably for F = 30.0, consistent with enhanced damping. In the pre-
resonance region (@ < 0.95), all curves initially follow similar paths but begin to diverge
as they approach resonance, with higher forcing levels developing slightly different gra-
dients. In the post-resonance region (@ > 1.15), the curves appear to converge again, sug-
gesting that nonlinear effects may diminish when operating away from resonance where
vibrational amplitudes are smaller.

This behaviour indicates the activation of crack breathing nonlinearity at higher forc-
ing amplitudes. The deeper crack (20% increase from b to 1.2 b) creates a larger compliance
variation between open and closed states. At low forcing levels (F = 6.0 and 12.0), the vi-
brational amplitude appears insufficient to fully close the crack during the compressive
phase of oscillation. The crack appears to remain predominantly open with reduced but
approximately constant stiffness throughout the cycle, producing behaviour consistent
with a predominantly linear system as evidenced by the closely overlapping FRF curves.
However, at F = 20.0 and 30.0, the increased response amplitude appears to drive the
crack surfaces into contact during each compressive phase, initiating the nonlinear breath-
ing mechanism. The response characteristics are consistent with the crack alternating be-
tween open (reduced stiffness) and closed (restored stiffness) states, producing amplitude-
dependent effective stiffness. Simultaneously, the contact and separation events dissipate
energy through impact and friction, introducing amplitude-dependent damping that ap-
pears to suppress response growth.

The time-domain response for Case 1, shown in Figure 6 at F = 7.5 and @ = 0.8490,
reveals relatively clean periodic motion. The excitation frequency is selected near Case 1’s
resonance, which occurs at a lower normalised frequency than the baseline owing to the
deeper crack’s greater compliance in the predominantly open state. The waveform re-
mains reasonably smooth and sinusoidal, though close inspection reveals mild asymmetry
between positive and negative half-cycles, consistent with the bilinear stiffness character
of the breathing crack. The periodicity and stability indicate steady-state behaviour de-
spite the presence of contact nonlinearity.

The frequency spectrum remains dominated by the fundamental component at the
excitation frequency, with a normalised amplitude of approximately 9.0. This is no-
ticeably lower than the baseline case (approximately 10.5 in Figure 4 at a comparable
near-resonance condition), providing evidence of enhanced energy dissipation due to the
deeper crack’s more active breathing. A small but discernible second harmonic is visible
in the spectrum, indicating that the bilinear opening—closing mechanism generates some
higher-frequency content even at this moderate forcing level. The presence of this har-
monic component, absent in the baseline spectrum, provides direct spectral evidence of
the nonlinear stiffness variation introduced by the deeper crack’s breathing cycles. This
is consistent with the expected physical mechanism: near resonance, the larger vibra-
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tional amplitudes promote more vigorous crack opening—closing cycles, producing both
enhanced damping and measurable harmonic distortion in the response.

4.3. Case 2: Shifted Crack Location

Figure 7 shows the FRF for Case 2, where the crack depth is maintained at b but is
relocated closer to the clamped end at position 0.54". Similar to the baseline case, this
configuration exhibits remarkably weak nonlinearity despite the crack’s repositioning to
a region experiencing larger moments. All four curves are nearly indistinguishable, with
resonance peaks occurring at approximately @ ~ 1.00 and peak normalised amplitudes of
approximately 11.5-12.0 across all forcing levels.

The close overlap of all four FRF curves indicates quasi-linear behaviour, analogous
to the baseline case. Since the amplitude normalisation accounts for the static displace-
ment under each forcing level, this overlap suggests that the physical response ampli-
tude scales approximately linearly with force; there appears to be minimal amplitude-
dependent stiffness or damping variation. Examining the curves in detail: in the pre-
resonance region (w < 0.95), all curves follow very similar paths; at resonance (@ =~ 1.00),
the peak amplitudes span a narrow range of approximately 11.5-12.0 with no apparent sys-
tematic trend with forcing level; and in the post-resonance region (w > 1.05), the curves
again overlap closely. The resonance peaks maintain symmetric, bell-shaped profiles with
consistent bandwidth across all forcing levels, suggesting approximately constant effec-
tive damping.

Moreover, the peak normalised amplitudes in Case 2 (11.5-12.0) are marginally
higher than in the baseline case (approximately 11.5), suggesting that the crack closer to
the clamped boundary produces slightly greater overall compliance. This is consistent
with the crack being located in a region of higher bending moment, where it has greater
influence on the beam’s global stiffness. For a cantilever beam, the bending moment varies
linearly from zero at the free end to maximum at the clamped end. Positioning the crack
at 0.54’ (closer to the clamp) places it in a region experiencing approximately double the
moment compared to the baseline position at a for the same tip deflection. However—and
this is important—this enhanced compliance appears to remain relatively constant across
all forcing levels, as evidenced by the overlapping FRF curves. There is no observable
amplitude-dependent stiffness variation that would cause the curves to separate.

The quasi-linear behaviour in this configuration appears to result from the crack’s
proximity to the clamped boundary and the associated mechanical environment. At that
location, the moment created at the cross section where the crack is located—by both the
excitation and inertia forces—is larger, giving the crack more influence on overall struc-
tural stiffness. This enhanced influence appears to make the crack open and close more
readily in response to the oscillating bending moment. Even at low forcing levels, the re-
sponse is consistent with the crack undergoing complete breathing cycles. However—and
this is the crucial distinction from Case 1—because the crack appears to breathe readily
even at lower forcing levels, the stiffness reduction appears to remain relatively limited
across the examined forcing range. The crack does not appear to require high excitation
amplitudes to activate breathing; it appears to breathe at all forcing levels examined. Con-
sequently, no strong amplitude-dependent stiffness variation appears to develop, and the
system operates with almost constant (though reduced) effective stiffness and damping.

Without significant variation in stiffness or damping between different forcing levels,
the system exhibits quasi-linear response with no observable frequency shift and no reduc-
tion in normalised amplitude. The crack’s location closer to the clamp, where the moment
created at the cracked cross section has greater influence on overall stiffness, appears to
prevent the development of significant amplitude-dependent nonlinearity. The crack ap-

https:/ /doi.org/10.3390 /machines14040377


https://doi.org/10.3390/machines14040377

Machines 2026, 14, 377

16 of 25

pears to breathe readily at all forcing levels, maintaining approximately constant reduced
stiffness and damping that prevent distinctive nonlinear phenomena from manifesting in
the FRE.

This finding suggests that crack-induced nonlinearity depends not only on crack
depth but also critically on the crack’s position relative to the moment distribution along
the beam. A crack in a moderate-moment region (like the baseline position, distance a
from the free end) with sufficient depth (as in Case 1) can develop measurable amplitude-
dependent breathing as forcing increases, because it appears to transition from a quasi-
linear regime (crack predominantly open) at low forcing to a nonlinear regime (crack
undergoes full breathing with impact and high contact forces) at high forcing. How-
ever, a crack closer to the support, where the moment has greater influence, may breathe
readily across the entire forcing range examined, maintaining approximately constant
effective properties and producing quasi-linear response despite the presence of active
crack breathing.

The time-domain response for Case 2, presented in Figure 8, is consistent with this
quasi-linear behaviour. At F = 7.5 and @ = 0.9040, the displacement exhibits a predom-
inantly sinusoidal pattern with smooth, symmetric oscillations. The waveform shows no
readily visible distortion, suggesting that crack breathing does not introduce significant
nonlinear effects at that operating condition.

The frequency spectrum shows a single dominant fundamental component with nor-
malised amplitude of approximately 10.5, nearly identical to the baseline case (Figure 4)
and noticeably higher than Case 1 (approximately 9.0, Figure 6). This comparison is note-
worthy: the observation that Case 2 and baseline produce similar spectral amplitudes
whilst Case 1 shows reduced amplitude suggests that Case 2 does not develop the en-
hanced nonlinear damping mechanisms that appear to characterise Case 1. The second
harmonic component visible in Case 1’s spectrum is absent here, further confirming that
the shifted crack location does not produce the same degree of nonlinear harmonic gener-
ation. The similarity between Case 2 and baseline frequency spectra suggests that reposi-
tioning the crack closer to the clamp does not activate the amplitude-dependent damping
observed in the deeper crack configuration.
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Figure 8. Steady-state time-domain response and frequency spectrum for Case 2 (shifted crack loca-
tion, 0.54’) at F = 7.5 and @ = 0.9040.
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4.4. Overall Observations and Discussion

The comparative analysis of the three configurations reveals that crack-induced non-

linearity in forced vibration is subtle and highly sensitive to the specific combination of

crack parameters and operating conditions. The normalised FRF presentation is particu-

larly effective for exposing this configuration dependence: two of the three cases examined

exhibit quasi-linear behaviour across all forcing levels despite the presence of significant

crack damage, whilst the third produces measurable but moderate nonlinear signatures

only at elevated forcing.

1.

Crack depth appears to govern the threshold for nonlinear behaviour: Only Case 1,
with the deeper crack (1.2b), exhibits significant departure from quasi-linear be-
haviour, specifically, rightward frequency shifts and reduction in normalised am-
plitude at high forcing levels. The 20% increase in crack depth from b to 1.2b ap-
pears sufficient to cross a critical threshold, transforming the system from quasi-
linear (closely overlapping FRF curves) to measurably nonlinear (separated curves
with frequency-dependent and amplitude-dependent behaviour). The deeper crack
creates a larger compliance difference between open and closed states: when open,
the 20% deeper crack reduces local stiffness more substantially; when closed, both
cracks appear to return to similar near-intact stiffness. This amplified compliance
variation appears to enable the development of amplitude-dependent effective stiff-
ness as forcing increases. The baseline and Case 2, both with crack depth b, show
close overlap of FRF curves across all forcing levels examined (F up to 30.0), suggest-
ing that physical response amplitudes scale approximately linearly with force. This
suggests a threshold crack depth may exist below which breathing effects, whilst po-
tentially present, do not produce sufficient stiffness or damping variation to cause
readily detectable nonlinearity in the forced response. This threshold likely depends
on the ratio of crack depth to total cross-sectional height and on the local moment
and displacement amplitudes at the crack location.

Frequency shift provides quantitative indication of amplitude-dependent stiff-
ness restoration: The rightward shift of resonance frequency in Case 1 at higher forc-
ing levels (F = 20.0 and 30.0) provides quantitative evidence consistent with crack
closure restoring structural stiffness in an amplitude-dependent manner. At F = 6.0
and 12.0, the resonance frequency remains at approximately «w ~ 1.00, similar to
the baseline case, suggesting the crack remains predominantly open with approxi-
mately constant reduced stiffness. At F = 20.0, the resonance shifts to approximately
@ =~ 1.05 (approximately 5% increase), indicating that crack closure begins to signifi-
cantly affect system dynamics. At F = 30.0, the shift reaches approximately @ ~ 1.10
(approximately 10% increase). Since resonance frequency scales as w;, Vk/m, this
10% frequency increase corresponds to approximately 21% effective stiffness increase,
suggesting that intermittent crack closure recovers a substantial fraction of the stiff-
ness lost when the crack is fully open. The progressive nature of this shift with in-
creasing forcing amplitude indicates the strongly amplitude-dependent character of
the effective stiffness, a characteristic feature of geometric nonlinearity arising from
the bilinear (open/closed) nature of crack stiffness. The absence of observable fre-
quency shift in the baseline case and Case 2 across all forcing levels provides clear
contrast, suggesting that the shift in Case 1 represents genuine physical nonlinear-
ity rather than numerical artifact. This frequency shift signature could potentially
serve as a practical diagnostic tool for breathing crack detection in structural health
monitoring applications.

Normalised amplitude reduction provides evidence of nonlinear damping: The re-
duction in normalised amplitude observed in Case 1 at F = 30.0 (peak amplitude ap-
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proximately 12.0) compared to lower forcing levels (peak amplitude approximately
12.5) represents perhaps one of the most distinctive signatures of breathing crack non-
linearity. This approximately 4% reduction in normalised amplitude is particularly
significant because the normalisation procedure explicitly accounts for the scaling
of static displacement with force. In an ideal linear system, normalised FRF curves
would be expected to overlap closely; the physical response would scale proportion-
ally with force, as would the normalisation reference Xy ,of, causing the normalised
response to remain approximately constant. The observation that the normalised
amplitude decreases at the highest forcing level suggests that the physical response
amplitude, whilst still increasing with force, is not increasing proportionally. The
response growth appears to be suppressed by nonlinear damping mechanisms that
appear to increase superlinearly with response amplitude.

Two coupled physical mechanisms are likely to contribute to this enhanced dissi-
pation. When crack surfaces impact during closure, kinetic energy is dissipated
through inelastic deformation, local plasticity, and acoustic radiation at the contact
interface. The energy dissipated per impact event is expected to increase with the
square of the relative impact velocity (kinetic energy), which itself increases with
response amplitude. Once in contact, frictional sliding between surfaces pressed to-
gether dissipates energy at a rate proportional to the normal contact force (which
increases with bending moment amplitude) and the relative sliding velocity (which
increases with response amplitude). At F = 30.0, the combination of higher im-
pact velocities, longer expected contact durations, and higher normal contact forces
appears to cause energy dissipation to increase superlinearly with response ampli-
tude. This nonlinear damping appears to limit response growth, resulting in the
observed decrease in normalised amplitude even as physical amplitude continues
to increase. The baseline and Case 2 configurations show minimal such amplitude
reduction—their normalised peak amplitudes remain approximately constant across
all forcing levels—suggesting this is a distinctive feature of activated breathing non-
linearity rather than a general characteristic of cracked structures.

Location relative to moment distribution appears to govern breathing character
and nonlinear activation: Case 2’s quasi-linear behaviour (closely overlapping FRF
curves), contrasted with Case 1’s measurable nonlinearity (separated curves, fre-
quency shift, amplitude reduction), suggests that crack location is as important as
crack depth in determining whether nonlinear signatures manifest in the forced re-
sponse. Both baseline and Case 2 configurations have identical crack depth (b), yet
their positions along the beam appear to produce different global compliance and
different breathing characteristics. Case 2, positioned at 0.54’ (closer to the clamp),
experiences approximately double the bending moment compared to the baseline
position (distance a from the free end) for the same tip deflection. This larger mo-
ment gives the crack greater influence on overall structural stiffness, evident from
Case 2’s marginally higher peak normalised amplitudes (11.5-12.0) compared to
baseline (approximately 11.5), indicating greater global compliance. However, the
larger moment also appears to mean the crack breathes readily even at low forc-
ing levels. The observed response is consistent with the crack undergoing complete
open—close cycles across the entire forcing range examined, maintaining relatively
constant (though reduced) effective stiffness and damping at all forcing levels. This
appears to prevent the development of amplitude-dependent properties, the key to
nonlinear signature generation. In contrast, the baseline configuration at distance a’
from the clamp experiences smaller moments and also shows quasi-linear behaviour,
but possibly for a different reason: the crack depth may be insufficient to create sig-
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nificant stiffness variation even when it does breathe, and the moderate moment
may not drive full closure except possibly at the very highest forcing levels. Case 1,
with sufficient crack depth (1.2b) at the baseline location (distance a from the free
end), appears to achieve a favourable combination: moderate moment that increases
with forcing amplitude, combined with sufficient crack depth to create large stiffness
variation between open and closed states, and sufficient displacement amplitude to
drive severe impacts and high contact forces at high forcing levels. This combination
appears to enable the crack to transition from quasi-linear behaviour (predominantly
open, minimal contact) at low forcing to measurably nonlinear behaviour (full breath-
ing with impacts and friction) at high forcing, producing the distinctive signatures
observed in the FRF. The key physical insight is that observable nonlinearity appears
to require not just crack breathing, but amplitude-dependent variation in breathing
severity: either the crack must transition from not breathing to breathing as ampli-
tude increases (baseline with deeper crack), or from gentle breathing to severe breath-
ing with high-force impacts (not observed in present configurations). Case 2 appears
to breathe readily across all forcing levels but without sufficient variation in contact
severity, whilst the baseline and Case 2 with shallow cracks do not appear to develop
sufficient compliance variation.

These results suggest that observable crack-induced nonlinearity in normalised FRF
curves requires a specific and restrictive combination of sufficient crack depth (to en-
able large compliance variation between open and closed states), appropriate position-
ing relative to moment distribution (to achieve amplitude-dependent variation in breath-
ing severity rather than constant breathing), and adequate forcing amplitude (to drive
the transition from quasi-linear to nonlinear regimes). Crucially, the parametric study
demonstrates that this combination is not easily achieved: two of the three configura-
tions examined—representing different but physically realistic crack scenarios—produce
no readily detectable nonlinear signatures despite the presence of active crack dam-
age. The normalised FRF presentation provides an effective framework for interpreting
these results: closely overlapping curves indicate quasi-linear behaviour with minimal
amplitude-dependent effects, whilst separated curves with rightward frequency shifts and
reduced normalised amplitudes provide evidence of activated breathing nonlinearity with
amplitude-dependent stiffness and damping. The central implication for structural health
monitoring is that the absence of nonlinear signatures in vibration-based testing does not
imply the absence of damage. Understanding which crack configurations produce de-
tectable nonlinear signatures, and under what forcing conditions, is therefore essential for
designing effective and reliable monitoring protocols.

4.5. Implications for Structural Health Monitoring

From a structural health monitoring perspective, these findings reveal both opportu-
nities and challenges with direct implications for practical implementation, particularly
when viewed through the lens of normalised FRF analysis.

The clear separation of FRF curves in Case 1 at higher forcing levels—manifesting as
a rightward frequency shift and reduction in normalised amplitude—provides diagnos-
tic signatures for breathing crack detection that are fundamentally different from conven-
tional linear modal analysis approaches. The key insight is that these signatures appear to
arise from amplitude-dependent nonlinear behaviour: the effective stiffness and damping
change as a function of response amplitude. Monitoring how the resonance frequency and
normalised peak amplitude vary with excitation level, rather than measuring them at a sin-
gle amplitude, may reveal breathing cracks through their distinctive nonlinear response.
For Case 1, the approximately 10% rightward frequency shift and approximately 4% nor-
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malised amplitude reduction between low and high forcing represent measurable signals,
though their moderate magnitude underscores the subtlety of breathing crack nonlinearity
and the need for carefully designed testing protocols to reliably detect such signatures.

However, the quasi-linear behaviour of the baseline and Case 2 configurations—evidenced
by closely overlapping FRF curves across all forcing levels—highlights a significant challenge:
cracks of moderate depth (baseline) or positioned where they appear to breathe readily across
the forcing range (Case 2) may produce minimal detectable nonlinearity in vibration-based test-
ing. These configurations would appear as simple stiffness reductions in linear modal tests
(evident from marginally higher normalised amplitudes indicating greater compliance), but
without the distinctive nonlinear signatures that enable confident crack detection. Traditional
frequency-based monitoring techniques relying on natural frequency changes would likely ob-
serve only the small overall frequency reduction due to reduced average stiffness but would
miss the crack’s breathing character entirely if only single-amplitude testing were performed.
The baseline case, with FRF curves that are very similar across forcing levels, would appear
predominantly quasi-linear in vibration tests, suggesting important limitations of conventional
approaches for detecting certain breathing crack configurations.

This suggests the potential need for multi-faceted monitoring strategies incorporat-
ing amplitude-dependent testing;:

*  Multi-amplitude swept-sine testing protocols: Rather than testing at a single excita-
tion amplitude, protocols could systematically vary forcing amplitude and monitor
changes in resonance frequency and normalised peak response. The appearance of
frequency shifts and normalised amplitude changes as forcing increases may provide
evidence of breathing behaviour. For Case 1, distinctive signatures emerge between
F = 12.0 and 20.0, suggesting that testing across a range spanning at least a factor of
2-3 in forcing amplitude may be necessary to activate and detect nonlinear behaviour.
Care must be taken to ensure excitation levels are sufficient to activate breathing with-
out inducing further damage or exceeding operational stress limits.

* Normalised FRF analysis as diagnostic tool: The normalisation procedure em-
ployed in this study—scaling amplitude by static displacement under the applied
force—provides particularly clear visualisation of nonlinear effects. In ideal linear
systems, normalised FRF curves would be expected to overlap closely; significant
separation may indicate nonlinear behaviour. This provides a relatively simple vi-
sual diagnostic: closely overlapping curves across forcing levels indicate quasi-linear
response, whilst separated curves indicate amplitude-dependent nonlinearity. The
direction of separation may provide additional information: a rightward frequency
shift indicates hardening (stiffness restoration through crack closure), whilst nor-
malised amplitude reduction indicates enhanced nonlinear damping (energy dissi-
pation through contact).

¢ Advanced nonlinear identification techniques: Beyond simple resonance tracking,
techniques such as backbone curve extraction (plotting resonance frequency versus
response amplitude), nonlinear modal analysis, and restoring force surface methods
can characterise amplitude-dependent stiffness and damping. The results suggest
that for breathing cracks, frequency shift may be a more sensitive indicator than am-
plitude reduction (Case 1 shows a frequency shift of approximately 10% versus an
amplitude reduction of approximately 4%), so techniques focused on tracking stiff-
ness variation may be particularly effective.

*  Multi-modal testing across different mode shapes: The present study examined
only the first bending mode. Higher modes produce different displacement and mo-
ment distributions along the beam, potentially activating breathing in cracks that
appear quasi-linear in the first mode. A crack positioned near a node of the first
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mode might show minimal breathing in first-mode testing but potentially stronger
breathing in second- or third-mode testing. Comprehensive monitoring may require
examining multiple modes at multiple amplitude levels.

¢  Complementary non-vibrational inspection methods: The results suggest that cer-
tain crack configurations (baseline and Case 2) produce minimal nonlinear signatures
in vibration testing despite representing significant structural compromise (20% depth
penetration). Vibration-based methods alone may be insufficient for detecting all crit-
ical crack configurations. Integration with complementary techniques—ultrasonic in-
spection, eddy current testing, thermography, or visual inspection—may provide more
robust damage detection. Thermography during vibrational excitation might reveal lo-
calised heating at crack interfaces due to frictional dissipation, providing an alternative
detection mechanism for cracks that produce minimal amplitude-dependent behaviour.

For aerospace applications, these results suggest that structural health monitoring
systems should be carefully designed with knowledge of likely crack initiation sites and
their relationship to vibrational mode shapes and moment distributions. Components
could be assessed to identify critical regions where cracks would be most difficult to de-
tect through vibration-based methods, for example, regions analogous to Case 2 where
high moments may cause ready breathing across all forcing levels, potentially masking
amplitude-dependent signatures. These regions may require enhanced local monitoring
or more frequent direct inspection. Relying solely on passive vibration monitoring at op-
erational levels may be insufficient if operational loads do not span a sufficient range to
reveal amplitude-dependent behaviour. Active excitation testing at controlled amplitude
levels, systematically varied to reveal nonlinear signatures, may be beneficial for reliable
crack detection. The frequency shift and normalised amplitude reduction observed in
Case 1 provide potential target signatures for detection algorithms, but the variability in
signatures across crack configurations suggests the need for adaptive, multi-parameter
approaches rather than simple threshold-based methods.

5. Conclusions

This study presented a numerical investigation into the forced vibrational response
of cracked beam structures representing aerospace components using VIBRANT, a time-
marching finite element platform. Representative cantilever beams with varying crack
configurations were analysed under harmonic excitation to characterise the conditions
under which breathing crack nonlinearity produced detectable signatures, and equally
importantly, the conditions under which it did not.

The parametric investigation revealed that crack-induced nonlinearity was subtle
and strongly configuration-dependent, requiring specific combinations of crack depth, lo-
cation relative to moment distribution, and excitation amplitude to produce measurable
signatures. The deeper crack configuration (Case 1, 1.2 b) exhibited amplitude-dependent
behaviour at higher forcing levels, manifesting as rightward resonance frequency shifts
(approximately 10% from @w ~ 1.00 to @ ~ 1.10) and normalised amplitude reductions
of approximately 4%. These moderate but measurable phenomena resulted from crack
closure restoring structural stiffness and enhanced energy dissipation through impact-
friction damping. In contrast, both the baseline configuration and the repositioned crack
(Case 2) exhibited quasi-linear behaviour across all forcing levels examined, with closely
overlapping normalised FRF curves, despite representing significant structural compro-
mise. The repositioned crack’s proximity to the clamped boundary caused ready breath-
ing across the entire forcing range, maintaining relatively constant effective properties that
prevented distinctive nonlinear signatures from developing.
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These findings highlight important challenges for structural health monitoring. The
diagnostic signatures in Case 1—rightward frequency shift coupled with normalised am-
plitude reduction—provide promising indicators for breathing crack detection, but their
moderate magnitude and strict dependence on crack configuration underscore the diffi-
culty of relying solely on nonlinear vibration signatures for damage detection. Cracks
of moderate depth or positioned where moment distribution causes ready breathing
may produce minimal detectable nonlinearity, potentially evading conventional vibration-
based monitoring. This suggests the need for carefully designed monitoring strategies
incorporating multi-amplitude testing protocols, advanced nonlinear identification tech-
niques, and multi-modal testing.

The results demonstrate VIBRANT's capability to capture the full spectrum of crack
breathing dynamics, from quasi-linear response where nonlinear signatures are absent to
measurable amplitude-dependent effects where they emerge. The normalised FRF presen-
tation proves particularly effective for exposing this configuration-dependence: closely
overlapping curves indicate quasi-linear response, whilst separated curves with specific
patterns provide evidence of activated breathing nonlinearity. Future work should focus
on extending the analysis to more complex crack geometries, multiple crack configura-
tions, and realistic three-dimensional aerospace component geometries. Experimental val-
idation of the predicted configuration-dependent behaviour—particularly the conditions
under which nonlinear signatures appear and disappear—remains important for establish-
ing confidence in these computational predictions and refining damage detection proto-
cols. Additionally, investigation of higher excitation levels and broader parametric ranges
could establish quantitative thresholds for crack detectability based on depth, location,
and operational conditions, ultimately contributing to improved safety and reliability of
aerospace structures.
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