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1 Introduction

Recently, there has been much progress in understanding both classical and quantum aspects
of geometries resulting from compactifications of the heterotic string. Due to their torsional
nature, which in even dimensions implies the geometry is non-Kéhler, many tools of complex
and algebraic geometry are no longer applicable. However, building on the moduli analysis
of [1-3], inspired by Atiyah [4], a differential and a cohomology for counting infinitesimal
moduli of these geometries was recently written down [5, 6].!

Quantum aspects of heterotic moduli are interesting both from a physical perspective,
in terms of topological quantum field theory, and a mathematical perspective, in terms of
topological invariants and enumerative geometry. Indeed, these perspectives are linked, as
knot invariants are known to correspond to correlation functions in Chern-Simons theory [17],
while Donaldson-Thomas invariants can be calculated using holomorphic Chern-Simons
theory [18, 19]. A theory capturing the complete moduli of heterotic geometries would
not only be of physical importance, but would also be useful for enumerative geometry,
particularly for classifying and counting non-Kéhler geometries. An incomplete proposal for

!See also [7] where the moduli problem was investigated by means of generalised geometry and shown to be
elliptic, implying a finite-dimensional moduli space. For further investigations into classical (even-dimensional)
heterotic moduli, see [8-16].



such a theory was put forward in [11], with the theory’s one-loop partition function computed,
and its topological properties and anomalies investigated in [20]. Still, many questions remain.
How does the theory embed in ten-dimensional supergravity? What is the quantum theory
for truly non-Kihler backgrounds?? What are the higher-loop correlation functions, and,
relatedly, is there a holomorphic anomaly equation for them?3

In looking to make the connection to ten-dimensional supergravity, it is natural to consider
supersymmetric twists, a subject with a long history going back to [26]. The twist of Euclidean
super Yang-Mills theory on a Calabi-Yau three-fold was shown to give rise to holomorphic
Chern-Simons theory in [27] (see also [28, 29] which discuss this theory). Following this,
the SU(5) twist of ten-dimensional super Yang-Mills theory was found to be given by a
ten-dimensional holomorphic Chern-Simons theory [30], with the field in the Chern-Simons
term given by a fermionic (0,2)-form. Classically, holomorphic Chern-Simons theory is
quasi-topological in the sense that the classical action depends on the data of the complex
structure of the manifold and not on the metric. This is the sense in which we use the term
quasi-topological in this article. However, anomalies can lead to a metric dependence in the
quantum theory, which can be seen at the level of the one-loop partition function (see e.g. [20]).

More recently, a procedure for twisting supergravity theories was proposed by Costello
and Li [31], with much work devoted to investigating the resulting theories [32-36], often using
the pure spinor superfield formalism. In a similar fashion to the Yang-Mills case, it is believed
that the SU(5) twist of supergravity in ten-dimensions will take a similar holomorphic/quasi-
topological form. The study of the heterotic moduli problem has given hints towards what this
form might be. In [11] the superpotential of six-dimensional heterotic compactifications [37-39]
was used to derive a cubic Chern-Simons-like theory for the geometric deformation parameters,
with the resulting equations of motion giving the Maurer-Cartan equation for the heterotic
moduli problem. Moreover, this theory reduces to ordinary holomorphic Chern-Simons theory
when the geometric deformations (metric, complex structure and Kalb-Ramond field) are
turned off, thus matching the twisted gauge theory expected when one twists supergravity
coupled to Yang-Mills multiplets. The theory has a direct generalisation to other complex
dimensions, such as for a complex five-fold X with an SU(5) structure. As we will describe,
the classical BV-action for these theories takes the form

5= [ (Do) - 3. s ) £, (1.1

where  is the holomorphic top-form, y € P%® is the BV-field, and P%® is a certain complex
to be defined in detail below. Note that similar holomorphic theories have also appeared
in studies of holomorphic BF-type field theories and in the context of twisted holography,
see [34, 40-44] and references therein. It should also be noted that the theory (1.1) is well
defined for more general torsional Hull-Strominger backgrounds with fluxes turned on.

It is natural to conjecture that the theory (1.1) is twisted ten-dimensional supergravity
coupled to Yang-Mills. A full proof of this for the non-linear theory is beyond the scope of the

2The physical and geometric anomalies of the partition function of [20] was computed assuming a Kéahler
Calabi-Yau background.

3Quantum and invariant properties of the Hull-Strominger system have also been investigated in the
mathematics literature. The interested reader is referred to [21-25] with references therein.



present paper — here instead we test the conjecture by restricting to the quadratic theory. We
compute the one-loop partition function and corresponding anomalies, assuming a Calabi-Yau
background. We find the anomaly polynomials to be precisely those of ten-dimensional
heterotic supergravity, in support of the conjecture. Furthermore, the counter-terms added
to cancel the anomaly and retain a gauge invariant one-loop effective action give rise to the
differential D of a recently discovered double extension complex [15, 45-48]. Modulo O(a/?)
terms, the first cohomology of this complex counts the infinitesimal deformations of heterotic
solutions. In further support of our conjecture, the theory (1.1) can be linked to the type
I topological string of [34, 41, 42] via a non-local field redefinition.

The paper is organised as follows. In section 2, we define the BV double complex for
our linearised ten-dimensional Kodaira-Spencer theory, write the resulting quadratic master
action, and show that the one-loop partition function of this theory collapses to a product of
holomorphic Ray-Singer torsions. In section 3, we focus on the moduli subsector and give a
cubic Chern-Simons action whose equations of motion reproduce the Maurer-Cartan equation
governing the moduli of the ten-dimensional supersymmetric background. We show that
the one-loop partition function of this theory matches that of section 2 and describe how
the theory connects with the type I topological string. In section 4, we derive the anomaly
polynomial of our linearised ten-dimensional Kodaira-Spencer theory. Specialising to the
gauge groups SO(32) and Fg x Fg, we find that the anomaly factorises. We then propose
four ways to cancel the anomaly using: 1) non-local counter-terms; 2) a Green-Schwarz-
like mechanism; 3) local counter-terms from deformed instanton equations; 4) non-global
counter-terms. We conclude in section 5 with some discussion and directions for further study.

2 Linearised KS theory from ten-dimensional supergravity

The Costello-Li approach to supergravity suggests that twists of ten-dimensional N' = 1
supergravity theories should produce a holomorphic or quasi-topological field theory on a
complex five-fold with an SU(5) structure. In this picture, the twisted theory is not the
full physical theory, but a protected subsector that should still encode meaningful data,
including a holomorphic deformation theory for the twisted background and the associated
one-loop anomalies. One therefore expects the presence of a holomorphic moduli theory that
plays a role analogous to holomorphic Chern-Simons theory for twisted gauge theory and to
Kodaira-Spencer/BCOV theory for the closed-string sector in lower dimensions.

Motivated by this expectation, we start from the six-dimensional complex introduced in [6]
and used to define a heterotic Kodaira-Spencer theory in [20]. We then formally generalise
this complex to a ten-dimensional holomorphic theory on a complex five-fold. The resulting
Maurer-Cartan equation has the same schematic structure as the heterotic deformation
problem, now packaged in ten-dimensional language, and reduces to holomorphic Chern-
Simons theory when the geometric fields are switched off. Having identified this classical
holomorphic theory, we pass to a BV description in order to quantise it systematically: the
resulting BV complex organises fields, ghosts, and antifields so that gauge symmetries are
treated consistently and the path integral is well defined. This BV formulation is essential
for our main tests of the proposal, namely the computation of the one-loop partition function
and the calculation and cancellation of anomalies.



We begin by defining a linearised ten-dimensional theory as a straightforward analogue
of the six-dimensional theory of [20]. In fact, what we do in this section is not quite the
heterotic theory, so we first clarify this point. Let us recall that the full heterotic supergravity
theory has a Bianchi identity for the three-form flux

dH = Z(tr(F AF)—tr(RT ART)). (2.1)

featuring the higher-derivative Riemann-squared term. (This term in fact features the
Riemann tensor for the connection V* =V + 2 H [49].) In formulating the theory described
in this section, we essentially drop this term leaving the pure N = 1 supergravity theory
coupled to Yang-Mills multiplets.* The theory we construct in this section can thus be seen as
a Kodaira-Spencer theory coming from two-derivative classical ten-dimensional supergravity.
We will see how the Riemann-squared term arises from cancelling anomalies in this theory, in
a similar way to how it appears from anomaly cancellation in heterotic supergravity.

Furthermore, this theory really comes from a Wick-rotated (complexified) supergravity in
Euclidean signature. For the case of one vector multiplet, this could be seen as a consistent
truncation of eleven-dimensional supergravity on the time direction, in a similar way to
how Einstein-Maxwell theory is found by reduction in [50]. Note that the supersymmetric
solutions of this theory will be constrained by no-go theorems, which generally prevent
compact solutions with non-trivial fluxes. More non-trivial solutions are permitted once one
includes the Riemann-squared terms coming from anomaly cancellation.

To avoid confusion, let us also expand on the point that it is common practice, especially
in the mathematics literature on solutions of the Hull-Strominger system, to include a tangent
bundle connection as part of the gauge degrees of freedom. This has the effect of promoting
the Bianchi identity to

100w = ‘Z(tr(F AF)—tr(RAR)), (2.2)

where R is the curvature of the tangent bundle connection. This choice, however, introduces
extra, spurious degrees of freedom associated to the tangent bundle connection which are not
present in heterotic string theory (where the connection is defined by the physical metric).
The resulting space of solutions does however contain the physical ones: those for which the
spurious tangent bundle connection takes the correct physical value V*. In this paper, we
will refer to the space of deformations of these solutions inside the enlarged space as the
moduli space of the Hull-Strominger system (plus spurious degrees of freedom). In general,
this moduli space is not the physical one as it will contain deformations that break the
condition that the additional tangent bundle connection is V7.

One might hope there are interesting non-Kéhler solutions without including the R?
term in (2.1), however an examination of the remaining supersymmetry conditions shows

41f one includes additional gauge fields, comprising an additional tangent bundle connection, and then
examines solutions where this connection is set to be V', then the solutions of this augmented pure supergravity
can be seen as containing those of the heterotic theory. However, in general there would also be solutions
where the additional connection was not set to V', which would not be physically relevant. We discuss this
further below.



there are no such solutions. In particular, the supersymmetry conditions for the background
include the Yang-Mills equation w* A F' = 0. Unfortunately, the only solutions to this and
the Bianchi identity without Riemann-squared terms (equation (2.8) below) for compact
geometries are flat bundles on Calabi-Yau manifolds [51].

2.1 The BV complex from supergravity

We start by discussing the complex of de la Ossa and Svanes [6], though generalised to ten
dimensions. As mentioned above, we in fact consider the version of this complex that features
the gauge fields of the pure (Euclidean) supergravity theory, but not the tangent bundle
connection which would give rise to the Riemann squared term in the Bianchi identity. This
complex computes the moduli of supersymmetric solutions to this Euclidean theory.® Let
X be a complex five-fold. We define a holomorphic extension bundle

Q~AY@End(V)o T, (2.3)

where 710 = T10X is the holomorphic tangent bundle of X, A0 = T*1.0X and V is a
holomorphic vector bundle over X. There is then a holomorphic differential on Q%°(Q)

given by
ddF* T
D=0 94 F (2.4)
0 0 0
where the various extension map components of D act as
Fp) = Farp®, )

where F, = Fal;dzz’ is defined from a curvature two-form F for V, and T, = Typed2€ is given
by the (2, 1)-component of the three-form flux H. For supergravity solutions, this is given
by T' = i0w, where w is the hermitian two-form of the (in general non-Kéhler) geometry
on X. The operator (2.4) then squares to zero if and only if

/

i 90w = O‘Ztr(F AF), (2.8)

which is the standard supergravity Bianchi identity.

This kind of operator has appeared in the study of heterotic moduli problems [5-7],
and generalised geometry and coupled instantons [23, 51, 54-56]. As discussed above, these
authors consider the gauge fields to include an additional tangent bundle connection, fixed to
be V1, to promote (2.8) to the full Bianchi identity including the Riemann-squared terms,
at the cost of introducing spurious degrees of freedom.

5One way to see this is to use the generalised geometry formalism, as in [12, 52, 53], where the supersymmetry
conditions become the statement that the SU(5) x SO(10 + n) structure defined by the Killing spinor has
vanishing intrinsic torsion.



In this work, we will take a different approach to including the Riemann-squared terms.
When studying quantum aspects of the theory and anomalies in section 4, we will choose a
diagonal differential with vanishing fluxes for the classical theory, D = 9. Using the Green-
Schwarz anomaly cancellation procedure, together with the requirement that the one-loop
effective action is gauge invariant, we will then correct the differential back to an extension
structure. This approach avoids the introduction of the spurious modes and allows for the
anomaly to be calculated more straightforwardly. It does however render the differential
D slightly unconventional in that its off-diagonal terms are non-tensorial. In particular, D
is no longer the (0,1)-part of a connection on Q. For now, the operator D will refer to
equation (2.4) with the off-diagonal flux terms turned on.

In the physics literature, by considering F-term constraints, the first cohomology of the
complex (2%*(Q), D) was shown to compute the infinitesimal moduli space of a solution
to the Hull-Strominger system (plus the spurious degrees of freedom) in [5, 6, 57]. This
statement is true also for the ten-dimensional (Euclidean) version of the system. The moduli
problem has also been investigated formally in the mathematics literature and connected
to generalised geometry [7, 12]. In particular, the moduli problem was shown to be elliptic
in [7], giving rise to a finite-dimensional moduli space on compact geometries.

Here, we wish to construct a field theory from this complex via the BV formalism. This is
complicated by the fact that there are additional gauge symmetries present in the construction.
For example, the deformation of the background given by (u,z,b) € QO1(T10) @ Qé’l @ Q02
is gauge equivalent to that with z — z 4 O\ for any A € Q%!. This leads us to extend the
complex to a double complex, shown in figure 1. Ideally, we would then construct a quadratic
field theory for this complex. Unfortunately, it does not possess a symplectic pairing of
the type required by the BV formalism.

To fix this, we can construct a related complex which admits the required symplectic
pairing by adding another diagonal corresponding to the dual spaces in the first diagonal (as
was done in the generalised geometry context in [58]). We then obtain a total differential that
squares to zero by adding the maps 0, indicated below, between the sequence of new spaces.
With this, we again have a double complex, which is simply the ten-dimensional version of
the complex of [20]. The resulting double complex is shown in figure 2 with the ghost number
of each space shown on the left. Note that the bundle @ can be written equivalently as

Q~ANYPEnd(V) e T ~ A @ End(V) @ A0, (2.9)

where we have used the isomorphism defined by the holomorphic volume form. The double
complex in figure 2 has a symplectic pairing (or “cyclic structure” in the L, algebra
language) which pairs the spaces are diametrically opposite each other, taking the arrow
between Q%2(Q) and Q°3(Q) to be the central point. For example, this pairs the terms
b%2 € Q%2 and ¢ € Q53 via the natural integration pairing

<b0’2,C5’3> — / bO,Q A 6573 . (210)
X

2.2 The classical master action

The fields and anti-fields of linearised ten-dimensional Kodaira-Spencer theory in the BV
formalism fill out a general element of the double complex in figure 2. The ghost-number-zero
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Figure 1. The double complex encoding the BV description of the complex (2°°(Q), D) which
computes the infinitesimal moduli space of the Hull-Strominger system (plus spurious degrees of
freedom) on a complex five-manifold. The original complex is promoted to a double complex to
account for gauge symmetries.

fields (the “physical” fields) are fermionic, as are the other fields of even ghost number.
The odd ghost number fields are bosonic. We denote elements of the various spaces that
appear in the double complex by

€™ (@), e,  Freq’. (2.11)

Note that the bosonic ghost field y%! may be interpreted as infinitesimal fluctuations of the
background geometry. The classical master action then takes the form®

Sz((I),dtota1<1>>:/ (y,Dy>/\Q—|—/ b/\56+/ (y 5 0b) A Q, (2.12)
X X X

where diota1 is the total differential of the double complex of figure 2. We write fields in
Q04(Q) as

y=(z,a,pn) € Q(Q) =AY 3 Q% End(V)) @ QO (THY). (2.13)

5Tn this section of the paper, we will not pay close attention to the signs of the terms in the action. More
details of these signs can be found in section 3.
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Figure 2. The double complex obtained by starting from figure 1 and adding a further diagonal.
The ghost number of each space shown on the left. This BV complex is the ten-dimensional version of
the complex of that appeared in [20] and, crucially, admits a symplectic pairing which can be used to
define an action.

The pairing on Q%*(Q), for y; € Q¥P(Q) and 3 € Q%4(Q), is given by

(Y1,y2) = (11)* A (22)a + (T1)a A (p2)* + tr(a1 A a2) , (2.14)

where the indices on 2 and y labels the AY® and 719 components respectively.

The total pairing that appears in the action satisfies integration by parts with respect
to the total differential diota;. The action (2.12) is then invariant under the following gauge
symmetries:

Sy =Dy + 908, 5b =08, Sc=0(v1Q)+ Ik, (2.15)

where v = (£, ¢,v) € Q*(Q), B € Q¥° and k € Q%°. These transformations can equivalently
be written using the total differential as

5(1) = dtotalA 5 (216)

for some element A of the double complex.



2.3 The one-loop partition function

The action (2.12) describes quadratic fluctuations of the background in the BV formalism. We
now want to quantise this theory and compute its one-loop partition function. As discussed
in [20], in the quadratic theory, one can remove the y 1 0b term in the action (2.12) using
field redefinitions. This leaves us with a classical master action of the form

S:/ <y,Dy>/\Q+/ b A de
X X
= / <<y0’2, Dy®?) + (y*4, Dy0’0>) AQ+ 23 AT + 091 A O (fermions)  (2.17)
b

+/ (y3, Dy"y A Q + 0% A OO + 592 A 9> 4 590 A 9>, (bosons)
X

The action (2.17) then fixes the one-loop partition function of the theory in terms of products

of determinants of the various differential operators:”

‘Z‘ — ’D0,2‘+1/2‘D0,1|71’DO,0’+1‘60,0’71’50,1|+1’50,2 71|8_0,3‘+1‘(E)O,4’71

1/4 5
—1)p+1 0,
(=1)P"p H ’qu

q=0

—1/2
(-1)7"q (2.18)

> 0
[T 1
p=0 b
— ID(Q)l/QI(AO’O)_l ]

Here, we have written the absolute value of the one-loop partition function as an alternating
product of determinants, which can then be simplified to a product of holomorphic Ray-
Singer torsions for A%? and Q.%

The above determinant formula for the partition function highlights that the quadratic
theory depends only on the complex structure via the holomorphic Ray-Singer torsions. We
will interpret this in terms of an SU(5) twist in the sections to come.

Although Ray-Singer torsions have been computed in certain idealised scenarios, such
as for odd-dimensional spheres [59], an explicit computation of |Z|, and in particular the
holomorphic Ray-Singer torsion Ij;(Q) is far beyond the state of current technology. Rather
than an explicit computation of |Z|, we will focus on whether or not the partition function is
actually well defined. To examine this, we compute the anomaly of |Z| in section 4. As we
shall see, the anomaly will match the Green-Schwarz anomaly of ten-dimensional supergravity,
suggesting a strong connection between our theory here and supergravity.

"As usual, a path integral over one commuting (bosonic) field with kernel K results in (det K)~'/?

, while
one anticommuting (fermionic) field gives (det K )H/ 2. With two independent fields the exponents double, so
two bosons yield (det K)~! and two fermions (det K)™*. The second line then follows from the equivalence
|Ag’q\ =10%9]|0°77*|?, and similarly for the D-Laplacian.

SRecall that given a holomorphic bundle V with hermitian metric A on a complex n-fold, the holomorphic
Ray-Singer torsion I(V) of V is defined to be

1(v)? = [ 1A% (2.19)

p=0



3 The cubic theory for heterotic moduli

In the previous section, we constructed a BV master action in which the bosonic ghost
field %! should be interpreted as capturing a deformation of a bosonic supersymmetric
background of Euclidean ten-dimensional supergravity (or of heterotic supergravity including
the spurious degrees of freedom if one includes the additional tangent bundle connection) on
a complex five-fold. In this section, we first isolate the moduli subsector and the quadratic
part of the action for it. We then extend the quadratic action to a cubic Chern-Simons-like
theory, the relevant parts of whose field equations reproduces the non-linear Maurer-Cartan
equation for moduli of the supersymmetric solution (i.e. the ten-dimensional analogue of the
Hull-Strominger system (including spurious degrees of freedom) if one includes the additional
tangent bundle connection), as discussed in [11] in the six-dimensional case.

The classical master action for the quadratic theory in (2.12) naturally presents the

02 593 and ¢>! of ghost number zero as the “physical” fields. However, guided

fermionic fields y
by the six-dimensional superpotential theory of [11], the bosonic ghost field y*! = (x, o, )
should be interpreted as geometric moduli fields, where x € Q¥1(A10) give the (complexified)
hermitian moduli, o € Q%!(End(V)) are the bundle moduli, and the Beltrami differential
p € QUYTHO) gives the complex structure moduli. There is also an additional B-field

b92 and an axio-dilaton field ¢®Y.

component
The fields y3, ¢>? and b%* which are their anti-fields can then be seen as Lagrange

multipliers and the part of the quadratic action featuring only these fields is

S= [ @Dy At [ (19220321104 0 0E50)
i ; (3.1)
+/ <y0,1 L b0 403 6b0’2) AQ
X

0,1 10,2 5,0
7’b7 )

The resulting equations of motion for y and ¢, in analogy with the six-dimensional
case [11], are the infinitesimal moduli equations for the ten-dimensional supersymmetric
solution.

Writing the y-fields as y = (z, a, ), the gauge symmetry of (3.1) includes
S =0v, de=0(v1Q). (3.2)

By a Hodge decomposition, we can write v as a total holomorphic derivative plus a divergence-
free part,

v = Vw4 0%, (3.3)

where V is the Chern connection and 9% is divergence-free. Note that, as (v1Q) o (Vav%)€2,
9 does not contribute to the gauge transformation of the c-fields. We can then use the total
derivative V*w to remove the c-fields from the action (3.1). That is, the c-fields are pure
gauge (up to harmonic components, which drop out of the action). If we also integrate out the
b-fields by imposing their equation of motion, we find that the u-fields become divergence free,

Vap® =0. (3.4)

,10,



The remaining gauge symmetry for the p-fields comes solely from the divergence-free part of
v, 6p = 09°. Such vectors v generate the Q-preserving diffeomorphisms.
Following the above steps, the quadratic action for the geometric moduli simplifies to

S = / (y™', Dy™®) A Q2 (3.5)
X

where the p-field contained in y is now restricted to be divergence-free. Note that in the
pairing on Q°*(Q)

| wyyna, (3
X

the pairing of the d-exact part of x with the divergence part of p’ (i.e. the total derivative
Vew in the decomposition (3.2)) is zero. Thus, the d-exact part of the z-fields drops out
of the action (3.5). We may thus consider the fields y to be elements of a quotient space
PY%°®, which is defined by

PDJC
Ql,k

O-exact

pPYF = where P* = {y € Q**(Q) : V,u® =0} C Q**(Q). (3.7)

This action then has a gauge symmetry given by shifting the y-fields by D-exact terms in P%®:
6y = De for ecP%*. (3.8)

Clearly, we can perform the same gauge-fixing and integrating out procedure on the full
field content of the theory from section 2 to obtain a classical master action

S — /X (y, Dy) A Q2 (3.9)

where y = y?% + ... + y%® is now a generic element of P%®, with the odd fields bosonic
and the even fields fermionic.” An alternative way to find the partition function (2.18) is
then to note that, schematically, we have

10
Al, a5,
|05 oxact| 1956

exact exact

_ 0.
1DY?| = , (3.10)
where |5éiexact| is the determinant that one “misses” when we quotient Q%P(A0) by d-exact
forms. Similarly, we have also removed the total holomorphic derivative part of Q07 (T10)
— these are isomorphic to d-exact (5,p)-forms. Note then that, ignoring harmonic forms,
we can treat 0 as an isomorphism between Q%P and Qé’_’éxact.

harmonic forms, since (5, p)-forms are spanned by J-exact forms, we can use the D-preserving

Furthermore, again ignoring

isomorphism given by Q to map these to (0, p)-forms. Hence we can identify

_17 a ) _57 P Y P P a )
’aa-exact‘ = ‘aop| ’ laa-exact‘ - ’85;0‘ - ‘aop’ . (311>
The determinant in (3.10) then reduces to
NHO.p
~O.p| ‘D |
|Dp”| = R (3.12)

The corresponding product of determinants gives exactly the same result as (2.18).%°

9The field 4% drops out of the quadratic theory, but does appear in the cubic theory below.
'9This follows from writing |6”| in terms of determinants of various AZ'? operators, and then noting that
|A29| = |A°7| implies [0°° = |6”*] and |0™'| = [0"].
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3.1 Generalising to a cubic theory

The reason for following the steps to obtain (3.9) is that theory has an obvious generalisation
to a cubic Chern-Simons-like theory,

5= [ (Do) - 3.l ) A2, (3.13)

which is a ten-dimensional version of the action derived from the superpotential in [11]. The
bracket [-,-] on P%* is defined as

[y1,y2]® = pb A Oppis — (—1)r1921 5 A By (3.14)
1, y2)a = —ou1 A ag + (—1)llay A oy
+ub A Vyag — (=D)willv2l b A vy (3.15)

Y1, Y2)a = 215 A OpT2,q) — (—1)lvrllzl2 b A OpT1,q)

1 1
+§tr(Vaa1 Aag) — (—1)|y1‘|yQ|§tr(Vaa2 Aar), (3.16)

where y € P%P of fermionic degree f € {0, 1} has total degree |y| = p+ f. In these expressions
(and also (3.13) above), the wedge product should be understood as that compatible with
the BV formalism, so that the bracket itself is graded commutative and satisfies [y1,y2] =
(—1)willvalyy, 1], This bracket satisfies the graded Jacobi identity and a Leibniz rule
with respect to a version of the D operator similarly adapted to the BV formalism via
D — (=1)/ D, where f is the fermion number of the field acted on. The cubic action (3.13)
is then invariant under the gauge symmetry

Sy =D\ —[y, )\, (3.17)

where \ € PY°.
With these definitions, the equation of motion of this cubic Chern-Simons-like theory is

_ 1
Dy — §[y7y] =0, (3.18)

which can be thought of as a generalised Maurer-Cartan equation for the system.'? In

particular, restricting to form-degree two, we find

_ 1
Dyt = Sy o™ = M0y = 0. (3.19)

Upon setting the fermionic modes 3%° and 3%? to zero, this is the Maurer-Cartan equation of
the supersymmetric solution. This gives a Hull-Strominger-like system for ' = 1 supergravity

HThis wedge product satisfies a1 A ae = (—1)‘“1““2‘a2 A ai. The sign here is different from what one would
find by naively considering the boson/fermion number of the fields and taking the wedge product of the form
components. The |a1||az|-dependent sign can be thought of as coming from how one constructs a DGLA from
a DGLA tensored with a differential graded commutative algebra. Alternatively, it is the same sign convention
that one finds after promoting the fields to superfields by taking dz* — 6%, where the #% are odd coordinates
on the supermanifold T'[1]X.

12This equation follows either from a variation of the action (3.13), or by noting the action is identical in
form to that of the SU(3) theory in [11], where a similar Maurer-Cartan equation was found.
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coupled to Yang-Mills. If one includes the tangent bundle connection as part of the gauge
degrees of freedom, then (3.19) is a ten-dimensional version of the Hull-Strominger system
including the spurious tangent bundle degrees of freedom [11].

Note that the theory (3.13) is not naturally associated to the L, algebra for the geometric
moduli problem in the usual way. Rather, we have a supergravity extension of the holomorphic
Chern-Simons action of [30], whose analogue of equation (3.19) becomes the holomorphic
bundle condition when one sets the fermions to zero. As there, we consider the “classical”
field to be the fermion y%2, with bosonic BRST ghosts y*! (the geometric deformation) and
fermionic ghosts-for-ghosts 3%, while the y** for k > 3 are identified as anti-fields. We have
only linear terms in the anti-fields in (3.13) and the gauge algebra (3.17) closes off-shell such
that no higher order terms in anti-fields are required. One can check that

w(0y, y') = /X (6 5y) N2, (3.20)

defines an odd symplectic form and that the action S gives rise to the odd Hamiltonian
vector field () with

Syl (3.21)

Qy=Dy—
This gives the BRST operator for the symmetry (3.17) and the classical master equation then
follows from gauge invariance of the Maurer-Cartan equation (3.18). One can thus interpret
the theory as a kind of BV theory, though we note that due to the definition (3.7), the fields
are more complicated objects than one would like (cf. [34, 41] where the fields are defined
to be elements of ker ). On top of this issue, the theory does not have a very conventional
form, as there is a term involving only y%!(y%?)2. Here y*! is a ghost field, so this is not
part of an initial classical action, but it also does not come from the usual construction of a
classical master action for a gauge algebra which closes off-shell. Therefore, exactly as for the
system in [30], it is not clear from what classical theory this BV action arises. It is, however,
a kind of cubic extension of our quadratic BV theory. Moreover, it can be connected to type
I BCOV theory [34, 41, 42], through a non-local field redefinition, as we will now show.

3.2 Connections to Costello-Li and Costello-Williams

Coupling of gauge theory to gravitational degrees of freedom has appeared elsewhere in the
literature. Of particular note is the type I topological string, or type I BCOV, of Costello-
Li [41, 42] and Costello-Williams [34]. This theory, usually studied on more symmetric
torsion-free backgrounds (such as C°) with fluxes turned off, is related to the theory in
the present paper, at least at the classical level, via a non-local field redefinition. We will
now briefly explain this relation.

For simplicity, and to make the connection clear, in this subsection we turn off background
fluxes by setting D = 0 and assume our ten-dimensional spacetime X is Kéhler Calabi-Yau,
so that Kéahler identities also hold. We also ignore harmonic forms as in the above. Focusing
on the gravitational part of the theory (3.13), which reads

S(x,p) = 2/ (xa A Ops — %,u“ A b A (8:c)ab> ASY. (3.22)
X
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we define a new field
n =0z, (3.23)

where now 7 € Q%*(X) is O-closed global form. Note in particular that 7 is invariant under
shifts of 2 by O-exact forms. Fixing this shift symmetry by taking z to be dT-exact, we can write

x=0"'n=20,"", (3.24)

where Agl is the Green function. Plugging this back into (3.22), we find

S(x,pu) = 2/ ((8_1n)a A Op® — %nab TR ub) ANQ. (3.25)
X

Note that we may view 7 as a field valued in Q%*(A3T1?), where the antiholomorphic top-form
Q) is used to raise the indices. The field 7 is then in the kernel of the divergence operator
0 as defined in [34, 41, 42]. Upon integrating by parts and using the Kéhler identities, the
action (3.25) then becomes precisely the gravitational action, or closed string action, of
Costello-Li-Williams (modulo some minus signs and irrelevant numerical factors which can
be absorbed by field redefinitions).

The coupling of the theory to the gauge sector is then exactly the same as in Costello-
Li-Williams, and the classical BV theories agree, modulo this non-local field redefinition.
Given the non-local nature of the field redefinition, one might wonder if they also agree
at the quantum level, or indeed if they are related by some L., quasi-isomorphism. We
expect this to be the case, given that Costello-Li-Williams also conjecture their theory to be
twisted type I supergravity, or twisted supergravity coupled to Yang-Mills. In particular, as
we shall see in the next section, our theory has similar gauge and gravitational anomalies
as the ones found in [34, 41, 42].

4 Anomalies

As shown in equation (2.18), the absolute value of the one-loop partition function of (2.17) is

212 = 1p\Q@) (4.1)
T(A0:0)2
where @ = AYY @ End(V) @ T*°, End(V) may or may not include extra End(T)-valued
spurious degrees of freedom, and D is a holomorphic differential with off-diagonal flux terms
(see (2.4)). Note that the theory (2.17) may be defined on any classical solution to the
ten-dimensional Hull-Strominger system, torsional or not, and the corresponding one-loop
partition function (4.1) may be defined, and possibly even computed explicitly.

When studying the quantum theory that leads to (4.1), we should also consider its
anomalies. Anomalies are associated to an anomalous phase transformation of the partition
function, and so do not appear in the absolute value |Z|. Anomalies can occur for global
symmetries, local (gauge) symmetries, or changes of the background fields defining the
underlying geometry. Of these, only anomalies in local symmetries are “fatal”, indicating
that the theory is inconsistent. We compute these anomalies in the coming subsections, and
then suggest a number of ways to cancel them.
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It turns out that these anomalies change depending on whether the spurious End(7)-
valued modes are included or not. As these modes are non-physical, we do not include
them in what follows. As noted above, this forces classical solutions to the ten-dimensional
heterotic supersymmetry equations on compact geometries to be Kéahler and Calabi-Yau,
where the operator on @ is diagonal, D = 9, and the fluxes drop out at the classic level where
h = 0. At the quantum (one-loop) level, we will see how imposing anomaly cancellation
recovers the upper-triangular extension structure of the operator on ), though the extension
classes are no longer tensorial.

4.1 Anomaly polynomials

As noted above, the relevant local anomalies are related to an anomalous transformation of
the phase of the partition function. Indeed, the partition function Z should be interpreted as
a section of a certain holomorphic determinant line bundle over the complex configuration
space M of geometric structures on X. If the Chern connection on this bundle has non-zero
curvature, Fpet # 0, then the phase of Z is not fully specified by the gauge-invariant data of
a point in the configuration space. This implies there is an anomaly.

Adapting the results of [60-63] to our setting, the curvature Fpet # 0 reads

Fier = % [ /X td(X) /\ch(Q)] . { /X td(X)] o [— /X 73] e

where the characteristic polynomials ch(Q) and td(X) are constructed using curvatures
on the “universal geometry” [9, 10, 13, 16, 24, 25], given by the total space of a family
of heterotic vacua fibered over the parameter space, X — M. The integration over X
should be read as an integration over the fibres, resulting in a (1, 1)-form on M. Since X is
ten-dimensional, only the (6,6)-component (as a form on the total space) of the curvature
polynomial P contributes to Fpet.

Given that Q@ = A" @ End(V) & T'P, the total curvature polynomial is

+(mn(162£2% cha(X) chy(X) — % chy(X)? chy(End(V)) (4.3)
_ﬁ chy(X) cha(End(V)) + % chz(X) cha(End(V)) — che(End(V)) -

To cancel the resulting anomaly using a Green-Schwarz-like mechanism, we must factorise
the curvature polynomial. This cannot be done in general. We first restrict to bundles V'
whose structure groups have dimension 496, dim G = 496, so that the chg(X) term drops
out. Doing this, the polynomial simplifies to

Pe.s) = i chy(X)3 + %ChQ(X) chy(X) — % chy(X)? chy(End(V)) (4.4)
—% chy(X) cha(End(V)) + % cha(X) chy(End(V)) — chg(End(V)) .

This polynomial can be factorised for the gauge groups SO(32) and Es x Eg, which both
have dim G = 496, just as in heterotic string theory.
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For SO(32), the polynomial simplifies to

1 1 5 1
Pes) = o5 chy(X)3 + 3 cha(X) chy(X) — = chy(X)? chy (V) — 1 chy(X) chy(V)
1

+5; cha(X) cha (V)% + 2 chy(X) chy (V) — chy(V) chy (V) , (4.5)

which then factorises as

Ps.6) = i(ChQ(X ) — }Chg(V))(Chg(X)z + 12chy(X)

2
—2 Ch2 (X) Ch2 (V) + 48 Ch4(V))
1 1
= o (eha(X) = 3 cha(V)) AP (4.6)

where we have defined the degree-(4,4) curvature polynomial 7751(1()32) along the way.

Choosing Eg x Eg instead, we find

1 1 5 1
P6.6) = 5= cha(X)® + = chy(X) chy(X) — — chy(X)? cha(V4) — 1 chy (X) cha (V1)

24 2 48
1 o 1 3 9 2
—|-8 ChQ(X) Chg(vl) Y ChQ(Vl) 13 ChQ(X) ChQ(VQ)
1 1 1
7 cha(X) cha(V3) + 3 cha(X) chy(V3)? — 5 chy(V3)? (4.7)

where V7 is the bundle corresponding to the first Eg factor, and V5 is the bundle corresponding
to the second Eg factor. This polynomial factorises as

P(G,G) = %(ChQ(X) — %ChQ(V)) (2 ChQ(X)2 —24 Ch4(X) - 4Ch2(X) Ch2(V1)
+4 chg(V1)? + 4 chy(X) chy(Va) — 4 cha (Vi) cha(Va) + 4 cha(V2)?)
_ %(ChQ(X) — 5 cha(V)) AP (4.8)

where this again serves as a definition of the degree-(4,4) curvature polynomial P(ZSZ) Es Note
that these are the same anomaly polynomials that appear in heterotic supergravity (see, for
example, [64]), supporting the conjecture that the holomorphic theory we are considering

is indeed twisted ten-dimensional supergravity coupled to Yang-Mills.

4.2 Cancelling anomalies

Focusing on SO(32) and Eg x Eg, we now attempt to cancel the anomalies using a Green-
Schwarz-type mechanism. By the descent procedure, the anomaly polynomials lead to
anomalous gauge transformations of the partition function.'® Specifically, we can write the
anomaly polynomial Pgg = P12 as

P12 =dQn, (4.9)

for some Chern-Simons-like eleven-form Q1;. Furthermore, Q11 changes under gauge trans-
formations by a exact form

(5Q11 = d7310('y, 6) 5 (4.10)

13See [64] for an introduction to anomalies in field theory and gravity, and the descent procedure.
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where € is the infinitesimal gauge transformation of the G-valued gauge field, while v%, = Vv®
is a change of frame corresponding to an infinitesimal holomorphic diffeomorphism v®. The
anomalous transformation of the partition function is then given as

Slog Z = —i/ Pro(,€) . (4.11)
X

Of course, there are choices involved in Q11 and Pio(7, €). These choices are related to which
phase convention we pick for the partition function.
The descent procedure leading to the usual Green-Schwarz anomalous transformation

then gives'*

dlog Z = ify/ /X(tr(Rv) — tr(Fe)) APy (4.12)

where the various prefactors have been collected into a constant which we have called /3,
anticipating its connection with the o/ parameter of heterotic supergravity. Note that the /5’
defined above includes an implicit factor of &, indicating the quantum nature of the anomaly.
There are several ways to cancel the anomaly. We first consider using non-local counter-
terms. This is perhaps the most straightforward method, but the least satisfactory, as it
renders the full theory non-local. We then use a Green-Schwarz-like mechanism, where a
choice of harmonic gauge again forces a mild non-locality on us. Next, we use local counter-
terms which come from correcting the hermitian Yang-Mills equation to a deformed instanton
equation [65, 66]. This type of deformation is expected at one-loop order, so it is not too
surprising that it naturally appears. Finally, we consider non-global cancellation, where the
counter-terms are local, but need not be global in general. This hints towards interesting
new geometric structures, which we hope to explore in future works. We give a summary and
comparison of the four different methods of cancelling the anomaly in section 4.7.

4.3 Non-local cancellation

The T"%-valued part of y%!, which we have previously written as u®, can be interpreted

as a complex structure deformation. Under a gauge transformation by %, = Vyv?, u®

transforms as
Spu® = v . (4.13)

The ~-dependent term of the anomalous transformation (4.12) can then be cancelled by
adding the counter-term

Scounter(#) = _B/ /X Rabva (AgléTub) A 7)(4,4) (414)

Recall that the generators of SU(N), SO(32) and Es are conventionally normalised so that the trace of
their square is 1/2, 1 and 30 in the IN, 32 and 248 representations respectively. For Es, a factor of 1/30 is then
included in the definition of the trace and then referred to as the trace in the “fundamental” representation.
The SU(5) generators in the 5 representation that give cho(X) can be embedded as 5@ 5 in the 10 of SO(10),
where one should include a factor of 1/2 so that trs(7”) = 1tr10(7?). The result of this is that the relative
factor of 1/2 in both (4.6) and (4.8) drops out.
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to the classical action. Here, Aafl is the Green function of the d-Laplacian, so the counter-term
is explicitly non-local on X. Moreover, since the Laplace operator depends on a choice of
background metric, one expects the resulting theory to have a metric anomaly, i.e. depend
on the choice of metric.

Similarly, the End(V)-valued part of y'¥, written as o, may be interpreted as a holo-
morphic deformation of the gauge bundle. This transforms as

Sa = Dae . (4.15)

The e-dependent term of (4.12) can then be cancelled by the non-local counter-term
Seounter(@)) = ' / tr(FA;'3h0) APy - (4.16)
X A ’

where Agj is the Green function of the d4-Laplacian. Note that this counter-term will not

absorb an anomalous gauge transformations when e itself is holomorphic, i.e. 04 = 0. If,
however, the bundle V is stable, no such sections exist. Since stability is necessary for the
undeformed background to be supersymmetric, we can assume that all anomalous gauge

transformations can be cancelled using the above counter-term.'?

4.4 Anomaly cancellation with the usual Green-Schwarz mechanism

Though straightforward, the approach used in the previous subsection is somewhat unsatis-
factory due to the non-local nature of the counter-term and an implicit dependence on the
background metric on X in the Green functions and the adjoint differential operators. It
would be preferable to cancel the anomalies using only local counter-terms while retaining
as much of the topological nature of the theory as possible. In this section, we will cancel
the anomaly using a version of the more familiar Green-Schwarz mechanism [67]. We will
find that in order to have an exactly gauge invariant one-loop theory, we need to adjust the
kinetic operator 0 to a new operator D, which squares to zero precisely when the heterotic
Bianchi identity is satisfied. This adjustment however introduces new gauge transformations
under which the Green-Schwarz counter-terms are not invariant. This is resolved by the
addition of further counter-terms.

In analogy with the Green-Schwarz mechanism, we add a correction to the gauge trans-
formation (2.15) for the hermitian degrees of freedom:

bz = B (tr(Fe) — tr(Ry)) , (4.17)
and add a counter-term of the form

Scounter(a?) = /X HAWAN P(4,4) . (4.18)

Upon including the gauge transformation (4.17), the original classical action with a diagonal
d-operator is no longer gauge invariant. However, the gauge transformation (4.17) is of
one-loop order O(/3’), which renders the other fields classical under such a transformation,

15 Alternatively, since da€ = 0 implies that € is a harmonic section, and we have dropped harmonic forms in
our quantum computations, we should also drop such holomorphic sections.
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and therefore d-closed modulo higher loop effects. That is, since the gauge transformation
is itself order 3/, when computing the gauge transformation of the action to one-loop order
O(p'), the terms that multiply this transformation include only the classical O(1) parts of
the other fields. These classical parts are d-closed, and so the classical action is hence still
gauge invariant modulo higher loop effects.

Despite this, we would still like to find an action that is exactly gauge invariant, not just
modulo higher-loop effects. Indeed, as we shall see, this will lead to interesting new geometric
structures. To do this, we first change the diagonal kinetic operator 9 in the classical action
on the bundle Q to an operator D given by

o BF BR-V
D=10 0y F : (4.19)
0 0 )

by adding appropriate extra counter-terms.'® This is a different operator from D used above,
and will be used to define the kinetic operators in this section.
The off-diagonal components of D act on the field y = (z,a, ) € Q*(Q) as

F(u) = Fy A p®, (4.20)
(F (), =tr(Fo A a), (4.21)
(R-Vp), = —Ra’c AVt (4.22)

where F, = Fagdzl_7 is the gauge field strength, and R,b. = Ral;bc dz? is the End(Tl’O)—Valued
curvature two-form of the Levi-Civita connection of the background K&hler metric. This
kind of operator appears when studying moduli problem of the Hull-Strominger system
without the extra spurious degrees of freedom [15]; its mathematical properties have been
studied more recently [45, 46, 48].

The new master action

S:/X<y,ﬁy>/\Q+/}(b/\5€+/)((y_|8b)/\ﬂ (4.23)

is then invariant under the gauge transformation 0y = Dy provided D? = 0. With D defined
by (4.19), nilpotency requires [15]

D*=0 = tr(FAF)=tr(RAR). (4.24)

Crucially, this is an equation on four-forms rather than on cohomology classes. This is
too strong for our purposes — in general (4.24) should hold only in cohomology for the

16Strictly speaking, the added terms adjusting & — D are not counter-terms in the usual sense. An
alternative point of view is to use the operator (4.19) in the classical theory. Though not a connection, D does
define an extension structure on the sum of bundles given by Q. The operator D has the same index formula
as the diagonal operator  on Q [46-48], and the characteristic classes making up the anomaly polynomial
should hence still decompose into the individual components, so that the anomaly polynomials remain the
same. We will investigate this in future work.
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Hull-Strominger as it is related to dH [68-70].!7 We can relax this by further adjusting
the differential D.

To see how to do this, we start from our goal by assuming that (4.24) is satisfied in
cohomology, which implies that

tr(F A F) —tr(R A R) = id0T , (4.25)

where 7 is a real (1,1)-form. This equation fixes 7 in terms of the background curvatures,
up to d0-closed terms. We then identify # with the usual string tension o/, and define
a corrected hermitian form

!/

w=uwp+ %7‘ , (4.26)

where wg is the Kéhler form of the background Calabi-Yau. Our starting equation (4.25)
then becomes the usual heterotic Bianchi identity,
_ ﬁ’
100w = T (tr(FAF)—tr(RAR)) . (4.27)

We then correct the D operator to

o BF T+PFR-V
D=0 dy F : (4.28)
0 0 )

where the operator T acts as
(T (1) = —4iOpatop) A p® = —iB' Ogmy A ” (4.29)

with wp = wpedz® and 7, = 7ed2®. With this redefinition, nilpotency of D implies only
the weaker cohomological condition (4.25), and the master action (4.23) becomes invariant
under D-exact gauge transformations.

The new D-exact gauge transformations do not however leave the full one-loop theory
invariant (the master action plus counter-terms). Specifically, the counter-term (4.18) will
pick up an additional transformation

5Scounter(x) = 21/

(U | &u) A /P(474) = 21/ va A 73(474) y (430)
X X

which then needs to be cancelled by additional counter-terms. Here L, is the holomorphic
Lie derivative, defined by

Lyf=v308+ (v ip) (4.31)

for any form pS.

"There are non-generic examples such as the standard embedding where it does hold as an equation on
four-forms as dH = 0 [71].
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To see how to cancel this transformation, let us first decompose P4 4) with respect to
the hermitian (1, 1)-form (4.26) as

1 1
P = gw?’ APl + Eofl Po, (4.32)
which also implies that
*Paa) = —73871) +wPo, (4.33)

where x is the Hodge dual associated to the metric defined by w and the background complex
structure on X. Here, the (1,1)-form 77%)1 1 is primitive, i.e. w 1 P(1,1) = 0. The variation
of the counter-term can then be written as

1 1
6SC0unter(x) = 21/X ﬁv <4!w4) VAN (7)671) + Ew PO)

1 5
= 21/X[,v (4!“4) A\ (—*'P(474) + Zw P0> . (434)

To further develop the above expression, we need to consider how supersymmetry con-
strains the undeformed background geometry. In particular, the background should solve
the hermitian Yang-Mills equation

WINF=0, (4.35)
with a hermitian form w that is conformally balanced,
d(e 2w =0, (4.36)

where ¢ is the dilaton. For even-dimensional heterotic solutions where a zeroth order Kéhler
Calabi-Yau background exists (or more generally a torsion-free zeroth-order background),
we may without loss of generality assume that the dilaton is constant. Indeed, it was shown
in [72, 73] that for six-dimensional heterotic solutions, the dilaton may be set to a constant
modulo O(a’?) corrections. Their argument can be adapted to other dimensions. In even
dimensions, this implies that w is co-closed

1
drw=d (4!w4> =0, (4.37)

which is equivalent to dfw = 0 as df = — * d«.
Using that w is co-closed, it follows that the holomorphic Lie derivative term in (4.34)
can be expanded as

L, (Lw4> =0 (v 4 Lw‘l) =0 ((v Jw) A ;w‘q’) . (4.38)

Next, note that changing the representatives of the characteristic classes appearing in the
anomaly polynomial P in (4.2) only serves to change the curvature Fpe by irrelevant exact
terms. Indeed, as we discuss further below, these terms only serve to change the phase
convention that we pick for the partition function. Indeed, it is only the d-harmonic part
of Py 4y is relevant for the anomaly (where harmonic is with respect to the non-Kéhler
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metric given by w). If we then pick a phase convention for Z where P(4,4) appearing in (4.12)
is 9-harmonic, we find

1 1
0 Scounter () = 21/){ 0 ((v Jw) A 3!w3> Aw Py = IOi/X (v iw) A @(ﬁ Po
10 L 5 10w 1 5
_ 101/X£” (5!w ) Py = 101/X GELRA QP (4.39)

where in the first equality the term involving *P(4 4y drops out by integration by parts, as
éT'P(474) =—%0* 7)(474) =0 s (4.40)

which implies 9 x P(44) = 0. We have again also used that w is co-closed, and the SU(5)
structure relation

i _ 1
——OQAQ = =W 4.41
TRt (441)

Note that the norm of 2, which for supersymmetric background solutions is given by
Q| =e 2, (4.42)

is constant when the dilaton is constant, which is true when w is co-closed.

Looking back to (3.2), the gauge transformation of the axio-dilaton field fluctuation ¢>°

of the classical action (4.23) is
6™ =9(v 1 Q) = L. (4.43)

So we can cancel the transformation of Scounter() by adding the counter-term

1 _
Scounter(cs’()) = _101/ 7205’0 ANQPy . (4.44)
x |9

With this addition, the full one-loop theory will be gauge invariant, where the one-loop
action reads

Sone-loop =S+ Scounter(x) + Scounter(cao) > (4'45>

where S is given by (4.23).

It should however be noted that we had to pick a non-local convention for the phase of
the partition function, in that we chose P4 4) to be harmonic. This involves doing a Hodge
decomposition of P(44) and then projecting onto its harmonic part, which is an intrinsically
non-local operation. In the phase convention where we use hermitian Yang-Mills curvatures,
it seems difficult to cancel the anomalies exactly without making such a non-local choice. In
the next section we will remedy this, by considering deformed instantons instead.

4.5 Local anomaly cancellation with deformed instantons

Let us recall the anomalous transformation of the partition function in (4.12):

Slog Z =ip’ /X(tr(R’y) — tr(Fe)) APy - (4.46)
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As in the previous subsection, the curvatures here are the hermitian Yang-Mills curvatures of
the holomorphic tangent bundle (i.e. the Ricci-flat curvature of the Calabi-Yau metric) and
the holomorphic vector bundle. The hermitian Yang-Mills equation is, however, expected to
receive corrections at one-loop order, changing it to a deformed instanton equation [65, 66].'®
As we shall see, a convenient choice of deformed instanton equations to consider is

—w4 ANF = ,P(4y4) (F, R) ANF N (447)

—w' AR =Puy(F,R)AR, (4.48)

where F and R are the curvatures of deformed hermitian metrics i and § on the vector bundle
and tangent bundle respectively. It would be interesting to understand whether there is a
physical motivation for considering the specific equations above. The reader may also wonder
if these deformed instanton equations have solutions — we will comment on this below.
Modulo higher-curvature corrections,'” the anomalous transformation of the partition

function can be written as2’

Slog Z = if’ /X (te(R7) — tr(Fe)) A Py (P, R)

—ig /X (tr(R) — te(Fe)) A %w‘*, (4.49)

where we have used the deformed instanton equation to reach the final line. With this

anomalous phase, we change the counter-term (4.18) to read

1
Sgounter(x) = I /Xx A OJ4 . (4.50)

Note that, again assuming that w is co-closed, this counter-term is invariant under 0- and
O-exact shifts of z.

It is also interesting to note that the counter-term (4.50) is similar in form to the
correction needed to cancel the metric anomaly of the one-loop partition function of the
type IIB generalised Hitchin functional [75]. Indeed, it corresponds to a variation of the
Kéhler potential for the hermitian degrees of freedom:

e Kl = 51'/ W’ . (4.51)
lx

We hope to investigate this connection further in future works when we study the possible
anomalous metric dependence of the partition function.

8See also [74], where the one-loop effective action of a seven-dimensional Chern-Simons theory on a G2
manifold corrects the equation of motion to a deformed instanton.

9Note that the deformed instanton equations (4.47)—(4.48) correct the instanton equation at fifth order in
the curvature. This is the same order as quantum corrections, such as the anomalous phase, hence we can
include it as an O(B’) quantum correction of the hermitian Yang-Mills constraint.

20 Alternatively, this can be viewed as a phase convention for the partition function where we use the
curvatures R and F instead.
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We also need to promote the curvatures in the D operator (4.28) to F and R, with
the corrected actions

F(u) = Fo Ap®, (4.52)
o =tr(Fy A ), (4.53)
o= —R AV pC. (4.54)
In the last equation, V1 acts as the Bismut connection of the corrected, in general non-Kéhler,
metric § on any free holomorphic vector indices, and as the Chern connection on form indices,
so that the corrected D operator squares to zero [45, 47]. The frame rotation v appearing

in the anomalous phase (4.49) is also corrected to 7%, = Vv

The variation of the new counter-term (4.50) then becomes

5Scounter ﬁ / tl" FE - tr(R’Y) *UJ + 21/ »va A *(JJ (455)

The first term cancels the anomalous phase transformation (4.49), while the second term

/Xﬁv(w) A %wA‘ = /xﬁ” (;!w”) =0, (4.56)

since the holomorphic Lie derivative of a top-form is d-exact. Using the anomalous phase (4.49),

vanishes as

we have thus succeeded in constructing a gauge invariant one-loop theory using only local
counter-terms. The one-loop action reads

Sone—loop =5+ Scounter( ) 5 (457)

where again S is the classical master action (4.23), with the new corrected D operator.
Let us now return to the deformed instanton equations, (4.47)—(4.48), to argue that
solutions exists. Given a solution h of the background hermitian Yang-Mills equation

WwAF(h)=0, (4.58)

we deform h to h = h + 6h. To first order in 6h, the deformed hermitian Yang-Mills
equation reduces to

Apdh = Fifth and higher order in curvatures. (4.59)

That is, the correction to the hermitian bundle metric on V' should solve a certain linearised
system with higher-order curvatures as a source term. For stable bundles without holomorphic
sections, this equation has a unique solution. Assuming a large-volume background, we
can proceed in this fashion to solve equation (4.47) perturbatively, order by order in the
curvatures. Similar reasoning holds for (4.48), where the background starting point can be
taken to be the curvature of the Ricci-flat Calabi-Yau metric.
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4.6 Non-global cancellation

Finally, via an alternative descent procedure, which again comes down to the choice of phase
convention for the partition function, the anomalous phase transformation of the partition
function may instead be written as

§log(Z) = if’ /X (tr(R?) = tx(F?)) AP(v,€) 35 » (4.60)

where P(7, €)(3,3) is a (3,3)-form constructed from the curvatures and the gauge parameters
v and €. Locally, we will have

tr(R?) = dwes(V) 1,2y, tr(F?) = dwes(A)(12) » (4.61)

for some Chern-Simons (1, 2)-forms which we can take to be gauge invariant and d-closed.
If we then view the T!%-valued part of y*3 as a (4, 3)-form x (using the holomorphic
top-form §2) we can cancel the anomaly (4.60) by adding the non-global counter-term

Scounter (X) = /X(WCS(A)(I,Z) —wes(V)ag) Ax (4.62)

to the action and then allowing an anomalous gauge transformation for x:

ox =B OP(v,€)33) - (4.63)

Note that this transformation of y resembles the Green-Schwarz-like transformations intro-
duced when cancelling anomalies in holomorphic gauge theories coupled to gravity (see for
example [34, 41-43, 63, 76-78]). Note also that Scounter(X) is invariant under the classical
D-exact transformation of y.

As noted above, the classical action remains gauge invariant modulo higher-loop effects,
though it would be interesting to attempt to construct an exactly gauge-invariant one-loop
effective action, as we did for the anomaly given in (4.12) in the previous subsections. This
is expected to produce interesting geometric structures that are in a certain sense dual to the
operator (4.28) and its associated structures. We will leave this to future work.

Note also that the counter-term (4.62) is only locally well defined in general. A more
thorough treatment of the anomaly would require extending the theory to some eleven
manifold which is bounded by the five-fold X, as in the Green-Schwarz mechanism in,
for example, six-dimensional supergravity [79]. Such considerations can have interesting
consequences for global anomalies; for local anomalies, the counter-term in (4.62) is sufficient.

We can say more in the case where chy(X) and chy(V') are equal in cohomology, such as
the Hull-Strominger system. The squared curvatures are equal up to a 0-exact term:

tr(R?) — tr(F?) = 0T, (4.64)

for some O-closed (1,2)-form T,?" so the anomalous transformation becomes

5log(Z) = i’ /X OT AP(7,€) 33 - (4.65)

2In fact, on a Kahler background, T is also d-exact by the 99-lemma.
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Cancellation method

Advantages

Disadvantages

Non-local

Quasi-local

Simple, no need to adjust
kinetic term in effective theory

Resembles usual

Non-local one-loop effective
theory

Mildly non-local effective

Green-Schwarz mechanism theory with standard
hermitian Yang-Mills and
Levi-Civita curvatures in

anomaly polynomial

Local Local one-loop effective theory Need deformed instantons —
curvatures no longer solve
standard Hull-Strominger
instanton condition

Non-global Uses Green-Schwarz Non-global generic effective

mechanism of Costello-Li theory — approach not fully

developed in current paper

Table 1. A comparison of the different anomaly cancellation methods considered in the current paper,
together with their advantages and disadvantages.

In this case, we can use a local counter-term

Scounter(X) = - /X TANx, (466)

with the anomalous gauge transformation as in (4.63) to cancel the anomaly.

4.7 Comparing the methods of anomaly cancellation

We have summarised our different approaches for cancelling the anomaly in table 1. As noted
above, an anomaly is present when the phase of the partition function is not a well-defined
function on the parameter space. Once it is established that the anomaly can be cancelled,
and a global phase of the partition function may be defined, there are infinitely many ways to
cancel the anomaly, corresponding to different conventions for the phase. Which convention
one chooses is physically irrelevant, being related to different regularisation schemes in the
field theory. In the BV approach to quantisation, the convention is fixed by choices made in
the descent procedure and which connections one uses when defining the anomaly polynomials.

However, it is standard quantum field theory lore that terms in the Lagrangian should
be local, including counter-terms in the effective theory, rendering the first two methods
we present for cancelling the anomaly somewhat unsatisfactory. The third method renders
the one-loop effective action fully local. However, we needed to adjust the connections used
in the anomaly polynomial away from the standard hermitian Yang-Mills and Levi-Civita
connections.?? It is however interesting to note that the deformed, or quantum corrected,
instanton equations (4.47)—(4.48) have terms of similar form to higher o’ corrections of the
BPS equations in heterotic supergravity [49], and investigating this connection further is
part of future studies.

22Cancelling the anomaly using local counter-terms and standard curvatures in the anomaly polynomial
seems difficult, though not for lack of trying on the part of the authors.
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Our final method of anomaly cancellation, studied in section 4.6, employed a different
descent procedure, leading to a Green-Schwarz mechanism akin to that employed by Costello-
Li [41], where the Beltrami differential p has an anomalous transformation. We also allowed
for in principle non-globally well-defined counter-terms. We did not attempt to construct a
fully gauge invariant one-loop action in this case, which would be interesting and is part of
future work. Indeed, it is expected that doing so will lead to an interesting new geometric
structure, physically dual to the operator D, as the structure arises via employing a different
but physically equivalent method to cancel the anomaly.

5 Discussion and outlook

In this paper, we have studied a ten-dimensional version of the six-dimensional superpoten-
tial theory of [11]. We computed the one-loop partition function in terms of holomorphic
Ray-Singer torsions, and studied the corresponding anomaly. We find an anomaly polynomial
mimicking that of Green and Schwarz for ten-dimensional supergravity coupled to Yang-
Mills [67], supporting the conjecture that our theory is the twisted version of this theory.
Cancelling the anomaly via a Green-Schwarz mechanism, we also find a gauge invariant
one-loop effective action if we promote the differential of the theory to D, a recently dis-
covered operator whose first cohomology counts the infinitesimal deformations of heterotic
solutions modulo O(a'?) corrections [15]. Whereas the theory constructed in sections 2 and 3
should be thought of as the Kodaira-Spencer theory corresponding to two-derivative classical
supergravity, we can think of the anomaly-free theory constructed in section 4 by adding
local counterterms as the linearised part of the full heterotic Kodaira-Spencer theory to
O(a/). These are our main results.

One way to understand our result for the anomaly is to note that the Dolbeault complex
(Q%*,9) is spinor type, in the nomenclature of [58]: we have that under the SU(5) structure
group, the positive and negative chirality spinor bundles S* are isomorphic to A%¢Ve"T™* and
A% “and under this identification the Dirac operator becomes a linear combination of
0 and 9. Also, the bundle Q is isomorphic to TX @ End(V), so that overall the fields in
QOeven(Q) becomes the SU(5) decompositions of gravitino and gaugino fields. In fact, the
BV complex of figure 2 becomes equivalent to the fermionic fields (plus anti-fields) of the
supergravity theory, plus the ghosts and anti-ghosts of the local supersymmetry. Once this
identification of the field content is made, it is perhaps not so surprising that the anomaly
comes out to match the supergravity anomaly, which is entirely due to the presence of the
chiral fermionic fields. In fact, under the SU(5) decomposition, the bosonic fields take the
same form as the fermions, so that the field content of our theory represents exactly half
of the total supergravity degrees of freedom. This is again what you might naively expect
to emerge from a supersymmetric twist.

While this provides evidence that our theory is the twist of supergravity, one would like
to derive this result systematically from a BV formulation of the supergravity theory in ten
dimensions. Recently, using the framework of generalised geometry, the ten-dimensional
supergravity action, including higher-order fermion terms, was written down in a very natural
and compact way [52, 53, 80] (see also [81]), which facilitated the formulation of a BV master
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action for the theory [82] in the component field formalism. This construction could therefore
be used as the starting point for a full proof of our conjecture.

However, in doing so, one would need to make explicit the relationship between the
degrees of freedom in figure 2 and corresponding quantities in generalised geometry. In [58],
the corresponding complex in six dimensions was formulated in terms of generalised geometry
variables. There, a bosonic field configuration and supersymmetry parameter are encoded
as an SU(3) x SO(6 + n) structure on the generalised tangent bundle in SO(6,6 +n) x R
generalised geometry, as described in [12]. Supersymmetry of such a configuration then
corresponds to the vanishing of its generalised intrinsic torsion (as defined in general in [83]).
One can also consider a weaker U(3) x SO(6 + n) x R structure, analogous to requiring a
Kahler rather than a Calabi-Yau metric in ordinary complex geometry. Associated to this
weaker structure is a double complex, the BPS complex [58], which plays the role of the
Dolbeault complex in generalised geometry. This object is the analogue of figure 1 in that
setting. A natural extension of this complex possesses a BV symplectic pairing, exactly as in
section 2.1, providing the analogue of the complex of figure 2 and indeed the resulting field
theory is the linearised superpotential theory. As they are describing the same linearised
theory and have isomorphic vector spaces, the complex derived from generalised geometry
must be related to the one described in [20] by a field redefinition. In the ten-dimensional
scenario, one can instead consider a U(5) x SO(10+n) x RT structure in SO(10,10+n) x R*
generalised geometry. This also has an associated BPS complex which one can extend in the
same way to obtain one equipped with a BV symplectic pairing. The field theory associated
to this should recover the quadratic part of (1.1) via a similar field redefinition as in the
six-dimensional case. Armed with this field redefinition, one should then be able to relate
the theory constructed here directly to that which arises from carrying out the Costello-Li
twist of the BV action of supergravity in the generalised geometry description.

There are many interesting implications of our results, both from a mathematical and
physical perspective. Mathematically, the operator D is not the (0, 1)-part of a connection,
though it does define @) as a double extension of bundles, but with non-tensorial extension
classes. Locally on a patch U;, the operator D has been shown to be trivialisable [47]

D=G;'0d0G, (5.1)

but where the “local gauge transformations” G; are now linear operators rather than matrix-
valued functions. Still, in this local frame one can now use transition operators

Yij = Gio Gy (5.2)

to patch @ together as a holomorphic sheaf. The transition operators are holomorphic in
the sense that they commute with 0

[0,9i] =0. (5.3)

This local frame also allows one to connect the geometric structure to a more algebraic
framework via Cech cohomology and algebraic geometry. In particular, a version of the
Dolbeault theorem for such structures has been proven in [47, 84]. Given the importance
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of heterotic theory for connecting string theory to realistic models of the physical world, a
further mathematical investigation and classification of such geometric structures is warranted.
Especially as the appearance of this type of more general extension structures also seems
ubiquitous in higher derivative supergravity. For example, preliminary investigations of the
corrected kinetic operator of the dual anomaly cancellation procedure of section 4.6 show
a similar geometric structure emerging.

There are many other directions for further investigation. For example, the anomalous
dependence of the one-loop partition function on the background metric was studied in [20]
for the six-dimensional theory. It was found that, given certain topological constraints,
suitable counter-terms may be added to cancel these geometric anomalies, resulting in a
topological invariant. A natural next step is to consider similar geometric dependencies
of the partition function in the ten-dimensional case and perhaps derive a holomorphic
anomaly equation. In a different direction, to apply the results of [60-62], one must assume
a Kéhler background. There are many truly non-Ké&hler solutions to the Hull-Strominger
system, such as principal T2 fibrations over K3 manifolds (see for example [85-90] and
references therein). One could study anomalies of the theory for such backgrounds and
adapt the results of [60—62] to torsional geometries. In another direction, an open question
is whether the particular deformed instanton equations introduced in section 4.5 arise from
o/ corrections in supergravity, or whether the ability to find appropriate counter-terms is
related to Il-stability [91] of the background.

Finally, it would be interesting to extend the quantum corrected quadratic action, with
the corrected operator D, to a proper non-linear theory a la the classical theory (3.13). This
is closely related to understanding the full Lo, structure of the Hull-Strominger system,
similar to what is done in [34] for type I BCOV theory on torsion-free zero flux backgrounds,
and on C? in particular. In this regard, one might also wonder if the theory has anomalies
at higher loop order. Indeed, the theory we consider is power-counting non-renormalizable.
This means that gauge anomalies (and counter-terms) are not restricted to one loop and can
appear at any order in the loop expansion. In previous examples, cancelling the one-loop
anomalies has been enough to ensure cancellation to all loop orders [41, 63, 92]. Given the
close relation between our theory and type I BCOV [41], as described in section 3, we are
hopeful that the same will be true here.
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