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The Malmquist Productivity Index (MPI) is a major development in Data Envelopment Analysis (DEA), aiming to
assess productivity changes over time. The MPI estimates the total factor productivity growth of a decision-
making unit (DMU) with multiple inputs and outputs. However, the special case of a single input alongside
multiple outputs or multiple inputs with a single output has not been thoroughly studied. These configurations
have some unique features, particularly regarding computational costs and the selection of lower
bounds—commonly known as non-Archimedean epsilon—for the dual input and output weights in multiplier DEA
models. Moreover, DEA-based MPI often overlooks the role of epsilon in determining efficiency measures. This
paper proposes a new approach for measuring DEA-based MPI with epsilon in single-input or single-output data
sets. Four scenarios are designed, each based on varying epsilon values, to address settings with a single input
and multiple outputs (SIMO) as well as settings with multiple inputs and a single output (MISO), with the aim of
determining the optimal epsilon values. The proposed method ensures that no input or output is deemed non-
instrumental to the production technology when estimating the MPL. The methodology’s effectiveness is

demonstrated by an analysis of productivity growth in 18 OECD countries from 2005 to 2021.

1. Introduction

Data Envelopment Analysis (DEA), pioneered by Charnes et al.
(1978), is a non-parametric linear programming (LP) method for eval-
uating the relative efficiency of decision-making units (DMUs) with
multiple inputs and outputs. DEA constructs a non-parametric produc-
tion frontier based on empirical data without assuming a specific func-
tional form (Collier et al., 2011), adhering to the axioms of monotonicity
and convexity in the production possibility set (Banker et al., 1984).
Over time, DEA has been extended to various sectors and complexities
(Cook & Seiford, 2009).

DEA models commonly fall into two distinct categories: multiplier
and envelopment models. Multiplier models use DEA ratio-based effi-
ciency and assign optimal weights to inputs and outputs for each DMU,
ensuring favourable assessment (Cooper et al., 2007). Charnes et al.
(1979) introduced a non-Archimedean epsilon parameter to enforce
strictly positive weights, ensuring all inputs and outputs are considered.
While the non-Archimedean epsilon can alter the implied technology, it
is often employed to (i) prevent zero-weight assignment to factors, (ii)
mitigate degeneracy and extreme weights, and (iii) improve
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discrimination and feasibility—operational criteria commonly applied
to improve accuracy in DEA (Mehrabian et al., 2000; Podinovski &
Bouzdine-Chameeva, 2017; Sadeghi et al., 2023).

Ali & Seiford (1993) proposed a bound for epsilon to prevent model
infeasibility, but Mehrabian et al. (2000) defined a new assurance in-
terval for epsilon using a single linear program. Amin & Toloo (2004)
presented a polynomial-time algorithm to identify assurance values,
later improving their method to find the most efficient DMUs without
solving the model individually (Amin & Toloo, 2007). Critiques of this
approach (Amin, 2009a) led to further refinements by Toloo (2014).
Amin (2009b) also proposed a simple method for single-input data
models, eliminating the need for solving linear programs. Podinovski &
Bouzdine-Chameeva (2017) introduced a refined epsilon bound,
enabling single-stage DEA models to be the same as the radial efficiency
results of Ali & Seiford (1993)’s two-stage approach. Hatami-Marbini
et al., (2017) discussed that the non-Archimedean ¢ in multiplier DEA
models is a meaningful lower bound on weights to distinguish weak
from strong efficiency and proposed a four-step fuzzy DEA method that
reshapes weakly efficient frontiers while preserving strongly efficient
ones. Most recently, Sadeghi et al. (2023) further proposed epsilon
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boundaries for measuring Pareto-Koopmans efficiency of DMUs. More
recently, Papaioannou & Podinovski (2024) developed a single-stage
DEA optimisation procedure that eliminates the need to specify a
small ¢ and is exactly equivalent to the conventional two-stage radial-
plus-slacks approach, yielding identical sets of primal and dual optimal
solutions for any convex polyhedral technology.

1.1. Single-input or single-output technologies

Although DEA is best known for its ability to handle multiple inputs
and outputs non-parametrically, single-input or single-output configu-
rations are empirically common and methodologically meaningful.
Typical situations include a single binding resource (e.g., budget)
generating several outputs (Despotis, 2005; Lin et al., 2011) or multiple
inputs used to produce one vital outcome (Cook & Seiford, 2009; Lovell
& Pastor, 1999). The DEA literature has developed several formulations
for such cases, including radial models with a single constant input or
output, and no-explicit-inputs/outputs settings used in composite in-
dicators, which delineate when standard radial measures remain valid
and how to construct a proper frontier in single-input or single-output
contexts (Lovell & Pastor, 1999; Despotis, 2005). These adaptations
have been applied to performance evaluation in areas such as GDP per
capita (Yang et al., 2014; Kohl & Brunner, 2020), banking and finance
(Liu et al., 2011; Nguyen et al., 2022), and composite indicator devel-
opment for healthcare systems (Despotis, 2005; Lin et al., 2011; Babaee
et al., 2021). DEA models with either no inputs or no outputs are also
applied as a multi-criteria decision analysis tool in applications such as
inventory classification and supplier selection (Chen, 2011; Yang et al.,
2014; Villanueva-Cantillo & Munoz-Marquez, 2021).

From a practical standpoint, settings with a single input and multiple
outputs (SIMO) arise when performance is constrained by a single
binding resource—for example, total public expenditure, staff hours, or
energy use—yet organisations or countries are expected to deliver
multiple outcomes, such as economic, social, and environmental out-
puts. Conversely, settings with multiple inputs and a single output
(MISO) occur when multiple resources jointly determine a single policy-
relevant outcome, such as GDP per capita, an emissions-intensity indi-
cator, or a measurable health indicator such as life expectancy or mor-
tality rates (Despotis, 2005; Lin et al., 2011; Babaee et al., 2021). In
these contexts, productivity change is not merely about “doing more
with less,” but about how frontier trade-offs across outputs (in SIMO) or
the composition of resource mixes transforming into a single output (in
MISO) evolve over time. These settings also make the role of multiplier
weights more salient in a way that if the non-Archimedean epsilon is
ignored or chosen arbitrarily, some outputs or inputs may receive near-
zero weights, weakening interpretability and potentially distorting ef-
ficiency scores and productivity change measures. For example, in
public sector performance measurement, a fixed budget (single input)
must deliver economic, social, and environmental outputs; if some
outputs receive near-zero weights due to arbitrary epsilon choices, cross-
country or cross-period productivity comparisons can misleadingly
suggest improvement while ignoring important outcomes.

1.2. Productivity change

Building on static applications, dynamic DEA models extend the
methodology by incorporating temporal dimensions to assess changes in
productivity over time. Dynamic frameworks, such as those employing
the Malmquist Productivity Index (MPI), evaluate total factor produc-
tivity (TFP) shifts and have become essential tools for time-dependent
analyses in numerous sectors including banking, healthcare, and avia-
tion (Capeletti et al., 2023; Li et al., 2022; Yu & Nguyen, 2023). The MPI,
introduced by Fare and Grosskopf (1992) and based on Caves et al.
(1982), is a productivity measure defined via distance functions. The
widely used decompositions of the MPI into the sources of productivity
change—namely catch-up (efficiency change) (CU) and frontier-shift
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(technical change) (FS)—are model-based constructions proposed in
the literature (Fare et al., 1994; Ray & Desli, 1997; Chen & Ali, 2004).
Ray & Desli (1997) decomposed efficiency change into scale and pure
technical efficiency change but faced critiques for failing to separate
scale efficiency change from input/output mix effects (Balk, 2001;
Lovell, 2003). Chen & Ali (2004) highlighted oversimplifications in the
geometric mean approach for the DEA-based MPI, emphasising over-
looked key information. Kumar & Russell (2002) analysed OECD labor
productivity growth, decomposing it into technological change,
catch-up, and capital accumulation, later extended by Henderson &
Russell (2005) to include human capital in a four-part decomposition.
Karagiannis and Lovell (2016) showed alignment between Malmquist
and Hicks-Moorsteen indices with a single input, highlighting
orientation-independent MPI decompositions. Although many MPIs in
the literature utilise envelopment DEA models, multiplier forms have
also been explored, particularly in network DEA. For instance, Kao & Liu
(2016) constructed parallel production frontiers to estimate the MPI,
while Kao (2017) developed a relational DEA model for estimating the
biennial MPI. Recently, the MPI has gained theoretical and practical
attention. Its foundations have been thoroughly summarised by Zele-
nyuk (2023), while Tavana et al. (2020) extended the MPI for network
DEA structures to analyse sub-DMUs. Another important methodolog-
ical development concerns the measurement of MPI under uncertainty
(Emrouznejad et al., 2011; Hatami-Marbini et al., 2022). The applica-
tion of the MPI has also grown across various sectors (Li et al., 2022;
Wilson & Zhao, 2023), healthcare (Capeletti et al., 2023), and aviation
(Yu & Nguyen, 2023), demonstrating its versatility and relevance in
measuring efficiency and productivity. Recent contributions further
illustrate the continued methodological development of MPI-based
measures. Villa & Lozano (2026) proposed an intertemporal DEA
framework combined with a constant-sum allocation step and a Global
MPI to track nations’ productivity change in Olympic athletics, Aparicio
& Santin (2026) introduced a circular TFP index based on a standard
reference technology that avoids arbitrary base-period selection; relat-
edly, Cordero & Santin (2026) developed a synthetic reference-group
approach to measure and decompose productivity gaps between groups.

1.3. Research gaps and contributions

While the MPI is formally defined via input and output distance
functions, the empirical implementation of DEA-MPI in SIMO or MISO
settings poses a practical measurement challenge that is less visible in
fully multiple-input, multiple-output applications. In SIMO and MISO
multiplier models, the frontier is supported by fewer trade-offs, so
optimal solutions can collapse to extreme or near-degenerate weights. If
the non-Archimedean lower bound is ignored or chosen arbitrarily,
some outputs (in the SIMO case) or inputs (in the MISO case) may
receive near-zero shadow values (dual prices), which can weaken
discrimination among DMUs and make CU and FS decompositions
difficult to interpret economically. This sensitivity is particularly
consequential in adjacent-period MPI computations, where productivity
changes can be driven by the imposed weights rather than by genuine
technological shifts or CU.

Two research gaps emerge from the literature reviewed above. First,
while single-input or single-output frontiers are discussed in static DEA
work, there is limited guidance on constructing transparent and
computationally efficient adjacent-period MPI decompositions (CU/FS)
when the technology is naturally SIMO or MISO. Second, the influence
of the non-Archimedean lower bound on multiplier-based MPI estima-
tion has been largely overlooked; existing epsilon-bound studies focus
on static feasibility and degeneracy control, but they do not address how
extreme multipliers in SIMO/MISO settings can render some dimensions
effectively non-instrumental and thereby distort CU and FS components
in cross-period comparisons.

Existing epsilon/bound literature primarily addresses static feasi-
bility and degeneracy control (e.g., Ali & Seiford, 1993; Mehrabian
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et al., 2000; Podinovski & Bouzdine-Chameeva, 2017), but it does not
examine the consequences of extreme multipliers for adjacent-period
MPI decompositions in SIMO/MISO contexts. We fill this gap by devel-
oping an e-aware MPI framework that produces transparent, imple-
mentable rules (and closed-form results where available) for adjacent-
period CU/FS computation in single-input or single-output environ-
ments. Building on this, the framework is extended to SIMO and MISO
settings, resulting in a non-Archimedean-aware DEA-MPI approach. We
make the role of epsilon explicit in MPI estimation by formulating four
practically motivated epsilon scenarios and deriving scenario-specific
rules (including optimal bounds and closed-form expressions where
available). This approach prevents degenerate or near-zero weights,
preserves the economic relevance of all inputs and outputs, and ensures
that no dimension is implicitly treated as non-instrumental in produc-
tivity change measurement. The proposed procedure is both computa-
tionally light and economically interpretable. Under each scenario, CU
and FS can be interpreted as efficiency change and technical change
with e-imposed strictly positive multiplier weights, rather than relying
on an implicit or arbitrarily chosen weighting scheme. By stabilising
multiplier weights, the framework improves discrimination among
DMUs and the reliability of repeated MPI computations across many
periods, scenarios, or reporting cycles — features that are especially
important for policy and operational applications in data-rich
environments.

Based on the discussion above, the contributions of this paper are
fivefold. First, we develop four non-Archimedean scenarios for esti-
mating the MPI in SIMO and MISO settings and use them to identify
appropriate lower bounds for the multiplier weights. Second, we intro-
duce a novel approach to estimate the MPI that avoids the need to solve
optimisation problems. Third, we reduce computational complexity
compared with standard DEA-based MPI implementations, which is
especially valuable when MPIs are computed repeatedly across periods
and scenarios. Fourth, we examine the mathematical properties of the
proposed models, highlighting their applicability to real-world problems
with SIMO and MISO settings. Finally, we present an empirical case
study assessing productivity growth in 18 OECD countries from 2005 to
2021, demonstrating the practicality and effectiveness of the proposed
framework.

1.4. Structure of the paper

The remainder of this paper is organised as follows. Section 2 pre-
sents the framework and methodology, presenting preliminaries and
introducing the proposed approach for estimating the MPI in SIMO and
MISO settings. Section 3 includes an empirical study, and a conclusion is
provided in Section 4.

2. Framework and methodology

This section presents the methodological foundations and the pro-
posed e-aware framework. Subsection 2.1 briefly reviews the DEA pro-
duction technology in the standard multi-input multi-output (MIMO)
setting, the distance-function basis of MPI and its CU and FS compo-
nents, and the role of non-Archimedean lower bounds in multiplier DEA
models. Subsection 2.2 then develops the proposed approach, extending
the construction to single-input-multiple-output (SIMO) and multiple-
input-single-output (MISO) settings.

2.1. Preliminaries

Consider n decision-making units (DMUs) observed in periods t € {1,
2}. In the general MIMO setting, DMUje(1 ... oy uses x; € R’ to produce

¥j € RZ. Under constant returns to scale (CRS), free disposability, and
convexity, the empirical production possibility set (PPS) in period t is
the standard DEA technology T; = {(x,y) € R™"* : X'A <x,Y'A >y, 1 >
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0}, where X' = [x!, - x!] and Y = [y, y}] denote the observed
inputs and outputs in period t (Charnes et al., 1978; Cooper et al., 2007).

2.1.1. Distance functions and cross-period efficiencies
I 0 ! -

Let Dy(-) and D/(-) represent Shephard's (1970) input and output
distance functions associated with technology Ty, Dfl(x, y) =inf{6 > 0:
(6x,y) € Tq} and DY (x,y) = sup{¢ > 0: (x, ¢y) € Ty}. For any pair of
periods p, g € {1, 2}, the input-oriented and output-oriented technical
efficiencies of DMU, observed in period p relative to the technology in
period g are defined as %9 = 1/Df](x€,yg) and ¢ = 1/Dq°(x{';,y€).
These cross-period distance-function evaluations form the building
blocks for DEA-based intertemporal productivity measurement (Caves
et al., 1982; Fare & Grosskopf, 1992; Fare et al., 1994).

2.1.2. Adjacent-period MPI and CU/FS decomposition

The MPI analyses a DMU’s performance across two periods using ratios
of distance functions evaluated with respect to period-specific technolo-
gies. Using the input-distance representation (the output-distance case is
analogous), the adjacent-period MPI for DMU, between periods p and q is

1/2 . .
MPI, = D3 (x4,y8) /D) (x5.¥5) D (x3,y8) /DL (xh,y8) | . which is
commonly decomposed as MPI, = CU, x FS, (Fare et al., 1994; Ray &
Desli, 1997). In what follows, this standard adjacent-period construction

will be implemented through the cross-period efficiencies 6?7 (in SIMO
settings) and ¢? (in MISO settings) defined above.

2.1.3. Multiplier models and non-Archimedean ¢

Distance functions (and hence "7 and ¢"?) can be computed via DEA
linear programming models either in envelopment form or in multiplier
(dual) form. In multiplier formulations, the input and output weights are
constrained to be nonnegative; many practical formulations also impose
a non-Archimedean lower bound & > 0 to ensure strictly positive
weights when ¢ > 0 (Charnes et al., 1979; Cooper et al., 2007). For
example, an input-oriented CRS multiplier formulation that evaluates
DMU, observed in period p against technology T, can be written as

s P
maXZrzl UrYro
s.t.

" vixh =1, (D

i=1

$ q m p P
Zr:IUryrj - Zi:lvixij <0, j=1,-n
Vi, Uy > €, r= ]_7...’5;’1':]7...771,

where u € R®. and v € RT are the output and input weights, respec-
tively. In the subsequent analysis, attention is given to how alternative,
data-driven choices of epsilon and its multiplier counterpart affect cross-
period efficiency measures and the resulting CU/FS decomposition
within SIMO and MISO settings.

2.2. Proposed approach

This section introduces a DEA-based approach for evaluating tech-
nical efficiency and productivity across two periods under single-input
(SIMO) and single-output (MISO) structures. The discussion begins
with the case of input-oriented models with a single input, focusing on
the evaluation of DMUs relative to technologies observed in different
periods. Four scenarios, corresponding to alternative values of the non-
Archimedean epsilon used as a lower bound on weights, are examined to
identify an appropriate representation of efficiency. Based on these
scenarios, the CU and FS effects, and consequently the MPI, are derived
without requiring the solution of additional optimisation problems. The
same is then extended to the case of MPI under the MISO setting.

2.2.1. MPI in SIMO setting
We consider the CRS framework introduced earlier and focus on the
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SIMO case. Suppose there are n DMUs, each using a single strictly pos-
itive input xj € R, to produce s semi-positive outputs y} = (y‘lj, ey
y§j> € R?,, observed over periods t € {1,2}. The DMU under evaluation
is denoted by (x5,yh) in period p € {1,2}. For any p,q € {1,2}, the
input-oriented cross-period technical efficiency is given by 6%4(e) =
1/D} (x5,¥5), where D{(-) and the associated period-q technology (T,)
are as defined in Subsection 2.1.

The technical efficiency of DMU? = (x5,y5) under CRS is evaluated
using the following multiplier DEA model with a non-Archimedean

lower bound, defined relative to the production technology in period
g, where p,q € {1,2}:

Fl(e) = maxZiz1 uy?h

s.t.

vxb =1, ()]
s q q -

Do uwyg - <0, j=1,-m,

VU > €, r:17"'7s7

where v and u, are the weights associated with the single input and the
r output, respectively. The non-Archimedean parameter ¢ > 0 restricts
weight flexibility inherent in multiplier models, preventing zero or near-
zero shadow values and thereby improving discrimination and feasi-
bility (Cooper et al., 2007). Using the normalisation constraint v =
1/x5, model (2) simplifies to:

*l(e) = maxZizl uy?

s.t.
s X;l (3)
q -
> wyd <@ J=len
ur > &, r:]‘ﬂ".?Sﬂ

which is equivalent to evaluating the reciprocal of the input distance
function under a technology implicitly shaped by the lower-bound re-
striction e.

The MPI for DMU, between periods 1 and 2 is then defined as

MPI(xoayove) = CU(Xo-,ymS) X Fs(xm.}'me)a ()]

05
where CU(Xo,¥,,€) = #2() and FS(xo,¥,,€) = <6n(") X 62‘1(")) repre-

91.1 (é‘) 91.2 (S) 92.2 (é‘)

sent catch-up (CU) and frontier-shift (FS) components, respectively. This
decomposition follows directly from the standard Malmquist index
construction based on Shephard’s distance functions (Caves et al., 1982;
Fare & Grosskopf, 1992). The CU component measures changes in
technical efficiency relative to the contemporaneous frontier, whereas
the FS component captures shifts in the production frontier itself. The
validity of this adjacent-period decomposition rests on the maintained
assumptions that each T, satisfies CRS, free disposability, and convexity,
and that technologies are comparable across periods. In SIMO (or
equivalently MISO) settings, these assumptions ensure that the MPI re-
mains well-defined, although the reduced dimensionality of the tech-
nology amplifies the role of multiplier weights.

The choice of the non-Archimedean parameter ¢ as a lower bound on
output (input) weights has long been debated in the DEA literature,
particularly in multiplier-based models (Cooper et al., 2007; Fare &
Charles, 2018; Sadeghi et al., 2023). In SIMO environments, unrestricted
weight flexibility may lead to extreme or near-degenerate solutions in
which some outputs receive negligible shadow values, undermining
discrimination power and economic interpretation. An inappropriately
specified ¢ can also result in infeasibility, a well-documented issue in
DEA models with weight restrictions (Toloo, 2014; Salahi & Toloo,
2017). The non-Archimedean lower bound therefore plays a critical role
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in stabilising the implicit valuation structure underlying the output
distance functions, ensuring that all outputs contribute meaningfully to
efficiency and productivity change measurement.

In the multiplier SIMO model, the output weights u, can be inter-
preted as implicit shadow prices (model-implied marginal valuations)
that a DMU assigns to its outputs under a constructed production tech-
nology. The non-Archimedean parameter ¢ therefore plays the role of a
lower bound that restricts how small any output’s shadow value is
allowed to be. Economically, changing ¢ alters the implicit shadow
valuations assigned to outputs, which in turn affects the reference
weighting used to evaluate efficiency and productivity change (e.g., the
MPI).

Against this theoretical and economic background, we next consider
four alternative scenarios for choosing ¢ in model (3) and examine their
implications for the CU, FS, and MPI components in SIMO settings. Each
scenario reflects a distinct economic perspective on how weight re-
strictions influence efficiency measurement and the interpretation of
productivity changes.

Scenario i.1 (zero epsilon). We set ¢ = 0 to eliminate the role of
epsilon in model (3), leading to the following model for the measure-
ment of productivity changes:

#1(0) = maxZizlurylr’o

s.t.
q %)
S q % _
> uyh< o =L
u >0, r=1 s

The upside of the model is that it allows the greatest leeway in the
selection of weights for the DMU under analysis to present itself in its
best light. As a downside, the weights calculated from model (5) might
be impractical from the decision-makers’ viewpoint because some out-
puts may be excluded from the evaluation process due to their zero
weights.

This scenario corresponds to a fully flexible, model-implied valua-
tion setting in which the DMU is allowed to assign zero shadow value to
some outputs. The frontier is therefore built under minimal weight re-
strictions, allowing certain outcomes to be treated as non-binding or
low-priority within the efficiency assessment (e.g., environmental or
social outputs receiving no weight in a composite performance mea-
sure). In addition, the CU, FS, and MPI capture productivity change
under fully self-selected output valuations, which may potentially
overstate progress if gains are achieved by neglecting some outputs.

Scenario i.2 (aggregate epsilon). We set a unique and aggregate
epsilon value, (¢ = ¢"), for model (3) as the maximum value which is the
lower bound of weights for all outputs for both periods p and g. To do so,
Amin & Toloo (2007)’s approach provides inspiration to develop the
following LP model for the purpose of an optimal value of the aggregate
epsilon:

& =maxe

s.t.

s _fx] .
Zrlllr}'?j<mm{x%3k17"',n¢P172}~, j=1,-mq=12,
e—u <0, r=1,-s,

©

where ¢ is a decision variable that presents the lower bound of u, due to
the second set of constraints. Moreover, the first constraints set aggre-
gates the constraints related to all DMUs in all periods. The following
theorems validate model (6).

A single ¢" imposes a uniform lower bound on the minimum shadow
valuation assigned to each output across all DMUs over both periods.
This corresponds to an evaluation setting with stable and common
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measurement standards, in which no output is allowed to be completely
ignored in efficiency assessment. Such a specification is consistent with a
regulatory or managerial perspective that requires each outcome to
contribute at least minimally to performance evaluation. As a result, the
resulting CU, FS, and MPI components are derived under a shared
minimum-valuation convention, improving comparability across DMUs

over time.
Theorem 1. Model (6) always has a non-negative feasible solution.

Proof. It is easy to see that (¢,u) = (0, 0;) is a zero feasible solution for
model (6). It is sufficient to exhibit a positive feasible solution for model (6).

q
Letu,=—F+—1—— < | min Xx,il:VL k, p, q forr= 1,.,s.
sxmax{yfj:j:l‘m.n,qzl.z} k

Then, u,, > 0,Vr, and for any j and q we have Zﬁzlu’,ygj = (min {);,—{ 1V, k,

k

q
Py | S : <min{ %, k, p,qp < min
sxmax yg:j:l‘m.n,q:lz} k

k=1, np= 1,2}.Now, leté = min{u, : r =1, -, s} yields the vector

5
Y

i

(¢,u) as a positive feasible solution of model (6), which completes the
proof.

Theorem 2. The optimal objective value of model (6) is positive and
bounded.

Proof. From Theorem 1, (¢/,w) is a feasible solution for model (6) where
€ > 0. Given that the model is a maximisation problem, we have ¢* > 0. Now
consider the dual of model (6) as follows:

: 2 n . X;«l .
n‘unX:q:1 i1 min x_P:k:17"'7n1p:172 /11
k

s.t.
2 n
Zq:l ]:l.ygﬂ]q 7 2 0% r= 17 S, (7)
s
r1?r 21,
,1}.17,1}.27;9 >0, j=1,-mr=1,-s
1.
L9 J= 1

To show feasibility of the dual, let qu =<¢Yn
0, j=2-,n

, for g =

1,2:7 = {(1)’ ;i é s It is straightforward to verify that (11,127

7) € R*™ is a feasible solution of model (7). According to the funda-
mental theorem of duality in LP problems (see Bazaraa et al., 2010),
since both models (6) and (7) are feasible, they share an identical
optimal objective value, which is therefore positive and bounded. |l

It should be highlighted here that the optimal objective value of
model (6) provides a suitable value for the epsilon in model (3) (for more
details about a suitable value for the non-Archimedean epsilon under
different return to scales, we refer the reader to Mehrabian et al., 2000).

Theorem 3. Let (¢",u”) be an optimal solution of model (6). Then, for any
reference DMUqc (1 ... ny and any reference period p € {1,2}, model (3) is
feasible when ¢ = ¢".

Proof. Suppose (¢*,u") is an optimal solution of model (6). We multiply the
second set of constraints in model (6), i.e., ur > ¢", by the non-negative value
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scalar yfj for a fixed j and q, and then sum over r =1---;s to yield
Y18y < YU,y By the first set of constraints of model (6) we have

" * . 4 .
Sy <Yyl < mm{j—z; k=1, mp= 172}f0r1 =1,mm,

g = 1,2. Now fix an arbitrary reference DMU, and period p. Since (k,p) =

q
(0,p) is among the candidates in the minimum, it follows that min{;}, k
k

q
1,-,n;p= 1,2} < i,%for allj=1,--,nand q = 1,2 (assuming x5 > 0).

q
Therefore, > ;_; e’"’yfj < f(—%forj =1,---.,n;q =1,2. As aresult, the vector (u,

up) = (¢"15,0) satisfies the constraints of model (3) with ¢ = &*, so model
(3) is a feasible solution for this value of ¢. This completes the proof. ll

The maximum value of epsilon calculated by model (6) enhances the
discriminatory power of the within and intertemporal model (3) in
comparison with model (5). Put differently, determining the optimum
lower bound for input and output weights often improves discriminating
power and ensures realistic weights in multiplier DEA models on ac-
count of imposing more weight restrictions (Toloo 2014; Hatami-
Marbini & Toloo 2017; Toloo & Tavana 2017).

Scenario i.3 (period-pair epsilon). This case obtains different ep-
silons when model (3) is solved for different pairs of periods. Based on
Amin and Toloo (2004) approach, we suggest the following model to
compute an epsilon value pertinent to the given pair of periods (p,q):

&1 = maxe

s.t.

S q . qu . ®)
S oy <mind k=1, =1

e—u <0, r=1,-.s.

Obviously, the feasible region of model (8) is a superset of that of
model (6), and hence the feasibility of the former model is concluded by
the feasibility of the latter model which is proved in Theorem 1.

Allowing ¢ to differ across period pairs reflects that the lower bound
on output shadow valuations is not time-invariant. Such variation may
arise from changes in regulatory frameworks, market or environmental
conditions, reporting standards, or evolving societal priorities. Under
this specification, intertemporal productivity comparisons are con-
ducted using period-pair-specific lower bounds, which is appropriate
when the minimum acceptable valuation of outputs changes over time
rather than remaining constant.

Theorem 4. For any fixed reference DMU,c(1 ... o), model (3) is feasible
for & = 7 when p and q are given.

Proof. It is clear according to the proof of Theorem 3.

Scenario i.4 (input-oriented ¢-based approach). This scenario
aims to formulate the following model based on Amin (2009a) approach
to obtain the maximum epsilon for model (3)

e’ =maxe

s.t.

s q xj‘? ; ©
Zrilury,j < .X,T;’ J= 17 R
g_ur§07 r:la"'7s'



M. Toloo et al.

A DMU- and period-pair-specific ¢ reflects heterogeneity in local
constraints or priorities, whereby some DMUs face more binding re-
quirements that restrict how small the shadow valuation of any output
can be in a given context. Under this specification, productivity change
is evaluated relative to a locally constrained benchmark technology,
allowing the MPI to capture differences arising from context-specific
notions of non-negotiable performance.

Theorem 5. Model (3) is feasible for e = €5 9 when D, q, and o are given.

Proof. It is clear according to the proof of Theorem 3.

The aim of this scenario is to find the largest feasible region for each
LP in both periods, with a lower bound on the weights, avoiding the use
of an aggregate epsilon when estimating the MPI. However, the aggre-
gate epsilon can be obtained as mm{ e ,Vi,p, q} The following two
lemmas compare the optimal objective values of the epsilon models (8)
and (9) and their effects on the optimal objective value of model (6).

Lemma 1. Fix p,q € {1,2}. Let ¢ > 0 as in Theorem 2. Let e??" and

e%9" be the optimal objective values of models (8) and (9) , respectively, for
the same fixed (p,q) and (a fixed reference DMU, where applicable). Then,

0<e < &d < sgq‘.

Proof. LetS ), and Sq) be the feasible region for models (6), (8), and
9), respectwely, for all p, q. It is straightforward to verify that
S(6) € Sg) C S(9). Since all three models share an identical objective ﬁmg
tion, this inclusion of feasible sets immediately implies ¢ < ef4 < eb?
Moreover, from Theorem 2 we know that ¢* > 0, which completes the proof.
|

Lemma 2. Fixp,q € {1,2} and let "1 (¢) be the optimal objective value of
model (3) when the non-Archimedean lower bound is set to e. Assume model
3) is feasible for e € {0, 9*79(1"1)*781(,‘"”*}. Then
0 < PI(ehT) < PPt ) < PI(£") < 6P9(0).
Proof. Let the feasible region of model (3) be S(3
have0 < & < &P < el’;‘f < 0, which implies the following inclusion of
feasible sets Sz (€57 ) C Si3)("1) C S(3)(¢”) C S(3)(0). Since model (3) is a
maximisation problem, the optimal objective values satisfy following ordering
P (ePV7) < PU(PV") < P1(¢") < 6P1(0), and positivity follows from
Theorem 2.

)(€). From Lemma 1, we

As an interesting finding, the following theorem proves that the
optimal solution of model (9) can be obtained without solving any
optimisation problem.

Theorem 6. If all inputs and outputs are strictly positive, i.e., x5 > 0 and

¥ > 0fordllr.j,p,q, then the optimal objective value of model (9) is bl =

L mind <0 j—1
X PO
Proof. Let( Pa" y

the second set of constraints of model (9), i.e., ef?" —u; <0, by the non-
negative scalar y,]. for a fixed j and q, and then sum overr = 1,---s, to obtain

n} for every p and q.

) be an optimal solution of model (9). We multiply
(pg)*

bt S 1)’3; _Ej 1u,yv < 0. From the first set of constraints of model (9),
Sty <z &, which implies bl s N < . Since Y77 ,y7 > 0, we

pq

hence have ¢, -,nandq =1,2. Therefore, for any feasible

f j = ..
Soigrl =1

q
solution (£,u) of model (9), E<x1,,min{szq;j—1,...7n;q—1,2}.

r=171j
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r=171j

q
Define &° :%ﬁmin{ﬁ j=1,mq= 1,2} and let u® = £°1;. By

construction, u? > £° for all r, and the first set of constraints of model (9)
holds with equality for the minimisingindex j. Hence (&°,u°) is feasible for
model (9), which completes the proof. ll

Theorem 7 proves that there is no need to solve any LP problems to
obtain the optimal solution of model (3).

Theorem 7. Let x5 >0 and yf >0 for all r,j,p,q. Then, the optimal
solution of model (3) is u" = (g’;q e )-

Proof. By inspection, it can be shown that (qu'7 ,eg‘l‘) is a feasible so-
lution of model (3). Consider the following dual problem of model (3):

1 n * s _

s.t.

n _
ijlljy?j =S :ylr’a‘r

4 >0, j=1,-n,

r:l’..._’s’ 10)

s, 20, r=1,-s.

a a
Without loss of generality, let ka T = min{zf’ sij=1, n}. It

r1Yrk 17

can be effortlessly verified that (A",s~") is a feasible solution for model
(10) where

Yro o
. max{—q:r_l,---,s}, if j=k

0, otherwise

. P
s, _yqu<max{};,—?:r_1,---,s}>—yfa, r=1,--,s,and
7

U= max{yr" r=1, ~--,s}

yrk

Moreover, the objective function value of (A',s™) is

<max{’}%:r—1,-~-,s}> 7@ <Zi1 {yﬁ’k (max{}%’:r—l,---,s})

y‘,’o]), or equivalently )J,(Zq yq)(Zi #). By Theorem 6,
r=1

Hofatts

5 xq xq
&P = — k. On the other hand, - ~—<—(Y_°_ is exactly the
) V) 2 ) () 4
objective function value of model (3) given u'= (ggP*V...’&gP'):

% X
(x’z(zxyfk)’ ’%(Zilw,k)) '

In summary, we construct a primal feasible solution u" € R® for
model (3) and a dual feasible solution (l*,s:) € R™ for model (10)
e (Z}’:M;x]‘-’) —e¥ (3515, ). By weak dudlity
in LP problems (Bazaraa et al., 2010), (v, u") and (6",4",s" ,s~ ) are
optimal, which completes the proof. i

For the evaluated DMU,, the adjacent-period MPI is constructed
from four efficiency scores obtained from the DEA model (3) by setting

(. @) €{(1.1),(2,2). (1,2), (2, 1)}, namely 6" (e), 6**(¢), 6*(¢) and
6>!(¢). These four values calculate the standard decompositions as

such that 30 _ju,yh =
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Nl=

CUo () = %r2ie) FSo(e) = (g??ggziigg) ,and MPIL, () = CU,(e) x FSo(e).

Equivalently, using the input distance function D{Z( -) associated with
the technology T, (defined at the beginning of this section), each effi-
ciency score satisfies 6°1(e) = 1/D} (x5, yble), where the distance is
computed with respect to the e-constrained technology. Hence, the CU
and FS components can be expressed in the familiar distance-function
Dl (x2y2e) ! _ Di(xiyle)

representation as ,
P Dl (xhyhe) T Dh(xEye)

CU,(e) =

and FS,(¢) =

1/2
(m M) . The following equations introduce closed-

form expressions for CU,, FS, and MPI, that allow the MPI computa-
tion without repeatedly solving the four LPs:

(Zr Y mln]{ /Zr 1)’,]}

Computers & Industrial Engineering 217 (2026) 112018

Example 1. Consider n =3 DMUs with s = 2 outputs and one input
observed over periods p € {1,2}. In period 1, the observations are (x1,y};,
y%l) = (10~674)’ (xéry%27y%2) = (127575); and (x%,ay%y.yéii) = (9773) In
period 2, the observations are (x3,y%,,y%) = (11,7,5), (x3,y3,,¥%) =
(11,6,5), and (x3,y13,¥33) = (10,8,4). Let Y? = > ,y}. Then, Y] =
Y}=Yl=10and Y? =12, Y% =11, Y% = 12. To apply Equation (11),
we first compute the period-specific benchmark minima, which are the
smallest ratios of input to total output across all DMUs in each period:

minj{le/le} =min{1,1.2,0.9} = 0.9 minj{sz/sz} =
min{11/12,1,10/12} =10/12. For DMUj, these minima determine the FS
in the FS; =

and

common term SIMO closed form representation:

minj{x}/Y}}/minj{xf/sz} =0.9/(10/12) =1.08. The closed-form

e minx 5 )
x5 (XY mm}{ /Zr l.yr]} x5 (X5 m { /Zr 1}'11} : minj{le/z:i:l.)’}j} an
FS, = X = ,
xtlw(Zr Yo mm}{ /Zr 1}’11} X (Zr 1yru { /Zr 1%;} minj{sz/Zizlyij}
.
MPI for DMU; using Equation (11) is MPI; = (x1Y?)/(x%Y1) = (10 x

These algebraic simplifications follow from the particular structure
of the SIMO multiplier model under the scenario assumptions. Specif-

ically, when the optimal multiplier vector takes the uniform form u" =

(83"’)*,

constructive bound in Theorem 7), the input-distance reciprocity col-
lapses to the minimum benchmark ratios that appear in (11). Hence,
Equations (11) are valid only under the same conditions used to derive
Theorems 6-7, namely (i) all outputs sums > 5_; ¥y are strictly positive

(so denominators are defined), (ii) the computed e(pq) is feasible (i.e.,
the implied multiplier vector satisfies all primal/dual constraints), and
(iii) the CRS, convexity, and free-disposability assumptions on T, hold so
the distance-function duality is valid. In Equations (11), CU, varies
across DMUs because it depends on the evaluated DMU’s input—-output

-~,sf,pq)*) (or equivalently when the scenario yields the

bundles (x},x2,yl,y2) together with period-specific benchmark terms
minj{x]? / (Zﬁzl y§]> }7 t = 1,2, which are computed once from the peer

set and reflect the technology T; in each period. The FS, term is common
across DMUs in this SIMO setting because it reduces to a ratio of these
period-specific benchmark terms — that is, FS captures a pure tech-
nology shift between T; and T, as represented by the precomputed
minima.

Therefore, CU captures DMU-specific movement relative to the
contemporaneous frontier (distance-function change), while FS sum-
marises the pure movement of the frontier itself as measured by
technology-wide benchmark ratios. Across scenarios i.1-i.4, CU/FS/MPI
represent productivity change conditional on the imposed minimum-
weight constraint (¢). Moving from scenarios i.1 to i.4 progressively
shifts the interpretation from “best-case under self-chosen priorities” to
“performance under minimum multi-outcome accountability,” reducing
the risk that measured progress is driven by degenerate shadow valua-
tions. To illustrate the closed-form expressions in Equation (11) and
verify the proposed MPI, CU, and FS calculations step by step, we pre-
sent the following contrived numerical example.

12)/(11 x 10) = 12/11 ~ 1.0909. Consequently, the CU component is
CU; = MPL /FS; = (12/11)/1.08 ~ 1.0101, which coincides with the
closed-form expression in Equation (11). As shown in Table 1, this example
confirms that FS, is common across DMUs in the SIMO setting, as it depends

solely on the period-specific benchmark minima min; {x; / Y]?}, t=1,2.
As mentioned, the FS, effect is identical for all DUMs, i.e., FS; = FSy =
-+ = FSy. In other words, we have three cases, (i) 0 < FS; < 1, Vj, (ii) FS; =
1, vj, (i) FS; > 1, Vj; or equivalently sgn(FS; —1) is constant for allj =1,
-, 1’ If sgn(FS; —1) = 0, Vj, then the boundaries of efficient frontiers are
fully overlapped otherwise the intersection of frontiers is null.

The CU, factor for the DMU under evaluation can be obtained by
simple arithmetic operations involving 2(s—1)(n+1) additions,
2(n+2) +1 multiplications and, 2(n —1) comparisons, also the calcula-
tion of FS, acquire 2n(s—1) additions, 2n+1 multiplications and
2(n—1) comparisons. Finally, the MPI, factor can be calculated by
2(s—1) additions and 3 multiplications. It is worth mentioning that
while solving LP models is not inherently difficult, reducing computa-
tional burden remains crucial in operations research, especially when
handling large-scale problems in the era of big data.

2.2.2. MPI with MISO settings

Following Subsection 2.1, consider n DMUs observed in periods t €
{1,2}, where each DMU; uses m semi-positive inputs x; = (xﬁj, R xfnj>
n. The DMU
under evaluation in period p is denoted by (x5,y%). For any p,q € {1,2},
the output-oriented cross-period technical efficiency of DMU, observed
in period p relative to the period q technology Ty is defined as ¢?%(¢) =
1/D2 (x5, ¥5), where DY(-) represents the Shephard output distance

to produce a single strictly positive output y} >0,j =1,

1 Note that sgn(x) denotes the sign function. If x > 0, sgn(x) = 1, if x < 0,

sgn(x) = —1, otherwise sgn(x) = 0.
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Table 1
MPI, CU, and FS calculations for Example 1.
DMU le sz le sz MPI :le sz/(sz le) CU =MPI/FS
1 10 11 10 12 12/11 =~ 1.0909 1.09091/1.08 ~ 1.0101
2 12 11 10 11 (12x 11)/(11 x 10) = 1.2 1.2/1.08 ~ 1.1111
3 9 10 10 12 (9% 12)/(10 x 10) = 1.08 1.08/1.08 =1

function. Under CRS, ¢”4(¢) can be obtained from the following output-
oriented multiplier DEA model, in which a non-Archimedean lower
bound ¢ is imposed on the input multipliers:

. m P
= min E Vi

s.t.

wy? =1, 12
uyj’.lfzzn vix§ <0, j=1,-n,

u,v; >¢e i=1,---,m,

where v; and u are input and output weights, respectively, and € > 0 is

the lower bound on input weights. The normalisation constraint uy5 = 1

implies u = }%, so model (12) simplifies to the equivalent primal as

follows:

— mi m p

= manHvixio
s.t.

¥ (13)
q > Y i—1...

Sl je1n
vi>§€ i=1,--,m.

As in Subsection 2.1, the analysis is constructed in a CRS production
technology TY satisfying free disposability and convexity, and the
resulting efficiency measures can be interpreted in terms of Shephard
input distance functions. In the MISO setting considered here, the nor-
malisation ensures that the associated distance measures are well
defined whenever output is strictly positive. Consequently, the adjacent-
period MPI and its CU and FS components retain their standard Malm-
quist interpretation as ratios and geometric means of distance functions
across periods, without requiring further assumptions beyond those
already stated in Subsection 2.1.

(&), %),
#'2(8), and ¢>! (), the adjacent-period MPI and its decomposition for
DMU, are defined as MPI(Xo,Y,,€) = CU(X,,Y0,€) X FS(x,,¥o,€) where

0.5
— 2.2
CU(%o,Yo0,E) = w 9 and FS(Xo, Yo, ) = (iﬁ;x;’zEe;)

Similar to Subsection 2.2.1, the non-Archimedean parameter ¢ acts
as a lower bound on the multiplier weights. In the multiplier MISO
setting, these weights represent shadow costs of inputs, preventing any
input from being treated as free. Changing ¢ therefore affects the
reference weighting and the resulting MPI. The four &-scenarios
described below correspond to distinct cost/constraint regimes for ef-
ficiency evaluation.

It should be noted that model (13) is always feasible provided € > 0.
To examine whether a finite upper bound on ¢ exists, we consider the
following problem:

Using the four period-technology evaluations @

max €
s.t.
¥ as
levxxzfp j=1m,
vi—€>0, i=1-m

Theorem 8. Letxq >0 andyJ > 0foradlli,j,q, andyh > 0. Model (14) is
unbounded. Hence, there is no finite upper bound on €, and for every € > 0
there exists a feasible v satisfying the constraints of model (13).

Proof. See Appendix A.

Although feasibility holds for all positive £, unsuitable choices can
produce economically implausible or unreliable weights. To guide
practical selection, we adopt the four scenarios paralleling Subsection
2.2.1.

Scenario 0.1 (zero epsilon). € = 0 yields the following unrestricted
multiplier model:

. m P
= min E L ViXh

s.t.
1
Zm vix} Y j=1,-n (s
i=1 L U py {;7 J_ 9 b tl
v, >0, i=1-m

Model (15) allows maximal flexibility, letting some inputs receive
zero weight. While useful for descriptive benchmarking, this can yield
economically unreliable multipliers when all inputs are scarce or policy-
relevant.

Scenario 0.2 (aggregate epsilon). A data-driven lower bound, z,
for all inputs and periods is computed by formulating the following
model which identifies the minimum epsilon (guaranteeing feasibility of
all subsequent DEA evaluations) and acts as the upper bound on input
weights in model (13):

£ =minég
s.t.
yi
llv1x32m1 {yfvzk— -,n,p_1,2}, j=1,-mq=1,2
k
F—v>0, i=1,--m
(16)

The use of the minimum operator ensures that € corresponds to the
least restrictive normalisation across all candidate references (k, p),
yielding the largest feasible set of input weights consistent with a
common lower bound in model (13). This single & imposes a uniform
minimum weight across all inputs, DMUs, and periods, ensuring baseline
cost attribution for each resource and improving the interpretability and
comparability of productivity change measures. In Appendix A, Theo-
rems 9 and 10 establish the positivity, boundedness, and closed-form
computation of £, respectively.

Scenario 0.3 (period-pair epsilon). Period-pair specific minima
P9 are obtained by solving model (17) with the right-hand side
aggregated only over the given pair (p,q):

P9

=ming
s.t.
q a7
Z": lemeln 'y—;;k:17...7n , j=1,-n,
i=1 yk
e—v;,>0, i=1---m

This allows the lower bound to adapt to intertemporal changes in
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Table 2
Input and output factors for two complementary configurations.”

Computers & Industrial Engineering 217 (2026) 112018

Configurations Input

Output

Configuration 1

Configuration 2

e Labour force (Thousand persons)

e Foreign direct investment (FDI) (USD)

e GDP (Million US dollars/ per capita)
e Net national income (NNI) (USD)
e GDP (Million US dollars/ per capita)

e Labour force (Thousand persons)

# Although incorporating both volume and ratio inputs and outputs may lead to inconsistencies with the convexity assumption in DEA, the remedies proposed in the
recent literature remain controversial and are not comprehensive for all cases (Hatami-Marbini & Toloo, 2019; Olesen et al., 2015; Podinovski et al., 2024). This lack of
consensus highlights the complexity of addressing such issues and suggests that further research is needed.

reporting standards, factor scarcity, or policy, producing an MPI inter-
preted under period-specific minimum cost regimes.

Scenario 0.4 (output-oriented e-based approach). Following
Amin (2009a), a DMU- and period-pair specific lower bound zP?" is
computed using the following model:

£P)" = minz

s.t.
(18)

e—v; >0,

A DMU with a specific 279" reflects local scarcity or binding con-
straints, ensuring that each input is assigned a meaningful minimum
cost. This guarantees that MPI captures true productivity change rather
than artefacts from implicitly treating scarce resources as negligible.

Theorem 11 and Lemma 3 (Appendix A) show feasibility of model
(18) and establish the ordering &P?" > gP9" > & > 0, respectively.
Monotonicity holds since stricter lower bounds yield larger (less favor-
able) efficiency scores (Lemma 4 in Appendix A), and Theorem 12
(Appendix A) identifies a threshold " beyond which no DMU is efficient;
in practice,  should therefore be selected within (0,#"]. In addition,
Theorem 13 (Appendix A) shows that under the aggregate bound €", the
optimal input-weight vector for model (12) isv' = (€', ---,& ).

Under the scenario assumptions, the output-oriented MISO model
(12) admits closed-form expressions for CU, FS and MPI when the
optimal input multipliers take the uniform form v = (¢',-,%), as
outlined in Theorem 13. The resulting cross-period efficiency compari-
sons reduce to period-specific benchmark minima, leading to the
following closed forms.

T, :)’gminj{l/)’jz}’ﬁo :)’ézix%’mo _ M
Ys minj{l/yfl} Y2 > minf{l/}'z‘l}

19)

These expressions show that CU is DMU-specific as it depends on the
evaluated DMU’s outputs and the period minima of 1/y;. FS is also DMU-
specific, but it is computed solely from the evaluated DMU’s aggregate
input use ) ,x} and outputs y{ across the two periods; hence FS com-
parisons are made relative to a common period benchmark, but evalu-
ated at each DMU’s own scale.

Once these period minima are computed from the peer set, CU, FS
and MPI are obtained by a small number of elementary operations,
substantially reducing computational burden.” It should be noted that
across scenarios 0.1-0.4, CU, FS, and MPI measure productivity change
conditional on the adopted cost-attribution rule. Stronger restrictions
shift the interpretation from flexible benchmarking to productivity
assessment under minimum resource accountability, reducing the

2 Full proofs of Theorems 8-13, Lemmas 3-4, and the derivation of (19)
appear in Appendix A.

influence of degenerate input weights. A simple, contrived MISO
example that verifies the step-by-step CU, FS and MPI calculations is
provided in Appendix B (Example 2). The CU, factor for DMU under
evaluation is calculated through simple elementary arithmetic opera-
tions involving 2(n+1) +1 multiplications and, 2(n —1) comparisons. In
addition, the FS, factor is obtained through 2(s —1) additions, 3 multi-
plications. Finally, the MPI, factor is determined using 2(s —1) additions
and 2(n+1) +1 multiplications and 2(n —1) comparisons.

Although our focus is on single-input or single-output representa-
tions to preserve analytical transparency, the proposed ¢-aware frame-
work extends naturally to multiple-input, multiple-output (MIMO)
technologies. The same scenario logic continues to control multiplier
behaviour—imposing data-driven lower bounds that stabilise weights
and make intertemporal comparisons more comparable and interpret-
able. The economic interpretation of CU and FS is preserved, but the key
distinction in the MIMO case is that CU and FS effects arise from joint
input-output trade-offs rather than from scalar benchmarks; as a result
closed-form simplifications are generally not available and MPI com-
ponents are obtained by solving the corresponding LPs under the chosen
¢/€ regime. This richer structure increases the framework’s applicability
to realistic production systems (e.g., firms, hospitals, utilities) while
retaining its core logic, providing transparent, implementable rules for
choosing ¢/€, clearer economic meaning for multiplier weights, and
improved stability of repeated MPI computations.

3. An empirical study

Calculating productivity growth and its components for OECD
countries is crucial for understanding economic performance and pin-
pointing areas for improvement. This analysis offers a detailed exami-
nation of productivity dynamics, shedding light on the factors that drive
growth and efficiency within these economies. We focus on a set of 18
OECD countries during the period from 2005 to 2021. The dataset is
directly collected from the OECD website.® To illustrate the proposed
methods, we consider two complementary production-function config-
urations (see Table 2) that enable us to analyse the productivity change
of the chosen countries.” These are not mere alternative demonstrations
on the same panel; rather, they provide two distinct input-output lenses
on the same country-year dataset and therefore address different—but
related—policy questions. Configuration 1 (SIMO) treats labour as the
binding resource and evaluates how efficiently each country converts
that constrained input into a portfolio of economic outcomes (GDP per
capita and net national income). This SIMO perspective aligns with
multi-outcome accountability and with early MPI implementations
framed via distance functions (Fare et al., 1994; Ray & Desli, 1997),
making it a natural baseline for cross-country comparisons where a
single scarce input is the policy focus. Configuration 2 (MISO) treats
GDP per capita as a single headline outcome and evaluates how

3 https://data.oecd.org/.

* It should be noted that we focus on the most appropriate scenarios since the
growth rate of data proportionally changes and results for other technologies
are not considerably different.
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efficiently a resource mix (labour and foreign direct investment) pro-
duces that output. The MISO lens emphasises resource-mix account-
ability and input substitution and is therefore useful when policy interest
centres on which combinations of inputs best deliver a specific target
metric.

We adopt Configuration 1 as the primary specification because it
reflects the operational logic of our setting—labour as the binding
resource driving multiple relevant outputs—and because it directly
connects to the distance-function rationale underpinning many MPI
analyses. Configuration 2 is retained as a complementary specification
and robustness check as it recognises the multi-input nature of economic
growth (for example, the role of FDI) and tests whether the main
intertemporal patterns and country rankings persist when performance
is defined with respect to a single headline output under a multi-input
technology. Stability of results across configurations strengthens confi-
dence in the findings; systematic divergences are informative, revealing
sensitivity to the chosen production representation and highlighting
distinct policy messages from each IO (input-output) perspective.

It should also be noted that the two configurations also operation-
alise different parts of our theoretical framework. Configuration 1 im-
plements the mechanisms described in Subsection 2.2.1 (SIMO
formulations and multi-outcome decompositions), while Configuration
2 implements the constructs of Subsection 2.2.2 (MISO formulations and
resource-mix analysis). Our empirical application therefore delivers
both methodological breadth—showing the proposed robust DEA ma-
chinery works across IO regimes—and substantive insight into how la-
bour dynamics and international investment jointly shape productivity
trajectories.

In the empirical analysis, the only parameters varied are the non-
Archimedean lower bounds on the multiplier weights, denoted by ¢
for the single-input case and € for the single-output case. We evaluate the
DEA-based MPI under four e-scenarios for the single-input setting (S
i.1-S i.4) and four &-scenarios for the single-output setting (S 0.1-S 0.4).
For the single-output case, the scenarios are defined as follows: Si.1 with
¢ =0,Si.2 with ¢ = ¢" obtained from model (6) (¢" = 2.620 x 1078), S
i.3 with & = &’ derived from model (8) for each period pair (p,q)
(ranges from 2.512 x 1078 to 4.970 x 108 across adjacent periods),
and S i.4 with ¢ = ¢2¢ computed from model (9) for each DMU and
period pair (p,q) or using the closed-form expression in Theorem 6
(ranges from 1.079 x 10~° to 4.225 x 10~8). For the single-output case,
the scenarios are S 0.1 with € = 0, S 0.2 with =& determined from
model (16) (" = 8.582 x 1077), S 0.3 with # = 87" calculated from
model (17) for each period pair (p,q) (ranges from 7.654 x 107 to
1.403 x 10~ across adjacent periods), and S 0.4 with # = %" obtained
from model (18) for each DMU and period pair (p,q) (ranges from
1.431 x 1077 to 1.162 x 1079).

In the OECD context, adopting the SIMO/MISO perspective is prac-
tically meaningful because country-level productivity at the country
level is often assessed either relative to a single constrained input (a key
resource) and multiple outputs (SIMO), or relative to multiple resources

Table 3
Descriptive Statistics of dataset for 2005 and 2021.
Inputs Outputs
Years Statistics LF FDI GDP NNI
2005 Average 23,543.40 560,937.90 1,718,610.72 28,565.38
Max. 149,320.3 3,637,996 13,039,197 41,711.31
Min. 2,040.57 11,777.73 106,147.85 20,377.77
S.D. 35,809.84 836,641.30 3,024,331.89 5,029.01
2021 Average 25,777.26 1,571,104.30 2,977,445.20 47,686.53
Max. 161,203.9 9,765,936 22,996,100 69,639.74
Min. 2,546.97 19,107.06 237,788.54 32,791.12
S.D. 38,307.95 2,260,573.81 5,246,346.89 8,763.76
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Table 4
Compound annual growth rate (CAGR) from 2005 to 2021.
Country LF (%) FDI (%) GDP (%) NNI (%)
Australia 1.660 6.699 4.763 3.270
Austria 0.855 7.697 3.569 3.048
Belgium 0.666 1.978 4.051 3.257
Canada 0.973 7.255 3.166 2.215
Denmark 0.321 5.640 4.319 4.048
Finland 0.359 6.900 3.525 3.216
France 0.574 4.781 3.482 2.933
Germany 0.295 5.082 3.693 3.621
Ireland 1.313 16.768 7.112 3.470
Italy 0.152 3.871 2.625 2.527
Japan 0.223 9.772 1.615 1.444
Netherlands 0.901 10.489 3.557 3.004
New Zealand 1.736 2.887 4.859 3.906
Norway 1.200 2.663 3.967 3.061
South Korea 1.046 12.847 4.163 3.574
Sweden 1.062 -1.167 4.236 3.353
UK 0.665 3.329 3.138 2.288
us 0.451 5.981 3.394 2.707
Average 0.803 6.304 3.846 3.052

leading to a single key output (MISO). Reporting MPI from both per-
spectives therefore reveals how countries convert a constrained resource
into multiple outputs (SIMO) or combine multiple inputs to produce a
single target output (MISO) over time. The ¢/é-based scenarios help
ensure that the resulting productivity change measures remain inter-
pretable and do not implicitly treat any factor as non-instrumental.

Table 3 presents the descriptive statistics of the dataset for the years
2005 and 2021, focusing on inputs (labour force and FDI) and outputs
(GDP and NNI). Between 2005 and 2021, the average labour force grew
modestly from 23,543.40 to 25,777.26 thousand persons, while FDI
increased significantly, rising from an average of $560.9 million to
$1,571.1 million. Similarly, GDP and NNI showed notable growth, with
GDP increasing from an average of $1,718.6 million to $2,977.4 million
and NNI rising from $28,565.38 to $47,686.53. However, the data also
exhibits considerable variation, as shown by the high standard de-
viations, reflecting disparities across countries in both inputs and
outputs.

We start by reporting compound annual growth rates (CAGR)” of the
variables as presented in Table 4. The average CAGR of GDP is 3.846%
over the 2005-2021 period. Among the countries, Ireland exhibits the
highest GDP CAGR at 7.112%, while Japan records the lowest at
1.615%. Regarding the labour force (LF), the average CAGR is 0.803%,
indicating modest growth during the period. New Zealand and Italy
show the highest (1.736%) and lowest (0.152%) growth rates, respec-
tively. For FDI, the average CAGR is 6.304%, with Ireland achieving the
highest growth rate (16.768%) and Sweden experiencing a decline of
—1.167%. Finally, NNI shows an average CAGR of 3.052%, with
Denmark leading at 4.048% and Japan recording the lowest growth at
1.444%. These figures provide insights into economic performance and
resource utilisation across countries over the period.

Table 5 and Table 6 demonstrate the MPI, CU, and FS measures
under different scenarios for Configurations 1 and 2, respectively. The
analysis of Table 5 for Configuration 1 across different scenarios reveals
that while most countries exhibit stable MPI values around 1, indicating
consistent productivity levels, they demonstrate significant advance-
ments in FS with values generally above 1. This suggests that countries
are effectively improving their productivity frontiers, with Denmark
showing particularly strong FS performance. The CU values exhibit
variability, highlighting differing success rates in closing the produc-
tivity gap, with countries like Denmark and Norway making notable

5 CAGR is a variation in the growth rate that is often used to assess the
performance of an investment or company. https://www.investopedia.com/te
rms/c/cagr.asp.
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Table 5
Average annual change for the MPI, FS, and CU for Configuration 1.
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Configuration 1

Sil Si2 Si3 Si4
Country CcU FS MPI CU FS MPI CU FS MPI CU FS MPI
Australia 0.9821 1.0548 1.0330 0.9820 1.0548 1.0328 0.9823 1.0544 1.0329 0.9862 1.0494 1.0325
Austria 0.9777 1.0548 1.0289 0.9778 1.0547 1.0289 0.9778 1.0547 1.0289 0.9819 1.0494 1.0284
Belgium 0.9845 1.0548 1.0360 0.9845 1.0548 1.0360 0.9846 1.0547 1.0360 0.9886 1.0494 1.0355
Canada 0.9728 1.0548 1.0237 0.9726 1.0549 1.0235 0.9732 1.0542 1.0236 0.9770 1.0494 1.0234
Denmark 1.0101 1.0349 1.0410 1.0101 1.0349 1.0410 1.0101 1.0349 1.0410 0.9949 1.0494 1.0424
Finland 1.0025 1.0360 1.0339 1.0025 1.0359 1.0339 1.0025 1.0359 1.0339 0.9865 1.0494 1.0336
France 0.9798 1.0548 1.0311 0.9795 1.0550 1.0310 0.9806 1.0539 1.0311 0.9844 1.0494 1.0311
Germany 0.9847 1.0548 1.0364 0.9844 1.0551 1.0363 0.9859 1.0535 1.0365 0.9894 1.0494 1.0364
Ireland 1.0090 1.0447 1.0529 1.0090 1.0446 1.0529 1.0090 1.0446 1.0529 1.0099 1.0494 1.0590
Italy 0.9756 1.0548 1.0269 0.9754 1.0549 1.0268 0.9763 1.0540 1.0269 0.9802 1.0494 1.0268
Japan 0.9644 1.0548 1.0151 0.9639 1.0554 1.0150 0.9664 1.0527 1.0153 0.9691 1.0494 1.0151
Netherlands 0.9768 1.0548 1.0284 0.9768 1.0548 1.0283 0.9770 1.0545 1.0283 0.9812 1.0494 1.0281
New Zealand 1.0074 1.0236 1.0234 1.0073 1.0237 1.0235 1.0074 1.0236 1.0235 0.9857 1.0494 1.0315
Norway 1.0000 1.0274 1.0274 1.0000 1.0275 1.0275 1.0000 1.0275 1.0275 0.9824 1.0494 1.0309
South Korea 0.9815 1.0548 1.0331 0.9812 1.0549 1.0329 0.9821 1.0540 1.0330 0.9862 1.0494 1.0330
Sweden 0.9819 1.0548 1.0338 0.9819 1.0547 1.0338 0.9820 1.0546 1.0338 0.9859 1.0494 1.0331
UK 0.9753 1.0548 1.0266 0.9749 1.0550 1.0264 0.9761 1.0538 1.0265 0.9798 1.0494 1.0264
us 0.9800 1.0548 1.0314 0.9781 1.0564 1.0307 0.9847 1.0494 1.0314 0.9847 1.0494 1.0314

Table 6
Average annual change for the MPI, FS, and CU for Configuration 2.

Configuration 2

So.l So.2 So.3 So.4
Country CU FS MPI CU FS MPI CU FS MPI CU FS MPI
Australia 0.9986 0.9785 0.9764 1.0201 0.9805 1.0000 1.0076 0.9817 0.9889 1.0148 1.0314 1.0471
Austria 1.0053 0.9785 0.9831 1.0067 0.9799 0.9861 1.0052 0.9800 0.9847 1.0020 1.0478 1.0500
Belgium 0.9970 0.9705 0.9661 1.0005 0.9853 0.9856 0.9873 0.9868 0.9742 1.0068 0.9836 0.9903
Canada 1.0102 0.9759 0.9856 1.0489 0.9873 1.0356 1.0264 0.9894 1.0159 0.9979 1.0553 1.0520
Denmark 1.0115 0.9508 0.9597 1.0271 0.9891 1.0158 1.0051 0.9917 0.9963 1.0098 1.0171 1.0274
Finland 1.0003 0.9761 0.9751 1.0019 0.9786 0.9795 1.0007 0.9787 0.9783 1.0043 1.0326 1.0373
France 1.0000 0.9924 0.9924 1.0000 0.9940 0.9940 1.0000 0.9939 0.9939 1.0003 1.0032 1.0033
Germany 0.9945 0.9783 0.9725 1.0266 0.9895 1.0157 1.0052 0.9917 0.9965 1.0025 1.0160 1.0188
Ireland 0.9953 0.9568 0.9515 1.0408 0.9840 1.0238 1.0253 0.9862 1.0106 1.0400 1.1113 1.1507
Italy 1.0032 0.9765 0.9793 1.0157 0.9824 0.9978 1.0037 0.9835 0.9871 0.9911 1.0161 1.0073
Japan 1.0199 0.9749 0.9939 1.0569 0.9879 1.0439 1.0389 0.9901 1.0281 0.9813 1.0736 1.0536
Netherlands 1.0165 0.9658 0.9807 1.0750 0.9893 1.0639 1.0473 0.9924 1.0407 1.0005 1.0857 1.0867
New Zealand 0.9970 0.9724 0.9692 0.9970 0.9724 0.9692 0.9970 0.9724 0.9692 1.0156 0.9818 0.9970
Norway 1.0008 0.9738 0.9754 0.9993 0.9784 0.9786 0.9980 0.9783 0.9773 1.0081 0.9918 0.9939
South Korea 1.0025 0.9742 0.9761 1.0155 0.9778 0.9925 1.0105 0.9786 0.9883 1.0084 1.0725 1.0816
Sweden 0.9994 0.9723 0.9701 0.9911 0.9813 0.9722 0.9838 0.9821 0.9658 1.0089 1.3809 1.3895
UK 1.0040 0.9746 0.9776 1.0270 0.9908 1.0173 1.0018 0.9938 0.9951 0.9950 1.0180 1.0127
us 1.0000 0.9780 0.9780 1.0799 1.0000 1.0799 1.0375 1.0048 1.0427 1.0000 1.0427 1.0427

progress. Overall, the findings illustrate a robust pattern of technological
advancement and the potential for countries to enhance productivity
through strategic policies considering a suitable value for epsilon. Under
the closed-form expressions in Equation (11), the FS component is a
period-specific, technology-wide factor that depends only on benchmark
scalars (e.g., period aggregates/minima) and is therefore identical
across DMUs for a given adjacent-period comparison. Consequently, the
identical FS values across countries in Table 5 reflect a common frontier
movement, while cross-country variation is primarily captured by CU.
Table 6 reports the results across different scenarios and reveals
varying trends in the MPI, FS, and CU for the countries examined for
Configuration 2. In the initial scenarios (S 0.1 and S 0.2), several
countries exhibit reduced productivity (MPI<1), alongside FS values
below 1, indicating limited outward movement of the frontier on
average. In S 0.3, some countries (e.g., Canada and the Netherlands)
display modest recovery with MPI values above 1, reflecting a combi-
nation of CU and mild FS improvement. In S 0.4, the results indicate a
markedly stronger FS component for several countries; in particular,
Sweden exhibits a noticeable FS (FS=1.3809) and the highest produc-
tivity growth (MPI=1.3895), while Ireland also shows substantial pro-
ductivity improvement (MPI=1.1507). Overall, these scenarios
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highlight the dynamic nature of productivity change under different
epsilon conventions and emphasise the importance of selecting a suit-
able lower bound for weights when estimating MPI and its components.

Fig. 1 demonstrates the scattering of MPIs for Configurations 1 and 2
under four different scenarios for each configuration. Fig. 1(a) for
Configuration 1 displays a range of values from 0.99 to 1.07, with a
notable concentration around 1. The values are organised in a
descending order from Si.1 to Si.4, indicating a systematic increase in
the measurements. This configuration suggests a stable or slightly
increasing trend, with Si.1 being the lowest and Si.4 the highest,
reflecting a gradual progression in the observed parameters.

In Fig. 1 (b) for Configuration 2, the MPI values range from 0.94 to
1.39, showing wider spread compared to Configuration 1. Scenario S 0.4
shifts the distribution upward (many MPI values exceed 1), whereas S
0.1-S 0.3 remain more tightly clustered around 1 along with several
values below 1. This pattern indicates greater scenario sensitivity in
Configuration 2 and highlights that the choice of the epsilon-based
scenario can materially affect cross-country productivity comparisons.

We test the consistency (correlation) and goodness of fit among the
four scenarios in both Configurations 1 and 2 by various non-parametric
statistical tests (Siegel & Castellan, 1988). The first non-parametric test
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Fig. 1. Scatterplots of the MPIs for both configurations.
Table 7
Wilcoxon-Mann-Whitney test for Configuration 1 at the country level.
MPI
Si.1/8i.2 Si.1/8i.3 Si.1/Si.4 Si.2/Si.3 Si.2/Si.4 Si.3/8i.4
z 0.28475 0.15819 —0.09491 —0.34802 —0.37966 —0.14237
p-value 0.77583 0.87430 0.92438 0.72782 0.70419 0.88678
CU
$i.1/8i.2 Si.1/8i.3 Si.1/Si.4 $i.2/8i.3 Si.2/Si.4 Si.3/Si.4
z 0.14237 —0.45875 —0.94915 —0.61695 —1.07571 —0.64859
p-value 0.88678 0.64640 0.34254 0.53726 0.28205 0.51660
FS
Si.1/8i.2 Si.1/8i.3 Si.1/Si.4 Si.2/Si.3 Si.2/Si.4 Si.3/Si.4
z —0.60113 2.68928 2.27797 2.72091 2.27797 1.99323
p-value 0.54775 0.00716* 0.02272* 0.00651* 0.02272* 0.04623*

* Indicates significant at the 5%

is the Wilcoxon-Mann-Whitney test, which is used to compare differ-
ences between four independent scenarios.® This approach follows prior
DEA studies that have used rank-based tests to compare estimated scores
across groups (Banker et al., 2010; Simpson, 2005). It should be noted
that we implement this test for the CU, FS, and MPI. The results of the

6 Because DEA efficiency scores and MPIs are non-parametric estimators that
may exhibit finite-sample bias and slow convergence (Daraio & Simar, 2007;
Simar & Wilson, 1998), we treat the Wilcoxon-Mann-Whitney results as
exploratory evidence on the distribution of estimated scores rather than as
formal inference on the underlying true efficiencies.
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Wilcoxon-Mann-Whitney test at the 5% significance level for Configu-
rations 1 and 2 are presented in Table 7 and Table 8, respectively.
Focusing on Configuration 1's results in Table 7, we find that for the MPI,
the z-values across all pairwise comparisons are close to zero, and the
corresponding p-values exceed 0.7, indicating no statistically significant
differences between the subsets. Similarly, for the CU, the z-values
remain small, and the p-values are all above 0.2820, confirming the
absence of statistically significant differences between the subsets. In
contrast, the FS reveals significant differences in several pairwise com-
parisons. These results suggest that while the MPI and CU exhibit con-
sistency across the subsets, whereas the estimated FS scores exhibit
variability with statistically significant differences in several
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Table 8
Mann-Whitney test for Configuration 2 at the country level.
MPI
So.1/S0.2 So.1/S0.3 So.1/S0.4 S0.2/S0.3 So.2/S0.4 So0.3/S0.4
2z -3.71753 -3.05312 -5.04668 1.15480 -2.59437 -3.70219
p-value 0.00020* 0.002264* 0.000001* 0.24816 0.00947* 0.00021*
CuU
So0.1/S0.2 So0.1/S0.3 So.1/S0.4 S0.2/S0.3 So0.2/S0.4 So0.3/S0.4
z -2.49944 -1.26554 -0.66471 1.48701 2.07273 0.52210
p-value 0.01243* 0.20567 0.50624 0.13701 0.03820* 0.60160
FS
So.1/S0.2 So0.1/S0.3 So.1/S0.4 S0.2/S0.3 S0.2/S0.4 So0.3/S0.4
b4 -4.06556 -4.22375 -5.03086 -0.68022 -4.39777 -4.27149
p-value 0.00004* 0.000024* 0.000000* 0.49635 0.000010* 0.000019*
*Indicates significant at the 5%.
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Fig. 2. The MPI and its components for two scenarios.

comparisons.

Let us focus on the results for Configuration 2 in Table 8. For MPI,
several pairwise comparisons exhibit statistically significant differences,
with the smallest p-values observed for S 0.1/S 0.4 (p ~ 0.000001) and S
0.3/S 0.4 (p=0.00021), indicating significant variations in productivity
change estimates involving S 0.4. For CU, significant differences are
detected for S 0.1/S 0.2 (p = 0.01243) and S 0.2/S 0.4 (p=0.03820),
whereas S 0.1/S 0.4 is no longer significant (p=0.50624). For FS, sig-
nificant differences are consistently observed across most pairwise
comparisons, including S 0.1/S 0.4, S 0.2/S 0.4, and S 0.1/S 0.3, while S
0.2/S 0.3 remains non-significant (p=0.49635). Overall, these results
suggest that FS displays the highest degree of variability among the
components, followed by MPI and CU, with several pairwise compari-
sons achieving significance at the 5% level.
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It could be beneficial to assess the goodness of fit between each pair
of methods using Spearman’s rank correlation test. For this purpose, the
ranks derived from the four scenarios for Configurations 1 and 2 are
considered, with focus on the MPI, to evaluate the correlation between
them through Spearman’s correlation coefficient (r) and the corre-
sponding p-values.

For Configuration 1, all pairwise comparisons exhibit exceptionally
strong positive correlations (values close to 1), indicating a near-perfect
monotonic relationship among the subsets. Specifically, the correlation
coefficients r range from 0.9195 to 1. All p-values are p < 0.05, con-
firming the statistical significance of these correlations at the 5% level.
This suggests a high level of consistency in MPI values across the subsets
for Configuration 1.

In Configuration 2, the correlations are more varied, indicating dif-
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ferences in the monotonic relationships between subsets. The correla-
tion coefficients r range from 0.1290 to 0.9732. Notably, the highest
correlation is observed between So.2 and So.3 (r = 0.9731,p < 0.05),
which is statistically significant. Other pairwise comparisons, such as
S0.1/S0.3 (r = 0.4055) and So0.1/S0.2 (r = 0.3952), demonstrate
moderate correlations, but their p-values (p > 0.05) indicate a lack of
statistical significance. The weakest correlation is observed between
So.1 and So.4 (r = 0.1290, p = 0.6091), reflecting minimal mono-
tonicity and no statistical significance.

Overall, the results indicate that MPI values under Configuration 1
are highly consistent across subsets, while those under Configuration 2
show greater variability, with significant monotonic relationships only
for select comparisons. This highlights potential differences in the per-
formance patterns among the different scenarios for both Configurations
1 and 2.

Fig. 2 illustrates the MPI values for Configurations 1 and 2, focusing
on subsets Si.1 to Si.4 and S 0.1 to S 0.4.

In Configuration 1 (Fig. 2a), the MPI values for Si.1 to S i.4 range
from approximately 0.90 to 1.10, indicating relatively stable produc-
tivity changes across scenarios. The highest MPI is observed for S i.4,
reaching about 1.08, while the lowest score is recorded for S i.1, just
below 0.94. Scenarios S i.2 and S i.3 show scores clustered around 0.96
to 0.98, suggesting minor differences in productivity changes among
these scenarios.

In Configuration 2 (Fig. 2b), the MPI values exhibit greater vari-
ability over time compared to Configuration 1. The series for S 0.4 dis-
plays the highest peaks (up to 1.53) and the largest dispersion, including
a noticeable spike (consistent with the Sweden-driven frontier expan-
sion). In contrast, S 0.1-S 0.3 remain closer to 1, with smaller deviations
and several periods below 1. These results confirm that productivity
dynamics in Configuration 2 are highly scenario-dependent, high-
lighting the importance of selecting a suitable lower bound for the
multiplier weights.

These results suggest that productivity changes are more uniform
across scenarios in Configuration 1, whereas Configuration 2 exhibits
significant variability in productivity improvements across its scenarios.
This indicates potential differences in performance dynamics under the
two configurations under different scenarios and the impact of selecting
a suitable lower bound for the inputs and outputs weights.

4. Concluding remarks

In conventional DEA and productivity analysis, production units are
often characterised by multiple inputs and multiple outputs, with
weights constrained to be greater than or equal to an exceedingly small
bound referred to as non-Archimedean epsilon. However, relatively
limited attention has been paid to efficiency and productivity analysis in
special yet practically relevant situations in which a single input pro-
duces multiple outputs (SIMO) or multiple inputs are consumed to
produce a single output (MISO). These SIMO and MISO configurations
arise naturally in many empirical contexts, particularly at the aggregate
and country levels.

This study presents a new decomposition framework for measuring
efficiency and productivity growth in SIMO and MISO settings without
the need to solve optimisation models. The framework introduces four
epsilon-based scenarios, supported by theorems that define and justify
the selection of the most appropriate non-Archimedean epsilon value.
An empirical analysis of 18 OECD countries over the period 2005-2021
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demonstrates that the proposed framework yields meaningful produc-
tivity change measures while significantly reducing the computational
burden. This feature is particularly valuable in data-intensive environ-
ments, where efficiency and productivity analysis must be conducted
repeatedly or in near real time.

Despite these contributions, the study has several limitations. The
proposed framework is developed specifically for SIMO/MISO settings
and relies on multiplier-based MPI estimation, and the empirical results
may be influenced by data quality and modelling choices such as the
assumed returns to scale and orientation. Moreover, the OECD appli-
cation focuses on adjacent-period MPI computations, and the findings
may not directly generalise to other datasets or institutional contexts. In
addition, the analysis adopts a non-parametric DEA-based perspective
and does not include a direct methodological comparison with para-
metric benchmarking approaches such as Stochastic Frontier Analysis
(SFA). While such a comparison could provide further insights, it would
require reconciling fundamentally different assumptions regarding
functional form, noise, and inefficiency, and would substantially extend
the scope and length of the present study.

These limitations point naturally to several directions for future
research. First, extending the analysis to alternative dynamic construc-
tions, such as global MPI (Pastor & Lovell, 2005), biennial MPI (Pastor
et al., 2011), or window-based approaches, warrants further investiga-
tion. Second, the proposed framework could be extended beyond the
constant returns to scale (CRS) assumption to accommodate alternative
technologies, such as variable returns to scale (VRS). Third, future
studies may explore the application of the framework to other produc-
tivity indices, including non-oriented Hicks-Moorsteen productivity
measures, which could provide complementary insights into produc-
tivity dynamics. Fourth, integrating the proposed approach with other
DEA-based productivity frameworks, such as network DEA, may further
broaden its applicability and practical relevance. Finally, a dedicated
comparative assessment of the proposed framework against parametric
methods such as SFA represents a promising avenue for future research.
Addressing these extensions would strengthen the generality of the
framework and broaden its usefulness for efficiency and productivity
analysis across diverse empirical settings.
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Appendix A

The proof of Theorem 8.
We show that model (14) is feasible and its dual problem is infeasible; by the fundamental duality theorem of LP (Bazaraa et al., 2010), this implies model

q
(14) has no finite optimal solution and is therefore unbounded. Without loss of generality, assume that Z{.Z i max{zy j=1,- } A trivial
i=1%ik i 1x

computation reveals that the vector (¢°,v°) = Y Y N Y ,Z,. is a feasible solution for model (14). Consider the following dual o,

P (£ (yz@ A A ) S f following dual of
model (14):

1,
in y_{; ijlyj Aj

s.t.

Z];/ljxg- +5>0, i=1-m,

7211151' 21

si<0, i=1,..m,

(A1)

21S07 j:17'"7n

Given that 4; < 0, for all j, and x} > 0, we have J;x < 0, for all j, i. Summing over i andj yields Y ", >~ 4;x} < 0. From the first and second constraints of
model (A1), it follows that 1 < 721.:151- < zizlzjzlz,xg < 0, which is a contradiction. Hence, model (Al) is infeasible, which completes the proof. Bl
Theorem 9. Letx > 0 for dlli,j,q, and y] > 0 forallj,q. If (£°,v") is an optimal solution of model (15) , then, € is (i) strictly positive, and (ii) bounded.
Proof. (i) Suppose on the contrary, that" = 0. From the second set of constraints of model (16) we have v; < 0 fori = 1,---,m. Then, considering the first set
of constraints for j = 1, ---, n, ¢ = 1, 2, and using the fact that xq >0, it follows that Y i ;vix i 4 < 0. However, the same constraints require

q q
> 1leym1n{§ k=1, np=1, 2}. Since y]f’ > 0 for dll j,q, the right-hand side is strictly positive, implying min{)y'{, :k=1,-n p= 1,2} >0,
k k

which yields a contradiction. Therefore, € > 0.

Proof. (ii) To prove that the optimal objective value € of model (16) is bounded, it is a need to present a feasible solution with a positive objective value. For a

fixed j, multiplying the second set of constraints in model (16) by the non-negative value scalarx and sum overi = 1,---,m. This gives 31", x >3 vix y

q
Next, by the first set of constraints of model (16), we have >1" & x > 1lel] > mln{zi k=1,-,np= 1,2} forj =1,-nq = 1,2. As a result,

. a
€ > max {Z%q <min{§;, ck=1,np= 1,2}) cj=1,-nq= 1,2} > 0, which completes the proof. B
. k

i=1"1j
q
Theorem 10. Letxg > 0foralli,j,q, andyl‘.’ > 0 for dll j, q. Then, the optimal objective value of model (16) is& = Z};{xqmin{;p k=1, mp=1, 2}-
=17 k

Proof. We first multiply the last set of constraints of model (16), namely g —v* > 0, by the non-negative scalar xq for a fixed j and q, and then sum the
resulting constraints over i = 1, ---, m, which yields &> 1 1x =S vix i 4> 0. Considering the first set of constraints of model (16), ie.,

q q
oy 1ley me{;',, k=1, np= 1,2},j =1,--,n; q = 1,2, it follows that € Zl 1x >m1n{i:p k=1, np= 1,2},j =1,-,nq=12.
k k

N

=170

q
Rearranging, and using Y ;" lxq > 0, we obtain € > Z);{qmin{ k=1, np= 1,2},j =1,--,n; ¢ = 1,2, and hence for any feasible solution of

S _ v} )
model (16) (¢, u) we have g > Z,‘,{ngmm{

v k=1, np= 1,2},j =1,--,n; ¢ =1,2. Itis therefore sufficient to exhibit a feasible solution of model (16)
k

q
achieving this bound. Let & = <1
g S ¥

mln{ L:k=1,--n;p= 1,2}, and set v’ =g° = (&°,---,€°) € R™. A direct verification shows that (£°,v°) satisfies
i

all constraints of model (16). Therefore, the lower bound equals the optimal value, which completes the proof. Bl

Theorem 11. Let xg >0 foralli,j,q, and yJ‘? > 0 for all j,q. Then, model (18) is always feasible.

q
Proof. It is sufficient to present a feasible solution model (18). Letv; = ﬁ (max {i{s :Vj, p, q} ) ,i =1,..,m. Itis easy to verify that v; > 0,
mxmin  x;;j=1

q q q q
Vr. Moreover,y I 1leg =max{%: Vi, p, q 2?11#2 max y—{,:Vj, p,qp > zip for j=1,-n and q = 1, 2. Let ¢ = max{v;:i
Yo mxmin {xg.:jzl,---,n} Yo °
=1,-,m}. Then, the vector (¢ ,V) satisfies all constraints of model (18), confirming feasibility, which completes the proof. B

Lemma3. Fixp,q € {1,2}.Let", gP9", andeP?" be the optimal objective values of models (16), (17), and (18), respectively, for the same fixed (p, q) (and

15
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a fixed reference o where applicable). Then, qu‘ > ol >% >0.

Proof. LetS(16), S(17), and S(1s) be the feasible region of models (16), (17), and (18), respectively, for given p,q. It is plain to verify that S(1g) C Sa17) € S(16)-
Since all three models minimise the same scalar variable g, this nesting of feasible regions directly implies & < P9" < gP9)". Moreover, unlike traditional DEA
models where their objective function is maxmin{v,u}, model (16) is formulated as minmax{v, u} in which € acts as a common lower bound on all input
weights. As a result, we have &' = max{v"} rather than min{v"}. Accordingly, the zero vector (g,¥) = (0,0,,) cannot satisfy the first set of constraints of model
(16) and is therefore infeasible. Hence, € = max{v"} > 0, which completes the proof. B

Lemma4. Fixp,q € {1,2}, and let ¢*(g) be the optimal objective value of model (13) when the lower bound on the relevant multipliers is set to €. Assume
model (13) is feasible for € € {0,%", 871", €84"}. Then, (/)pq(epq ) > PPUPT) > PPUE) > ¢PI(0).

Proof. Let S(;13)(€) denote the feasible region of model (13) under the lower bound €. By Lemma 3, we have gP0" > gPd)" > " > 0, which implies the nesting
S(13) (sg’q) ) C Sn3 (8(1"1 ) € Sas) () € Sus)(0). Since model (13) is a minimisation problem, shrinking the feasible region weakly decreases the optimal

objective value, yielding the stated inequalities. The strict inequality ¢*1(g") > ¢P%(0) follows from &' > 0, which imposes a strictly tighter lower bound than the
casee = 0. H

&

y

Theorem 12. Lete = max{z j=1,-mp=1, 2}. Then, for € € (€', o), no DMU is efficient. In other words, ¢'! (u,€) > 1 and $>*(u, ) > 1 for
i=1

dlz e (£, ).

Proof. Without loss of generality, assume that max ,,. ,n» =max =1,--,n;p=1,2;.If¢ > max =1,--,n,,then
f g 3% {Z = } {Z 7= p } If € {Zlm, j= }

i1 ij

€ >

Z -forj =1, norequivalently 1 < Ezglx}j forj =1,---,n. On the other hand, by multiplying the second constraint set € < v; of model (13) by the
xj

non-negative values x for a fixed j, and summing over i = 1, -, m, we obtain €y ;- 1Xu <>n 1V1XU Combining the above inequalities yields
1< 1x <yn 1v,xu <yn lv[ .. Hence, the objective function value of model (13) for any feasible solution is greater than 1. Since model (13) is a

minimisation problem, its optimal value >[" 1v1x§ must also exceed 1, implying that no DMU is efficient for & € (", 0). ll
Theorem 13. The optimal solution of model (13) is v = (g, ---,€).

Proof. It is easy to verify that (¢, ---,€) is a feasible solution of model (13). Consider the dual problem of model (13) as follows:

1 n q _ m
maxﬁ (Zj#%) e <Zilsi+>
s.t.

A2
Zjl/lx“rs**x‘l’o, i=1,,m, (42)

2'1207 j:1<,“'7n7
020, i=1,m

Without loss of generality, let ylp = min{ylp k=1, np=1, 2}. Then, define the feasible dual solution (A",s*") of model (A2) as
1 k

xP
. ming—z:i=1,--m;, if j=1
A= xj

0, otherwise

p
* )X . . L)X
s 7xp —x}min{=2:i=1,....m i=1,--m,and U =min<{=2:i=1,--- m,.
i il Xq ’ ) I I ’ x 9 ’

ij i

q q
The corresponding dual objective function value ls;% (min{i"" i=1, --~,m}> + ﬁ (Ziml {x‘i’o - Xy (mm{xpf’ =1, ~--,m} ) } ), which
’ ’ Yl ) /

NS

q q q
simplifies to -—2——— (X7 ,xP). By Theorem 10,8 = + On the other hand, :,7] (37, x%) is exactly the objective function value of model
(=r ) (=m0 (Sr)
. . q q B * «
(13) forv' = (€,-,8) = % RRTPN % . Hence, the constructed feasible primal-dual pair v € R™ and (A ,s* ) € R x R'? are feasible
(Sroa)n ()

and satisfy the weak duality property of LPs (see Bazaraa et al., 2010), implying that (v*,u")and (0", A, sts ) are indeed optimal solutions to their respective
problems. B

Appendix B

Example 2. Consider n = 3 DMUs with m = 2 inputs and one output observed over periods p € {1,2}. Period 1 observations are (x};,x3,,y}) = (6,4,
20), (x1,.x3,.¥3) =(4,5,25), and (x15,x33.y3) = (8,3,18). Period 2 observations are (x%,,x%,,y?) =(7,5,22), (x2,,x3,.y%) =(6,6,28), and (x%;,x%;,

16
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¥3) = (10,3,20). Let X = 377, x}; then X = 10,X}; = 9,X3 = 11 and X§ = 12,X3 = 12,X3 = 13. The period minima of reciprocal outputs are

minj{l/yjl} =1/25and minj{l/yjz} = 1/28. Applying the closed forms in model (19) gives, for DMU;, CU; = (22 x 1/28)/(20 x 1/25) =~ 0.9821,

FS; = (20 x 12)/(22 x 10) ~ 1.0909, and MPI; ~ 1.0714, with MPI; = CU; x FS; holding exactly. For DMU, and DMU3;, MPI, differs because X2 /X
varies across DMUs (see Table B1), illustrating the closed-form computation and the DMU-specific nature of both CU, and FS, under (19).

Table B1
MPI, CU, and FS calculations for Example 2

DMU 1

N yi X} X? CU FS MPI = CU x FS
1 20 22 10 12 (22 x 1/28)/(20 x 1/25) ~ 0.9821 (20 x 12)/(22 x 10) ~ 1.0909 0.9821 x 1.0909 ~ 1.0714
2 25 28 9 12 (28x 1/28)/(25x 1/25) =1 (25 x 12)/(28 x 9) = 25/21 ~ 1.1905 1 x 1.1905 ~ 1.1905
3 18 20 11 13 (20 x 1/28)/(18 x 1/25) = 125/126 ~ 0.9921 (18 x 13)/(20 x 11) = 117/110 ~ 1.0636 0.9921 x 1.0636 ~ 1.0552

Data availability
Data will be made available on request.
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