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Abstract

The Newtonian limit of Newton—Cartan gravity relies crucially on the Lie-algebraic central exten-
sion to the Galilean algebra, namely the Bargmann algebra. Lie-algebraic central extensions nat-
urally generalise to L -algebraic central extensions, which in turn classify branes in superstring
theory via the brane bouquet. This paper classifies all L -algebraic central extensions of all kin-
ematical Lie algebras that do not depend on the spatial rotation generators as well as all iter-

ated central extensions thereof (for codimensions < 3). The Bargmann central extension of the
Galilean algebra then appears as merely one term in a sequence of L,-algebraic central exten-
sions in each degree; a similar situation obtains for the Newton—Hooke algebra and the static
algebra, but not for the Carrollian algebra nor those kinematical Lie algebras that are not Wigner—
Inonii deformations of a simple algebra. The sequence of L,-algebraic central extensions in each
degree then corresponds to a tower of p-form fields. After imposing conventional constraints,

the zero-form field provides absolute time, and the higher-form fields are certain wedge products
of the field strengths of the one-form (Bargmann) gravitational field. These then provide nat-
ural (p — 1)-brane couplings to the corresponding non-Lorentzian gravities, which are found to
produce velocity-dependent gravitational effects in the presence of torsion. The L, -algebraic
cocycles also provide Wess—Zumino—Witten terms for the (p — 1)-brane action, which require
the introduction of doubled spatial coordinates that are reminiscent of double field theory, but
which (in some cases at least, and given appropriate kinetic terms) do not result in doubled
physics.

1. Introduction

Field theories and string theories with non-Lorentzian spacetime symmetries have received much atten-
tion in recent years (as reviewed in [1-4]), arising in various contexts such as flat-space and non-
Lorentzian holography [5-10], the physics of null hypersurfaces [11, 12], post-Newtonian corrections
[13, 14], and fractons [15, 16]. The spacetime symmetries also determine gravitational physics: Einstein
gravity may be obtained by gauging Poincaré symmetry and then constraining certain components of
the curvature (namely, the torsion) to vanish [17]; Newtonian gravity may be similarly obtained by
gauging a central extension of Galilean symmetry and constraining certain components of the curvature
to vanish [18, 19]'. In this procedure, it is crucial to take the (maximal) central extension of Galilean
symmetry: the Newtonian gravitational potential originates from the central extension, and it is this vec-
tor field to which particles couple.

Central extensions of a Lie algebra g are classified by the second Lie algebra cohomology H?(g).
There is nothing special about the number two; in general, the kth Lie algebra cohomology H¥(g)

1 Mre generally, one may gauge certain Lo, -algebras to obtain gravitational theories [20, 21].
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instead classifies central extensions of g regarded as an L..-algebra, which is the natural homotopy-
theoretic generalisation of Lie algebras [22-24].
Such L., -algebraic central extensions of gauge symmetries arise in two related contexts.

1. In higher gauge theory [25], it is very natural to take central extensions of the gauge Lie algebra
g, and the extension given by H¥(g) corresponds to introducing a (k — 1)-form gauge potential;
abstractly, the gauge group is then generalised to an co-Lie group. For example, for every simple
Lie algebra g, one always has H*(g), corresponding to the L.,-algebra string(g) (the so-called
string algebra), whose underlying graded vector space is g @ R[1] with a nontrivial ternary bracket
U3 g®g®g— R[1] given by the 3-cocycle; this gauge algebra naturally yields six-dimensional theor-
ies with features similar to that of M5-branes [26-28].

2. In string theory, certain central extensions of the super-Poincaré algebras (specifically, those that only
depend on the translation and supertranslation generators) classify possible branes as well as determ-
ining which branes can end on which, a construction known as the brane bouquet [29-33]. Concretely,
such L, -algebraic central extensions give rise to Wess—Zumino—Witten terms in the Green—Schwartz
formulation of brane actions that ensure x-symmetry.

This raises the following question: what L, -algebraic central extensions do non-Lorentzian space-
time symmetry algebras admit, and what kinds of gravitational theories and branes do they yield? In this
paper we take first steps towards answering these questions.

First, in propositions 4 and 5, we classify all L.,-algebraic central extensions of all kinematical Lie
algebras corresponding to cocycles that only involve boosts and spacetime translations, but not the
o(d) spatial rotation generators j;; of the kinematical Lie algebra. (This restriction is motivated by the
fact that rotation-generator-containing cocycles are ignored in the brane bouquet as well as technical
convenience.) We find that the Bargmann central extension of the Galilean algebra (corresponding to
Newton—Cartan gravity) appears as merely one term in a sequence of L, -algebraic central extensions in
each degree; a similar situation obtains for every non-simple, non-Poincaré kinematical Lie algebra that
can be obtained as a Wigner—Inonii contraction of a simple Lie algebra except for the Carrollian algebra
(namely, the static kinematical Lie algebra and the two Newton—Hooke algebras). For the Carrollian
algebra in (d 4 1)-dimensional spacetime, we find cocycles in degrees d, d+ 1, and 2d 4 1. The picture
is more complicated for the exceptional kinematical Lie algebras in d € {2,3} (see proposition 5).

The brane bouquet furthermore includes iterated central extensions that encode branes ending on
other branes; for this, we classify all iterated L.,-algebraic central extensions of kinematical Lie algebras
that do not involve rotation generators and only involve branes of codimension > 3 in spacetime in pro-
position 6. (The assumptions are motivated by qualitatively new physics entering in codimensions < 2
as well as technical convenience.) The only nontrivial case is that of the Galilean, static, and Newton—
Hooke algebras, for which we give an algebraic description of the possible iterated central extensions.

When gauged, an L., -algebraic central extension given by a cocycle of degree p+ 1 corresponds to
the introduction of a p-form field in the gravitational theory; this generalises how the Bargmann exten-
sion of the Galilean algebra (given by a cocycle of degree two) corresponds to the introduction of the
one-form field that encodes the Newtonian gravitational field. For the maximal L., -algebraic central
extension of the Galilean algebra, we thus obtain a series of differential form fields of every degree. After
imposing certain conventional constraints, we find that the zero-form field measures absolute time, the
higher-form fields are certain wedge products of the field strengths of the one-form (Bargmann) gravita-
tional field.

The central extensions in turn produce natural couplings to brane worldvolume actions, such as
those that might appear in nonrelativistic string theories (reviewed in [34]). A (p — 1)-brane natur-
ally couples to a p-form field. In Newton—Cartan gravity, where the gravitational field is described by
a one-form field, particles (zero-branes) naturally couple to gravity but higher-dimensional branes do
not, in contrast to gravities based on a metric tensor such as Einstein gravity, to which branes of every
dimension couples naturally. When one takes the maximal L., -algebraic central extension of the Galilean
algebra, we see that branes of every dimension can couple to a gravitational field; we show that, assum-
ing certain torsion constraints, this produces velocity-dependent gravitational couplings on p-branes
with p > 1.

Furthermore, following the paradigm of the brane bouquet, the L., -algebraic cocycles also provide
Wess—Zumino—Witten terms for brane actions. However, a complication arises: since the cocycles involve
both spacetime translations as well as boosts, and since boosts and spatial translations are on an equal
footing in the definition of kinematical Lie algebras, we see that the embedding maps of the brane
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must involve doubled spatial coordinates (but the time coordinate remains not doubled) — a situation
reminiscent of doubled sigma models [35—40] that capture T-duality. However, while T-duality has been
explored in non-Lorentzian string theory [41-44] (cf the review [34]), the relation to T-duality of these
doubled spatial coordinates is not clear. If one only puts kinetic terms for half of the coordinates, then
in some cases the other half can be integrated out as auxiliary fields, reminiscent of the choice of a solu-
tion to the section constraint in double field theory (reviewed in [45-47]).

Limitations and future directions. This paper only classifies those Lie-algebra cocycles that do not
involve the o(d)-valued generator j;; corresponding to spatial rotation. If one allows these, then there
are nontrivial cocycles even for Poincaré and (anti-)de Sitter algebras, such as that corresponding to

the string algebra. While the corresponding gravities with p-form fields can be straightforwardly writ-
ten down, an interpretation of the corresponding Wess—Zumino terms for the brane bouquet is even less
obvious than in those in the present paper.

A natural further step would be to generalise the present discussion to incorporate central extensions
of kinematical superalgebras, whose gauging would yield non-Lorentzian supergravities. It is well known
that gauging super-Poincaré [17] and super-Bargmann [3, 19] algebras yield corresponding supergrav-
ities, and the language of L, -algebras extends naturally to L..-superalgebras (graded by Z x Z, rather
than Z), not to mention that the brane bouquet was originally formulated for superstrings.

The present discussion does not attempt to incorporate adjustments [25] of the L, -algebras. In
higher gauge theory, if one wishes to avoid constraining any components of the curvature, the field
strengths must be of a non-canonical form not specified by the gauge L.,-algebra alone [27, 48, 49]; the
additional datum specifying the form of the field strengths is called an adjustment [50]. In the present
context, since we wish to constrain many components of the field strengths regardless, it is not clear that
an adjustment is necessary. Furthermore, to construct adjustments it is technically convenient to work
with strict models of L.,-algebras (i.e. those that are merely differential graded Lie algebras); while strict
models are always known to exist (via the cobar construction), they are usually inconveniently large
and difficult to deal with. Nevertheless, it may be interesting to consider whether the (iterated) central
extensions of L., -algebras obtained here admit adjustments similar to that of the string L,-algebra [27],
which is a central extension of a simple Lie algebra.

Organisation of this paper. This paper is organised as follows. After a brief summary of the language

of L -algebras in section 2, we review kinematical Lie algebras and classify their iterated L.,-algebraic
central extensions in section 3. Then we discuss the gravitational theories obtained by gauging such kin-
ematical L.,-algebras in section 4, and explain how branes may couple to them in section 5.

Notational conventions. We use the Koszul sign rule throughout. The notation V[i] denotes suspension
of a Z-graded vector space V such that V[iJ) = V'*J. The notation () V denotes the graded-symmetric
algebra generated by V.

2. Lightning review of L..-algebras
Let us briefly review L.,-algebras (sometimes called ‘(strongly) homotopy Lie algebras’) to establish ter-

minology and conventions. More detailed reviews may be found in [22-24, 51].
An L.,-algebra is a Z-graded real vector space

s=P¢’ (1)

icZ
equipped with totally graded-antisymmetric i-ary multilinear maps

i

—
Li: Q- Qg—g (2)

of degree 2 — i obeying the following homotopy Jacobi identity:

—1 ij
Z ( f .,) X (0) i1 (1 (X (1)5 - -3 X0 (i) Ko (i41) s+ - s X (k)) =0 (3)
i+j=k 7
o €Sym(k)
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for all integers k > 1, where o ranges over permutations of {1,...,k} and where x(c) is the graded-
antisymmetric Koszul sign defined such that

xg(l)/\“'/\xa(k)::X(O’)Xl/\“‘/\xk (4)

with A being graded-antisymmetric. An L.,-algebra in which p; = 0 except for u, is the same as a Lie
algebra, and the homotopy Jacobi identity (3) reduces to the ordinary Jacobi identity for p;. An Loo-
algebra in which p; = 0 except for p; and p, is the same as a differential graded Lie algebra, where p; is
the differential and i, is the Lie bracket.

When g is finite-dimensional (an assumption that holds for all L.,-algebras in this paper), the data
of an L, -algebra can equivalently be encoded in the Chevalley—Eilenberg algebra CE(g), which is the free
Z-graded unital graded-commutative associative algebra

CE(g) = (Do [-1] (5)

together with a differential d defined on generators # € g*[—1] as
() 1 ‘
dt“:ZEf“;,]___bitbl...tb’, (6)
i=1

where f%, p, are the structure constants of j;, and extended to the rest of CE(g) via the graded Leibniz
rule. A morphism ¢: § — g between L., -algebras is then given by a morphism of unital differential
graded algebras CE(g) — CE(f) in the opposite direction.

An element x € g of an L -algebra is central if all brackets involving it vanish:

/Li(xa)/l,"';yi—l)zo (7)
for any i€ Z" and yy,...,yi—1 € g. A central extension of an L-algebra g is a short exact sequence
0—-V—=g—=g—0 (8)

where V is a vector space regarded as an L., -algebra with all brackets vanishing and such that the image
of V in g is central.

The cohomology of an L., -algebra g is the cohomology of its Chevalley-Filenberg algebra CE(g); it
agrees with Lie algebra cohomology when g is concentrated in degree zero.

The cohomology of an L.,-algebra classifies its central extensions; in particular, if the L, -algebra is
in fact a Lie algebra g (concentrated in degree zero), a kth cohomology class [x) - --xi] with x1,...,x, € g
corresponds to a central element in degree 2 — k expressible as p(xy,...,x). This generalises the usual
statement that the second Lie algebra cohomology H?(g) classifies its Lie-algebra central extensions.

3. Classification of rotation-independent L. -algebraic central extensions of
kinematical Lie algebras

We first determine which (d+1)-dimensional non-Lorentzian spacetime algebras admit appropriate Lo-
algebraic central extensions. The class of non-Lorentzian spacetime algebras we example is called kin-
ematical Lie algebras [2, definition 1], which are Lie algebras of spatial rotations o(d) (with generators
Jij), boosts (with generators t!), spatial translations (with generators t7), and time translation (with
generator h) such that all generators transform as expected 0(d) representations; this class includes
Poincaré, (anti-)de Sitter, Galilean, and Carrollian groups along with others, but does not include (for
example) symmetry algebras that break o(d) spatial rotation symmetry.

We are concerned with L.,-algebraic central extensions whose corresponding cocycles do not involve
the spatial rotation generators jj;. This is the natural non-Lorentzian analogue of the corresponding
restriction in the super-Poincaré brane bouquet [29] where one only deals with cocycles that do not
depend on spacetime rotation generators Juv-
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3.1. Review of the classification of kinematical Lie algebras

A kinematical Lie algebra is a Lie algebra on the same underlying vector space as that of the Poincaré or
Galilean algebras, but in which only rotation is guaranteed to work ‘correctly’ They have been classified
in arbitrary numbers of spacetime dimensions, falling into several infinite families that exist in arbitrary
spacetime dimension d + 1 and a handful of exceptional ones in d < 3. We review their definition and
classification below.

Definition 1 ([2, definition 1]). A kinematical Lie algebra in d + 1 spacetime dimensions is a Lie algebra g
whose underlying vector space is

g=o(d) x (R?®RY) xR (9)

with basis elements j;;, t¢,h (withi,j € {1,...,d}, a € {1,2}, and j;; = —j;i) such that o(d) is a Lie subal-

17

gebra and such that the brackets between o(d) and R & R © R are
[3ij: tF] = Ot — Ot [3i,h] =0. (10)
(That is, t' and t? are vectors while h is a scalar.)

In the case of the Poincaré or Galilean algebras, j;; corresponds to spatial rotations, t! and t? to
boosts and spatial translations, and h to time translations. This definition does not constrain the brack-
ets between t and h except through the Jacobi identity. The kinematical Lie algebras in d > 4 (or, equi-
valently, those infinite families of kinematical Lie algebras that exist for every d) are classified as follows
[52, 53].

Proposition 1 ([52, 53]). In d > 4, a kinematical Lie algebra is isomorphic to one of the following Lie algebras:

o asimple Lie algebra, more specifically one of the anti-de Sitter group o(d + 1,1), de Sitter group 0(d,2), or
the Euclidean orthogonal group o(d + 2);

o the Poincaré algebra o(d, 1) x RY or the Euclidean Poincaré algebra o(d + 1) x RY;

o the Carrollian algebra cave(d) := o(d) x heis(d), where heis(d) is the (2d + 1)-dimensional Heisenberg Lie
algebra with

[t?,tﬂ = 6;c"h (11)

as its only nonzero Lie bracket;

e or a generalised Newton—Hooke algebra nevot(d; M) := o(d) x (R x (R? @ R?)) where M is a 2 x 2 real
matrix and R* @ RY (with generators t{) is an Abelian Lie algebra upon which the Abelian Lie algebra R
(with generator h) acts as

[h,t%] = M%t?. (12)

Furthermore M can always be put in a canonical form as either (3 3) (static algebra), ({ }) (Galilean
algebra), (§1), (39) for =1 <y <1 0r (X ;)forx > 0.

The above list of kinematical Lie algebras are all obtainable as Wigner—Inénii deformations of a
simple Lie algebra except for the generalised Newton—-Hooke algebras nerwt(d; M) with tr M # 0.

There are exactly four generalised Newton-Hooke algebras that are obtainable as such Wigner-Inonii
deformations: the static algebra nerot(d; (3 )), the Galilean algebra gal(d) := nerot(d; ($ })), and the two
Newton—Hooke algebras netot(d; (' 9)) and nerot(d; ( °, §)). These are also precisely those that admit a
nontrivial Lie-algebraic central extension; the central extension is then [t?,tﬂ = §;;e"z.

In d < 3, there exist additional kinematical Lie algebras beyond the ones that exist in every dimen-
sion as given in proposition 1; let us call them exceptional kinematical Lie algebras. They are classified as

follows.

Proposition 2 ([53, 54]). In d =3, a kinematical Lie algebra is either isomorphic to one of the Lie algebras
given in proposition 1 or to one of the following:

o the Lie algebra 37 := R @ ¢+, where £ has the same underlying vector space as 0(3) x (0(3) ®R?)
(spanned by jij,t},t7) but differs from it solely by the additional Lie bracket

[t?,tﬂ =+ (ejuti — Ji) (13)
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[54, (50,51)]. The Lie algebra ¢_ is a semidirect product (0(3) @ R[s]/(s*> — 1)) x o(3), where the left factor
0(3) @R[s]/(s* — 1) is spanned by jij and t} + t? (with the former spanning 0(3) and the latter spanning
s0(3)), and the right factor o(3) is spanned by t}, with the action given by the adjoint action of 0(3)
composed with the quotient 0(3) @ R]s|/(s*) — 0(3) induced by the ring homomorphism

evi: R[s]/(s* = 1) = R, s+ 1. The Lie algebra €. is a real form of the complexification of t_.

e 3V:=0(3) x (0(3) BR’ B R), where 0(3) ® R*> ® R corresponds to t} and t7 and h respectively [54, (52)]
o 3,:=0(3) x (R?&R) [54, (53)]

e 35:=0(3) x (0(3) ® (R*® x R)), where the Abelian Lie algebra R? is acted upon by the Abelian Lie algebra
R with unit weight [54, (62)]

o 3,:=0(3) x (R? x R), where R acts on R? as [h,t}] = —t? [54, (83)]
o 35:=0(3) x (R? x R), where R acts on R? as [h, t!] = t! and [n,t?] = 2t2 [54, (64)]
In the above, R3 is the Lie algebra universal central extension H*(R®) — R3 — R? of the Abelian Lie algebra
R, that is, R? is spanned by t] with [t],t]] = e;xt} and no other nonzero Lie brackets.
In [53, table 4] and [54, table 1], they are listed (below a line) in the order 3;’,3;,3?,32,33,34,35.

Proposition 3 ([53, 55]). In d =2, a kinematical Lie algebra is either isomorphic to one of the Lie algebras
given in proposition 1 or to one of the following:

o newt(2;M,M) := (0(2) ®R) x (R> @ R?) where the Abelian Lie algebra R> @ R? is acted upon by R as
[h,£]] = Mt} + M* et (14)
for some 2 x 2 matrjces M and M [55, (6), (48), (52), (56)]. Furthermore, M and M can always be taken to
beM=(}%)and M= ()9)with—1<A<landf€eR.
o the Lie algebra 2) := 0(2) X heis(2), where the heis(2) is realised as [t?,tjb] = §%¢;h [55, (79)].

o the Lie algebra 2, := 0(3) x 0(3), where the left 0(3) is spanned by j12,t},t} and the right 0(3) is spanned
by h,t2,t% and the action is the adjoint action [55, (83)]°.

e the Lie algebras 0(2) x (h @ R?) where b is one of o(3) or s(2) or heis(1) (we write 2 := 0(2)
x(0(3) ®R?), 21 := 0(2) x (s(2) ®R?), 23 := 0(2) x (heis(1) ® R?)), which is spanned by t} and h and
realised as

[t},t}] = b, [b,t]] = oeyt] (15)

with o € {+1,—1,0}. (The choice 41 leads to 0(3) [55, (68)]; the choice —1 leads to sI(2;R) [55, (68)]; the
choice 0 leads to heis(1) [55, (63)].)

o the Lie algebra 24 := 0(2) X %(1) where %(1) is the universal central extension R? = H?(heis(1))
— Beis(1) — beis(1) of the Heisenberg algebra heis(1), given by the Lie brackets

[6}.5)] =i, ht] =t (16)

and all others vanishing [55, (66)].

In [53, table 3], they are listed (below a line) in the order 21,22,2g,24,2§t except for
netot(2; (3 9),(59)), which is listed above the dividing line; [55, table 1] follows the same order except
that nerwt(2; (5 %), (9 2 )) is listed below the dividing line.

For completeness, we mention that in d =1 any three-dimensional Lie algebra is a d =1 kinematical
Lie algebra, so the classification reduces to the Bianchi classification [56, 57] of three-dimensional Lie
algebras; in d =0, the only kinematical Lie algebra is the Abelian one-dimensional Lie algebra R.

2 The translation to the notation used in [55, (83)] is j12 = R, (t},t}) = (Re(P — B),Im(P — B)), h = H, and (t?,t3) = (Re B,ImB).
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3.2. Lo, -algebra central extensions of kinematical Lie algebras for d > 4
Loo-algebra extensions are computed by Lie algebra cohomology, i.e. the cohomology of the Chevalley—
Eilenberg algebra CE(g) = () g*[—1]. We assume that we are working with a non-exceptional kinemat-
ical Lie algebra (i.e. belonging to the families that can be defined for any d). By abuse of notation we
use the same symbols for the basis of g and the basis of g* except that the indices are located in the
opposite locations; thus g* is spanned by h, t/, and j¥. We also assume d > 2.

Given a cochain X% built out of t) and h, its coboundary always contains terms corresponding to
its o(d) transformation:

A o X g

Thus, a necessary condition for the cochain X" to be a cocycle is that it must be invariant under
o(d). This proves to be a boon, for (assuming d > 2) there exist only a small set of o(d)-invariant com-
binations of h, t%, and j¥. Namely, any such o(d)-invariant X is a polynomial of the following o(d)-
invariant cochains:

iedg g d i
—eh dtal...td
1

= (17)

R Y | b — —
h, X = tlgt]béijga 3 Yay...a4 —y(al...ad) =

(Due to grading, other terms such as tilt]1 8% = 0 vanish.) For brevity, let us introduce the index A =
(a1az...a4) to write y4; then A € {0,1,...,d} is the index for the (d+ 1)-dimensional representation of
the group SL(2;R) that rotates between t! and t2. Note that h? = x¥*! = xy* = 0 and that y,yp vanishes
except for a component proportional to x?. Hence the space of all polynomials of h,x,y, is spanned by
the basis

{0 yabyalk e {0,1...,d}, Aefo,....d}}. (18)

From the algebra, in the case d > 4 (or for any d > 2 as long as one does not consider one of the
exceptional kinematical Lie algebras in d € {2,3}), the differentials may be parametrised as

dh = ax, dx = Shx, dys =hygN®, (19)
for some numbers o and 3 and a matrix N34. Now,
d’h = afhx, d’x = afx?, dzyA =0. (20)

The Chevalley-Eilenberg cochain complex is then

d—1 d
h S x D G2 By DR et g d BBy
o e
YA —>h)/B.

Hence nilpotence of d requires o = 0, and we have the three cases « #0 =0, a =0# 5, and a =0 =
B, for each of which it is easy to work out the cohomology.

e When o # 0= 3 and N is nondegenerate (as for the simple, Poincaré or Euclidean cases), then the
only coclosed cocycle that is not obviously coexact is hx?. In these cases, however, it can be seen by
inspection that it is in fact coexact if one also considers cochains containing j;.

e When o # 0= and N =0 (this is the Carrollian algebra cart(d), then the j-free cohomology is
given by the cocycles hx? (in degree 2d + 1) and y,4 (in degree d) and hy, (in degree d + 1).
h Sxhx 55 2 1S xThd
YA hyB.

(22)

e When o =0 # 3 (as for the generalised Newton—Hooke algebra newt(d; M) with tr M # 0), then the
j-free cohomology is given by the 1-cocycle h in addition to ker N (in degree d, corresponding to
the d-cocycle cty, with ¢ € ker N) and coker N (in degree d + 1, corresponding to the (d + 1)-cocycle
hy, for arbitrary ¢ modulo those where ¢ € imN). (The cocycles hx* oc d(x¥) are coexact for k> 0.)

B

hoxl o 2% ) 2

d7
(d-1)B a1yl By

o (23)
YA —)h)/B .
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e When a =0= 0 (as for the generalised Newton—Hooke algebra netot(d; M) with trM =
0, including the Galilean algebra newt(d; ({{))), then the j-free cohomology is given by
{x,x%,...,x% h,hx,...,hx?} in addition to the d-cocycle ¢4y with ¢ € ker N and the (d + 1)-cocycle
cahy? with ¢ € coker N.

. (24)
}/A —>hy3

Thus we have shown the following proposition.

Proposition 4. The jj-free cohomology of a kinematical Lie algebra g in d > 4 is as follows.
o Ifgissimple, Poincaré or Euclidean, there is no j-free cohomology.

e Ifg = cart(d) is Carrollian, then the cocycles are hx? and y®--40) and hy %), so that the maximal j;-free
Loo-algebraic central extension has underlying graded vector space

G=g xR [d—2] x R [d—1] x R[2d — 1] (25)

with extra central generators zz’;'_“sg (in degree 2 — d) and z”(’;';';’;’ (in degree 1 — d and a( _,q) (in degree

1 — 2d) such that

a0 ) = 62
prar (B8, t0) = EiridZ(1 ) (26)
foas1 (Byt], .oty t, . t0) = ag_2a)-
o Ifg = newt(d; M) is a generalised Newton—Hooke algebra and tr M = 0, then the cocycles are as above but
without h and x, so that

G =g % (kerN)[d — 2] X (cokerN) [d — 1] (27)

with extra central generators z,_ ;) (in degree 2 — d, valued in ker N), and zflid) (in degree 1 — d, valued in
coker N) such that

pa (88t P .
Hd+1 (h,tiall,...,tl.“dd) =g DUz

where P and P are projectors to ker N and coker N respectively.

o Ifg=newt(d; M) is a generalised Newton—Hooke algebra and tr M = 0, then the cocycles are the cocycles are
h, x and calmudy(“l“'“d) forker N and ¢, ___adhy(“l'““d) for ¢ € coker N. (That is, the cocycles ¢,, ,__adhy(“"““d)
for which ¢ € im N are coboundaries.) The maximal j-free Loo-algebraic central extension has underlying
graded vector space

2d—1
d=gx (@ R[i]) x (ker N)[d — 2] x (cokerN) [d — 1] (29)
i=—1
with extra central generators a1y, . ..,a(1_aq) (in degrees 1,0,...,1 — 2d respectively), 2?2—51) (in degree

2 — d taking values in ker N), and zﬁ_d) (in degree 1 — d taking values in coker N) such that

2k (ti1 B350 ’tik7t§k) 6[’21j1 o 6ikjk] a(2-26)
H2k+1 (hatilatjl PR atikvtjk) = 5[%151 o '5ikjk] a(1-2k)» (30)
pa (65, 80 = €i i, o M2 g

_ Pay...aqB
—5il...idpgf dz(lfd)’

wherei,],... € {1,...,2d} are indices combining (a,i) € {1,2} x {1,...,d}, and 6;; := %6 where
i = (a,i) and j = (b,j), and where P and P are projectors to ker N and coker N respectively.

8
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3.3. Loo-algebra central extensions of kinematical Lie algebras for d € {2,3}
For the exceptional kinematical Lie algebras in d € {2,3}, we compute the j-free cohomology by direct
calculation. In what follows, various nonzero constants have been omitted where they do not affect the
computation of the cohomology.

For d =3, the possible 0(3)-invariant j-free cochains are

h x hx
st wyP (31)
x h X h

The differentials amongst them for the d =3 exceptional kinematical Lie algebras are then as follows.

e 35 dn=0, dx =y £y dy® = £, dy® =2, dy) = dy®) =

h
—(0},£8%)
ol :6\4
6B+6B (32)
éAiéx \4
x3 ha®
In this case, using dj; = Ftjt} +---, the fact that d(e7j;t}) oc ) and d(hej;t}) oc by kills
some of the would-be cohomology components in the diagram (32).
e 3%:dh =0, dx =y, dy* = 0 except for dy?) = x>
h
\ \*5:
\ \-* .
x hx3

e 3,:dh =0, dx = y(©, dy* = 0 except for dy®) = »2.

NN
54 (34)
\ \ hx? 3

e 33:dh =0, de=x+yW), dy* = Ady* + 5542

h

h X —} hx
\ \*b;
—> hy?
yA y _ag (35)

x2 ﬁ hx? x3 — hx3
e 3,:dh=0,dx=y0, dy* = AdyA_1 + 642

h
\ \_6f
Ad4

A B+E‘ hy

\ Y‘f
of
x2 hx

(36)
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e 3s5:dh =0, dx = hx+ y(©), dy* = NAzhy4 + 54x7, where the matrix N*p is diagonal and of full rank.

h x — hx .
\ \_6‘3
694 A NAB B
y? — hy
o (37)
o4 \L
x2 —— hax? x3 — has
For d =2, the possible 0(2)-invariant j-free cochains are
h y* hx

x hyf X h¥ (38)

The differentials amongst them for the d =2 exceptional kinematical Lie algebras are then as follows.

e 2;: here dh = y(©) 4 y() while dx = 0 and dy* = 0.

h 54 +02 yA b )
x wf — 2 ne

e 2,:dh =y 4y and dx=hy"), and dy® = dy® =0 and dy") = hx.

85462 sl
h %y = hx

x —hyf — ¥ hx? (40)
5h o8+6%
e 2%:dh =y and dx = 0= dy".
60
h 2 4 hx (1)
hy —x* b
x B i
e 2F:dh =y and dx = +hy(" and dy® = dy® =0 and dy") = +hx.
n 2, A 0 hx I
x— b b 42)
+5h 7 o
e 2,:dh =y and dx =0 and dy(® =0 and dy") = hy® and dy® = ny(V).
%
h — y4 hx
(SA
B+1
\ 43)
x hy? — x? hx?
2
e netwt(2; M, M): we have dh = 0 and, since
dl‘ii = Mabl'f»j + 5ij]\~/[“bt]’?7 (44)
then
dx=2 <Mabl'? + E,jMabl’]l-]> Eacl; = 267 (eapM®) l’f l’]a + 2Eij5ucl\~/[abt]l7t§ (45)
) 45
=2(trM)hx + (eM) (ab) hy
and
dy”b ~ Ml by M"chyd’. (46)

10
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Table 1. The j-free cohomologies of the exceptional kinematical Lie algebras in d € {2,3}. The matrix M is defined in (48).

9 dimH‘}jffree(g) dimH?*free(g) dimH;—free(g) dimHgffxee(g) dimHg—free(g) dimH?—free(g) dimH;—free(g)
3 1 0 1 1 0 1 1
3 1 2 2 2 0 1 1
3, 1 0 2 2 0 1 1
3; 1 0 1 1 0 0 0
3, 1 0 2 2 0 1 1
35 1 0 0 0 0 0 0
2, 0 3 3 0 1
2, 0 0 0 0 1
29 0 3 3 0 1
2F 0 1 0 0 1
2, 0 1 1 0 1
newt(2; M, M) 1 ker M coker M 0 0
Hence
M
h y? — hx
M tr M 47)
x — hy? x? — hx2.
€

The cohomologies in degrees 2 and 3 are then given in terms of the kernel and cokernel respectively
of the 4 x 4 matrix

~ M &M
M:= <51\71 2trM> ’ (48)

where indices have been omitted.

Thus, by direct computation we have shown the following.

Proposition 5. The j-free cohomology of the exceptional kinematical Lie algebras in d =2 and d = 3 are as
given in table 1.

3.4. Iterated central extensions: the non-Lorentzian brane bouquet

The preceding sections classified j-free central extensions of the kinematical Lie algebras. However,
iterated central extensions (i.e. Lo.-algebras obtained by repeatedly taking central extensions) arise in

a number of contexts such as the brane bouquet (see section 5.1). In this section we classify all j-free
iterated central extensions of kinematical Lie algebras subject to the assumption that each central exten-
sion is of degree < d. This additional assumption is computationally convenient but also corresponds to
the physical assumption that all branes involved must have codimension greater than two (in a d+ 1-
dimensional spacetime). Codimension-two branes are subject to braiding statistics and, due to logar-
ithmic divergences, have complicated backreaction [58, 59].

According to proposition 4, for any non-exceptional kinematical Lie algebra g, there are no non-
trivial j-free cocycles of degree < d except for g = newt(d; M). Hence there are three remaining cases:
exceptional kinematical Lie algebras in d € {2,3}, generalised Newton—-Hooke algebras nerot(d; M) with
trM # 0, and generalised Newton—Hooke algebras nerot(d; M) with tr M = 0. We consider each of the
three cases in turn.

Exceptional kinematical Lie algebras. In the exceptional cases, proposition 5 shows that the only
j-free cocycle of degrees < d is h for all three-dimensional exceptional kinematical Lie algebras
(3ﬁ3?,32,33,34,35) as well as newt(2; M, M) In these cases, we introduce a new central generator a
of degree 1 such that

da=h, dh=0. (49)

11
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Then, for any univariate polynomial p(—), the expression p(a)h is a new cocycle. However, it is coexact
since p(a)h = d(g(a)) where g is any antiderivative of p.

Generalised Newton-Hooke (nonzero trace). Similarly, for newt(d; M) with tr M # 0, the only nontrivial
j-free cocycle of degree < d is again h, so that one can introduce a new central generator a with

da=h, dh =0. (50)
as before. Using it, one obtains cocycles p(a)hx* with k > 0. However, if k > 0, since
p(a)bd =k~'57"d (p(a) ) —k~'A7"p" (a) b (51)
(where dx = Shx), we see that up to coboundaries and nonzero overall constants
p(a)h ~p' (a) " ~ p" () x* ~ - ~ 0, (52)

so that p(a)hx* is in fact coexact. Even the k=0 case is coexact since p(a)h = d(g(a)) where g is any
antiderivative of p.

Generalised Newton—Hooke (traceless). For netwt(d; M) with tr M # 0, the nontrivial j-free cocycle of
degree < d are of the form x* or hx*. For both of these types one can introduce new central generators

da(; s = hx, dag_o = x~. (53)

Now, if p is a polynomial consisting solely of a(;),a(_1),a(_3),... as well as x, then
p(aqy.ac1y,-..,x)h (54)
is a cocycle; this is no longer the case if p also depends on a(g),2(_3),.... So then we may introduce, for

a polynomial p, another central extension with a central generator

dbp:p(a(l),a(_l),...,x)h (55)

and so on. That is, (ignoring a(;),a(_),a(—3),... entirely) the space of kth iterated central extensions
seems to be putatively given by the vector space Vi defined iteratively as

Vo=R[-2], Vi=(ODVo,. V=0QWav), ...Vi=OQWVias -aV). (5)

(We can ignore the complication that x™+! = 0 since we are only concerned with cocycles of degree < d.)
Note that there are two canonical families of maps, which are embeddings except for 7y_,;:

lisjs lisjs Vi =V (i <j), (57)

where ¢;_,; takes values in monomials

Vi%@W%C)(\/j_l@m@ v; @"'@VO>_VJ‘, (58)

whereas 7;_,; instead maps V; to polynomials:

ViQ(Vi—l@"'@vo)%g(Vj_1@"'@vi—1@"'@vo> Vi,  (i>0), (59)

S ——
and we define Zy_,; = 0 for later convenience.
The space Vi is too large, however, since we have not quotiented out by those cocycles that are coex-
act. The coboundary operator maps a generator ¢,_,j(v) (with v € V;) to its derivative, which is nothing
other than the polynomial 7;_,j(v). That is, for j > 0, define

0i: Vi V; (60)
as the derivation defined on the generators of V; =R[V;_;,...,Vq] as
0;: li—sj (V) — Ziﬁj (1/) (V S Vl) . (61)

12
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(We set dg: Vo — Vj to be identically zero for later convenience.) Then we should be quotienting out
0;(V;) from V; since these are coexact cocycles.

Moreover, this means that cocycles that depend on would-be generators that should not exist
(because they correspond to cocycles that are not in fact coexact) should be quotiented out as well. That
is, we must quotient out also by the ideal

(tic1-i (6i=1 (Vic1)) + -+ 10— (00 (Vo)) Vi C Vi (62)

since there are in fact no generators corresponding to 6;—;(V;—1),...,d1(V1). (The term to—;(o(Vo)) is
harmless since it is identically zero.) Thus, the correct space of iterated central extensions is given by

Vi = Vi/ (8 (Vi) + (tic1 i (01 (Viea)) + - 4 105 (80 (Vo)) Vi) , (63)

where the quotient and the sum are those of graded vector spaces, not rings.
Thus we have shown the following.

Proposition 6. For any kinematical Lie algebra except for newt(d; M) with tr M = 0, there are no nontrivial
j-free, degree < d iterated central extensions. For nevot(d; M) with tr M = 0, the space of j-free, degree < d kth
iterated central extensions for k > 1 is in canonical bijection with the degree < d components of Vi as defined
in (63).

4. Non-Lorentzian gravities from L..-algebra extensions of kinematical Lie algebras

It is well known that one can construct the kinematic data for Einstein gravity and Newtonian gravity
by starting with gauging the Poincaré or Bargmann algebras and imposing certain constraints on the
curvatures. In this section, we apply this procedure to the L., -algebraic central extensions of kinemat-
ical Lie algebras to obtain kinematic data for gravitational theories. The fact that the algebras involved
are more general L..-algebras than Lie algebras results in the fact that we obtain differential forms of
various degrees in addition to the usual one-forms (vielbein, spin connection, etc).

We restrict ourselves to constructing the kinematical data; we do not write down action principles
or equations of motion. (For non-Lorentzian gravitational theories, there may be obstructions to writing
down action principles [60].)

4.1. Review of Poincaré and Bargmann gravities

There is a uniform procedure to construct the kinematic data of gravitational theories associated to a

kinematical Lie algebra g: namely, one considers a principal G-bundle® (where G exponentiates g) with a

connection A € Q' (M;g), and constrains some components of the field strength F € Q?(M;g) to vanish.
For the Poincaré case g =1io(d, 1), we have the connection

(e“,w“b) € Q' (M;g) (64)
where a,b,... are d+ 1-dimensional internal Lorentz indices. The field strength
Curv = (T“,R“b) (65)

consists of the torsion T and the Riemann tensor R. We constrain T =0 (a so-called ‘conventional’ con-
straint since derivatives of w do not appear in T); then for generic values of A, the torsion-freeness con-
dition T =0 implies that the spin connection w may be solved in terms of the vielbein e so that the only
independent field left is the vielbein on M as expected.

For the Bargmann algebra g = barg(d) [18, 19], the Lie-algebraic central extension of the Galilean
algebra newt(d; (§ })), we again have the potential

(wij,ei,wi,T,A(1)> (66)

corresponding to (j¥,t!,t} h, a(p)) where a(g) is the central extension. We impose the constraints that

the curvature components for h, t{, and a() vanish. This lets us solve for w” and @’ in terms of 7, €%,

3 Often one takes this bundle to be trivial so that the resulting kinematic data are equivalent to a second-order metric-based formalism,
but summing over principal bundles may be sometimes advantageous, cf the discussion in [61].

13
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and A, In particular, the curvatures are

Curvh] =dr
Curv [tﬂ =dé +wi A e+ @' AT,
Curv [j ’j} = dw’ 4+ w* Awy, (67)
Curv [t’z} =do' + WA,
]

Curv [a(o) =dAW + ' A eié,j.
If we constrain Curv[h] = 0, this means that 7 is locally exact, so that we can locally write
T =dt (68)

Then t defines local absolute time, foliating spacetime M into spatial slices M;, and eLeiV defines the spa-
tial metric on the slices M,.

If we further impose Curv([J’] =0, then the Riemannian metric on the slices M; is flat. Then one can
gauge-fix all components of e, 7,A(1) except for one component of A(); examining how the one-form
couples to the particle worldline then shows that this is indeed the Newtonian gravitational potential.

4.2. The two extremes: Newton—Hooke versus Carrollian
According to (4), there are two kinds of cocycles that can appear in the non-exceptional kinematical Lie
algebras:

e For the generalised Newton—Hooke algebras newt(d; M) with tr M = 0 (namely, the static algebra, the
Galilean algebra, and the two Newton-Hooke algebras), there are cocycles a(;) of degrees 1,2,...,2d +
1 that correspond to differential-form potentials of form degrees 0,...,2d. Of course, on a (d+ 1)-
dimensional spacetime, differential forms of degree greater than d + 1 vanish. (For the Carrollian
algebra there exists a cocycle of degree 2d + 1 of this form, corresponding to a 2d-form potential, but
this vanishes for degree reasons.)

e For the Carrollian algebra car(d) and for the generalised Newton—Hooke algebra netot(d; M) where M
is degenerate, there are cocycles z(,_4) and z(;_g), of degrees d and d + 1 respectively, corresponding
to (d— 1)-form and d-form potentials respectively.

Thus, the two Newton—Hooke algebras and the Carrollian algebra exhibit different features: the former
has a series of p-forms of all degrees p that generalised the one-form potential of Newton—Cartan grav-
ity; the latter has (d — 1) and d-forms of a different kind altogether. The Galilean and static cases com-
bine features of both of these extremes. In what follows, therefore, we present the two extreme cases sep-
arately: the former in section 4.2.1, the latter in section 4.2.2.

4.2.1. The universal sector of maximally extended generalised Newton—Hooke gravity with tr M = 0
We define the kinematic data

Curv [§7] = dw’ + w* Awy,
Curv [t}] = dé, + w'j A, + MP,Té],
Curv[h] =dr,
Curv [z(l)] =da® +,
Curv [Z(O)] =dA® 4+ e N e’,;éijgab7 (69)
Curv [z(,l)] =dA® 4+ 7 A e; A e’l;éijsab,
]

One can constrain some or all of these curvatures (at least, those that are conventional, i.e. do not
involve derivatives of the spin connection) to be zero or to some fixed torsion, similar to what is done
for torsionful Newton—Cartan gravity [62—64] that arises in Lifshitz holography [8, 9, 65], in certain lim-
its of Einstein gravity [66], and the quantum Hall effect [67].

In particular, suppose that one constrains Curv[z;)] to be zero. This forces 7 to be exact, with an
antiderivative given by —A© which then defines a global time function, similar to (68); whereas in
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Newton—Cartan gravity the closedness of 7 only lets one define a local time function ¢ (absent assump-
tions about topology, i.e. the vanishing of the first de Rham cohomology of spacetime), here A(®) defines
a true global time function.

Similarly, constraining Curv(z(,_)] means that the corresponding p-form potential A®) is fixed com-
pletely in terms of (¢},7) (the usual spatiotemporal vielbein) as well as e5. Concretely, let us impose

0 = Curv [Z(]_p)] . (70)

These are all conventional constraints in the sense that they do not depend on derivatives of the spin

connection w or eil (or, for that matter, the vielbein ef or 7). If p=1+4 2k is odd, then this means

k+1
—~
0= dA(1+2k) —dA(l)/\---/\dA(l), (71)
which can be solved as
k
—
A28 — AW A gAD Ao A dAaD (72)
If p=2k+2 is even, then this means
k+1
—_—
0=dA® —dAO AdAD A ... AdAD, (73)
which can be solved as
k
—_—
ACH — A0 A gAD Ao A daD (74)

or (if one prefers a gauge that does not diverge as the time coordinate A() tends to infinity) as
k—1

—_—
A — _gA@O A AD AdAD Ao AdAD . (75)

Thus, the A®) for p > 2 are then all fixed in terms of A() (the Newton—Cartan gravitational potential)
and A (the global time function) up to gauge choices, and there are no further geometric structures
beyond the gravitational potential A()) the same way that the spin connection is determined by the viel-
bein in Einstein gravity.

4.2.2. Maximally extended Carrollian gravity

In the Carrollian case, representing in a sense the opposite extreme to the Newton—Hooke case, we have
(in addition to the spatial vielbein e/, spacetime spin connection e}, spatial spin connection w’ and tem-
poral vielbein 7, which are all one-forms), according to proposition 4, a d-cocycle z(2 ;" (with dual

basis element zﬁ,___ud) corresponding to a (d — 1)-form potential A€~V a (d 4 1)-cocycle z(1 d ¢ (cor-

responding to the dual basis element z,(hl____ZZ) corresponding to a d-form potentlal AW and a (2d+1)-

cocycle a(;_,4) that would correspond to a 2d-form potential, which vanishes for degree reasons on a
(d+ 1)-dimensional spacetime. From the brackets of the L.,-algebra, we may then read off the corres-
ponding curvatures as follows,

Curv [j ’]} =dw +w* AWy,
Curv [ti} =de +win ekéjk,
Curv[h] =dr +¢ A¢] ' 8iie ™, (76)

gy

Curv[ (- d] dA-b —|—e" A- /\el”’a,l
d) d) i ,
Curv[ (- a} da@ +TAep A /\e’es,l g

We see that the curvatures Curv[zo(,? a d] and Curv[z(gl1 a?,] function as ‘covariantised’ versions of the spa-
tial volume d-form and the spatiotemporal volume (d + 1)-form respectively. Alternatively, if one con-
strains these curvatures to zero, then A1) and A() correspond to potentials for the spatial or space-

time volume forms respectively.
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5. Brane actions and couplings to gravity

Given the gravitational field content found in section 4, the natural follow-up question is to determine
how these fields couple to matter. Given the presence of p-form fields and the brane bouquet, it is nat-
ural to consider couplings to branes, which we explore in this section.

5.1. Lightning review of brane actions and the brane bouquet

The p-form fields of various supergravity theories may be described by central extensions g of the super-
Poincaré algebra o(p,q|\') [48, 68]. These cocycles only depend on the translation p,, and supertransla-
tion q', generators, which form a Lie subsuperalgebra R”" with the brackets

[Pu:pu] =0, [Pudh] =0, [q’;,q’g} =0 5P (77)

where ¥ 5 are (p,q)-dimensional gamma matrices and n is the invariant bilinear form of the R-
symmetry group. One considers the L., -algebraic central extensions of R4~ that are Lorentz-
invariant—equivalently, L., -algebraic central extensions of io(p,q|N) given by cocycles that do not
involve the spacetime rotation j,, or R-symmetry ri]- generators. Such a cocycle of degree p+ 1 then
corresponds to a p-form potential A®) on spacetime.

A cocycle of degree p+ 1 produces two kinds of couplings on a (p — 1)-brane worldvolume action in
the Green—Schwarz formalism: a direct coupling to the p-form potential corresponding to the cocycle as
well as a Wess—Zumino—Witten term for x-symmetry [29, 69]. The former is immediate: if the Green—
Schwarz superembedding maps from the worldvolume X into target superspace RP4W are (x*,0%), then
the coupling to the gauge field A®) is

/ x"A. (78)
by

For the latter, one starts with the invariant forms
e = dx’ + 1707 y05d0) ¥ = do°. (79)

Given a cocycle z(p*,qf) (where p# and qf* are the translation and supertranslation generators of the
Chevalley-Eilenberg algebra CE(io(p,q|N')) respectively), we can consider the expression z(e*,1®) where
the generators p* and qf* have been replaced by the worldvolume fields e/ and v{*. Then the Wess—
Zumino—Witten term on the brane worldvolume is

[ 2(e",97), (80)
b
where ¥ is a (p 4 2)-dimensional manifold-with-boundary whose boundary is %, and where x* and
0 have been extended to % in some fashion; the fact that z(e*,9¢) is closed ensures that this expres-
sion is independent of small perturbations to this extension. This term, in turn, is crucial for ensuring
k-symmetry of the Green—Schwarz worldvolume action necessary for obtaining the correct number of
degrees of freedom of the brane in superstring theory [70].

The two terms (78) and (80) are not independent: in fact, they combine naturally as

/ x*dA +z(e" 9f), (81)

b

where the integrand may be identified as corresponding to an element of the Weil algebra of the L.-
algebra g governing supergravity [48].

Furthermore, the brane bouquet constraints which branes can end on which other branes: if starting
from o(p,q;N') one takes a central extension

R{m+1]—g—o(p,g;N)
corresponding to an (m — 1)-brane and then an iterated central extension
Rn+1]—g —g

corresponding to an (n — 1)-brane, then the (m — 1)-brane can end on the (n — 1)-brane; for instance,
the Lo.-algebras g’ corresponding to D-branes are obtained as central extensions of those Lo,-
algebras g corresponding to the fundamental strings in various superstring theories (type IIA, type IIB,
heterotic etc).
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5.2. Coupling to p-form fields
Given a p-form field A®) € QP(M) and the embedding map x: ¥ — M, one can couple a (p — 1)-brane
to A®) via the coupling

Sint = —m / x*AP), (82)
b

where m is a coupling constant and X is the p-dimensional worldvolume. For a particle, ¥ is a line,
which we can parameterise along a target-space time coordinate ¢, so that in local coordinates on M we
have x(t)* = (1,%(t)). Expanding A(") = (¢,Afl)), the coupling term is then

Sint = —/dtm (¢ +x"A§1>) : (83)

so that —m¢ is the familiar coupling to the Newtonian gravitational potential ¢ while —m}'ciAfl) is a
velocity-dependent gravitational interaction. In the case of Bargmann gravity where one sets all curvature
components to zero except for that corresponding to the boost, one can always work in a gauge where

A =0, so that one reproduces ordinary Newtonian gravity [18, 19].

To examine p-brane couplings to gravity for other values of p, we postulate the (p + 1)-form
curvatures (of p-form potentials) to vanish, so that we can choose the gauge choices (72) and (75) for
the p-form potentials.

For a 2k-brane ¥, in adapted coordinates where A

volume time coordinate, the coupling is then

(©) is taken to be the target-space as well as world-

Sint = —m/x*AQkH)
o m/dtdeU dethe®1-029,, x .- D, X2 (84)

X <¢F§2) .. .F(z) .

i igk—1i2k

(1) R(2) (2)
— 2kA; "Fy;, “'Fizk_lizk)7

where o¢ are the coordinates parametrising the spatial directions of the 2k-brane worldvolume and
where h is the worldvolume metric, and where

F?) = dA® (85)
is the field strength of A()); in components,
A=A <00 50

That is, we see that the 2k-brane couples to gravity in a velocity-dependent way, depending on the 2kth
power of velocity; for a static 2k-brane (where X' = 0), the interaction term Si,; vanishes except when
k=0 (i.e. it is a particle).

Similarly, for a (2k — 1)-brane,

Sint = —m/x*A(zk)

(87)
- Q;...0 i i, 1) (2 2
x m/dtde Lo vdethe® 0, X -+ - Oy X kAgz)F( ). pY

i3iy Dk—1j2k "

Again, the coupling is velocity-dependent, and for a static (X' = 0) (2k — 1)-brane the interaction Si
vanishes.

In all these cases, if AEI) =0 (as for pure Newtonian gravity [18, 19]), the velocity-dependent coup-
ling to gravity vanishes: a scalar-field gravitational field does not canonically universally couple to exten-
ded objects without e.g. depending on the worldvolume metric.

5.3. Wess—Zumino—Witten terms

The cocycles we have constructed for kinematical Lie algebras depend on h and t!. In order to construct
Wess—Zumino—Witten terms following the brane-bouquet scheme, we can introduce brane embedding
maps

(£.40) : & — RIH (88)
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that involve a doubling of the number of spatial coordinates (but not the time coordinate)*. This doub-
ling is superficially reminiscent of the doubling of coordinates in double field theory [45-47] and
doubled sigma models [35-40] — specifically, a situation where all spatial directions are compactified
(but not time) and thus doubled. From the standpoint of kinematical Lie algebras, this doubling is nat-
ural insofar as the definition 1 of a kinematical Lie algebra does not distinguish between the boost gen-
erators t] and the spatial translation generators t7, so that it makes sense to treat them on an equal
footing.

In the present case, two questions arise: (1) Are the Wess—Zumino—Witten terms necessary, as in the
case of superstring theory, given that there is no supersymmetry and no analogue of x symmetry? (2)
Given the doubled spatial coordinates, can we recover ordinary physics with undoubled degrees of free-
dom? For (1), the necessity of the Wess—Zumino—Witten terms comes from the fact that they naturally
combine with couplings to the p-form potentials as described in (81), so that from the perspective of
L -algebras it seems unnatural to drop one but not the other. As to (2), the answer is that in some (but
not all) cases, as long as kinetic terms are only present for half of the coordinates x!, (say, the ones cor-
responding to spatial translations rather than to boosts), the remaining half of the coordinates become
auxiliary. This is because the Wess—Zumino—Witten terms are at most linear in the derivatives of a spe-
cific x, so that without a term quadratic in the derivatives, their Euler-Lagrange equations of motion
become algebraic.

For example, let us consider the case of the usual Bargmann central extension of the Galilean
algebra. Consider a particle-brane with worldline 2 = % that is the boundary of the surface .
Consider the embedding map

(t,xi,vi) ‘M= RH'M, (89)

where—anticipating later interpretation—we have labelled the doubled spatial coordinates as x’ and v'
rather than x). For the Galilean algebra, from the Lie brackets we read off the invariant forms

e =dv, ey = dx' ++ dt —rdv'. (90)
For the Bargmann central extension t’itédij, the Wess—Zumino—Witten term is
/ e"1 A eééij = / (vi dx; + v dvi) . (91)
£ by

If we add a kinetic term for x/, then the gauge-fixed worldline Polyakov action is

1. , L
S:/ (25c'5c,~+v’5ci+tv’i/’) dt
b
.. TN
:/Z <2x’x,-+le,-—21/iv‘) dt,

so that the equation of motion for v/ reads

(92)

= (93)

Integrating v' out, we find

S= / X%, (94)
¥

which is equivalent to the ordinary Polyakov action of a particle save for an overall factor. Thus we
recover the un-doubled physics of a particle, and the equations of motion force v to be interpreted as
the velocity of the particle.

However, this is not always the case. If we had instead unwisely put a kinetic term for v instead of
', then x' would act as a Lagrange multiplier enforcing i# = 0, which leads to trivial physics. Similarly,
in the case of the static algebra netwt(d; (§3)) (where x' and v are on a completely equal footing), we
obtain a trivial physics regardless of which kinetic terms we choose.

4 That is, our ‘doubled spacetime’ is simply taken to be the homogeneous space g/o(d) 22 R'*24, assumed to be flat here for simplicity.
For a discussion of more sophisticated ways of constructing spacetimes from a kinematical Lie algebra g, see [62].
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