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1 Introduction and summary

We bring together generalised global symmetries and the Batalin-Vilkovisky formalism to
demonstrate that global higher-form (or p-form) symmetries yield families of (ghostly) higher-
form symmetries via the descent equations familiar from topological quantum field theory
(TQFT) and anomalies.

Generalised symmetries were introduced in the paradigm-shifting work of [1] and have
since led to manifold advances in a variety of domains. See the reviews [2-6]. The global higher-
form symmetries, in particular, provide prominent examples that have appeared previously in
a variety of important contexts, ranging from confinement to symmetry protected topological
phases [7-18]. The basic intuition underpinning p-form symmetries is immediate in the context



of Abelian continuous symmetries.! In d spacetime dimensions, a conventional (0-form) global
symmetry, denoted GI%, is generated by a conserved (d — 1)-form Noether current Jy 1.2 So,
a global p-form symmetry, denoted GIP1, ought be generated by a conserved (d —p—1)-form
Noether current Jg_,_1, of course. When considering gauge theories in general, and the
Ward identities in particular, a natural question arises: what is the fate of the higher-form
symmetries in the Batalin-Vilkovisky framework?

The Batalin-Vilkovisky formalism [19-23] offers a powerful and elegant method of dealing
with gauge theories, including those with open gauge algebras in a wide variety of settings, as
reviewed in [24-35]. The basic idea is to provide an algebraic characterisation, more amenable
to path-integral quantisation, of the space of classical solutions modulo gauge transformations
by introducing ghosts and antifields. The Batalin-Vilkovisky operator relates physical fields
to ghosts and, so, has potential implications for higher-form symmetries. Indeed, aspects
of higher-form symmetries in the context of the Batalin-Vilkovisky formalism have been
considered before they were so named [36-38], as well as more recently in [39, 40]. Ordinarily,
higher-form symmetries are associated to Noether currents that have zero ghost number.
However, from the perspective of the Batalin-Vilkovisky formalism, it is very unnatural to
restrict to zero ghost number; one should treat all fields (including Noether currents) of
all ghost numbers uniformly. Thus we are led to postulate the existence of ghostly p-form
symmetries GIP4, generalising the conventional p-form symmetries GI?), whose associated
Noether currents have nonzero ghost numbers ¢. These naturally act on Wilson and 't Hooft
operators with nonzero ghost number.

How are we to find such ghostly symmetries, and how are they related to non-ghostly
symmetries? One answer lies in the descent equations that are foundational in topological
field theories [41] (reviewed in [42—44]) and anomalies [45-49] (reviewed in [50-52]). More
recently, the decent equations have appeared in constructions of symmetry topological field
theories (SymTFTs) via symmetry inflow [53]. In topological field theories, starting from
a p-form observable with ghost number g, one uses the descent equation to find another
observable, this time with form degree p 4+ 1 and ghost number ¢ — 1; crucially, if one starts
with a topological observable, its descendants are also guaranteed to be topological. This
property is precisely what is needed in the construction of higher-form symmetries, which
are precisely topological operators inserted along submanifolds. Therefore, we find that the
descent equations also relate higher-form symmetries of different ghost numbers amongst
each other: there exists a canonical span of group homomorphisms

G[p#]] P G[p,q];[p—l-l,q—l] — G[p""l’q_l] (11)

defined by the descent equation, where the group GPalilp+1a-1 parameterises the solutions
of the descent equation. Thus, starting from a known higher-form symmetry of ghost number
zero, one can take descendants to find more higher-form symmetries of negative ghost number:
in short, symmetries beget symmetries.

LOf course, this is merely the tip of a symmetry iceberg, but serves to build the intuition and constitutes
our focus.

2Note that we adopt the convention used in the generalised symmetries literature of calling the closed
(d — p — 1)-form J the current (as opposed to the convention of regarding a current as a divergence free
(p + 1)-multivector density).



This paper is organised as follows. In section 2, we briefly review the aspects of the
Batalin-Vilkovisky formalism required for the treatment of continuous and discrete global
higher-form symmetries and their (ghostly) descendants. In section 3, we present the general
formalism of how higher-form symmetries and their higher-form-symmetry progeny arise
in the Batalin-Vilkovisky formalism via the descent equation. Subsequent sections present
a series of examples in increasing order of difficulty: section 4 discusses the trivial case of
descent into the antifield (—1)-form symmetry that occurs in any free field theory; section 5
discusses the descendants of the electric and magnetic symmetries in an Abelian gauge theory
(including Maxwell theory); section 6 reinterprets the familiar observables of cohomological
(or Witten-type) topological field theories as ghostly higher symmetries; section 7 discusses
the descendants of the centre one-form symmetry in Yang-Mills theory; finally, section 8
discusses the higher analogues of centre symmetry in adjusted higher gauge theory following
the discussion of [54].

2 The Batalin-Vilkovisky formalism revisited

The Batalin-Vilkovisky formalism describes a physical theory with gauge symmetry (such
as continuum and lattice quantum field theories) in the language of a differential graded
manifold X. That is, a ‘manifold” with Z-graded coordinates equipped with a ghost number
+1 differential

Q:C®(X) = C®(X), @Q*=0 (2.1)

on the algebra of smooth functionals on X.? The graded manifold X should be thought of as
the space of all (off-shell) fields of all ghost numbers including the physical fields (that carry
ghost number 0), the ghosts (that carry ghost number +1,+2,...) and antifields (that carry
ghost number —1, —2,...), while @ is the (classical) BV operator that encodes, amongst other
things, the gauge transformations. For more details, the reader is referred to [25, 55] and
references therein. Here we focus on formulating local operators in the Batalin-Vilkovisky
formalism. We begin with the general formalism in section 2.1, then consider R-valued
differential-form operators on smooth spacetimes M in section 2.1.1, and finally we generalise
to Abelian group G-valued differential-form operators on ‘lattice spacetimes’ A in section 2.1.2
following [54]. The latter is required to accommodate discrete higher global symmetries,
as well as lattice models.

2.1 Local operators in the Batalin-Vilkovisky formalism

For a set Y, a (possibly nonlocal) Y-valued operator of the system is given by a smooth
function ¢ € C*°(X,Y) on X with codomain Y. When we leave the codomain unspecified,
we assume it is R. Since the codomain is always regarded as being ungraded, the functions
carry ghost number dual to X. When a function carries homogeneous degree ¢ we say it
has ghost number gq.

3This differential graded manifold X comes with a symplectic structure as well as a density, which then
equips the ring of functions on X with the structure of a Batalin-Vilkovisky algebra. This is not important for
what follows, however.



For example, if we have the theory of a real-valued scalar field on spacetime M, then
(the graded manifold underlying) X is given by the function space

X = C®(M,R) x C°(M,R)[~1] = C°(M, R x R[-1)), (2.2)

where the first factor C*°(M,R) corresponds to the scalar fields and the second factor
C>®(M,IR)[—1],* corresponds to their antifields. For each spacetime point = € M, then, we
have the coordinate functions

o) N o) N (2.3
(f,9) = f(=), (f.9) — gla), '

which corresponds to the scalar field and antifield local operators ¢(z) and ¢ (z), respectively.
For a free theory with kinetic term given by ¢D¢ for D some differential operator (typically
O — m?) then the action of @ : C*(X) — C*(X) would be given by

Qo =Dg¢, Q¢ =0, (2.4)
where
Dp: X —R
2.5
(.9) = Df(a). 29
Similarly, for each vector V € T, M, we have the vector field local operator
ovola): 2.6
vo(x): .
(f,9) = VIfl(z).
On the other hand, C°>°(X) contains nonlocal operators as well, such as
X—-R
P(x)o(y): (2.7)

(fi9) = f(2)f(y)

for some fixed distinct x,y € M.5

2.1.1 Differential-form operators on a smooth spacetime

The above example of scalar field operators living on a smooth spacetime M generalises
straightforwardly to differential-form operators, as we briefly review here.

Suppose that M is a smooth manifold. In the Batalin-Vilkovisky formalism, then, a
(possibly composite) scalar (zero-form) field « corresponds to a smooth assignment

a: M — C*(X) (2.8)

“Here, V[k] denotes the ghost number degree shift of V by —k. Thus, in this example, the C°*° (M, R)[—1]
factor of X has degree +1 so that ¢ : C®(M,R)[~1] — R has ghost degree —1. That is, the shift V[k]
induces a shift of k£ for the functions on V.

5To avoid technicalities and for generality, we are deliberately leaving the notion of ‘local’ operator informal.
For rigorous approaches, see e.g. [56—60].



from a spacetime point z € M to an element «a(x) € C*°(X) that corresponds to a local
operator at x; more generally, a p-form field corresponds to a smooth assignment

a: T’ M — C*°(X) (2.9)

that maps a spacetime point z € M and a p-multivector V' € T2PM to a local operator
a(V,z) € C*(X) linearly with respect to V. In a coordinate basis {0,} for TM, we
may write a(x) = au,..,(x)dst A - Adetr and o(V,z) = VR-Pray, 0 (2), where
Qs () € C=(X).

As a result, we obtain an algebra A of local differential form operators. This algebra is
bigraded according to form degree p € {0,...,dim M} and ghost number ¢ € Z:

A= Ara. (2.10)
psq

The algebra A is closed under the wedge product, which is bilinear and under which the
bidegrees are additive:

A AP @ AP0y APHP (2.11)

The algebra A also admits the Hodge star, which preserves ghost number but changes
the form degree:

%2 AP9 —y Adim(M)—p.gq (2.12)

Finally, the algebra A comes with two different nilquadratic derivations, namely the de Rham
differential d and the Batalin-Vilkovisky differential Q:

d: AP9 — APTLE Q: APY — APTTL (2.13)
Both operators obey the graded Leibniz rule with respect to the exterior product:

dlanp)=danp+ (-1)Pands (2.14)
Qlanp)=QaAB+ (-1)an@B (2.15)

for o« € AP and 8 € A™*. Furthermore, the two differentials commute:%

d@ = Qd. (2.16)
2.1.2 Differential-form operators with discrete coefficients

The previous subsection constructed the bigraded algebra A of differential-form operators,
which suffice to discuss higher-form symmetries that are continuous and, hence, where the
corresponding Noether currents are ordinary differential forms. However, this does not yet
suffice for discrete higher-form symmetries, fundamentally because the de Rham cohomology
of differential forms can only deal with real coefficients. Instead, in the discrete case one must

6This is because our sign conventions are such that a8 = (—1)P” 99 Ba for o € AP and B € AP9 . A
change of sign conventions (to af = (—1)®+D®+9) 34 for instance) makes d and Q anticommute instead;
this is merely a sign convention and leads to equivalent mathematics and physics [61, p. 62].



use another cohomology theory, such as cellular cohomology, simplicial cohomology, or Cech
cohomology, which work over discrete coefficients and furnish a notion of discrete-valued
cochains that serve as analogues of differential forms.”

For simplicity of exposition, let us initially ignore the Batalin-Vilkovisky structures and
work with cellular cohomology,® which is familiar in the context of lattice theories (see
e.g. [54]). Indeed, standard lattice gauge theory is a helpful model to have in mind, for those
so oriented. Analogously, suppose that M is a manifold equipped with the structure of a
tiling A, such that M is realised as a cellular complex (or CW-complex). In this case, cellular
cochains [62] serve as a discrete analogue of differential forms [54]. Concretely, let A, be
the set of p-dimensional cells of the cellular structure for p € {0,...,dim M}. These sit in
analogy to the set of p-multivectors in the smooth case, T"? M. Then a p-form (or cellular
cocycle) with coefficients in an Abelian group G is, analogously, a mapping a: A, — G.

Let us denote, as usual, the space of such G-valued p-forms QP(A; G). Then there exist
differentials,

d: QP(A;G) — QPTL(A; G), d? =0, (2.17)

induced by the cocycle coboundary operators, which define a cohomology that agrees with
the ordinary singular cohomology with coefficients in G.

Cellular cochains admit a Hodge dual as follows. Tilings enjoy a duality generalising that
of planar graphs and polytopes so that there is a dual tiling A, with a canonical bijection

x: Ny = Adim(rr)—ps (2.18)
that induces a Hodge dual map
*: QP(A; Q) — QImM)=P (A ). (2.19)

Cellular cochains in general do not admit a wedge product except in the case where the cellular
structure is in fact a triangulation. In that case, one can define a cup product of cochains:

OP(A; G) ®¢ QUA; G) — QPHIA; G). (2.20)

The dual of a triangulation is, however, rarely a triangulation. One can always pass to a
more refined cellular structure (which can be chosen to be a triangulation); if A’ refines A
(such that there is a cellular morphism A — A’), then there exists a canonical map

OP(N;G) — QP(A;G). (2.21)

The above map defines a quasi-isomorphism between the corresponding cellular cochain
complexes. In this way, one obtains a workable theory of differential forms with coefficients
in an Abelian group G.

"Note, however, that unlike the wedge product of ordinary differential forms (which is graded-commutative
before passing to cohomology), the cup products of these cochains are not in general graded-commutative
before passing to cohomology. (The cup product on cohomology classes is, of course, graded-commutative.)

8Later, in section 7, we will work with Cech cohomology for gauge theory, which is more convenient in that
context; the story here can be translated into the Cech language straightforwardly.



Comparing with section 2.1.1, the generalisation of the above theory of ghost number
zero discrete p-form operators to the graded Batalin-Vilkovisky setting is evident. Following
the discussion in section 2.1.1, in particular (2.9), given a differential graded manifold X we
may analogously define a p-form operator with coefficients in G with respect to a cellular
structure A to be a mapping

a: A, = C(X,G) (2.22)

that is local in a suitable lattice sense. So, for instance, a zero-form operator associates
an element of C*°(X, G) to each lattice site € Ay, and a one-form operator associates an
element of C*(X, G) to each link (edge) e € A;. The collection of differential form operators
with coefficients in G, which we denote as A(A, G), is similarly bigraded:

A(A; G) = @ AP(A; G). (2.23)

p.q

On it we have the operators d and @, of degrees (1,0) and (0,1) respectively; if A is a
triangulation, then d and @) obey the Leibniz rule as in the continuum case.

3 Higher form symmetries and their descendants

3.1 Symmetries and the descent equation

A p-form symmetry is a topological invertible codimension p + 1 operator. In the case of a
U(1)-valued symmetry, we may write such operators U(34_,—1) on a submanifold ¥4_, 1
of codimension p + 1 as

U(Sa_p_1) = exp <i /E aJ> (3.1)

for some (d — p — 1)-form current J and parameter a € R. We require this operator to be
invariant under continuous deformations of ¥;_,_1; a sufficient condition for this to hold is
that d.J "= 0, where P2 denotes equality on shell (that is, up to equations of motion).
However, one of the key lessons of the Batalin-Vilkovisky formalism is that the concept
of ‘on-shellness’ is resolved? to that of Q-exactness. That is, we do not care if dJ is nonzero

so long as it is Q-exact, that is, if there exists a (d — p)-form J() such that
dJ = QJW. (3.2)

Note that J0) has ghost number —1 if J carried ghost number zero.

9We use ‘resolved’ loosely here in the technical sense that goes back, at least, to Hilbert in his treatment of
syzygies, which could be regarded as the origins of homological algebra [63]. More specifically, the Batalin-
Vilkovisky formalism provides a resolution (loosely speaking) of the space (of gauge-equivalence classes of)
on-shell field configurations using the Koszul-Tate resolution, see e.g. [25]. We are being a little cavalier with
the term ‘resolution’ here as the Batalin-Vilkovisky operator may have nontrivial cohomology away from
degree zero (unlike the Koszul-Tate resolution itself). Really, we ought speak of arbitrary complexes up to
quasi-isomorphism using the theory of derived categories. A standard example of this phenomenon is provided
by the Tor and Ext functors in homological algebra.



This notion of a ‘Q-exact resolution’ is a core principle in the Batalin-Vilkovisky formalism,
but let us motivate it specifically in the context of p-form symmetries. Suppose that the
space of observables in your theory are defined by the cohomology of some operator, Q,
that acts as a graded derivation!® (in the standard applications of the Batalin-Vilkovisky
formalism these correspond to the gauge-choice independent observables). If all correlation
functions of observables are annihilated by @, then QJ = 0 and dJ = QJ™ are sufficient
for (3.1) to be topological in the sense that it is insensitive to continuous deformations of
Yq—p—1- To illustrate this, consider the simple case of oriented ¥;_,_1 and Zfi_p_l with
oriented cobordism X4, connecting them, (—X4_,_1) U E:i_p_l = 0%4_p. Then, as an
operator equation, we have

U (Z:i_p_1> =U (Xq—p-1) X exp (ia /azdp J)

= U (X4-p-1) X exp (ia /Edp dJ) (3.3)

=U (Xq_p-1) X exp (ia/
=U (Edfpfl) )

so that the higher-form symmetry operator is invariant under continuous deformations as
required.

The equation (3.2) naturally appears in the theory of topological twists of supersymmetric
field theories [43] and in the theory of anomalies [50-52], where one iterates beginning with
JO = J so that

dJ® = QJ+1). (3.4)

This defines a series of operators J1), J2) and so on, of increasing form degree and decreasing
ghost number. Eventually the series stops when dJ® = 0 for some i (if only because form
degree is bounded by the dimension of spacetime). Now, well known arguments from the
Witten-type TQFTs literature [43] imply that, if J(© is a topological observable, then its
descendants J( are all topological observables; furthermore (3.4) ensures that they are all
closed up to Q-exact terms. That is, the J(?) may also be regarded as generating higher-form
symmetries: we may summarise this as higher-form symmetries beget lower-form symmetries.
The descent equation (3.4) applies equally well in the case of lattice theories, where we may
work with a coefficient ring such as Z, = Z/qZ.

An immediate objection to the above perspective is that such conserved ‘currents’ have
nonzero ghost number. We reply as follows. First, in the case where the theory in question is
obtained by twisting (topological, holomorphic or otherwise), the twisting procedure entails a
reassignment of the ghost number since the Becchi-Rouet-Stora-Tyutin (BRST) operator of
the twisted theory (with ghost number +1) comes from an ordinary supersymmetry generator
(of ghost number 0) of the original theory. Thus, operators with nonzero ghost number in

107f ) is not a differential, but rather squares to some other symmetry operator, then one has to pass to
equivariant cohomology.



the twisted theory may come from perfectly legitimate operators with ghost number zero
in the untwisted theory. This situation is especially typical in cohomological topological
field theories [43] where such observables with nonzero ghost numbers wrap various cycles in
spacetime and provide richer invariants of the smooth topology of spacetime; indeed, such
observables derive from the descent equation (3.4). Even if the theory in question did not
arise from a twisting procedure, theories often naturally have nontrivial Batalin-Vilkovisky
cohomology in nonzero degrees [25, section 11.1.2],!' and such ghostly cohomology plays
important roles in the descent-equation approach to anomalies (see e.g. [50-52]), in the
computation of dualities of the nonperturbative partition function, [64-71], in the kinematic
algebra of colour-kinematics duality [72-74], and in (higher) Chern-Simons theories [55].
Furthermore, from the formal perspective of the Batalin-Vilkovisky formalism and differential
graded geometry, it is unnatural to privilege ghost number zero.

As a result, the sequence of p-form symmetry groups GI%, Gl ... enlarges into a two-
dimensional array of symmetry groups GIP4 that describe p-form symmetries with ghost
number q.

3.1.1 Wilson and ’t Hooft lines

In the above, we have discussed symmetries in terms of their associated Noether currents
rather than operators inserted along submanifolds. In general, given a (d —p —1)-form current
J valued in an Abelian group,'? then the corresponding operator for the conserved quantity
Qs on a (d — p — 1)-dimensional submanifold ¥ C M of spacetime is

Qs = /E T (3.5)

When J has ghost number ¢, in order for the argument of the exponential to have zero degree,
we must take the parameter o to have ghost number —g. That is, the p-form symmetry
group GP4 with ghost number ¢ is naturally a graded Lie group in degree ¢ (such that the
corresponding coordinate functions have degree —q).

If the action contains a term
S:/~~+J/\dW (3.6)

for some p-form operator W, then given a closed p-dimensional submanifold ¥, one can
construct the Wilson operator [y, W, on which the symmetry J acts. This statement continues
to hold when J and hence W have nonzero ghost numbers following the usual arguments,
and one can discuss screening of charges in the same language as well.

Similarly, the usual arguments for higher-form symmetries persisting under renormalisation
group flow applies to ghostly symmetries as well if one keeps track of the ‘renormalisation’
of fields with nonzero ghost number.

1 Although a Koszul-Tate resolution of the on-shell locus of the gauge field by itself is guaranteed to not
have cohomology in nonzero degrees [25, section 9.1.2, Thm. 9.1], this is sometimes awkward to work with.
2For non-Abelian groups, one must take path-ordered integrals or, more generally, Chen forms. See e.g. [75].



3.1.2 (—1)-form symmetry

In a d-dimensional boundaryless spacetime M, any top-degree form o € A% (for arbitrary
ghost number ¢) is trivially the Noether current for a (—1)-form symmetry. In this case,
no Wilson or 't Hooft operator can transform under it for degree reasons since no (—1)-
dimensional submanifolds exist. However, such (—1)-form symmetries arise naturally as
descendants of higher-form symmetries. See [76-79] for previous work on (ghost number
zero) (—1)-form symmetries.

3.2 Cohomological formalisation

Let us discuss how (3.4) arises from the Batalin-Vilkovisky cohomology. We first consider
the space of differential-form operators a € A that are (a) closed up to Q-exact terms and
(b) gauge-invariant in the Batalin-Vilkovisky formalism. This corresponds to the cohomology

Hi(HH(A)), (3.7)

which is the second page of the horizontal spectral sequence approximating the total co-
homology of the double complex A*°.

We next relax this requirement to those operators o € A that are (a) closed up to Q-exact
terms and (b’) not necessarily physical but whose integral [i. « is physical as long as 3
does not have a boundary. We will find that the descent equation (3.4) precisely captures
the latter requirement of (a)+(b’).

Solving the descent equations imposed on all operators for all total degrees n = p + ¢, is
precisely equivalent to computing the cohomology of the total cochain complex Hpy(Tot®(.A)),
where Tot®(A) is the total complex of the double complex AP,

Tot"(A) = @) AP, (3.8)

n=p+q

with total differential D = d +(—1)¥Q (where (—=1)Ta = (=1)%a for o € AP and D? = 0
follows from d @ = @Qd). For a TQFT (or a topological subsector of a generic QFT), the
descent equations hold identically for all n = p + ¢ so that the topological operators are
given precisely by Hp(Tot®(A)).

For a generic QFT, on the other hand, it might be that the descent equations hold
identically for some but not all operators of total degree n. Imposing the descent equations
for those cases where they do not hold identically will reduce the space of operators to a
topological subsector. However, for constructing higher-form symmetries it is sufficient to only
consider those descent equations that hold identically; when they fail to do so, the sequences
of symmetries simply terminates. This leads us to the ‘current cohomology’, denoted Curr(.A)
and given in (3.17), as the space characterising the ghostly higher-form symmetries of a
QFT (without any restrictions on the operators).

3.2.1 Cohomology of local operators

According to the Batalin-Vilkovisky formalism, physical observables belong to the
(@Q-cohomology; that is, the space of differential-form-valued physical local observables is

,10,



the cohomology
Hg)(A). (3.9)

This includes, however, all differential-form-valued observables, not just the d-closed ones;
we would also like to quotient out by d-exact observables since they do not yield nonzero

conserved quantities, so that one obtains
H3(Hg (A)), (3.10)

which corresponds to the second page of the horizontal spectral sequence of the double
complex A*°. This space may be more explicitly represented as

e the space of elements o € A that are Q)-closed and d-closed up to a Q-exact element,

i.e.
Qa =0, d3peAdA: da=0Qpg, (3.11)

e modulo linear combinations of those elements that are (d-exact and @Q-closed) or
QQ-exact, i.e. those elements o € A such that

IB,ye A (a=df+Qyand Q5 =0). (3.12)

Notice that (3.11) contains the descent equation (3.4) but is stronger than it.
Note, the cohomology Hg(Hg)(A)) admits a standard presentation in terms of pairs
(a,B) € AP x APTL4=1 guch that

Qa =0, da = Qf, (3.13)

modulo pairs of the form

0,8),  (@Qv,dy),  (dw,0), (3.14)

where v € A9~ 1 and w € AP~ is Q-closed Qw = 0. The first condition says all currents
are ‘gauge-invariant’ (really, independent of gauge fixing) and d-closed up to ‘gauge’ trans-
formations. The first relation says that all pairs of currents (J®, J0+D) and (J®, J/G+1)
are equivalent, the second says that trivial solutions to the descent equation dQw = Qdw
are trivial in cohomology and all d-exact currents J are trivial.

3.2.2 Cohomology of integrals of local operators

Instead of requiring that o € A be itself physical (i.e. belong to the @Q-cohomology), we
may simply require that [y, o belong to the Q-cohomology whenever ¥ is a submanifold
without boundary.'® In order to have

Q/Eaz/EQazo, (3.15)

13When 0% # @, then one may be able to include a boundary operator to cancel the resulting i*3 on 9%
(this is effectively the BV-BFV formalism, reviewed in [33], applied to X).
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it suffices by Stokes’ theorem to require that Qo is d-exact, i.e.

3B:  Qa=da. (3.16)

This is weaker than (3.11) and is nothing more than the descent equation (3.4) but applied
in the other direction (i.e. requiring Qa-closed up to d-exact terms rather than da-closed
up to @Q-exact terms). We must, however, still quotient out by @Q-exact such operators
(which are pure gauge), as well as by d-exact such operators, since if « is d-exact and ¥
is without boundary then [y, a = 0.

Thus, we see that the space of differential-form operators « that are closed up to Q-exact
terms and whose integral [y, « is physical is given by the cohomology

A
(ima(Q) + im4(d))’

where both Hg(A/im4(Q)) and Hg)(A/im4(d)) are regarded as subsets of A/(im4(Q) +
im4(d)). This space may be more explicitly represented as

Curr(A) = Hy(A/ im4(Q)) NHH(A/im4(d)) C (3.17)

e the space of elements o € A that are d-closed up to a Q-exact element, i.e.
dse A da=Qp, (3.18)
as well as (Q-closed up to a d-exact element, i.e.

IyeA: Qa=dy, (3.19)

e modulo linear combinations of those elements that are either d-exact or ()-exact, i.e.
those elements o € A such that

B,ye A a=ds+ Q. (3.20)

If we iteratively solve the descent equation by starting with an element o € AP? to try to
obtain a(t) € APT19-1 (D) ¢ APt24-2 agwell as al™1) € AP—Latl o(=2) ¢ Agp—24+2
then we can phrase the above criterion as: symmetries are those where we can go up a rung
as well as down a rung (i.e. both a(!) and a(=1) exist; they may possibly be zero).

It is often the case that the descent chain extends in both directions (e.g. by ending
with a®) = o(=%) = 0 for some sufficiently large k); this is the case in the observables of
Donaldson-Witten theory [42]. However, this need not be the case. If the descent equation
stops holding identically (i.e. one either cannot go up a rung or cannot go down a rung
without restricting the space of observables), then at the end of the chain one has an operator
that does not correspond to a symmetry (an example is the operator A in Maxwell theory in
section 5.1), whereas away from the endpoints one indeed has a symmetry (figure 1). If the
theory is topological, however, since every physical operator is topological, the descent chain
cannot end in this way — if an operator is Q-closed up to d-exact terms (i.e. is physical),
then it must be d-closed up to Q-exact terms (i.e. must be topological). Thus, the descent
chain always extends indefinitely in downward (eventually hitting zero due to form degree
reasons); indeed, the descent chains never stopping is equivalent to saying that, insofar as
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Figure 1. In a descent chain, the endpoints o™ and a(™ are not symmetries if the chain cannot
continue, but the middle terms a(™+1) ... o™= are always symmetries.

the differential-form operators are concerned, the theory is topological. For a general QFT,
if the descent equation fails to hold identically at some point, one can still solve it, but at
the expense of restricting the theory to a topological subsector.

From this point of view, the moduli space of solutions to the descent equations (for each
fixed total degree n = p+ q) and the associated (ghostly) higher-form symmetries correspond
precisely to the cohomology of the total complex Tot®(.A). More explicitly, for a putative
family line of (ghostly) currents of total degree n one considers o € Tot"(.A), i.e.

d
o= Z Okm—ks (3.21)
k=0

where oy, 4 € AP, That is, o packages up all currents of total degree n to be related by
the descent equations. The total complex cohomology consists closed n-forms, Da = 0,
modulo exact n-forms, D . Unpacking Da = 0 we have n + 1 independent (for degree
reasons) conditions

dagn k= () "Qars1n-r-1, k=-1,0,...n, (3.22)

where it is understood that a_1, = 0. Upon setting n = p + ¢ and letting & = p or
k = p — 1 these are

dapg = (—)PQapi1,4-1, dap—1,4+1 = (‘)pilQapm (3.23)

so that we recover precisely the conditions for the charge Q%% = [ ap 4, Vp, ¢ to be a gauge-
invariant symmetry generator. We still require Q%? to be a non-trivial, however. In particular,
if oy g = d Bp—1,4, then the charge vanishes identically, Q7 = 0, and if oy 4 = QBpg—1, then
Q%Y = Q [s;, Bpg—1 has trivial action (on correlators of @Q-closed observables). Unpacking
a trivial (D-exact) n-form, « = D 3, we have

oo +aip—1+azpo+-=QBn-1+dBon-1+QBn—2+dbip—2+ - (3.24)

At first sight, it seems that, for example, By, —1 is used twice, once in the Q-exactness of
ap,, and once in the d-exactness of oy ,_1. However, recall

daO,n = Qal,n—la (325)

so that o, = QB0,n—1 implies Qa1 ,—1 = Q@ d o n—1, which in turn implies aq ,—1 = d o -1+
Y1,n—1 Where Qv1 ,—1 = 0. Now, d g n—1 = dy1,n—1 = Q2 ,,—2 and so on up the chain. So, in
summary, solving the descent equations is equivalent to the cohomology of the total complex.
For a TQFT, Da = 0 holds identically for all total degree n. For a generic QFT, Da = 0
may not hold identically for all n. In such cases, solving Da = 0 will restrict the space of
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observables to a topological subsector. A simple example of this is given by Maxwell theory,
as described in section 5.1, where for n = d—2 and 2, Da = 0 holds identically, while for n =1
it restricts theory to the topological sector of flat connections F' = 0. But, let us emphasise
again that for the higher symmetries to be well defined one can simply neglect those terms in
Da = 0 that fail to hold identically, so that no restriction is placed on the space of operators.
In the Maxwell example for total degree n = 1, this amounts to killing the higher-form
symmetry deriving from flat connections, while retaining a new ghostly zero-form symmetry
deriving from the ghost current ¢ associated to the BRST gauge transformation 4 = de.

For Abelian theories at least, we may further understand the non-topological case in
terms of the total complex. Let us assume that for total degree greater than n, the descent
equations hold identically (if the ghost degree is bounded, this is always true for some n).
Now consider the total form « of total degree less than n. If D-closure does not hold for
« identically, then the violation in Abelian theories are of the form

Da =d S+ *y (3.26)

where v = Y770 Yokt 1—k and Yok ni1-k € ATTFHITF Applying d we observe

n n+1
Y (=D Qdarnr) = > d* Ya ki1 (3.27)
k=0 k=0

so that we obtain a new set of “magnetic” descent equations that start with

Q((=1)*dagn—r) = d(*Va—kn+1-k) (3.28)

Note that after the first rung the descent equations are necessarily trivial since at the next
step we have a d-exact form (—1)kdak,n,k. This is the case for Maxwell theory and Abelian
higher gauge theory.

Spans between symmetry groups. Consider the space of solutions (a, 3) to the descent

equation

da = QB, (3.29)

where

Curr(A) = {a € Ala+ (ima(Q) + ima(d)) € Curr(A)} (3.30)

is the space of representatives of currents. Then there are clearly forgetful maps
a<+ (a,p) =B (3.31)

to representatives of the currents a and (3. It is convenient to quotient out by d- and Q-exact'?
terms on the left and right respectively, to obtain a smaller space of solutions

p_ {(a.8) € Curr(A) x Curr(A)|da = QB)
im4(d) x im4(@Q)

YT we quotient out by d- and Q-closed terms instead, then the maps (3.33) are no longer well defined.

(3.32)
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together with forgetful maps
H3(A/ima(Q)) < P — H3(A/imu(Q)) (3.33)

to the symmetry currents themselves rather than their representatives. Restoring the grading
and exponentiating, we obtain a pair of group homomorphisms amongst the symmetry
groups themselves:

GlPa  glpailp—1a-1] _ Glp—la-1] (3.34)

where GIPdilP—1.4-1] ig obtained by exponentiating (homogeneous subspaces of) P. For
brevity, we will call this pair a span relating the symmetry groups GIP4 and GP—1a—1, (The
terminology comes from category theory [80, section XII.7].)

4 Scalar theory: particle conservation and its descendant

As a simple illustration of the above ideas, let us consider the theory of a free scalar field
¢ € Q°(M). (To avoid an abundance of (—1) insertions, we assume M Euclidean throughout).
In the Batalin-Vilkovisky formalism, one adjoins to it the corresponding antifield ¢+ € Q4(M),
which we take to be a top-degree form with ghost number —1. The algebra of local operators
is generated by ¢ and ¢* under exterior derivatives, wedge products and Hodge stars. The
Batalin-Vilkovisky differential ) may be read off from the action

S = /;dqb A xdo (4.1)
and is
Qp=0, QoT =dxdo. (4.2)

In the usual account of symmetries, one notes that the (d — 1)-form J = xd¢ is closed up
to the equations of motion:

dJ "2, (4.3)

Thus, it is the Noether current for a zero-form symmetry, whose conserved quantity is the
number of particles. In the Batalin-Vilkovisky formalism, (4.3) is resolved into the following:

dJ = Q™. (4.4)

Thus we see that J = J(©) begets its descendant J) = ¢*, which defines a (—1)-form
symmetry. The chain of descendants trivialises here since

dJW =0 (4.5)
due to degree reasons. Similarly, when going in the reverse direction, one has

0=0QJ, (4.6)
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1-form 1
0-form U(1)
(—1)-form U(1)
(—2)-form 1

gn. —2 gmn. —1 gn. 0 gn. 1

Figure 2. Ghostly higher-form symmetries of a free scalar field theory. The above does not exhaust
the symmetries: for example, any top-degree form such as x¢ is automatically closed due to degree
reasons and defines a (—1)-form symmetry.

so that J(-1 = 0, with the chain trivialises in the other direction also. Thus, the family
of symmetries of the free scalar field is given in figure 2.

To place this discussion in the general cohomological context developed in section 3.2.2,
we pass to the first order formalism, introducing the ghost number 0 auxiliary (d — 1)-form
operator x and its ghost number —1 1-form antifield . The action is given by

S’z/x/\dqb—%x/\*x (4.7)
where
Qe=0, Q" =()"ldx,  Qx=0,  Qx"=-do+xx.  (48)
There is the “electric” total degree (d — 1) total form,
o =x+¢", (4.9)
which identically satisfies
Da® =0 (4.10)
yielding the descent equations for currents
0=0QJ" dJO = QuM, dJ =0 (4.11)
for the ghostly currents
JY =0, JO = (—)d 1y, JO = ¢t J? =o. (4.12)

This is just a rephrasing of the zero-form symmetry particle number conservation current
and its ghostly (—1)-form symmetry descendant. There is also the total degree 0 total form,

a=¢—x" (4.13)
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which yields
Da = —dx™ + *x (4.14)

Thus imposing Da = 0 would imply x = 0, which on-shell is ¢ = const. However, as described
in section 3.2.2, this violation implies the “magnetic” descent equations

dDa = Q(d(-)"a) = 0= Q(d¢), d(xx) = Q(dx™). (4.15)

It is immediate that similar considerations hold for e.g. a free fermion 1, so that the zero-
form conserved vector current for particle number J(© = *1])7#1# dz* admits a descendant
JU) = F corresponding to a (=1)-form symmetry. For d even there is, of course, also
the zero-form conserved axial current Jaggal = *&Wdﬂfy“w dz*, which comes with an axial
descendant Jggal = 49ty The chiral anomaly is then inherited by the descendant,

(@) 750y = (@0 7O 70 £ 0, (4.16)

axial xial

so that we may interpret the mixed 't Hooft anomaly as a failure for the descendant triangle
diagrams to be ()-closed.

5 Abelian gauge theory: electric/magnetic symmetries and their
descendants

5.1 Maxwell theory

As the simplest example of a gauge theory, we consider Maxwell theory on d spacetime
dimensions. We work with the first-order formulation of Maxwell theory since it is this
form that naturally arises from the dimensional reduction of a SymTFT in the sandwich
construction [81] and the expressions are slightly simpler (however, the usual second-order
formulation of Maxwell theory gives equivalent results):

S[A, B,c, AT, Bt ] ::/ BAdA— LB AXB —den A* (5.1)
M

with differential-form fields
A e QY (M), BeQ2(M), ce (M),

5.2
AT e QY (M), Bt e Q*(M), ctedM), 5:2)

which are the photon, auxiliary field, ghost, and their corresponding antifields respectively;
these carry ghost numbers 0, 0, 1, —1, —1, and —2 respectively.'> Upon integrating out B,
one recovers the standard Maxwell action [1dA A xdA.

The Batalin-Vilkovisky differential () can be read off from the action as

QA =—-dec, QB =0, Qe =0,

5.3
QAT = —-dB, QBT =-dA+%B, Qc" =dA". (53)

'5In general, A is only locally defined, but for simplicity we neglect this fact. For the first-order formulation
of Yang-Mills theory this does not affect our results since A does not appear directly in the symmetry currents
(and those that do appear, such as B and A", are globally defined).
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p\ ¢ -2 -1 0 1

0 * * * QO (M)
e
d
1 * * QY (M) *
P
d
2 * O2(M) * *
d %
3 * * * *
d—3 * * * *
e
d
d—2 * * Q4=2(M) *
e
d
d—1 * Q4=1(M) * *
d y
d QM) * * *

Figure 3. The double complex AP¢ for Maxwell theory, where we only indicate those spaces
containing p-form operators.

It is useful to summarise this data in terms of the BV manifold regarded as a Q)-complex:

gh. degree -2 -1 0 1
Q4=1(M) QY(M)
Q-complex Q4M) % & % o Lo (5.4)
O2(M) Q4=2(M)
operator ct (AT, BT) (A, B) c

The corresponding double complex AP? of p-form operators is given in figure 3 and the
operators ¢, AT, BT, A, B, c carry total degree d — 2,d — 2,1,1,d — 2, 1, respectively, while
their Hodge duals carry total degree —2,0,d — 3,d — 1,2,d + 1, respectively.

Conventional electric/magnetic higher-form symmetries. Maxwell theory enjoys
conventional electric one-form and magnetic (d — 3)-form symmetries [1], which each beget
descendants. The electric one-form symmetry U(1) has Noether current Jo = —B (or
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equivalently in the second-order formalism, —~1F), which is closed on shell by the equations
of motion. The magnetic (d—3)-form symmetry has Noether current .J,, := xB (or equivalently
in the second-order formalism, F'), which is also closed up to equations of motion. These
provide family lines starting with conventional higher-form symmetries that beget ghostly
descendants as described below.

Electric one-form symmetry and its descendants. The one-form electric symmetry
begins with the total degree n = (d — 2) + 0 current B and begets the following descendants:

0=0QJ, dJ. = QAT dAT = Qct, det =0. (5.5)
Thus, the descendants of the electric Noether current are

JEY =, JO = B, JO = AT, JP =, JB =0 (5.6)

e

In terms of the cohomology of the total complex Tot®(A), we start with the electric total
n = (d — 2)-form
d—2
a®=3 afg s p=c"+(-)T1AT + B
k=0

Then D-closure,
Da® =det + (=) (Qc™ — dAT) + (QAT +dB) + QB =0

is just (5.5); Da® = 0 is identically satisfied with no restriction on the operators. The total
(d — 2)-form is to be regarded modulo Dj, where j3 is a total (d — 3)-form. However, there
are generically no total (d — 3)-forms, so the tower of ghostly symmetries is given by precisely
the Noether currents of (5.6). For d = 4 there is a total degree-1 polyform, that provides
a putative gauge transformation, however the conclusions remain unchanged since A is, in
general, not globally defined.

The magnetic (d — 3)-form symmetry and its descendants. The (d —3)-form magnetic
symmetry begins with current J,, := xB and begets the following descendants:

0=QJn, dJm = Q(dB™), d(dB*) =0. (5.7)
Thus

JEY =0, Iy = *B, J5) = dB*, JP =0 (58)

m

However, Jé} ) is d-exact and hence does not represent a true physical symmetry, according

to (3.20).

Following the general discussion of section 3.2.2, in terms of the total complex Tot®(.A),
the magnetic symmetries above follow from the violation of D-closure for the total degree
1 total form

1
o= Z ﬁkylfk =—c+A+B" (5.9)
k=0

as discussed below.
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The ghostly (d — 1)-form symmetry and its descendants. One can also consider
the final distinct family with total degree 1, which includes the putative currents B*, A
and c¢. However, while ¢ provides a symmetry, the next descent equation for A fails to hold
identically, so that the family line terminates (unless one restricts to a topological sector
consisting of flat connections).

To see this, consulting (5.3) we conclude that ¢ is actually a conserved current, generating
a (d — 1)-form symmetry of ghost number 1, since

0=Q(—0), d(—c) = QA, imA(Q) # dA. (5.10)

However, in this case, the chain actually stops at the next rung A since the next descent
equation does not hold identically (as dA ¢ im4(Q)) and would imply F = dA vanishes
on shell. Thus, while ¢ is a symmetry, A is not, unless one restricts flat connections and
thus to a topological theory. Thus, the higher-form symmetries of pure Maxwell theory and
their generators are as given in figure 4.

In terms of cohomology of the total complex, for the total degree 1 total form

a=—-c+A+ BT, (5.11)
we have
Da = Qc — (de+ QA) + (dA+ QB") +dBT = dB* + «B (5.12)

which includes the ghost currents descent equations (5.10), but also yields the (d — 3)-form

magnetic symmetry

dDa = Q(d(—)Ta) = 0=QJn, dJu=QB"), d(dBT)=0. (5.13)
Imposing Da = 0 implies B = QX so that theory would be restricted to the topological
sector of flat connections.
5.1.1 Second-order formulation of Maxwell theory
As an example that the ghostly higher symmetries we find are physical, let us compare the
usual second-order formulation of Maxwell theory:

S[A, AT, ¢, ct] = /M 14A A +dA — de n AF
with the Batalin-Vilkovisky differential
QA = —dc, Qc=0, QAT = —d«xdA, Qct =dA*T. (5.14)

Then we have as before the symmetries J, := — xdA and J,, = dA and ¢, whose des-
cendants are

dJe=QAT, dAT=Qc", det=0, dJn=0, d(—c)=QA. (5.15)

(In the second-order formulation, whilst J;,, = dA looks like it is exact, in fact it is not due to
the fact that A is not globally defined, a complication that does not arise in the second-order
formulation since B is globally defined, so Jy, still represents a physical symmetry.) Thus
one obtains the same set of ghostly higher-form symmetries.

Notice that in the second-order formulation .J,, has no descendants on the nose unlike the
first-order formulation where J;,, does beget a descendant that happens to be d-exact (5.7).
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d-form 1

(d — 1)-form U(1)
(d — 2)-form A // 1
(d — 3)-form U(1)
*B
(d — 2)-form 1 /
2-form / 1
1-form U(1)
/, B
0-form U(1)
A
(—1)-form U(1)
(—=2)-form 1 /

gn. —3 gn. —2 gn. —1 gn. 0 gn. 1 gn. 2

Figure 4. Ghostly higher-form symmetries of pure Maxwell theory in d spacetime dimensions. The
crossed-out X does not represent a symmetry but is included to indicate that the descent chain ends
there. Note that, as the theory lacks charged matter, there is no zero-form symmetry with ghost
number zero corresponding to charge conservation.

5.1.2 Interpretation of the ghostly zero-form and (d — 1)-form symmetries

The ghostly zero-form symmetry U(1)[0—1

ghost shift symmetry ¢ — ¢+ A (where d\ = 0), associated to the current A*. Indeed,
from the action (5.1), the equation of motion for ¢ enforces that dA™ = 0. In this regard,
¢ is the Nambu-Goldstone boson of a spontaneously broken U(1)[%~! just as A is the

is an ordinary symmetry. It is nothing but the

Nambu-Goldstone boson of a spontaneously broken 1-form electric symmetry [1].

The corresponding conserved quantity counts the number of quanta of AT in an extended
Fock space containing antifields. Recall that, in the BRST formalism, to show the unitarity of
the scattering amplitudes, one formally considers an extended graded Fock space that includes
ghosts and antighosts [82, section 16.4] with a non-positive-definite, but nondegenerate inner
product, on which the BRST differential Qgrst acts; this extended ‘Hilbert’ space'® also
appears in colour-kinematics duality [83, 84]. We may further extend the Fock space to

6 Technically, it is not a Hilbert space in the mathematical sense since the inner product is not positive-
definite.
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also include excitations of the antifields (of arbitrary polarisation); on this extended Fock
space Hpy we have an action of the Batalin-Vilkovisky differential @): Hgy — Hpv, and
the Batalin-Vilkovisky formalism formally produces non-unitary ‘dynamics’ on states in this

[07_1]

extended Fock space. On Hpy, then, the zero-form symmetry U(1) corresponds to the

conservation of the number of timelike-polarised quanta of A™.

A similar analysis applies to the ghostly (d — 1)-form symmetry U(1)4= 11 which is the
antifield shift symmetry A* — AT + A, where dA = 0. In this case the current is ¢, and the
conserved charge counts the number of ¢ ghost quanta in the BRST-extended Fock space.

5.1.3 Wilson operators

It is well known that the electric one-form symmetry with Noether current J, := B acts on the
charge ¢ Wilson line operator exp iq le A inserted along a one-dimensional submanifold ¥3;.
This can be directly read off from the action (5.1), which contains a term B A dA. Similarly,
we see that the action (5.1) contains an AT Ade term, which shows that the ghostly zero-form
symmetry with Noether current e(l) = A" acts on the ‘Wilson point’ exp iq fzo ¢, where X
is a zero-dimensional submanifold (i.e. a point in M) — that is, an insertion of the local
operator ¢; and dually, the ghostly (d — 1)-form symmetry with Noether current ¢ acts on
the Wilson surface [y, AT along a (d — 1)-dimensional submanifold Xj_;.

7

The (—1)-form symmetry Je~’ = ¢ does not act on any Wilson operator for degree

reasons, since a (—1)-dimensional submanifold does not exist.

For the magnetic symmetry Jp,, := *B, the action (5.1) does not contain any term of
the form xB A dA directly. However, the equations of motion force B to be closed, so that
one can (at least locally) define B = dA, where A is the dual potential; in that case, the
term *B A B = xB A dA means that the Wilson hypersurface expi Is; A inserted along a
(d — 3)-dimensional submanifold ¥ C M transforms nontrivially under Jy,, and it is clear
that this is in fact a 't Hooft operator for the original field A. Its descendant Jr(n1 ) — B+
does not appear in (5.1) since B does not transform under a gauge symmetry and does not
act on any Wilson or 't Hooft operators; this comports with the fact that it is d-exact and
hence does not represent a physical symmetry.

5.1.4 Electromagnetic duality and ghostly symmetries

Note that, when d = 4, the above ghostly symmetries are not invariant under electromagnetic
duality, which exchanges J, (which begets two descendants) and Jy, (which does not beget a
physical symmetry). This is natural insofar as electromagnetic duality admits an interpretation
in terms of sandwich SymTFTs [81], which in turn corresponds to gauging of certain higher-
form symmetries. In this case, we see that the higher-form symmetry that is being gauged
away /appearing corresponds to the ghostly O-form and (—1)-form symmetries.

In general, Maxwell theory (and Abelian higher gauge theories) suffer a duality anom-
aly [69] in an even number of spacetime dimensions that is sensitive to the presence (or absence)
of ghosts, so the non-invariance of higher ghost symmetries is consistent with this picture.
(For interactions between higher form symmetry and electromagnetic duality, see [85].)
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5.2 Abelian higher gauge theory

The previous discussion for Maxwell theory generalises readily to Abelian p-form gauge
theory for arbitrary p (which subsumes the scalar and Maxwell examples). On an oriented
d-dimensional spacetime M, let C be a U(1)-valued p-form potential, and let B be a (d—p—1)-
form auxiliary field. The action functional for p-form electrodynamics can the be written
in a first-order fashion as

S:/B/\dC—%B/\*B. (5.16)

Integrating out B reproduces the standard action [ %dC’ A *dC. The first-order form has
the advantage that it naturally arises from dimensional reduction from a SymTFT in the
sandwich construction [81].

This theory has an electric p-form electric symmetry with Noether current J, =
(—=)T@=T) B as well as a magnetic (d — p — 2)-form symmetry with Noether current Jy, = *B.
In the Batalin-Vilkovisky formalism, we add a tower of higher-order ghosts Aq,...,A;, so
that the full Batalin-Vilkovisky action becomes

S = /—%Afl AxAT) — dAg A AT, —dALAAS — o —dA AAT, L (517
where A; is a differential (p — i)-form with ghost number 4, and A" is the corresponding
antifield, a differential (d — p + i)-form with ghost number —i — 1, and we identify

C =-Ay, B =(=)PtDdr-UA+ o J =AY Ja=+AT,

ct=—Af, Bt =(—)Pthld=p-Dp (5.18)
The Batalin-Vilkovisky differential can be then read off as
QA_y = —dAg—+"AT;, QAT =0,
QA; = —dAiy, QA = (=" ldAL,, (0<i<p) (5.19)
QAp =0, QA = (—)PTdAS

1_ (_)T(dfT)

where x~ *, as we're working in Euclidean signature. For the electric symmetry

Je, the descent equation produces the following descendants:
0=0QJ
dJ, = (- QA
dAg = (=)PTQAT

(5.20)
dA, = (—PFIQAY
dA; =0
The magnetic symmetry Jy,, on the other hand, only begets one descendant:
0=QJn, dJm = Q(—dA_1), d(—dA_;) =0. (5.21)
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Figure 5. Ghostly higher symmetries of p-form Abelian gauge theory.

The descendant Jé} ) = —dA_; is d-exact and hence according to (3.20) does not represent
a physical symmetry. In addition, one has the (d — 1)-form symmetry of ghost number p
with current A,, generalising the ghostly symmetry of Maxwell symmetry with current ¢
for arbitrary p. Its descendants can be read off from (5.19), and the descent chain stops at
Aoy, which is not a symmetry since dAg is not @Q-exact.

Thus, the higher-form symmetries of U(1) p-form gauge theory and their generators
are given in figure 5.

As for Maxwell theory, the ghostly conservation laws correspond to the numbers of

(higher) antiparticle excitations in a Batalin-Vilkovisky-extended Fock space containing
excitations of all ghost numbers.
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The total complex analysis applies rather succinctly, with the electric total degree d—p—1

total form
0 = ()BT 3 (Lyins (5.22)
i=—1
and the total degree p total form
a = (—)2 T+ zp: A (5.23)
i=—1

For af, D-closure holds identically, Da® = 0, and immediately implies the (ghostly) currents
and descent equations given in (5.20).
For «, D-closure fails,

Da = (—)2 YD (dA_; —»1AT)) (5.24)

so that imposing Da = 0 reduces the theory to the topological sector of flat connections
B = QX. Otherwise Da # 0 yields the magnetic (d — p — 2)-form symmetry

dDa = Q(d(—) ) = 0=QJn, (5.25)
dJm = Q(—dA_y), (5.26)
d(-dA_1) =0. (5.27)

5.2.1 Wilson operators

Similar to the case for Maxwell theory, we can read off the Wilson operators that transform
under the ghostly symmetries from the Batalin-Vilkovisky action (5.17). Thus, due to the
term A | AdA; in (5.17), for an (p — i)-dimensional boundaryless submanifold ¥,_; C M,

exp (ia_i /Z,,_i Ai> (5.28)

(with parameter ar_; having ghost number —i) transforms under the ghostly electric higher-

the Wilson surface

form symmetry with Noether current Je(l) = A | (except for i = p + 1, which is a (—1)-form
symmetry and hence has no associated Wilson operators). Similarly, if B = AT, (which is
d-closed on shell) is locally of the form AT, = dA, then due to the term AT, A dA in (5.17),
the 't Hooft operator fzd,p,Q A transforms under the magnetic higher-form symmetry with
Noether current J,, = *AT;. Finally, due to the term A;" ; AdA; in (5.17), the Wilson operator
fEd,p,Hi A | transforms under the symmetry with Noether current A; for 1 < i < p.

5.3 Schwarz-type topological gauge theories
5.3.1 Abelian Chern-Simons theory

In Maxwell theory, we saw that some descent chains did not continue, as one expects
generically for a non-topological theory. By contrast, let us consider Abelian Chern-Simons
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Figure 6. Ghostly symmetries of three-dimensional Abelian Chern-Simons theory with the gauge
field A defined globally. Since this theory is topological, the descent chain never stops.

theory in three dimensions, which is topological; for simplicity we assume that A is globally
defined. The Batalin-Vilkovisky action on a three-dimensional spacetime M is then [55]

S:/%A/\dA—dc/\fﬁ (5.29)

where ¢, A, AT, ¢t are zero-, one-, two-, three-forms, respectively, with ghost numbers 1, 0,
—1, and —2, respectively. The Batalin-Vilkovisky differential is then

0=Qc, de=Q(-4), d(-A4)=QA", dAT=Qc", dc"=0. (5.30)

Thus, starting from the ghostly two-form symmetry whose Noether current is ¢, the descent
chain does not stop, as expected of a topological field theory. The resulting symmetries
are shown in figure 6.

In terms of the cohomology of the total complex, only Totl(.A) is non-empty. Thus, we
have only one total degree 1 form to consider

a®S = —c+ A+ AT 4 cF (5.31)

and Da®® = 0 imposes precisely (5.30). There are no D-exact total degree 1 forms (as there
are no total degree 0 forms) so the only non-empty cohomology is

HL, (Tot®(A)) = @pqup’q (5.32)

The (ghostly) higher-form symmetries are characterised by the total complex cohomology,
as expected for a topological theory. Note, these all act nontrivially on corresponding Wilson
loops (except for the (—1)-form symmetry): A acts on the Wilson loop [&. A, and ¢ acts
on the Wilson surface [5, A", and A* acts on the Wilson point [y, c.
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5.3.2 BF theory

As another example of an Abelian topological theory, we consider a BF' theory. Suppose that
spacetime M is covered by a sufficiently fine lattice or triangulation so that it makes sense
to speak of discrete-valued differential forms (section 2.1.2). Working with the coefficient
ring Z, of integers modulo ¢, we have the action

_ 7
§=2L /M BAdA, (5.33)

where A € OP(M;Z,) and B € Q4"P~1(M;Z,) are potentials. Both A and B can be shifted
by exact differential forms; this gauge symmetry produces a tower of ghost fields

A; € QPTH(M; Z), A € QPN Z,), (p—d <i<p), (5.34)

where A; carries ghost number ¢ while Aj carries ghost number —1 — 4, and where we identify
A = Ap and A* = A and B = AT} and BT = A_;. Then Ay,...,A, are ghosts for
A = Ap while AT, ..., A;L 4 are ghosts for B = AT, and the corresponding antifield ghosts
are AT, A} and A_y,..., A,_g, Tespectively.

The Batalin-Vilkovisky action is then

S = % /M AS g ANdA, a4+ AL AdA,. (5.35)

The Batalin-Vilkovisky algebra is then

dAiy1 (i<p-—-1)
A = 5.36
¢ {0 (i =p), (530

which are already the descent equations. If we assume that all potentials are globally defined,
then ghostly higher symmetries are as given in figure 7. In particular, at ghost number 0,
we have a p-form symmetry (whose current is B) and a (d — 1 — p)-form symmetry (whose
current is A), as noted in e.g. [86] for d = 3, p = 1.

5.4 Coupling to matter and ultraviolet-infrared matching

It is well known [1] that for the electric U(1)-valued one-form symmetry, when the Maxwell
field is coupled to matter of charge ¢, then the U(1) breaks into a Z, subgroup, and that
this symmetry can be matched with that of the effective theory in the deep infrared, which
is a Zg-valued BF theory. In this way, one can match the symmetries of the infrared and
ultraviolet theories similar to 't Hooft anomaly matching. In this section, we demonstrate
in the case of matter coupling to Maxwell theory that the symmetry matching also holds
for ghostly symmetries.

We start by coupling a complex scalar field ® of charge g € Z to Maxwell theory (5.1)
through the standard minimal-coupling

da® = (d + 27igA)®

da® A *d D" + 2mige(DDF — B ™) :
/ 4 4 a( ) da®* = (d — 2migA)d*

(5.37)
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Figure 7. Ghostly symmetries of BF theory with level q.

where ®* is the scalar antifield and under the U(1) gauge symmetry
P el?2MOP T s e 12T DT (5.38)
Then QAT in the (5.3) picks-up an additional term
QAY = —dB — Js, (5.39)
where
_ OSmatter

Jo — ——matter
Y
is the usual gauge-invariant conserved current with dy = d — 2wqiA.

= 27ig * (Pd4 D" — ®*d4P) = —4ng * Im(Pd 4 D) (5.40)

Consequently, the corresponding would-be descent equation in (5.5) is no longer exact
so the U(l)[o’_” symmetry must break. Since B and Jg are subject to the semi-classical
quantisation conditions

H € 27i7Z, / Jo € 2mqiZ (5.41)
Sa_1 DN

where locally H = dB and ¥,_; is a homology (d — 1)-cycle, we observe that the discrete
subgroup Z([IO’_” survives, as shown in figure 8.

Of course, now that we have matter, there is the usual conserved current Jg, which
comes with its own descendants. As per the general discussion given in section 3.2.2, writing
jo = » 'Jp, we see that while the would-be descent equation QAT = dB fails to hold

identically, from (5.39) we inherit

Q(dA™) = —d(%ja), (5.42)
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Figure 8. Ghostly higher-form symmetries of Maxwell theory in d spacetime dimensions coupled to
charged matter of charged q.

which yields, in precise analogy to the xB current of the magnetic (d — 3)-form symmetry
of pure Maxwell theory, the descent equations

0= Q(xa), d(xjo) = Q(~dA™), d(~dAt) =0,  (5.43)
where the current —dA™ is trivial (d-exact).

5.4.1 Matching with the infrared theory

We now check whether these symmetries persist in the infrared. To obtain the infrared theory,
we decompose ® into radial and angular parts:

P = %627&(]5/) (5.44)

Then (5.37) becomes
/ Ldp A xdp + 1(2mp)2 (Ao + gA) A +(de + gA) + qeot (5.45)

where we have identified
ot =2mi(PPT — P P*Y) (5.46)
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Figure 9. Ghostly higher-form symmetries of the infrared limit of Maxwell theory in d spacetime
dimensions coupled to charged matter of charged ¢, which agree with those of the ultraviolet theory
given in figure 8.

to obtain the correct gauge transformation
A— A—da ¢ — ¢+ qu (5.47)

This now appears as a Stueckelberg coupling (see [87] for a review) since ¢: M — U(1) = R/Z
transforms affinely as a principal homogeneous space (i.e. U(1)-torsor). Now, in the deep
infrared, we may set p to a vacuum expectation value v and discard the suppressed higher-
derivative terms to obtain the model

Sir[A, ¢, AT, ¢t ¢, 01] = /(27w)2qA Axdo + qepT —de A AT (5.48)

(Note that we do not dualise ¢ to obtain a BF model since, as we saw above, dualisation
changes the ghostly symmetries.) Now A and ¢ can be taken to be a Z,-valued one-form
and a Zg-valued zero-form respectively. The non-ghostly electric symmetry J. = —x"1dA
and magnetic symmetry Jy, = dA are well known to persist in the infrared as Z,-valued
symmetries. (The field A does not form a current, even though it is closed on shell, since A
is only locally defined.) Similarly, A" is now a Z,-valued (d — 1)-form, forming the current

for the ghostly symmetry Zgo’_l].
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The ghostly symmetries U(1)[>~1 and U(1)[=1~2 also persist since

JWU = AT J@ = F (5.49)
are still d-closed up to Q-exact terms:
dAT = Qc™, det =0. (5.50)

Finally, v? x d¢ is the corresponding current, is still conserved; its descendant is ¢+, which
combined with p™ fills out the C-valued (—1)-form ghostly symmetry. Thus the infrared
set of symmetries given in figure 9, both ghostly and non-ghostly, match those of figure 8
in the ultraviolet.

5.4.2 Coupling matter to ghostly gauge symmetry

Abelian higher gauge theories (section 5.2) have a one-form field A,_1, but unlike the photon
in Maxwell theory this field has ghost number p — 1 (Maxwell theory corresponds to the case
p =1). We can generalise the previous discussion (section 5.4) of coupling matter of charge ¢
to the Maxwell theory’s one-form by coupling ‘matter’ of charge ¢ and ghost number 1 — p
to the one-form field A,—; of Abelian higher gauge theory.

It may initially seem strange to couple ‘matter’ of nonzero ghost number to ghost fields.
However, such phenomena can occur in twisted theories (where, due to redefinition of ghost
number during twisting, matter that used to have zero ghost number may have nonzero
ghost number afterwards); more generally, in the Batalin-Vilkovisky formalism, during the
construction of the one-particle-irreducible effective action, it is natural to couple sources
to fields regardless of their ghost number, including for ghosts and antifields (see [20] for
sources for ghosts, and [88, 89] for sources for the antifields).

An apparent obstacle to introducing charged ‘matter’ to ghostly symmetries is the nonzero
ghost number: writing down a would-be covariant derivative

(d —27migA,—1)® (5.51)

for a complex scalar field ® is problematic since (d —2migA,_1)® would not have homogeneous
ghost number. Instead, one must directly work with the Stueckelberg form (5.45), where
the ‘angular component’ ¢ now has homogeneous ghost number 1 — p. Then the rest of
the discussion of section 5.4 goes through mutatis mutandis, resulting in the symmetries
shown in figure 10.

6 Operators in cohomological topological field theories

A cohomological (or Witten-type) topological field theory (TQFT) is a topologically protected
subsector of a supersymmetric field theory, obtained by a procedure known as twisting.
From the perspective of the Batalin-Vilkovisky formalism, twisting may be thought of as
a redefinition of the Batalin-Vilkovisky differential as

Qnew = Qold + Q/7 (61>
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Figure 10. Ghostly higher symmetries of p-form Abelian gauge theory with sources of charge ¢
coupled to the one-form ghost A,_; (only lower form degrees shown).

where the Batalin-Vilkovisky differential of the twisted theory Qpew is a sum of the original
Batalin-Vilkovisky differential Q,q and @', which is one of the spacetime supersymmetry
generators. This redefinition is accompanied by a redefinition of the ghost number such that
the new differential Qpew is homogeneously of ghost number 1 (whereas prior to twisting
only Qo1q had ghost number 1, with the supersymmetry @’ being of ghost number 0), as
well as a redefinition of the Lorentz group so as to make it commute with Qnew. In the
context of TQFTs, the descent equation has been known for a long time since the work
of Witten [41], where starting from a gauge-invariant topological operator one produces a
chain of differential-form topological operators of higher form degree. These operators fit
the definition of a higher-form symmetry perfectly in that they are topological (i.e. d-closed
up to Q-exact terms but not d-exact) and physical (i.e. gauge-invariant, viz. Q-closed up
to d-exact terms, and not vanishing on shell, viz. not itself Q-exact). As a well known
example, consider the Donaldson-Witten theory [41] (reviewed in [42, 43]), which is the
topological twist of a four-dimensional AN/ = 2 supersymmetric gauge theory with only vector
multiplets, with a gauge group G (whose Lie algebra is g). On a spacetime four-manifold
M, the twisted field content is then as follows:

ce Q(M;g), ¢e€Q

X € QL (M;g), neQ(M; 62)

ct e Q'M;g), ¢F e QM '
(

xt e Qi (M;g), nte QM
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where Qi denotes the space of self-dual two-forms. The fields have ghost numbers 1, —2, 2,
0, —1, —1, 0, 1 respectively, and the antifields have complementary ghost numbers —2, 1,
-3, —1, 0, 0, —1, —2 respectively. Note, all fields are now (ghost number ¢) differential-form
operators in AP?; the twisted theory can be formulated on an arbitrary manifold, while its
untwisted parent requires vanishing first and second Stiefel-Whitney class. We omit the
detailed Batalin-Vilkovisky transformations, which are the action of @’ (as found in e.g. [42])
plus the standard gauge-transformation terms.

Consider the space inv(g) of invariant polynomials of the Lie algebra g. For any invariant
polynomial p € inv(g), then, the operator O©) = p(¢) € A0 is a gauge-invariant zero-form
operator with ghost number zero, so one can use it to start a descent chain:

0=000 400 =o®, qol =Qo®,

d0® = QO®, 40® = QOW, d0® =, 03

The fact that the theory is topological ensures that the descent chain continues until it vanishes
due to form-degree reasons. For example, for ¢ = 3u(2), there is only one independent
invariant polynomial (the Killing form), and the operators are [41]:

1
0O = tr(¢?), oW = tr(¢v), 0B = tr (2¢ A+ ig A F> ,
(6.4)
0¥ =itr(p AF), OW = —% tr(F A F).
Note that the ghost ¢ contributions to QO drop-out as they are gauge-invariant.
Then, for v; € H;(X), the operators
wol = [ oW (6.5)
Yi

are topological observable and therefore each O corresponds to a (ghostly) (d — i — 1)-form
symmetry. Namely, the O constitute Noether currents for ghostly three-, two-, one-, zero,
and (—1)-form symmetries as shown in figure 11.

If these are to be regarded as symmetries, what operators transform under them? The
action of Donaldson-Witten theory does not contain any terms of the form

O A aw® (6.6)

However, one can always couple this topological theory to another (possibly non-topological)
theory 77 by introducing terms of the form (6.6) where now W) are differential (4 —i)-forms
with ghost number i built out of fields of 7”. Then the Wilson loops [y, W transform
nontrivially under the ghostly symmetry associated to the Noether current O®.

The obvious implication is that the Donaldson invariants, as understood from the point
of view of TQFT via Donaldson-Witten theory, are correlation functions of higher-form
conserved charges related by descent equations. This raises the question of what, if any,
analogous role the correlation functions of the (ghostly) higher-form conserved charges play.
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Figure 11. Ghostly symmetries corresponding to a descent chain of topological operators in
Donaldson-Witten theory with gauge Lie algebra g. The vector space inv(g) of invariant polynomials
of g is regarded as an additive Abelian group.

7 Centre symmetry of Yang-Mills theory and its descendants

Pure Yang-Mills theory with a simple gauge group G has a discrete non-ghostly one-form
symmetry valued in the centre Z(G), as discovered by Polyakov and 't Hooft [7-9].!7 This
centre one-form symmetry plays a crucial role in confinement, as reviewed in [90, 91]: at finite
temperature (viz. with periodic Euclidean time), a timelike Wilson loop (or Polyakov loop,
in this context) transforms nontrivially under the centre symmetry and serves as an order
parameter for confinement. This section shows that the centre symmetry of pure Yang-Mills
theory begets ghostly zero-form and (—1)-form symmetries by presenting it in a form where
a magnetic Z(G) symmetry is explicitly gauged; this may be thought of as a continuum
non-Abelian analogue of the Villain formulation [92] of lattice U(1) gauge theory.

For simplicity, we assume G be a simply connected compact simple Lie group with centre
Z(G), such that the corresponding centreless Lie group is G := G/ Z(G) with fundamental
group 71 (G) = Z(G). It is well known that pure Yang-Mills theory with gauge group G
enjoys an electric Z(G)-valued one-form symmetry, while the magnetic (d — 3)-form symmetry
is trivial since 71(G) = 1. On the other hand pure Yang-Mills theory with gauge group G

enjoys a magnetic 7 (G)-valued magnetic (d — 3)-form symmetry, while the electric 1-form
symmetry is trivial since Z(G) = 1.

The former is ‘electric’ insofar as it can be broken by coupling to electrically charged
matter, while the latter cannot — the same way that, for Maxwell theory, the electric one-form

symmetry with Noether current xF' can be broken by coupling to electrically charged matter

170f course, since this work predates the present understanding of generalised global symmetries, Polyakov
and 't Hooft did not articulate the Yang-Mills centre symmetry in terms of a one-form symmetry.
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but the magnetic (d — 3)-form symmetry cannot. For Maxwell theory (section 5.1), the
electric symmetry admits descendants whereas the magnetic symmetry does not, as the first
putative descendant is exact. We here show that an analogous situation holds in the case
of a Villain-like formulation of Yang-Mills theory.

7.1 Cech cocycles

Since the centre symmetry is discrete, we must work with a model of cohomology that works
with discrete coefficients, unlike the de Rham cohomology of differential forms, such as
cellular cohomology, simplicial cohomology or Cech cohomology. We adopt Cech cohomology
since, for Yang-Mills theory, it is the familiar patchwise description of the gauge field where
the connections on intersections are related by gauge transformations. (For a review of
Cech cohomology, see [93].)

Suppose that spacetime M = J; U; is covered by a sufficiently fine open cover {U, };cr.
Let I' be a Lie group that will serve as the coefficients; we use multiplicative notation for I,
even when I' is Abelian. A T'-valued p-cochain « is a collection of smooth maps

Qi Uig n---N Uip —T (7.1)

for each ordered (p + 1)-tuple of open sets Uy, ..., U;, that is totally graded-antisymmetric
with respect to permutation of the indices, i.e.

al’ (7.2)

QXig0y-tom) — Xig..ip >

where (—1)7 € {£1} is the parity of the permutation o: {0,...,p} — {0,...,p}. Let us call
the collection of I-valued p-cochains QP (U;T'), mimicking the notation for differential forms.
If T is Abelian, one can define the differential

d: QP(U;T) — QPHH(U; D),
p+1

(d0)ig..ipys () = [T (@3 3 i, (@)

J=0

)<—1>P*f (7.3)

where the circumflex %j means that the jth index i; is to be omitted. One then shows that
d? = 0, and the corresponding cohomology defines Cech cohomology. Furthermore, if I" in fact
forms a ring rather than just an additive Abelian group, then there exists a wedge product of
Cech cochains that descends to the cup product of Cech cohomology classes. Thus Q'(U ;1)
serves as a discrete analogue of I'-valued differential forms, and we will speak of I'-valued
differental forms as synonyms of I'-valued cochains whenever convenient.

If I is non-Abelian, the spaces QP(U ;') are still well defined, but the definition of
d: QP(U;T) — QPtY(U;T) is ambiguous when p > 0 due to ordering issues. For QO(U;T) —
QUU;T) and QY(U;T) — Q%(U;T), however, we may pick the following canonical orderings:'®

(da)ij = ot

i (da)iji = ajograg. (7.4)

'8The data for 2-cocycles and beyond requires higher structures [94]. For instance the 2-cocycle data
constitutes a 2-group.
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Then one checks that indeed d2: Q0(U;T) — Q2(U;T) vanishes, and one can define non-
Abelian cohomology in degree one as

H'(U;6) = {ac QQ(U;G)‘da =1}/ ~ (7.5)

(we write da = 1 rather than da = 0 to stick to multiplicative notation for I'), where the
equivalence relation ~ is defined as

g~g < e QNU;G): gj; = higijh; " (7.6)

This non-Abelian cohomology then classifies principal I'-bundles [94, 95]. In terms of the
familiar Yang-Mills connection, a non-Abelian 1-cohomology class is then simply a set of
transition maps «;;: U;NU; — I' that compose nicely on triple overlaps (i.e. the triple overlap
da: U;NU; NU, — T is trivial) modulo gauge transformations.

7.2 Magnetic centre symmetry of centreless Yang-Mills theory

Given spacetime M equipped with a sufficiently fine open cover M = J; U;, the data of
the Yang-Mills gauge field valued in the centreless gauge group G can be given in terms of
G-valued (rather than G-valued) Cech cochains by

Ae QU TU @), g€ QNU;G), (7.7)
satisfying
Ailuno, = 954595 + 95495 [v.nv; dg € (U 2(@)), (7.8)

where crucially dg is valued in Z(G). That is, in a G-valued Yang-Mills theory, the cocycle
condition (dg)ijx = 9ij gjkg;kl = 1 (which would describe a G-valued Yang-Mills theory) is
weakened to gijgjkgi;l € Z(G). This can be thought of as resolving G into the two-group
given by the crossed module

(Z(G) = G). (7.9)

This is a continuum non-Abelian analogue of the Villain formulation [92] of lattice U(1) gauge
theory (where one resolves the gauge group U(1) into the two-group (Z — R)).

This Cech formulation now manifests the Z(G)-valued magnetic (d — 3)-form symmetry of
G-valued Yang-Mills theory through its discrete Noether current dg, which is a Z(@G)-valued
two-form.'? Of course, this is entirely equivalent to the usual statement that the magnetic
symmetry is 71 (G)-valued.

The constraint that dg lies in Z(G) may be implemented using a Lagrange multiplier
C e QU Z(Q)) as

S:/ %tr(F/\*F)—i—(dg—i—B)/\C, (7.10)
M

19This represents a physical symmetry even though it appears to be d-exact since there is no Z(G)-valued
one-form whose differential is dg.
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Figure 12. Ghostly higher-form symmetries of d-dimensional G-valued Yang-Mills theory, where G
is a centreless compact Lie group.

where B € Q*(U; Z(G)) is an auxiliary field, and F = dA + 1[A, A] € Q?(M; g) is the usual
Yang-Mills field strength (which is a true differential form unlike A), and where in the second
term (dg + B) A C, the A actually denotes the cup product of Z(G)-valued cocycles using
the ring structure?® on Z(G).

The magnetic (d — 3)-form symmetry does not beget any descendants since there is no
field whose Batalin-Vilkovisky differential equals dg. Hence the higher-form symmetries of
G-valued Yang-Mills theory are as give in figure 12.

7.3 Electric centre symmetry of simply connected Yang-Mills theory and its
descendants

Let us now examine the electric symmetry of the simply connected G-valued Yang-Mills
theory. In this case we consider the simply connected G-valued Yang-Mills theory itself
with, but where the closure of Cech cochain g € Ql(U ; G) is now relaxed in the sense that
dg = db, where b € QY (U; Z(@)). It is exact in the sense that it is the differential of a Z(G)-
valued 1-cocycle. This can be accomplished by slightly modifying (7.10) so that, instead of
B € Q*(U;Z(@)), one has the differential of an auxiliary field b € Q' (U;Z(G)) as in

S = /Mitr(F/\*F) +(dg — db) A C. (7.11)

Now, dg no longer represents a physical symmetry since it is exact while C' is now closed on
shell and hence represents a physical Z(G)-valued one-form symmetry, namely the electric
centre symmetry of simply connected Yang-Mills theory.

20For a simply connected compact simple Lie group G, the centre Z(G) is always a cyclic group or a product
of two cyclic groups and hence admits a ring structure Zq or Zg X Z, for some ¢,q" € Z7". Here, g = 1 for Fy,
Gz, Es; and q = 2 for Spin(2n+ 1), Sp(n), E7; and q¢ = 3 for Eg; and ¢ = 4 for Spin(4n+2); and (q,q’) = (2,2)
for Spin(4n); and ¢ = n for SU(n).
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Furthermore, the theory now gains more gauge symmetries since (7.11) is invariant up to a
total derivative term when b is shifted by exact Z(G)-valued differential forms.?! Thus, similar
to Abelian higher gauge theory, we introduce the following ghost fields and their antifields:

C e VXU, Z(G)), CF e (U Z(G)),

BeMWUL@), B e MULE). (712

where 3 carries ghost number 1 and 87 carries ghost number —2. Effectively, b now serves
as the ‘centre part’ of the G-valued g.
Then the corresponding Batalin-Vilkovisky action is

sz/ Ler(F A%F) + (dg — db) A C + b AdB + O(c), (7.13)
M4

where we have omitted terms corresponding to the gauge transformation of A and g etc. with
respect to the usual Yang-Mills ghost ¢, which are not important here. From (7.13), we may
read off the relevant set of Batalin-Vilkovisky differentials as

Qb=dps, QB=0, QC =0,

7.14
Qb =do, QBT =dbt, QCt =dg— db. (7.14)

Now, descending from the conserved current J, := C, we see that
0=QJ, dJ. = Qb", dvt = QBT dpgt =o. (7.15)

In addition (3 is the Noether current for a ghostly (d — 1)-form symmetry, but the descent
chain stops after one rung:

0=0Qp, dg = Qb, Qb & im4(d). (7.16)
Thus, the ghostly higher symmetries of G-valued Yang-Mills theory are as shown in figure 13.

Wilson operators. As is well known, the electric and magnetic centre symmetries act on
Wilson loops and 't Hooft loops, respectively. From the action (7.13), we see that the Wilson
hypersurface fEd_1 bT transforms under the ghostly (d — 1)-form symmetry with current 3,
while the Wilson point on [ transforms under the ghostly zero-form symmetry with current
bT. The zero-form ghost symmetry with current b* counts (modulo the periodicity of Z(G))
the number of excitations of bT in the Batalin-Vilkovisky-extended Hilbert space.

7.3.1 Descendants of the centre symmetry under Higgsing

We now add to the pure G-valued Yang-Mills theory a minimally coupled scalar matter
field valued in the adjoint representation g that acquires a vacuum expectation value. Then
G generically breaks down to a Cartan subgroup. We will see that the infrared theory of
Cartan-subgroup-valued Abelian gauge fields with massive W-bosons and 't Hooft-Polyakov

21 There is no corresponding gauge symmetry shifting C' by an exact Z(G)-valued differential form since dg
(despite the notation) is not actually a closed Z(G)-valued differential form off shell; dg is only a Z(G)-valued
differential form on shell.
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Figure 13. Ghostly higher-form symmetries of d-dimensional G-valued Yang-Mills theory, where G
is a simply connected compact Lie group. Note that this figure and figure 12 combined mimic the
symmetries of Maxwell theory given in figure 4.

monopoles has the same higher-form symmetries as the ultraviolet theory, including the ghostly
symmetries. (The case of non-ghostly higher-form symmetries is, of course, well known [5]).

For definiteness, let us take G = SU(2), so that the Cartan subgroup is U(1) C SU(2).
We must determine the charges of the particles in the infrared theory that breaks the
UL U)o U (1)=52 electric, U(1)l4-39 magnetic and U(1)l4= 51 ghostly symmet-
ries shown in figure 4.

In that case, the infrared theory contains massive W-bosons of electric charge +2, so
that the electric one-form symmetry U(1)1% and its descendant U(1)[~1 break down to

Z[21,0]7Z[20,—1]’ Z[Q_l’_Q] (according to figure 8). Furthermore, since

m(SU(2)/ U(1)) = m(S?) = Z, (7.17)

the theory contains a ’t Hooft-Polyakov monopole (d — 4)-branes of magnetic charge +1,
which totally breaks the U(1)l9=39 magnetic symmetry.

Finally, in the infrared, the broken ((SU(2)/ U(1)) components of ¢ transform nontrivially
under the U(1) Cartan part of ¢, so that the would-be U(1)l4~ 11 and U(1)I=1~2] (generated
by ¢ and ¢* respectively) found in figure 8 break down into the centre Z[Qd_l’” and Z[Q_l’_%
respectively. Thus the symmetry of the infrared theory agrees with that of the ultraviolet
theory given in figure 13.
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8 Higher ghost symmetry in higher gauge theory

Higher gauge theory is a higher-form generalisation (categorification) of Yang-Mills theory,
where the gauge symmetry is described by a Lie 2-group (or, more generally, a Lie oo-
group); see [96, 97] for reviews. Whereas Yang-Mills theory has a non-Abelian one-form
potential and two-form field strength, higher gauge theory in general has potentials and
field strengths of higher form degree. There exists a higher-form centre symmetry for higher
gauge theory [54] generalising that of Yang-Mills theory. However, in the higher-gauge-theory
case we expect a richer pattern of descendants due to the fact that there exist second-order
gauge transformations.

8.1 Lightning review of adjusted higher gauge theory

Whilst in the Abelian case any arbitrary Abelian gauge group can be used for higher gauge
theory (as in section 5.2), in the non-Abelian case, to ensure rich dynamics, there are
restrictions on the structure of a 2-group that can be used: namely, those that admit a
structure of adjustment [75, 98-105] (see [97] for a review). Concretely, we consider an
adjusted higher gauge theory associated to an adjusted strict 2-group G. This class of higher
gauge theories is treated in detail in [97, 106] with explicit examples and applications.

Gauge 2-group. An adjusted strict Lie 2-group G = (G, H, s, p, k) is given by the data
of two Lie groups G and H (with associated Lie algebras g and § respectively), a smooth
group homomorphism s: H — G (with infinitesimalisation sy: § — @), a smooth action
p: G — Aut(H) (with infinitesimalisations py: G — Aut(h) and pq: ¢ — der(H)), and a map
k: G x g — b (the adjustment, with infinitesimalisation x4: g X g — §) satisfying the axioms

s(plg)h) = hs(Mh™", p(s(W)N = hW'h™", n(s(h),x) = h(p(x)h™"),

8.1
k(g'g,x) = py(g)k(g, x) + k(g grg~" — sy(k(g,x))) &

for all h,h' € H and g,¢' € G and x € g. For examples of adjusted Lie 2-groups, one
can take G to be the loop model of the string Lie 2-group [75, 101, 107], where both G
and H are non-Abelian.

Principal 2-bundle. Just as the ordinary Yang-Mills theory with gauge group G involves a
principal G-bundle, adjusted higher gauge theory with gauge 2-group G involves a principal
G-bundle, as defined in [108-111]. The adjustment x does not enter into the (topological)
principal 2-bundle itself, only in defining the gauge fields (connections).

Covering spacetime M by a sufficiently fine open cover {U;}, the data of a principal
G-bundle may be given using Cech cochains in terms of

g€ QN U;G), he QU H). (8.2)

In addition, for the dynamical theory, there exists another field A only defined on pairwise
intersection of patches [97, (3.34a)]:

A e QYU T*U ®§). (8.3)
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These obey the cocycle conditions [97, (3.30), (3.34b)]

0 = (dng)ijk = 5(hijk)9ijgjk ki (8.4)
0 = (dgh)ijr = hiy hirihijipg, (hjp),
0= (dgnA)ik == Aje — Air + p(g5 ) Nij — p(g5 ) (hajr(d + Ai)hysg). (8.6)

Potentials. The higher gauge theory with higher gauge symmetry G has locally defined
potentials

B € 0*(M. ), A€ Q'(M,qg), (8.7)
with corresponding (globally defined) field strengths

H :=dB + [A, B] — k4(A, F) € Q¥(M, ),
F:=dA+ %[A, A] + sy(B) € Q*(M, g). o

The fields transform under (finite) gauge transformations given by [97, (3.35), (3.36)]

AT 4G + 7 dg — sy,
@A) .- N 1 -
B py(57)B + X+ [T AG + 571 dg — sy(M), A + 5 A= s(57LF),  (8.9)

A7}AL o A N
AN+ oG (M (d + py(A))D),

where the gauge parameters are §: M — G and A € Q'(M, §), together with a second-order
gauge parameter h: M — H under which \ transforms. The gauge parameters (g, \, lAz)
correspond respectively to the kinematic data (g, A,h).

Since the field strengths now transform covariantly, we may write down an action

1 1
S:/iH/\*H—i—iF/\*F (8.10)
using suitable invariant inner products.

8.2 Centre symmetries and their descendants in higher gauge theory

We now consider ghostly analogues of the centre symmetry of Yang-Mills theory as discussed
in section 7. The non-ghostly subset of these symmetries was previously discussed in [54];
here we complete this discussion by also considering ghostly symmetries as well.

Recall (cf. [54]) that the centre symmetry of Yang-Mills theory may be detected by
considering a spacetime of the form M = ¥ x S! (i.e. with periodic Euclidean time, or
equivalent at finite temperature) and looking at non-periodic ‘gauge transformations’?? that
nevertheless preserve the action; the same procedure applies to adjusted higher gauge theory.
In previous work [54] we examined the gauge transformations for A and B in (8.9), to obtain

the one-form and two-form centre symmetries Zg’o] and Zf[f’o], where

Za = {7 € L(G)|r(y",) = 0, p(r) = idy} Zy = ker(s) N Z(Y). (8.11)

22These are, of course, not true gauge transformations since (1) they are not periodic and (2) they act

nontrivially on physical observables such as the Polyakov loop.
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Figure 14. Ghostly higher-form symmetries of adjusted higher gauge theory.

In higher gauge theory, however, the ghost field A also undergoes higher-order gauge trans-
formations in (8.9), so that by the same analysis we obtain a ghostly one-form centre
symmetry ZE,’”, where

Zy = {he lellhpg(gc)if1 =1y Vz € gf . (8.12)

In order to investigate their descendants, we work in the Cech formalism of section 7, so
that the conditions (8.4) are relaxed to
dhg = dbg, dgh = dbh, dg’hA = dbA, (8.13)

where b, € O2(U; Zg) and by, € Q3 (U; Zg) and by € QYUU; T*U @ Zy) serve to parameterise
the ‘centre part’ of g € Q2(U;G) and h € Q2(U; H) and A € QY(U; T*U @ §), so that one
adds to the action Lagrange-multiplier terms

S:/ 4 (dpg — dbg) A Cy + (dgh — dbp) A Cp + (dynA — dby) A Ci
M
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with Lagrange-multiplier fields C, € Q3(U; Zg) and C, € Q44(U; Zy) and Cy €
Qd*:g(U ; TU ® Zpr), similar to the Yang-Mills case in section 7, and one adds ghost fields
Bg, P1,n (with higher-order ghost 32 5) and (a for the gauge transformations of by, by, and
bp respectively.

Then proceeding analogously as for the discussion of Yang-Mills theory in section 7, one
obtains the ghostly higher-form symmetries of adjusted higher gauge theory shown in figure 14.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized Global Symmetries, JHEP 02
(2015) 172 [arXiv:1412.5148] [INSPIRE].

[2] C. Cérdova, T.T. Dumitrescu, K. Intriligator and S.-H. Shao, Snowmass White Paper:
Generalized Symmetries in Quantum Field Theory and Beyond, in the proceedings of the
Snowmass 2021, Seattle, U.S.A., 17-26 July 2022 [arXiv:2205.09545] [INSPIRE].

[3] T.D. Brennan and S. Hong, Introduction to Generalized Global Symmetries in QFT and
Particle Physics, arXiv:2306.00912 [INSPIRE].

[4] P.R.S. Gomes, An introduction to higher-form symmetries, SciPost Phys. Lect. Notes 74 (2023)
1 [arXiv:2303.01817] [INSPIRE].

[6] L. Bhardwaj et al., Lectures on generalized symmetries, Phys. Rept. 1051 (2024) 1
[arXiv:2307.07547] [INSPIRE].

[6] R. Luo, Q.-R. Wang and Y.-N. Wang, Lecture notes on generalized symmetries and applications,
Phys. Rept. 1065 (2024) 1 [arXiv:2307.09215] InSPIRE].

[7] A.M. Polyakov, Quark Confinement and Topology of Gauge Groups, Nucl. Phys. B 120 (1977)
429 [INSPIRE].

[8] A.M. Polyakov, Compact Gauge Fields and the Infrared Catastrophe, Phys. Lett. B 59 (1975)
82 [INSPIRE].

[9] G.’t Hooft, On the Phase Transition Towards Permanent Quark Confinement, Nucl. Phys. B
138 (1978) 1 [INSPIRE].

[10] A. Kovner and B. Rosenstein, New look at QED in four-dimensions: The Photon as a
Goldstone boson and the topological interpretation of electric charge, Phys. Rev. D 49 (1994)
5571 [hep-th/9210154] [INSPIRE].

[11] M.D.F. de Wild Propitius and F.A. Bais, Discrete gauge theories, in Particles and Fields,
Springer (1999), p. 353439 [DOI:10.1007/978-1-4612-1410-6_8] [hep-th/9511201].

— 43 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.48550/arXiv.1412.5148
https://inspirehep.net/literature/1334564
https://doi.org/10.48550/arXiv.2205.09545
https://inspirehep.net/literature/2085224
https://doi.org/10.48550/arXiv.2306.00912
https://inspirehep.net/literature/2664639
https://doi.org/10.21468/SciPostPhysLectNotes.74
https://doi.org/10.21468/SciPostPhysLectNotes.74
https://doi.org/10.48550/arXiv.2303.01817
https://inspirehep.net/literature/2638369
https://doi.org/10.1016/j.physrep.2023.11.002
https://doi.org/10.48550/arXiv.2307.07547
https://inspirehep.net/literature/2677667
https://doi.org/10.1016/j.physrep.2024.02.002
https://doi.org/10.48550/arXiv.2307.09215
https://inspirehep.net/literature/2678152
https://doi.org/10.1016/0550-3213(77)90086-4
https://doi.org/10.1016/0550-3213(77)90086-4
https://inspirehep.net/literature/112352
https://doi.org/10.1016/0370-2693(75)90162-8
https://doi.org/10.1016/0370-2693(75)90162-8
https://inspirehep.net/literature/104349
https://doi.org/10.1016/0550-3213(78)90153-0
https://doi.org/10.1016/0550-3213(78)90153-0
https://inspirehep.net/literature/122455
https://doi.org/10.1103/PhysRevD.49.5571
https://doi.org/10.1103/PhysRevD.49.5571
https://doi.org/10.48550/arXiv.hep-th/9210154
https://inspirehep.net/literature/33460
https://doi.org/10.1007/978-1-4612-1410-6_8
https://doi.org/10.48550/arXiv.hep-th/9511201

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[30]

[31]

[32]

M.G. Alford and J. March-Russell, New order parameters for nonAbelian gauge theories, Nucl.
Phys. B 369 (1992) 276 [nSPIRE].

M. Bucher, K.-M. Lee and J. Preskill, On detecting discrete Cheshire charge, Nucl. Phys. B 386
(1992) 27 [hep-th/9112040] [INSPIRE].

T. Pantev and E. Sharpe, Notes on gauging noneffective group actions, hep-th/0502027
[INSPIRE].

T. Pantev and E. Sharpe, GLSM’s for Gerbes (and other toric stacks), Adv. Theor. Math. Phys.
10 (2006) 77 [hep-th/0502053] [INSPIRE].

S. Hellerman et al., Cluster decomposition, T-duality, and gerby CFT’s, Adv. Theor. Math.
Phys. 11 (2007) 751 [hep-th/0606034] [INSPIRE].

Z. Nussinov and G. Ortiz, A symmetry principle for topological quantum order, Annals Phys.
324 (2009) 977 [cond-mat/0702377] [INSPIRE].

A. Kapustin and R. Thorngren, Higher Symmetry and Gapped Phases of Gauge Theories, Prog.
Math. 324 (2017) 177 [arXiv:1309.4721] [INSPIRE].

ILA. Batalin and G.A. Vilkovisky, Relativistic S Matriz of Dynamical Systems with Boson and
Fermion Constraints, Phys. Lett. B 69 (1977) 309 [INSPIRE].

I.A. Batalin and G.A. Vilkovisky, Gauge Algebra and Quantization, Phys. Lett. B 102 (1981) 27
[INSPIRE].

I.A. Batalin and G.A. Vilkovisky, Quantization of Gauge Theories with Linearly Dependent
Generators, Phys. Rev. D 28 (1983) 2567 [Erratum ibid. 30 (1984) 508] [NSPIRE].

I.A. Batalin and G.A. Vilkovisky, Closure of the Gauge Algebra, Generalized Lie Equations and
Feynman Rules, Nucl. Phys. B 234 (1984) 106 [nSPIRE].

I.A. Batalin and G.A. Vilkovisky, Ezistence Theorem for Gauge Algebra, J. Math. Phys. 26
(1985) 172 [INSPIRE].

M. Henneaux, Lectures on the Antifield-BRST Formalism for Gauge Theories, Nucl. Phys. B
Proc. Suppl. 18 (1990) 47 [INSPIRE].

M. Henneaux and C. Teitelboim, Quantization of Gauge Systems, Princeton University Press
(2020) [D0I:10.2307/j.ctv1i0crglr].

J. Gomis, J. Paris and S. Samuel, Antibracket, antifields and gauge theory quantization, Phys.
Rept. 259 (1995) 1 [hep-th/9412228] [INSPIRE].

G. Barnich, F. Brandt and M. Henneaux, Local BRST cohomology in gauge theories, Phys.
Rept. 338 (2000) 439 [hep-th/0002245] [InSPIRE].

D. Fiorenza, An introduction to the Batalin-Vilkovisky formalism, math/0402057 [INSPIRE].

A. Fuster, M. Henneaux and A. Maas, BRST quantization: A Short review, Int. J. Geom. Meth.
Mod. Phys. 2 (2005) 939 [hep-th/0506098] [INSPIRE].

J. Qiu and M. Zabzine, Introduction to Graded Geometry, Batalin-Vilkovisky Formalism and
their Applications, Archivum Math. 47 (2011) 143 [arXiv:1105.2680] [INSPIRE].

P. Mnev, Lectures on Batalin- Vilkovisky formalism and its applications in topological quantum
field theory, arXiv:1707.08096 [INSPIRE].

G. Barnich and F. Del Monte, Introduction to Classical Gauge Field Theory and to
Batalin- Vilkovisky Quantization, arXiv:1810.00442 [INSPIRE].

— 44 —


https://doi.org/10.1016/0550-3213(92)90387-Q
https://doi.org/10.1016/0550-3213(92)90387-Q
https://inspirehep.net/literature/302156
https://doi.org/10.1016/0550-3213(92)90174-A
https://doi.org/10.1016/0550-3213(92)90174-A
https://doi.org/10.48550/arXiv.hep-th/9112040
https://inspirehep.net/literature/31215
https://doi.org/10.48550/arXiv.hep-th/0502027
https://inspirehep.net/literature/676024
https://doi.org/10.4310/ATMP.2006.v10.n1.a4
https://doi.org/10.4310/ATMP.2006.v10.n1.a4
https://doi.org/10.48550/arXiv.hep-th/0502053
https://inspirehep.net/literature/676180
https://doi.org/10.4310/ATMP.2007.v11.n5.a2
https://doi.org/10.4310/ATMP.2007.v11.n5.a2
https://doi.org/10.48550/arXiv.hep-th/0606034
https://inspirehep.net/literature/718534
https://doi.org/10.1016/j.aop.2008.11.002
https://doi.org/10.1016/j.aop.2008.11.002
https://doi.org/10.48550/arXiv.cond-mat/0702377
https://inspirehep.net/literature/819208
https://doi.org/10.1007/978-3-319-59939-7_5
https://doi.org/10.1007/978-3-319-59939-7_5
https://doi.org/10.48550/arXiv.1309.4721
https://inspirehep.net/literature/1254598
https://doi.org/10.1016/0370-2693(77)90553-6
https://inspirehep.net/literature/125034
https://doi.org/10.1016/0370-2693(81)90205-7
https://inspirehep.net/literature/170872
https://doi.org/10.1103/PhysRevD.28.2567
https://inspirehep.net/literature/200436
https://doi.org/10.1016/0550-3213(84)90227-X
https://inspirehep.net/literature/203529
https://doi.org/10.1063/1.526780
https://doi.org/10.1063/1.526780
https://inspirehep.net/literature/215744
https://doi.org/10.1016/0920-5632(90)90647-D
https://doi.org/10.1016/0920-5632(90)90647-D
https://inspirehep.net/literature/282000
https://doi.org/10.2307/j.ctv10crg0r
https://doi.org/10.1016/0370-1573(94)00112-G
https://doi.org/10.1016/0370-1573(94)00112-G
https://doi.org/10.48550/arXiv.hep-th/9412228
https://inspirehep.net/literature/381842
https://doi.org/10.1016/S0370-1573(00)00049-1
https://doi.org/10.1016/S0370-1573(00)00049-1
https://doi.org/10.48550/arXiv.hep-th/0002245
https://inspirehep.net/literature/524463
https://doi.org/10.48550/arXiv.math/0402057
https://inspirehep.net/literature/644966
https://doi.org/10.1142/S0219887805000892
https://doi.org/10.1142/S0219887805000892
https://doi.org/10.48550/arXiv.hep-th/0506098
https://inspirehep.net/literature/684854
https://doi.org/10338.dmlcz/141789
https://doi.org/10.48550/arXiv.1105.2680
https://inspirehep.net/literature/899601
https://doi.org/10.48550/arXiv.1707.08096
https://inspirehep.net/literature/1611611
https://doi.org/10.48550/arXiv.1810.00442
https://inspirehep.net/literature/1696519

[33] A.S. Cattaneo and N. Moshayedi, Introduction to the BV-BFV formalism, Rev. Math. Phys. 32
(2020) 2030006 [arXiv:1905.08047] [INSPIRE].

[34] P. Mnev, Quantum Field Theory: Batalin-Vilkovisky Formalism and Its Applications, American
Mathematical Society (2019) [DOI:10.1090/ulect/072].

[35] A.S. Cattaneo, P. Mnev and M. Schiavina, BV Quantization, arXiv:2307.07761
[DOI:10.1016/B978-0-323-95703-8.00095-1] [INSPIRE].

[36] F. Brandt, M. Henneaux and A. Wilch, Eztended antifield formalism, Nucl. Phys. B 510 (1998)
640 [hep—th/9705007] [INSPIRE].

[37] F. Brandt, M. Henneaux and A. Wilch, Ward identities for rigid symmetries of higher order,
hep-th/9611056 [INSPIRE].

[38] F. Brandt, M. Henneaux and A. Wilch, Global symmetries in the antifield formalism, Phys.
Lett. B 387 (1996) 320 [hep-th/9606172] [INSPIRE].

[39] I. Dneprov and M. Grigoriev, Background fields in the presymplectic BV-AKSZ approach,
arXiv:2505.09885 [INSPIRE].

[40] L. Borsten, D. Kanakaris and H. Kim, Sandwich Construction of Symmetry TFTs for the Centre
Symmetries of Chern-Simons, Yang-Mills, and Finstein Gravity, arXiv:2509.08819 [INSPIRE].

[41] E. Witten, Topological Quantum Field Theory, Commun. Math. Phys. 117 (1988) 353
[NSPIRE].

[42] J.M. Ferndndez de Labastida and C. Lozano, Lectures in topological quantum field theory, AIP
Conf. Proc. 419 (1998) 54 [hep-th/9709192] [INSPIRE].

[43] J.M. Ferndndez de Labastida and M. Marino, Topological quantum field theory and four
manifolds, Springer (2005) [DOI:10.1007/1-4020-3177-7] [INSPIRE].

[44] W.F. Chen, Quantum Field Theory and Differential Geometry, Int. J. Geom. Meth. Mod. Phys.
10 (2013) 1350003 [arXiv:0803.1340] [INSPIRE].

[45] R. Stora, Continuum Gauge Theories, in New Developments in Quantum Field Theory and
Statistical Mechanics Cargése 1976, Springer (1977), p. 201-224
[DOI:10.1007/978-1-4615-8918-1_8.

[46] R. Stora, Algebraic Structure and Topological Origin of Anomalies, in Progress in Gauge Field
Theory, Springer (1984), p. 543-562 [DOI:10.1007/978-1-4757-0280-4_19].

[47] B. Zumino, Course 12. Chiral anomalies and differential geometry, in Relativité, Groupes et
Topologie II. Les Houches 1983, Session XL, B.S. DeWitt and R.F. Stora, eds., North-Holland
(1984), p. 1291-1322 [INSPIRE].

[48] B. Zumino, Y.-S. Wu and A. Zee, Chiral Anomalies, Higher Dimensions, and Differential
Geometry, Nucl. Phys. B 239 (1984) 477 [INSPIRE].

[49] B. Zumino, Cohomology of Gauge Groups: Cocycles and Schwinger Terms, Nucl. Phys. B 253
(1985) 477 [INSPIRE].

[50] R.A. Bertlmann, Anomalies in Quantum Field Theory, Oxford University PressOxford (2000)
[DOI:10.1093/acprof :0s0/9780198507628.001.0001].

‘ot
=

J.A. Harvey, TASI 20083 lectures on anomalies, hep-th/0509097 [INSPIRE].

‘or
2,

A. Bilal, Lectures on Anomalies, arXiv:0802.0634 [INSPIRE].

or
o

F. Gagliano and I. Garcia Etxebarria, SymTFTs for U(1) symmetries from descent,
arXiv:2411.15126 [INSPIRE].

,45,


https://doi.org/10.1142/S0129055X2030006X
https://doi.org/10.1142/S0129055X2030006X
https://doi.org/10.48550/arXiv.1905.08047
https://inspirehep.net/literature/1735713
https://doi.org/10.1090/ulect/072
https://doi.org/10.48550/arXiv.2307.07761
https://doi.org/10.1016/B978-0-323-95703-8.00095-1
https://inspirehep.net/literature/2677636
https://doi.org/10.1016/S0550-3213(97)00681-0
https://doi.org/10.1016/S0550-3213(97)00681-0
https://doi.org/10.48550/arXiv.hep-th/9705007
https://inspirehep.net/literature/442730
https://doi.org/10.48550/arXiv.hep-th/9611056
https://inspirehep.net/literature/425739
https://doi.org/10.1016/0370-2693(96)01034-9
https://doi.org/10.1016/0370-2693(96)01034-9
https://doi.org/10.48550/arXiv.hep-th/9606172
https://inspirehep.net/literature/420092
https://doi.org/10.48550/arXiv.2505.09885
https://inspirehep.net/literature/2921473
https://doi.org/10.48550/arXiv.2509.08819
https://inspirehep.net/literature/2968618
https://doi.org/10.1007/BF01223371
https://inspirehep.net/literature/260815
https://doi.org/10.1063/1.54705
https://doi.org/10.1063/1.54705
https://doi.org/10.48550/arXiv.hep-th/9709192
https://inspirehep.net/literature/448961
https://doi.org/10.1007/1-4020-3177-7
https://inspirehep.net/literature/850156
https://doi.org/10.1142/S0219887813500035
https://doi.org/10.1142/S0219887813500035
https://doi.org/10.48550/arXiv.0803.1340
https://inspirehep.net/literature/780992
https://doi.org/10.1007/978-1-4615-8918-1_8
https://doi.org/10.1007/978-1-4757-0280-4_19
https://inspirehep.net/literature/192970
https://doi.org/10.1016/0550-3213(84)90259-1
https://inspirehep.net/literature/194780
https://doi.org/10.1016/0550-3213(85)90543-7
https://doi.org/10.1016/0550-3213(85)90543-7
https://inspirehep.net/literature/15703
https://doi.org/10.1093/acprof:oso/9780198507628.001.0001
https://doi.org/10.48550/arXiv.hep-th/0509097
https://inspirehep.net/literature/692082
https://doi.org/10.48550/arXiv.0802.0634
https://inspirehep.net/literature/778834
https://doi.org/10.48550/arXiv.2411.15126
https://inspirehep.net/literature/2851239

[54]

[55]

L. Borsten and H. Kim, Discrete p-Form Symmetry and Higher Coulomb Phases,
arXiv:2507.10459 [DOI:10.1103/68yd-7rn7].

B. Jurco, L. Raspollini, C. Sdimann and M. Wolf, L.,-Algebras of Classical Field Theories and
the Batalin-Vilkovisky Formalism, Fortsch. Phys. 67 (2019) 1900025 [arXiv:1809.09899]
[INSPIRE].

K. Costello and O. Gwilliam, Factorization Algebras in Quantum Field Theory, Cambridge
University Press (2021) [D0I:10.1017/9781316678664] [INSPIRE].

K. Costello and O. Gwilliam, Factorization Algebras in Quantum Field Theory, Cambridge
University Press (2016) [DOI:10.1017/9781316678626.

A.S. Cattaneo, P. Mnev and N. Reshetikhin, Classical and quantum Lagrangian field theories
with boundary, PoS CORFU2011 (2011) 044 [arXiv:1207.0239] [INSPIRE].

A.S. Cattaneo, P. Mnev and N. Reshetikhin, Classical BV theories on manifolds with boundary,
Commun. Math. Phys. 332 (2014) 535 [arXiv:1201.0290] [INSPIRE].

A.S. Cattaneo, P. Mnev and N. Reshetikhin, Perturbative quantum gauge theories on manifolds
with boundary, Commun. Math. Phys. 357 (2018) 631 [arXiv:1507.01221] [INSPIRE].

P.R. Deligne and J.W. Morgan, Notes on supersymmetry (following Joseph Bernstein), in
Quantum Fields and Strings: A Course for Mathematicians, P.R. Deligne et al. eds., vol. 1,
American Mathematical Society (1999), p. 41-97.

A E. Hatcher, Algebraic Topology, Cambridge University Press (2001).

S.I. Gelfand and Y.I. Manin, Methods of Homological Algebra, Springer (2003)
[DOI:10.1007/978-3-662-12492-5].

W. Siegel, Hidden Ghosts, Phys. Lett. B 93 (1980) 170 [INSPIRE].

M.J. Duff and P. van Nieuwenhuizen, Quantum Inequivalence of Different Field
Representations, Phys. Lett. B 94 (1980) 179 [INSPIRE].

A.S. Schwarz and Y.S. Tyupkin, Quantization of antisymmetric tensors and Ray-Singer torsion,
Nucl. Phys. B 242 (1984) 436 [INSPIRE].

E. Witten, On S-duality in Abelian gauge theory, Selecta Math. 1 (1995) 383 [hep-th/9505186]
[NSPIRE].

D.I. Olive and M. Alvarez, Spin and Abelian electromagnetic duality on four manifolds,
Commun. Math. Phys. 217 (2001) 331 [hep-th/0003155] [INSPIRE].

W. Donnelly, B. Michel and A. Wall, Electromagnetic Duality and Entanglement Anomalies,
Phys. Rev. D 96 (2017) 045008 [arXiv:1611.05920] [INSPIRE].

L. Borsten, M.J. Duff and S. Nagy, Odd dimensional analogue of the Euler characteristic, JHEP
12 (2021) 178 [arXiv:2105.13268] [INSPIRE].

L. Borsten, M.J. Duff, D. Kanakaris and H. Kim, Duality anomalies in linearized gravity, Phys.
Rev. D 112 (2025) 045010 [arXiv:2504.15973] INSPIRE].

M. Ben-Shahar and H. Johansson, Off-shell color-kinematics duality for Chern-Simons, JHEP
08 (2022) 035 [arXiv:2112.11452] [INSPIRE].

L. Borsten et al., Kinematic Lie Algebras from Twistor Spaces, Phys. Rev. Lett. 131 (2023)
041603 [arXiv:2211.13261] [INSPIRE].

L. Borsten et al., Tree-level color-kinematics duality from pure spinor actions, Phys. Rev. D
108 (2023) 126012 [arXiv:2303.13596] [INSPIRE].

— 46 —


https://doi.org/10.48550/arXiv.2507.10459
https://doi.org/10.1103/68yd-7rn7
https://doi.org/10.1002/prop.201900025
https://doi.org/10.48550/arXiv.1809.09899
https://inspirehep.net/literature/1695636
https://doi.org/10.1017/9781316678664
https://inspirehep.net/literature/2004766
https://doi.org/10.1017/9781316678626
https://doi.org/10.22323/1.155.0044
https://doi.org/10.48550/arXiv.1207.0239
https://inspirehep.net/literature/1120787
https://doi.org/10.1007/s00220-014-2145-3
https://doi.org/10.48550/arXiv.1201.0290
https://inspirehep.net/literature/1083405
https://doi.org/10.1007/s00220-017-3031-6
https://doi.org/10.48550/arXiv.1507.01221
https://inspirehep.net/literature/1381557
https://doi.org/10.1007/978-3-662-12492-5
https://doi.org/10.1016/0370-2693(80)90119-7
https://inspirehep.net/literature/152423
https://doi.org/10.1016/0370-2693(80)90852-7
https://inspirehep.net/literature/153368
https://doi.org/10.1016/0550-3213(84)90403-6
https://inspirehep.net/literature/208063
https://doi.org/10.1007/BF01671570
https://doi.org/10.48550/arXiv.hep-th/9505186
https://inspirehep.net/literature/395632
https://doi.org/10.1007/s002200000354
https://doi.org/10.48550/arXiv.hep-th/0003155
https://inspirehep.net/literature/525099
https://doi.org/10.1103/PhysRevD.96.045008
https://doi.org/10.48550/arXiv.1611.05920
https://inspirehep.net/literature/1499037
https://doi.org/10.1007/JHEP12(2021)178
https://doi.org/10.1007/JHEP12(2021)178
https://doi.org/10.48550/arXiv.2105.13268
https://inspirehep.net/literature/1865816
https://doi.org/10.1103/3nkh-t15m
https://doi.org/10.1103/3nkh-t15m
https://doi.org/10.48550/arXiv.2504.15973
https://inspirehep.net/literature/2914736
https://doi.org/10.1007/JHEP08(2022)035
https://doi.org/10.1007/JHEP08(2022)035
https://doi.org/10.48550/arXiv.2112.11452
https://inspirehep.net/literature/1995079
https://doi.org/10.1103/PhysRevLett.131.041603
https://doi.org/10.1103/PhysRevLett.131.041603
https://doi.org/10.48550/arXiv.2211.13261
https://inspirehep.net/literature/2593342
https://doi.org/10.1103/PhysRevD.108.126012
https://doi.org/10.1103/PhysRevD.108.126012
https://doi.org/10.48550/arXiv.2303.13596
https://inspirehep.net/literature/2645682

[75]

[76]
[77]

[78]

[79]

[82]

[83]

[84]

[85]

H. Kim and C. Saemann, Adjusted parallel transport for higher gauge theories, J. Phys. A 53
(2020) 445206 [arXiv:1911.06390] [INSPIRE].

T. Vandermeulen, Lower-Form Symmetries, arXiv:2211.04461 [INSPIRE].

J.J. Heckman, M. Hiibner and C. Murdia, On the holographic dual of a topological symmetry
operator, Phys. Rev. D 110 (2024) 046007 [arXiv:2401.09538] InSPIRE].

L. Santilli and R.J. Szabo, Higher form symmetries and orbifolds of two-dimensional
Yang-Mills theory, Lett. Math. Phys. 115 (2025) 15 [arXiv:2403.03119] [INSPIRE].

M. Najjar, L. Santilli and Y.-N. Wang, (—1)-form symmetries from M-theory and SymTFTs,
JHEP 03 (2025) 134 [arXiv:2411.19683] INSPIRE].

S. Mac Lane, Categories for the Working Mathematician, Springer (1978)
[DOI:10.1007/978-1-4757-4721-8].

J. Pulmann, P. Severa and F. Valach, A nonabelian duality for (higher) gauge theories, Adv.
Theor. Math. Phys. 25 (2021) 241 [arXiv:1909.06151] [INSPIRE].

M.E. Peskin and D.V. Schroeder, An introduction to quantum field theory, Addison-Wesley
(1995) [D0I:10.1201/9780429503559] [INSPIRE].

L. Borsten et al., Becchi-Rouet-Stora- Tyutin-Lagrangian Double Copy of Yang-Mills Theory,
Phys. Rev. Lett. 126 (2021) 191601 [arXiv:2007.13803] INSPIRE].

L. Borsten et al., Double Copy from Homotopy Algebras, Fortsch. Phys. 69 (2021) 2100075
[arXiv:2102.11390] [INSPIRE].

C.M. Hull, Monopoles, Dirac strings and generalised symmetries, JHEP 09 (2025) 019
[arXiv:2411.18741] [NSPIRE].

M.T. Nguyeén, T. Sulejmanpasi¢ and M. Unsal, Phases of Theories with ZN 1-Form Symmetry,
and the Roles of Center Vortices and Magnetic Monopoles, Phys. Rev. Lett. 134 (2025) 141902
[arXiv:2401.04800] [INSPIRE].

H. Ruegg and M. Ruiz-Altaba, The Stueckelberg field, Int. J. Mod. Phys. A 19 (2004) 3265
[hep-th/0304245] [INSPIRE].

I.A. Batalin and K. Bering, External Sources in Field-Antifield Formalism, Int. J. Mod. Phys. A
29 (2014) 1450058 [arXiv:1311.3653] INSPIRE].

L. Borsten, S. Jonsson, D. Kanakaris and H. Kim, Twisted homotopy algebras: spontaneous
symmetry breaking, anomalies, localisation, and supersymmetric twists, J. Phys. A 59 (2026)
065204 [arXiv:2508.05134] [INSPIRE].

M.C. Ogilvie, Phases of Gauge Theories, J. Phys. A 45 (2012) 483001 [arXiv:1211.2843]
[NSPIRE].

K. Holland and U.-J. Wiese, The center symmetry and its spontaneous breakdown at high
temperatures, hep~ph/0011193 [DOI:10.1142/9789812810458_0040] [INSPIRE].

J. Villain, Theory of one-dimensional and two-dimensional magnets with an easy magnetization
plane. 2. The Planar, classical, two-dimensional magnet, J. Phys. (France) 36 (1975) 581
[INSPIRE].

M. Nakahara, Geometry, Topology and Physics, CRC Press (2018) [DOI:10.1201/9781315275826].

T. Wedhorn, Manifolds, Sheaves, and Cohomology, Springer (2016)
[DOI:10.1007/978-3-658-10633-1].

— 47 —


https://doi.org/10.1088/1751-8121/ab8ef2
https://doi.org/10.1088/1751-8121/ab8ef2
https://doi.org/10.48550/arXiv.1911.06390
https://inspirehep.net/literature/1765516
https://doi.org/10.48550/arXiv.2211.04461
https://inspirehep.net/literature/2178142
https://doi.org/10.1103/PhysRevD.110.046007
https://doi.org/10.48550/arXiv.2401.09538
https://inspirehep.net/literature/2748811
https://doi.org/10.1007/s11005-025-01905-4
https://doi.org/10.48550/arXiv.2403.03119
https://inspirehep.net/literature/2764897
https://doi.org/10.1007/JHEP03(2025)134
https://doi.org/10.48550/arXiv.2411.19683
https://inspirehep.net/literature/2854200
https://doi.org/10.1007/978-1-4757-4721-8
https://doi.org/10.4310/ATMP.2021.v25.n1.a5
https://doi.org/10.4310/ATMP.2021.v25.n1.a5
https://doi.org/10.48550/arXiv.1909.06151
https://inspirehep.net/literature/1753971
https://doi.org/10.1201/9780429503559
https://inspirehep.net/literature/407703
https://doi.org/10.1103/PhysRevLett.126.191601
https://doi.org/10.48550/arXiv.2007.13803
https://inspirehep.net/literature/1809091
https://doi.org/10.1002/prop.202100075
https://doi.org/10.48550/arXiv.2102.11390
https://inspirehep.net/literature/1848045
https://doi.org/10.1007/JHEP09(2025)019
https://doi.org/10.48550/arXiv.2411.18741
https://inspirehep.net/literature/2854103
https://doi.org/10.1103/PhysRevLett.134.141902
https://doi.org/10.48550/arXiv.2401.04800
https://inspirehep.net/literature/2745233
https://doi.org/10.1142/S0217751X04019755
https://doi.org/10.48550/arXiv.hep-th/0304245
https://inspirehep.net/literature/617799
https://doi.org/10.1142/S0217751X14500584
https://doi.org/10.1142/S0217751X14500584
https://doi.org/10.48550/arXiv.1311.3653
https://inspirehep.net/literature/1264533
https://doi.org/10.1088/1751-8121/ae3670
https://doi.org/10.1088/1751-8121/ae3670
https://doi.org/10.48550/arXiv.2508.05134
https://inspirehep.net/literature/2958297
https://doi.org/10.1088/1751-8113/45/48/483001
https://doi.org/10.48550/arXiv.1211.2843
https://inspirehep.net/literature/1202498
https://doi.org/10.48550/arXiv.hep-ph/0011193
https://doi.org/10.1142/9789812810458_0040
https://inspirehep.net/literature/536919
https://doi.org/10.1051/jphys:01975003606058100
https://inspirehep.net/literature/94377
https://doi.org/10.1201/9781315275826
https://doi.org/10.1007/978-3-658-10633-1

[95]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

109

[110]

[111]

G. Rudolph and M. Schmidt, Differential Geometry and Mathematical Physics. Part II. Fibre
Bundles, Topology and Gauge Fields, Springer (2017) [DOI:10.1007/978-94-024-0959-8]
[INSPIRE].

J.C. Baez and J. Huerta, An Invitation to Higher Gauge Theory, Gen. Rel. Grav. 43 (2011)
2335 [arXiv:1003.4485] [INSPIRE].

L. Borsten et al., Higher Gauge Theory, arXiv:2401.05275
[DOI:10.1016/B978-0-323-95703-8.00217-2] [INSPIRE].

H. Sati, U. Schreiber and J. Stasheff, Lo, algebra connections and applications to String- and
Chern-Simons n-transport, arXiv:0801.3480 [DOI:10.1007/978-3-7643-8736-5_17] [INSPIRE].

H. Sati, U. Schreiber and J. Stasheff, Differential twisted String and Fivebrane structures,
Commun. Math. Phys. 315 (2012) 169 [arXiv:0910.4001] [INSPIRE].

C. Sdmann and L. Schmidt, Towards an M5-Brane Model II: Metric String Structures, Fortsch.
Phys. 68 (2020) 2000051 [arXiv:1908.08086] [iNSPIRE].

L. Schmidt, Twisted Weil Algebras for the String Lie 2-Algebra, Fortsch. Phys. 67 (2019)
1910016 [arXiv:1903.02873] [iNSPIRE].

L. Borsten, H. Kim and C. Saemann, Fs L., -algebras, Generalized Geometry, and Tensor
Hierarchies, arXiv:2106.00108 [INSPIRE].

R. Téllez-Dominguez, Chern Correspondence for Higher Principal Bundles, Commun. Math.
Phys. 406 (2025) 313 [arXiv:2310.12738] [ixSPIRE].

S.-R. Fischer, M. Jalali Farahani, H. Kim and C. Saemann, Adjusted Connections I: Differential
Cocycles for Principal Groupoid Bundles with Connection, arXiv:2406.16755 [INSPIRE].

G. Gagliardo, C. Saemann and R. Téllez-Dominguez, Principal 3-Bundles with Adjusted
Connections, arXiv:2505.13368 [INSPIRE].

D. Rist, C. Saemann and M. Wolf, Explicit non-Abelian gerbes with connections, J. Phys. A 59
(2026) 035201 [arXiv:2203.00092] [INSPIRE].

C. Saemann and L. Schmidt, The non-abelian self-dual string, Lett. Math. Phys. 110 (2020)
1001 [arXiv:1705.02353] INSPIRE].

P. Aschieri, L. Cantini and B. Jurco, NonAbelian bundle gerbes, their differential geometry and
gauge theory, Commun. Math. Phys. 254 (2005) 367 [hep-th/0312154] [InSPIRE].

C. Wockel, Principal 2-bundles and their gauge 2-groups, Forum Math. 23 (2011) 565
[arXiv:0803.3692).

T. Nikolaus and K. Waldorf, Four Equivalent Versions of Non-Abelian Gerbes,
arXiv:1103.4815 [NSPIRE].

K. Waldorf, A global perspective to connections on principal 2-bundles, Forum Math. 30 (2017)
809 [arXiv:1608.00401].

— 48 —


https://doi.org/10.1007/978-94-024-0959-8
https://inspirehep.net/literature/1519546
https://doi.org/10.1007/s10714-010-1070-9
https://doi.org/10.1007/s10714-010-1070-9
https://doi.org/10.48550/arXiv.1003.4485
https://inspirehep.net/literature/849715
https://doi.org/10.48550/arXiv.2401.05275
https://doi.org/10.1016/B978-0-323-95703-8.00217-2
https://inspirehep.net/literature/2745283
https://doi.org/10.48550/arXiv.0801.3480
https://doi.org/10.1007/978-3-7643-8736-5_17
https://inspirehep.net/literature/809508
https://doi.org/10.1007/s00220-012-1510-3
https://doi.org/10.48550/arXiv.0910.4001
https://inspirehep.net/literature/834748
https://doi.org/10.1002/prop.202000051
https://doi.org/10.1002/prop.202000051
https://doi.org/10.48550/arXiv.1908.08086
https://inspirehep.net/literature/1750609
https://doi.org/10.1002/prop.201910016
https://doi.org/10.1002/prop.201910016
https://doi.org/10.48550/arXiv.1903.02873
https://inspirehep.net/literature/1724144
https://doi.org/10.48550/arXiv.2106.00108
https://inspirehep.net/literature/1866358
https://doi.org/10.1007/s00220-025-05490-4
https://doi.org/10.1007/s00220-025-05490-4
https://doi.org/10.48550/arXiv.2310.12738
https://inspirehep.net/literature/2712705
https://doi.org/10.48550/arXiv.2406.16755
https://inspirehep.net/literature/2801570
https://doi.org/10.48550/arXiv.2505.13368
https://inspirehep.net/literature/2922842
https://doi.org/10.1088/1751-8121/ae2e60
https://doi.org/10.1088/1751-8121/ae2e60
https://doi.org/10.48550/arXiv.2203.00092
https://inspirehep.net/literature/2040703
https://doi.org/10.1007/s11005-019-01250-3
https://doi.org/10.1007/s11005-019-01250-3
https://doi.org/10.48550/arXiv.1705.02353
https://inspirehep.net/literature/1598489
https://doi.org/10.1007/s00220-004-1220-6
https://doi.org/10.48550/arXiv.hep-th/0312154
https://inspirehep.net/literature/635583
https://doi.org/10.1515/form.2011.020
https://doi.org/10.48550/arXiv.0803.3692
https://doi.org/10.48550/arXiv.1103.4815
https://inspirehep.net/literature/893989
https://doi.org/10.1515/forum-2017-0097
https://doi.org/10.1515/forum-2017-0097
https://doi.org/10.48550/arXiv.1608.00401

	Introduction and summary
	The Batalin-Vilkovisky formalism revisited
	Local operators in the Batalin-Vilkovisky formalism

	Higher form symmetries and their descendants
	Symmetries and the descent equation
	Cohomological formalisation

	Scalar theory: particle conservation and its descendant
	Abelian gauge theory: electric/magnetic symmetries and their descendants
	Maxwell theory
	Abelian higher gauge theory
	Schwarz-type topological gauge theories
	Coupling to matter and ultraviolet-infrared matching

	Operators in cohomological topological field theories
	Centre symmetry of Yang-Mills theory and its descendants
	Čech cocycles
	Magnetic centre symmetry of centreless Yang-Mills theory
	Electric centre symmetry of simply connected Yang-Mills theory and its descendants

	Higher ghost symmetry in higher gauge theory
	Lightning review of adjusted higher gauge theory
	Centre symmetries and their descendants in higher gauge theory


