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ABSTRACT: The wavefunction coefficients of conformally coupled scalars in power-law FRW
cosmologies satisfy differential equations governed by a set of simple combinatorial rules
known as the kinematic flow. In this paper we derive the kinematic flow, expressed using a set
of differential forms referred to as the cut basis, from a geometric perspective, relying solely
on the cosmological hyperplane arrangement. Each element of the cut basis corresponds to
the positive geometry associated to an independent cut of the physical FRW-form and can be
labeled by decorating (minors of) the truncated Feynman graph with an acyclic orientation.
The cut basis has a so-call canonical or e-factorized differential equation and we provide a
straightforward prescription to associate a logarithmic differential form to each element of
the cut basis by considering its corresponding decorated graph. Moreover, we show that
the residues of the physical FRW-form are canonical forms of certain graphical zonotopes
labeled by the same set of decorated graphs. These zonotopes control the cut combinatorics
— flow of cuts — of the physical FRW-form and the cut basis (by construction). Using the
theory of relative twisted cohomology and intersection theory, we derive a closed form formula
for the differential equations of the cut basis. We also introduce combinatorial rules that
compute the kinematic differential of any basis element without explicit calculation. The
combinatorics of our differential equations is a natural consequence of the flow of cuts and
is equivalent (up to rescaling) to the kinematic flow for the recently studied time integral
basis. In particular, our differential equations decouple into exponentially many sectors, one
for each way of cutting a subset of edges of the graph.
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1 Introduction

In recent years, significant advances have been made in the study of scattering amplitudes
driven by their connection to geometry. From the geometric point of view, certain scattering
amplitudes are represented as canonical differential forms associated with positive geometries
defined directly in the kinematic space of the underlying theory [1]. Traditional properties
of scattering amplitudes, such as factorization, then emerge naturally from the boundary
structure of these geometries. The first example of this phenomenon was the amplituhedron
whose associated canonical form calculates the tree-level scattering amplitudes and all loop
integrand of planar N' = 4 SYM [2]. Since then similar discoveries have been made for
scattering amplitudes in other theories most notably tr(¢3) and ABJM [3, 4]. An exciting
question moving forward is whether the techniques developed for the study of scattering
amplitudes can be applied more generally to other physical quantities.



One such family of observables receiving increased attention by the amplitudes community
is that of cosmological correlation functions. Just as the cross section in particle physics is
derived from the more fundamental scattering amplitudes, these cosmological observables
are also derived from a more fundamental object, poetically named the wavefunction of the
universe. An initial connection between the wavefunction and geometry was made by the
discovery of the cosmological polytope, the canonical form of which computes a contribution
to the flat space wavefunction coefficients arising from a single Feynman graph [5].

Importantly, the flat space wavefunction coefficients serve as the fundamental ingredient
in the computation of wavefunction coefficients in cosmologies beyond flat spacetime. The
most commonly studied toy model, also the focus of this work, consists of conformally coupled
scalars with polynomial interactions in a Friedmann-Robertson-Walker (FRW) cosmology. In
this broader context, the wavefunction coefficients are no longer simple rational functions, but
rather complicated analytic functions represented as certain twisted integrals; the behavior
of which is governed by the theory of twisted cohomology. While the integrand of the
wavefunction coeflicient defines only one element of the twisted cohomology, it plays a special
role in physics and our story. Therefore, we will refer to this distinguished element of the
twisted cohomology as the physical FRW-form.

Moreover, since the theory of twisted cohomology is a finite dimensional vector space, as
is familiar from the study of loop amplitudes [6], it follows that the basis of twisted integrals
satisfy coupled linear differential equations written schematically as

dinZa = A - Lo (1.1)

Here, fg is an appropriate choice of basis for the twisted cohomology into which the
contribution to the wavefunction coefficient associated to a given graph can be expanded, dyi,
is the exterior derivative with respect to the kinematic variables and A is the connection
matrix encoding the differential equations. A particular basis was first explored in [7, 8], where
it was observed that the resulting differential equations obey a set of simple combinatorial
rules known as the kinematic flow, expressed in terms of graph tubings. The kinematic flow
has since been studied in detail in [7, 9-14].

In this paper, we refine our understanding of the cut basis proposed in [11] by connecting
the construction there to the graphical language of acyclic minors [12, 13, 15] and provide
a purely geometric derivation of kinematic flow.! While we borrow the graphical language
of [12, 13, 15], the interpretation of these graphs is very different. The cut basis is intimately
tied to the structure of the untwisted hyperplane arrangement of the propagators and
the associated positive geometry on each maximal cut? of the physical FRW integral. It
is constructed by leveraging a combinatorial understanding of the non-trivial sequential
cuts/residues of the physical FRW integrand (flow of cuts) to isolate the independent cuts
of the physical FRW form. This construction guarantees that the cut basis is a basis
for the minimal subspace of integrals that couple to the physical FRW integral in the

Mathematically, cutting a propagator (denominator of a rational function) should be understood as taking
the residue on the vanishing loci of that denominator. The jargon “cut” and “propagator” come from the
specific physical significance of these denominators and residues.

2The maximal cut of an integral, is one where every propagator (special denominator) is cut.



differential equations. Specifically, the physical sequential residue operators — those that do
not annihilate the physical integrand — can be used to project onto the physical subspace
providing an invariant definition for the subspace of interest [11].> Like the kinematic flow,
differential equations for the cut basis can be written down without explicit calculation
by considering the combinatorics of certain decorated graphs; we derive this combinatorial
formula using simple residue calculus originating from intersection theory.

In a few simple cases, we have checked that the time integral basis used in the most
recent formulation of the kinematics flow [12, 13] is equivalent to the cut-basis up to a trivial
rescaling after converting the time integrals into energy integrals as well as an integration-
by-parts step that removes higher order poles. The advantage of our approach is that it
places positive geometries front and center.

Summary of results

In the remainder of the introduction we summarize the main results of the paper, including
our choice of basis and its combinatorial interpretation, as well as the structure of the resulting
differential equations and their connection to the geometry of zonotopes.

Cut basis from positive geometries. Of central importance to our analysis is the
cosmological hyperplane arrangement, B, a collection of hyperplanes labeled by connected
subgraphs (also known as tubes) of the truncated Feynman graph G. In addition to these,
the coordinate hyperplanes, T, play a distinguished role as twisted planes. We will often refer
to the cosmological hyperplane arrangement, B, as the untwisted hyperplane arrangement
and the coordinate hyperplanes, 7, as the twisted hyperplane arrangement. For example,
in the case of the three-site chain, G = e—e—e the arrangement consists of nine planes: the
three (twisted) coordinate hyperplanes and six (untwisted) planes corresponding to the tubes.
Each untwisted hyperplane is the vanishing loci of a polynomial labeled by B,:

{Boes Bige B Bepe B B@}. (1.2)

The basis of integrals used in this paper is motivated by the combinatorics of the cuts of the
physical FRW-form presented in [11]. There, it was shown that the set of (physical) cuts can
be indexed by a combinatorial construction on the graph referred to as cut-tubings. A cut
tubing, 7, is a set of tubes which satisfy compatibility conditions (see [11] for details). Each cut
tubing, 7, indexes the intersection B, := Nye,V(B;) C B,? such that, given a global ordering
for the B,, the sequential residue is compatible with this ordering and does not annihilate
the physical FRW integrand. The cut tubings for the three-site chain are shown in figure 1.

3In mathematics, such a subspace is called a monodromy invariant subspace. This is because the disconti-
nuities (related to monodromies) of the physical FRW integral have integral representations where one replaces
the physical integration contour with a contour that has a sequential residue as a component.

4In physics, using sequential residues to project integrals onto one another is called generalized unitarity.
However, there are many situations where the sequential residue does not fully localize the integral. Intersection
theory provides an algorithmic way to construct residues operators that localize any remaining integration
and project one integral onto another.

5We use V for the vanishing symbol to distinguish it from Vg, which is used for the set of vertices of a
graph G. Given a polynomial P, V(P) is the variety corresponding to the vanishing loci of P.
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Figure 1. The cut tubings for the path graph on three vertices. The two cut tubings highlighted in
blue are degenerate.
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Figure 2. The acyclic minors for the path graph on three vertices. The acyclic minor highlighted in
blue is associated to two degenerate cut tubings.

As argued in [11], restricting the twisted arrangement 7 (coordinate hyperplanes) to the
intersection of untwisted planes labeled by a cut tubing (i.e., B;), defines a single bounded
chamber. This bounded chamber is an example of a positive geometry I'; [1], and, as such,
comes equipped with a natural logarithmic differential form Qr_ called the canonical form.
Each element of the cut basis is a differential form generated from two pieces of information:
the positive geometry of a cut and the cut istelf. Schematically, every element of the cut basis
can be bought to the form dlog, o< A;c, dlogB; A Qr. such that dlog, becomes the canonical
form of I'; after cutting all Bie, (i.e., taking the maximal cut of dlog,)

Qr, = RethM:oo- --oResp, —o[dlogB, A- - '/\dlogBt|T|/\QFT] = Or.|Bic, =0 - (1.3)

The positive geometry I'; is extremely simple: it is the cartesian product of simplicies.
This simplifies the construction of Qr_ and the residue calculus from intersection theory.
Moreover, each element of the cut basis can be conveniently packaged into a simple one-line
combinatorial formula presented in the main text.

Resolving degeneracies. One disadvantage of working with the set of cut tubings is that
they are generally degenerate, in the sense that multiple cut tubings can label the same
geometric space B; = B,/. This stems from linear dependencies between the hyperplanes and
leads to linear relations among the forms dlog. . For example, the cut tubings highlighted
in blue on figure 1 are degenerate and label the same cut

B = V(B@_.) N V(B._Q_.) N V(B@)
= V(B@) N V(B._@) N V(B._@_.) = B .

A solution this degeneracy problem is to work instead with the set of acyclic minors of the

(1.4)

graph [15, 16]. An acyclic minor g is a graph formed by first deleting and/or contracting a



subset of edges of GG, then assigning an acyclic orientation to the remaining edges. Remarkably,
the set of acyclic minors counts each degenerate family of cut tubings exactly once! Building on
this observation, it is natural to assign a differential form directly to the acyclic minor given by

dg = > dlog,, (1.5)

T€Cy

where Cq denotes the set of degenerate cuts associated to the acyclic minor g. We refer to
the set of forms generated by the acyclic minors {¢4} as the cut basis (these match the
definitions in [11] up to signs).

Returning to the example of the three-site chain, the complete set of acyclic minors are
shown in figure 2. The oriented graph highlighted in blue is associated to the two highlighted
cut tubings in figure 1. Therefore, the form associated to this degenerate cut is

10) = dlog + dlog = dlog@—=— A dlog —@— A dlog G——>
+ dlog G—o A dlog &= A dlog =®—. (1.6)

The remaining (black) diagrams in figures 1 and 2 are in one-to-one correspondence and
have been ordered accordingly.

Emergence of zonotopes. The physical FRW-form is represented in terms of the cut basis as

Uy o o= (orerat Peearet Peeesat Dereea) = (Pore et e d) = (Duenat o aed) H(buaa) . (17)

Each term in this expression can be translated to a distinct point xg = Breg, in the
cosmological hyperplane arrangement. Remarkably, taking the convex hull of the points
grouped as above yields a family of graphical zonotopes

Zee = CONV{X], s o X s X Xivee |
Zeao = conv{x,, ., X . .} (1.8)
Zeeme = convi{x) x0T

Zeaa = conv{x’  }.

As we will see, the combinatorics of compatible cuts-referred to as the flow of cuts-is encoded
in these zonotopes. This can be seen by noting that the residues of the physical FRW-form,
evaluated on any collection of tubes that partition the vertices of the graph, coincide with
the canonical form of a zonotope or one of its boundaries

O[Zema ],
Q[Z0 0]

Res U, , | =Q[Z——], Res v, , .
=V = e, Receltr (1.9)

Res@@[\ll._._.} = Q[Z..=.] , ReS@_e_@[\I/._._.]

Further sequential residues of the physical FRW-form are governed by the combinatorics of
these zonotopes, giving rise to the flow of cuts illustrated in figure 3.
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Figure 3. Flow of cuts for the 3-site chain graph. The top-dimensional facets of the zonotope are
red, the codimension-1 facets are cyan and the codimension-2 facets are magenta.

Kinematic flow. It turns out that the kinematic flow inherits the reverse flow structure
defined by the flow of cuts. As a result, the differential equations decouple into exponentially
many sectors, one for each subset of edges in the graph. Within a given block, a function
¢q4 couples to another ¢4 if and only if the zonotope Z4 forms a codimension-one boundary
of Z4. For instance, the differential equations for the path graph decompose into four
blocks. Consider the zonotope represented by the line segment at the top left of figure 3,
the corresponding differential equations are given explicitly by

a1

-d in ~ oo 0 | =00 | o0 (P —e>0--0) Doy . 0,
k (bo-b—oo (O(l Q2 ag )¢o—>—oo a1 + as ( )¢
a0
—d in ~ o=to- -0 <00 <o -0 — (o=t¢e -0 — o<0---0 ..oy
k ¢o—<—oo (Ckl + a2 + a3 ) ¢o—<—oo aq + ao ( ) ¢'="
_dkin¢¢=----o x~ ((Oél + a2) =04 (3 .) ¢c=o---oa (110)

where the graphs highlighted in red correspond to dlog’s whose arguments are functions of
the graph variables referred to as letters. These same phenomena were recently observed
in [12, 13], albeit from a more physics-inspired approach, through the study of the time
integral representation of the wavefunction. In contrast, our approach reveals the geometric
origin of zonotopes in the kinematic flow, without invoking any knowledge of bulk physics.

Note that the differential equations of the cut-basis are in canonical or e-factorized
form. To see this, rescale a; — ea; where ¢ is a scaling parameter with no relation to the
cosmological parameter € introduced in section 2. Then, each term in (1.10) is proportional
to € and the fully-integrated expression for any FRW integral is a Laurent series in € whose
coefficients are a rational function of the «; multiplied by a multiple polylogarithm. In the
context of twisted integrals, this is always the case for logarithmic forms with a;-independent
normalization like the cut basis. If the reader is disturbed by the «o;-dependent denominators
in (1.10), one can simply remove them by re-normalizing the basis elements. In any case, the
final dependence on the «; is determined by the physical initial conditions.

Outline

In section 2 we introduce the central object of interest: the wavefunction of the universe.
This will include the combinatorial interpretation of the wavefunction in terms of tubings



on graphs and a minimal discussion on twisted cohomology /intersection theory relevant for
computing the differential equations. Next, in section 3, we describe how to construct the
cut basis and deal with the degeneracy of the cosmological hyperplane arrangement B. We
also introduce important combinatorial objects, called letters, that characterize the geometry
and combinatorics of the cuts as well as the singularities that enter the differential equations.
After providing a simple combinatorial formula for the elements of the cut basis, we connect
these forms to a positive geometry on the cut. In section 4 we show how the residues of
the physical FRW-form are canonical forms of a certain family of zonotopes. From this,
we conclude that the combinatorics of the sequential residues of the physical FRW-form is
governed by the geometry of certain zonotopes which we call the “flow of cuts”. Finally,
in section 5, we derive the kinematic flow rules from the residue calculus of intersection
theory. In this derivation, the flow of cuts provides important selection rules that control the
combinatorics/organization of the differential equations. In fact, the kinematic flow is simply
the cut flow in reverse. The remainder of section 5 is dedicated to examples.

2 Cosmological wavefunction

In this work, we consider a toy model for quantum cosmology: conformally-coupled scalars
in a power-law FRW cosmology with non-conformal polynomial interactions. This model is
characterized by the following action in a (d 4+ 1)-dimensional space-time

S = /ddx dn v/—g [—g’”@u(ﬁ@ygb —Rgb — Z?f;’ : (2.1)
= P!
Here, the invariant line element of the FRW spacetime in comoving coordinates with conformal
time n € (—o0,0] is ds?> = a?(n) (—dn? + dz;dz’) where the index i € {1,...,d} runs
over spatial dimensions. Furthermore, we assume that the scale factor is a power law
a(n) = (n/no)~(1*9), with constant parameters 79 and e. Depending on the choice of the
cosmological parameter ¢ many cosmologies of interest can be recovered including: inflationary
(e = 0), de Sitter (e = 0) and flat-space (¢ = —1) for example.
In a cosmological setting, a key set of physical observables are the cosmological correlation
functions at fixed conformal time n = 0. Much like expectation values in standard quantum
mechanics, cosmological correlators are computed via the Born rule

(®(x1)---P(xn)) = /Dq’ ®(x1) - (xn) | V[]?, (2.2)

where ®(x) = ¢(x,0) is the boundary configuration of the field ¢(x,n) and the squared
modulus of the wavefunction of the universe |W[®]|? is a probability distribution over the
space of field configurations. The wavefunction W[®] is defined formally as the path integral
over all field configurations ¢(x,n) interpolating between the Bunch-Davies vacuum in the
far past, n = —oo(1 — i€), and a specified field configuration ¢(x,0) = ®(x) at the boundary.

Importantly, the wavefunction admits an expansion in Fourier space

—ex plz / ddkl

<I>(k1) B (k)™ ({ko }7_1) (2m) 46 Dk +. . +ky) |, (2.3)
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Figure 4. Examples of Feynman diagrams contributing to the wavefunction coefficient at tree-level
and one-loop.

where the integration kernels 1™ are the so called wavefunction coefficients that depend on
the n spatial momenta {k;} associated to field insertions on the late-time boundary (n = 0).
The magnitudes of the spatial momenta |k;| are commonly referred to as energies.

These wavefunction coefficients can be computed perturbatively as a sum over Feynman
graphs; tree-level and one-loop examples are displayed in figure 4. For a given Feynman
graph, the contribution to the wavefunction coefficient depends on the total external energies
entering each vertex, represented by X,, and the internal energies flowing through each
propagator, denoted by Y,. As such it is useful to work at the level of truncated graphs,
obtained by removing all external (gray on figure 4) legs from the original Feynman graph.
However, as reviewed in the next section, the full Feynman rules are not needed to compute
the contribution, ¢, to the wavefunction coefficient from a given truncated graph G.°
Importantly, the FRW wavefunction coefficients g can be constructed by shifting their
flat-space counterparts Q¢ and integrating against a specific kernel. Therefore, we begin by
reviewing some key features of the flat-space wavefunction coefficients.

2.1 The flat-space wavefunction

For a given graph G the cosmological polytope Pg is a positive geometry whose canonical
differential form g encodes the corresponding contribution to the flat-space wavefunction
coefficient [5]. In this section, we review how to compute the canonical form of the cosmological
polytope by considering the nested structure of subgraphs of G.

Given a graph G = (Vg, E¢) with vertex set Vi and edge set F¢, we refer to the set of all
connected subgraphs as tubes. In explicit examples we will represent a tube graphically on G by
encircling its corresponding subgraph. A tube t = (V;, Ey) is said to cross an edge v-5v" € Eg
if e ¢ Ey and ViN{v,v'} # 0. We say two tubes are compatible if one is a subgraph of the other
or they do not intersect on any vertices. We refer to a k-element set of pairwise compatible
tubes as a k-tubing. A tubing is mazimal if no more compatible tubes can be added.” We
denote the set of all tubes of a graph by Tz and the set of all maximal tubings by 72%*.

The canonical form of the cosmological polytope {2, equivalently the flat-space wave-
function coefficient Qg, has a simple expression in terms of maximal tubings

. dVelx A dlBely . 1

ecEq TETH ST

SReaders interested in the additional details may consult [13].
"Specifically, each maximal tubing contains exactly |Vg| + |Fg| many tubes.



Here, S; = [];c, St and the S; are linear functions (“propagators”) associated to each tube

Si=> Xot+ Y, Y. (2.5)

veVy e cross t

where the first sum is over all vertices contained in the tube and the second sum is over all
edges crossed by the tube counted with multiplicity. Kinematic variables X = {X, : v € V5}
and Y = {Y. : e € Eg} are assigned to each vertex and edge of the graph; X, is the
sum over all external energies, |ke|, connected to the vertex v while Y, is the energy of
the exchanged particle of edge e.

To understand these definitions, consider the flat-space wavefunction coefficient for the
three-site chain, with variables assigned as in figure 4. Using (2.4) and noting that there
are two maximal tubings, one finds

A 4Y15Y23 4Y12Y23 4Y12Y23(Ses t+ Se)
hee=3g tg = S S S Sl o (26)
oo oS
where
S@—e—e=X11+Y12, Se@e=Xo+Y12+Y23, Si  g=X3+Y3, @)
2.7

S@ =X1+Xo+X3, S o= X1+ Xo+Y23, S g =Xo+ X34V

Similarly, the flat-space wavefunction coefficient for the one-loop bubble (figure 4 right) is

‘o

O =4Y15V19 : (2.8)
O S S S _ S S
O’ @D
where
S©=X1+Y12+5712, 5®=X2+Y12+3712, S©=X1+X2,
S@:X1+X2+2}712, S@:X1+X2+2Y12. (2.9)

Note that in a cosmological background (i.e., FRW or de Sitter) the canonical form associated
to a loop graph (e.g., (2.8)) corresponds to the loop-momentum integrand.

2.2 From flat-space to cosmology

The flat-space wavefunction coefficients can be recycled to produce tree-level FRW wavefunc-
tion coefficients or the loop-level integrands of FRW wavefunction coefficients. They act as
a universal integrand from which the corresponding wavefunctions in any power-law FRW
space-time can be computed. To obtain the cosmological wavefunction from its flat-space
counterpart we simply shift the kinematic variables associated to the graphs vertices and
integrate against the so called twist factor wu:

Vg = / u¥q, where Vg =Qq(x+X,Y) d"elx, (2.10)
0



Here, the twist is defined as u = [],¢y,, 3 where

ap = d+ e(d + 1)+%pv(1+6)(1—d), (2.11)

d is the number of spatial dimensions d, and p, is the valency of the vertex v. It is a
multi-valued power function with a; € C\ Z (since € ¢ C\ Z) that vanishes on the coordinate
hyperplanes z, = 0. Due to the twist u, the coordinate hyperplanes are branch surfaces of
the integrand in (2.10). We call the coordinate hyperplanes 7; := V(z;) twisted hyperplanes
and define the variety T = V(1 ---2;,), which encodes the singular loci of the integrand
in (2.10) associated to the twist w.

The integrand in (2.10) also inherits singularities from the shifted flat-space wavefunction
coefficient Qg (x 4+ X,Y). The shifted flat-space canonical function is obtained by replacing
all S¢ in (2.4) by

By=> xy,+5;. (2.12)

vet

The integrand in (2.10) has potential singularities on the vanishing loci of the B;: B :=
V (I]; Bt). We call the hyperplanes B; := V(B;) untwisted as they are not components of 7.
The nature of singularities associated to B are very different from those associated to 7: B is
the loci where uW¥¢ has potential poles (not branch cuts). In more traditional quantum field
theory language, the B;’s should be thought of as propagators. Due to the distinct nature
of the singularities associated to T and B, we will have to treat these varieties differently
when constructing the relevant cohomology theory in the next section.

2.3 Structural overview of FRW-forms

In this section, we provide an intuitive overview of the relevant aspects of twisted cohomology
and intersection theory that motivates the cut-first perspective of our basis.

FRW-cohomology. Due to the presence of the twist u in (2.10), the cohomology theory
describing such integrals is a twisted cohomology. Moreover, since the twist u only regulates
the twisted singular loci of uW¥q (7), the cohomology associated to (2.10) can be thought
of as a specialization of the twisted cohomology where the B; are included in the twist
Udeformed ‘= [ I; 23" [1¢ BtB * by setting f; = 0: U = Udeformed|go=0- Explicitly, that is

~ {V-closed n-forms}

H (M \ B; v) = {V_exact n—fOl"mS} ’

(2.13)

where M := ¢IVel \ 7, V:=d+wA, and w := dlogu a flat connection.® This is simply the
de Rham cohomology of M \ B with respect to the covariant derivative V.

While the above specialization changes the mathematical structure of the usual twisted
cohomology (most notably in the dual cohomology introduced below), it preserves most of its

8 A differential n-form ¢ is V-closed if Vi = 0 and V-ezact if ¢ = V4 for some (n — 1)-form 4.

,10,



key properties. In particular, the existence of a middle dimensional theorem:?,°
IX(M\ B)| n=dimc(M\B) =|Vgl,

otherwise,

dimH"™(M \ B; V) = (2.14)

where x is the signed Euler characteristic of the variety M \ B (or hyperplane arrangement).
This means that we expect the basis of cosmological integrals for a given graph to have size
|X(M\B)|. In general, all FRW-forms can be expressed as a top-dimensional holomorphic form

dVelx

x’l’blxg"Bill ;/nm’

(2.15)

where p1;,v; € Z. Note that all top-dimensional holomorphic forms are trivially V-closed; one
only needs to check exactness when building a basis for the FRW-cohomology.

A natural organization for the FRW-cohomology is by the sets of propagators that appear
in the denominator. Schematically, each basis element can be expressed as

( A dlogBt> A Do N diogz; | (2.16)

teT i Jjed;

can be cut positive geometry

where T and the J; are multi-indices indexing which untwisted and twisted divisors appear
such that |T'| + |J;| = |[Vg| V i. The first factor contains only singularities in B dlog’s (or
possibly a linear combination of such forms) on which we can take generalized unitarity cuts.
Moreover, when building our basis, we require the first factor to be linearly independent from
all other propagator dlog-forms in the basis. This condition is non-trivial for the degenerate
arrangements seen in cosmology (see section 3.1). The second factor is a linear combination
of dlog’s with poles on the twisted hyperplanes 7. The exact linear combinations that appear
come from positive geometric considerations (sections 3.3 and 3.4).

Residues and (generalized unitarity) cuts

Central to our analysis is the idea of a (generalized unitarity) cut. Despite the fancy
name, a cut is equivalent to taking the residue on the vanishing loci of a collection
of By’s.!'For example, cutting the “propagators” By, By,, . . . ’Bt\T\ corresponds to the
sequential residue Rest := Rethm 0---0 Rethl.

Importantly, the FRW-cohomology can be built from the twisted cohomology of simpler
cut spaces Mt that are reached by taking sequential residues:

Mr:=MnBr Br:=()V(B). (2.17)
teT

9Note that the middle dimension theorem only holds when 7T satisfies certain generality assumptions that
have been omitted.

10Top-dimensional holomorphic forms are middle dimensional since the real-dimension of a complex manifold
or variety is twice that of the complex-dimension.
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The Myp’s are positive geometries, and the (generalized unitarity) cuts Resp are induced
by the dual forms (detailed below) in the intersection number.

Additionally, the physical cuts — those that do not annihilate the physical FRW-form
U — serve as projectors onto a distinguished subspace of the full FRW-cohomology
called the physical subspace. The physical subspace contains the physical FRW-form Vg
such that the differential equations for any chosen basis close. Moreover, the dimension
of the physical subspace is generically much less than |x(M \ B)| — the dimension of the
full FRW-cohomology. This was first observed in [8] and then it was understood how to

isolate this subspace using physical sequential residues in [11].

J

The dual cohomology. The FRW twisted cohomology is a vector space equipped with
an inner product called the intersection number. Like all inner products, the intersection

number is a pairing between a vector space H"(M \ B; V) and the associated dual space
HIVG! (to be discussed)

Vel x gIVel(M\ B; V) — € via (p|¢) := Resz[¢] . (2.18)

Here,  is a dual form in the dual vector space and ¢ € HIVeI(M \ B; V) is any FRW-form.
For our purposes, the intersection number is equivalent to the action of a specific residue
operator Resg generated by the dual form ¢. This residue operator includes the residues
associated to the cuts discussed above as well as additional residue operators that fully
localize the FRW-form ¢. The intersection number is an algebraic operation; no integration
is required — an improvement over generalized unitarity which still requires one to compute
discontinuities via integration. Besides entering as a component of the inner product, the
dual cohomology suggests a natural organizational structure for the FRW-cohomology based
on cuts (cf., (2.16) and (2.33)). After constructing the relevant dual space, we will use the
intersection number to derive a closed form formula for the differential equations without
relying on input from bulk physics.

The dual space is a relative twisted cohomology where the variety B acts as boundaries
instead of the loci for possible poles: HIVel .= H|VG|(M,B; ?) The swapping of poles
and boundaries is needed to make the definition of the intersection number finite and well
defined.'? Moreover, this requires dual forms to be regular on all untwisted hyperplanes
B:; poles on the twisted hyperplanes 7 are allowed. Dual integrals also come with the
inverse twist % = u~'. Hence, the relative twisted cohomology is equipped with the covariant
derivative V := d 4+ OA where & = —w.

The point of relative cohomology is to keep track of boundary integrals. To characterize
the non-trivial differential forms that generate boundary integrals produced by Stokes’ theorem

" These residues are linked to discontinuities which, in turn, are related to the notion of (generalized)
unitarity in quantum field theory.

12111 order to construct the residue operator Resg from ¢, one needs to be able to integrate ¢ infinitesimally
near the components of B or T using only rational functions. This is not possible for any ¢ that has a simple
pole on a component of 5; a logarithm is needed to integrate an untwisted pole. Therefore, we simply have to
enforce that all dual forms are regular on all components of B; i.e., that the dual space is a relative cohomology
with boundaries B. The technical details can be found in [17, 18].
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Figure 5. The two-chain dual hyperplane arrangement: C?\ V(z;22) with boundaries B (left).
The geometry of the cut spaces My (right). Each of these geometries supports a 1-dimensional
twisted cohomology; each has as single bounded chamber highlighted in light orange. We always use
the coboundary of the canonical forms associated to these bounded chambers as the basis for the
boundary cohomology.

when integrating over contours that have boundaries on the untwisted hyperplanes B;. Since
this is still an unfamiliar object for most of the physics community, we illustrate the formalism
through an example instead of diving into mathematical definitions. To this end, consider
the two-site chain graph G = e—e:

Se-=X1+Yi2 Seo=Xo+VYi2 S =X1+ X2 (2.19)

Here, B has three components: B = Be+ U Beo U B<=, where, as usual, B, = V(B;) and
By = ) ey, Tv + S¢. This hyperplane arrangement is depicted figure 5 along with its cut
spaces that have non-trivial cohomology.
To illustrate the main features of the formalism, consider the dual integral
/iuﬁ, sbzw, (2.20)
¥ 172

where ¥ is a generic relative twisted contour that can have boundaries on B (relative) and
T (twisted). Note that while ¢ is a good dual form (regular on B with poles on T, it is
a total covariant derivative

b dx1 A dxo :?<a1 dlogz; — o dlogm) , (2.21)
12 2@10&2
By Stokes theorem, the integral (2.20) becomes
/ﬂ v <a1 dlog 1 — a9 dlog l’g) _ Z/ ay dlogz1 — ag dlog xo ’ (2.22)
5 2001 9 — Joy 2019 By

where 0;¥ computes the boundary of % that lies in B;. Eliminating z; on the cut Be—. and
z9 on the B.e and B@ cuts yields

. y ag dlog 7o / y (a1 dlog wl)
ue= u -+ U =R
/ﬁ 4 /a@ﬂ( ‘B@*)( 2019 ) ak@a( 5. ) 20019

(al ) aq dlog 1 — g dlog (21 + S3)
B 2001 oo ’

(2.23)

+
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Ulpg. = (—51) a2, O]y = —az dlog zs,
T (=52)7 ", w|p, o = —a1 dlogzy, (2.24)

_al(—xl — Sg)_a2 = —qy dlogz, — as dlog ($1 + 53) .

) (Z)|B®

Next, note that these lower dimensional integrals on cuts can also be simplified

ag dlogmy  WlBg. o ( 1 >
Beo- : — = =V
ot Pe 2&1&2 2@1&2 ‘ ©— 2051042
oy dlog xq Olp e « ( 1 )
Beo: = =V - , 2.25
on Bee 2041042 20&1&2 ‘BF@ 2041042 ( )
a1 dlog x1—ag dlog (x1+S53) 1 T1 . ( a—Q )
on B : = dlo +V e
=2 2001009 a1 g.%'l + S3 |B® 2041042(0&1—!—&2)
Substituting the above into (2.23), using Stokes theorem once again as well as 0;0y = —0p 0,
yields the fully reduced version of (2.20)
/ . 1 / il 1 / i
U Q= Upe, — ———— Ul
5 Q102 /8, o055 ©® az(ai + az) 8@4(9@% =

s (2:26)

U U dlog———
u‘B@ + 102 /(98®,§(u‘6®> ngl + 53

e
aj(ag + az) ey Y
We have succeeded in simplifying the two dimensional integral (2.20) into three zero-
dimensional integrals, and one one-dimensional integral. The integrands are restricted
to either the one-dimensional cut space M=, or the zero-dimensional cut spaces Mg=>,
M, and Mee. Moreover, on each cut, the integrands cannot be simplified further. That

z1
x1+S53

0 0 0
H° (Mgs), H® (Mas), and H® (Mg).
The discussion so far has relied on the interplay between forms and contours. The

is, dlog is a basis for H' (M®; ?[ B ®) and the constant function, 1, is a basis for

relative twisted cohomology repackages everything so that we only need to talk only about
differential forms on the cuts My and how the cuts/boundaries are coupled. To accomplish
this, we introduce the (sequential) coboundary symbol dp :=d;, o--- 0 Ot,7- The coboundary,
is defined so that

[ao@)=[  (ile) o -

g0 ¥
where T = (t1,--- ,t7)). For generic hyperplane arrangements, the coboundary is anti-
symmetric in its indices 6y = —d&y4. This mirrors the anti-symmetry of the partial boundary
operators 0,0y = —0y0;.

Using this notation, (2.26) becomes
[io=[ ]| terell) = i)
tg=[u -
’? (p ’3/ a0 ©— aQ(a1+a2) @7(9_'

1 1 il >:|
" S S (I ,
ai(og + a2) oD+ a1 ( Ogl'l + 53

(2.28)
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where

{5@7 <dlog 53) boeno(1), ber0-(1), 5@7@(1)} , (2.29)

is a basis of differential forms for the relative twisted cohomology H?(M, B; ?) Note that d;
has form-degree one; all elements of (2.29) are to be thought of as relative twisted 2-forms.
By definition, the dual covariant derivative treats each §; as a 1-form. Moreover, whenever
the derivative hits a coboundary symbol, it produces the corresponding boundary terms

Vor(g) = (=17

o7 (Vs 9) + > 5Tut(<5’BTUt)] . (2.30)

t¢T

Also, the absence of a coboundary symbol is equivalent to dy. In this way, boundary terms
are still generated when acting with the covariant derivative on forms without any d,’s.

We can now declare that ¢ is cohomologous to the combination of forms in (2.26).

Explicitly,
dx1 A dxo v 1 1
——= —VIBP = ) 1)+ ——96, 1
122 Q10 oro(l) 042(0z1+042) @H®( ) (2.31)
1 .
) ) dl
al(al + 012) F@’®( ) Q102 & ( ngl + S3>
where
aydlogxy—asdlogrs 1 1 a9—0
IBP= — do—(1 ) 1).
201 a9 201 (o o~ >+2a1a2 e 2019 (1) ®( )
(2.32)

A general feature of the relative twisted cohomology is that it has a decomposition into
the direct sum of the twisted cohomologies on each cut (for generic arrangements)

HVel(M,B; V) @ op o HVG =TI (p g Vls,) -

T (cuts) (233)

That is, relative twisted |Vi|-forms are vectors whose components (labeled by the d,) are
twisted (|Vg| — |T'|)-forms on Mp. Like the FRW-cohomology, there is a middle dimensional
theorem and only H!Vel % 0. For the two-site chain, this decomposition is

H?*(M,B;V) = =~ 0 H' (M=; V|5 P 6 o HO(M,
( ) = b 0 H' (M Vs, ) @ Sose 0 H'(Moo) 030

& iame-o H' Maw) @ dam e H' (Mes)

where H?(M;V) = H' (M@a; @|3©*) = H! (M@a; ?’BF@) = 0 since there are no bounded
chambers on M, Me-., and M.e. Moreover, each My in (2.33) is a (twisted) hyperplane
and therefore a positive geometry. To find a basis for the relative twisted cohomology, we
use the coboundary of the canonical forms on each Myp.
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Sum of positive geometries!

Equation (2.33) says that the dual cohomology is built up from the cohomology of the
cuts Mp. On each cut there is a (twisted) hyperplane arrangement which is a positive
geometry. Hence, the dual cohomology is simply the direct sum of the cohomology
associated to these positive geometries!

We will build all FRW- and dual-forms from the positive geometry of the cuts (3.26) and
show that this is equivalent to a simple combinatorial formula (3.20).

Via the intersection duality, the FRW-cohomology can be organized by cuts as schemati-

cally shown in (2.16).
N J

Cuts from the coboundary and the intersection number. The last but most important
part property of the coboundary is that it induces a (generalized unitarity) cut in the
intersection number

(67(9)|6) = (J|Resr[g]) (2.35)

whnere nest = hesp o---0nesp, . ote that when as nigner order poles, € above
here Ri Resp, Resp,, . Note that when ¢ has higher order poles, the ab

formula must be modified slightly [17, 18].!3 The intersection number also turns the remaining
part of the dual form ¢ in (2.35) into another residue operator acting on Resz[¢]

(7(0)|9) = ($|Resr[¢]) = Res o Resr|g]. (2.36)

Here, Res b localizes to where é is maximally singular. We avoid the details to construct Res b
(the interested reader is encouraged to look at [17, 18] and references therein). Instead, we
provide an explicit formula for Res b in the context of our basis forms in section 5.

In this paper, one should think of dual forms simply as an instruction for how to construct
residue operators that project FRW-integrals onto a basis. Given a basis {¢,} for the
FRW-cohomology and a basis {gzvba} for the dual cohomology, the matrix elements of the
differential equation are

Aab = 05;1 <§Ec‘dkin¢a> (237)

where Cy, = (da|¢s) is the intersection matrix. Closed formula for both the intersection
matrix C and the connection A are located in section 5.

3 Constructing the cut basis

In section 3.1, we identify the degeneracy in the cosmological hyperplane arrangement B and
deduce its implications on sequential residues and logarithmic forms. Then, we introduce
graphical /combinatorial gadgets (acyclic minors) to help organize the structure of the basis
and resulting differential equations in section 3.2. Next, the cut basis is constructed directly

%When there are higher order poles, Resr[e] — ResT[ulsT o].
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from the acyclic minors (section 3.3) and related to the canonical form of the positive geometry
on each physical cut 3.4. Lastly, in section 3.5, we discuss how the cut basis is equivalent
to the time integral basis of [12, 13].

3.1 Independent cuts of the physical FRW-form

It is well-known that the kinematic derivative of a Feynman integral can be written as a
linear combination of itself and other Feynman integrals where one propagator (pole in the
integrand) is removed. Usually, a family of Feynman integrals is classified according to
sectors that are defined by which propagators (poles) are present in the integrand. A similar
approach carries over to the FRW-integrals we consider here. The kinematic differential of
an FRW-integral cannot couple to another FRW integral unless the set of propagators of
the second is a subset of the first. This is a direct consequence of equations (2.35), (2.36)
and (2.37), and the fact that a kinematic derivative cannot introduce new poles that were
not already present. Therefore, the structure of the differential equation is controlled by
the independent cuts/residues of physical FRW-form.
Recall from (2.4) and (2.10) that the physical FRW-form is given simply by

Vg =Qex+X,Y)d%elx= ] 2v. > L vely (3.1)

ecEq TETX T

It is important to emphasize that |73**| = |Vz|+ | Eq|, which is larger than |V, the number
of integration variables x;. Therefore, it is possible to use partial fractions such that each
term in W has at most |V| factors in the denominator. Graphical/combinatorial algorithms
for such a decomposition are discussed in [12, 15, 16, 19]. For example, performing partial
fractions on the shifted version of the flat-space wavefunction coeflicient associated to the
3-site chain, (2.6), yields

A 1 1 1 1 1

Q. (x+X)Y) = + - - +
P> "o o @ fe»
1 1 1 1

e o> Toe> Tee> Towe

Naively, one expects that after repeated use of partial fractions, so that each term in (3.1)

(3.2)

has |V| factors in the denominator, the resulting terms would expose all possible maximal
cuts/residues of ¥¢. Continuing the example (3.2), we expect to have 10 distinct maximal
cuts. However, this misses the fact that not all terms are linearly independent! Indeed, the
blue terms in (3.2) satisfy the linear relation

1 1 1 1

e )

(3.3)

since

Bey + B o= Besy+ B - (3.4)
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The origin of this linear dependence is geometric. The untwisted hyperplane arrangement
B is degenerate for |Viz| > 2: there are codimension-k surfaces in B where more than k
hyperplanes intersect. This is due to the hyperplane polynomials B, satisfying (n > 4)-term
identities'

B7'1 + BTQ - BTlﬁTQ + B7'1U7'2 . (35>

Consequently, there are relations between sequential residue operators since setting any
three By’s in (3.4) to zero automatically sets the fourth to zero. In terms of the cut spaces,
which do not depend on an ordering,

AR =R == ) Y

To derive relations between residue operators, one needs to fix an ordering for the degenerate
tubes in (3.5) [20, 21]. If {by};~, is the set of tubes that appear in (3.5) and they are
ordered (by,...,by), we have

Resy,, =00 Resy,, ,—0©0---0oResy—o = Resy,,—o o Res,, ,—00---0Resy —g. (3.7)

We also have the following relation among logarithmic forms

> (=1 A\ dlogb; = 0. (3.8)
i=1 i

Importantly, the coboundary symbols J, in the dual-forms also satisfy the same relations
as the corresponding residues operators.

Returning to the 3-site chain example, and ordering the tubes via

(o) (39)

reveals that there are only three linearly independent sequential residues that respect this
tube ordering

{Res_g.oRese . 0 Res® = Res_5 o Res, . 0 Res@ ,

3.10
Res_g.oRes. 0 Res@ ;Res_g . oRes_ 0 Res@_,} . ( )
Moreover, equation (3.3) follows form (3.8)
dlog & A dlog &~ A dlog —= — dlog &= A dlog &~ A dlog —&— (3.11)

+ dlog & A dlog — A dlog 6~ — dlog &— A dlog —= A dlog—6—~ =0,

after factoring out the volume form d>x.

Y Note that 71 N 72 may correspond to more than one tube; in such cases, Brinar = ZTETlﬁTQ B-.
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Cut ordering

The cut multi-index J in §7, Resy and M is always ordered such that tubes with the
most vertices comes first. For tubes of the same size, we proceed in lexicographical order.

This choice is natural in the sense that sequential residues with crossed tubes vanish
respecting the compatibility of tubes established earlier. In particular, all residues with

crossed tubes annihilate the physical FRW-form when ordered this way.
\ J

An algorithm for enumerating all independent cuts of the physical FRW-form s using
cut tubings was provided in [11]. However, this approach requires careful bookkeeping of
degeneracies between cuts arising from linear relations such as (3.5). In this work, we improve
the algorithm by demonstrating how the acyclic minors introduced in [12, 16] capture the
set of independent cuts of W, without encountering the issue of degeneracy.

3.2 Acyclic minors

To label the set of independent cuts of the physical FRW-form we introduce the notion of an
acyclic minor. An acyclic minor of a graph G is a decorated graph g, obtained by assigning
to each edge e € FEg one of three decorations: e—s (solid), e--e (broken) or e+ (oriented),
such that the oriented graph resulting from contracting all solid edges and deleting all broken
edges is acyclic in the usual sense. For example, the complete set of acyclic minors for the
three-site chain and two-cycle are illustrated in figure 2 and figure 6. We use Eg~ to denote
the set of solid edges of g, and similarly £y for the broken edges. The set of all acyclic
minors is denoted by A(G). Given a subset of edges E C Eg, it will prove useful to refine
the set of acyclic minors further and define

A(G) D Ap(G) ={g € AG) : Ey* = E} > AL(G) = {g € Ap(G) : E= =0}.  (3.12)

In this context, Ag(G) denotes the set of acyclic minors with fixed broken edge set £ and
AQE(G) is the subset with fixed broken edge set F and no solid edges.

Unlike the cut tubings of [11], the set of acyclic minors is in one-to-one correspondence
with the independent cuts of the physical FRW-form. Each acyclic minor g determines a
set Cq of cut tubings. If the cut is degenerate, then |Cq| > 1. Otherwise, the acyclic minor
g corresponds to a unique cut tubing.

Given an acyclic minor g, the set of associated cut tubings Cq is obtained by the following

simple recipe:

1. Contract all solid edges and delete all broken edges of the decorated graph g.

2. On the resulting oriented graph, identify all vertex-induced!® tubes that have no
incoming oriented edges from vertices outside the tube.

3. Uplift each tube back to the original decorated graph by reversing the contractions and
reinstating the deleted edges.

15 A vertex-induced tube of a graph G is a connected subgraph formed by a subset of vertices V C Vg, along
with all edges of G whose endpoints are both contained in V.
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Figure 6. The 10 acyclic minors of the two-cycle.

4. Form all maximal sets of compatible tubes from this collection to obtain the set of cut
tubings Cq.

To illustrate this definition, consider the following examples of cut tubings

Care = (&), Crvere = (T, D) (3.13)

The resulting set of tubes contain no broken edges, do not cross any solid edges and have
all oriented edges ‘lowing outwards’ from the tubes.

Letters. A letter of g is defined to be any connected subgraph consisting of only solid
edges, together with all incident incoming (half) oriented edges. We denote by L4 the set of
letters associated to g, and represent each letter by a coloring on the graph, as illustrated
in the following examples

L., ,={e=oe oo}, L, ., ,= {s<ere ecor0 ecoro} (3.14)

For each letter [ € Iy we denote the associated vertex set by Vi, which is assumed to be
in ascending order.

Additionally, the set of letters L4 is ordered such that [; < [; whenever V, < V[]. where
V¢ := min V. This ordering is introduced here for future convenience where it is used to
keep track of signs generated by the wedge product.

Crucially, each letter defines a function of the graph variables and we will use the
terminology letters interchangeably for both the colored subgraph and their associated
functions. To read off the letter associated to a colored subgraph we simply: sum over X,
for all colored vertices, subtract Y, for each colored half edge, and sum over Y. for each
uncolored edge incident to a colored vertex, schematically that is'6

XY= X+ Y v.- Y r. (3.15)

veWVy e:uncolored e:colored

As an example of the above formula, the colored subgraphs appearing in (3.14) correspond
to the following functions of graph variables

L = {X1 + X2 + Ya3, X3 — Ya3},

— e

L = {X1 — Y12, Xo + Y12 + Yo3, X3 — Yoz} (3.16)

<o

These letters serve two important purposes: they appear as arguments of the kinematic
dlog’s in the differential equations, and, their shifted versions control the geometry of the
physical cuts, as detailed in section 3.4.

16Here we emphasize the second sum is over only those uncolored edges incident to a colored vertex.

— 20 —



Mergers. We say a pair of acyclic minors (g, g’) are related by a merger if ¢’ can be obtained
from g by replacing all oriented edges between two letters of g with solid edges, this follows
the terminology introduced in [7, 13]. Moreover, for any pair (g,q’) related by a merger,
their set of letters can be organized as:

Ly =Ly U{L} UL], Ly ={l' € Ly : Vy <V},

Lg =Ly U{L,, L} ULL, Ll ={U €Ly :Vy>Vy}. (3.17)
Whenever this is the case, it follows that for each 7’ € Cq, there exists a unique 7 € C4
such that 7 C 7.

In deriving the off-diagonal components of the differential equation (section (5.1) and
appendix B.3), it will be useful to define the set of such pairs of cut tubings by

Cog = {(1,7") €CqxCq : 7' C T} (3.18)

For example, the acyclic minors appearing in (3.16) are related by a merger, and we have

Crvareeans = (D SO (3.19)

In this case, the letters are organized as: ]Lg =0, = X1 +Xo+VYe3, | = X1 — Vi,
LT = X2 —+ Y12 + Y23 and Lg = {X3 - Y23}'

3.3 Cut basis

In this section we explain how to associate an FRW-form to each acyclic minor, then in
section 3.4, we explain the positive geometric origin of this basis.
Given an acyclic minor g, we define the form

v ifver,
o BUED 300

B
Ty otherwise,

Gg 1= Z dlog.,  where dlog, := Z /\ dlog{

T€C, reRq veVa

where the sum appearing on the right is over the cartesian product of the vertex sets of letters
RQ:‘/Il X"'X‘/[ULQ\'

In addition, given a vertex v € Vz and tube 7 € Cq, we define (v), to be the smallest tube
t € 7 such that v € V;. We refer to the set of forms in (3.20) as the cut basis, which is closely
related to the cut basis introduced in [11], differing only by overall signs. Continuing our
running examples for the three-site chain we find the following elements of the cut basis

¢ = dlog@ = dlog 71 A dloge=s- A dlog &&—>

+ dlogee- A dlog 22 A dlog &>, (3.21)

together with

Deeore = dlog + dlog = dlog@ee-+ N dlog ~@— A dlog >

+ dlog = N dlog —@—- A dlog —e=>. (3.22)
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Following the results of [15, 16] it is clear that the physical FRW-form has a simple
expansion in terms of the cut basis

Vo= Y (-DFL 37 gy (3.23)

ECEg gcA4%(G)

As a simple example, the wavefunction for the path graph on three vertices is given by

Ve v o= (orere + Gueere + Gecee + Dereea)
~ (ferer et Deeea)
— (Gurere + D)
+ (o) -

(3.24)

An alternative set of forms {qgg}, sharing similar properties with the cut basis, was recently
proposed in [14]. However, the degeneracy of the hyperplane arrangement was not taken into
account, so that in general the cardinality |{¢¢}| is greater than that of the cut basis.

Organizing the wedge product. When deriving the differential equations it will prove
useful to rewrite (3.20) using the notation of [11]. To do this, note that ¢4 can be re-written as

QQ
—
~ ~ Ty
g = 580, (Z A BWT) A (/\ QI) o = A\ dleg——, (3.25)
TEC, L€]Lq [€lL, veV\V; Vi

where sgn, := sig(Vi, ... ’VIHLgI I\ Vi, V[‘Lg‘ \VIHLgI) and the two wedge products
are ordered such that minV;, < minlf,  for all [; € ILg. Note, when [V{| = 1 we have
)y = 1. Moreover, as discussed in the next section, {13 and €} are closely related the canonical
forms of positive geometries.

Already in (3.25), the cut structure is made manifest by the two terms in brackets; the
first has the potential to be cut while the second becomes the canonical form on the maximal
cut. However, to isolate the physical cuts, we had to choose a global ordering for the B,.
Implementing this ordering on the B, introduces an additional compensating sign

Pg := sgngdlogCq A Qg, dlogCq := Z sgn.. /\ dlogBU(<V[>T), (3.26)
TEC, lellg

where o is the permutation that implements the global ordering and sgn. := sig((V, )r, ...,
<V1“Lg‘)T)/sig(a(<V[1>T), e 70(<V1“Jg‘>7))- Note that sgng and sgn, are there to undo signs
generated by reordering the wedge product in (3.20) and will drop out of the final expression
for the differential equations.

3.4 Positive geometry of physical cuts

We now seek to motivate the definition of the cut basis in (3.20) by examining the positive
geometry associated to physical cuts. Since each acyclic minor corresponds uniquely to
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a physical cut, it is convenient to introduce the notation By = B; for 7 € (g4, where, by
construction, we have B, = B, for all 7,7’ € C4. Each cut space,

Me, = (CPIVel\ T) N By,

is the complement of a hyperplane arrangement with a single bounded chamber carved out
by the restriction of the twisted divisors to Bg. This bounded chamber I'y is an example of
a positive geometry which turns out to have a product structure given by I'y = XIe]Lg Ty
where each component is a simplex:

Tpi={(0, -+ 2y ) €RM 2, <Oforall ve Viand fi(x+X,Y)=0}.  (3.27)

Moreover, the maximal cut of ¢4 is exactly the canonical form €4 of the bounded chamber
Iy, that is

where

Rese, := Z sgn_ Res;, Res; := Resgt| oo Resg,, , (3.29)

is the residue operator for both non-degenerate and degenerate cuts.
To see why each cut has a geometry described by (3.27), consider the following acyclic
minor of the double box graph together with its cut conditions

1 2 3

—(w1+x2 +73) = X1 + Xo + X3 + Y14 + Yo5 + Y3,

8= —(zg + x5 +x6) = Xg + X5+ X6 + Yia + Yo5 + Y36, (3.30)

—x4=X4+Yu+Yss.
4 5 6

The bounded chamber I'y, is
Iy ={xeR®:2; <0and (3.30) is satisfied} . (3.31)

To see the Minkowski decomposition of this region, combine the green cut condition with the
red cut condition. This yields a new but equivalent linear system in terms of letters

foe—— (x+X,Y)=z1+ 22+ 23+ X1+ Xo+ X5+ Yia+Yo5 + V36 =0,

fre— (x+X,Y) =5+ x6+ X5+ Xe + Y25 + Y36 — Y45 =0, (3.32)
f-=9=o (X+X,Y):.’174-|-X4+Y14+Y45=O.
H : :

Each equation above places a constraint on a subset of the integration variables, which
together partition (z1,...,xs). Therefore, we can interpret each line of equation (3.32) as
a 2-, 1- and O-simplex, respectively

g=T e xT = X'+ . (3.33)

P . . Pe
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Moreover, since the left-hand-sides of (3.32) partition the integration variables, each simplex
is orthogonal to the others. Thus, the Minkowski sum of these simplices is equivalent to
the Cartesian product. In the context of the above example, the Cartesian product makes
a triangular prism:

X X = . (3.34)

3.5 Relation to the time integral basis

It should be noted that the basis of forms presented here is closely related to the time
integral basis recently proposed in [13]. As an example, for the path graph on two vertices,
the cut basis is given by

[N
Ty Ty

(X1 4+ 21+ Y12) (X1 + Xo + 21 + 22)
't xs?
(X1 + Xo + 21 + 29)(Xo + 22 + Y12)’
it ag?
(X1 + 21 + Y12) (X2 + 22 + Y12)
x1 + X2 xtxy?

1T (Xl + Xo+ 21+ xz)'

¢H = /d$1 A dxg

gﬁH_. = /dxl A dxg

oo = /d:c1 A dzs

G = [ o1 s (3.35)

The time integral basis on the other hand includes the first three forms above together with

aq .02
L1 Ty

(X1 + Xo + 21 + 12)2

Peee = / dz1 A dag (3.36)

However, it is easy to show that these two forms differ by a total derivative given explicitly by

Lz, — Ldx
m(b; — e =V < ag 1 ag ©2 ) ) (3'37)

Lo 1+ 22+ X1+ Xo

As demonstrated by the above example, when the acyclic minor contains no solid edges, the
cut basis and time integral basis forms coincide. More generally, by comparing the structure
of our differential equations (cf., (5.7) and (5.11), or (5.17)) to those of [13], suggests that
the cut basis and time integral basis are equivalent up to total derivatives and a rescaling.

4 Zonotopes and the flow of cuts

It has recently been observed that graphical zonotopes play an important role in characterising
the structure of differential equations for the wavefunction [13]. These zonotopes (defined as
Minkowski sums of line segments) naturally arise by considering the representation of the
(flat-space) wavefunction in terms of cut tubings. To illustrate this, consider the following
subset of terms in the wavefunction for the three-site chain
1 1 1 1

e e @ @

O (4.1)

o—t—s
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Figure 7. The four zonotopes for the three-site chain. These are certain projections of the
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positive region of the hyperplane arrangement. Each line/point represents the intersection of the
hyperplanes labeled by the adjacent tubes. The right most zonotope resides on the total energy facet
X1+ X2+ X3 =0 and is bounded by five planes. Due to degeneracy, the five planes intersect the total
energy facet in a square rather than a pentagon. The two middle zonotopes live on the cut surfaces
X1+ Xo+Yos3 = X34+ Yoz =0 and X; + Y12 = X5 + X3 + Y72 = 0 respectively, both producing line
segments. The final zonotope is a point at X7 + Y15 = Xo + Y15 + Yo3 = X3+ Yo3 = 0.

The acyclic minors g € { , ) , } which label each set of (degenerate) cut

tubings appearing in (4.1) have the property |Lq4| = [Vg|. As a result, solving for X in the

Vel

equations Ly = 0 yields a unique point X3 € R In this example, by solving ILy = 0 for

each acyclic minor, we produce the four points

- X = forera(0,Y) €14 [ 0s(0,Y) é2+ for s o(0,Y) &3,
- X = fouera(0,Y) €1 + freasa(0,Y) é2 + feras o(0,Y) €3,
- X = foieee(0,Y) &1+ foeaed(0,Y) 2+ fireoa(0,Y) 3,
- X = f (0,Y) é1+ fo,od(0,Y) é0 4 foy e on(0,Y) 3. (4.2)

The unit vector é€;, in the i-th vertex direction, appears above multiplied by the unique letter
whose vertex set contains v;. By taking the convex hull of these four points we generate a
zonotope (parallelogram) which resides on the total energy facet within the cosmological
hyperplane arrangement (see figure 8).

This procedure can be performed for each subset of terms in the partial fraction expression
for the wavefunction that contain the same set of maximal (by inclusion) tubes. The four
zonotopes generated in this way for the three-site chain are illustrated in figure 7. For
example, taking the points generated by either of the subsets

A 1 N 1
O ..DO—| = + or Q. .. D-—

e D)

+ . (43)

,25,



we obtain two line segments defined as the convex hull of the pairs of points

- Xi....... = fo—»—o---(O’Y) é1+ fo—b—.---o(07Y) éa + f._,_.__.(O,Y) és,
- X:k.‘.... = f .___.(O,Y) él + fo—q— -0(07Y) é2 + fo—d—o (07Y) é37

or
- Xf...._. = f.___._,_.(O,Y) é1+ fo---.-b—o(O’Y) €2 + fo---’-b—.(()?Y) és,

Finally, for the remaining term 1/Ssee, We generate a single point
“Xiwn=f00Y) e+ f L (0,Y) éa+f, L. (0,Y)és. (4.5)

The above discussion can be generalized to arbitrary graphs. For each acyclic minor
labeling a set of terms appearing in (3.23) we define the point

Xi= > —fi,(0,Y)é,, (4.6)
veVG

where [, € g is the unique letter containing v in its vertex set. This allows us to define a
family of zonotopes for each graph G: one for each subset of edges £ C Fg

Z4(p) = conv {X; 1g € A%(G)} , (4.7)

where g(F) is the acyclic minor associated to the bulk of the polytope — the acyclic minor
with broken edges F and all remaining edges solid. For instance, the four zonotopes depicted
in figure 7 for the three-site chain are denoted by

J o —— COHV{X* s Xz y X: ’ X: }7
Zemo = conv{X . ., X . .},

*>e---0)

Zeeme=conv{X] ., ., X ..},

.- -9

Zeoe = conv{X’ 1}

square in figure 7),

line in figure 7),
(4.8)
line in figure 7),

~~ N o~

point in figure 7).

Alternatively, given an edge e € Eg with end points v; and v;, we define the point A;;
and line segment A;; as

AT = -Y.(& +¢é), A7 = conv {Ye(é; — é;),Ye(é; — &)} (4.9)

e

With this notation the zonotope (4.7) can be written as the following (translated) Minkowski
sum of line segments

A} ife€F,

(4.10)
A, otherwise.

Zym = D {

ecEq

Remarkably, the set of faces associated to this family of zonotopes are in one-to-one corre-
spondence with the independent cuts of the physical FRW-form and (by construction) with
the elements of the cut basis used to formulate our differential equations. This provides a
geometric origin for the appearance of zonotopes in the differential equations of [13].
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Flow of cuts/sequential residues. The zonotope structure observed for the flat-space
wavefunction Q¢ straightforwardly carries over to the physical FRW-form V¢ = Qg(x +
X, Y)d'VG|x and the arrangement of untwisted hyperplanes B. With the coordinates that
specify the vertices of the zonotopes now given by

xg= > —fi,(X,Y)e,. (4.11)
veEVG
Moreover, the residues of the physical FRW-form W are the canonical form of the appropriate
zonotope (or its boundaries). To see this, we recall equation (3.23) here for convenience

D L S (4.12)

ECEq geA@E(G)

Each set of acyclic minors .A@E(G) with fixed broken edges and no solid edges is compatible
with the cut Cy(g). Therefore, taking the sequential residue Resc,, 5) of the physical FRW-form
annihilates all terms that do not have the same set of broken edges. The resulting sum is

the canonical form of the zonotope Zy E):17
ReSCG(E) [\IJG] = Z ReSCg(E) [¢9] = Q[ZQ(E)} . (413)
9EAL(G)

If the hyperplane arrangement of the untwisted diviors B were generic, this statement would
be obvious since each ¢ € AQ)E(G) corresponds to a vertex of Z,g). However, since B is
degenerate, we must check that the cut basis correctly assigns dlog-forms to the degenerate
vertices of the zonotopes. Choosing the correct prescription for the ¢4 where g corresponds
to a set of degenerate tubings was already solved in section 3 and [11] with the prescription
for dlogCq in (3.26) (we will revisit this below in the context of three-site chain).

Flow of cuts

From (4.13) it is clear that the combinatorics of further sequential residues of V¢ is
determined by the geometry of the zonotopes through the canonical form map. The
sequential residue Rescg, can flow to Resc, if and only if g labels a boundary of the facet
labeled by ¢'; equivalently when (g, g’) are related by a merger (cf., section 3.2). We call

this combinatorics the flow of cuts.
y

To make the above discussion concrete, consider the three-site chain as an example. The
arrangement of the untwisted divisors on the total energy plane is depicted in figure 8 (left).
The red shaded region is identified with a zonotope whose top-dimensional facet is labeled
by the acyclic minor with only solid edges. The codimension-one boundaries (cyan) are also
labeled by acyclic minors with one solid edge; they correspond to the intersection of the
planes associated to tubes attached to the acyclic minor. Lastly, the vertices (magenta) of
the zonotope are labeled by acyclic minors with only directed edges; again, these correspond
to the intersection of the planes associated to tubes attached to the acyclic minor.

'"We note that a similar observation was made by Harry Goodhew during the online Universe+ seminar [22].
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Figure 8. The arrangement of untwisted divisors on the total energy plane of the 3-site chain graph
(not the cut space M——). The zonotope is the red shaded region, the cyan lines are the intersection
of the total energy plane and the remaining untwisted planes. The dots in are the intersection of the
total energy plane with at least two other untwisted planes. The magenta dots are vertices of the
zonotope where the physical form has non-trivial triple residues while at the gray dots, the physical
form has trivial residue. On the total energy cut, the physical form W, _, | is proportional to the
canonical form of the zonotope.

To compute the canonical form of a region with degenerate facets, the arrangement must
be perturbed in order to become generic. This is illustrated in figure 8 (right) where we
shift the line V(B_g.) N V(B@). The canonical form of the degenerate arrangement is
then obtained as the limit of the canonical form of the generic arrangement. Note that in
the generic arrangement, there are two vertices labeled by the cut tubings associated to the
acyclic minor e+e>e. The contribution of these two vertices to the canonical form is given by

d2X|| y (414)
B =0
S

where x| are coordinates on the total energy plane B@ and we recall that

1 1
Res|Peeendl = Be-Bg T35 oo ]

B
é — dlogC = dlog B, A dlog B“e

AdlogB. g .. (4.15)

, is the canonical form of the zonotope Z—— even

—

Therefore, Rese___ [¥.__| = Res@[‘lf

though the point x7___, is degenerate. We conclude that the definition of dlogCq in (3.26) is
compatible with the interpretation of the canonical form for zonotopes with degenerate facets.
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Figure 9. Flow of cuts for the 3-site chain graph. The top-dimensional facets of the zonotope are
red, the codimension-1 facets are cyan and the codimension-2 facets are magenta.

The remaining zonotopes are generic and it is easily verified that

ReSCer o [Ve—o—o] = RESCea o [Pore..0 T Poce..o) = [ Ze—sa] ,
ReSCe.ee [Ve—o—s] = ReSCe.aa[Pe.. 0ne T Po...0ne] = [ Zeema] (4.16)
RESCo..0a[Ve—o—o] = ReSC..a.o[Po...0..0) = Q[ Zeaa] .

The zonotopes of the 3-site chain are presented in figure 9 (red). Further residues of the
physical FRW-form are governed by the combinatorics of these zonotopes leading the flow
of (physical) cuts in figure 9.

5 Deriving the kinematic flow

In section 5.1, we derive the e-form (after a; — eqv;) differential equations for the cut basis,
without input from bulk physics, using intersection theory and simple residue calculus. Since
the flow of physical sequential residues/cuts is tied to the combinatorics of zonotopes (cf.,
section 4), the differential equations inherit the reverse of this flow.'® In section 5.2, we
provide worked examples for the master formula for kinematic flow. Mathematica code for
many of the worked examples and more (such as the five-site chain and the two-loop/cycle
kite) can be found at the github repository €) .

5.1 The differential equations from intersection theory

In this section, we sketch the intersection theory computation for the DEQs. We provide
the basis of forms dual to the those introduced in section 3.3. Then using these dual forms,
we provide a residue formula for the matrix elements of the DEQ. More details can be
found in appendix B.

8The flow is reversed for the differential equations because discontinuities (computed by changing the
contour to one that has a residue component) and the differential are correlated by the coproduct but act on
opposite ends of the tensor product [23, 24]. Another way to see this reversal is by noting that the differential
equations of the FRW-cohomology and dual-cohomology are related my minus transpose [17, 25] and because
the coboundary symbols e are directly related to sequential residues.
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The basis of forms dual to ¢4 is

gzvﬁg := sgny dc, () , 0q := Z sgn_6r ,
TEC,

Qy = Qle, = A\ @, Q= Qle,
leL,

(5.1)

where we recall that inside the intersection number d¢, — Resc,. Furthermore, the argument
of ¢, must be a form restricted to the cut Me,. In fact, we use the canonical form, Qg = Q4lc,,
of the cut geometry, I'y, as the argument for the 5cg.19 These dual forms are designed to
have a diagonal intersection matrix with the cut basis ¢4. Note that in the wedge product,
Y, comes before Q, if min(Vy,) < min(Vf,).

Assuming that the FRW-form ¢ has only simple poles, the intersection number has a

simple localization formula

ReSQq

(B|) = (3¢, (Q%)|¢) := sgngResy, | ©---Res, o Resc,[g]

(5.2)

where Resq, is the (leading order term of the) residue operator generated by the canonical
form ()3 and each

Resy := <Hl> > sig(v,Vi\v)a, O Resg,=o (5.3)

vey Qv = ueVi\v

is the (leading order term of the) residue operator generated by the factor €y in the prod-
uct (3.27). The residue operator Res; is a weighted sum of residues that localizes to the
vertices of the simplex whose canonical form is ;. Note that we order the Res; such that
Resy, comes before Resy, if min(V;,) < min(Vg,).

Using (5.2), (5.3), and (3.29), computing the intersection matrix is straightforward

Cag = (Sol0g) = 1Caldgq |1 Liev 1 (5.4)

LeL, HZGVI o

This matrix is diagonal since the residue operator Resc, in (5.2) projects out a single element
of our basis Resc,[¢g/] = |C4|d44'€2g- Then, each Resy act on each )y that makes up 4. Each
() is the canonical form of a simplex in the product decomposition of I'y. See appendix B.1
for a simple derivation of (5.4).

Having a diagonal intersection matrix (5.4) makes it easy to derive the differential
equations from (2.37). Moreover, since we have designed our basis of FRW- and dual-forms
to have only one independent cut the resulting DEQs will have the minimal amount of
mixing between different cuts.

To compute the differential equations, we project dyin¢4 back onto the cut basis. However,
dkin¢g has double poles and the simplified formulas for the intersection number ((5.2), (5.3),
and (3.29)) cannot be used. To remedy this, we need a representation for dyin¢g with only
simple poles.

Note that we use |c‘3 to denote the pull-back to the cut associated this cut.
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To find a form cohomologous (differs by a total covariant derivative) to diin¢q With simple
poles, it is useful to promote the exterior derivative on the integration variables to the exterior
derivative on the combined integration and kinematic space:

d— Y dwy 0y, + Y dX,0x, + Y. dYedy,, (5.5)

veEVG veVg ecEqg

(see [25, section 3.3] for more on this technique). Then, any logarithmic differential form
(all forms so far have been logarithmic differential forms: the FRW-forms, dual-forms and
the connection w := dlogu = 3_, ¢y, aydlogz,) can be canonically upgraded to forms on the
larger integration plus kinematic space by interpreting d as in (5.5). The total covariant
derivative of the upgraded FRW-forms ¢4 is especially simple and leads to

diindg > (WA @g)g as in (5.5) l-AdZA-AdZIA-0 5 (5.6)

where Z, 7' € {X,,Y.} and ~ denotes equivalence in twisted cohomology in the usual sense
(using V with d acting only on the integration variables). Equation (5.6) allows us to use the
simplified formulas for the intersection number: (5.2), (5.3), and (3.29).

For the remainder of this derivation we will interpret d as in (5.5) and extract the
appropriate component of the differential form by sending --- AdZ A --- AdZ' A -+ —
0. Moreover, note that the residue operators of the intersection number project out the
appropriate component of the differential form w A ¢4 interpreted on the integration plus
kinematic space automatically. Therefore, we leave this projection implicit.

Using (5.2), the diagonal entries of the DEQ are simple to evaluate

P

i i
Agq = WReSI\Lgl o---oResy, oRese, [w AdlogCq A Qg
girg (5 7)
— DM S () dogh(X. ).
leL, “lev;

These components of the differential equation are clearly in e-form since they scale linearly
in the «; after a; — ea;. To pass from the first to second line in (5.7), we move w so that it
appears after Qg at the cost of a sign. Then, Resc, is easy to perform. After this residue, the
remaining differential form is simply (—1)|VG‘Qg A wlc,- Next, we perform the residues Resy
by breaking {4 A wlc, into its constituent pieces by isolating the z;cy;-dependence

|Lq
Qg Awle, =D (=1)* QA A (Q Awg) A Q|
= (5.8)
wy = Z o dlogxl‘
leVy Zievl zi+fi(X,Y)=0

where the exact form of the sign (—1)® is not important for understanding gross features
of the localization in (5.7). Since Res([Qy] o oy,

ReSIULg| o0---0 ReS[1 [Qll VANKIERIWAY (Q[i VAN w;i) VAR QIULg\}

(5.9)
— ReSI1 [Qll] . Res[i [QIz A w[i] A ReSIULg\ [QIULgl] .
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The factors Res([€}(] evaluate to constants while the Resi[Qy A wy] is proportional to a
combination of the dlogz;ey; where each dlogziey; is subject to the conditions ey, 2 +
fulX,Y) =0 (from the cut) and zpecyp 3 = 0 (from the residue Resy). Fortunately, these
conditions have the same solution for each x;cy; as seen in the second line of (5.7) where there
is only one dlog for each letter I. A detailed derivation of (5.7) can be found in appendix B.2.

Next are the off-diagonal terms

(—1)lVel
Agg = 7sgngsgng/ReS%L /

(B D) oo Resy; o Resc,, [dlogCg A Qg A w} . (5.10)
q'|Pg’ 9

Obviously, A4y # 0 if and only if Rescg, [dlogCq4] # 0. This only happens when all tubings in
Cq4 can be obtained from a tubing in Cy by adding additional compatible tubes. This makes
it clear that forms associated to acyclic minors with different broken edges cannot couple
in the differential equation since the tubings associated to these acyclic minors necessarily
contain an incompatible pair. Moreover, the residues Resy localize to where the xilcg, =0
and are non-trivial if and only if there are enough dlogz;’s in Qg A w. This further restricts
which matrix elements Agq are non-trivial. Indeed, Aqy # 0 if and only if for all 7/ € Cy
there exists a tubing 7 € C4 such that 7’ and 7 differ by exactly one tube: |7\ 7| = 1.
This is because w can only contribute a single factor of dlogz;. Translating this condition
into a condition on acyclic minors implies that Agy # 0 if and only if the pair (g,q’) are
related by a merger (cf., 3.2). That is, the differential equations inherit the combinatorics
of the zonotopes governing the cuts.

Then, for a pair (g,d’) that are related by a merger, we have

N
Agg’ = 3(g g’) (Ziem Oéi) (Zg‘ewi Ozj) dlogfIT (X, Y)
2LkeVi, U, VK fuXY) (5.11)
8(q,q') = 1 if oriented edges connecting [+ to I} point away from [+ ’
—1 if oriented edges connecting [4 to [| point towards [y
J

where we recall that VIT <V .- The off-diagonals of the differential equation scale linearly
on in the a;’s and hence are in e-form (after a; — eqy).

Up to the overall sign, the factors in this formula are easy to understand. After taking
the cut,

A /ocig’Res / o---oResy |dlogBg o AQgAw
ag i [ [ E5g\g /N\oég ) (5.12)
<¢g"¢g’> Lyl ' [ } By 1=0
and
dlogBg\g = dlogByer\ V(7,7") € Cyq (5.13)

By e =0
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where we recall the definition of Cyy in equation (3.18). Then, ignoring the overall sign, the
residue in Agq factorizes since each QI\ B,.,,=0 depends solely on the z,cy

Cy ~ ~ ~
Agg’ X J7g| H Res RGSL [Q[T/\Q[l/\wL/\dlong\g/}
<¢g’|¢g’> By, 1=0

)

Byr-.1=0
IE]LT U]L‘L ter ther
o (5.14)

HUEVL v H”EVITUVIL "

ZvéVE v ZuVITuvu v

where ReSIQI|Bt/67/=O =2 vey ay/ [Tvev; aw, Vi = V1, Uy, and the only part of w that survives
the restriction of the wedge product to the cut is wy = ZUEVIT aydlogx, + Zvevu apdlogax,.

(Z’EV‘T ai) <Zj evi, >

x dlog
Bye,1=0 HkEVITUVIJ, Qk

To get (5.11) up to the overall sign, use

- X, Y
Resy {QIT/\Q[L/\WL/\dlong\g/} Ju( ; (5.15)

fi,(X,Y

where
leng\g’ ‘xiEVET =0 = fLT (X7 Y) ’ leng\g’ ’mieVLJ, =0 = fLi (X7 Y) ‘ (516)

Getting the sign correct takes careful bookkeeping; a full derivation can be found in ap-
pendix B.3.

5.2 Examples

To summarize the results of the previous section, the action of the derivative on an arbitrary
element of the cut basis is given by
e ™

(DM dignorg =~ Y S a, dlog (fr) A g

ey velf
ZveVl Qy Zv’eVI, Qyy fu
dlog

f[) Ao (5.17)

_|_
Ig/ D vey; 0w + Zv’eVI, Q!

J

The sum on the second line is over all pairs of letters {[,l'} C Ly for which there exists at
least one oriented edge from V; to Vi». Furthermore, we use gy to denote the acyclic minor
obtained from g by replacing all oriented edges between V; and V{» with solid edges.

As emphasized throughout the paper, there are two important consequences which follow
from the fact that only acyclic minors related by a merger — defined as the exchange of
oriented edges with solid edges — can couple to one another in the differential equations.
First, the differential equations decouple into 2/#¢! blocks, one for each choice of broken edges.
Second, within each block, the acyclic minors with fixed broken edges label the boundary
stratification of the graphical zonotopes introduced in section 4. As a result, the differential
equations inherit this zonotopal structure as we now demonstrate through examples.

Throughout the examples we abuse notation and use a letter I to denote dlog(fi). For
example, in the context of the three-site chain

IR R dlog(X1 + 1/12)’ oo = dlog(XQ — Y2+ Y23)’ (5'18)
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and the three-cycle
é = leg(Xl + X3 — Y9 — Ygg), A = d]Og(Xl + X5 + X3> (519)

We also do not exemplify the differential equation for every element of the cut basis
in each example since the cut basis is generally too large to fit into the main text of this
work. However, the interested reader can find a the full differential equation for the one-loop
bubble or two-cycle graph in appendix A. The full results of the worked examples and more
can be found at the github repository €) .

5.2.1 Three-site chain

Consider the three-site chain. In the cut basis, the differential equations decouple into
four blocks, each of which is described by a zonotope in figure 10. First, the point on the
left-hand-side of figure 10 encodes the following 1 x 1 system of differential equations

~dignBe.. a0 = (18000 - Qg0 00 |- ze00) Dy . (5.20)

Less trivially, the top middle line segment of figure 10 is associated to the following 3 x 3
system of differential equations

a1
_dkin¢._._..... ~ (alo-H---o + Qupese--e a3o->-o---o) QZ)H. i e U o—Ho) De—s- -0,
a1 + ag
1009
—dkinPy q...o = (V1000 + Qgee0 + Qgee0) P+ ——— (o0 —eto0) Gy,
a1 + as
_dkin¢0=o---o = ((al + 052) oo | a3.=,.....) ¢o=oo (521)

Notably, the differential of each vertex produces a term proportional to the bulk of the
line segment.

Finally, the remaining square describes a 9 x 9 block in the differential equations. We
provide a handful of examples. Consider the top left vertex of the square in figure 10, the
differential of the associated function is given by

Q10

—dkingb._‘_._,_.g (a1m+a2H+H+a3o—<+>-o)/\¢ oo

Q2003

Qo+

oo —evers) A (5.22)

"
On the right-hand side two new functions appear, each corresponding to one of the codimension-
one faces which contain the specified vertex in their boundary. Next, consider the derivative
acting on the first new function appearing in (5.22), given by

ag(aa+as)
a1+oag+as

—diin Py ey ™ (Oc10-1-°-"+(042+043)0—<-=-)/\¢._‘_‘=. ( — =) \ gy -

This time a single new function is generated, which corresponds to the bulk of the polytope,
with differential given by

_dkin¢o=.=. =~ (Oél + ag + O[g) = A\ gbo=-=o (523)

In this last step no new elements of the cut basis are generated and the kinematic flow
for this sector terminates.
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Figure 10. The differential equations for the path graph on three vertices decomposes into four
blocks each described by the boundary stratification of a graphical zonotope.

5.2.2 Three-cycle

The first seven blocks of the kinematic flow for the three-cycle exhibit a flow structure
analogous to those found for the three-site chain, with graphical zonotopes corresponding
to points, line segments and squares, as demonstrated in figure 11. The final block, how-
ever, introduces a novel (13 x 13) system of differential equations, whose kinematic flow
is characterized by the hexagon shown in figure 11. For example, consider the right most
vertex of the hexagon, its differential is given by

—dkin¢A2 <a1 A-FOQ A+a3 A) A¢A
Fari (A D) noa T (A A nop: G20

As for the three-site chain, two new terms have been generated corresponding to the two line
segments which intersect at the chosen vertex. Applying the derivative to the first element
of the cut basis on the second line we find

—diing AZ((QH-O@) A o2 AN &jta?:;(;‘i Zz( A - A ) e A 6D

Again, a single new function is generated, associated to the bulk of the hexagon. The
kinematic flow for this block terminates with

—dkinqSA ~ (o1 + a2 + a3) A A ¢A (5.26)

5.2.3 Four-cycle

All but one of the blocks in the kinematic flow for the four-cycle are described by zonotopes
given by points, line segments, squares and cubes. The structure of the final block is captured
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Figure 11. A subset of the graphical zonotopes which describe the kinematic flow for the three-cycle.

by the graphical zonotope displayed in figure 12. For illustration, consider the function
associated with the top front vertex of the zonotope, we have

dkinéf)m ~ (al M+ +a3m+a4m)/\¢m
(P (T
Q03 (I:I I:I)Ad)a ai?f;4(m—m>A¢m. (5.27)

Oé2+0é3

The appearance of four new functions on the right-hand side reflects the fact that the
corresponding vertex of the graphical zonotope is non-simple, lying at the intersection of four
line segments. The derivative of the first function on the second line yields

dyin® 1 =~ ((Oél +o) M+ T +as ] ) /\¢D
| (or+an)ay (11- I;I)/\qﬁu oziiig (Q—Q)wz. (5.28)

a1taotay

In this case we generate two new functions corresponding to the two codimension-one faces
intersecting on this edge. Applying the derivative to the first results in the following

dkinqu:((a1+a2+a4)ﬂ3+a3[})wm z;zaz: Zi (1 E})Aqu (5.29)

This function corresponds to a codimension-one face of the graphical zonotope, therefore,
its derivative generates only one new function, corresponding to the bulk of the polytope.
Finally, applying the derivative to this last function produces no further terms, and the

kinematic flow terminates with

dkinqu ~ (a1 + oo + a3 + 044) D A Qﬁm (5.30)
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Figure 12. The graphical zonotope (rhombic dodecahedron) describing the kinematic flow for a block
in the differential equations for the four-cycle.

6 Conclusion

It was recently proposed that the independent cuts of the physical FRW-form naturally
define a set of forms that we call the cut basis [11]. Building on this insight, we have shown
that the cut basis and its associated kinematic flow are governed by rich combinatorial
structures (also seen in [7, 9-14]). Each element of the cut basis corresponds one-to-one with
a positive geometry associated with a cut of the physical FRW-from. To systematically label
elements of this basis, we adopt the graphical language of [12, 13, 16], introduced the notion
of an acyclic minor and provided a simple prescription for assigning to each a logarithmic
differential form. With the cut basis at hand, we employed the framework of relative twisted
cohomology and intersection theory to derive the corresponding system of e-from differential
equations. Crucially, our construction only relies on the underlying geometry of the associated
hyperplane arrangement; no bulk physics.

We provide a number of explicit examples of the master formula (5.17) in the text.
Additionally, Mathematica code for these and other examples (such as the five-site chain and
the two-loop/cycle kite) can be found at the github repository €9 .

Like in [12, 13|, an interesting feature of the differential equations is that only acyclic
minors related by a merger couple to one another. As a consequence, the kinematic flow is
naturally organized into exponentially many sectors, each with the structure of a graphical
zonotope. While this zonotopal organization had been observed previously [13], it was
interpreted merely as a combinatorial artifact of the differential equations. In contrast, we
uncover its true geometric origin: the zonotopes reside within the cosmological hyperplane
arrangement, and their canonical forms compute residues of the physical FRW-form. Therefore,
these zonotopes not only reflect the geometry underlying the differential equations but also
govern the cut combinatorics — flow of cuts — of both the physical FRW-form and the cut
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basis itself. Thus, the combinatorics of the kinematic flow emerge as a natural consequence
of the geometric and combinatorial structure of the flow of cuts.

At the level of the symbol, the kinematic flow controls which letters can be added to
the end of the O(ak) component of the symbol to generate the O(af*!) component of the
symbol for a physical FRW integral in the ae — 0 expansion. On the other hand, the flow
of cuts controls the sequential discontinuities of the physical FRW integrals. At the level
of the symbol, a discontinuity annihilates all terms that do not have the compatible letter
as their first entry. For terms with the compatible letter, the discontinuity simply removes
the first entry. With these two handles on the analytic structure of FRW integrals, it would
be interesting to look for symmetries (such as antipoldal duality) in the symbols of FRW
integrals. Perhaps it is even possible to assign a cluster(-like) structure to the symbol.

The differential equations derived here are relevant for a single Feynman graph contribution
to the wavefunction coefficient. It would be interesting to consider differential equations for
the wavefunction as a whole and to make connection to recently discovered geometries [26-28].

It would also be interesting to understand how to the story changes when the scalar field
has a generic mass (i.e., not conformally coupled). Do zonotopes play an important role there
too? Could the cut-first approach help make an invariant definition of the physical subspace
in this case? Which combinatorial parts of the differential equations survive after loop
integration, if any? We leave these any many other interesting questions for future research.
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A The two-cycle

In this appendix, we explicitly provide the cut basis and their differential equations. As
noted at the end of section 2.1 and beginning of 2.2, the loop-level FRW integrals treated
in this paper correspond to the loop-momentum integrand.

The cut basis for the two-cycle is

T2

... =dlogB A dlogB , = dlogB A dlog—,

Oiy = dlogBgy NdloeB P = dlosB e 1 dlog ]
— dlogB —_ AdlogB____, — dlogB____ AdlogB —_,
e T & e I R

i)

. =dlogB A dlog22, . = dlogB — AdlogB :
'O e OO MM o

Z2

.. = dlogB A dlogB , = dlogB A dlog—=,

¢ g @ g ® ¢© g @ ga:l
= dlogB A dlogB , = dlogB A dlogB . Al
‘oMo MY oMo Mo Y

0 <
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The differential equations decouple into 22 blocks:

dkingb.:'"':. il <0é1'3:::::23‘ + 042‘3::::::1'> ¢.:~---:.> (A.2)
together with
Pn) (D e 0 ooz o) [P
dkin d)m = 0 041(_4_7“*‘042(7__\‘ (ﬁfoz (m f‘\) (z)m )
(ﬁﬁ 0 0 (011 +042)‘...___‘§. (bﬁ
P (Dl 0 @S- (W
din | 25 | = 0 i ot oo @ (- | b |
O 0 0 (a1 +a2) L P
(A.3)
and
¢ c10 ¢
(O + 2D 0 e O -O)
dkin | ¢

000
0
@

O
22 O- O ||’
0 0 (g + 042) © (Z)©

B Derivation of kinematic flow from intersection theory

In this appendix, we derive closed form formulas for the intersection matrix (appendix B.1)
and the matrix elements of differential equation (appendix B.2 and B.3).
B.1 Intersection matrix

In this appendix, we illustrate how to compute the intersection matrix (5.4) from the
localization formula (5.2). Recalling the definition of our basis forms and the fact that our
basis of FRW- and dual-forms contain one cut (i.e., Resc,[¢q] o< [Cg|dqq7),

<¢§g\¢g/> = ResI“Lg‘ o---Resy, o Resc,[dlogCy A Qg/] , (B.1)
= |Cg|5gg/Res[“Lg‘ o---oResy [Qq], (B.2)

where |Cq| is the number of tubings that belong to this cut; it will always cancel in the matrix
elements of the DEQ. Then, recalling that 3 = /\IeILg Qy,

0 =

= Z sig(v, V1 '\ /\ dlogz,,
fi(x+X,Y)=0 veEV] uGV[\v

, (B.3)

veVI\V, Ty, fi(x4+X,Y)=0

and the definition of Res; (equation (5.3)) yields
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61)11)

aysig(v, Vi\v)sig(w, Vi\w)

Res([Q] = Z O Resgz,—0 /\ dlogz,

v,weV [liev, ueVi\v yeVi\w 4K Y)=0 (B.4)
_ Zle%al
[Liev;cu
Therefore,
= (Balog) = |Cyl6 = [Cyl6 2icv;
Cag = (Pglpg’) = [Cqldqq H Res[€2] = |Cq4|dqq H Thev o (B.5)
€L, lel, 1hievi
B.2 The DEQ: diagonal elements
To derive equation (5.7), note that
Resc, {w A dlogCq A Qg} = (—D)"l Cql Qg AN, , (B.6)
wle, = Z [Z oy dlogq:l} = Z wr (B.7)
lely [leVt fix+X,Y)=0 lelLy

where we recall that f; only depends (linearly) on the Xjey;: fi(x+X,Y) = >y, 2+ fu(X, Y).
Collecting the x;cy;-dependence and separating the residues while being careful of the sign
generated by the wedge product yields

Resy, oo Resy, Qg A w]

Cq

Ly (B.8)
= Z H ReS[j [Q[j] Resy, [Q[i N w[i] .
i=1 | \jzi fi; +X,Y)=0 Ji, (x+X,Y)=0

The factors in the first brackets above were computed already in (B.4). To evaluate the
remaining factors, note that

Qp Awy = sig(Vy, Vi \ Vi)sig(Vi \ Vi, Vi) (Z Oél) ( N\ dlogz,

f[(X+X,Y)_O> '

(B.9)
i1 leyy veWV
Then, since each term of Resy sets all but one x,cy; to zero
—1 Vil-1 o
Res[[QIAw[]Z( )H Zoilevr ! Zavsig(v,vr\v) O Resg,—o /\ dlogx,
lev; veli u€Vi\v weVi Fu(x+X,Y)=0
—1 [Vi|—1 «
= I g Voo sis(Vi s,
eVt veV Silx+X,Y)=0,2cv\0=0
o
_ 2iev ™ 3 a, | dlogfi(X,Y). (B.10)
HZEVLal veVy
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Substituting into (B.8), yields

ZZGVI al)
B.g8) = =
( ) I!_[]Lﬂ <HIEVI 67)

Combining (2.37) with ¢ = ¢/, (B.8) and (B.6) yields (5.7).

> (Zlewal) dlogfi(X,Y)| . (B.11)

L€y

B.3 The DEQ: off-diagonal elements

Restoring the sign in (5.12) yields

—1)IVal .
Agg/:(vi) sgn sgn_sgn_Resy o---oResy [dlogBT\T//\Qg/\w} ‘ ,
<(bg/ |¢g/> (T,T')Ecgg/ ULg/ | 1 Cg/
cyl (B.12)
o g/ ~
—msgngg,Resl‘/Eg/ o -oResy/ [Qg/\w/\dlong\g/} ‘ ,
g 1rg ’

[

where sgn__, compares the relative ordering of the tubes for a pair (7,7') € Cqq/, and SgNyy
is the same for all (7,7') € Cqy. Explicitly,

sgn sgnsgn, . = sig((Vg))sig((Vg)r, (Vg \ Vg)r), (B.13)
Sghgy 1= (—1)|T"sgngsgng/sgnngnT/sgnTT/ .

Similarly,

dlogBg\ g := dlog B,/ , (B.14)
By, =0
is also the same for all pairs (7,7") € Cgqq. While we do not provide an explicit expression
for this intermediate object, it has following properties that we be used later

leng\g"xiE‘/!T =0 = fLT (X7Y) 9 dlong\g/LEievLj,:O = fLL (X7Y) ° (B15>

We have also anti-commuted dlogBg4 to the end of the wedge product which produces a
sign (—1)Yel=I”'l and exposes the canonical forms €y on which Resy acts.
Then, performing the ReSIIE]Lg, yields?"

SgNgqr -
Agar= Res; y oResy | Q. AQ, AQ L AwAdlogB /:| ,
9 HI,E(LU]Lj,) ResI/ [Q[/] ]Lg/ - t + ]Lg/ g\g Cg/ (B16)
where
RGSL¢/ = RGSI@ o::-0 ReSI;¢ , Q]Li/ = Q[/1¢ A A QIQ, (B.17)

LY, | LY, |
g g

2074 is possible that 14 and Y| may not be adjacent in I, when ordered by their minimal vertex (as dictated
in the definition of Qg), for a given labeling. In such cases, another sign could be generated

sgn, | = sig(Viy, Vig \ Vi, )sig(Vi,, Vit \VLT/ Ve \ Vi, Vi \ Vi, Vi \VLLI) )
[4 g g [4

VT :(‘/IIIT"“7‘/I/T )7 VLT :(VIIIT7“‘7VI/T )
o 4

L
L L
Lyr Lgr

Here, one exchanges 1 with | in the obvious way to get V|, and Vu} . In all checked cases, sgn;| = 1. Yet, we
q/ ’

g g
have not been able to show this in full generality from the above formula.
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For this to be non-zero, w must donate some dlogz,’s to QIT Ay . Anti-commuting the parts
of w that survive the restriction of the wedge product to the cut, wy, = ZUGVIT aydlogx, and

wy, = ZUEVQ aydlogz,, behind Q[T and Qli at the cost of another sign

{

Z - (Vi |-1)
Ie]Lg/ ! (_1)‘VI¢|_1

RGS[/ [QI’]

Sgngg/ (— 1)
HI’e(Lumj,)

Agg= (B.18)

~ ~ Vi -1~ ~ ~
xRes]Lqi/oResI{ (Q[T/\(,‘JIT/\QQ—I—(—l)| iyl QIT/\QIL/\WQ) /\Q]Lj{/\dIOng\g’:l

g/

Next, note that

ReSL[Q[T ANwy, A QI¢ A Q]Lé A dlong\g/]\cg,

= _Sig(‘/[qw ‘/[i)ReSIT [Q[T] RGSIL [QIL] Q]Lé A leng\g’ |Cg/,:1316\/[T =0

dlogfi, (X,Y)

L ) (B.19)
RGSL[Q[,r A QL¢ A wr, A Q]Lé A\ leng’\g] |Cg

. Vi |—1 ~
= sig(Vi,, Vi, ) (=1) 8 Resy, [0, Resy, [9,] €, A dlogBygle,,

xlevlizo :

dlogfy, (X,Y)

Then, equation (B.18) becomes
1

ReS[T [QIT]RGSIL [QIL] ResL:, [Q]Lﬂ
ReSE[QJ HI’E]L% RGS[/ [QI’]
g

fIT (Xa Y)
fi, (X,Y)’ (B.20)

Agy=5(g,9') dlog

, _ vt (Vel=D+(Vi |=1)
3(g,q') := —sig(V,, V1, )sgngy (—1) ¢

One can show that the sign above simplifies to

8(0.q)) = { 1 if oriented edges connecting I+ to [| point away from [ (B.21)

1 if oriented edges connecting [+ to [} point towards [+

Finally, taking the remaining residues yields

(ZUEVIT Ozv) (Z”GVQ aﬂ) d

HueVITuvIi Qy

f[i(X7Y) '

Ay = 3(g,9") log

Data Availability Statement. This article has no associated data or the data will not
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Available at: https://github.com/ASphericalCow/KinematicFlowFromCuts.git.
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