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Abstract

The behaviour of embodied agents tends to unfold within a mesh of stringent constraints,
each pulling in different directions. For instance, principled models of complexity-constrained
behaviour suggest a fundamental tension between the enactement of the agent’s purposeful
behaviour and the “informational resources” at its disposal. The main motivation of this thesis
is the hypothesis that this tension induces agents to leverage the structure of the interaction
with their environment, at a “granularity” adapted to their informational resources — as re-
lying on such structure limits the “informational expenditure” necessary to enact purposeful
behaviour. From the agent’s intrinsic perspective, this structure consists of regularities of the
way its actions influence its sensory influx, i.e., of the sensorimotor contingencies (SMCs) that
sensorimotor theories claim perception is based on — a concept that, despite the important
progresses of the last decades, remains elusive in many respects.

Here, I develop novel mathematical and computational tools, at the intersection of infor-
mation theory, group theory and dynamical systems, that provide a theoretical framework to
explore the above hypothesis — so as to unlock new avenues for progress in adaptive be-
haviour, structure discovery and sensorimotor perception. In particular, previous research
suggests to formalise SMCs through the symmetries defined by the dynamics of the senso-
rimotor interface — i.e., well-chosen commutation relations involving the way the agent’s
behaviour impacts its sensory influx. The above hypothesis thus becomes, at the formal level,
that of a certain “duality” between a system’s symmetries and the informationally parsimo-
nious descriptions of it that such symmetries make possible. The main focus of this thesis
is to establish and investigate this duality, in different forms — in a group-theoretic but also
closed-loop and stochastic setting — and at different granularities — where the symmetries’
granularity scales with the information parsimony that they make possible.

More precisely, the results cover three different themes. First, I look at symmetries of
stochastic channels through the information-theoretic lens (in the finite case). Group-theoretic
invariances of a stochastic channel are explicitly characterised in terms of information parsi-
mony through the “classic” Information Bottleneck (IB) framework. Channel equivariances,
however, cannot be captured by the classic IB, but require the introduction of a novel frame-
work, which we call the Divergence Information Bottleneck (DIB). Here, information parsi-
mony is traded-off against the preservation of the divergence of the data distribution from a
given exponential family. For a well-chosen exponential family, the corresponding DIB for-
malises the intuition of an optimal compression preserving the “information carried by a given
channel”, and does characterise the channel’s equivariances. These information-theoretic re-
formulations of “exact” channel symmetries then yield principled definitions of soft channel
invariances and equivariances, where the “softness” of the symmetry is parametrised by the
granularity of the corresponding coarse-graining.

Overall, this framework provides a novel building block for information theory-based
symmetry discovery and symmetry-based coarse-graining. This formal progress could also
be instrumental to understand the intrinsic structure of an agent’s sensorimotor interface —
i.e., what is known as apparatus-related SMCs — through the transformations of the agent’s
sensorimotor spaces that leave this interface unchanged.

While the latter symmetries describe structure at an exclusively sensorimotor level, previ-
ous work suggests that perception also relies on commutation relations between sensorimotor
and internal dynamics. These results resonate with SMC theory’s claim that the “attune-
ment” of these internal dynamics makes them capture the invariants, but also the “structure
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of changes” induced by a given, ongoing agent-environment interaction — i.e., what is known
as object-related SMCs. I propose to explicitate these concepts by extending the class-pose
decomposition framework. In this line of work, the aim is to decompose a group action into
one coordinate (the “class”) capturing the action’s invariants, i.e., its orbits, and a second co-
ordinate (the “pose”) that is “strictly equivariant”, in that it equivariantly tracks the changes
induced by the group action without capturing any invariant.

This mathematical object is generalised in three directions: algebraic, dynamical and
information-theoretic. The algebraic aspect starts from the observation that class-pose de-
composition is only possible if all orbits are isomorphic — a highly non-generic assumption.
To obtain a structure that can be built from any group action, we “reverse the arrows and
break the bijectivity” in the commutation relations. This allows the transformations of the
class-pose space to be richer than those of the original state-space. But we also require these
commutation relations to be “maximally isomorphic”, yielding what we call a minimal joining
of the orbits: i.e., intuitively, the “simplest” group action that simultaneously “simulates” the
original group action on each orbit. The dynamical aspect consists in moving from the setting
of group actions — ultimately a poor model of embodied agents’ own actions — to one that
allows for a closed-loop “behaviour” made of non-invertible and stochastic actions: Markov
Decision Processes (MDPs), here with fixed policy, no rewards and on standard Borel spaces.
Classes become ergodic components of the MDP: i.e., intuitively, asymptotic attractors of the
agent’s behaviour. Poses are then defined by a minimal joining of these ergodic components,
which can be seen as a dynamical, measure-theoretic and policy-dependent counterpart of
least common multiples for integers. Eventually, these generalisations of classes and poses
are reformulated (in the finite case) in terms of information parsimony. This yields, in par-
ticular, an information-theoretic characterisation of a group action’s partition in orbits — an
important step for formalising the links between symmetry and information.

These formal structures provide new tools to the operationalisation of sensorimotor per-
ception. However, rather than yielding a pure explicitation of existing theories, they suggest
new conceptual directions: e.g., that the attunement of brain dynamics is induced by informa-
tion parsimony constraints, and yields parsimonious fictions which emerge from sensorimotor
history but are not reducible to ongoing sensorimotor dynamics.

As most of the notions of structure above are defined for a continuous range of “granular-
ities”, parametrised by the corresponding informational trade-offs, it is crucial to understand
the relation between such structures at different granularities. As a first step in this direction,
I study the relations between coarser or finer bottlenecks for the classic IB method. More
precisely, I investigate a property known as successive refinement (SR), which asks whether
a coarser bottleneck can be obtained as a coarse-graining of a finer bottleneck. This property
is important to determine whether for the soft invariances defined above, coarser invariances
always include finer ones. It is also relevant to incremental learning, as it is equivalent to
whether one can, without incurring an additional informational cost, design a finer bottle-
neck by first designing a coarser one, and then adding new information from the source.

SR is given (in the finite case and under mild assumptions) a geometric characterisation
in terms of inclusion of convex hulls defined by bottleneck channels. This characterisation
means, intuitively, that SR holds whenever the information captured by the coarser bottleneck
is entirely “contained” in the information captured by the finer bottleneck. We then consider
a soft notion of successive refinement, by quantifying the “lack” of it through a previously
established notion of unique information. This allows to investigate, in synthetic numerical
experiments, how the “amount to which” the SR property is satisfied depends on the respective
granularities of the coarser and finer bottlenecks. The experiments suggest that, generically,
the “lack” of successive refinability is relatively mild, and SR is the “closest” to hold for
trade-off parameters poised close to bifurcation values.
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Chapter 0

How to navigate this thesis

The introductory Chapter 1 situates the work of the three core chapters (i.e., Chapters 2, 3
and 4) within the broader framework of adaptive behaviour, structure discovery and sensori-
motor perception research. Chapters 2, 3 and 4 can still be read independently of each other
and of Chapter 1 — except for some sections clarifying how they are relevant to each other,
mostly in their introductions and conclusions. For the sections of Chapter 3 that root it in
sensorimotor perception research, I recommend readers unfamiliar with the latter framework
to first read Section 1.1.3. The concluding Chapter 5 assumes familiarity with all previous
chapters.

Most mathematical proofs are gathered in the appendix. This allows for two levels of
engagement with this thesis: while proofs are one of the core contributions, the main text
can be read without diving into this level of detail. But readers interested in the proofs can
easily navigate using the hyperlinks that I included: one from the main text to the appendix
below each statement requiring a proof, and one from the appendix back to the main text at
the beginning and end of each proof.

The main contributions are summarised in 2 pages in the Abstract, and in 10 pages in
Section 1.3.
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Chapter 1

Introduction

This thesis is driven, at the formal level, by the intuition that there is a fundamental duality
between structure and information parsimony: in short, any structure in a given system affords
the possibility of simplifying its description, and any simplification in the description of a
system should only be made possible by the presence of some kind of structure in it.

The kinds of “structure” that we will consider here are rooted in group-theoretic notions
of symmetry — mostly, different instances of invariance and equivariance. The unifying
theme of this thesis is to reformulate, generalise and “soften” these “exact” group-theoretic
symmetries with information-theoretic formalisations of the notion of information parsimony,
mostly — but not exclusively — through the Information Bottleneck framework and novel
extensions of it. This will often be achieved by characterising these structures through the
information-preserving compressions that they make possible. These results mostly focus
on systems with a finite number of elements. Other contributions generalise group-theoretic
notions of invariance and equivariance to closed-loop stochastic actions — there, we will
largely focus on a general measure-theoretic formalism that encompasses both discrete and
continuous spaces.

This work is mostly mathematical, with numerical simulations supporting the exploration
of several of the mathematical objects encountered. While these mathematics are valuable in
their own right, they are motivated by, and aimed at, specific questions arising at the intersec-
tion of adaptive behaviour, structure discovery, and sensorimotor theories of perception.

Let me start by giving, in Section 1.1 below, an overview of these questions. In Section
1.2, I then analyse the convergences and tensions, in previous operationalisations of senso-
rimotor perception, that motivate the tools developed here. With this landscape laid down, I
eventually present an overview of this thesis’ contributions in Section 1.3 (see also the abstract
for a shorter, two-pages summary of these results).

1.1 Motivations

1.1.1 Information parsimony and purposeful behaviour: a fundamental tension

This thesis is motivated by a long tradition of investigating the principles underlying adaptive
behaviour — in biological and artificial agents — through the lens of information theory.1
One of the main ideas of this line of work is that the behavioural, bodily and neural dynamics
of embodied agents are shaped by — and, to a certain extent, emerge from — a number
of informational constraints. Most relevant to us is the notion of information parsimony,
which consists of the broad hypothesis that, all else being equal, embodied agents tend to
parsimoniously consume the informational resources at their disposal — at the level of the
sensorimotor interface with the environment, of internal dynamics, or a combination of both

1Here, the main motivation is the study of principles underlying biological agents’ behaviour, but this includes
the use of artificial systems to model it.
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(Kline, 2025; Langer et al., 2024; Montúfar et al., 2015; Polani et al., 2001; Shalizi et al.,
2001; Tishby et al., 2011; Tkačik et al., 2016; Tschantz et al., 2020).

What is meant by “informational resources” can vastly vary depending on the context:
they can be understood as a proxy on energetic, metabolic, or computational constraints, or
exist at a “purely informational” level. In the case of metabolic resources proper, an example
illustrating the idea of parsimony is that of ascidians (commonly known as sea squirts). These
organisms undergo a drastic metamorphosis along their life cycle: the swimming larva, which
lacks a functional digestive system, scouts for a hospitable environment, where it cements
itself on an appropriate surface. This trigers its metamorphosis into what is known as a sessile
filter feeder — i.e., in this case, a kind of “vase-shaped” organism perpetually fixed to its rock,
that feeds by filtering the sea water brought to it by currents. Crucially, this transformation
involves not only the development of specific tissues and organs supporting “filter feeding”,
but also the destruction of others that were key to the larva’s successful settlement: the fins
are cast off, the tail is lost, the vesicle containing the light- and gravity-sensing organs retracts,
and most neurons of the larval central nervous system, which primarily regulated swimming
with the tail, are discarded (Cloney, 1982; Sasakura et al., 2012, 2018). This can be seen as the
fact that the metamorphosis parsimoniously re-allocates the metabolic resources necessary
to the organism’s self-maintenance, in a way that adapts to the lack of self-locomotion of the
post-larval form.2

However, the term “informational resources” often refers to concepts involving, in one
way or another, Shannon information theory (Cover et al., 2009). This will also be our case
in this thesis.3 From this perspective, another example of information parsimony is given by
retinal ganglion cells (which transmit retinal stimulation to downstream neurons through the
optic nerve) in the salamander. In short, it has been shown that, when faced with a simple
stimulus that has non-trivial temporal correlations, the activity of these retinal ganglion cells
(RGCs) carries no more information about the stimulus’ past than is necessary to achieve a
given predictive power about the stimulus’ future (Palmer et al., 2015). Similarly, in (bio-
logically constrained models of) the fly, it has been shown that the activity of neurons from
a specific area — the Vertical System (VS), relevant to evasive flight — carry essentially no
more information about their upstream neurons’ activity than is necessary to achieve a given
predictive power about the fly’s own movement during the evasive maneuver (Wang et al.,
2021).4 I.e., these neurons parsimoniously capture, within their dendritic inputs, the informa-
tion predicting a variable directly relevant to the organism’s survival — rather than only the
information predicting their input’s future, as was the case for the previous RGCs example.

Note that all three examples above involve more than just the metabolic/informational
“resources” at the organism’s or neurons’ “disposal”. Indeed, the notion of “parsimonious
consumption” of the resources relies on a specific kind of functionality, i.e., behavioural rele-
vance of the way these resources are used: the development of an organism adapted to sessile
filter feeder life for the post-larval sea squirt, the prediction of the RGCs’ future input for the
salamander,5 and the prediction of the evasive maneuvre for the fly. Crucially, the parsimony
constraints are, so to say, in conflict with the enactmenent of this functionality. For instance,
as the RGCs’ activity can only carry information about its input’s future through the one it

2But the widespread statement that sea squirts “eat their own brain” is now outdated: large parts of the larval
central nervous system (CNS), mostly made of non-neuronal, glia-like cells, get repurposed within an adult CNS
that regulates adult organs, e.g., the heart, gills, and digestive system (Sasakura et al., 2012, 2018).

3But this thesis does not adopt the “coding” perspective on neural activity that permeates the use of information
theory in neuroscience (Brette, 2019) — see also Footnote 7 below.

4Here, prediction of the fly’s evasive manoeuvre by VS activity is possible, in the first place, because VS
activity is ultimately driven by the fly’s past movement, which itself carries information about future movement.

5While the visual stimulus is somehow arbitrarily defined by the experimentalist (Brette, 2019), its prediction
by RGCs might be induced, within the whole organism, by more intrinsic notions of behavioural relevancy.
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carries about its input’s past, the predictive power of this RGC activity cannot increase arbi-
trarily without, at some point, inducing an increase of the information about the input’s past
— i.e., a decrease of the information parsimony characterising RGC activity. More generally,
these examples suggest that in embodied agents, there is a tension between stringent infor-
mation parsimony constraints on the one hand, and, on the other hand, the unfolding of the
agent’s neural, sensory and motor dynamics driving purposeful behaviour — to the extent that
the latter demand “informational expenditure”. The driving force of the formal developments
presented in this thesis is then the following intuition:
Main Intuition. It is precisely the tension between information parsimony and the enactment
of purposeful behaviour that induces agents to leverage the structure of the interaction with
their environment, as relying on such structure limits the “informational expenditure” neces-
sary to enact purposeful behaviour.

Or, more figuratively: meaning emerges from a subtle balance of concern and laziness.
Or, more formally: this tension induces trade-offs, which can be seen as multi-objective

optimisation problems, whose target functions model the constraints of information parsi-
mony or behavioural relevancy, and whose solutions model the corresponding behaviourally
relevant structures. Crucially, multi-objective optimisation problems are parametrised by the
choice of the trade-off between the target functions, yielding a continuous family of corre-
sponding solutions:6 in other words, there would be a whole continuum of structures possibly
induced by the tension between information parsimony and behavioural relevancy, depending
on the “granularity” adapted to the use of the agent’s informational resources.

Information theory, despite its historical focus on the storage and communication of digi-
tal data (Cover et al., 2009), has long ago stumbled upon formal questions of a much broader
application range (Ay et al., 2017; Beer et al., 2015; Emmert-Streib et al., 2009; Jaynes, 1957;
Lindgren, 2024; Shields, 1998; Touchette et al., 2004). These applications include trade-offs
of the kind just mentioned. Indeed, while Shannon information was purposelly designed to
abstract away any notion of “semantics” (Shannon, 1948) — which would include what I call
“behavioural relevancy” — this initial framing was somehow subverted by more recent prac-
tices (Kolchinsky et al., 2018; Polani et al., 2001; Tishby et al., 2011; Tkačik et al., 2016).
These variations of rate-distortion theory (Cover et al., 2009) propose to trade-off compres-
sion with the preservation of well-chosen notions of “relevancy”. A watershed moment in
this shift was the introduction of the Information Bottleneck (IB) method (Tishby et al., 2000)
— note that the salamander (Palmer et al., 2015) and fly (Wang et al., 2021) examples above
actually rely on this framework.7

In this thesis, we will both directly use this formal tool, and use it as the basis for our own
variations and generalisations. In Section 1.1.2 below, I present this theoretical framework
and its links with structure discovery. Designing precise and appropriate definitions of what
is meant by “structure” will be at the core of this thesis. Here, we will root these notions

6Technically known as the Pareto front defined by the multi-objective optimisation problem.
7It is always delicate to adapt to a new scientific question mathematical objects that emerged from a different

domain. The original metaphors from the old domain risk to introduce “Trojan horse” assumptions in the new
one. And indeed, the use of information theory in neuroscience and adaptive behaviour is often characterised by
“message” and “coding” metaphors that have sparked heated debates (Brette, 2019). Here, while we will heavily
rely on the metaphor of “compression”, I do not understand it as the “encoding” of a “message”, but just as another
word for the general notion of “coarse-graining” (though a potentially stochastic one). I will also use “channel” as
a synonym of “stochastic map”, but I would only reclaim the general “flow” metaphor underlying this term, rather
than a specific reference to the physical transmission of strings of symbols. This should be understood similarly
as in dynamical systems, trajectories are called “orbits”: this legacy from celestial mechanics does not anyhow
suggest that all dynamical trajectories should be “planet-like”. I.e., here I follow the mathematical practice of
using terminologies shaped by the history of a field, where the original metaphor carried by a term is understood
as a specific case of a much more general formal structure. However, I will still avoid the terms “encoder” or
“decoder”, except when doing so would make technical discussions unnecessarily convoluted.



Chapter 1. Introduction 5

of structure in group-theoretic symmetries, which have become highly relevant to the study
of perception, learning, and, more generally, adaptive behaviour in artificial and biological
agents (Bertoni et al., 2021; Dorrell et al., 2022; Higgins et al., 2022; Keller et al., 2026;
Keurti et al., 2023; van der Pol et al., 2020). Such symmetries have in particular been playing
an important role in the formalisation of sensorimotor theories of perceptions. Together with
the notion of information parsimony, the latter theories are the main conceptual motivation
of this thesis, and I will present them in Section 1.1.3.

1.1.2 Information bottlenecks and structure

The IB method as originially defined in (Tishby et al., 2000) — which I will refer to as the
classic IB — implements an optimal trade-off between the compression of a given “data”
variable 𝑋 (called the source) and the extraction of information that the latter holds about
another variable 𝑌 (called the relevancy), yielding a third, “compressed” variable 𝑇 (called
the bottleneck). To fix the ideas, let us define the problem explicitly in the discrete case: let 
and  be finite alphabets, 𝜇(𝑋, 𝑌 ) a given joint probability over the source and relevancy, and
𝒦 ( ,  ) denote the set of conditional probabilities from  to a finite “bottleneck” alphabet
 . The corresponding IB problem is then, for a fixed a parameter 0 ≤ 𝜆 ≤ Λ ∶= 𝐼(𝑋; 𝑌 ),
defined as (Gilad-Bachrach et al., 2003; Tishby et al., 2000)

IB(𝜆) ∶= argmin
𝜅 ∈𝒦 ( , ) ∶
𝐼𝜅 (𝑇 ;𝑌 )≥𝜆

𝐼𝜅(𝑋; 𝑇 ), (1.1.1)

where the (Shannon) mutual informations 𝐼𝜅(𝑋; 𝑇 ) and 𝐼𝜅(𝑇 ; 𝑌 ) are computed w.r.t. the
distribution 𝑞𝜅(𝑋, 𝑌 , 𝑇 ) defined by 𝜇 = 𝜇(𝑋, 𝑌 ), the compression channel 𝜅 and the Markov
chain 𝑇 −𝑋 − 𝑌 : i.e., for all 𝑥,∈  , 𝑦 ∈  , 𝑡 ∈  , we set

𝑞𝜅(𝑥, 𝑦, 𝑡) ∶= 𝜇(𝑥, 𝑦)𝜅(𝑡|𝑥).

This condition means, intuitively, that the bottleneck 𝑇 can capture information about the
relevancy 𝑌 only through the information that the source 𝑋 carries about 𝑌 . Solutions to
(1.1.1) will always satisfy 𝐼𝜅(𝑇 ; 𝑌 ) = 𝜆.8 Thus a compression channel 𝜅 solves (1.1.1) if,
intuitively, it cannot compress𝑋 further without loosing some of the information 𝐼𝜅(𝑇 ; 𝑌 ) =
𝜆 that it captures about the relevancy variable 𝑌 ; and the parameter 𝜆 controls the balance
between compression of the source 𝑋 and extraction of information about the relevancy 𝑌 .

For instance, the source variable can be an agent’s past and the relevancy variable its fu-
ture, which leads to the extraction of the most predictive features of the agent’s past (Amir et
al., 2015; Bialek et al., 2006; Clark et al., 2019; Creutzig et al., 2009; Sachdeva et al., 2021).
More generally, the IB framework has been leveraged for unifying efficient and predictive
coding principles in theoretical neuroscience — at the level of single neurons (Bialek et al.,
2006; Buesing et al., 2010; Chalk et al., 2018; Klampfl et al., 2009) and neuronal populations
(Buddha et al., 2013; Chalk et al., 2018; Kleinman et al., 2023; Palmer et al., 2015; Wang
et al., 2021) — but also for studying sensor evolution (Klyubin et al., 2004; Nehaniv et al.,
2002; van Dijk et al., 2012), the emergence of common concepts (Möller et al., 2023) and of
spatial categories (Catenacci Volpi et al., 2020), the evolution of human language (Tucker et
al., 2022; Zaslavsky et al., 2022), or for implementing informationally efficient control in ar-
tificial agents (Goyal et al., 2019; Lamb et al., 2022; Pacelli et al., 2019). This line of research
brings increasing support to the hypothesis that, in particular for evolutionary reasons, biolog-
ical agents are often poised close to optimality in the IB sense — and that artificial agents can
reap significant advantages by being so as well. Moreover, since its inception, many variations

8See, e.g., Lemma 4 in Appendix A of (Charvin et al., 2023b).
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and generalisations have greatly extended the classic IB. For instance, a kindred trade-off be-
tween the information parsimony of decision-making and reinforcement learning-like utility
was formalised in (Tishby et al., 2011); a variant aimed at capturing interactive learning was
proposed in (Still, 2009); and the IB was generalised to the multi-variate case in (Slonim et al.,
2006), an instance of which is the distributed IB (Aguerri et al., 2017), used for analysing the
structure of complex (Murphy et al., 2022b) and chaotic dynamical systems (Murphy, 2024;
Murphy et al., 2022a).

The latter complex systems-related results exemplify how generalisations of the classic
IB framework can be used to investigate not only the information optimality of a given sys-
tem, but also the underlying structure induced by this informational optimality. This link to
the structure of complex systems actually already holds for the classic IB method, through
its connection to computational mechanics — a specific approach to the automatic discov-
ery of patterns and structure in complex dynamical systems (Crutchfield, 2017). Indeed, if,
similarly as in the first example above, we compress a (double-sided) stationary stochastic
process’ infinite past while preserving information about its infinite future, and favor as much
as possible the latter over the former, then we obtain a construction known as the 𝜖-machine
(Shalizi et al., 2001) — see also (Grassberger, 1986). This object has been argued to capture
the causal architecture of a given stochastic process (Shalizi, 2001), and is a central tool of
computational mechanics — in particular, it is an important driver of work on the discovery of
generalised symmetries in time-series (Rupe et al., 2022) or the emergence of coarse-grained
processes from a lower level of description (Rosas et al., 2024). The 𝜖-machine has also been
generalised to stochastic processes with actions (known as input-output processes), yielding
the 𝜖-transducer (Barnett et al., 2015), which in particular allows for models of embodied
agents based purely on their sensorimotor interface — i.e., without any reference to an “ex-
ternal world” defined independently from this sensorimotor interface (Rosas et al., 2025).

While 𝜖-machines provide an example of IB problem where the compression-relevancy
trade-off maximally favors the preservation of relevant information, exploring the full contin-
uous range of trade-off parameters 𝜆 in the problem (1.1.1) exhibits a rich structure. Indeed,
when 𝜆 decreases — thus increasingly favoring compression — the corresponding bottleneck
solutions go through successive bifurcations, at which the intrinsic complexity of the bottle-
neck successively collapses (Agmon et al., 2021; Gedeon et al., 2012; Ngampruetikorn et al.,
2021; Wu et al., 2020). More precisely, in the finite case, this consists in some distinct bot-
tleneck symbols merging into a single symbol — thus inducing a reduction in what is known
as effective cardinality (Zaslavsky et al., 2019) — while in the continuous case (or, at least
for Gaussian variables), it is dimensions of the bottleneck solutions that successively collapse
(Chechik et al., 2005). This shows that the IB framework can be seen as a specific information
parsimony perspective on dimension reduction (Globerson et al., 2003; Martini et al., 2024)
— and conversely, it suggests that methods involving dimension reduction might often carry
formal links with well-chosen information-theoretic trade-offs.

The structure-extraction capabilities of the IB are also related to the IB theory of deep
learning (Shwartz-Ziv et al., 2017). The latter claims in particular that, at least in the case
of supervised learning, deep networks’ strong generalisation capabilities stem from their suc-
cessive layers implementing increasingly compressed information bottlenecks. This theory
has been strongly challenged (Saxe et al., 2019), sparking new research in weaker versions of
it (Lorenzen et al., 2022), the extent to which the classic IB is at least a normative framework
for deep networks (Achille et al., 2018b; Elad et al., 2019; Kawaguchi et al., 2023; Lorenzen
et al., 2022), and a recent variation based on synergy that addresses several of the original
theory’s limitations (Westphal et al., 2025). On the other hand, the generalisation capabilities
of deep networks have been shown to rely on their invariance extraction properties (Achille
et al., 2018a; Deng et al., 2022; Lyle et al., 2020): together with the IB theory of deep learn-
ing, this suggests that the IB induces the extraction of invariances. The IB framework has also
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been leveraged for graph (supervised) structure learning (Sun et al., 2022) and self-supervised
learning (Shwartz Ziv et al., 2024).

Beyond the IB framework itself, it has been shown that information parsimony principles
— operationalised in a Bayesian setting through the optimisation of marginal likelihood —
can indeed be leveraged for data-based discovery of invariances (Ouderaa et al., 2022; van der
Wilk et al., 2018) and symmetries in Hamiltonian dynamics (van der Ouderaa et al., 2024).

These results from the machine learning literature provide a certain kind of “experimen-
tal” evidence suggesting the existence of strong, formal links between diverse notions of
structure and corresponding notions of information parsimony. In particular, as “invariance”
in deep neural networks is often formulated in the language of group theory, this suggests
a connection between the IB framework and group-theoretic symmetries. However, to the
best of my knowledge, the existing literature is surprisingly silent on explicit connections
between group symmetries and the IB framework. Links between information and group the-
ory have already been investigated in different contexts — e.g., equivalences between group
inequalities and information inequalities (Yeung, 2008), applications of group algebras to
coding theory (Guerreiro, 2016), or information theory on Lie groups (Chirikjian, 2012).
But these contributions do not touch upon a potential information parsimony counterpart of
group-theoretic symmetries — not to mention leveraging such information parsimony to dis-
cover these symmetries. On the other hand, (Möller et al., 2023) explicitly investigates, in
synthetic experiments on a minimal model, the emergence of symmetries using a variation of
the classic IB method, but it leaves many questions open, in particular concerning the math-
ematical objects that might underlie the numerical phenomena exhibited there. This thesis
aims at bridging this gap:
Motivation 1. Investigate the links between the IB framework — broadly understood — and
group-theoretic symmetries, and ground them in explicit mathematical results.

This is of course relevant to the adaptive behaviour motivations mentioned in Section 1.1.1.
But the aim, here, is also to open the way to information theory-based symmetry discovery,
as well as provide new methods for symmetry-based coarse grainings. As we will see, these
“basic science” and “technological” motivations raise common rich and unresolved formal
questions, which will be our focus in this thesis. To understand why, we first need to turn to
sensorimotor theories of perception, and the relevance of group-theoretic symmetries to their
formalisation.

1.1.3 Sensorimotor theories of perception

The problem, for embodied agents, of leveraging behaviourally relevant structure in the in-
teraction with their environment, is directly relevant to sensorimotor theories of perception.
By this, I am referring to a family of related approaches to studying perception in biological
agents and building it in artificial ones, which investigate the claim that perception is based on
the way the agent’s own actions affects its sensory input, rather than on the passive processing
of sensory input.9 There is a vast body of literature related to this idea, from experimental
(O’Regan et al., 2001; Rolfs et al., 2022), developmental (Jacquey et al., 2019; Piaget, 1964)
and ecological (Gibson, 2014) psychology to neuroscience (Ahissar et al., 2016; Berthoz et
al., 2000; Brette, 2019; Buzsáki et al., 2019; Pezzulo et al., 2024), developmental robotics
(Godon et al., 2020; Hoffmann et al., 2017; Laflaquière et al., 2015b; Olsson et al., 2006),
machine learning (Caselles-Dupré et al., 2021b; Keurti et al., 2023; Marchetti et al., 2023) or
enactivist theory (Di Paolo et al., 2017; Varela et al., 1992). The approach that is the most
relevant to this thesis is the theory of sensorimotor contingencies (SMCs).

9In this thesis, “sensory input” will always mean the raw sensory input impinging on the agent’s sensory
surface (e.g., photoreceptors, tactile receptors, visceroceptive receptors, etc).
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As this theory is quite subtle and can seem counter-intuitive in the contemporary research
landscape, let us start with full quotes from its foundational paper (O’Regan et al., 2001),
which sits at the intersection of vision research, experimental psychology and philosophy of
mind. Our examples will also focus mostly on vision, even though SMCs are relevant to all
sensory modalities.

Apparatus-related and object-related SMCs

The theory starts from the argument that from the agent’s internal perspective, the stream of
raw sensory inputs does not carry, on its own, any meaningful information:

From the point of view of the brain, there is nothing that in itself differentiates
nervous influx coming from retinal, haptic, proprioceptive, olfactory, and other
senses, and there is nothing to discriminate motor neurons that are connected to
extraocular muscles, skeletal muscles, or any other structures. Even if the size,
the shape, the firing patterns, or the places where the neurons are localized in
the cortex differ, this does not in itself confer them with any particular visual,
olfactory, motor or other perceptual quality. (O’Regan et al., 2001)

From this internal perspective, the brain is akin to a “team of engineers operating a remote-
controlled underwater vessel” whose “connections to and from the underwater cameras, sonar
equipment, robot arms, actuators, and sensors” would have been scrambled by a “villainous
aquatic monster”: the engineers’ only way to make sense of the vessel’s sensory input is to
“press various buttons and levers”, and, essentially, see what happens.10 I.e., the sensory
influx only acquires meaning once it is probed by the agent’s own actions:

On the other hand, what does differentiate vision from, say, audition or touch, is
the structure of the rules governing the sensory changes produced by various mo-
tor actions, that is, what we call the sensorimotor contingencies governing visual
exploration. Because the sensorimotor contingencies within different sensory
domains (vision, audition, smell, etc.) are subject to different (in)variance prop-
erties, the structure of the rules that govern perception in these different modali-
ties will be different in each modality. (O’Regan et al., 2001)

For instance, vision is characterised by how “when the eyes rotate, the sensory stimulation
on the retina shifts and distorts in a very particular way, determined by the size of the eye
movement, the spherical shape of the retina, and the nature of the ocular optics” (O’Regan
et al., 2001). An experimental phenomenon related to this claim is that of sensory substitu-
tion devices (Eagleman et al., 2023). E.g., vision can be partially “restored” in blind subjects
thanks to a wearable device where the visual input captured by a head-mounted camera acti-
vates a small grid of electrodes placed on the tongue. After training, users manage to discern
rich visual qualities such as distance, shape, direction of movement and size (Stronks et al.,
2016), and report a subjective experience of vision rather than tactile stimulation. SMC the-
ory contends that these sensory substitution devices do literally provide a visual experience.
This experience is of course not exactly the same as usual, “eye-based” vision: for instance, it
does not capture the sensorimotor contingencies induced by saccades (i.e., the fast, jump-like
eye movements that occur when gaze changes direction). An explicit example of SMC related
to these rapid eye movements has been uncovered by recent experimental work (Rolfs et al.,
2025): it showed that the specific kinematic laws satisfied by saccades precisely shape — on
the individual level — the limits of perceiving stimuli moving at high speed. This result sits
within a broader line of work that investigates how the incidental sensory consequences of
motor behaviour (e.g., eye movements) shape the visual apparatus (Rolfs et al., 2022).

10The quotes here refer to (O’Regan et al., 2001).
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The “inter-modality” argument above can also be made for the attributes of objects in
a given sensory modality. E.g., for vision: shape, texture or color cannot be basic features
extracted by the brain from its sensory input only, as from an internal point of view, the
nervous influx triggered by the sensory input does not discriminate, in itself, between these
different features. Or, more precisely:

It is tempting to think that seeing red is like seeing pink because the neural stim-
ulation going on when we see something red is similar to that underlying our
perception of pink: almost the same ratios of long, medium and short wave-
length photoreceptors will be stimulated by red and pink. But note that though
this seems reasonable, it does not suffice: there is no a priori reason why similar
neural processes should generate similar percepts. (O’Regan et al., 2001)

Only once the agent explores the consequences of its own actions on this sensory influx, can
there emerge a meaningful structure on which perception can be based. For instance, in the
case of the shape of rigid objects:

The idea we wish to suggest here is that the visual quality of shape is precisely the
set of all potential distortions that the shape undergoes when it is moved relative
to us, or when we move relative to it. Although this is an infinite set, the brain
can abstract from this set a series of laws, and it is this set of laws which codes
shape. (O’Regan et al., 2001)

Here, the “meaningful structure” underlying the perception of a rigid object’s shape is thus
a well-chosen set of potential sensory changes, with a key role of those changes induced by
the agent’s own actions. As we will see below, this movement-based perspective resonates
with several sensorimotor notions of percepts proposed in the literature (Ahissar et al., 2016;
Buzsáki et al., 2019; Gibson, 2014; Keller et al., 2026; Poincaré, 1952; Seth, 2014; Tsao et al.,
2022). It will also be one of the key motivations of Chapter 3.

SMC theory thus distinguishes between two kinds of SMCs: on the one hand, the
regularities induced specifically by the agent’s own embodiment — e.g., the visual apparatus.
Following (O’Regan et al., 2001), we will call them apparatus-related SMCs. On the oher
hand, many regularities depend, beyond the agent’s embodiment, on the specific content of
the ongoing agent-environment interaction. Such regularities are instrumental to capture what
is usually referred to as the attributes of objects (e.g., shape, color, spatial contiguity, etc):
following (O’Regan et al., 2001) again, we will call them object-related SMCs. Of course,
the distinction is in practice not clear-cut: the interaction with the environment clearly shapes
the sensory apparatus on the time-scales of evolution, development and learning — e.g., it has
been argued that the statistics of natural images enhances the visual apparatus’ sensitivity to
horizontal and vertical orientations (Appelle, 1972; Dragoi et al., 2001; Field, 1987; Girshick
et al., 2011). But the distinction is still conceptually useful, and will be important throughout
this thesis: the tools developed in Chapter 2 are relevant to apparatus-related SMCs, while
those developed in Chapter 3 are more relevant to object-related SMCs.11

Skillful exercise of SMCs

While SMCs are learned during development and learning (Di Paolo et al., 2014; Jacquey
et al., 2019), their perception does not consist in the activation of an internal representation,

11The term “object-related SMCs” does not capture adequately the facts that (𝑖) these regularities depend on
the agent’s behaviour as much as on the content of the environment, (𝑖𝑖) the relevance of such regularities should
ultimately be understood from the agent’s intrinsic point of view, rather than from that of an experimentalist
arbitrarily singling out “stimuli” of interest, and (𝑖𝑖𝑖) as argued below, perceptually relevant structure might consist,
fundamentally, of dynamic spatiotemporal processes rather than static “objects”. However, at this stage, we choose
to stick with the terminology proposed in (O’Regan et al., 2001).
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but in the ongoing, “skillful exercise” of appropriate “methods for probing the outside world”
(O’Regan et al., 2001) that rely on the “mastery” of these SMCs. E.g., visual percepts are not
merely patterns of retinal activation that map topographically to cortical activations: rather,
visual perception only fully unfolds through exploration through eye, head, or whole body
movements. However, while the broader field of active vision (Rolfs, 2015) investigates how
vision relies on the exploration of visual scenes, SMC theory goes at a more fundamental
level, and claims that what is ultimately being explored is the “structure of changes” induced
by movements on the sensory influx.

Importantly, the notion of “skillful exercise” involves both learning and real-time be-
haviour: from this sensorimotor perspective, perceiving means enacting certain SMCs through
actual movement on the time-scale of perception itself, but these SMCs can only be enacted
because the agent (including its brain dynamics) has “attuned” to them along its sensorimotor
history, thus making them “potentially available for recall” (O’Regan et al., 2001) in the here-
and-now.12 In particular, SMC theory casts doubt on the relevance of the very notion of
representation for the study of perception, as it argues that at their most fundamental level,
percepts do not “refer to” phenomena in the external world that can be defined independently
of the agent, but are a specific kind of embodied activity — an activity that can be defined
purely from the agent’s intrinsic perspective, and involves the whole sensory-neural-motor
loop.13

To make these ideas more concrete, let us turn to a recent experimental result regarding
the detection of contact with an object by freely moving rats through their whiskers (Nelinger
et al., 2025). This work shows that contact of the whiskers with an object relevant to a discrim-
ination task is characterised by a specific spatiotemporal pattern in the whiskers’ sensorimotor
dynamics. In short, this pattern consists of the convergence to a one-dimensional “attractor”14
in a state-space made of two coordinates: the time derivative of a variable controlled by the
rat’s movement (here, the whisker’s angle), and the time derivative of a variable inducing a
sensory influx (here, the whisker-base’s curvature, which activates mechanoreceptors driv-
ing downstream neurons’ activity). Importantly, along this attractor, a small change in angle
produces a large change in curvature: i.e., the sensitivity of the mechanoreceptor to the rat’s
movement is heightened, making the attractor an efficient “method for probing” the objects
that the rat is trying to discriminate between. Of course, the relation of this specific sen-
sorimotor dynamics’ pattern with simultaneously ongoing brain dynamics deserves further
research, and it describes a limited aspect of the interaction between the rat and the object.
But this example illustrates what it can mean for a percept (here, that of “whisker contact
with a behaviourally relevant object”) to be defined purely from an agent’s internal point of
view (here, an attractor of dynamics on a well-chosen sensorimotor space), and as an ongoing
activity rather than the activation of an internal “representation”. Note also that the fact that
here the percept corresponds to a low-dimensional attractor suggests a link with information
parsimony.

A common objection to these claims is that, while movements might be important for
perception, they do not seem necessary, at least for simple forms of perception. As put in
(Buzsáki et al., 2019), which proposes similar ideas:

12While “attunement” is not explicitly defined in (O’Regan et al., 2001), an explicitation in the language of
dynamical systems is proposed in (Buhrmann et al., 2014). The formal tools developed in Chapter 3 are also
aimed at clarifying this notion.

13To be compared with the currently widely accepted claims that “mental capacities involve computations
acting on representations” and that “brains represent stimuli” — even though it is not always clear what scientists
precisely mean by “representation” (Favela et al., 2023). Here, I mean some kind of internal brain activity that
would “refer to” some kind of external phenomenon defined independently of the agent.

14(Nelinger et al., 2025) does not propose a mathematical model capturing the dynamics of their experimental
data.
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Of course, you may counter my arguments by simple introspection and say that
you can sit completely immobile and yet perfectly process the sensory flow. A
touch on your hand or a bug flying in your visual field can be detected with no
muscular effort whatsoever. ((Buzsáki et al., 2019), p.76.)

A first answer to this criticism is that “complete immobility” simply never happens under
natural conditions (Musall et al., 2019), while even movements that do not reach awareness
may actually matter quite a lot for perception. For instance, even between saccades, the eyes
undergo incessant movements, known as fixational eye movements (FEM). If the effect of this
motion on retinal activation is artificially cancelled, e.g., by displaying the visual stimulus on a
contact lens-like device, vision fades drastically after a few seconds (Yarbus, 1967). Despite a
loss of interest at the end of the 20th century, the study of FEM has a long history (Rolfs, 2009)
and has in recent years seen a series of strong results. Indeed, it appears increasingly clear that
these fine-grained ongoing movements, far from being perturbations to be compensated for
by some internal processing in order to maintain a stable “spatial” activation in the primary
visual cortex, might actually play a fundamental positive role in visual perception (Boi et al.,
2017; Casile et al., 2019; Clark et al., 2022; Intoy et al., 2024; Wu et al., 2024) and visual
learning (Arató et al., 2024). In particular, these results show that retinal activation is not a
spatial stimulus, but an irreducibly spatiotemporal sensory flow (Rucci et al., 2018) that is
integrated by the brain with oculomotor signals (Hafed et al., 2021).

Which role for ongoing brain dynamics in sensorimotor perception?

But the above argument — that complete immobility is never achieved in natural behaviour,
and that this “residual” movement might be fundamental for perception — does not resolve
the ambiguities of all the kinds of SMCs described in (O’Regan et al., 2001). For instance,
in the case of shapes: it is clearly not the case that, say, a coin, must be explored in real-
time under the “infinite set” of all possible perspectives on it to be perceived as disk-shaped.
Rather, it seems that here, “mastery” of the SMC describing the coin’s “shape” should mean
that after learning, the corresponding sensorimotor percept can be perceived without exhaus-
tively enacting the SMC through actual movement (Seth, 2014). Or, maybe it should rather
mean that what is being “enacted” is something more than a pattern of bodily movement and
corresponding raw sensory influx — something that somehow involves the unfolding of the
potential changes of perspectives without physically realising them, or at least not all of them.

This example touches upon what is, in my understanding, one of the most ambiguous and
contentious aspects of SMC theory. Let me first start by highlighting two points on which
(O’Regan et al., 2001) is explicit: on the one hand, brain activity is not sufficient for per-
ceptual experience. On the other hand, the “attunement” of brain activity to SMCs along
development and learning is a crucial aspect of the “mastery” of these SMCs, thus making
it a necessary condition for the “current exercise” of this mastery, i.e., for perception. What
remains ambiguous here, however, is the role of brain activity on the time-scale of perception
itself : if perception coincides with the “current exercise” of the “mastery of SMCs”, what is
the role of ongoing brain dynamics in this “exercise”? To the best of my knowledge, this am-
biguity is characteristic of SMC-based accounts of perception. In this literature, mentions of
brain activity have, historically, often focused on questioning the representationalist narrative
that this activity is usually described with. From a sensorimotor perspective, this is indeed
a much needed contribution in the contemporary research landscape. But it does not ques-
tion, in itself, the potentially consitutive role of ongoing brain dynamics in perception: it just
argues that this role should be understood in non-representationalist terms, and through the
lens of the sensorimotor level — on the time-scale of perception (i.e., ongoing sensorimotor
dynamics) but also development and learning (i.e., sensorimotor history).
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One possible role of ongoing brain dynamics w.r.t. ongoing sensorimotor dynamics is
simply to regulate the latter along the “current exercise” of SMCs. E.g., not only do fixational
eye movements seem to play, as mentioned above, a fundamental role in visual perception:
these movements also happen to be influenced by cognitive factors (Benedetto et al., 2023;
Lin et al., 2023), finely tracked by the brain (Zhao et al., 2023) and indeed actively controlled
during vision (Intoy et al., 2020; Poletti et al., 2015; Willeke et al., 2019), with a prominent
role of sensory-motor integration in the superior colliculus (Hafed et al., 2021). In other
words, the skillful exercise of SMCs seems, at least for vision, to crucially involve ongoing
neural activity.

However, this still does not address the example of shapes mentioned above: rather, this
example suggests that, if perception is to coincide with the current exercise of SMCs, then the
“exercise” must also involve some kind of “fictional level”, i.e., a level distinct from the sen-
sorimotor interface itself. This could take the form of internal brain dynamics that have been
shaped by the agent’s sensorimotor history, but that on the time-scale of perception are at least
partially decoupled from ongoing sensorimotor dynamics — where crucially, this decoupling
would not make real-time brain dynamics less constitutive of the corresponding percept. It
turns out that the inside-out approach (Buzsáki et al., 2019) — based on experimental neuro-
science research — goes precisely in this direction.15

While similar in several respects to SMC theory, the core argument of this framework is
that neuroscientists should adopt a fully intrinsic perspective on the study of brain dynamics:
i.e., the brain should be studied from the point of view of the brain itself, as a self-sustained
dynamical process that receives feedback from its own activity and is constantly reshaped
by it.16 More precisely, here neuronal activity is seen as similar to a “dictionary with pre-
existing internal dynamics and syntactical rules but filled with initially nonsense neuronal
words”17. These internal dynamics only acquire meaning through exploratory actions that
“ground” them in the sensorimotor interface, thus “calibrating” them and eventually leading
to a certain “internalisation” of the effect of actions on the sensory influx. (Buzsáki et al.,
2019) argues that after development and learning, these internalised patterns might then be
triggered with only limited involvement of the sensorimotor interface, or even with none at
all. E.g., during human pregnancy, a specific class of “spindle-shaped” oscillatory patterns
in the baby’s somatosensory cortex induce uncoordinated kicks that are instrumental in the
formation of body maps, as “the initially meaningless, action-induced feedback from sensors
transduces the spatial layout of the body into temporal spiking relationships among neurons
in the brain”18. But shortly after birth, these patterns become fully internalised, becoming
what is known as thalamocortical “sleep spindles”, which usually occur during (non-REM)
sleep and induce no movement.

Interestingly for us, in the latter example, what we usually think of as the spatial structure
of the body is, from the point of view of the brain, made of fundamentally spatiotemporal
patterns of neuronal activation, that involve the brain’s interface with both tactile sensors and
movement initiation. This perspective aligns with the above results on fixational eye move-
ments suggesting that visual perception is, at its core, based on the spatiotemporal evolution

15See also (Jost, 2016) for similar ideas from a non-linear dynamics and information theory perspective.
16Interestingly, this shift in neuroscience research resonates with an older one operated by 19th century geome-

ters: i.e., the shift to an intrinsic perspective on the mathematical study of curves and surfaces. This allowed
for the study of manifolds’ geometric structure without any reference to an “ambient space” containing them,
eventually leading to modern differential and Riemannian geometry. One may hope for a dynamical version of
this geometric shift — where, e.g., the dynamical structure of “subprocesses” embedded in a broader, “ambient”
stochastic process could be studied without reference to this “ambient” process. Contributions on coarse-graining
and (causal) emergence in (stochastic) dynamics (Atay et al., 2017; Barnett et al., 2021; Pfante et al., 2014; Rosas
et al., 2024; Rupe et al., 2024), as well as causal blankets (Rosas et al., 2020), could be relevant to this aim.

17(Buzsáki et al., 2019), p.32
18(Buzsáki et al., 2019), p. 78.
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of both retinal and oculo-motor signals, rather than just spatial, “picture-like” retinal inputs.
These two examples point to a broader picture that encompasses most of the ideas presented
in this section: the kind of structure underlying perception would be, fundamentally, dy-
namical structure in the sensori-neural-motor loop. The whole question becomes, then, to
describe explicitly this dynamical structure, how exactly it integrates the sensorimotor and
neural levels, and how dynamical structure on different time-scales — of perception itself, of
learning, of development — interact with each other.

I have outlined some pieces of answer to these questions, mostly from SMC theory and
more briefly from the inside-out approach. Other directions are offered by related frame-
works. In particular, Closed-Loop Perception theory (Ahissar et al., 2016, 2025) frames per-
cepts as attractors in the sensori-neural-motor loop (our above example of rat whisker contact
(Nelinger et al., 2025) is part of this line of work); while enactivist approaches propose a sim-
ilar dynamical focus on SMCs (Buhrmann et al., 2013) and integrate them within a broader
sensorimotor autonomy framework (Barandiaran, 2017).

Importantly, these approaches are both conflicting and complementary. In particular, the
inside-out approach’s focus on the internalisation of sensorimotor dynamics seems to dismiss
SMC theory’s insistence on the central role of movement on the time-scale of perception
itself. But on the other hand, it has the potential to clarify SMC’s concept of attunement: dur-
ing perception, brain dynamics might be coupled to ongoing sensorimotor dynamics, but also
have, to a certain extent, their own self-sustained dynamics which carry a rich sensorimotor
history (Virgo et al., 2022). This history may be instrumental in shaping the ongoing, ac-
tual sensorimotor interaction, but also in amplifying this ongoing interaction at a “fictional”
level, i.e., an internal level that is at least partially decoupled from the sensorimotor inter-
face.19 Importantly, here, this decoupling would only hold on the time-scale of perception:
on the time-scales of learning or development, the ongoing sensorimotor interaction would,
on the contrary, shape the “fictional” level. Note that this point of view could interlock well
with previously proposed models of sensorimotor habits as “self-sustaining patterns of sen-
sorimotor behaviour” (Egbert et al., 2014, 2022).

Towards novel theoretical infrastructures

It is crucial to acknowledge that SMC theory maintains a certain amount of ambiguity in
the concepts that it introduces, including what the term “sensorimotor contingencies” itself
means exactly. The latter are described in (O’Regan et al., 2001) as a “structure of rules” or
as “lawful regularities”, and these concepts are refined and supported by experimental exam-
ples in the latter reference. Research in SMC and related theories has since made important
progresses to refine these concepts further, investigate concrete examples in experiments, and
build formalisms and artificial systems that operationalise these principles (we mentioned
some above and will mention more below). But, still today, a central part of research in sen-
sorimotor perception remains to build the appropriate language, the appropriate concepts to
explicitly describe what kind of “structures” precisely are relevant, in the sensorimotor in-
terface of embodied agents, to the emergence of perception. The challenge, here, is that we
are dealing with spatiotemporal, dynamical structures which are difficult to “probe” through
experimentation without a dedicated theoretical framework. In particular, such a framework
should (𝑖) describe what exactly are these structures, (𝑖𝑖) single them out according to their
behavioural relevancy from the agent’s intrinsic perspective, and (𝑖𝑖𝑖) offer methods to in-
vestigate them through the processing of well-chosen experimental data, or the simulation of
adaptive behaviour. While philosophy, experimental psychology, neuroscience or robotic and

19Let me insist that focusing on an internal level does not in itself require any notion of representation: the
internal dynamics do not need to refer to “external objects” arbitrarily defined by an experimentalist to have a rich
and meaningful structure.
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computational modeling are all irreplaceable tools in this endeavour, fully explicit mathemat-
ical formalisms can be instrumental in pinning down such behaviourally relevant structures,
and developing a theoretical “infrastructure” to support their exploration in both simulations
and experiments. This is where this thesis stands with respect to SMC theory:
Motivation 2. Develop novel mathematical frameworks that are relevant to the formalisation
of sensorimotor theories of perception, with a primary focus on sensorimotor contingencies
theory.

Let me emphasize, however, that this thesis does not propose models or simulations of
concrete embodied agents: rather, the focus is on some of the formal questions raised by
sensorimotor theories. Indeed, the last decades of modeling work in sensorimotor perception
research have shown the relevance of a rich landscape of pre-existing mathematical tools.
This offers anchor points for the development of novel, specifically tailored formalisms —
at the intersection of group theory, dynamical systems and information theory — that would
unlock new avenues for progress on SMCs. Conversely, it appears increasingly clear that the
formal questions raised by sensorimotor theories have such a depth that they can give birth
to fresh mathematics with a much broader application range, while being interesting in their
own right.

This is, at least, what I hope the next section will convince you of: let us now have a
look at previous operationalisations of sensorimotor perception, and how they relate to other
contemporary approaches to perception and learning based on group-theoretic symmetries.
This will clarify the link between the ideas outlined in the present section and this thesis’
theoretical invesigations.

1.2 Operational approaches to sensorimotor perception: review &
conceptual analysis

In this section, I review previous work aimed at operationalising sensorimotor theories of
perception,20 or from a different background but directly relevant to this aim. Along the
way, I provide a conceptual analysis of this formal and computational research landscape,
through the lens of sensorimotor theories. This analysis highlights the convergences but also
tensions that will motivate the formal tools developed in this thesis. For more details on the
group-related notions discussed here, including those of “invariance” and “equivariance”, see
Appendix A.

1.2.1 Geometric, probabilistic & informational approaches

Some sensorimotor aspects of perception were already formulated in a mathematical lan-
guage, more than a century ago, by H. Poincaré (Poincaré, 1952). He claimed that our notion
of space can only emerge from our ability of moving in space: more precisely, of performing
movements that compensate specific changes of the environment.21 E.g., eye movements can
correct for the displacement of a moving object in the visual field, thus maintaining the reti-
nal stimulation that it induces on the fovea; while if a liquid changes color due to a chemical
reaction, no body movement will revert the liquid’s color. Poincaré proposed to formalise this
as the existence of a group made of invertible transformations of the sensory input that can
be obtained equally well as a change of the environment independent of the agent’s action, or
as an agent’s own action: i.e., the group of, precisely, spatial transformations. The learning

20Several contributions to this agenda will however not be mentioned, as I focus on the ones most relevant to
this thesis. See also (Pak, 2025) for a recent review.

21See Chapter IV in (Poincaré, 1952).
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of this group would then lead to the emergence of the sense of space. These ideas were a di-
rect inspiration to one of the first formal contributions to SMC theory (Philipona et al., 2003)
which, interestingly for us, consisted in capturing this group as a low-dimensional subspace
of the agent’s high-dimensional sensorimotor space — while no mention of Claude Shan-
non is to be found in this work, it is worth noting the conceptual similarity with information
parsimony. This sensorimotor approach to the discovery of 3D space, including its topologi-
cal and metric properties, was further pursued (without group theory) in (Laflaquière, 2020;
Laflaquière et al., 2015b, 2019; Terekhov et al., 2016), with extensions to an agent’s tactile
space in (Marcel et al., 2017, 2022).

Another geometrical perspective on sensorimotor perception explicitly links it to move-
ment generation, exploring the hypothesis that the brain implements different kinds of geome-
tries depending on the movements that it participates in, and the corresponding body spaces
that these movements involve (Bennequin et al., 2009, 2017, 2025; Langlois et al., 2024).
This approach has increasingly called on, and been intertwined with the active development
of, tools from category theory — more specifically, the theory of toposes and stacks (Belfiore
et al., 2022).

SMCs have also been studied from a predictive processing (Clark, 2016) perspective. For
instance, (Seth, 2014) proposes to interpret the “potential” dimension of SMCs (see Sec-
tion 1.1.3) through counterfactually rich hierarchical generative models, i.e., ones that pre-
dict “not only the likely causes of current sensory inputs, but also the likely causes of those
sensory inputs predicted to occur given a large repertoire of possible (but not necessarily ex-
ecuted) actions”. While, to the best of my knowledge, this idea has not yet been implemented
in hierarchical models, several contribution used simpler predictive models of sensorimotor
transitions (namely, conditional probabilities between sensory or sensorimotor states) as the
basic mathematical object from which to model object discovery (Laflaquière et al., 2015a),
study the structure a simulated visual field (Laflaquière et al., 2018), or induce a topology on
a visual sensory space (Goasguen et al., 2023). In a similar direction, (Godon et al., 2020)
uses a group-theoretic language to study the compositional structure of motor actions through
that of sensory predictions.

Information-theoretic tools were used to study the emergence of sensor structure (Olsson
et al., 2006), body structure (Díaz Ledezma et al., 2023) and multi-modal SMCs (Ledezma
et al., 2025) in naive agents based only on their sensorimotor data — though in these con-
tributions, information theory is not explicitly used to formalise information parsimony. On
the other hand, less directly relevant to SMC theory but closer to information parsimony: (De
Llanza Varona et al., 2024) investigates action-centric representations with tools very sim-
ilar to the variational IB (Alemi et al., 2017); while within the active inference framework
(Pezzulo et al., 2024), similar questions have been investigated in (Tschantz et al., 2020), and
structure learning in (Friston et al., 2024).

However, previous work explicitly linking, in an embodied agency setting, group-theoretic
symmetries to information parsimony, is to the best of my knowledge very scarce. One excep-
tion is (Möller et al., 2023) which investigates, in a minimal model, how information parsi-
mony among a group of agents can induce the emergence of symmetries in the concepts shared
by this group — where information parsimony is operationalised with a variation of the IB
method. In particular, the latter work investigates what it calls intrinsic symmetries, i.e., per-
mutations of the agents’ spaces of sensors and actuators that preserve, in some specific sense,
the “quality” of a common concept. Interestingly, these intrinsic symmetries resonate strongly
with the scrambling of an agent’s sensorimotor space described informally in (O’Regan et
al., 2001), through the metaphor of the “villainous aquatic monster” (see Section 1.1.3): in-
deed, intrinsic symmetries are explicitly thought of as “transplanting [the agent’s] brain into
a rewiring of [its] sensorimotor embodiment” (Möller et al., 2023). While the multi-agent
setting from (Möller et al., 2023) has its own aims, not necessarily related to SMC theory,
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this suggests an interesting direction: capturing certain aspects of SMCs with compressions
of an agent’s sensorimotor space that would be defined by permutations of an agent’s sensor
and action spaces preserving a well-chosen, behaviourally relevant quantity.

1.2.2 Enactivist & dynamical approaches

Another line of work refines the partially ambiguous concepts from (O’Regan et al., 2001) by
combining philosophical work rooted in the enactivist tradition (Di Paolo et al., 2017; Varela
et al., 1992) with simple but tractable dynamical models. In particular, it has been proposed
to differentiate between four kinds of sensorimotor relations:

We can distinguish sensorimotor relations in senses that vary with the degree of
agent-centredness. One possible relation describes how sensory input changes
with induced motor activity in an open-loop fashion. This depends on the em-
bodiment of the agent and the environment only, not on what the agent is actually
doing. Another relation looks at co-variations that obtain once the loop is closed
by taking into account the agent’s internal activity and responsiveness to sen-
sory changes. The next sensorimotor relation is more specific and looks at the
coordination patterns that contribute to the performance of a task. And finally,
another sensorimotor relation indicates how such coordination patterns may be
organized normatively so as to distinguish levels of skilfulness, efficiency, stabil-
ity, etc. [(Buhrmann et al., 2013), italics are mine.]

(Buhrmann et al., 2013) calls these four levels of sensorimotor relations, resp.: sensorimo-
tor environment, sensorimotor habitat, sensorimotor coordination and sensorimotor strategy.
The first three are then exemplied by solving a simple categorical perception task with cou-
pled differential equations modeling the agent-environment interaction. A similar methodol-
ogy has been used to operationalise the concepts of “attunement” and “mastery of SMCs” in a
non-representationalist direction (Buhrmann et al., 2014), explore the links of SMCs with the
emergence of sensorimotor habits (Egbert et al., 2014, 2022), and argue for the fundamental
role of closed-loop coupling with the environment in internal (e.g., brain) dynamics (Aguilera
et al., 2013).

This approach shows how the rich philosophical and methodological framework of enac-
tivism can help gradually disambiguate SMC theory, and, along the way, integrate the struc-
tural perspective of the latter with the norm-based perspective of the former (Barandiaran,
2017). Such an effort is particularly relevant to this thesis: the formal contributions pre-
sented here can be seen as a preliminary step in this direction. More precisely, on the one
hand, one of the motivations for exploring a duality between structure and information par-
simony is to show that the structural aspects of sensorimotor perception (e.g., symmetries
of the sensorimotor environment or habitat) actually already adress a certain norm — if one
accepts to regard information parsimony as an implicit norm regulating the agent’s coupling
with its environment. On the other hand, here we will not try to formalise any notion of non
parsimony-related norm.

Enactivist approaches, though, are not the only ones to operationalise the dynamical as-
pects of SMCs. For instance, Closed-Loop Perception theory (Ahissar et al., 2016, 2025;
Nelinger et al., 2025) proposes that percepts correspond to attractors in sensori-neural-motor
dynamics (see Section 1.1.3). In a similar direction, NeuroEcological Nexus Theory proposes
to formalises affordances (Gibson, 2014) — a notion similar in many ways to that of object-
related SMC — as the coupling of dynamics on low-dimensional manifolds at resp. the neural,
bodily and environmental level (Favela, 2024). Note that the latter theoretical framework is
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based on non-linear dimensionality reduction, which suggests possible links with information
parsimony (see Section 1.1.2).22

1.2.3 Representation learning & SMCs: a paradoxical convergence

Meanwhile, the group-theoretic framework suggested by Poincaré (Poincaré, 1952) and which
initiated the formalisation of SMC theory (Philipona et al., 2003) has been absorbed, to a
significant extent, by a growing line of work in the machine learning field of representation
learning — even though, ironically, SMC theory is strongly critical of the concept of represen-
tation (see Section 1.1.3). Indeed, in the past decade, the representation learning community
has turned its attention to representations that are structured by group symmetries. This led to
the emergence of a sprawling area of contemporary machine learning, which I have no ambi-
tion to exhaustively overview here — see, e.g., (Higgins et al., 2022) for a review. Rather, let
us focus on some specific examples that are particularly relevant to either apparatus-related
SMCs or object-related SMCs (see Section 1.1.3 for a description of this distinction), despite
the conceptual tension between SMC theory and the representational narrative that motivates
these contributions.

Representation learning, reinforcement learning & apparatus-related SMCs

To understand the relevance of representation learning research to apparatus-related SMCs,
let me first take a short detour to formulate the latter in a more mathematical language. Here,
I propose to interpret this kind of SMCs as “abstract symmetries of the embodied agent’s sen-
sorimotor interface”: i.e., transformations of the agent’s “sensorimotor spaces” which would
leave invariant its “sensorimotor interface”. Importantly, the transformations defining the
symmetries are here not understood as the actions of the embodied agent itself, but are “ab-
stract” mathematical operations on both the agent’s “sensory” space and its “action” space.
I.e., these abstract transformations are similar to the “intrinsic symmetries” from (Möller et
al., 2023), mentioned in Section 1.2.1, or to the “scrambling” of the underwater vessel’s con-
trols and sensors by a “vilainous aquatic monster” in the thought experiment from (O’Regan
et al., 2001), mentioned in Section 1.1.3 — with the difference that the “monster” would here
actually be quite “gentle”, as it chooses precisely those transformations that leave invariant the
sensorimotor interface. Moreover, by “sensorimotor interface”, I mean the way the agent’s
actions affect its own sensory influx — which can be seen as the agent’s “interface” with the
external world.

While more general formalisations are possible,23 let us focus on a simplified, fully-
observed setting using a Markov Decision Process (MDP). Here, sensor values correspond to
the MDP’s states 𝑠 ∈  , and the agent’s actions to the MDP’s actions 𝑎 ∈ . The “senso-
rimotor interface” is then interpreted as the MDP’s transition channel,24 i.e., the conditional
probability 𝜌(𝑠′|𝑠, 𝑎) of any next sensor state 𝑠′ ∈  given any current sensor state 𝑠 ∈ 
and any agent’s action 𝑎 ∈ . “Symmetries” of this sensorimotor interface 𝜌 can then be
interpreted, e.g., as pairs of transformations 𝜙 ∶  →  and 𝜓 ∶  × →  such that the

22The affordances of an animal’s environment are, in short, “what [the environment] offers the animal, what it
provides or furnishes, either for good or ill” (Gibson, 2014), and have been argued to be a fundamental building
block of perception. Due to our current focus on SMC theory, I will not discuss in further details this central
concept of ecological theories of perception, which has permeated many other fields over decades. See, e.g.,
(Chong et al., 2020; Jamone et al., 2018) for reviews.

23E.g., the sensorimotor interface could be the sensory and actuation channels of sensorimotor loop models (Ay
et al., 2014; Tishby et al., 2011), or the 𝜖-transducer defined by the conditional probability of the whole sensory
process given the whole action process (Barnett et al., 2015; Marzen, 2025; Rosas et al., 2025).

24More conventionally called transition function.
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function
(𝜙, 𝜓) ∶  × →  ×

(𝑠, 𝑎) → (𝜙(𝑠), 𝜓(𝑠, 𝑎))

is invertible, and25

𝜌◦(𝜙, 𝜓) = 𝜙◦𝜌, (1.2.1)
which can be represented visually as the commutation of the diagram26

 × 

 × 

𝜌

(𝜙,𝜓) 𝜙

𝜌

(1.2.2)

It can be easily verified that the latter condition is equivalent to27

∀𝑠, 𝑠′ ∈  , ∀𝑎 ∈ , 𝜌(𝑠′|𝑠, 𝑎) = 𝜌(𝜙(𝑠′)|𝜙(𝑠), 𝜓(𝑠, 𝑎)),

i.e., we are here considering the group  made of pairs (𝜙, 𝜓) that, indeed, transform the “sen-
sorimotor space”  × in such a way that the “sensorimotor interface” 𝜌 is left unchanged.
The idea that I am proposing, then, is that the structure of the distinct sensory modalities
(i.e., their corresponding apparatus-related SMCs) would be reflected in the structure of this
abstract symmetry group  of the sensorimotor interface 𝜌.

It turns out that the kind of symmetries described in equation (1.2.1) has been investigated
in the reinforcement learning literature (van der Pol et al., 2020; Wang et al., 2022a), with a
generalisation to partially observed environments in (Nguyen et al., 2023), and a variation
explicitly aimed at robots’ morphological symmetries in (Apraez et al., 2025). For instance,
it has been shown in (van der Pol et al., 2020) that if a group of pairs (𝜙, 𝜓) satisfying (1.2.1)
also leaves the MDP’s reward function invariant, then one can design a corresponding quotient
MDP, in which one can perform learning and planning and then lift the resulting policy to
the original MDP. This result is relevant to our aims because, from an information parsimony
perspective, the operation of quotienting the MDP w.r.t. the symmetries in (1.2.1) can be seen
as a “compression preserving the sensorimotor interface”. This suggests that optimal com-
pressions “preserving the sensorimotor interface” could be very helpful to understand SMCs
— as they would, in a sense, capture their “platonic core”. This intuition is the main sensori-
motor motivation for the work presented in Chapter 2 — even though, there, the symmetries
that we will consider will have a simpler, more generic form.

Let me, however, clarify the use of the reference to Plato in this intuition. The philoso-
pher postulates a world of “Ideas”, also called “Forms”, that would be ontologically primary
abstractions that are aspatial, atemporal and a fortiori agent-independent, of which our im-
perfect, worldly objects would be mere shadows (Plato, 1943, 1952). The “platonic core” that
I referred to above is thus, actually, the exact converse of Plato’s “Forms”: while the optimal
compression would provide a certain kind of abstraction, it would be one that emerges from
the agent’s sensorimotor interface under appropriate informational trade-offs. I.e., here it is

25In (1.2.1), the symbol ◦ denotes composition of channels, and 𝜙, (𝜙, 𝜓) are seen as deterministic channels.
26For simplicity, we use the same notation as would be used for deterministic functions. But formally, in (1.2.2),

vertices should be probability simplices and edges push-forwards of channels (see Definition 3.2.2).
27See, e.g., Lemma 15 in (Charvin et al., 2023b).
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the agent’s sensorimotor behaviour — and the constraints regulating it — that are ontolog-
ically primary. The abstract “Forms” then emerge from the “shadows” that constitute this
sensorimotor experience, under information parsimony constraints that induce the agent to
make sense of this experience (see the Main Intuition in Section 1.1.1). In particular, such
“Forms”, rather than shaping our wordly objects, are shaped by the coarse-graining of spa-
tially extended, dynamical and agent-dependent patterns (see Section 1.1.3).

Representation learning & object-related SMCs

As mentioned above, the symmetries considered in equation (1.2.1) are “abstract”, in the
sense that the corresponding group transformations do not model an actual action by an ac-
tual agent. This “abstract” point of view on symmetries, inspired by the use of symmetries in
physics, is shared by many contributions to representation learning research: e.g., (Higgins
et al., 2018) argues that for internal representations to “disentangle” distinct dimensions of
the natural world’s features, the symmetries of the former should mirror those of the latter.
However, crucially, the symmetries structuring these disentangled representations were inter-
preted, in (Caselles-Dupré et al., 2019), as generated by the interaction of an agent with its
environment: i.e., the action of the “symmetry” group is here seen as a model of the agent’s
own action. This interpretation has since then been fueling a number of contributions to the
field of representation learning (Dean et al., 2025; Higgins et al., 2022; Keller et al., 2026;
Keurti et al., 2024; Pérez Rey et al., 2023; Quessard et al., 2020), sometimes with explicit
references to sensorimotor theories of perception (Keurti et al., 2023) or even straightforward
continuations (Caselles-Dupré et al., 2021a,b), with the modern tools of machine learning, of
the line of work on sensory compensability initiated in (Philipona et al., 2003).

Along these lines, particularly important to us will be the class-pose decomposition frame-
work (Marchetti et al., 2023; Oizumi et al., 2025; Pérez Rey et al., 2023; Winter et al., 2022),
which investigates the decomposition of a space into two coordinates adapted to a given group
action. More precisely, consider the action 𝜌 of a group  on a state-space  , and denote by
𝜅 ∶  →  its projection on orbits, where  denotes the space of orbits (see Definition A.0.3)
and is here called the “class” space. Consider another space  , called the “pose” space, and
for any action 𝜉 of the group  on  , denote by 𝖨𝖽 ⊗ 𝜉 the action of  on the full class-pose
space  ×  that leaves  invariant and applies 𝜉 on  : i.e., (𝖨𝖽 ⊗ 𝜉)𝑔(𝑐, 𝑝) ∶= (𝑐, 𝜉𝑔(𝑝))
for all 𝑔 ∈ , 𝑐 ∈ , 𝑝 ∈  . The class-pose decomposition literature then usually aims at
learning the projection on orbits 𝜅, together with a map 𝜃 from  to the pose space  , and an
action 𝜉 of  on  , such that (𝜅, 𝜃) defines an isomorphism between 𝜌 and 𝖨𝖽 ⊗𝜉: i.e., such
that (𝜅, 𝜃) is bijective and for all 𝑔 ∈ , the following diagram commutes:

 

 ×   × 

𝜌𝑔

(𝜅,𝜃) (𝜅,𝜃)

(𝖨𝖽⊗𝜉)𝑔

(1.2.3)

where we defined (𝜅, 𝜃)(𝑥) ∶= (𝜅(𝑥), 𝜃(𝑥)) for all 𝑥 ∈  . If this is possible, we thus ob-
tain a decomposition of the action 𝜌 into an invariant “class” coordinate  and an equivariant
“pose” coordinate  . Let us take a paradigmatic example of this line of work (we will see
in Chapter 3 that it turns out to be problematic in full generality, even though this is not nec-
essarily a problem in the data-sets used in previous work). Assume that the group action 𝜌
consists of the rigid transformations (i.e., compositions of rotations and translations) of rigid
3D objects (formalised, e.g., as closed surfaces in ℝ3). In this case, the “class”, i.e., orbit of
a given surface, is the family of all surfaces into which it can be transformed through rigid
transformations. This family of surfaces is here seen as a formalisation of the “shape” of
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the given surface. On the other hand, the “pose” coordinate should correspond to, literally,
the pose in space of surfaces, i.e., their position and orientation — seen as a single, abstract
coordinate that simultaneously fixes, for any given class/shape, a surface in it with a specific
position and orientation. Interestingly, this example aligns closely with the example of shapes
mentioned in the foundational paper of SMC theory (O’Regan et al., 2001) (see fourth quote
in Section 1.1.3). More broadly, the decomposition into invariant and equivariant coordi-
nates resonates strongly with the notion of capturing the “(in)variance properties” of SMCs
(see second quote in Section 1.1.3). This suggests that the mathematical object underlying
the class-pose decomposition framework is directly relevant to the formalisation of object-
related SMCs (see Section 1.1.3 again). Note that this relevance to SMCs holds despite the
class-pose decomposition literature being steeped into a strongly representationalist narrative:
i.e., in this literature, successfully learned class and pose variables are usually referred to as
“representations” of the learning system. This contrasts with SMC theory’s stance28 that the
study of perception can and should dispense with the notion of representation, as perception
is seen as a fundamentally ongoing activity — which might rely on a specific “attunement” of
brain dynamics acquired along learning and development, but where these brain dynamics are
not seen as “representing”, i.e., in particular, “referring to” external phenomena defined in-
dependently from the agent (see Section 1.1.3). We will come back below on this conceptual
tension.

A related result (Tsao et al., 2022), groundbreaking for sensorimotor perception research,
has successfully formalised and computationally implemented the idea that visual objects
themselves can be defined purely from what is known by ecological psychologists as the
ambient optic array (Gibson, 2014). This term refers to the set of all light rays in a given
environment, in all directions and from all possible observation points. More precisely, (Tsao
et al., 2022) shows that this structure of light rays is enough to identify contiguous surfaces
in 3D space, and track them while they are moving and occluding one another. Importantly
for us, contiguous surfaces are here captured as classes of an equivalence relation, on the set
of light rays, defined by the action of a pseudogroup formalising the intuition of change of
perspective.29 These equivalence classes, in short, identify a given contiguous surface to the
family of all light ray cones that “look towards” this surface — and only this surface. This
mathematical object is very similar to the “class” coordinate from the class-pose decomposi-
tion framework.30

Towards a confluence of algebraic, dynamical & informational approaches?

To clarify both the convergences and tensions between SMC theory and the representation
learning research reviewed in the previous section, let me insist on the following fact: the
“representations” of the latter line of work are now defined by the way they are transformed
by a group action, where the latter is often interpreted as the agent’s own actions. In a sense,
this “action-structured” perspective on representations opens a breach in the notion of repre-
sentation itself. Indded, it is worth pointing out here that many contemporary textbooks in
ergodic theory define a dynamical system as a group action, where the acting group is most
commonly made of time translations, but can be very different as well — see, e.g., (Glasner,
2003; Kerr et al., 2016). This suggests that if the group action models the agent’s action on its

28Or, at least, that of the enactivist strand of SMC theory — the criticisms of (O’Regan et al., 2001) are mainly
aimed at picture-like representations (see Sections 1.1.3 and 1.2.2).

29Pseudogroups are a variation of group actions adapted to local transformations on a topological space.
30The “ambient optic array”is understood by ecological psychologists as a structure in the environment: it can

be probed by agents equipped with a visual apparatus, but is not in itself part of the sensorimotor interface (Gibson,
2014). But the result from (Tsao et al., 2022) suggests that the ambient optic array might induce a structure, in
real-world agents’ visual sensorimotor interface, that would also be sufficient to identify and track contiguous
surfaces.
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sensory surface (an admittedly drastically simple model), the formalism describing “group-
structured representations” can be understood as describing the dynamical structure induced
by an agent’s actions on its sensory influx. In particular, the agent’s internal activity would not
need to “encode” external “objects” arbitrarily defined by an experimentalist (Brette, 2019)
or the designer of a machine learning benchmark. Rather, defining an “object” or “class” as
a group action’s orbit would mean defining it from a purely intrinsic perpsective: i.e., as an
invariant of the agent’s sensorimotor dynamics.

It turns out that a recent line of work on “flow equivariance” (Keller et al., 2026) goes, to
certain extent, in this direction — even directly citing one of the main initiators of the concept
of affordances (Gibson, 2014), which is similar to that of object-related SMC:

If we, like J. J. Gibson, consider an ecological approach to vision, the natural
transformations of sensory inputs over time are caused by movement, e.g. by
self-motion or by external motion of the world. An important aspect of the world,
irrespective of our senses, is that it does not tend to change very quickly (a found-
ing principle of Slow Feature Analysis). For example, if a child is playing in the
garden now, it is very likely she is still playing in the garden a second later, despite
the fact the input to my senses might have changed dramatically. We can therefore
interpret fast external changes, and also changes caused by our body movements,
as approximate symmetries of the true world state, and we may want to build
representations which are structured with respect to these generalized symmetry
transformations. (Keller et al., 2026)

I.e., the group action on the sensory space is here interpreted as the outcome of physical move-
ment (of the environment or the agent) that leaves invariant underlying features of interest —
in this case, whatever is left invariant by fast enough movement, as it is considered a reliable
proxy on “true world states”.31 The group action on the latent, i.e., “internal” space is then
defined, in (Keller et al., 2026), as the Lie group action induced by the time evolution of spa-
tiotemporal dynamics inspired from the study of traveling waves in the brain (Muller et al.,
2012, 2018; Sato et al., 2012). This kind of dynamical structure is argued to be characteristic
of spatially extended dynamical systems with non-negligible time delays that increase with
spatial distance. In the brain, such time delays are due, in particular, to a pressure towards
short-range connections, as well as axonal and dendritic conductance delays (Chklovskii et
al., 2002). Interestingly for us, both these factors are argued in (Keller et al., 2026) to be,
at least in part, the consequence of metabolic efficiency requirements. I.e., the structure of
traveling wave-like dynamics would be induced by (metabolic) parsimony constraints.

Now, adopting a predictive processing (Clark, 2016) point of view suggests that these
internal spatiotemporal dynamics should be predictive of the neural system’s, movement-
induced sensory influx. The “flow equivariance” put forward in (Keller et al., 2026) is then
the commutation relation between these sensory and internal dynamics that is required for the
latter to be predictive of the former. More precisely, in the language of ergodicists (Glasner,
2003), “flow equivariance” means that the group action defined by internal dynamics should
be a factor of that defined by sensory dynamics (see Appendix A for a formal definition).

Crucially, the “representations” considered here are thus not picture-like, but consist in
spatiotemporal patterns that, when flow equivariant, allow the neural system to “track” its in-
put, which in natural conditions is itself made of spatiotemporal dynamics (see Section 1.1.3).
In this sense, this line of work provides significant computational innovations to dynamical,
and specifically movement-based alternatives to the dominant “filter” paradigm in machine

31A similar “Slow Feature Analysis” assumption was also made in (Laflaquière et al., 2015a), which models
object discovery in naive agents from a sensorimotor perspective.
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learning, which typically frames perception as the passive processing of static sensory in-
puts.32 As they are based on biologically plausible dynamics, these artificial systems could in
return help building models for corresponding alternatives in neuroscience and adaptive be-
haviour.33 In particular, traveling waves-based models could operationalise the self-sustained,
internal dynamics that are central to the inside-out account of the brain (Buzsáki et al., 2019),
where, for well-chosen objectives, the training of the flow equivariant neural system could
be interpreted as the calibration of these internal dynamics through sensorimotor interaction
with the environment (see Section 1.1.3). Moreover, the flow equivariance property seems to
be relevant to a predictive processing interpretation (Seth, 2014) of SMC theory’s notion of
“attunement” (O’Regan et al., 2001) — see Section 1.1.3 again.

However, the flow equivariance framework retains fundamental limitations from the point
of view of operationalising sensorimotor theories of perceptions, especially in their enactivist
interpretations (Barandiaran, 2017; Buhrmann et al., 2013; Degenaar et al., 2017):

• Here, the neural system’s spatiotemporal patterns are thought of as implementing the
symmetries of “true world states”, thus allowing the neural system to “encode” stimuli
whose meaning is defined, somehow arbitrarily, by the experimentalist (Brette, 2019) or
the designer of the machine learning benchmark: e.g., (sequences of) digit(s) (Keller et
al., 2023a,b), geometric shapes (Jacobs et al., 2025; Liboni et al., 2025), moving objects
(Lillemark et al., 2025), etc. The veridical prediction of these pre-defined stimuli might
in some cases be an accurate proxy on more intrinsic notions of behavioural relevancy.
But this approach still remains silent on how perceptual structure emerges from the
embodied agent’s “own problems” (Egbert et al., 2022), including the tension between
behavioural relevance and information parsimony constraints (see the Main Intuition at
the beginning of Section 1.1).34

• While it suggests a fundamentally dynamical perspective on cognition, this line of work
has not, to this day and to the best of my knowledge, studied the impact of closed-loop
behavioural dynamics on perceptual dynamics (Ahissar et al., 2016; Buhrmann et al.,
2013).

• By focusing on the symmetries of “true world states”, it understands brain dynamics as
internalising the structure of the external environment, while SMC theory understands
them as attuning to the structure of interaction of the agent with its environment, in a
way that supports the “skillful mastery” of this interaction (see Section 1.1.3).

These conceptual tensions with sensorimotor approaches to perception are not specific
to flow equivariance, but are characteristic of the representationalist framework that imbues
(unsurprisingly) the whole representation learning community. While the latter’s notion of
representation evolved along the last decade of work on symmetry-structured representations,
it is thus still a long way from being aligned with a non-representational, SMC-based notion
of percept. But the work overviewed in this Section 1.2 does show a paradoxical and partial

32Recurrent neural networks (RNNs) implementing traveling wave-like dynamics addressed classification
(Keller et al., 2023a), short-term prediction (Benigno et al., 2023), image segmentation (Jacobs et al., 2025;
Liboni et al., 2025) or working memory (Keller et al., 2023b). Novel RNN architectures explicitly incorporating
flow equivariance yielded prediction of moving stimuli (Keller, 2025), and partially observed dynamical world
modeling (Lillemark et al., 2025).

33Note that these task-trainable models are closely related to long-running traditions in computational and
mathematical neuroscience (Keller et al., 2026; Muller et al., 2018), including neural field theory (Coombes et
al., 2014) and neurogeometry (Baspinar et al., 2021; Mazzetti et al., 2026; Petitot, 2017; Sarti et al., 2008).

34As mentioned above, (Keller et al., 2026) stresses that in the brain, traveling waves are induced by connec-
tivity constraints which themselves might result, at least in part, from metabolic efficiency constraints. But the
connectivity constraints are hard-wired in the computational models, which does not provide a formalisation of
how perceptual structure would be induced by parsimony constraints themselves.
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alignement between the mathematical objects considered by these two traditions, which is
significant enough to suggest that we are witnessing a convergence of conflicting scientific
narratives on increasingly similar mathematical objects. Crucially, these formal similar-
ities do not take away the conceptual tension, which can be fruitful for pursuing further the
formalisation of SMC theory. Indeed, on the one hand, the representation learning commu-
nity provides numerous “experimental” numerical results that exemplify how some specific
invariance- and equivariance-based formal structures can be relevant to operationalise per-
ception. On the other hand, the enactive and dynamical aspects of SMC theory highlight
both the limitations of the representational narrative, and how these limitations are reflected
in the choice of the mathematical objects operationalising this narrative: group symmetries,
i.e., specific commutation relations defined by group actions, among all the possible com-
mutation relations defined by all possible kinds of transformations. This indicates directions
in which to generalise the group-theoretic objects, so as to better capture the principles of
sensorimotor perception.

Even though, again, our focus will here be mostly formal, with often no explicit refer-
ence to embodied agents’ sensorimotor interface, a large section of this thesis (i.e., Chap-
ters 2 and 3) sits within the long-term perspective of integrating algebraic and dynamical
approaches to sensorimotor perception. To this emerging confluence, however, we aim to di-
vert a third stream: that of information-theoretic trade-offs involving information parsimony
— and through it information-theoretic models of embodied agents’ closed-loop behaviour
(Ay, 2015; Langer et al., 2024; Salge et al., 2014; Tishby et al., 2011). This effort has three
motivations:

• Identifying a given structure in the sensorimotor loop (dynamical or otherwise) is not
sufficient to explain why this structure would be relevant from the agent’s intrinsic per-
spective. I.e., if we take seriously the claim that perception should emerge from the
agent’s “own problems” (Egbert et al., 2014), then we should pin down the constraints
that would induce a given dynamical structure to be integrated into the perceptual pro-
cess. As mentioned in Section 1.2.2, a first step in this direction can be to identify
formal dualities between structure and information parsimony.

• From the latter perspective, the perceptually relevant “structures” correspond to solu-
tions of multi-objective optimisation problems whose target functions model the corre-
sponding “constraints” that are traded-off against each other (see Section 1.1.1). Iden-
tifying these optimisation problems is thus also a first step in the design of methods for
data-based discovery of these mathematical structures. Such methods are necessary if
we want to use this theoretical framework to actually “probe” reality with simulations
or experiments.

• As demonstrated by decades of research in a constantly evolving field, information the-
ory provides powerful tools to analyse the structure and dynamics of complex systems
(Ay et al., 2022; Coudène, 2016; Lindgren, 2024; Mediano et al., 2022a,b; Rosas et al.,
2024). In particular, Information Bottleneck-related formalisms are a promising tool
to capture soft structure in the sensorimotor loop, i.e., structure that only becomes ap-
parent under appropriate coarse-grainings — and at appropriate “granularities” (see
Section 1.1.2).

The last point above motivates the method that we will use the most in thesis, as explained
in the next section.
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1.3 This thesis’ contributions

1.3.1 Our general method

In a different context than ours, some neuroscientists have argued that the study of natural
behaviour — which challenges both the usual controlled laboratory settings and the theories
that the latter rely on to interpret experimental data — requires a gradual approach of building
the “new” by simultaneously relying on the “old” and selectively undoing it:

While studies of constrained scenarios have provided an important conceptual
foundation for experimental and theoretical approaches for studying the brain, it
is likely that many of the resulting concepts will fail to generalize to explain the
richness of natural interactive behavior. Along the way we will need to abandon
some deeply held assumptions, perhaps even some foundational concepts. How-
ever, at the same time, we must not simply discard all that we have learned from
classical constrained laboratory studies. Here, we advocate [. . . ] identifying key
theoretical assumptions associated with more constrained conditions, modifying
established experimental paradigms in a way that gradually relaxes them, and
then explicitly testing whether our current theory holds up in the new situation
or whether it must be revised. (Cisek et al., 2024)

The method that we will follow in this thesis can be seen as a purely formal counterpart
of this stepwise strategy. In this analogy, the “constrained laboratory studies” are replaced
by previous group-theoretic approaches to perception and learning in biological and artificial
agents, and their modification “in a way that gradually relaxes them” by the generalisation of
these group-theoretic tools in an information-theoretic and/or dynamical language — while
the aim is, on the long term, to design formalisms that can capture the same “richness of
natural interactive behavior”. Let me unpack these ideas.

Even though the study of group-theoretic symmetries in neural and embodied systems has
already yielded deep results and might still deliver many more (see Section 1.2), it appears
increasingly clear that this theoretical framework is too rigid for the kind of “structure” en-
countered in adaptive behaviour — including those relevant to sensorimotor perception. In
particular, if the structure of a group action is used to model the agent’s own actions, then it
ultimately needs drastic generalisations: e.g., we should be able to deal with closed-loop, non-
invertible and stochastic actions, and where there is no “identity action” available to the agent.
Moreover, even though group actions can be a powerful point of view for the study of dynam-
ical systems (see Section 1.2.3), in many cases the unfolding along time of the behaviour’s
dynamics should not be abstracted away — i.e., the arrow of time should be explicitly part
of the formalism. Limitations arise as well if the group structure rather describes abstract
symmetries: e.g., whatever structure is to be found in the sensorimotor interface of embodied
agents, it is unlikely to correspond to exact symmetries — the best we can hope is for the
group-theoretic formalism to approximately capture this structure.

However, at core, the use of group theory fosters the development of an algebraic per-
spective on the study of adaptive behaviour, which given the work overviewed in Section 1.2,
seems to be a promising approach. In particular, this previous work has already established
the central role of invariance and equivariance in learning systems in general, and it sug-
gests that these notions are also crucial to sensorimotor perception. In this thesis, as far as
the group-theoretic formalism is concerned, we thus focus almost exclusively on (different
versions of) invariance and equivariance.

Our approach is, more precisely, to use these notions of symmetry as, so to say, a “con-
ceptual scaffold”: i.e., we selectively discard parts of the formalism and selectively preserve
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others, thus leveraging the clarity offered by group theory while obtaining more flexible math-
ematical objects that have the potential to capture a broader range of the “richness of natural
interactive behaviour” (Cisek et al., 2024). In contrast with recent generalisations of group-
theoretic symmetries, in particular of equivariances (Ashman et al., 2024; Romero et al., 2022;
Song et al., 2023; Wang et al., 2022b), ours build upon characterising symmetry in terms of
information parsimony — where “information parsimony” is here formalised using the IB
framework, and novel variations or generalisations of it. The central mathematical object for
this characterisation is the partition in orbits (see Definition A.0.3 in Appendix A). Indeed,
given a group action on some state-space, it can be easily verified that the corresponding
partition in orbits is the finest partition of the state-space into invariant subsets (see Proposi-
tion A.0.4 in Appendix A for a formal statement). This suggests that the projection on orbits
is, in some sense, an optimal compression of the state-space under the constraint of preserv-
ing the information left invariant by the group action. This intuition is, at the formal level,
one of the main driving forces of this thesis. It underlies the work presented in Chapter 2,
and will be explicitly formalised (in the finite case) in Chapter 3.

More generally, the characterisations of symmetry that we aim for are not only in terms
of information parsimony, but more precisely in terms of trade-offs of information parsimony
with other well-chosen information quantities. Crucially, once a group symmetry is char-
acterised by such an information-theoretic trade-off, it can then naturally be “softened” by
varying the value of the corresponding trade-off parameter(s). The “softness” of the resulting
symmetry is thus, in particular, parametrised by the amount of compression that it induces
(where “softer” symmetries correspond to more compression).

In certain cases, the information-theoretic characterisation of group-theoretic concepts
will first require a generalisation of the latter in the language of ergodic theory and Markov
Decsion Processes (see Chapter 3). Whether or not this is required, however, the procedure
that I described above is the binding feature of the approach developed in this thesis.

1.3.2 Overview of results

Chapter 2: Information Parsimony and Symmetries of Stochastic Channels

Here, we start from the intuition that the classic IB method extracts invariances (see Sec-
tion 1.1.2). We show that this intuition can indeed be formalised (in the finite case) in the
language of group theory: for maximal trade-off parameter 𝜆, the compression channels that
solve the IB problem (1.1.1) coincide, essentially, with the projection on orbits of the group
of invariances of the channel 𝜇(𝑌 |𝑋) from source 𝑋 to relevancy 𝑌 . These invariances are
defined as transformations 𝜙 of the source space  such that composing 𝜇(𝑌 |𝑋) at the in-
put by 𝜙 does not change it, i.e., in symbols: 𝜇(𝑌 |𝑋)◦𝜙 = 𝜇(𝑌 |𝑋). As the projection on
orbits characterises the invariance group of 𝜇(𝑌 |𝑋), this provides an information-theoretic
characterisation of channel invariances. While given the previous literature on the IB, deep
learning and invariances (see Section 1.1.2), this result is not surprising, it opens a new way
to investigating generalisations of this phenomenon to more general symmetries.

In particular, we then turn our attention to the group of equivariances ce of a channel
𝜇(𝑌 |𝑋), defined as pairs of transformations (𝜙, 𝜓), of resp. the channel’s input space  and
output space  , such that composing 𝜇(𝑌 |𝑋) by 𝜙 at the input is the same thing as composing
it by 𝜓 at the output: i.e., 𝜇(𝑌 |𝑋)◦𝜙 = 𝜓◦𝜇(𝑌 |𝑋). Similarly as for channel invariances, the
projection on orbits 𝗉𝗋ce from × to the space of orbits ×∕ce here characterises the group
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of channel equivariances, through the following equivalence of commutative diagrams:

 

 

𝜙

𝜇(𝑌 |𝑋)

𝜓

𝜇(𝑌 |𝑋)

⇔

 ×   × 

 × ⟋ce

𝜙⊗𝜓

𝗉𝗋ce 𝗉𝗋ce (1.3.1)

which means that the commutation of the left-hand-side diagram — the defining property
of equivariances — is equivalent to the commutation of the right-hand-side diagram, where
𝜙⊗ 𝜓 is defined by (𝜙⊗ 𝜓)(𝑥, 𝑦) ∶= (𝜙(𝑥), 𝜓(𝑦)) for all (𝑥, 𝑦) ∈  ×  .

Our aim is then to design an IB-like problem such that the solutions for the maximal trade-
off parameter 𝜆 coincide with the projection on orbits, or at least mimic its characterisation
(1.3.1) of equivariances. In contrast with the case of invariances, though, the projection on
orbits here processes jointly the channel’s input space  and its output space  . The com-
pression channel 𝜅 of our new IB-like problem should thus also take the whole product space
 ×  as input, and the question becomes: which information-theoretic quantity should be
preserved by such a 𝜅 for the solutions at the maximal trade-off parameter 𝜆 to characterise
the equivariances of 𝜇(𝑌 |𝑋)? We show (still in the finite case) that the relevant quantity is
the Kullback-Leibler divergence

𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ ce) ∶= inf
𝜈∈ce

𝐷
(

𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜈
) (1.3.2)

between the projection 𝜅 ⋅𝜇 of the data distribution 𝜇 ∶= 𝜇(𝑋, 𝑌 ) on the latent space, and the
corresponding projection 𝜅 ⋅ ce of a well-chosen exponential family ce (technically, these
“projections” are defined as push-forwards, see the introduction of Chapter 2). By trading-off
the preservation of the quantity above with the compression of (𝑋, 𝑌 ), we obtain a novel vari-
ation of the IB problem formalising the intuition of an optimal compression preserving the
information carried by the channel 𝜇(𝑌 |𝑋) about the system (𝑋, 𝑌 ). Crucially, this object
yields an information-theoretic characterisation of equivariances: given a full support distri-
bution on  ×  , and a channel 𝜅 implenting an optimal compression of (𝑋, 𝑌 ) under the
constraint of preserving𝐷(𝜅 ⋅𝜇||𝜅 ⋅ce) as much as possible, a pair (𝜙, 𝜓) is an equivariance
of 𝜇(𝑌 |𝑋) if and only if we have 𝜅◦(𝜙⊗ 𝜓) = 𝜅. This characterisation consists of the same
equivalence of commutative diagrams as in (1.3.1), but with the quotient space ×∕ce re-
placed by the bottleneck space  and the projection on orbits 𝗉𝗋ce replaced by the bottleneck
channel 𝜅:

 

 

𝜙

𝜇(𝑌 |𝑋)

𝜓

𝜇(𝑌 |𝑋)

⇔

 ×   × 



𝜙⊗𝜓

𝜅 𝜅
(1.3.3)

These information parsimony reformulations of channel invariances and equivariances
yield natural definitions of resp. soft invariances and soft equivariances, whose “softness” is
parametrised by the compression-information preservation trade-off: i.e., softer symmetries
correspond to more compression and less preserved mutual information 𝐼(𝑇 ; 𝑌 ), resp. less
preserved divergence 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ ce).
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Importantly, our novel variation of the IB framework capturing equivariances can be gen-
eralised to any exponential family  on a finite alphabet , yielding what we call the Diver-
gence IB problem, defined as

DIB(𝜆) ∶= argmin
𝜅∈𝒦𝗌𝗁𝖺𝗉𝖾

𝐷(𝜅⋅𝜇||𝜅⋅)≥𝜆

𝐼𝜅(𝐴; 𝑇 ). (1.3.4)

Here, 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ ) is defined similarly as in (1.3.2), and 𝒦𝗌𝗁𝖺𝗉𝖾 is a set of compression
channels from  to a bottleneck space  , with potentially additional constraints on the chan-
nels’ shape. In particular, if  is a hierarchical model (Ay et al., 2017), the corresponding
solutions to (1.3.4) can be seen as optimal compressions preserving a specific set of stochastic
interdependencies in  (Ay, 2015). For 𝒦𝗌𝗁𝖺𝗉𝖾 coinciding with the set of all channels from
 to  , we derive a Blahut-Arimoto algorithm to approximate the solutions to (1.3.4), and
use it to explore numerically, in a simple synthetic experiment, the soft equivariances defined
above.

Overall, our novel Divergence IB is a flexible framework that opens a promising new
avenue for the study, and automatic discovery, of “soft symmetries” through the lens of in-
formation parsimony. In particular, it could be applied to equivariances in Markov Decision
Processes, e.g., of the kind considered in equation (1.2.1), or more general models of the sen-
sorimotor loop (Rosas et al., 2025; Tishby et al., 2011). This could yield the discovery of
abstract symmetries in embodied agents’ sensorimotor interface, thus making the framework
directly relevant to sensorimotor perception (as explained at length in Section 1.2).

However, achieving these aims would first require solving fundamental limitations: first,
despite characterising equivariances through (1.3.3), compression channels 𝜅 for maximal
trade-off parameter 𝜆 do not coincide with the projection on orbits 𝗉𝗋ce: they actually define
a coarser partition. Second, our framework yields the “discovery” only of the compression
channel 𝜅, not of equivariances (𝜙, 𝜓) themselves. To address these issues, we identify the
need to design a broader information-theoretic constrained optimisation problem, where we
would optimise over both a compression channel 𝜅 and a channel 𝜌 parametrising transfor-
mations of the data space (see Sections 2.5.2 and 2.5.3 of Chapter 2). The main stumbling
block then becomes to characterise information-theoretically, and generalise to a stochastic
setting, what it means for a compression channel 𝜅 to be the “projection on orbits” of a given
family of transformations 𝜌. This technical question is addressed in Chapter 3, even though
the conceptual focus of the latter chapter is quite different.
Publication Information. Chapter 2 is an extended version of (Charvin et al., 2025). A
preliminary version of this work was published in (Charvin et al., 2023b).

Chapter 3: Minimal class-pose parametrisation in Markov Decision Processes

This chapter is the most directly relevant to sensorimotor perception, even though it is also
the most mathematical, relying to a large extent on a measure-theoretic setting that constrasts
with the rest of this thesis. Here, we turn to the class-pose decomposition framework, which
indicates an interesting direction for operationalising the notion of object-related SMCs from
(O’Regan et al., 2001) (see Section 1.2.3). Our aim is to make the framework more relevant to
adaptive behaviour modeling, in particular sensorimotor theories of perception, by extending
it in three directions: algebraic, dynamical, and information-theoretic.

To describe the algebraic aspect, let us first reformulate the object defined in Section 1.2.3.
Denote the orbits under the group action 𝜌 by ( 𝑐)𝑐∈ and the corresponding restrictions of
𝜌 by (𝜌𝑐)𝑐∈ . Then a class-pose decomposition is equivalent to a group action 𝜉 on the pose
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space  that is isomorphic to each restriction 𝜌𝑐: i.e., for all 𝑐 ∈ , we must have a bijective
𝜃𝑐 ∶  𝑐 →  such that for all 𝑔 ∈ , the following diagram commutes:

 𝑐  𝑐

 

𝜌𝑐𝑔

𝜃𝑐 𝜃𝑐

𝜉𝑔

(1.3.5)

We start from the observation that this is only possible under the assumption that all the
restrictions to orbits 𝜌𝑐 are isomorphic — i.e., informally, that the group action is exactly
the same on every orbit. This requirement happens to rule out the supposedly paradigmatic
example of rigid transformations of rigid objects, and even drastically simple examples in the
finite case. We therefore propose a similar, but more general structure that does not require
this restrictive assumption. Namely, we propose to “reverse the direction of the arrows and
break the bijectivity” in the diagram (1.3.5), by rather searching for a factor from  to each
 𝑐: i.e., a group action 𝜉 on  such that for all 𝑐 ∈ , there exists a surjective (but not
necessarily injective) “projection” map 𝜙𝑐 ∶  →  𝑐 such that for all 𝑔 ∈ , the following
diagram commutes:

 

 𝑐  𝑐

𝜉𝑔

𝜙𝑐 𝜙𝑐

𝜌𝑐𝑔

(1.3.6)

An action 𝜉 on  satisfying diagram (1.3.6) for all 𝑔 ∈  and all 𝑐 ∈  is called a
(set-theoretic) joining of the orbits — a terminology inspired from ergodic theory’s measure-
theoretic notion of joining (de la Rue, 2006; Glasner, 2003). However, crucially, we require
the joining to satisfy a certain notion of minimality: i.e., in short, we require it to be “as
isomorphic as possible”. For instance, a minimal joining of group actions 𝜌𝑐 on  𝑐 and 𝜌𝑐′
on  𝑐′ is a joining 𝜉∗ on a pose space ∗ such that for any other joining 𝜉 on a pose space  ,
the following diagram commutes for all 𝑔 ∈  :

 

∗ ∗

 𝑐  𝑐

 𝑐′  𝑐′

𝜉𝑔

(𝜉∗)𝑔

𝜌𝑐𝑔
𝜌𝑐′𝑔

where for simplicity, I ommited the labels of the “projection” maps. Minimal joinings of all
the group action’s orbits then yield what we call minimal class-pose parametrisations of the
group action. This framework generalises arithmetics’ notion of least common multiple: here,
numbers are replaced by group actions and their (least) common multiples by their (minimal)
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joinings. At the conceptual level, this new mathematical object captures the “simplest” de-
scription of how any class (i.e., orbit) is transformed by the group action. In particular, in a
certain sense, this “simplicity” constraint induces poses to capture the “common structure of
changes” accross all classes, thus providing one specific formal interpretation of SMC the-
ory’s notion of “structure of changes” (see Section 1.1.3).

However, as mentioned in Section 1.3.1, the framework of group actions is a limitation
in itself when it comes to modeling the agent’s own actions. To make the minimal class-pose
parametrisation framework outlined above more relevant to embodied agents, it is thus crucial
to generalise it to more flexible mathematical objects — in particular, ones that account for
non-invertible and stochastic actions, as well as the time-evolution of the agent’s potentially
closed-loop behaviour.35 Moreover, we would like, as in Chapter 2, to understand which
kind of information-theoretic trade-offs might characterise this novel invariant-equivariant
structure.

To address these requirements, we replace group actions by a pair made of a policy 𝜋 that
stochastically determines the action given a state, and a transition channel 𝜌 that stochastically
determines the next state if a given action is applied from a given state. We call such a pair
a Markov Decision Process (MDP), even though, in contrast with MDPs usually considered
in the literature, here there is no reward function and the policy is fixed — this is because we
are interested in understanding the structure of the MDP’s dynamics rather than the learning
of optimal policies. In particular, focusing on fixed policies is crucial to capture the specific
structures that emerge through the agent’s (potentially closed-loop) behaviour. Moreover, we
only assume the MDP’s state-space  and action space  to be standard Borel spaces — a
general assumption that encompasses, e.g., finite, countably infinite, or Euclidan spaces, as
well as differentiable manifolds and many infinite-dimensional spaces.

To generalise the group-theoretic version of minimal class-pose parametrisation, we then
proceed in two steps: we first generalise classes, before building upon the latter to generalise
poses. Classes, which were previously defined as a group action’s partition in orbits, are
generalised into a decomposition into ergodic components of a standard Borel MDP. Here, we
use a previously obtained decomposition into ergodic components of standard Borel Markov
chains (Worm et al., 2011), in the following way. The average 𝜌 of the MDP’s transition
channel 𝜌 over actions sampled through the policy 𝜋 defines a Markov chain on the state-
space  . Applying (a fine-tuned version of) the result from (Worm et al., 2011), we obtain
a decomposition into ergodic components ( 𝑐)𝑐∈ of a subset of  that has full probability
under any stationary probability w.r.t. 𝜌. The result from (Worm et al., 2011) also ensures that
each ergodic component  𝑐 is equiped with a unique ergodic probability 𝜖𝑐 . Our contribution
is then the following:

• By modifying 𝜌 on state-action pairs that are never visited using the policy 𝜋, we ob-
tain a family of transition channels (𝜌𝑐)𝑐∈ , each with state-space the corresponding
ergodic component  𝑐 , such that, denoting by (𝜋𝑐)𝑐∈ the corresponding restrictions
of the policy, the following holds: for all stationary initial distribution 𝑞0 ∈ Δ , the
resulting process of states and actions defined by 𝜋 and 𝜌 is an average of those ob-
tained on each ergodic component  𝑐 by starting with the ergodic distribution 𝜖𝑐 and
using the policy 𝜋𝑐 and transition channel 𝜌𝑐 . In other words, we obtain an ergodic
decomposition theorem for standard Borel MDPs with fixed policy, which provides a
decomposition of the MDP’s process distributions, but also a corresponding family of
MDP tuples (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ , where each MDP pair (𝜋𝑐 , 𝜌𝑐) is equipped with the cor-
responding ergodic initial distribution 𝜖𝑐 . Crucially, this decomposition depends on

35Generalisations to partial observability would also be crucial, but we do not address this aspect here.
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the policy 𝜋, which makes it a promising tool to capture the invariants of closed-loop
behaviour in MDPs.

• We specialise our results to measurable group actions of standard Borel groups that
have a stationary probability (which includes the group actions usually considered in
the class-pose decomposition literature). In particular, we show that, for an MDP natu-
rally defined by the group action and corresponding stationary probability on the group,
the partition in orbits of the group action coincides with the MDP’s decomposition
into ergodic components. While this might not be the case for groups with no station-
ary probability, we argue that ergodic components provide, in general, a more natural
concept of class than orbits, as they capture the asymptotic properties of the MDP’s
dynamics, which are key to understanding its dynamical invariants.

Our MDP version of the pose coordinate then relies on an adaptation of the group-theoretic
notion of factor above to one for stationary MDPs, i.e., tuples made of a stationary initial
distribution, a policy and a transition channel. With this new notion of factor, those of join-
ing and minimal joining naturally adapt to stationary MDPs on measurable spaces — even
though proving their basic properties requires a substantial amount of work. To the best of our
knowledge, minimal joinings have not been previously considered in the literature, whether
in a stationary MDP, group action or dynamical systems setting. We then define the mini-
mal class-pose parametrisation of a standard Borel MDP (𝜋, 𝜌) as a minimal joining of the
stationary MDPs (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ from the ergodic decomposition above. We prove that in
the finite case, minimal joinings of stationary MDPs always exist, and thus minimal class-
pose parametrisations as well — unlike class-pose decompositions. Eventually, we prove that
— for a countable number of ergodic components, but otherwise arbitrary standard Borel
MDPs — this measure-theoretic notion of minimal class-pose parametrisations does gener-
alise group-based class-pose decomposition. Along the way, we flag several technical diffi-
culties arising from our measure-theoretic setting, especially for an uncountable number of
ergodic components.

We then turn to the information-theoretic characterisation of these generalised notions of
class and pose, in the finite case. As far as classes are concerned, we prove that the decomposi-
tion into ergodic components of a finite Markov chain provides the essentially unique solution,
for maximal trade-off parameter, to an instance of the Divergence IB framework from Chap-
ter 2. Here, what is being traded-off with compression is, in short, the mutual information
between the initial state and the time-average of the resulting trajectory. We specialise the
result to the case where the MDP implements a group action, which yields an information-
theoretic characterisation of projections on orbits, thus addressing one of the main limitations
identified at the end of Chapter 2 (see above). More generally, these results are an important
step for formalising the duality between symmetry and information parsimony, as it provides
a trade-off that binds transformations of a space to compressions preserving the features left
invariant by these transformations (to a degree controlled by the trade-off parameter).

Our information-theoretic characterisation of the pose coordinate consists in proving that
in the finite case, minimal joinings of stationary MDPs coincide with minimum entropy join-
ings, or, equivalently, maximum multi-information joinings. These characterisations formalise
the intuitions, resp., that minimal joinings are the “most parsimonious” joinings, and that they
are the ones that “maximise the interdependency” across the MDPs that are being joined.
However, in contrast with the class coordinate, we do not propose, at this stage, a full information-
theoretic trade-off whose solutions would capture minimal joinings.

Relevance to sensorimotor perception Conceptually, our formalism opens new directions
for sensorimotor approaches to the study of perception.
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First, it suggests that the group-structured “representations” from the representation learn-
ing community can be stripped from their representational narrative. I.e., the mathematical
objects underlying this line of work could be integrated to a broader algebraic analysis of em-
bodied agents’ behavioural and neural dynamics, based on well-chosen commutation relations
that these dynamics would satisfy (see Section 1.2.3). For instance, classes and poses are, in
our reformulation, inherently dynamical objects — as they rely on the asymptotic properties
of an MDP. Importantly, these dynamics do not refer to objects in the “external world” that
would be defined independently from the agent, but only to the agent’s sensorimotor interface
— where here, the effect of an agent’s actions on its sensory influx is formalised as the transi-
tion channel of an MDP, but this simplified setting is only aimed as a first step towards more
realistic models. Moreover, let us stress that ergodic components are sets of points that — in
a measure-theoretic sense — have the same attractor.36 Each “class” can thus be seen as the
asymptotic attractor of a given behaviour (i.e., here, an MDP ergodic component), rather than
a “representation” outputed by some internal processing. This perspective strongly aligns with
Closed-Loop Perception (CLP) theory’s formalisation of sensorimotor percepts as attractors
in the sensori-neural-motor loop (Ahissar et al., 2016) — see Section 1.1.3.

But on the other hand, these MDP ergodic components are also a generalisation of the
orbits of a group action, which we saw were an interesting starting point for formalising object-
related SMCs (see Section 1.2.3). Our framework thus highlights a potential integration of
CLP theory’s “percepts-as-attractors” into SMC theory’s object-based SMCs, through the
notion of MDP ergodic components — or suitable notions of ergodic component to be defined,
in future work, in more general models of the sensorimotor loop (Rosas et al., 2025; Tishby
et al., 2011).

Moreover, the fact that we “reversed the arrows and broke the bijectivity” in the factor re-
lations means that the dynamics of the pose space can in certain respects be “richer” than (i.e.,
non-isomorphic to) the state-space dynamics, which strongly resonates with the self-sustained
aspect of brain dynamics that the inside-out framework (Buzsáki et al., 2019) insists on (see
Section 1.1.3). The fact that the pose dynamics are a minimal joining of the ergodic compo-
nents can then be seen as operationalising the notions that (𝑖) brain dynamics are calibrated
by the sensorimotor interaction with the environment (Buzsáki et al., 2019), or (𝑖𝑖) brain dy-
namics attune to this sensorimotor interaction, thus allowing the agent to master the structure
of change that underlies it (O’Regan et al., 2001). This specific formalisation, however, also
introduces a conceptual innovation: the calibration/attunement would be induced by infor-
mation parsimony constraints, as the latter would yield a tendency of different episodes of
the agent’s sensorimotor history to leave their trace, as much as possible, on the same brain
dynamics. Crucially, such dynamics would thus yield some kind of parsimonious fiction —
where the “fictional” dimension holds to the extent that the minimal joining of sensorimotor
dynamics is “richer” than the latter. In particular, from this perspective, not only do ongoing
brain dynamics not “represent true world states”, but they don’t even “refer to” sensorimotor
activity strictly speaking — or to any “coarse-graining” of it. Rather, the “attunement” of
brain dynamics through sensorimotor history induces them to expand the realm of what is be-
ing “enacted” during perception, beyond the patterns of bodily movement and corresponding
raw sensory changes enacted by ongoing sensorimotor dynamics. It must be acknowledged,
however, that our mathematical objects do not yet adequately describe the coupling between
neuronal and sensorimotor dynamics on the time-scale of perception (Aguilera et al., 2013).

Eventually, the links that we draw with information parsimony open the way for connect-
ing our results to information-theoretic models of embodied adaptive behaviour (Ay, 2015;
Langer et al., 2024; Salge et al., 2014; Tishby et al., 2011).

36Ergodic components are defined as points whose Césaro means have the same limit (see Definition 3.3.1,
Chapter 3): i.e., intuitively, whose trajectories are asymptotically concentrated on the same subset.



Chapter 1. Introduction 32

At this stage, though, we do not yet consider concrete models of embodied agents. This
would require algorithms to discover minimal class-pose parametrisations (in their measure-
theoretic MDP version). An information theory-based approach seems natural for that pur-
pose, and our information-theoretic characterisations of classes and poses are first steps in
this direction.
Publication Information. The content from Chapter 3 has not been published yet.

Chapter 4: Exact and Soft Successive Refinement of the Information Bottleneck

In Chapters 2 and 3, we capture several notions of “exact” symmetry as solutions to the edge
cases of information-theoretic trade-offs, which yields to the definitions of families of corre-
sponding “soft” symmetries, whose “softness” is parametrised by the trade-off parameter 𝜆.
The underlying intuition is that, as 𝜆 decreases, the system under study is increasingly coarse-
grained, leading to the extraction of symmetries of a correspondingly coarser “granularity” 𝜆.
This intuition suggests that soft symmetries corresponding to a given granularity 𝜆1 should at
least include those for finer granularity 𝜆2 > 𝜆1. It is thus crucial to investigate whether this
property indeed holds in general, and if not to which extent and what it depends on.

This question is directly related to the broader one of whether for two compression chan-
nels 𝜅1 and 𝜅2 that solve the same IB-like trade-off for resp. parameters 𝜆1 < 𝜆2, the channel
𝜅1 is itself a coarse-graining of 𝜅2: i.e., of whether there exists a channel 𝛾 such that

𝜅1 = 𝛾◦𝜅2 (1.3.7)
This is the question which we explore in Chapter 4, in the case of the classic IB. It turns out to
be formally equivalent to that of the successive refinability of the IB problem, which reverses
the order of the trade-off parameters: can the finer bottleneck channel 𝜅2 be obtained by com-
bining 𝜅1 with another channel capturing new information about the source 𝑋, but without
discarding any of the information captured by 𝜅1? This second formulation is relevant to un-
derstanding the informational limits of incremental learning. In both cases, the question can
be understood, intuitively, as whether the information that the coarser bottleneck 𝜅1 captures
about the source 𝑋 is entirely “contained” in the information that the finer bottleneck 𝜅2
captures about 𝑋. Our aim is here to contribute to a better understanding of the successive
refinability of the IB, but also to quantify the lack of successive refinement when it does not
hold.

We start by proving that in the Gaussian and deterministic case, the IB is indeed succes-
sively refinable. These proofs are relatively straightforward applications of previous results
in the IB literature. We then formalise the above intuition of successive refinability corre-
sponding to an “inclusion” of information contents, by deriving (under mild assumptions) a
characterisation of successive refinement in terms of inclusions of the convex hulls defined by
the Bayesian inverses of the bottlenecks’ compression channels. More precisely, if 𝑞(𝑋, 𝑇1)
and 𝑞(𝑋, 𝑇2) are the joint distributions on source and bottleneck for resp. trade-off parameters
𝜆1 < 𝜆2, then successive refinement w.r.t. parameters (𝜆1, 𝜆2) is here equivalent, essentially,
to the condition

𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡1), 𝑡1 ∈ 1} ⊆ 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡2), 𝑡2 ∈ 2}, (1.3.8)
where, for a set 𝐸 ⊆ ℝ𝑛, we denote by 𝖧𝗎𝗅𝗅(𝐸) the convex hull of 𝐸, i.e., the set of points
obtained as convex combinations of points in 𝐸. This condition thus capture the intuition of
“inclusion” of “information content” above if the “information content” a bottleneck 𝑇 about
the source 𝑋 is understood as the convex hull 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡), 𝑡 ∈  }. This condition is visually
represented in Figure 1.1.
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FIGURE 1.1: Illustration of the convex hull condition (satisfied on the right but not
on the left). Black triangle: probability simplex Δ with |Δ | = 3, where each
vertex represent a Dirac probability 𝛿𝑥 on a symbol 𝑥, and the interior of the triangle
represents arbitrary probability distributions on  , seen as convex combinations of
these Dirac probabilities. Red triangle: 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡2), 𝑡2 ∈ 2}, with 𝑇2 the finer

bottleneck. Cyan triangle/segment: similarly for the coarser bottleneck 𝑇1.

We use this characterisation, together with previous work studying the IB problem as the
problem of computing the lower convex envelope of a well-chosen function, to prove that
successive refinement (SR) of the IB always holds for binary source and relevancy variables.
This geometric characterisation also yields a simple linear program that can be used to assess
SR in the discrete case, which we use to numerically investigate this property in synthetic
examples.

We then go beyond “exact” successive refinement by quantifying the “amount to which”
successive refinement holds. Here, we start from a previously established characterisation
of SR as the existence of a joint distribution distribution 𝑞(𝑋, 𝑇1, 𝑇2) that both extends each
source-bottleneck distribution 𝑞(𝑋, 𝑇1) and 𝑞(𝑋, 𝑇2), and satisfies the Markov chain𝑋−𝑇2−
𝑇1. As the latter Markov chain is equivalent to the condition 𝐼(𝑋; 𝑇1|𝑇2) = 0 of vanishing
conditional mutual information, we propose to quantify the “lack” of successive refinement
through the quantity

𝑈𝐼(𝑋 ∶ 𝑇1 ⧵ 𝑇2) ∶= min
𝑞∈Δ𝑞1 ,𝑞2

𝐼𝑞(𝑋; 𝑇1|𝑇2),

whereΔ𝑞1,𝑞2 denotes the space of joint distributions 𝑞(𝑋, 𝑇1, 𝑇2) extending both 𝑞1 ∶= 𝑞(𝑋, 𝑇1)
and 𝑞2 ∶= 𝑞(𝑋, 𝑇2). This quantity has been previously studied under the name of unique
information37 (UI) (Bertschinger et al., 2013), and here yields a notion of soft successive re-
finement — in contrast with soft symmetries and ergodic components from resp. Chapter 2
and 3, this new notion of “softness” does not refer to a new structure, but to the quantification
of a property, here (the lack of) successive refinement. We use unique information to numeri-
cally explore, on simple synthetic examples with low cardinalities of the source and relevancy
variables, how this “lack” of SR varies as a function of 𝜆1 and 𝜆2. We then compare the evo-
lution of the “information contents” 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡1), 𝑡1 ∈ 1} and 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡2), 𝑡2 ∈ 2} on the
source simplex Δ with the evolution of the unique information. Moreover, we observe that
the unique information is always relatively small — even though not entirely negligible —
with often sharp drops just after one of the trade-off parameters crosses a bifurcation value.
While further work is necessary to test the extent to which these features generalise to more
realistic scenarios, these results suggest that generically, the “lack” of successive refinability

37While this quantity has initially been introduced as part of the partial information decomposition literature,
here we do not aim to contribute to this line of work.
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of the IB is relatively mild, and that successive refinement is the “closest” to hold for trade-off
parameters poised close to bifurcation values.

Eventually, we point out that previous results relating to what is known as the Blackwell
order (Bertschinger et al., 2014) directly yield an interpretation of successive refinement in
terms of decision problems. Crucially for the relevance of this framework to the study of
soft invariances, it is this last characterisation that proves that successive refinement is indeed
equivalent to equation (1.3.7) above.
Publication Information. Chapter 4 is a condensed version of (Charvin et al., 2023a). A
preliminary version of this work was published in (Charvin et al., 2022).
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Chapter 2

Information Parsimony and
Symmetries of Stochastic Channels

2.1 Introduction

Group symmetries have become highly relevant to the study of adaptive behaviour and intel-
ligent systems, from equivariant brain dynamics (Bertoni et al., 2021; Bressloff et al., 2001;
Jirsa et al., 2022) to equivariant neural networks (Gerken et al., 2023) or AI-assisted scien-
tific discovery (Liu et al., 2023; Teichner et al., 2023), with growing convergences between
neuroscience and machine learning research (Higgins et al., 2022; Keller et al., 2026). Closer
to the motivations of this thesis, the study of symmetries involving both sensory and mo-
tor spaces has long been part of or adjacent to sensorimotor perception research (O’Regan
et al., 2001) — see Section 1.2 for a detailed analysis of these intersecting lines of work. In
particular, the abstract symmetries of embodied agents’ sensorimotor interface seem to be a
promising mathematical object for the formalisation of what (O’Regan et al., 2001) refers to as
apparatus-related sensorimotor contingencies (see the subsection “Representation learning,
reinforcement learning & apparatus-related SMCs” in Section 1.2.3).

This relevance of group-theoretic tools is often understood as a consequence of the perva-
siveness of symmetries in the natural world (Higgins et al., 2018, 2022) or in the interaction
of embodied agents with their environment (O’Regan et al., 2001). However, the existence
of such symmetries does not explain why they would be relevant from the intrinsic point of
view of an embodied, in particular biological agent. In other words, one needs to ask what
constraints would induce agents to leverage these symmetry structures.

One possible answer is that the presence of symmetries in a system allows for a simpler
description of it — which is highly valuable under stringent informational constraints, as it
offers opportunities for informationally “cheap” interactions (Langer et al., 2021; Montúfar
et al., 2015). In other words, a system’s symmetries afford the possibility of informationally
parsimonious descriptions of it (van der Ouderaa et al., 2024) — see Sections 1.1.1 and 1.1.2
for a more detailed discussion of the hypothesis of a “duality” between structure and infor-
mation parsimony.

In particular, the projection on orbits of a symmetry group’s action can be seen as an
“information-preserving compression”, as it preserves the information about anything invari-
ant under the group action (see Proposition A.0.4 for a formal statement). This suggests that
projections on orbits might be solutions to well-chosen rate-distortion problems (Cover et al.,
2009; Zaidi et al., 2020), hence opening the way to the integration of group symmetries into
an information-theoretic framework. If successful, such an integration could formalise the
link between symmetry and information parsimony, but also (𝑖) yield natural ways to “soften”
group symmetries into flexible concepts more relevant to real-world data — which often lacks
exact symmetries despite exhibiting a strong “structure” — and (𝑖𝑖) enable symmetry discov-
ery through the optimisation of information-theoretic quantities.
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As a first step in this direction, we introduce a novel rate-distortion-inspired framework
whose solutions capture, or at least mimick, the projection on orbits of certain group symme-
tries. We call it Divergence Information Bottleneck (DIB), as it generalises the Information
Bottleneck (IB) method (Tishby et al., 2000). Here, the compression of the data’s distribution
is traded-off with the perservation its divergence from a given hierarchical model, poten-
tially under constraints on the shape of compression channels. As divergences from hierar-
chical models are geometric measures of complexity (Ay et al., 2011), this setting produces
complexity-preserving compressions. With appropriate choices of hierarchical models and
shape constraints, we obtain compression channels which, for full divergence preservation,
characterise various group-theoretic symmetries. Allowing only partial divergence preserva-
tion then leads to principled definitions of soft symmetries, whose “softness” is parametrised
by the compression-divergence preservation trade-off: i.e., softer symmetries correspond to
more compression and less preserved divergence.

The IB method has previously been argued to extract invariances (Achille et al., 2018a).
In Section 2.2, we prove that it indeed characterises group-theoretic channel invariances. This
motivates the DIB framework, which we specialise to characterise the equivariances of a chan-
nel 𝜇(𝑌 |𝑋) and the invariances of a distribution 𝜇(𝐴) (Section 2.3). We then present simple
synthetic numerical experiments on soft equivariances (Section 2.4), where we study chan-
nels satisfying a series of nested equivariances that have been perturbed to various degrees.
We show that our framework recovers the perturbed equivariances, at successive bifurcation
points of the trade-off parameter corresponding to increasingly compressed resolutions. In
Sections 2.5.1 and 2.5.2, we summarise our results and discuss their limitations. Eventually,
in Section 2.5.3, we outline a way forward to address the latter, in particular regarding how to
discover not only the compression made possible by the presence of probabilistic symmetries,
but the corresponding symmetry transformations themselves.

Let us stress that, again, while these results are of a formal and computational nature,
they are also motivated by and aimed at sensiromotor theories of perception. Indeed, while
the equivariances considered here are more generic than the symmetries of embodied agent’s
sensorimotor interfaces, the former provide a preliminary step that could be specialised to the
latter in future work (see our discussion on apparatus-related sensorimotor contingencies in
Section 1.2.3).

Assumptions and notations All alphabets are finite, except bottleneck alphabets  ∶=
ℕ.1 The probability simplex defined by an alphabet  is denoted by Δ. The support of a
distribution 𝜇 ∈ Δ is

supp(𝜇) ∶= {𝑎 ∈  ∶ 𝜇(𝑎) > 0}. (2.1.1)
We say that 𝜇 is full-support if supp(𝜇) = . The set of conditional probabilities, also called
channels, from  to , resp. to  itself, is denoted by 𝒦 (,), resp. 𝒦 (). Whenever
this creates no confusion, a function 𝑓 ∶  →  is seen as the corresponding deterministic
channel 𝛾𝑓 defined, for all 𝑎 ∈ , 𝑏 ∈ , by 𝛾𝑓 (𝑏|𝑎) ∶= 𝛿𝑓 (𝑎)=𝑏. The hook-up of a distri-
bution 𝜇 ∈ Δ with a channel 𝛾 ∈ 𝒦 (,) is the joint distribution 𝜇𝛾 ∈ Δ× defined
by 𝜇𝛾(𝑎, 𝑏) ∶= 𝜇(𝑎)𝛾(𝑎|𝑏). The push-forward of a distribution 𝜇 ∈ Δ through a channel
𝛾 ∈ 𝒦 (,) is the distribution 𝛾 ⋅ 𝜇 ∈ Δ defined, for all 𝑏 ∈ , by

(𝛾 ⋅ 𝜇)(𝑏) ∶=
∑

𝑎∈
𝛾(𝑏|𝑎)𝜇(𝑎).

1Our results should adapt easily to the case of finite | |, but by choosing  ∶= ℕ we here ignore the question
of the minimal cardinality of  for which our results still hold.
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By extension, 𝑓 ⋅𝑎 ∶= 𝑓 (𝑎) for an element 𝑎 and a function 𝑓 . The symbol ◦ denotes channel
composition. The set of bijections of  is Bij(), the uniform distribution 𝜐, the identity
map 𝖨𝖽, and ∁ ∶= ⧵ for  ⊆ . For 𝜇1 ∈ Δ, 𝜇2 ∈ Δ, their tensor product is defined
through (𝜇1 ⊗ 𝜇2)(𝑎, 𝑏) ∶= 𝜇1(𝑎)𝜇2(𝑏). Similarly (𝜙 ⊗ 𝜓)(𝑏, 𝑏′|𝑎, 𝑎′) ∶= 𝜙(𝑏|𝑎)𝜓(𝑏′|𝑎′) for
𝜙 ∈ 𝒦 (,), 𝜓 ∈ 𝒦 (′,′). Eventually, we refer to Chapter 2 in (Ay et al., 2017) for an
explicit definition of an exponential family on a probability simplex Δ.

2.2 Information Bottleneck and Group Invariances

Recall that the IB implements a trade-off between compressing a variable, say 𝑋, and pre-
serving the information that 𝑋 carries about a second variable 𝑌 . More precisely, let 𝜇 ∶=
𝜇(𝑋, 𝑌 ) ∈ Δ× with 𝜇(𝑋) full-support. The corresponding IB problem is then (Gilad-
Bachrach et al., 2003)

IB(𝜆) ∶= argmin
𝜅 ∈𝒦 ( , ) ∶
𝐼𝜅 (𝑇 ;𝑌 )≥𝜆

𝐼𝜅(𝑋; 𝑇 ), (2.2.1)

where mutual informations are computed w.r.t. 𝑞𝜅(𝑋, 𝑌 , 𝑇 ) ∶= 𝜇𝜅 and 0 ≤ 𝜆 ≤ Λ ∶=
𝐼(𝑋; 𝑌 ). The IB method can be seen as a softening of the notion of minimal sufficient statistic
(see, e.g., Definition 3.3.16), and, crucially for us, has been suggested to extract invariances
(Achille et al., 2018a). However, surprisingly, we are not aware of an explicit result showing
that the solutions to the IB problem (2.2.1) do extract invariances in the group-theoretic sense.
In this section, we show that this is indeed the case.
Definition 2.2.1. An invariance of the channel 𝜇(𝑌 |𝑋) is a bijection 𝜙 ∈ Bij() such that
𝜇(𝑌 |𝑋)◦𝜙 = 𝜇(𝑌 |𝑋). The channel invariance group ci of 𝜇(𝑌 |𝑋) is the set of invariances
of 𝜇(𝑌 |𝑋) equiped with channel composition. The corresponding projection on orbits is
written 𝗉𝗋ci ∶  → ∕ci.

Our starting point is the observation that this projection on orbits characterises the channel
invariance group. Indeed, it can be easily verified that 𝜙 ∈ ci ⇔ 𝗉𝗋ci◦𝜙 = 𝗉𝗋ci. This can be
expressed with the following equivalence of commutative diagrams:

 



𝜙

𝜇(𝑌 |𝑋)

𝜇(𝑌 |𝑋)
⇔

 

⟋ci

𝜙

𝗉𝗋ci 𝗉𝗋ci (2.2.2)

which means that the commutativity of the left-hand-side diagram — i.e., the defining prop-
erty of invariances — is equivalent to that of the right-hand-side one.

We will show that the solutions 𝜅 ∈ IB(Λ) essentially coincide with 𝗉𝗋ci, thus yielding an
information-theoretic characterisation of ci through such 𝜅. We will need the equivalence
relation

𝑥 ∼ 𝑥
′ ⇔ 𝜇(𝑌 |𝑥) = 𝜇(𝑌 |𝑥′), (2.2.3)

with corresponding partition ( 𝑐)𝑐∈ and projection 𝗉𝗋 ∶  →  on equivalence classes;
along with the following notion.
Definition 2.2.2. The set of congruent channels (Ay et al., 2017) from  to , denoted by
𝒦𝖼𝗈𝗇𝗀(,), is that of channels 𝜄 such that there exists a function 𝑓 ∶  → with 𝑓◦𝜄 = 𝖨𝖽.
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In particular, composing an compression channel 𝜅 with a congruent channel 𝜄 can be seen
as a trivial operation, in the sense that it does not induce further compression, as the output
of 𝜅 can be unambigously recovered from that of 𝜄◦𝜅.
Theorem 2.2.3. For Λ ∶= 𝐼(𝑋; 𝑌 ) and all 𝜙 ∈ Bij(), the following holds:

(i) IB(Λ) = {

𝜄◦𝗉𝗋 ∶ 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(𝑋̄,  )
}

.

(ii) For all 0 ≤ 𝜆 ≤ Λ and 𝜅 ∈ IB(𝜆), there exists a channel 𝛾 ∈ 𝒦 (,  ) such that
𝜅 = 𝛾◦𝗉𝗋 .

(iii) Let 𝜅 ∈ IB(Λ). Then 𝜙 ∈ ci if and only if 𝜅◦𝜙 = 𝜅.

(iv) If 𝜙 ∈ ci, then 𝜅◦𝜙 = 𝜅 also holds for all 0 ≤ 𝜆 ≤ Λ and 𝜅 ∈ IB(𝜆).
(v) The projection 𝗉𝗋 defined by ∼ coincides with the projection on orbits 𝗉𝗋ci.

Proof. See Appendices B.1 and B.2.
Crucially, point (𝑖𝑖𝑖) means that invariances are thoses bijections 𝜙 such that the effect

of transforming  with 𝜙 is “quotiented out” by 𝜅 ∈ IB(Λ), making them indistinguishable
from the identity. This information-theoretic characterisation of group invariances from point
(𝑖𝑖𝑖) can be expressed through the following equivalence of commutative diagrams:

 



𝜙

𝜇(𝑌 |𝑋)

𝜇(𝑌 |𝑋)
⇔

 



𝜙

𝜅 𝜅
(2.2.4)

I.e., we replaced the quotient space ∕ci from Diagram (2.2.2) by a bottleneck space  ,
and the corresponding projection 𝗉𝗋ci by the bottleneck projection 𝜅 ∈ IB(Λ). Points (𝑖)
explains why this is possible: these compression channels 𝜅 implement precisely (up to trivial
post-processing by congruent channels) the quotient of  by the equivalence relation ∼ that
equates elements of  providing the same information about 𝑌 (see (2.2.3)).

Point (𝑖𝑖) shows that the factorisation of bottleneck channels 𝜅 ∈ IB(𝜆) by the projection
𝗉𝗋 actually holds for all parameter 𝜆 — note however that for 𝜆 < Λ, the channel 𝛾 in point
(𝑖𝑖) might not be congruent. Point (𝑖𝑣) is a direct consequence of point (𝑖𝑖), and shows that
the “quotienting out” of invariances by bottlenecks also occurs for all values of the trade-off
parameter 𝜆, even though it is only a full characterisation for 𝜆 = 𝐼(𝑋; 𝑌 ). Point (𝑣), com-
bined with point (𝑖), means that the projection 𝗉𝗋ci, defined purely in group-theoretic terms, is
characterised as the solution to the zero-distortion case of a generalised rate-distortion prob-
lem, here the IB (Zaidi et al., 2020). Note that, as a consequence of point (𝑖), the solutions
for 𝜆 ∶= Λ only depend on the channel 𝜇(𝑌 |𝑋) from source to relevancy, and not on the
distribution 𝜇(𝑋) on the source. However, this source distribution becomes important once
we consider the cases of partial information preservation 0 ≤ 𝜆 < Λ. Let us also mention
that point (𝑖) is redundant with existing results: it can be seen as the fact that IB(Λ) consists
of minimal sufficient statistics of 𝑋 w.r.t. 𝑌 , proven in (Shamir et al., 2010). But our new
proof also yields point (𝑖𝑣) and generalises to that of Theorem 2.3.1 below.

Moreover, this information parsimony perspective on group invariances suggests a prin-
cipled way to “soften” them:
Definition 2.2.4. Let 0 ≤ 𝜆 ≤ Λ. A 𝜆-invariance is a channel 𝜙 ∈ 𝒦 () such that there
exists 𝜅 ∈ IB(𝜆) with 𝜅◦𝜙 = 𝜅.
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In other words, a soft invariance is defined through the very same equation that charac-
terises exact invariances, but where the fully information-preserving compression 𝜅 is now
only a partially information-preserving compression. Moreover, we allow𝜙 to be non-invertible
and stochastic. Here, the smaller 𝜆, the more coarse-grained is the bottleneck 𝜅 ∈ IB(𝜆), and
thus, intuitively, the corresponding 𝜆-invariances captures structure in more “schematised”
version of the source 𝑋. Note, however, that at this stage, it is not clear how to explicitly
recover the 𝜆-invariances 𝜙 from a bottleneck 𝜅 ∈ IB(𝜆) (see Section 2.5.2).

While previous work has already largely explored the idea that the classic IB method ex-
tracts invariances (see Chapter 1, Section 1.1.2), our explicit group-theoretic formalisation
suggests deeper connections between group-theoretic symmetries and trade-offs between in-
formation parsimony and other well-chosen information-theoretic quantities. It also provides
guidance for investigating such generalisations — i.e., for reformulating and softening prob-
abilistic symmetries with the language of information theory. The following sections provide
first steps in this direction.

2.3 Divergence Information Bottleneck and Group Symmetries

In this section, we present a novel generalisation of the IB framework, which we then apply
to reformulate channel equivariances and distribution invariances in an information-theoretic
language.

2.3.1 General framework

Fix a full-support distribution 𝜇 = 𝜇(𝐴) ∈ Δ, an exponential family  ⊆ Δ, and a subset
of compression channels 𝒦𝗌𝗁𝖺𝗉𝖾 ⊆ 𝒦 (,  ). We then define the Divergence Information
Bottleneck (DIB) as

DIB(𝜆) ∶= argmin
𝜅∈𝒦𝗌𝗁𝖺𝗉𝖾

𝐷(𝜅⋅𝜇||𝜅⋅)≥𝜆

𝐼𝜅(𝐴; 𝑇 ), (2.3.1)

where 0 ≤ 𝜆 ≤ Λ ∶= 𝐷(𝜇||), and
𝐷(𝜇||) ∶= inf

𝜈∈
𝐷
(

𝜇||𝜈
)

= 𝐷
(

𝜇||𝜇̃
)

, (2.3.2)
𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ ) ∶= inf

𝜈∈
𝐷
(

𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜈
)

= 𝐷
(

𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜇̃
)

. (2.3.3)

Here 𝜇̃ ∈  is the unique distribution which achieves the minimum in (2.3.2), and happens
to also achieves the minimum in (2.3.3) (see Appendix B.3.1). While 𝐷(𝜇||) is the diver-
gence of the distribution 𝜇 from the exponential family  , here 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ ) measures the
“divergence of 𝜇 from  after compression by the channel 𝜅’’. Solutions to (2.3.1) can thus
be seen as optimal compressions of 𝐴 under the constraint of (partially or fully) preserving
the divergence of 𝜇 from the exponential family  . The choice of 𝒦𝗌𝗁𝖺𝗉𝖾 allows to poten-
tially enforce constraints on the shape of compression channels 𝜅 (e.g., if  = 1 ×2 is a
Cartesian product, we could require that 𝜅 ∶= 𝜅1⊗𝜅2, i.e., that 𝜅 processes each coordinate
separately).

Intuitively, 𝐷(𝜇||) measures the presence of a specific structure in 𝜇, formalised as the
divergence from the family  of distributions which do not have such structure. E.g., for
 =  ×  and  ∶= Δ ⊗ Δ , we have 𝐷(𝜇||) = 𝐼(𝑋; 𝑌 ): the corresponding DIB
(with e.g. 𝒦𝗌𝗁𝖺𝗉𝖾 = 𝒦 ( ×  ,  )) is a mutual information-preserving joint compression of
𝑋 and 𝑌 (Charvin et al., 2023b). More generally, the divergence from a hierarchical model2

2See, e.g., (Ay et al., 2017) for an explicit definition of hierarchical models — which we will not rely on here.
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 measures the complexity of a system’s given set of interdependencies (Ay et al., 2011).
The DIB problem is tailored for this setting, where solutions to (2.3.1) are thus complexity-
preserving optimal compressions. However, here we consider a general exponential family 
because this is all that is required to prove Theorem 2.3.1 below.

Let us define, on , the equivalence relation
𝑎 ∼ 𝑎′ ⇔ 𝜇(𝑎)𝜇̃(𝑎′) = 𝜇(𝑎′)𝜇̃(𝑎), (2.3.4)

with corresponding partition (𝑐)𝑐∈ and projection 𝗉𝗋 ∶  →  on equivalence classes.
Then:
Theorem 2.3.1. If 𝒦𝗌𝗁𝖺𝗉𝖾 = 𝒦 (,  ) and 𝜇 is ful-support, then:

(i) DIB(Λ) = {

𝜄◦𝗉𝗋 ∶ 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  )
}

.

(ii) For all 0 ≤ 𝜆 ≤ Λ and 𝜅 ∈ DIB(𝜆), there exists a channel 𝛾 ∈ 𝒦 (,  ) such that
𝜅 = 𝛾◦𝗉𝗋.

Proof. See Appendices B.1 and B.3.2.
Point (𝑖) shows that for full support 𝜇(𝐴) and no constraints on the shape of compression

channels, the fully divergence-preserving solutions 𝜅 ∈ DIB(Λ) coincide, up to trivial trans-
formations, with the clustering of  defined by the relation (2.3.4). Point (𝑖𝑖) shows that,
similarly as for the classic IB, the factorisation of a bottleneck channel 𝜅 by the projection 𝗉𝗋
also holds for arbitrary trade-off parameter 𝜆 (compare with point (𝑖𝑖𝑖) in Theorem 2.2.3).

2.3.2 Application to equivariances

Consider now = × equipped with a full support distribution 𝜇 = 𝜇(𝑋, 𝑌 ); in particular,
the conditional distribution 𝜇(𝑌 |𝑋) is uniquely defined.
Definition 2.3.2. An equivariance of the channel 𝜇(𝑌 |𝑋) is a pair (𝜙, 𝜓) ∈ Bij() × Bij()
such that 𝜇(𝑌 |𝑋)◦𝜙 = 𝜓◦𝜇(𝑌 |𝑋). The corresponding group of channel equivariances is the
set of equivariances of 𝜇(𝑌 |𝑋) equiped with the group law (𝜙, 𝜓) ⋅(𝜙′, 𝜓 ′) ∶= (𝜙◦𝜙′, 𝜓◦𝜓 ′).
The corresponding space of orbits is denoted by ×∕ce, and the corresponding projection on
orbits by 𝗉𝗋ce ∶  ×  → ×∕ce.

Crucially, as was the case for invariances (see Section 2.2), the projection on orbits 𝗉𝗋ce
characterises the group ce:
Lemma 2.3.3. Let (𝜎, 𝜏) ∈ Bij() × Bij(). The following are equivalent:

(i) (𝜙, 𝜓) is an equivariance of 𝜇(𝑌 |𝑋),

(ii) For all (𝑥, 𝑦) ∈  ×  , we have 𝜇(𝑦|𝑥) = 𝜇(𝜏 ⋅ 𝑦|𝜎 ⋅ 𝑥),

(iii) 𝗉𝗋ce◦(𝜙⊗ 𝜓) = 𝗉𝗋ce.

Proof. See Appendix B.3.3.
The characterisation (𝑖) ⇔ (𝑖𝑖𝑖) of equivariances can be expressed with the following

equivalence of commutative diagrams:

 

 

𝜙

𝜇(𝑌 |𝑋)

𝜓

𝜇(𝑌 |𝑋)

⇔

 ×   × 

 × ⟋ce

𝜙⊗𝜓

𝗉𝗋ce 𝗉𝗋ce (2.3.5)
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Our aim is thus to proceed similarly as for channel invariances and the classic IB mehod:
we want to obtain a generalised IB problem such that the solutions for maximal trade-off
parameter 𝜆 coincide with the projection on orbits 𝗉𝗋ce, or at least mimic its characterisation
(2.3.5) of equivariances.

Note that here 𝗉𝗋ce does not compress  and  separately but jointly (Charvin et al.,
2023b): i.e., the orbits are not necessarily of the form  𝑐 ×𝑐 for some  𝑐 ⊆  and 𝑐 ⊆  .
This can be seen, e.g., by considering  ∶=  ∶= {𝑥1, 𝑥2}, 𝑝 ∈ [0, 1] and the binary
symmetric channel defined by 𝜇(𝑥𝑗|𝑥𝑖) = 1 − 𝑝 for 𝑖 = 𝑗 and 𝜇(𝑥𝑗|𝑥𝑖) = 𝑝 for 𝑖 ≠ 𝑗. Here
the equivariance group is {𝖨𝖽, 𝜙 ⊗ 𝜙}, where 𝖨𝖽 is the identity on  ×  , while 𝜙 permutes
𝑥1 and 𝑥2. The corresponding orbits are thus {(𝑥1, 𝑥1), (𝑥2, 𝑥2)} and {(𝑥2, 𝑥1), (𝑥1, 𝑥2)}: i.e.,
they are “diagonal”. This example suggests that we should impose no constraint on the shape
of compression channels: 𝒦𝗌𝗁𝖺𝗉𝖾 ∶= 𝒦 ( ×  ,  ).

Moreover, from Lemma 2.3.3, it can be verified that for all (𝑥, 𝑦), (𝑥′, 𝑦′) ∈  ×  , the
equality 𝗉𝗋ce(𝑥, 𝑦) = 𝗉𝗋ce(𝑥′, 𝑦′) implies 𝜇(𝑦|𝑥) = 𝜇(𝑦′|𝑥′). Based on this observation, we
search for an exponential family  such that the relation ∼ from equation (2.3.4) is equivalent
to

(𝑥, 𝑦) ∼ (𝑥′, 𝑦′) ⇔ 𝜇(𝑦|𝑥) = 𝜇(𝑦′|𝑥′). (2.3.6)
This is achieved by choosing

 ∶= ce ∶= {𝜈 ⊗ 𝜐 , 𝜈 ∈ Δ},

where we recall that 𝜐 is the uniform distribution on  . Indeed, it can be easily verified
that the projection of 𝜇 on the exponential family ce is then 𝜇̃ ∶= 𝜇 ⊗ 𝜐 , where 𝜇 is the
marginal of 𝜇 on  and 𝜐 is the uniform distribution on  . The relation ∼ from Section 2.3.1
(see equation (2.3.4)) thus becomes

(𝑥, 𝑦) ∼ (𝑥′, 𝑦′) ⇔ 𝜇(𝑥, 𝑦)𝜇̃(𝑥′, 𝑦′) = 𝜇(𝑥′, 𝑦′)𝜇̃(𝑥, 𝑦)

⇔ 𝜇(𝑥, 𝑦)𝜇(𝑥′) 1
||

= 𝜇(𝑥′, 𝑦′)𝜇(𝑥) 1
||

⇔ 𝜇(𝑦|𝑥) = 𝜇(𝑦′|𝑥′).

Note that ce coincides with the hierarchical model of probabilities on  × that actually
depend only on  . Borrowing from the geometric approach to complexity (Ay et al., 2011),
we thus interpret𝐷(𝜇||ce) as the “degree to which the system (𝑋, 𝑌 ) is more than just𝑋”, or
equivalently, “the amount of information that 𝜇(𝑌 |𝑋) carries about (𝑋, 𝑌 )”. More precisely,
ce is the family of probabilities 𝜈(𝑋, 𝑌 ) such that 𝜈(𝑌 |𝑥) (when well-defined) is always equal
to the maximum entropy distribution 𝜈 = 𝜐 . This condition means, intuitively, that the
channel 𝜈(𝑌 |𝑋) is “maximally uninformative”, i.e., that it “carries no information” about the
system (𝑋, 𝑌 ). Through the decomposition 𝜈(𝑋, 𝑌 ) = 𝜈𝜈(𝑌 |𝑋), this is equivalent to the
intuition that all the information about (𝑋, 𝑌 ) is contained in the marginal 𝜈 .

The divergence 𝐷(𝜇||ce) then quantifies “how far” 𝜇 is from such distributions. Thus
the set of solutions to the DIB problem (2.3.1) with  =  ×  ,  = ce and parameter 𝜆
can be interpreted as that of optimal compressions preserving the information carried by the
channel 𝜇(𝑌 |𝑋) (to the degree 𝜆). We denote by DIBce(𝜆) this set of solutions, and 𝗉𝗋ce the
projection on the equivalence classes defined by the relation ∼ in (2.3.6).
Theorem 2.3.4. The following holds, for Λ ∶= 𝐷(𝜇||ce) and all (𝜙, 𝜓) ∈ Bij() ×Bij():3

(i) DIBce(Λ) =
{

𝜄◦𝗉𝗋ce ∶ 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀( ×  ,  )
}

.

3Appendix B.3.5 clarifies how this work relates to our previous results in (Charvin et al., 2023b).
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(ii) For all 0 ≤ 𝜆 ≤ Λ and 𝜅 ∈ DIBce(𝜆), there exists a channel 𝛾 ∈ 𝒦 ( ×  ,  ) such
that 𝜅 = 𝛾◦𝗉𝗋.

(iii) Let 𝜅 ∈ DIBce(Λ). Then (𝜙, 𝜓) ∈ ce if and only if 𝜅◦(𝜙⊗ 𝜓) = 𝜅.

(iv) If (𝜙, 𝜓) ∈ ce, then 𝜅◦(𝜙⊗ 𝜓) = 𝜅 also holds for all 0 ≤ 𝜆 ≤ Λ and 𝜅 ∈ DIBce(𝜆).

(v) The projection 𝗉𝗋 defined by ∼ in equation (2.3.6) does not, in general, coincide with
𝗉𝗋ce.

Proof. See Appendix B.3.4. Points (𝑖) and (𝑖𝑖) are direct applications of Theorem 2.3.1, and
the remaining points follow easily, with similar proofs as for the classic IB case.

Most importantly, point (𝑖) means that equivariances of 𝜇(𝑌 |𝑋) are those pairs of trans-
formations (𝜙, 𝜓) such that the effect of simultaneously transforming  with 𝜙 and  with
𝜓 is “quotiented out” by the coarse-grainings 𝜅 ∈ DIB(Λ), making these transformations
indiscernible from the identity. The DIBce framework thus provides an information-theoretic
characterisation of equivariances. It can be summarised with the following equivalence of
commutative diagrams:

 

 

𝜙

𝜇(𝑌 |𝑋)

𝜓

𝜇(𝑌 |𝑋)

⇔

 ×   × 



𝜙⊗𝜓

𝜅 𝜅

i.e., we replaced the quotient space ×∕ce from the Diagram (2.3.5) by a bottleneck space
 , and the projection on orbits 𝗉𝗋ce by a compression channel 𝜅 ∈ DIBce(Λ) implementing a
trade-off between compression and preservation of the divergence 𝐷(𝜇||ce).

Note that, similarly as for the classic IB, point (𝑖) also implies that the solutions for 𝜆 ∶= Λ
only depend on the channel 𝜇(𝑌 |𝑋), and not on the distribution 𝜇(𝑋) on the source. However,
𝜇(𝑋) becomes important once we consider the cases of partial divergence preservation 0 ≤
𝜆 < Λ.

Moreover, point (𝑖𝑖) in Theorem 2.3.4 means that the “quotienting out” of equivariances
happens actually for all granularities 𝜆, even though the equivalence only holds for 𝜆 = Λ.

However, unfortunately, point (𝑖𝑖𝑖) says that the clustering 𝗉𝗋 obtained from DIBce(Λ) does
not always coincide with the projection on orbits 𝗉𝗋ce. See Appendix B.3.4 for mathematical
details, Section 2.5.2 for a longer discussion of this limitation, and Section 2.5.3 for an outline
of how this limitation could be overcome in future work.

Following again our approach for the classic IB, we can now draw upon our new infor-
mation parsimony perspective on equivariances to soften this group-theoretic notion, where
each granularity 𝜆 defines a corresponding set of soft equivariances:
Definition 2.3.5. Let 0 ≤ 𝜆 ≤ Λ. A 𝜆-equivariance is a pair of channels (𝜙, 𝜓) ∈ 𝒦 ()⊗
𝒦 () such that there exists 𝜅 ∈ DIBce(𝜆) with 𝜅◦(𝜙⊗ 𝜓) = 𝜅.

In other words, a soft equivariance is defined through the very same equation that char-
acterises exact equivariances, but where the fully information-preserving compression 𝜅 is
now only a partially information-preserving compression. Moreover, we allow 𝜙 and 𝜓 to
be non-invertible and stochastic. Such soft equivariances will be explored numerically in
Section 2.4.

To conclude this section, let us point out that the classic IB can be recovered as a DIB
with the same exponential family ce as for equivariances, but with shape constraints𝒦𝗌𝗁𝖺𝗉𝖾 ⊊
𝒦 (,  ) which impose that 𝜅 can only compress  and not  . See Appendix B.3.6.
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2.3.3 Application to distribution invariances

We can proceed similarly for transformations leaving a given distribution invariant. I.e., let
𝜇 ∈ Δ be full support, and define the group di of distribution invariances as the group
of Φ ∈ Bij() such that 𝜇(Φ ⋅ 𝐴) = 𝜇(𝐴). As we do not consider any structure on , we
choose unconstrained compression channels, i.e., 𝒦𝗌𝗁𝖺𝗉𝖾 = 𝒦 (,  ). Moreover, as Φ ∈ di
if and only if 𝜇(𝑎) = 𝜇(Φ ⋅ 𝑎) for all 𝑎, it is natural to search for an exponential family
yielding the equivalence relation 𝑎 ∼ 𝑎′ ⇔ 𝜇(𝑎) = 𝜇(𝑎′). It can be easily verified that this
is achieved by choosing only the uniform distribution:  = di ∶= {𝜐}. Intuitively, here
the DIB problem, which we denote by DIBdi, preserves (partially or wholly) the divergence
𝐷(𝜇(𝐴)||𝜐) of 𝜇(𝐴) from the uniform distribution: i.e., it preserves the “degree to which
𝜇(𝐴) is deterministic".
Theorem 2.3.6. The following holds, for Λ ∶= 𝐷(𝜇||di) and all Φ ∈ Bij():

(i) Let 𝜅 ∈ DIBdi(Λ). Then Φ ∈ di if and only if 𝜅◦Φ = 𝜅.

(ii) If Φ ∈ ci, then 𝜅◦Φ = 𝜅 also holds for all 0 ≤ 𝜆 ≤ Λ and 𝜅 ∈ DIBdi(𝜆).

(iii) The projection 𝗉𝗋 defined by ∼ coincides with the projection on orbits 𝗉𝗋di.

The proof relies on Theorem 2.3.1 (see Appendix B.3.7). Interpretations of points (𝑖) and
(𝑖𝑖) are analogous to those for equivariances. Point (𝑖𝑖𝑖) highlights that here, 𝗉𝗋di and 𝗉𝗋 do
coincide. Eventually, one can directly adapt the definition of soft equivariances to one for soft
distribution invariances.

2.3.4 Relevant computational and conceptual tools

Here, we present an algorithm approximating solutions to the DIB (2.3.1) for unconstrained
shape of compression channels, and two relevant concepts. Consider the Lagrangian relax-
ation of (2.3.1),

argmin
𝜅∈𝐶

[

𝐼𝜅(𝐴; 𝑇 ) − 𝛽𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜇̃)
]

, (2.3.7)

where 𝛽 ≥ 0. For no constraints on the shape of compression channels, i.e., for 𝒦𝗌𝗁𝖺𝗉𝖾 =
𝒦 (,  ), deriving the Lagrangian above w.r.t. 𝜅 yields a fixed-point equation that all local
minimisers must satisfy (similarly as for the classic IB). From this fixed-point equation, we
obtain a Blahut-Arimoto-like (BA) algorithm with the same guarantees as BA for the classic
IB (Tishby et al., 2000) (see Appendices B.4.1 and B.4.2).4 In the following, we will write
𝜅𝛽 for the output of the BA algorithm (i.e., a local minimser) with parameter 𝛽, and also
𝐼𝛽 ∶= 𝐼𝜅𝛽 (𝐴; 𝑇 ) and 𝐷𝛽 ∶= 𝐷(𝜅𝛽 ⋅ 𝑝||𝜅𝛽 ⋅ 𝜇̃). Note that both 𝐼𝛽 and 𝐷𝛽 increase with 𝛽.

Now the effective cardinality (Zaslavsky et al., 2019) of some 𝜅 ∈ DIB(𝜆) is defined as
the minimum number of symbols 𝑡 necessary to describe the output of 𝜅 (see Appendix B.4.3
for a formal definition). In all our numerical experiments, we observed that: (𝑖) similarly
as for the classic IB, effective cardinality monotically increases with 𝛽, and (𝑖𝑖) changes of
effective cardinality coincide with discontinuities in the slope of the curve 𝛽 → (𝐼𝛽 , 𝐷𝛽),
which is reminiscent of the second-order bifurcations observed for the IB (Zaslavsky et al.,
2019). We will thus here refer to changes of effective cardinalities as bifurcations.

Eventually, we want to investigate whether the equation 𝜅𝛽◦Φ = 𝜅𝛽 is satisfied for varying
𝛽 and varying Φ ∈ , with  some fixed subgroup of Bij(). But numerically, it is also

4The convergence speed (and thus computational feasability) of this and other BA algorithms is difficult to
estimate — particularly as they exhibit critical slowing down near bifurcations (Agmon et al., 2021).
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FIGURE 2.1: Left: representation of 𝜇(𝑌 |𝑋), where 𝑋 is the position on the grid,
𝑌 the gradient direction, and probabilities are proportional to arrow lengths. Thus
equivariances are here pairs (𝜙, 𝜓) that send each arrow on an arrow of equal length.
Right: same figure with colors representing a clustering of supp(𝜇(𝑋, 𝑌 )) — which
defines a clustering of  × if we add the cluster supp(𝜇(𝑋, 𝑌 ))∁, made of position-
orientation pairs with probability 0, i.e., with no arrow. The latter clustering is ob-
tained in 2 distinct ways: (𝑖) as the projection on orbits of the equivariance group of

𝜇(𝑌 |𝑋), and (𝑖𝑖) as the clustering defined by relation (2.3.6).

important, when this equation is not exactly satisfied, to quantify the extent of the deviation.
We propose to use the divergence defined for all channel 𝜅 ∈ 𝒦 (,  ) as

𝐷𝜇(𝜅||𝒦) ∶= min
𝜈∈𝒦

𝐷𝜇(𝜅||𝜈) ∶= min
𝜈∈𝒦

∑

𝑎∈supp(𝜇(𝐴))
𝜇(𝑎)𝐷(𝜅(𝑇 |𝑎)||𝜈(𝑇 |𝑎)),

where 𝒦 ∶= {𝜈 ∶ ∀Φ ∈ , 𝜈◦Φ = 𝜈} is the family of channels that are exactly input-
symmetric w.r.t . Intuitively,𝐷𝜇(𝜅||𝒦) measures the divergence of the channel 𝜅 from be-
ing input-symmetric for the action of  on the distribution 𝜇(𝐴). In particular,𝐷𝜇(𝜅||𝒦) = 0
if and only if 𝜅◦Φ = 𝜅 for all Φ ∈ . See Appendix B.4.4 for more details.

2.4 Synthetic numerical experiments on equivariances

The concept of soft 𝜆-equivariance from Section 2.3.2 is motivated by the case of full in-
formation preservation 𝜆 = Λ, where our new definition of 𝜆-equivariances coincides with
that of classic group equivariances. However, it is not a priori clear that, once 𝜆 < Λ, our
generalisation is consistent with the intuition of approximate symmetry. Here, we provide a
sanity check in this direction, in a simple synthetic grid-world scenario. We start from an
exactly equivariant channel 𝜇(𝑌 |𝑋), which we synthetically perturb in such a way to render
some of its equivariances more perturbed than others. We then expect that (𝑖) all the per-
turbed equivariances should be recovered as soft 𝜆-equivariances by the DIBce framework,
once the reduction of the parameter 𝜆 enforces sufficient compression, and (𝑖𝑖) more perturbed
equivariances should need more compression before being recovered as soft equivariances —
because it means that more noise needs to be “overlooked”.

We compute the DIBce solutions with the BA algorithm described in Appendix B.4.2,
combined with reverse deterministic annealing, starting from 𝑇 = (𝑋, 𝑌 ) for large 𝛽 (similarly
as for the classic IB in (Zaslavsky et al., 2019)). All our experiments were simulated on a PC
having 32GB of RAM and a 2.3GHz 12th generation i7 CPU.

Here,  stands for positions on a 5×5 grid, and for a gradient with 4 possible directions.
Thus 𝜇(𝑌 |𝑋) describes the probability of a direction at a given position, which can be thought
of, e.g., as a nutrient gradient sensed by a bacteria. We choose uniform 𝜇(𝑋) (choosing non-
uniform 𝜇(𝑋) resulted in similar results). As seen in Figure 2.1, left, 𝜇(𝑌 |𝑋) has many
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FIGURE 2.2: 𝐷𝛽 ∶= 𝐷(𝜅𝛽 ⋅ 𝑝||𝜅𝛽 ⋅ 𝜇̃) as a function of 𝐼𝛽 ∶= 𝐼𝜅𝛽 (𝑋, 𝑌 ; 𝑇 ). Bottom
left: Effective cardinality 𝑘(𝜅) as a function of 𝐼𝛽 . Right: Divergence of compression
channels 𝜅𝛽 as a function of 𝐼𝛽 , for the groups 𝐺ce and 𝐺rota. The vertical dashed
lines represent specific bifurcations of the parameter 𝛽 at which𝐷𝜇(𝜅𝛽 ||𝒦𝐺rota ), resp.

𝐷𝜇(𝜅𝛽 ||𝒦ce ), approximately vanishes (in decreasing order of 𝐼𝛽).

symmetries: it can be verified that the equivariance group of 𝜇(𝑌 |𝑋) has 6 distinct orbits
(one is supp(𝜇)∁), represented in Figure 2.1, right. Moreover, even though we saw in Theorem
2.3.4, point (𝑖𝑖𝑖), that the projection on orbits 𝗉𝗋ce and the clustering 𝗉𝗋 defined by relation
(2.3.6) do not generally coincide, here they do coincide. Thus Figure 2.1, right, also represents
𝗉𝗋.

From Section 2.3.4, we have 𝐷𝜇(𝜅𝛽||𝒦ce) = 0 if and only if 𝜅𝛽◦(𝜙, 𝜓) = 𝜅𝛽 for all
(𝜙, 𝜓) ∈ ce. Theorem 2.3.4, point (𝑖𝑖), suggests that this equation may indeed hold for all
𝛽.5 As a sanity check, we thus computed the DIBce bottlenecks 𝜅𝛽 for 0 ≤ 𝐷𝛽 ≤ Λ, and
indeed obtained 𝐷𝜇(𝜅𝛽||𝒦ce) ≤ 3 ⋅ 10−16 for all 𝛽. We also noted that the bottlenecks’
effective cardinality monotonically increases from 1 for 𝐷𝛽 = 0 to 6 for 𝐷𝛽 = Λ.

We then perturb 𝜇(𝑌 |𝑋) with two random perturbations. The first one, of larger ampli-
tude, breaks some equivariances in ce, but not all of them. More precisely, after the pertur-
bation, 𝜇(𝑌 |𝑋) still satisfies the equivariances from its subgroup 𝐺rota ⊊ ce generated by
rotating both the positions and the gradient directions by 90 degrees. The second perturba-
tion applied to 𝜇(𝑌 |𝑋), of smaller amplitude, breaks all the remaining equivariances from
𝐺rota. We thus obtain a new 𝜇(𝑌 |𝑋) which, intuitively, is still “approximately” equivariant,
but where the approximate equivariances in ce⧵𝐺rota are coarser than those in𝐺rota, because
the perturbation was larger for the former than for the latter.

We compute 1000 DIBce-bottlenecks for varying 𝛽 (which took 339 seconds). The re-
sulting information curve (𝐼𝛽 , 𝐷𝛽), along with the corresponding effective cardinalities, are
shown in Figure 2.2, left. As for the classic IB, we obtain a non-decreasing and concave in-
formation curve, and an increasing effective cardinality (except for small 𝐼𝛽 , which could be
due to numerical errors).

Crucially, we then observe (see Figure 2.2, right) that for decreasing 𝛽, the divergences
𝐷𝜇(𝜅𝛽||𝒦𝐺rota) and 𝐷𝜇(𝜅𝛽||𝒦ce) successively vanish, at bifurcation values 𝛽rota, resp. 𝛽ce <
𝛽rota. Thus the perturbed equivariances are here recovered by the DIBce method as soft equiv-
ariances, for large enough compression. Moreover, as the equivariances from 𝐺rota have been
less perturbed that those in the remaining of 𝐺ce, here the degree of compression required to
recover an approximate equivariance scales with the “coarseness” of that equivariance.

Eventually, note that, in Figure 2.2, left, the gain in divergence 𝐷𝛽 from 𝐼𝛽 = 𝐼𝛽ce to the
maximum value 𝐼max of 𝐼𝛽 is negligible, whereas 𝐼max − 𝐼𝛽ce is large. This resonates with

5Here, the full support assumption, which is required in Theorem 2.3.4, does not hold for 𝜇(𝑋, 𝑌 ). We leave
to future work the theoretical study of the case supp(𝜇(𝑋, 𝑌 )) ⊊  ×  .
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the intuition that underlying symmetries in raw data afford a potentially drastic informational
compression (𝐼𝛽 here), under a negligible loss in informational accuracy (𝐷𝛽 here).

2.5 Discussion

2.5.1 Summary

We started from an explicit formalisation of the idea that the IB implictily extracts invari-
ances. I.e., we showed that for full preservation of the information that the source 𝑋 carries
about the relevancy variable 𝑌 , the IB compression channels coincide with the projection on
orbits of the invariance group of 𝜇(𝑌 |𝑋) — and that for lower granularity, the compression
channel is always a post-processing of this projection on orbits. This motivated us to search
for a similar information-theoretic reformulation of the equivariances of a channel 𝜇(𝑌 |𝑋).
As in this case, the projection on orbits compresses 𝑋 and 𝑌 jointly, the bottleneck channel
must also do so — while, on the other hand, it seems clear that the information-theoretic
quantity to be preserved should depend only on (𝑋, 𝑌 ). We thus had to discard the notions
of “source” and “relevancy” variables, and design a framework that goes beyond the preser-
vation of mutual information. The new preserved quantity is, rather, a divergence beween
the respective projections, through the compression channel, of the data distribution and a
well-chosen exponential family. For equivariances, this results in a generalised IB problem
whose solutions, informally, trade-off compression with the preservation of the information
carried by the channel 𝜇(𝑌 |𝑋) about the system (𝑋, 𝑌 ).

Moreover, the trade-off between compression and divergence preservation can actually be
formulated for arbitrary exponential families on the probability simplex of an arbitrary finite
alphabet. This yields a highly versatile Divergence IB framework, which can be interpreted
— when the exponential family is a hierarchical model — as implementing compressions
preserving the complexity of a given set of stochastic interdependencies (Ay et al., 2011).
Therefore, this framework suggests a principled route to capture the data’s underlying sym-
metries through complexity-preserving coarse-grainings of it, thus exposing the data’s “pla-
tonic core”, so to say. Crucially, expressing symmetries through such IB-like trade-offs yields
a natural softening of these stringent group-theoretic notions.

Eventually, this new bridge between probabilistic symmetries and the language of infor-
mation theory is also a bridge with information-theoretic models of adaptive behaviour. In
particular, the Divergence IB framework could be specified to equivariances in Markov Deci-
sion Processes, e.g., of the kind defined in equation (1.2.1). This would make our framework
directly relevant to the study of sensorimotor perception, and, specifically, to what has been
referred to as apparatus-related sensorimotor contingencies — for a detailed discussion of
this point, see the subsection “Representation learning, reinforcement learning & apparatus-
related SMCs” in Section 1.2.3.

2.5.2 Limitations

The current framework, however, has important limitations. First, our core results are of
theoretical nature, and hold in the discrete and full support case. At this stage, it is still
unclear whether and how they extend to continuous and non fully supported distributions.
Numerically, the BA class of algorithms addresses only the discrete case and generally scales
unfavourably in larger scenarios. Future work could make the DIB problem amenable to deep
network optimisation by adapting the classic IB’s variational bounds (Alemi et al., 2017).
The link between our soft equivariances and other proposals of generalised equivariances
(Ashman et al., 2024; Romero et al., 2022; Song et al., 2023; Wang et al., 2022b) also deserves
clarification.
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More fundamentally, let us recall that we started from the intuition that a given group’s
projection on orbits can be seen as an informational compression, which motivated us to
search for IB-like problems capturing these projections as their solution — for specific groups
of channel and distribution symmetries. This was achieved quite straightforwardly for the
classic IB and channel invariances (see Theorem 2.2.3). But for equivariances, the situation
is more subtle: even though the solutions to our DIBce problem (for maximum parameter
𝜆 = Λ) do characterise group equivariances, the corresponding projection 𝗉𝗋 does not nec-
essarily coincide with the projection on orbits under the equivariance group’s action (see
Theorem 2.3.4, points (𝑖) and (𝑖𝑖𝑖)). More precisely, the projection 𝗉𝗋 “overshoots” the pro-
jection on orbits, in the sense that the equivalence relation ∼ defining 𝗉𝗋 (see equation (2.3.6))
induces a potentially coarser partition than the partition in orbits. This is because for (𝑥, 𝑦)
and (𝑥′, 𝑦′) to be in the same orbit, we must have (𝑥′, 𝑦′) = (𝜙 ⋅ 𝑥, 𝜓 ⋅ 𝑦) with (𝜙, 𝜓) such that
the relation (𝑥′′, 𝑦′′) ∼ (𝜙 ⋅ 𝑥′′, 𝜓 ⋅ 𝑦′′) holds for any pair (𝑥′′, 𝑦′′) (see Appendix B.3.4).

The reason for this problem thus seems to be that we disregarded the transformations
of  ×  that induce the projection on orbit. This approach leads to another key limitation
of our framework, which holds both for invariances and equivariances: whether or not the
compression 𝜅 coincides with the projection on orbits, it is unclear how to leverage it to
recover the symmetry group itself. In other words, while the focus on the projection on orbits
is the crucial step that brings information parsimony into the picture, we might have thrown the
baby out with the bathwater by defining our DIB compressions with no reference, whatsoever,
to transformations of the data space.

This suggests that the “compression” and “transformation” point of views should rather be
considered jointly: i.e., that we should formulate information-theoretic optimisation problems
over both the compression channel 𝜅 and a channel 𝜌 describing transformations of× . Let
us now briefly outline how such a “transformation-based” bottleneck problem could look like
in the case of equivariances. While we will dive back into a limited amount of mathematical
details, our point is not to present a full-fledge, explicit extension of the DIB framework, but
to identify the main stumbling block that prevents us from doing so.

2.5.3 Towards co-discovery of transformations and corresponding invariants

Here, we want to jointly discover both a compression channel 𝜅 capturing the projection on
orbits of the equivariance group ce, and a channel 𝜌 capturing the action of this group on
 ×  . As each equivariance has the split form 𝜙 ⊗ 𝜓 , it seems natural to require that 𝜌
defines transformations with a similar form. To formalise this, let us consider a finite set  of
transformation labels, and for each 𝜌 ∈ 𝒦 ( ×  × , × ) and 𝑔 ∈ , let us denote by
𝜌𝑔 ∈ 𝒦 ( × ) the channel defined by 𝜌𝑔(𝑥′, 𝑦′|𝑥, 𝑦) ∶= 𝜌(𝑥′, 𝑦′|𝑥, 𝑦, 𝑔). We then define

𝒦⊗
 ( × ) ∶=

{

𝜌 ∈ 𝒦 ( ×  × ,  × ) ∶
∀𝑔 ∈ , ∃𝜙𝑔 ∈ 𝒦 (), ∃𝜓𝑔 ∈ 𝒦 () ∶ 𝜌𝑔 = 𝜙𝑔 ⊗𝜓𝑔

}

,

i.e., the above set defines collections 𝜌 of split stochastic transformations 𝜌𝑔 of  ×  .
Let us then set ourselves the following goal: defining an information-theoretic problem

similar to the instance of the DIB problem (2.3.1) corresponding to equivariances, but where
we now optimise over both compression channels 𝜅 ∈ 𝒦 ( × ,  ) and “split action” chan-
nels 𝜌 ∈ 𝒦⊗

 ( × ), such that, for trade-off parameters requiring “full information preser-
vation” (in a sense to be defined), the solutions (𝜅, 𝜌) satisfy the following:

(𝑖) As for the DIBce problem, we have 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ ce) = 𝐷(𝜇||ce),
(𝑖𝑖) For all 𝑔 ∈ , the channels 𝜙𝑔 and 𝜓𝑔 such that 𝜌𝑔 = 𝜙𝑔 ⊗𝜓𝑔 are both bijections,
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(𝑖𝑖𝑖) 𝜅 coincides (up composition by congruent channels at the output) with the projection
on orbits of the group generated (through composition) by the bijections (𝜌𝑔)𝑔∈.

As far as the compression channel 𝜅 ∈ 𝒦 ( ×  ,  ) is concerned, the only constraint that
was added, as compared to the problem DIBce(Λ), is that 𝜅 must be the projection on orbits of
a group of transformations of the form 𝜙𝑔⊗𝜓𝑔 where 𝜙𝑔 ∈ Bij(), 𝜓𝑔 ∈ Bij(). We expect
this additional constraint to make the partition of  ×  defined by 𝜅 coincide exactly with
the projection on orbits of ce, instead of “overshooting it” as before (see Section 2.5.2). On
the other hand, while the above conditions do not guarantee that (𝜙𝑔 ⊗ 𝜓𝑔)𝑔∈ describes the
whole group ce, we expect them to require that (𝜙𝑔 ⊗ 𝜓𝑔)𝑔∈ generates at least a subgroup
of ce that has the same projections on orbits as ce. While these arguments do need to be
made explicit, here we only mention them to suggest that the above goal is valuable. So let us
rather focus on how to translate conditions (𝑖) to (𝑖𝑖𝑖) into information-theoretic constraints.

For condition (𝑖), we will use the same constraint as for the DIBce problem — see equa-
tion (2.3.1) and Section 2.3.2. Moreover, condition (𝑖𝑖) is relatively straightforward to char-
acterise information-theoretically. Indeed, if we define the joint law 𝑞𝜌 ∈ Δ×××× by,
say,

𝑞𝜌(𝑥, 𝑦, 𝑔, 𝑥′, 𝑦′) ∶= 𝜇(𝑥, 𝑦) 1
||

𝜌(𝑥′, 𝑦′|𝑥, 𝑦, 𝑔), (2.5.1)

and denote by 𝐼𝜌(𝑋, 𝑌 ;𝑋′, 𝑌 ′
|𝐺) the corresponding conditional mutual information, then:

Proposition 2.5.1. Assume that 𝜇 ∈ Δ× is full-support and 𝜌 ∈ 𝒦⊗
 ( × ). Then

𝐼𝜌(𝑋, 𝑌 ;𝑋′, 𝑌 ′
|𝐺) ≤ 𝐻(𝑋, 𝑌 )

with equality if and only if for all 𝑔 ∈ , the channels 𝜙𝑔 ∈ 𝒦 () and 𝜓𝑔 ∈ 𝒦 () such that
𝜌𝑔 = 𝜙𝑔 ⊗𝜓𝑔 are both defined by a bijective function.

Proof. See Appendix B.5.
Interestingly, the converse condition 𝐼𝜌(𝑋, 𝑌 ;𝑋′, 𝑌 ′

|𝐺) = 0 means that we have the
Markov chain (𝑋, 𝑌 ) −𝐺− (𝑋′, 𝑌 ′), i.e., that the output of each stochastic transformation 𝜌𝑔
does not depend on its input. The quantity 𝐼𝜌(𝑋, 𝑌 ;𝑋′, 𝑌 ′

|𝐺) thus parametrises the amount
to which, on average, the output of stochastic transformations 𝜌𝑔 depends on their input.

Overall, Proposition (2.5.1) and the discussion above suggest to consider a problem of the
form

argmin
𝜅∈𝒦 (× , ), 𝜌∈𝒦⊗

 (×)
𝐷(𝜅⋅𝜇||𝜅⋅ce)≥𝜆1

𝐼𝜌(𝑋,𝑌 ;𝑋′,𝑌 ′
|𝐺)≥𝜆2

𝑭 (𝜇,𝜅,𝜌)≥𝜆3

𝐼𝜅(𝑋, 𝑌 ; 𝑇 ), (2.5.2)

where 𝜆1 ∈ [0, 𝐷(𝜇||ce)], 𝜆2 ∈ [0,𝐻(𝑋, 𝑌 )], and 𝜆3 ∈ [0,Λ3] for some Λ3 > 0 to be de-
termined. Crucially, here 𝑭 should be an information-theoretic functional quantifying “how
much” the point (𝑖𝑖𝑖) above is satisfied. The remaining question being: how should we define
𝑭 ? Which kind of “information parsimony” parametrises the amount to which 𝜅 is the “pro-
jection on orbits” corresponding to 𝜌? I.e., we want the constraint 𝑭 (𝜇, 𝜅, 𝜌) ≥ 𝜆3 to bind the
compression channel 𝜅 and the action channel 𝜌 in a such way that 𝜅 captures the “invariants”
of the transformations implemented by 𝜌— where smaller parameter 𝜆3 would correspond to
“softer” invariants of 𝜌.

This question goes beyond our current focus on equivariances of stochastic channels: it is
of crucial importance for the broader program of formalising the duality between symmetry
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and information parsimony (see Chapter 1). It will be addressed in the next chapter, where we
will reframe the partition in orbits as a decomposition into ergodic components. Our inves-
tigations will also take a new turn, as we will consider, besides the bottleneck/orbit variable,
a second “complementary” variable which “parsimoniously” tracks the changes induced by
the action.
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Chapter 3

Minimal Class-Pose Parametrisation
in Markov Decision Processes

3.1 Introduction

3.1.1 Capturing the structure of changes

In Chapter 2, we focused on a specific family of group symmetries — mostly, invariances and
equivariances of stochastic channels — and reformulated them in an information-theoretic
language. But this effort ended up stumbling upon an unresolved question that does not de-
pend on these specific symmetries (see Section 2.5.3): how to generalise the notion of projec-
tion on orbits — which requires a group action — to the action of stochastic transformations,
and how to capture such generalised projections as solutions to an IB-like problem? These
questions will be answered in this chapter (in resp. Sections 3.4.2 and 3.6.1). However, even
before starting to answer them, they suggest a new round of unresolved questions.

Let us recall that our general approach is to use group theory as a scaffold to design
incrementally “softer” notions of structure — better fitted to real-world adaptive behaviour
— while retaining the essence of what makes the group-theoretic treatment interesting (see
Section 1.3.1). Here, we want to generalise the notion of projection on orbits of a group action.
As this requires generalising the notion of group action itself, this leads to the question: what
should we retain from the latter? I.e., what has the concept of group action to essentially offer
to adaptive behaviour — in particular, to the study of sensorimotor perception — and which
aspects of the formalism are nothing but the trace of its use by generations of scientists with
their own, unrelated aims? This question has of course many possible answers, depending on
the use case. As we saw in Section 1.2.3, an important distinction to keep in mind is whether
we are using the concept of group action to model abstract symmetries of a given system
(which might or might not include a space modeling an agent’s actions), or to model (a subset
of) the agent’s own actions. If we are dealing with abstract symmetries, the transformations of
the symmetry group and the corresponding invariants — i.e., orbits — might well be all that
we really care about: this was our approach in Chapter 2, where the problem was, ultimately,
to discover these symmetries.

In contrast, in the case where the group action models (a subset of) an agent’s actions, the
group action is what we start from, and the problem is to analyse the perceptually relevant
structure that it induces. Orbits are part of that perceptually relevant structure, as they can be
interpreted, to a certain extent, as capturing object-related SMCs, in the sense of (O’Regan
et al., 2001). Even though this idea was already reviewed in Section 1.2.3, let us briefly recall
some formal examples, inspired from vision. First, if the surfaces of 3D rigid objects are
modeled as closed surfaces in ℝ3, then their shape can be captured as an invariant under rigid
transformations (Marchetti et al., 2023): i.e., here we define the shape of a surface as the
equivalence class of all surfaces that it can be transformed into through rigid transformations
(this example will be treated in detail in Section 3.1.2). If we augment the group of rigid
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transformations to that of affine transformations, we obtain a scale-invariant notion of shape.1
Closer to the modeling of real-world agents with a visual apparatus, a groundbreaking result
has shown that the segmentation of distinct contiguous surfaces can be achieved, in short, by
identifying invariants under changes of perspective in the space of light rays itself (Tsao et al.,
2022).2

This suggests that, under the (drastically) simplifying assumption that the effect of an
agent’s action on its own sensory space can be formalised as a group action, the correspond-
ing orbits capture a fundamental dimension of sensorimotor perception. However, crucially,
this does not formalise adequately the notion that perception is based on the exploration of
the structure of changes induced by actions on the sensory space — the main claim of SMC
theory, non-formalised in its original formulation (O’Regan et al., 2001), with subsequent
work operationalising it in different directions (see Section 1.2). Indeed, here, the partition in
orbits only describes what changes cannot be (the group action cannot send a point on a differ-
ent orbit than its own). Our focus on orbits and information parsimony, however, suggests to
complement this picture by searching for a parsimonious description of how the group action
transforms distinct orbits: are these transformations inherently similar, irreconciliably differ-
ent, or something in between? More precisely, can we formalise the “mastery” of an SMC
(see Section 1.1.3) by deriving a group action on an “abstract” system that would simultane-
ously describe all the “concrete” actions on each orbit, while capturing as much as possible
their common structure?

This chapter is primarily motivated by this agent-centric interpretation of group actions,
and aims at a formalism capturing this “structure of changes” in a way that indeed encom-
passes all distinct orbits while capturing their common dynamical structure. As a starting
point, let us see the partition in orbits as a coordinate, and search for a second, “comple-
mentary” coordinate, that would simultaneously describe, in the simplest way possible, the
changes induced by the group action on each orbit. This would yield a special kind of co-
ordinatization (Biehl et al., 2013) of the state-space that would be “adapted” to the group
action.

For instance, consider the group  of rotations of any angle around the origin, on the
infinite plane without the origin, i.e.,  ∶= ℝ2 ⧵ {(0, 0)}. A well-known decomposition of 
into coordinates is “adapted” to this action: the polar coordinates (𝑟, 𝜃) ∈]0,+∞[×𝕊, where
𝕊 is the unit circle. Here, the radius 𝑟 fixes on which circle around the origin a given point
lies — i.e., which orbit it belongs to, w.r.t. the action of  — while the angle 𝜃 determines
on which half-line starting from the origin the point lies. Crucially, in polar coordinates, the
action of a rotation 𝑔 of angle 𝜃𝑔 on a point (𝑟, 𝜃) takes the simple form

𝑔 ⋅ (𝑟, 𝜃) = (𝑟, 𝑔 ⋅ 𝜃), (3.1.1)
where

𝑔 ⋅ 𝜃 ∶= 𝜃 + 𝜃𝑔. (3.1.2)
I.e., both the coordinates 𝑟 and 𝜃 define a factor of the action of  on  (see Definition A.0.5
in Chapter 1), where the action of  on 𝑟 is trivial (i.e., it is the identity for all 𝑔 ∈ ), while its
action on 𝜃 is non-trivial. More precisely, the latter action happens to be isomorphic to that
of  on itself by multiplication on the left (see again Definition A.0.5 in Chapter 1). Indeed,

1Affine transformations also allow for reflections while rigid transformations do not, but this is not really
relevant to our main point here.

2To be precise, the invariant classes defined in (Tsao et al., 2022) are based on a pseudogroup rather than an
a group.
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fix some 𝜃0 ∈ 𝕊1 and, using the action from equation (3.1.2), define the map
𝜙 ∶  → 𝕊1

𝑔 → 𝑔 ⋅ 𝜃0.

Then 𝜙 is clearly bijective, and it yields the equivariance relation 𝜙(𝑔𝑔′) = 𝑔 ⋅ 𝜙(𝑔′): i.e. 𝜙
induces an isomorphim between the action of the rotation group  on itself and its action on
the unit circle𝕊1. Eventually, while the coordinate 𝑟 parametrises the partition in orbits, which
is the finest partition in invariant subsets (see Proposition A.0.4 in Appendix A of Chapter 1),
the coordinate 𝜃 does not capture any invariant of the group action: i.e., the only non-empty
subset of 𝕊1 that is invariant under all rotations is 𝕊1 itself. In this sense,  decomposes
into the “strictly invariant” coordinate 𝑟, defined by the projection on orbits, and the “strictly
equivariant” coordinate 𝜃, parametrised by a copy of the group itself — and such that the
action of  on 𝜃 is isomorphic to the action of  on itself.

To which extent can this simple example be generalised, and how can the decomposition
be discovered from “sensorimotor” data — interpreted here as samples of the effect of some
transformations 𝑔 ∈  on some states 𝑥 ∈ ? It turns out that the ongoing line of work on
class-pose decomposition (Marchetti et al., 2023; Oizumi et al., 2025; Pérez Rey et al., 2023;
Winter et al., 2022) contributes, intentionally or not, to investigate this question. Indeed, even
though the narrative underlying this framework is often not that of sensorimotor perception
and always heavily representational, at the formal level, it resonates strongly with the notion
of object-related SMC. This is exemplified, e.g., by the fact that the “class-pose” terminology
is inspired by the above example of rigid transformations of rigid objects (Marchetti et al.,
2023), which directly aligns with an example from the foundational paper (O’Regan et al.,
2001) of SMC theory (see Section 1.2). Here, we take the mathematical object underlying
this framework as a starting point, but generalise it to bring it closer to our aims. Namely, we
want to:

(i) Understand the conditions under which class-pose decomposition is possible. This will
show that it actually requires a highly non-generic assumption, which will lead to a more
general structure which we call minimal class-pose parametrisation, where the group
action on the class-pose space can now be “richer” than that on the state-space, but is
also required to be “as simple as possible”;

(ii) Generalise the group-theoretic setting into one that is inherently dynamical, and allows
for non-invertible, stochastic, and closed-loop actions. This will bring the formalism
closer to the modeling of embodied agents’ natural behaviour;

(iii) Make the framework amenable to an information-theoretic treatment. This will ex-
hibit a conceptual link between information and symmetry, provide a bridge with the
information-theoretic analysis of embodied agents, and lay the groundwork for infor-
mation theory-based discovery, from (sensorimotor) data, of the mathematical objects
defined here.

We start, in Section 3.1.2 below, by addressing point (i) from a pure group-theoretic point
of view, i.e., without any additional structure than set theory and the axioms defining group
actions. This allows us to present the core idea of this generalisation while keeping the math-
ematical details as light as possible. We then suggest, in Section 3.1.3, interpretations of this
new formal structure in terms of sensorimotor perception research. We will then be better
equipped to explain, in Section 3.1.4, the limitations of the group-theoretic language — both
from a dynamical and a sensorimotor perspective. This lays the ground for Section 3.1.5,
which outlines the core content of this chapter, i.e., how we will generalise these group-
theoretic ideas to a more flexible framework — thus addressing points (ii) and (iii) above.
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3.1.2 From isomorphic decompositions to minimal joinings of the orbits

We consider an action
 ×  → 
(𝑥, 𝑔) → 𝜌𝑔(𝑥) = 𝑔 ⋅ 𝑥

of a group  on a set  , whose partition into orbits is denoted3 by { 𝑐}𝑐∈ (see Appendix A
for definitions). Our (set-theoretic) interpretation of class-pose decomposition is the following
mathematical object:4
Definition 3.1.1. A (set-theoretic) class-pose decomposition of  w.r.t. 𝜌 is a tuple (𝜅, 𝜃, 𝜉)
where 𝜅 ∶  → , 𝜃 ∶  →  and 𝜉 ∶  ×  →  for some sets ,  , such that:

(𝑖) The set of pre-images {𝜅−1(𝑐)}𝑐∈ coincides with the partition in orbits { 𝑐}𝑐∈ ,
(𝑖𝑖) 𝜉 is a group action of  on  , and defining the corresponding action 𝖨𝖽 ⊗ 𝜉 of  on

 ×  as:
∀𝑔 ∈ , (𝖨𝖽 ⊗ 𝜉)𝑔(𝑐, 𝑝) ∶= (𝖨𝖽 ⊗ 𝜉𝑔)(𝑐, 𝑝) ∶= (𝑐, 𝜉𝑔(𝑝)), (3.1.3)

then, for all 𝑔 ∈ , we have (𝜅, 𝜃)◦𝜌𝑔 = (𝖨𝖽 ⊗ 𝜉)𝑔◦(𝜅, 𝜃); i.e., the following diagram
commutes:

 

 ×   × 

𝜌𝑔

(𝜅,𝜃) (𝜅,𝜃)

𝖨𝖽⊗𝜉𝑔

(3.1.4)

(𝑖𝑖𝑖) (𝜅, 𝜃) ∶  →  ×  is a bijection.
In this section, we will often drop the adjective “set-theoretic”, whose point is only to dis-

tinguish this definition from the measure-theoretic ones in further sections. Points (𝑖𝑖) and (𝑖𝑖𝑖)
means that 𝜌 and 𝖨𝖽⊗𝜉 are isomorphic, through the map (𝜅, 𝜃) (see Definition A.0.5). More-
over, the group action 𝖨𝖽 ⊗ 𝜉 leaves the classes 𝑐 ∈  invariant but applies the non-trivial
action 𝜉 to the poses 𝑝 ∈  . In that sense, a class-pose decomposition does “decompose” the
group action 𝜌 on  into its “strictly invariant” part (the identity 𝖨𝖽 on the “class” space )
and its “strictly equivariant” part (the non-trivial action 𝜉 on the “pose” space ), obtaining
along the way the change of coordinates (𝜅, 𝜃) “revealing” this decomposition of the action
𝜌. Note that as (𝜅, 𝜃) is a bijection, all class-pose pairs (𝑐, 𝑝) in the full “rectangle”  × 
correspond to a state 𝑥 ∈  — so that  and  can be seen as “independent” coordinates.
Note also that our discussion on polar coordinates in Section 3.1.1 proves that they provide
an example of class-pose decomposition (recall that we excluded the origin (0, 0) from the
state-space ).

It is then natural to ask: under which conditions is such a decomposition possible? Previ-
ous work, when it makes its mathematical assumptions explicit, has mostly focused on what
is known as free group actions (Marchetti et al., 2023; Oizumi et al., 2025), with (Pérez Rey
et al., 2023) considering also some non-free cases. However, it turns out that the decomposi-
tion is only possible under a very stringent condition: if, in short, the group action is the same
on each orbit.

3The distinction between 𝑐 and  𝑐 might at first seem unnecessary, but it will turn out to be a convenient
notation.

4In (Oizumi et al., 2025), though,  is only locally decomposed, through the geometric structure of principal
bundle.
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To formalise this statement, note first that the action 𝜌 of  on  restricts, for all 𝑐 ∈ ,
to an action 𝜌𝑐 of  on the orbit  𝑐 , i.e., 𝜌𝑐𝑔(𝑥) ∶= 𝜌𝑔(𝑥) ∈  𝑐 for all 𝑥 ∈  𝑐 , 𝑔 ∈ . Denote
also by 𝜃𝑐 ∶  𝑐 →  the restriction of 𝜃 to each orbit  𝑐 . It can then be easily verified that
given point (𝑖) in Definition 3.1.1, points (𝑖𝑖) and (𝑖𝑖𝑖) can be replaced by the requirement that
each 𝜃𝑐 is an isomorphism between 𝜌𝑐 and 𝜉, i.e.:
(𝑖𝑖)′ For all 𝑐 ∈ , 𝑔 ∈ , we have 𝜃𝑐◦𝜌𝑐𝑔 = 𝜉𝑔◦𝜃𝑐; i.e., the following diagram commutes:

 𝑐  𝑐

 

𝜌𝑐𝑔

𝜃𝑐 𝜃𝑐

𝜉𝑔

(3.1.5)

(𝑖𝑖𝑖)′ For all 𝑐 ∈ , the map 𝜃𝑐 is a bijection between the orbit  𝑐 and the pose space  .
This reformulation will be convenient to prove the following characterisation:
Proposition 3.1.2. There exists a (set-theoretic) class-pose decomposition w.r.t. 𝜌 if and only
if the restricted actions 𝜌𝑐 and 𝜌𝑐′ are isomorphic for all 𝑐, 𝑐′ ∈ .

Proof. See Appendix C.1.1.
While the requirement that orbits are pairwise isomorphic is more general than that of a

free actions often considered in the literature (Marchetti et al., 2023; Oizumi et al., 2025), it
is still a highly non-generic case. For instance, a simple counter-example is given by disjoint
finite cycles. I.e., consider the sets 𝑚 ∶= {1,… , 𝑚} and 𝑛 ∶= {1,… , 𝑛}; the action 𝜌𝑚,
resp. 𝜌𝑛, of the cyclic group 𝑚 of length 𝑚 on 𝑚, resp. the cyclic group 𝑛 of length 𝑛 on
𝑛; and define the action 𝜌 of  ∶= 𝑚 × 𝑛 on the state-space  ∶= 𝑚 ⊔ 𝑛 as, for all
(𝑔𝑚, 𝑔𝑛) ∈ , 𝑥 ∈  ,

𝜌(𝑔𝑚,𝑔𝑛)(𝑥) ∶=

{

𝜌𝑔𝑚(𝑥) if 𝑥 ∈ 𝑚,
𝜌𝑔𝑛(𝑥) if 𝑥 ∈ 𝑛.

Clearly, the orbits of this action are 𝑚 and 𝑛, and the restrictions of the group action to
resp. 𝑚 and 𝑛 are isomorphic to resp. 𝑚 and 𝑛. But for 𝑚 ≠ 𝑛, the latter groups are not
isomorphic, which from Proposition 3.1.2 means that there is no class-pose decomposition.

This problem also applies to the rigid motions of rigid objects, which can be seen as a
paradigmatic example of class-pose decomposition, as it even provides the metaphor inspiring
the termininology “pose” (Marchetti et al., 2023). Let us formalise (the surface of) rigid 3D
objects as the space  of closed topological surfaces — defined here as the 2-dimensional
topological submanifolds of ℝ3 that are compact and have no boundary. Consider the group
 of rigid transformations: i.e., the group generated by rotations and translations in ℝ3. This
group induces an action 𝜌 on closed topological surfaces, defined by applying the element
𝑔 ∈  to all points of the surface. The “class” or orbit of a surface under 𝜌 is thus the set
of all surfaces into which it can be transformed, which is here seen as a formalisation of the
“shape” of the surface (i.e., the shape is precisely the information that does not depend on the
position and orientation of the surface). But then, for instance, any rotation around the origin
leaves the unit sphere 𝕊2 invariant; while there exists a surface  such that 𝑔 ⋅  ≠ 
for all rigid transformation 𝑔 ∈  (actually, this is the generic case: “most” objects are have
no perfect symmetry5). This implies that the restriction of the action 𝜌 to the orbit of 

5Making this statement formal would derail us from our main point, which only requires the existence of one
non-symmetric surface: take, e.g., a 3D version of the letter “L”.
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cannot be isomorphic to its restriction to the orbit of 𝕊2. Thus from Proposition 3.1.2, there
is no class-pose decomposition in the sense of Definition 3.1.1. In other words, the latter
definition provides a concept of class-pose decomposition that does not even “decompose”
what is supposed to be a paradigmatic example.

Beyond these formal examples, it is overly restrictive, from a sensorimotor perception
perspective, to require all classes (seen as corresponding to object-related SMCs) to behave
exactly the same under the agent’s actions (or a specific subset of it). To take a classic example
from the SMC literature (O’Regan, 2011): assuming that the percept of a sponge consists in
the dynamical process of “skillfully” handling it while receiving the corresponding sensory
feedback, this process will not be exactly the same for all sponges (or even all interactions
with a given sponge). Yet, there is a sense in which all these processes are specific instances
of a broadly defined “sponge” percept/dynamical process — a “know-how” of how to hold
and use a sponge. In our current group-theoretic setting, this suggests that we need a concept
of pose that can not only capture the common structure of the restriction of the group action
to distinct orbits, but also accomodate for variations across the orbits.6

How, then, should we generalise Definition 3.1.1, so as to also capture the case of non-
isomorphic orbits? Let us come back to the example of polar coordinates. Maybe our gener-
alisation of the angular coordinate 𝜃 was asking too much. Here, 𝜃 is a single angle setting the
angles on all circles (centered on 0) at the same time, and the action of the rotation group on 𝜃
is enough to “simulate” the action of the same group on each individual circle. In other words,
the pose (singular), and the action of  on it, can be seen as a “minimal collective description”
of all poses (plural) on all classes, and the respective actions of  on them. In the case of
polar coordinates, this “minimal collective description” turns out to be just as simple as the
group action on any fixed individual orbit — in the sense that the action on the pose space
is isomorphic to that on a fixed orbit, e.g., the unit circle. Definition 3.1.1 focuses on similar
situations. But in general, it is natural to expect a “minimal way to collectively describe the
simultaneous action on all orbits” to not be isomorphic to the action on a single orbit.

To formalise this more general situation, we propose to “reverse the arrows and break the
bijectivity” in Diagram (3.1.5). I.e, for each 𝑐 ∈ , instead of considering an isomorphism
from 𝜌𝑐 to 𝜉, we consider a factor from 𝜉 to 𝜌𝑐 (see Definition A.0.5 in Chapter 1). More
precisely:
Definition 3.1.3. Let (𝜌𝑐)𝑐∈ be family of group actions of the same group  on resp. sets
( 𝑐)𝑐∈ . A (set-theoretic) joining of (𝜌𝑐)𝑐∈ is a group action 𝜉 of  on a set  , together with
a family of maps (𝜙𝑐)𝑐∈ such that for all 𝑐 ∈ , the action 𝜌𝑐 on  𝑐 is a factor of the action
𝜉 on  , with factor map 𝜙𝑐 ∶  →  𝑐; i.e., explicitly, 𝜙𝑐 is surjective and for all 𝑔 ∈ , the
following diagram is commutative:

 

 𝑐  𝑐

𝜉𝑔

𝜙𝑐 𝜙𝑐

𝜌𝑐𝑔

(3.1.6)

The family (𝜙𝑐)𝑐∈ is called the joining’s family of marginalisation maps. Alternatively, the
map 𝜙 ∶  ×  →  defined by 𝜙(𝑐, 𝑝) ∶= 𝜙𝑐(𝑝) will be called the marginalisation map of
the joining (𝜉, 𝜙).
Technical remark. Our terminology takes inspiration from ergodic theory’s notion of joining
(Glasner, 2003), which is usually stated in a measure-theoretic setting. Definition 3.1.3 can be

6Of course, the group setting does not capture the dynamical and closed-loop aspects of the sponge example
— which we will focus on later. But it has the merit of isolating the problem of “common structure across SMCs”.



Chapter 3. Minimal Class-Pose Parametrisation in Markov Decision Processes 56

seen as a set-theoretic version of it. While later sections will move on to a measure-theoretic
definition as well, in this section, we will drop the qualificative “set-theoretic”.

Here, we are interested in the case where each  𝑐 is the orbit under the action 𝜌 of  on
 , and (𝜌𝑐)𝑐∈ is the corresponding family of restrictions to the orbits. In this case, it easy to
verify that an action 𝜉 of  on  defines a joining of (𝜌𝑐)𝑐∈ with marginalisation map 𝜙 if
and only if:
(𝑖)′′ For all 𝑐 ∈ , the map 𝜙𝑐 ∶  →  𝑐 is surjective;
(𝑖𝑖)′′ For all 𝑔 ∈ , defining 𝖨𝖽 ⊗ 𝜉𝑔 as in (3.1.3), the following diagram is commutative:

 ×   × 

 

𝖨𝖽⊗𝜉𝑔

𝜙 𝜙

𝜌𝑔

The map 𝜙 can thus be seen as a parametrisation of  that, similarly as for class-pose decom-
position, “separates” the invariant coordinate defined by the partition in orbits from a second,
equivariant coordinate. With however the crucial difference that now, this parametrisation is
not required to be isomorphic. For instance, a joining can always be obtained by “running
all the orbits in parallel”, i.e., by choosing  ∶=

⨉

𝑐∈  𝑐 and for all (𝑥𝑐)𝑐∈ ∈  , 𝑔 ∈ ,
𝑐0 ∈ ,

𝜉𝑔((𝑥𝑐)𝑐∈) ∶= (𝜌𝑔(𝑥𝑐))𝑐∈ ,
𝜙𝑐0((𝑥𝑐)𝑐∈) ∶= 𝑥𝑐0 .

This joining is intuitively, the “least isomorphic” one: e.g., for the action of the rotation
group on ℝ2, it would correspond to keeping track of the angle on each circle with a different
coordinate — while we saw that it is enough to keep track of a single number, the angular part
𝜃 of the polar coordinates. Here we are interested, on the contrary, in the “most isomorphic”
joinings.7 To formalise this intuition, we need a way of comparing joinings. It will be based
on the following relation:
Definition 3.1.4. Let (𝜉, 𝜙) and (𝜉′, 𝜙′) be two joinings of a family of group actions (𝜌𝑐)𝑐∈ ,
with resp. marginalisation maps 𝜙 and 𝜙′. We say that the joining (𝜉′, 𝜙′) is a joining factor,
or j-factor for short, of the joining (𝜉, 𝜙), if the group action 𝜉′ is a factor of the group action
𝜉 through a factor map 𝗉𝗋 such that for all 𝑐 ∈ , we have 𝜙𝑐 = (𝜙𝑐)′◦𝗉𝗋. I.e., (𝜉′, 𝜙′) is a
j-factor of (𝜉, 𝜙) with factor map 𝗉𝗋 if the diagram

 

 ′  ′

𝜉𝑔

𝗉𝗋 𝗉𝗋

𝜉′𝑔

(3.1.7)

7We will see in Section 3.6 that “most isomorphic” joinings can actually be seen as “most parsimonious”
joinings, but for now we focus on the algebraic aspect.
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commutes for all 𝑔 ∈ , and the diagram


 ′

 𝑐

𝗉𝗋

𝜙𝑐

(𝜙′)𝑐

(3.1.8)

commutes for all 𝑐 ∈ .
Informally, the joining (𝜌′, 𝜙′) is a j-factor of the joining (𝜌, 𝜙) if it is a “coarse-grained

version” of the latter, with each corresponding marginalisation map (𝜙′)𝑐 being thus “more
injective” than 𝜙𝑐 . This relation is better visualised when the family of group actions is made
of only two elements. Indeed, if  = {𝑐, 𝑐′}, it can be easily verified (using the definition of
a joining) that (𝜌′, 𝜙′) is a j-factor of (𝜌, 𝜙) if and only if the following diagram commutes for
all 𝑔 ∈ :

 

 ′  ′

 𝑐  𝑐

 𝑐′  𝑐′

𝜉𝑔

𝜉′𝑔

𝜌𝑐𝑔
𝜌𝑐′𝑔

where for simplicity, we ommited the labels of the marginalisation maps 𝜙𝑐 , 𝜙𝑐′ , (𝜙′)𝑐 , (𝜙′)𝑐′

and the projection map 𝗉𝗋 ∶  →  ′.
Importantly, the j-factor relation yields a pre-order:

Proposition 3.1.5. Let (𝜌𝑐)𝑐∈ be a family of actions of the same group  on resp. state spaces
( 𝑐)𝑐∈ . The j-factor relation between the joinings of (𝜌𝑐)𝑐∈ is a pre-order: i.e., it is reflexive
and transitive.

Proof. See Appendix C.1.2.
We then formalise the intuition of a “maximally isomorphic” joining — with “maximally

injective” marginalisation maps — through this pre-order:
Definition 3.1.6. A (set-theoretic) minimal joining of the group actions (𝜌𝑐)𝑐∈ is a joining
(𝜉∗, 𝜙∗) of (𝜌𝑐)𝑐∈ that is minimal for the joining factor pre-order: i.e., such that (𝜉∗, 𝜙∗) is a
j-factor of any other joining of (𝜌𝑐)𝑐∈ . 8

As noted in (de la Rue, 2006, 2023), the theory of joinings, a branch of ergodic theory,
explores some kind of “arithmetics of dynamical systems” — and measurable group actions
(Glasner, 2003). This point of view is particularly relevant to us, as the notion of minimal

8While we do not prove that set-theoretic minimal joinings always exist, we will do so for the finite case of
their measure-theoretic counterpart (see Theorem 3.5.13).
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joining is a generalisation of integers’ least common multiple to group actions. Indeed, in the
above example of disjoint finite cycles, it can be verified that the minimal joining of the action
of 𝑚 on 𝑚 and that of 𝑛 on 𝑛 is a cycle with length the least common multiple between 𝑚
and 𝑛. Surprisingly, however, the notion of minimal joining (in its set-theoretic formulation
above, or its measure-theoretic one in later sections) has, to the best of our knowledge, not yet
been considered in the literature.9

These considerations suggest to step back from class-pose decompositions, i.e., tuples
(𝜅, 𝜃, 𝜉) satisfying conditions (𝑖), (𝑖𝑖), (𝑖𝑖𝑖) from Definition 3.1.1, and generalise them into
minimal joinings of the orbits, i.e., pairs (𝜙, 𝜉) satisfying conditions (𝑖)′′, (𝑖𝑖)′′ above, with
the additional requirement that (𝑖𝑖𝑖)′′ the joining of the orbits is minimal. Here, the “class”
is still the orbit under the group action, but the pose coordinate now provides, intuitively, a
“maximally isomorphic” group action that “simultaneouslly simulates” the restriction of the
group actions to each orbit.

Note that the terminology “class-pose decomposition” does not fit this new notion. In-
deed, the map 𝜙 is now only a surjective map from the class-pose space  × to the state  ,
which might not be injective. It is thus more appropriate to refer to minimal joinings of the
orbits as (set-theoretic) minimal class-pose parametrisations.

3.1.3 Sensorimotor interpretation

The point of view outlined in Section 3.1.2 captures several related ideas that have been put
forward by sensorimotor approaches to perception (see Section 1.1.3). On the one hand, SMC
theory claims that perception can only unfold through the mastery, also called know-how,
of sensorimotor contingencies that are relevant to an agent’s behaviour, where percepts are
reframed as specifics sets of (potential or actually enacted) actions and resulting sensations, to
which brain dynamics have been attuned through development and learning (Buhrmann et al.,
2013; O’Regan et al., 2001). On the other hand, in the inside-out approach to brain dynamics,
“the main emphasis is on how the brain’s outputs, reflected by the animal’s actions, influence
incoming signals”10, thus leading to the emergence of meaningful percepts via the calibration
of brain dynamics through sensorimotor interaction. More precisely, the claim is here that the
concrete sensorimotor experiences become gradually internalised, so that, after development
and learning, brain dynamics not only acquire meaning through the concrete sensorimotor
interactions that they participate in, but, to a certain extent, they can also “simulate” these
experiences without actually triggering the activity of the sensorimotor interface (Buzsáki et
al., 2019).

If the state-space  is seen as an agent’s sensory space and group actions as a model of
how a specific subset of agent’s own actions affects this sensory space (which is admitedly
a very crude model), the minimal class-pose parametrisation defined above captures some
aspects of both these frameworks, combined with a certain notion of parsimony. First, as ar-
gued in Section 1.2, each orbit can then be seen as a specific set of sensorimotor interactions,
formalising the notion of object-related SMC — e.g., the shape of a given surface is here un-
derstood as all the possible ways in which it could be transformed into another surface through
rigid transformations. The minimal joining of the orbits then becomes an abstraction that col-
lectively describes, in the simplest way possible, the set of all possible concrete sensorimotor
interactions under the given actions. If the action on the pose space is seen as corresponding
to brain dynamics, the learning of the orbits’ minimal joining thus corresponds to a process of

9The notion of minimal self-joining (de la Rue, 2006) is not directly related to minimal joinings as defined
here.

10(Buzsáki et al., 2019), p. 21.
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“calibration”/“attunement”11 of brain dynamics to concrete sensorimotor interactions, where
crucially, different sensorimotor interactions are captured, as much as possible, through the
same brain dynamics. This induces those dynamics to capture the common structure across
different sensorimotor interactions, which can be understood as the development of a certain
know-how or mastery of these sensorimotor interactions.

Of course, this formalisation only touches upon certain aspects of these theories: e.g.,
it does not capture the full coupling between “calibrated”/“attuned” brain dynamics and the
actually enacted movement on the time-scale of perception itself — while mounting experi-
mental evidence suggests that such ongoing movement is a fundamental part of the perceptual
process, and is often coupled to ongoing neural activity (e.g., saccades (Rolfs et al., 2025) and
fixational eye movements (Rucci et al., 2015) in the case of vision, see Section 1.1.3). How-
ever, to address this crucial question — which will remain beyond the scope of this thesis —
it is instrumental to first have a clearer concept of calibration/attunement (Buhrmann et al.,
2014). We hope that our novel minimal joining perspective — in the group-theoretic form
above or the richer MDP form presented further in this chapter — can help for this purpose.

3.1.4 Towards a more flexible framework

The new perspective outlined in Section 3.1.2 seems like a good candidate to address the
limitation of class-pose decomposition identified by Proposition 3.1.2. However, even though
the group-theoretic setting was convenient to address this purely algebraic limitation, minimal
class-pose parametrisation as defined above remains in many ways ill-adapted to the adaptive
behaviour aims presented in Section 3.1.1, and in particular, to the sensorimotor perception
interpretation from Section 3.1.3. Here, we review some of these remaining limitations, which
will naturally lead to the framework developed in the rest of this chapter.

First of all, while the concept of orbit seems to acurately capture the intuition of “class”
in the examples from Section 3.1.2 and others from the class-pose decomposition literature
(which often considers classic Lie groups), other examples cast doubt on the ultimate rele-
vance of seeing classes as orbits. In particular, it is often ill-adapted to invertible discrete-time
dynamical systems, which can be seen as actions of the group ℤ of integers (representing time
shifts) on a given state-space. E.g., consider the group  = {𝑔𝑛, 𝑛 ∈ ℤ} generated by a rota-
tion 𝑔 of irrational angle on the unit circle 𝕊1. It is well-known that for the action of  on 𝕊1,
each orbit is dense (Coudène, 2016). But, as orbits define a partition of 𝕊1 and each orbit is
countable while 𝕊1 is uncountable, there must be an uncountable number of orbits.12 In this
case, should a good notion of “class” really capture an uncontable number of equally dense
classes, or should we rather have only one class, given by the whole circle? It seems natural
to choose the second option; yet defining classes as orbits leads to the first one.

The limitation arising in this example is far from an edge case — as, among all planar
rotations, rotations of irrational angle are clearly the generic case.13 More generally, for any
group action generated by an invertible transformation, one of the core features of dynamical
systems is that orbits (i.e., here, bi-sided temporal trajectories) might asymptotically “ap-
proach” a given “attractor” without containing it. This suggests that a concept of class that
has any hope to be relevant to dynamical systems should capture the dynamics’ asymptotic
behaviour.

11We are here lumping the concept of “calibration” from (Buzsáki et al., 2019) and that of “attunement” from
(O’Regan et al., 2001) into a common one, as even though they are distinct, they seem to describe different aspects
of a common phenomenon.

12Indeed: if there was a countable number of countable orbits, then 𝕊1 would be included in ℕ × ℕ, which is
in bijection with ℕ. But 𝕊1 is in bijection with [0, 2𝜋[, which is in bijection with ℝ; and |ℝ| > |ℕ|.

13In the sense (𝑖) that the set of rational angles is countable, while that of irrational angles is uncountable, or
(𝑖𝑖) that the former has Lebesgue measure 0 on the circle, while the latter has measure 1.
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It turns out that the concept of ergodic component does exactly that, and in addition — just
like orbits — also provides a partition of the state-space (or a generic subset of it). Moreover,
invertible dynamical systems’ decomposition into ergodic components generalises to a large
class of group actions,14 including those usually considered in the class-pose decomposition
literature (Marchetti et al., 2023; Oizumi et al., 2025; Pérez Rey et al., 2023; Winter et al.,
2022).

However, more fundamentally, modeling (even a subset of) the agent’s actions with a
group action is a limitation in itself. In particular, realistic models of adaptive behaviour
require non-invertible and often stochastic actions. Moreover, while ergodicists might find it
helpful, for their own purposes, to abstract away the time evolution of dynamics into a group
action (Glasner, 2003; Kerr et al., 2016), it is at this stage not clear at all that disregarding
the arrow of time is any helpful to understand the structure of embodied agents’ behaviour. It
seems thus more adapted to replace the map 𝜌 ∶  ×  →  implementing the group action
by an arbitrary stochastic channel from  × to  that models the effect of the agent’s action
over a single time-step.15 Eventually, crucially, we want to understand the structure of the
actual, potentially closed-loop behaviour of the agent, rather than treating all the actions that
it can possibly do equally. This suggests considering a policy 𝜋, i.e., a stochastic map from
the state-space space  to the action space . All together, these considerations make Markov
Decision Processes (MDPs) a desirable direction in which to generalise minimal class-pose
parametrisation.16 Note that here we are not interested in any kind of policy learning, but
rather in the structure induced by a given agent behaviour: we will thus consider a fixed
policy and no reward function.

The discrete case is of course relevant to these questions, but we are here aiming for a
framework that also generalises actions of continuous groups on continuous spaces — which
requires continuous MDP action and state spaces. To carry out the generalisations mentioned
above, we thus need to do ergodic theory on Markov Decision Processes defined on either
discrete or continuous spaces. This requires using a measure-theoretic language: more pre-
cisely, here, we will work with standard Borel spaces — which encompass countable spaces,
Euclidean spaces, or differential manifolds, and have been extensively studied by ergodic the-
ory both in the deterministic and stochastic cases (Coudène, 2016; Glasner, 2003; Worm et
al., 2011).

We are ultimately interested in reformulating the minimal class-pose parametrisation frame-
work in an information-theoretic language — similarly as, in the previous chapter, we re-
formulated channel invariances and equivariances with the Information Bottleneck (IB) and
generalisations of it. Our motivations are here similar as well. First, even an MDP version of
minimal class-pose parametrisation is unlikely to be found in real-world data. In particular,
our working assumption is that, at the level of an embodied agent’s sensorimotor interface,
structure often only exists as “soft structure”, i.e., as structure that only becomes salient under
appropriate “simplifications” of that interface. Our aim is here to capture this “simplifica-
tion” through trade-offs between information parsimony constraints and the preservation of
other, well-chosen notions of “behaviourally relevant information”. I.e., here, the class and
pose coordinates would emerge from the “informational tension” induced by such trade-offs.
Importantly, making these links explicit could provide a bridge with a rich line of work that
investigates the principles of adaptive behaviour through the information-theoretic constraints
that underlie it (Ay, 2015; Ay et al., 2012; Krakauer et al., 2020; Ortega et al., 2013; Pezzulo
et al., 2024; Salge et al., 2014; Tishby et al., 2011). Eventually, if class and pose are solutions
to informational trade-offs — i.e., if they define Pareto fronts of multi-objective optimisation

14E.g., for locally compact, second countable group acting on a standard Borel space (Greschonig et al., 2000).
15The notation  then stands for “generator” (of strings of stochastic actions) rather than “group”.
16Generalisations to non-Markovian processes would be crucial, but will not be considered here.
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problems with information measures as objectives — then this opens the way to the design of
information theory-based algorithms discovering these structures from data. This is a crucial
aspect, as to the best of our knowledge, there exists no ready-made algorithm to concretely
compute the novel mathematical objects that we will define here.

The question that we will focus on in the rest of this chapter is thus the following:
Question. How to generalise minimal class-pose parametrisation to Markov Decision Pro-
cesses on standard Borel spaces, and how to characterise it (at least in the finite case) in terms
of information parsimony?

3.1.5 Plan for the rest of this chapter

We start, in Section 3.2, by introducing the measure-theoretic notions that we will rely on. In
Section 3.3, we then present previous results on the decomposition into ergodic components
of standard Borel Markov chains (Sections 3.3.1 and 3.3.2), which we fine-tune so as to ob-
tain the exact form that we need (Section 3.3.3). The latter yields a partition of a “generic”
(in a measure-theoretic sense) and invariant subset erg,𝗂𝗇𝗏 into a family of invariant subsets
( 𝑐)𝑐∈ , each invariant and carrying a unique ergodic distribution 𝜖𝑐 . We also prove that,
under a continuity assumption, the space of ergodic components  has itself a standard Borel
structure (Section 3.3.4); and that in the finite case, the projection on ergodic components
is a minimal sufficient statistic between the initial state and the time-average of the result-
ing trajectory (Section 3.3.5) — a fact that will be instrumental in the information-theoretic
treatment in later sections.

Our fine-tuned version of the Markov chain result from (Worm et al., 2011) is leveraged,
in Section 3.4.1, to obtain an ergodic decomposition theorem for standard Borel MDPs. More
precisely, consider an MDP defined as a pair (𝜋, 𝜌), where 𝜋 is a policy (i.e., a channel from
the state-space  to the action space ) and 𝜌 a transition channel (i.e., a channel from  × 
to ). We prove that for any stationary initial distribution, the resulting process distribution
obtained using the MDP (𝜋, 𝜌) can be decomposed as an integral over process distributions of
MDPs (𝜋𝑐 , 𝜌𝑐)𝑐∈ resp. defined on each ergodic component  𝑐 , and equiped with the corre-
sponding ergodic initial distribution 𝜖𝑐 . As the decomposition depends on the policy 𝜋, this
yields a notion of behaviour-induced class — a promising tool to capture the invariants of
closed-loop behaviour in MDPs. In Section 3.4.2, we then specialise this result to measurable
group actions of standard Borel groups that have a stationary probability (which includes the
group actions usually considered in the class-pose decomposition literature). In particular,
we show that, for an MDP naturally defined by the group action and corresponding stationary
probability on the group, the partition in orbits of the group action coincides with the MDP’s
decomposition into ergodic components. Building upon the arguments from Section 3.1.4
above, we then show that for groups with no stationary probability, ergodic components pro-
vide, in general, a more natural concept of class than orbits, as they capture the asymptotic
properties of the MDP’s dynamics.

Once this generalisation of the class coordinate achieved, we turn, in Section 3.5, to the
generalisation of the pose coordinate, i.e., of minimal joinings of orbits — see Section 3.1.2.
A substantial amount of work is required to adapt to stationary MDPs17 the notions of fac-
tor and isomorphism (Section 3.5.1), which lead to those of joining and, crucially, minimal
joining (Section 3.5.2). We prove that for a finite number of stationary MDPs each with finite
alphabets, there always exist minimal joinings. We then eventually define, in Section 3.5.3,
our generalised version of minimal class-pose parametrisation: i.e., as a minimal joining of

17State and action spaces are here only assumed measurable. This is because some spaces will be uncountable
Cartesian products, which are not standard Borel even if each coordinate is (see Prop. C.2.5 below).
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the family of “ergodic” MDPs (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ obtained in Section 3.4.1. We prove, in Sec-
tion 3.5.4, that for the same group actions as those considered in Section 3.4.2 and for a
countable number of ergodic components, minimal class-pose parametrisation generalises
(a measured space version of) the group-theoretic class-pose decomposition that we started
from in Section 3.1.2. Importantly, however, just like in the latter section, measure-theoretic
class-pose decompositions only exist in highly non-generic cases — while, in the finite case
at least, the existence of minimal joinings implies that of minimal class-pose decompositions
(of stationary MDPs, and in particular group actions).

While it might not seem a priori clear how the group-theoretic setting presented in Sec-
tion 3.1.2 lends itself to an information-theoretic characterisation, the bridge between these
two languages is provided precisely by our ergodic-theoretic reformulation from Sections 3.3
to 3.5. In Section 3.6, we thus exhibit — for finite systems — two information trade-offs that
our generalised classes and poses are respectively solution to.

On the one hand, the projection on ergodic components is characterised, in Section 3.6.1,
as an optimal compression of the state-space  under the contraint of preserving the mutual
information between the initial state and the time-average of the resulting trajectory. When
the MDP implements a group action, this yields an information-theoretic characterisation of
the projection on orbits. — thus addressing the main limitation identified in Section 2.5.3.
More generally, this novel characterisation of ergodic components is a stepping stone in the
program of formalising the intuition of “duality” between symmetry and information parsi-
mony that underlies this whole thesis. Indeed, it exhibits an informational trade-off that binds
a compression channel and a corresponding set of transformation channels, in a way that
requires the coarse-graining implemented by the compression channel to capture the transfor-
mations’ invariants.

On the other hand, we show in Section 3.6.2 that minimal joinings coincide with mini-
mum entropy joinings — or equivalently, maximum multi-information joinings. This provides
an information-theoretic characterisation of the algebraic notion of minimal joining. Even
though at this stage, the latter does not provide a full multi-objective information-theoretic
optimisation problem, and we do not propose an algorithm to solve the one corresponding
to ergodic components, our reformulations of classes and poses lay the groundwork for the
information-theoretic agenda outlined in Section 3.1.4.

Let us stress that the results from this chapter are exclusively mathematical. Section 3.7
describes the steps that would be required for the computational implementation of this mathe-
matical framework, as well as other limitations that should be addressed by future work. Even-
tually, we conclude and come back to the relevancy of our novel formalism to sensorimotor
perception in Section 3.8. In particular, our stationary MDP version of minimal class-pose
parametrisation formalises the intuition of a “parsimonious fiction” that makes sense of con-
crete sensorimotor interactions by capturing the “structure of change” common to all these
interactions while still expressing the variations across them. This interpretation provides a
new builing block for the formalisation of sensorimotor theories of perception, while also in-
troducing a conceptual innovation on the notions of “attunement” (O’Regan et al., 2001) and
“calibration” (Buzsáki et al., 2019).

3.2 Measure-theoretic setting

As explained in Section 3.1.4, we will here do ergodic theory on Markov Decision Processes
(MDPs) with standard Borel state and action spaces — so as to encompass a broad array
of examples (e.g., countable spaces, Euclidean spaces, differential manifolds), while relying
on previous results of ergodic theory on standard Borel Markov chains (Worm et al., 2011).
However, for the study of joinings, we will need to consider uncountable products of standard
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Borel spaces — which are not standard Borel (see Proposition C.2.5 below). We will thus
also need, to a certain extent, to work with general measurable spaces. In this section, we
introduce the measure-theoretic background required for these purposes. Along the way, we
establish the notations that we will rely on.

We start by succintly recalling some basic measure-theoretic notions, relating to: mea-
surable spaces (Section 3.2.1), positive and signed measures (Section 3.2.2), Lebesgue and
Bochner integrals (Section 3.2.3). Fully explicit definitions of all the above notions can be
found in, resp., Appendices C.2.1, C.2.2 and C.2.3. We then introduce the notions involving
measure-theoretic morphisms (Section 3.2.4), as well as stochastic transformations: first the
measure-theoretic definition of channels — i.e., Markov kernels — and related notions such
as push-forwards or hook-ups (Section 3.2.5). In Section 3.2.6, we present different notions
of tensor products of distributions and channels which will be pivotal in the study of joinings,
before defining, in Section 3.2.7, Markov chains and MDPs in this general measure-theoretic
setting. Eventually, we collect and prove some technical properties useful in computations
(Section 3.2.8).

3.2.1 Measurable spaces (short version of Appendix C.2.1)

In Appendix C.2.1, we present detailed definitions relating to measurable spaces. In this
section, we provide a condensed version of this content, where almost all the definitions are
assumed to be known, and we mostly limit ourselves to setting up notations and conventions.

Sets are denoted with calligraphic letters, e.g., , and collections of subsets with gothic
letters, e.g., 𝔄. A measurable space (,𝔄), where 𝔄 is a 𝜎-algebra, is only denoted by 
when there is no ambiguity on the 𝜎-algebra. The algebra, resp. 𝜎-algebra induced by a
collection of subsets 𝔄 is denoted by 𝖠𝗅𝗀(𝔄), resp. 𝜎(𝔄). The induced 𝜎-algebra on a mea-
surable subset 𝐸 of a measurable space (,𝔄) is denoted by 𝔄𝐸 . If not mentioned explicitly,
any measurable subset of a measurable space, when regarded itself as a measurable space, is
equipped with the induced 𝜎-algebra. The Borel 𝜎-algebra 𝜎( ) of a topological space (,  )
will often be written Bor.

We will focus our attention, as much as possible, on a class of “nice” measurable spaces:
standard Borel spaces, i.e., Borel spaces whose topology is separable and completely metris-
able. Standard Borel spaces are “nice” because they encompass many important examples
(e.g., countable spaces, Euclidean spaces, separable Banach spaces, differential manifolds),
but still have enough structure for many desirable properties to hold. Most importantly for us,
one can take conditional probabilities (see Proposition C.2.16) and do ergodic and information
theory (see (Gray, 2009, 2011) and Section 3.4 below).

We will often not refer explicitly to the underlying topology of a standard Borel space,
and denote it by (,𝔄) where 𝔄 ∶= Bor, or just  when this yields no confusion. The set
ℝ of real numbers is always equipped with its usual topology and corresponding Borelians,
with measurable subsets equipped with the induced topology and 𝜎-algebra.

Let us now turn to products of measurable spaces. Let (𝑖,𝔄𝑖)𝑖∈ a family of measurable
spaces. For subsets of indices  ′ ⊆  ⊆ , we denote by 𝗉𝗋→ ′ the corresponding projec-
tion between Cartesian products. The set of finite-dimensional rectangles is denoted by 𝖱𝖾𝖼𝗍.
The product measurable space of the family (𝑖,𝔄𝑖)𝑖∈ is then

(,𝕬) ∶=

(

⨉

𝑖∈
𝑐 ,

⨂

𝑖∈
𝔄𝑖

)

,
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where ⨂

𝑖∈ 𝔄𝑖 ∶= 𝜎(𝖱𝖾𝖼𝗍) is the product 𝜎-algebra. A Cartesian product of measurable
spaces will, unless stated otherwise, always be equipped with the product 𝜎-algebra. More-
over, when  = ℕ models time for 𝑛 =  for all 𝑛 ∈ ℕ with  a measurable space, we
write ⃖⃖⃗ ∶= ℕ =

⨉

𝑛∈ℕ𝑛.
Let us recall that while a countable product of standard Borel spaces is standard Borel

spaces, this is not the case if the product is uncountable (see Proposition C.2.5). Below, we
will indeed need to consider uncountable products of standard Borel spaces — more precisely,
of what we will define as “ergodic components of a Markov Decision Process”. This is the
reason why we need to deal also with general measurable spaces, not only standard Borel
ones.

3.2.2 Measures (short version of Appendix C.2.2)

In this chapter, we focus on signed measures and finite positive measures, where unless spec-
ified otherwise, the term “measure” denotes a finite positive measure. Signed or finite
positive measures are typically denoted with the letters 𝜇, 𝜈, 𝜖 or 𝜐. The sets of signed mea-
sures, finite positive measures and probability measures on a measurable space (,𝔄) are
denoted by resp. ℳ, ℳ+

 and Δ. A measure space (,𝔄, 𝜇) is only denoted by (, 𝜇)
when there is no ambiguity on the 𝜎-algebra 𝔄.

For a subset 𝐹 of a set , the complement  ⧵𝐹 of 𝐹 is denoted by 𝐹 ∁. This is not to be
confused with superscripts of the form 𝐹 𝑐 , which we will heavily rely on and do not denote
complements.

Let (,𝔄) be a measurable space. For 𝑎 ∈ , the Dirac measure on 𝑎 is denoted by 𝛿𝑎.
For ̃ ∈ 𝔄, if 𝜇 ∈ ℳ+

 is such that 𝜇(̃∁) = 0, then it is said concentrated on ̃, and the
measure 𝜇̃ ∈ ℳ+

̃
defined by 𝜇̃(𝐴 ∩ ̃) ∶= 𝜇(𝐴) for all 𝐴 ∈ 𝔄 is called the restriction of

𝜇 to ̃. For ̃ ∈ 𝔄 and 𝜇̃ ∈ ℳ+
̃

, the extension of 𝜇̃ to (,𝔄) is the measure 𝜇 defined by
𝜇(𝐹 ) ∶= 𝜇̃(𝐹 ∩ ̃) for all 𝐹 ∈ 𝔄. With a slight abuse of notation, the restriction or extension
of a measure 𝜇 will often be denoted with the same symbol 𝜇. For another measurable space
(,𝔅), the push-forward of a measure 𝜇 ∈ ℳ+

 through a measurable map 𝑓 ∶  →  is
denoted by 𝑓 ⋅ 𝜇.

In our proofs, we will make repeated use of the fact that two measures coincide if and
only if they coincide on a generating algebra (see Proposition C.2.9), and of the Kolmogorov
extension theorem, which states that for a (non-necessarily countable) product of standard
Borel spaces, if a family of probabilities on each finite subset of coordinates is consistent,
then it uniquely defines a probability on the whole product space (see Theorem C.2.10).

3.2.3 Lebesgue and Bochner integrals (short version of Appendix C.2.3)

We will assume familiarity with Lebesgue integration theory , and refer to, e.g., (Gray, 2009)
for basic definitions and results. For  a measurable space, 𝑓 ∶  → ℝ a measurable
function and 𝜇 ∈ ℳ, whenever the integral makes sense, we write

⟨𝜇, 𝑓⟩ ∶= ∫
𝑓𝑑𝜇(𝑎).

Now, in Section 3.4, we will need to consider integrals valued in probability spaces, for
which Bochner integrals are a natural language. Indeed, the latter generalise the Lebesgue in-
tegrals, defined for scalar-valued functions, to maps valued in potentially infinite-dimensional
spaces — more precisely, Banach spaces.18 We assume familiarity with basic facts about

18I.e., vector spaces equipped with a norm that induces a complete metric. Banach spaces can be seen as
infinite-dimensional generalisations of Euclidean spaces, and play a central role in functional analysis.
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these spaces, and we refer to, e.g., Appendix E in (Cohn, 2013) for a complete presentation
of Bochner integrals. Here, let us just highlight the following:

• While Lebesgue integration considers measurable scalar-valued functions, integrating
Banach space-valued functions requires adding a requirement of separability, leading
to a notion of strong measurability (see Definition C.2.12). A function is then called
Bochner integrable if it is strongly measurable and its norm is Lebesgue integrable.

• One can then construct a notion of Bochner integral of any Bochner integrable func-
tion (Cohn, 2013), where the integral is valued in the same Banach space as the func-
tion’s output space. Lebesgue integral’s dominated convergence theorem then gener-
alises to Bochner integrals for sequences of strongly measurable functions (see Theo-
rem C.2.13).

3.2.4 Measure-theoretic morphisms

The theoretical framework developed in this chapter is based on a series of notions of mor-
phisms and isomorphisms, where each new notion adds more structure to previous ones. Here,
let us start by introducing the most fundamental ones, which are standard objects in ergodic
theory.
Definition 3.2.1. Let  and  be measurable spaces. A measurable isomorphism from  to
 is a measurable map 𝑓 ∶  →  which is bijective with measurable inverse. If such a map
exists,  and  are then said measurably isomorphic. If 𝜇 ∈ Δ and 𝜇 ∈ Δ, a measured
morphism from (, 𝜇) to (, 𝜇) is a measurable map 𝑓 ∶  →  such that 𝑓 ⋅𝜇 = 𝜇. It
is a measured isomorphism if there there exist ̃ ⊆  and ̃ ⊆  with 𝜇(̃) = 𝜇(̃) = 1
such that 𝑓 induces a measurable isomorphism from ̃ to ̃. For 𝑓 ∶ (, 𝜇) → (, 𝜇)
a measurable isomorphism, a mod 0 inverse of 𝑓 w.r.t. the distributions (𝜇, 𝜇), or mod 0
inverse of 𝑓 for short, is a measurable function 𝑓−1 ∶  →  such that there exist ̃ ⊆  and
̃ ⊆  with 𝜇(̃) = 𝜇(̃) = 1 such that 𝑓 , 𝑓−1 induce maps 𝑓 ∶ ̃ → ̃, 𝑓−1 ∶ ̃ → ̃
satisfying 𝑓−1◦𝑓 = 𝖨𝖽̃ and 𝑓◦𝑓−1 = 𝖨𝖽̃.

In short, a measured isomorphism is a measurable isomorphism up to a null measure set,
and a mod 0 inverse is an inverse up to a null measure set. Let us stress that, while all mod
0 inverses of a measured isomorphism 𝑓 ∶ (, 𝜇) → (, 𝜇) coincide 𝜇-a.e, there is no
uniqueness of mod 0 inverses, and despite our notation 𝑓−1, they might not be set-theoretic
inverses of 𝑓 . Note also that our use of the terminology “measured isomorphism” is slightly
unconventional (the conventional terminology would be “mod 0 isomorphism” (Coudène,
2016)).

Measured isomorphisms are “well-behaved” w.r.t. the operation of taking mod inverses,
w.r.t composition, and w.r.t. almost everywhere equality (see Proposition C.2.14).

3.2.5 Channels

We now turn to notions that will be the core of our analysis below. Let us start with the
measure-theoretic formalisation of stochastic maps — channels — and related concepts.

In the definitions below, (,𝔄), (,𝔅) and (,ℭ) denote measurable spaces.
Definition 3.2.2. A channel19 𝛾 from  to  is a map

𝛾 ∶  ×𝔅 → [0, 1]
(𝑎, 𝐹) → 𝛾(𝐹|𝑎)

19Also known as “Markov kernel”, “conditional probability”, “transition probability” or “stochastic map”.
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such that 𝛾(⋅|𝑎) ∈ Δ for all 𝑎 ∈ , and for every 𝐹 ∈ 𝔅, the map
 → [0, 1]
𝑎 → 𝛾(𝐹|𝑎)

is measurable. The set of channels from  to  is denoted by 𝒦 (,), and we write
𝒦 () ∶= 𝒦 (,). For a measurable function 𝑓 ∶  → , the deterministic chan-
nel defined by 𝑓 will often also be denoted by 𝑓 : i.e., for all 𝑎 ∈ , 𝐹 ∈ 𝔅, we define
𝑓 (𝐹|𝑎) ∶= 𝛿𝑓 (𝑎)∈𝐹 where the left-hand-side uses the “channel” notation while the right-
hand-side uses the “function” notation (in the following, if it is clear from context, we will
not specify which of the two notations we are using). For 𝜇 ∈ Δ, we say that two channels
𝛾, 𝛾 ′ ∈ 𝒦 (,) coincide 𝜇-almost everywhere, or 𝜇-a.e. for short, if there exists 𝐹 ∈ 𝔄
with 𝜇(𝐹) = 1 such that 𝛾(⋅|𝑎) = 𝛾 ′(⋅|𝑎) for all 𝑎 ∈ 𝐹. The composition of two channels
𝛾 ∈ 𝒦 (,) and 𝛾 ′ ∈ 𝒦 (,) is the channel 𝛾 ′◦𝛾 from  to  defined, for all 𝑎 ∈ ,
𝐹 ∈ ℭ, by

(𝛾 ′◦𝛾)(𝐹|𝑎) ∶= ∫
𝛾 ′(𝐹|𝑏)𝑑𝛾(𝑏|𝑎).

Eventually, for any measurable subset ̃ ∈ 𝔄, the (necessarily unique) restriction of 𝛾 ∈
𝒦 (,) to ̃ is the channel 𝛾̃ ∈ 𝒦 (̃,) defined by 𝛾̃(⋅|𝑎) ∶= 𝛾(⋅|𝑎) for all 𝑎 ∈ ̃. If
we rather assume 𝛾 ∈ 𝒦 (̃,), a (non-necessarily unique) extension of 𝛾 to  is a channel
𝛾̃ ∈ 𝒦 (,) such that 𝛾̃(⋅|𝑎) ∶= 𝛾(⋅|𝑎) for all 𝑎 ∈ ̃

Let us now turn to the hook-up notation, which we will heavily rely one along the whole
chapter. In short, it consists in combining channels and distributions on their input to obtain
joint input-output distributions — or in combining only channels, to obtain new channels
whose output space is the Cartesian product of the combined channels’ output spaces.
Definition 3.2.3. The hook-up20 of 𝜇 ∈ Δ and a channel 𝛾 is the joint distribution 𝜇𝛾 ∈
Δ× defined by, for all 𝐹 ∈ 𝔄, 𝐹 ∈ 𝔅,

𝜇𝛾(𝐹 × 𝐹) ∶= ∫𝐹
𝛾(𝐹|𝑎)𝑑𝜇(𝑎).

We also define the hook-up of two channels 𝛾 ∈ 𝒦 (,) and 𝛾 ′ ∈ 𝒦 ( × ,) as the
channel 𝛾𝛾 ′ ∈ 𝒦 (, × ) defined, for all 𝑎 ∈ , 𝐹 ∈ 𝔅, 𝐹 ∈ ℭ, by

𝛾𝛾 ′(𝐹 × 𝐹|𝑎) ∶= ∫𝐹
𝛾 ′(𝐹|𝑎, 𝑏)𝑑𝛾(𝑏|𝑎).

When this yields no ambiguity, we use the same notation if the left-hand-side of the hook-
up is not defined on the whole input space of the right-hand-side. E.g., if 𝜇 ∈ Δ with
(,𝔄) = (1 × 2,𝔄1 ⊗ 𝔄2) and 𝛾 ∈ 𝒦 (2,), then 𝜇𝛾 ∈ Δ1×2× is defined, for
𝐹1

∈ 𝔄1, 𝐹2
∈ 𝔄2, 𝐹 ∈ 𝔅, by

𝜇𝛾(𝐹1
× 𝐹2

× 𝐹) ∶= ∫𝐹1
×𝐹2

𝛾(𝐹|𝑎2)𝑑𝜇(𝑎1, 𝑎2),

20We take this terminology from (Gray, 2011).
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and similarly, if 𝛾 ∈ 𝒦 (,), 𝛾 ′ ∈ 𝒦 (,), then 𝛾𝛾 ′ ∈ 𝒦 (, × ) is defined, for
𝐹 ∈ 𝔅, 𝐹 ∈ ℭ, 𝑎 ∈ , by

𝛾𝛾 ′(𝐹 × 𝐹|𝑎) ∶= ∫𝐹
𝛾 ′(𝐹|𝑏)𝑑𝛾(𝑏|𝑎).

When we write expressions involving several hook-ups at the same time, we remove the brack-
ets if it yields no ambiguity: e.g., for 𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,), and 𝛾 ′ ∈ 𝒦 ( × ,), we
write

𝜇𝛾𝛾 ′ ∶= (𝜇𝛾)𝛾 ′ = 𝜇(𝛾𝛾 ′).

To clarify the meaning of the hook-up notation, let us use graphical representations. For
𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,), the hook-up 𝜇𝛾 ∈ Δ× can be represented by the Bayesian network

0 𝐴 𝐵𝜇 𝛾

where in addition to the variables (𝐴,𝐵)with the joint distribution𝜇𝛾 , we add a trivial variable
0 on the single element set {0}, and see the distribution 𝜇 ∈ Δ as a channel from this trivial
set to  — which makes it possible to graphically represent the fact that𝐴 has the distribution
𝜇.21 On the other hand, the hook-up 𝛾𝛾 ′ ∈ 𝒦 (, × ) of two channels 𝛾 ∈ 𝒦 (,) and
𝛾 ′ ∈ 𝒦 ( × ,), which is a channel rather than a joint distribution, can be represented by
not specifying any distribution on , through the Bayesian network

𝐴 𝐶

𝐵

𝛾 𝛾 ′

Now, if we have 𝜇 ∈ Δ1×2
and 𝛾 ∈ 𝒦 (2,), Bayesian networks are less suited for a

graphical representation of 𝜇𝛾 ,22 but if, e..g., we can decompose 𝜇 as 𝜇 = 𝜇𝐴1
𝜇𝐴2|𝐴1

where
𝜇𝐴1

∈ Δ1
is the marginal of 𝜇 on 𝐴1 and 𝜇𝐴2|𝐴1

∈ 𝒦 (1,2), then we can represent
𝜇𝛾 = (𝜇𝐴1

𝜇𝐴2|𝐴1
)𝛾 with the Bayesian network

0 𝐴1 𝐴2 𝐵
𝜇𝐴1 𝜇𝐴2|𝐴1 𝛾

If 𝛾 ∈ 𝒦 (,) and 𝛾 ′ ∈ 𝒦 (,), then the Bayesian network representing 𝛾𝛾 ′ ∈ 𝒦 (,×
) is

𝐴 𝐵 𝐶𝛾 𝛾 ′

Eventually, for 𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,), and 𝛾 ′ ∈ 𝒦 ( × ,), the “double” hook-up
𝜇𝛾𝛾 ′ = (𝜇𝛾)𝛾 ′ = 𝜇(𝛾𝛾 ′) can be represented by the Bayesian network

0 𝐴 𝐶

𝐵

𝜇

𝛾 𝛾 ′

On an arbitrary subset 𝐹 ∈ 𝔄 ⊗ 𝔅 of the product space  × , hook-ups of the form
21This is loosely inspired from string diagrams in categorical probability (Perrone, 2024).
22Categorical probability’s string diagrams could address this limitation — see Section 2.2 in (Perrone, 2024).
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𝜇𝛾 ∈ Δ× can be computed by integrating conditional probabilities of sections of the output
space  w.r.t. the input space distribution 𝜇. See Proposition C.2.15 for a formal statement.

The next definition is convenient to compare hook-ups of the form 𝜇𝛾→ ∈ Δ× and
𝜇𝛾→ ∈ Δ×.
Definition 3.2.4. Let (,𝔄), (,𝔅) measurable and 𝜇 ∈ Δ×. The transpose of 𝜇, denoted
by 𝜇𝖳, is the distribution on  ×  defined, for all 𝐹 ∈ 𝔄, 𝐹 ∈ 𝔅, by 𝜇𝖳(𝐹 × 𝐹) ∶=
𝜇(𝐹 × 𝐹).

Channels can be used to transform distribution on their input space into distrbution on
their output space — this operation is called the channel’s push-forward:
Definition 3.2.5. The push-forward of 𝜇 ∈ Δ through 𝛾 ∈ 𝒦 (,), denoted by 𝛾 ⋅ 𝜇, is
the probability on  defined for all 𝐹 ∈ 𝔅 by

(𝛾 ⋅ 𝜇)(𝐹) ∶= 𝜇𝛾( × 𝐹) = ∫
𝛾(𝐹|𝑎)𝑑𝜇(𝑎).

We denote by 𝛾∗ the corresponding push-forward operator23

𝛾∗ ∶ Δ → Δ

𝜇 → 𝛾∗𝜇 ∶= 𝛾 ⋅ 𝑞.

If 𝑓 ∶  →  is measurable, then the push-forward 𝑓 ⋅ 𝜇 of 𝜇 ∈ Δ is the push-forward
of 𝜇 through the deterministic channel defined by 𝑓 , i.e., (𝑓 ⋅ 𝜇)(𝐹) ∶= 𝜇(𝑓−1(𝐹)) for all
𝐹 ∈ 𝔅.

Note that a channel can always be recovered from its push-forward, through the formula
𝛾(⋅|𝑎) = (𝛾 ⋅ 𝛿𝑎).

For probabilities on finite spaces, we can always use joint distributions to define corre-
sponding conditional distributions. One of the “nice” features of standard Borel spaces is
that they provide a more expressive framework in which the property also holds true (see
Proposition C.2.16 for a formal statement).

3.2.6 Tensor products

Tensor products will be basic tools for our generalised pose coordinate in Section 3.5.
Definition 3.2.6. Let (𝑖,𝔄𝑖)𝑖∈ , (𝑖,𝔅𝑖)𝑖∈ two families of measurable spaces. We assume
that either  is finite, or the spaces 𝑖 and 𝑖 are standard Borel for all 𝑖 ∈ . Then:

(i) Let 𝜇𝑖 ∈ Δ𝑖
for all 𝑖 ∈ . The tensor product of (𝜇𝑖)𝑖∈ , denoted by ⨂

𝑖∈ 𝜇𝑖, is
the distribution on (

⨉

𝑖∈ 𝑖,
⨂

𝑖∈ 𝔄𝑖) defined, for all  ⊆  finite and ⨉

𝑗∈ 𝐹𝑗 ∈
⨂

𝑗∈ 𝑗 , by
(

⨂

𝑖∈
𝜇𝑖

)(

⨉

𝑗∈
𝐹𝑗

)

=
∏

𝑗∈
𝜇(𝐹𝑗). (3.2.1)

(ii) Let 𝛾𝑖→𝑖 ∈ 𝒦 (𝑖,𝑖) for all 𝑖 ∈ . The tensor product of (𝛾𝑖→𝑖)𝑖∈ , denoted by
⨂

𝑖∈ 𝛾𝑖→𝑖 , is the channel from (
⨉

𝑖∈ 𝑖,
⨂

𝑖∈  𝔄𝑖) to (
⨉

𝑖∈  𝑖,
⨂

𝑖∈  𝔅𝑖) de-
fined, for all (𝑎𝑖)𝑖∈ ∈

⨉

𝑖∈ 𝑖, finite set of indices  ⊆  and ⨉

𝑗∈ 𝐹𝑗 ∈
⨂

𝑗∈ 𝑗 ,
23We will mostly use the notation 𝛾 ⋅ 𝜇 and not 𝛾∗𝜇, in part. to avoid confusions with the hook-up notation.
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by
(

⨂

𝑖∈
𝛾𝑖→𝑖

)(

⨉

𝑗∈
𝐹𝑗
|

|

|

|

|

(𝑎𝑖)𝑖∈

)

=
∏

𝑗∈
𝛾𝑗→𝑗 (𝐹𝑗|𝑎𝑗) (3.2.2)

(iii) Let (,𝔄) another measurable space, and 𝛾→𝑖 ∈ 𝒦 (,𝑖) for all 𝑖 ∈ . The output
tensor product of (𝛾→𝑖)𝑖∈ , denoted by ⨵𝑖∈ 𝛾→𝑖 , is the channel from (,𝔄) to
(
⨂

𝑖∈  𝑖,
⨂

𝑖∈  𝔅𝑖) defined, for all 𝑎 ∈ , finite set of indices ⊆  and⨉𝑗∈ 𝐹𝑗 ∈
⨂

𝑗∈ 𝑗 , by
(

⨵
𝑖∈

𝛾→𝑖

)(

⨉

𝑗∈
𝐹𝑗
|

|

|

|

|

𝑎

)

=
∏

𝑗∈
𝛾→𝑗 (𝐹𝑗|𝑎) (3.2.3)

Moreover, the (output) tensor product of measurable functions is defined as the measurable
function defined by the (output) tensor product of their corresponding deterministic channels:
e.g., for 𝑓1 ∶ 1 → 1 and 𝑓2 ∶ 2 → 2, we have (𝑓1 ⊗ 𝑓2)(𝑎1, 𝑎2) ∶= (𝑓 (𝑎1), 𝑓 (𝑎2)).

Tensor products (of distributions or channels) and output tensor products of channels are
well-defined (see Appendix C.2.6). In plain words, the tensor product ⨂𝑖∈ 𝜇𝑖 of probability
distributions 𝜇𝑖 is the unique joint distribution whose marginals are the 𝜇𝑖 and that makes
the coordinates of  independent. The tensor product ⨂𝑖∈ 𝛾𝑖→𝑖 formalises the parallel
processing of the distinct coordinates 𝑖 ∈ , which can be represented, e.g., for  = {1, 2},
by the Bayesian network

𝐴1 𝐵1

𝐴2 𝐵2

𝛾1→1

𝛾2→2

where the line between 𝐴1 and 𝐴2 indicates that these “input” variables are not necessarily
assumed independent. The output tensor product ⨵𝑖∈ 𝛾→𝑖 formalises the independent
processing of different copies of the input space , which can be represented, e.g., for  =
{1, 2}, by the Bayesian network

𝐵1

𝐴

𝐵2

𝛾→1

𝛾→2

Note that the operation of taking the tensor products of two channels is bilinear, and
that the composition of tensor products of channels coincides with the tensor product of the
compositions on each coordinates (see Proposition C.2.17 for a formal statement).

3.2.7 Markov chains and Markov Decision Processes

We eventually define the object whose structure we want to investigate in this work: Markov
Decision Processes (MDPs). Let us however start with specific cases of MDPs that are also
central to the broader study of time-evolving dynamics: dynamical systems and Markov
chains.
Definition 3.2.7. A measurable dynamical system is a tuple ( ,𝔛, 𝜏) with ( ,𝔛) a measur-
able space and 𝜏 ∶  →  a measurable transformation — we often only write ( , 𝜏) when
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there no ambiguity on the 𝜎-algebra 𝔛. A stationary dynamical system24 ( , 𝜇0, 𝜏) is a mea-
surable dynamical system equipped with a probability 𝜇0 ∈ Δ which is stationary under 𝜏,
i.e., 𝜏 ⋅ 𝜇0 = 𝜇0.

If the deterministic transformation 𝜏 becomes stochastic, we obtain a Markov chain:
Definition 3.2.8. A measurable Markov chain is a tuple ( ,𝔛, 𝜏), where ( ,𝔛) is a measur-
able space, and 𝜏 ∈ 𝒦 (). When it yields no ambiguity, we refer to a measured Markov chain
only as the pair ( , 𝜏), or even just the channel 𝜏. The Markov chain is called standard Borel
when  is a standard Borel space. A measured Markov chain is a measurable Markov chain
equipped with an initial distribution 𝜇0 ∈ Δ , i.e. a tuple ( ,𝔛, 𝜇0, 𝜏) — or, e.g., (𝜇0, 𝜏) for
short. A distribution 𝜇0 ∈ Δ is said stationary under 𝜏 if 𝜏 ⋅ 𝜇0 = 𝜇0. A stationary Markov
chain is a measured Markov chain (𝜇0, 𝜏) such that 𝜇0 is stationary.
Technical remark. A (measurable, resp. stationary) dynamical system is equivalent to a (mea-
surable, resp. stationary) Markov chain whose transformation 𝜏 is a deterministic channel
(replace the measurable function from Definition 3.2.7 by the corresponding deterministic
channel).

On the other hand, if we introduce actions into this picture, we obtain a Markov Decision
Process:
Definition 3.2.9. A measurable Markov Decision Process (or measurable MDP for short) is
a tuple ( ,𝔛,,𝔊, 𝜋, 𝜌), where ( ,𝔛) and (,𝔊) are measurable spaces, 𝜋 ∈ 𝒦 ( ,) and
𝜌 ∈ 𝒦 (×,). The space  is called the state-space.  the action space,25 𝜌 the transition
channel and 𝜋 the policy. For all 𝑔 ∈ , the action 𝜌𝑔 ∈ 𝒦 () is defined, for all 𝑥 ∈  ,
𝐹 ∈ Bor , by

𝜌𝑔(𝐹 |𝑥) ∶= 𝜌(𝐹 |𝑥, 𝑔),

and the update channel, denoted by 𝜌 ∈ 𝒦 () is the average of the actions 𝜌𝑔 w.r.t. the policy
𝜋, i.e., for all 𝑥 ∈  , 𝐹 ∈ Bor ,

𝜌(𝐹 |𝑥) ∶=
(

𝜌◦(𝖨𝖽 ⨵ 𝜋)
)

(𝐹 |𝑥) = ∫𝑔∈
𝜌𝑔(𝐹 |𝑥)𝑑𝜋(𝑔|𝑥).

When it yields no ambiguity, we refer to a measurable MDP only as the tuple ( ,, 𝜋, 𝜌),
or even just the pair of channels (𝜋, 𝜌). The MDP is called standard Borel when both 
and  are standard Borel spaces. A measured MDP is a measurable MDP equipped with an
initial distribution 𝜇0 ∈ Δ , i.e., a tuple ( ,𝔛,,𝔊, 𝜇0, 𝜋, 𝜌), or, e.g., (𝜇0, 𝜋, 𝜌) for short. A
stationary MDP is a measured MDP (𝜇0, 𝜋, 𝜌) such that the initial distribution is stationary
under the update channel, i.e., 𝜌 ⋅ 𝜇0 = 𝜇0.
Technical remark. A (measurable, resp. measured, resp. stationary) Markov chain is equiv-
alent to a (measurable, resp. measured, resp. stationary) with only one action, i.e., with
|| = 1. In particular, a (measurable, resp. stationary) dynamical system can be seen as a
(measurable, resp. stationary) MDP with one action and deterministic transition function.
Moreover, importantly, our definition of stationarity for MDPs does not require the station-
arity of the initial distribution 𝜇0 w.r.t. each action 𝜌𝑔 for all 𝑔 ∈ , but only w.r.t. to the
average 𝜌 of all actions (𝜌𝑔)𝑔∈ w.r.t. the policy 𝜋.

Let us write 𝑛
0 = 0×⋯×𝑛, resp. 𝑛0 = 0×⋯×𝑛, the product of 𝑛+1 copies of  ,

resp. of  — each copy corresponding to one time-step; with 𝜎-algebras denoted by 𝔛𝑛
0 and

24More commonly known as probability measure preserving transformation (Coudène, 2016).
25Our notation  stands for “generators”, as the elements of  generate strings of multiple time-step actions.
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𝔊𝑛
0. A measured MDP (𝜇0, 𝜋, 𝜌) defines, for each pair of finite times 𝑚 < 𝑛, a distribution

𝑞𝑛𝑚 ∶= 𝑞𝑛𝑚(𝑋𝑚, 𝐺𝑚,… , 𝑋𝑛−1, 𝐺𝑛−1, 𝑋𝑛) ∈ Δ𝑛
𝑚×𝑛−1𝑚

(3.2.4)
satisfying the Bayesian network

𝑋𝑚 𝑋𝑚+1 𝑋𝑚+2 …

𝐺𝑚 𝐺𝑚+1 …

where the first time-steps drawn here are iterated up to time 𝑛. I.e., formally: we define
iteratively, using the hook-up notation from Definition 3.2.2,

𝑞00 ∶= 𝜇0 ∈ Δ0
,

∀𝑛 ≥ 1, 𝑞𝑛0 ∶= 𝑞𝑛−10 𝜋𝜌 ∶= (𝑞𝑛−10 𝜋)𝜌 ∈ Δ𝑛
0×

𝑛−1
0
,

(3.2.5)

where here 𝜋 is seen as a channel from 𝑛 to 𝑛, and 𝜌 as a channel from 𝑛 × 𝑛 to 𝑛+1.
The distribution 𝑞𝑛𝑚 is then the marginal of 𝑞𝑛0 on the last (𝑛 − 𝑚) coordinates. For standard
Borel spaces, the Kolmogorov extension theorem (Theorem C.2.10) ensures that there exists
a unique distribution

𝑞 ∶= 𝑞(⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑋, 𝐺) ∶= 𝑞((𝑋𝑛, 𝐺𝑛)𝑛∈ℕ)

on ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ ×  ∶= ( × )ℕ such that for all 𝑚, 𝑛 ∈ ℕ, we have 𝜇(𝑋𝑚, 𝐺𝑚,… , 𝑋𝑛, 𝐺𝑛) = 𝑞𝑛𝑚.
Similarly, each measured Markov chains (𝜇, 𝜏) on a standard Borel space  uniquely defines
a distribution 𝜇 ∈ Δ ⃖⃗ .
Definition 3.2.10. The process distribution of a standard Borel measured MDP (𝜇0, 𝜋, 𝜌) is the
distribution 𝑞(⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑋, 𝐺) defined above. The process distributions of a standard Borel measurable
MDP (𝜋, 𝜌) are all the process distributions of the measured MDPs (𝜇0, 𝜋, 𝜌) for all initial
distributions 𝜇0 ∈ Δ . We make similar definitions for process distribution(s) of standard
Borel Markov chains.

Using the Kolmogorov extension theorem again, it is easy to verify the following:
Proposition 3.2.11. Let (𝜋, 𝜌) be a standard Borel measurable MDP. There exists a unique
channel ⃖⃖⃖⃖⃗𝜋𝜌 ∈ 𝒦 ( , ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × ) such that

⃖⃖⃖⃖⃗𝜋𝜌10 ∶= 𝜋𝜌,

∀𝑛 ≥ 2, ⃖⃖⃖⃖⃗𝜋𝜌𝑛0 ∶= (⃖⃖⃖⃖⃗𝜋𝜌𝑛−10 𝜋)𝜌,

where for all 𝑛 ≥ 1, the channel ⃖⃖⃖⃖⃗𝜋𝜌𝑛0 ∈ 𝒦 ( , ( × )𝑛) is such that for all 𝑥 ∈  , the
distribution ⃖⃖⃖⃖⃗𝜋𝜌𝑛0(⋅|𝑥) is the marginal of ⃖⃖⃖⃖⃗𝜋𝜌(⋅|𝑥) on the first coordinates ( × )𝑛. Moreover,
this channel satisfies 𝑞 = 𝜇0⃖⃖⃖⃖⃗𝜋𝜌 for all process distribution 𝑞 of the measurable MDP (𝜋, 𝜌)
equipped with an initial distribution 𝜇0 ∈ Δ .

Definition 3.2.12. The process channel of a standard Borel measurable MDP (𝜋, 𝜌) is the
channel ⃖⃖⃖⃖⃗𝜋𝜌 from Proposition 3.2.11.

In short, the process channel transforms an initial state 𝑥 ∈  into the resulting process
⃖⃖⃖⃖⃗𝜋𝜌(⋅|𝑥) of actions (starting from time 0) and resulting states (starting from time 1) obtained
with the MDP (𝜋, 𝜌) starting from 𝑥 at time 0; and combining any initial distribution 𝜇0 ∈ Δ
with ⃖⃖⃖⃖⃗𝜋𝜌, we obtain a process distribution 𝜇0⃖⃖⃖⃖⃗𝜋𝜌 starting from time 0 for both states and actions.
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The point of this definition is that it will turn out to be a convenient mathematical object to
state and prove theorems (see, in particular, Theorem 3.4.1 below).

On our use of the MDP formalism w.r.t. embodied agents Our definition of measurable
MDP is a more abstract, “measurable space” version of the usual definition of MDP, with
however a crucial difference. Usually, the definition of an MDP involves a reward function
instead of a policy — and the main problem is then to learn an optimal policy for the given
reward function. Here, we do not address any kind of “policy learning” problem, rather work-
ing with an already given, fixed policy 𝜋, and disregarding any reward function that might
have led to learning that policy. This is because our focus is on understanding the structure of
the dynamics induced by a given behaviour in a given environment — e.g., if the state-space
 models a fully observed environment, and the action space  the agent’s own actions.
Let us also stress that, despite the “Markov Decision Process” terminology, the policy is here
just thought of as a statistical description of the agent’s closed-loop behaviour, rather than
as a model of decision-making — which, in an embodied setting, some have argued happens
along the unfolding of movement rather than in a separate stage (Thura et al., 2022). However,
even when not interpreted as sequential models of decision-making, MDPs are ultimately very
limited formalisations of real-world agents — either biological or artificial. From an adaptive
behaviour perspective, the work presented here should thus be seen as only a building block
for more realistic models: e.g. causal Bayesian network models of the perception-action loop
(Ay et al., 2014; Polani et al., 2009), coupled Moore and Mealy machines (Virgo et al., 2025),
or input-output processes (Barnett et al., 2015; Rosas et al., 2025) (in the latter, one only as-
sumes an “interface” channel describing how any “input process” of agent’s actions yields a
simultaneously occuring “output process” of resulting sensations).

3.2.8 Some useful rules

In our proofs (especially in Section 3.5), we will manipulate different combinations of the con-
cepts of hook-up, channel composition, and push-forward defined above. In Appendix C.3,
we collect algebraic rules that will be useful for that purpose. Some of them might well be
scattered or implicitly used across the measure-theoretic literature. But for the sake of com-
pleteness, we include all the detailed proofs. These results will only be useful in appendices.
We recommend skipping them at the first reading and coming back to them when necessary.

3.3 Ergodic decomposition of standard Borel Markov chains

Previous work on class-pose decomposition has formalised “classes” as orbits under the action
of a given group. Here, following the considerations from Section 3.1.4, our aim is to show
that the notion of class can be made relevant to much more general cases by recasting it
in terms of ergodic components of the Markov chain defined by the update channel 𝜌 of a
measurable MDP (see Definition 3.2.9). For that purpose, after an informal introduction in
Section 3.3.1, we introduce in Section 3.3.2 previous results on the ergodic decomposition
of (measurable, standard Borel) Markov chains (Worm et al., 2011) that yield, in short, a
partition of the state-space into ergodic components. However, these previous results turn
out to not be exactly the ones that we need. This is the reason why we present at length the
technical machinery from (Worm et al., 2011), which allows us, in Section 3.3.3, to fine-tune
this previously established framework to obtain a form of the decomposition into ergodic
components that is adapted to our needs. In Section 3.3.4, we prove that under a continuity
assumption, the space of ergodic components has a standard Borel structure — which is useful
for the long-term aim of softening the notion of class with information theory in the non-
countable case. We then show in Section 3.3.5 that, in the finite case, ergodic components
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can be seen as a mean-asymptotic minimal sufficent statistic — which will be useful for their
information-theoretic characterisation in Section 3.6.1.

3.3.1 Informal introduction

We want to describe what is known as the decomposition into ergodic components of a stan-
dard Borel state-space  (or a subset of “generic points” of  , in some measure-theoretic
sense) w.r.t. a Markov chain 𝜏. Let us first broadly outline this concept, and related ones.
The decomposition can be seen as the finest partition of (the set of “generic points” of) 
into invariant subsets, i.e., subsets that contain their “stochastic image” through the action
of the Markov chain 𝜏. Each element of this partition is thus, intuitively, an “invariant sub-
set that cannot be broken down into smaller invariant subsets”, and is technically called an
ergodic component. This partition of the state-space is closely linked to the notion of er-
godic measure, which means, roughly, a stationary measure that “puts all the weight” on a
single ergodic component. To each ergodic component corresponds a unique ergodic mea-
sure, which can be obtained the following way: for any point 𝑥 in the ergodic component,
the sequence of pushed-forward distributions

(

1
𝑛
∑𝑛−1
𝑖=0 𝜏

𝑖 ⋅ 𝛿𝑥
)

𝑛
⊆ Δ of time averages of

the Markov chain’s distribution when starting from 𝑥 (technically known as Césaro means)
converges, for 𝑛 → +∞, to the ergodic component’s unique ergodic measure. Ergodic com-
ponents can thus be seen as sets of points that “have the same attractor”, in the sense that
the time-averages of the trajectories starting from these points yield the same distribution.
Moreover, each stationary measure 𝜇0 on  then decomposes as an “average over all ergodic
measures”, where the “weights” defining this average uniquely define 𝜇0.

In the case of deterministic transformations, the ergodic decomposition of both stationary
measures and the underlying state-space are classic results of ergodic theory (Coudène, 2016).
For Markov chains with a countable state-space, analogous results are standard knowledge as
well: the set of what is known as positive recurrent points (i.e., points that, if visited once,
are visited again with a positive asymptotic frequency) can be partitioned into communicating
classes (i.e., classes of points that can be reached with positive probability in finite time from
one another). This partition of the set of positive recurrent points yields a corresponding
ergodic decomposition of any stationary probability (Sericola, 2013).

However, in the case of Markov chains on standard Borel spaces, a formulation of the
ergodic decomposition theorem that provides the partition of the underlying state-space has
been obtained only relatively recently (Worm et al., 2011). In the next section 3.3.2, we start
by quoting the relevant results. Even though we aim to communicate the essence of this
section to a wider audience, a close reading of it will require some familiarity with func-
tional analysis — i.e., with Banach spaces, their dual spaces, weak topologies, and Bochner
integrals. Note also that, for the sake of consistency with other sections, our notations and
terminology will not always follow exactly those of (Worm et al., 2011) (we will point out the
most important differences).

3.3.2 Previous results

This section does not present any novel contribution of ours, but only previous results from
(Worm et al., 2011). We present the underlying technical machinery in extensive details
because we will need to fine-tune these results in Section 3.3.3.

The setting of (Worm et al., 2011) sits within an old tradition of seeing measures as inte-
grals of continuous functions (Rudin, 1987). In short, for a “well-chosen” set ℳ of measures
on a “well-behaved” Borel measurable space  , one can choose a Banach space 𝒞 of “well-
behaved” continuous functions 𝑓 ∶  → ℝ such that each measure 𝜇 ∈ ℳ is uniquely
defined by the linear form 𝑓 → ∫ 𝑓𝑑𝜇 that integrates functions w.r.t. 𝜇. Intuitively, this
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allows one to investigate “what a measure is” by studying only “what it does” — i.e., here, we
forget the formal definition of a measure, and we only look at how it integrates each function
in 𝒞 . Technically, this means identifying a space of measures with some subset of the dual of
the Banach space 𝒞 , which brings in the full power of functional analysis to measure theory.

This “measures as integrals” perspective happens to be particularly relevant to ergodic
decomposition theorems. For instance, it defines a natural topology on the set of probabil-
ity measures, which yields a well-defined notion of convergence of the sequence of Césaro
means

(

1
𝑛
∑𝑛−1
𝑖=0 𝜏

𝑖 ⋅ 𝛿𝑥
)

𝑛
mentioned above. Moreover, it is natural to formalise the ergodic

decomposition of stationary probabilities as a probability distribution-valued integral. This is
made possible precisely by the Banach space structure on probability measures, which allows
using the Bochner integral (see Section C.2.3).

Ref. (Worm et al., 2011) relies on a version of this “duality” perspective on measures
where:

•  is a standard Borel space,
• ℳ = ℳ is the set of signed measures on  ,
• 𝒞 = 𝖡𝖫 is the set of bounded real-valued Lipschitz functions on  .

The set 𝖡𝖫 is a Banach space with norm ‖𝑓‖𝖡𝖫 ∶= |𝑓 |𝖫𝗂𝗉 + ‖𝑓‖∞, where |𝑓 |𝖫𝗂𝗉 is the
global Lipschitz constant and ‖𝑓‖∞ the sup norm. The dual of 𝖡𝖫 is denoted by 𝖡𝖫∗ , and
it is regarded as a Banach space with the usual dual norm, denoted by ‖ ⋅ ‖∗𝖡𝖫. Note that the
Dirac measures 𝛿𝑥 belong to 𝖡𝖫∗ for all 𝑥 ∈  . We can thus consider the subspace

𝖡𝖫 ∶= 𝖲𝗉𝖺𝗇{𝛿𝑥, 𝑥 ∈ } ⊆ 𝖡𝖫∗ ,

i.e., 𝖡𝖫 is the topological closure, w.r.t. the norm ‖ ⋅ ‖∗𝖡𝖫 in 𝖡𝖫∗ , of the linear span of the
Dirac measures 𝛿𝑥. As a closed subspace of a Banach space, the space 𝖡𝖫 is itself a Banach
space with norm the restriction of ‖ ⋅ ‖∗𝖡𝖫 to 𝖡𝖫, which we will simply denote by ‖ ⋅ ‖ when
there is no ambiguity. The space 𝖡𝖫 is also separable (for the topology induced by ‖ ⋅ ‖),
which makes it a Polish space — the complete metric being the one induced by the norm
‖ ⋅ ‖ (see Definition C.2.2). Here, the “measures as integrals” approach mentioned above is
embodied by the following fact: each signed measure 𝜇 ∈ ℳ defines a unique element in
𝖡𝖫, still denoted by 𝜇, and defined by

⟨𝜇, 𝑓⟩ ∶= ∫
𝑓𝑑𝜇

for all 𝑓 ∈ 𝖡𝖫 . More precisely, ℳ identifies in this way to a dense subspace of 𝖡𝖫. In
the following, we will not write explicitly the corresponding bijection, and regard ℳ as a
subset of 𝖡𝖫.

The set ℳ+
 of finite positive measures identifies to a closed convex cone of 𝖡𝖫, which

we denote by +
𝖡𝖫. The set of probability distributions Δ ⊆ ℳ+

 identifies to the closed
convex subset of +

𝖡𝖫 made of elements of norm 1. In particular, the restriction of the norm
metric on 𝖡𝖫 defines a complete metric on its closed subsets ℳ+ and Δ — and thus defines
a corresponding standard Borel structure. In the following, we see Δ as a standard Borel
space with this induced standard Borel structure. Moreover, the push-forward operator 𝜏∗ ∶
Δ → Δ of a Markov chain 𝜏 ∈ 𝒦 () can be uniquely extended to a positive bounded
linear operator on the Banach space of signed measures (ℳ , ‖ ⋅‖), still denoted by 𝜏∗: more
precisely, for all 𝜇 ∈ ℳ , we have ‖𝜏∗𝜇‖ ≤ ‖𝜇‖, and 𝜇 ∈ ℳ+ implies 𝜏∗𝜇 ∈ ℳ+. (See
Sections 2.1 and 2.2 in (Worm et al., 2011), and references therein, for statements from this
paragraph and the previous one; note that in (Worm et al., 2011), channels 𝜏 ∈ 𝒦 () are
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called transition probabilities, and push-forward operators 𝜏∗ are regular Markov operators
— see Section 2.2 there.)

With this framework in place, we now turn to the ergodic properties of stochastic trans-
formations. We recall that 𝜇 ∈ Δ is stationary under 𝜏 if 𝜏 ⋅ 𝜇 = 𝜇 (see Definition 3.2.8).
Definition 3.3.1. Let 𝜏 ∈ 𝒦 (). A Borel subset 𝐹 ⊆  is called invariant (w.r.t. 𝜏) if
(𝜏 ⋅ 𝛿𝑥)(𝐹 ) = 1 for all 𝑥 ∈ 𝐹 : i.e., intuitively, if “the stochastic image of each point of
𝐹 through 𝜏 remains in 𝐹 with probability one”. A probability measure 𝜇 ∈ Δ is called
ergodic (w.r.t. 𝜏) if it is stationary and 𝜇(𝐹 ) = 1 or 𝜇(𝐹 ) = 0 whenever 𝐹 is an invariant set:
i.e., if “any invariant subset of  has either full measure or zero measure”. The 𝑛-th Césaro
mean (w.r.t. 𝜏) is the channel 𝜏(𝑛) ∶= 1

𝑛
∑𝑛−1
𝑖=0 𝜏

𝑛.
For each 𝑛 ∈ ℕ and 𝑥 ∈  , the Césaro mean 𝜏(𝑛) ⋅𝛿𝑥 of 𝛿𝑥 is the 𝑛-time-step average of the

distribution of a trajectory starting from 𝑥. In particular, if 𝜏 is deterministic, this can be seen
as an “empirical distribution”, computed by an experimentalist recording measurements of
the trajectory. The starting point of ergodic theory was to understand under which conditions
such an “empirical distribution”, computed from time-averages of trajectory, could accurately
approximate the underying “spatial” stationary distribution 𝜇0 ∈ Δ over the state-space.26
The formalism of ergodic theory provided, in short, the following answer for deterministic
dynamics: this is indeed the case when, up to zero probability sets, there is only one non-
trivial invariant set — which can be understood, informally, as the fact that “there is only one
attractor”. I.e., rephrasing this in the language introduced in Definition 3.3.1: if the initial
distribution 𝜇0 is ergodic w.r.t. 𝜏 where 𝜏 is deterministic, then for 𝜇0-a.e. 𝑥 ∈  , the
Césaro mean 𝜏(𝑛) ⋅𝛿𝑥 does indeed converge (in some sense) to a unique stationary distribution
(Coudène, 2016).

Now, for non-ergodic deterministic dynamics, the situation is more subtle: in short, dis-
tinct starting points might lead to distinct limits of the Césaro means, each of them ergodic
— which unveils a rich structure of deterministic dynamical systems, described precisely by
the notion of ergodic decomposition (Coudène, 2016). This suggests that, to exhibit a similar
structure for stochastic dynamics — i.e., here, for Markov chains on standard Borel spaces
— we may start by considering the set of points whose Césaro means converge to an ergodic
measure, i.e.:27

erg ∶=
{

𝑥 ∈  ∶
(

𝜏(𝑛) ⋅ 𝛿𝑥
)

𝑛∈ℕ converges in 𝖡𝖫 to an ergodic probability measure 𝜖𝑥
}

.
(3.3.1)

This set is “generic” in the following, measure-theoretic/dynamic sense:
Theorem 3.3.2 ((Worm et al., 2011), Theorem 3.12). erg is measurable, and 𝜇(erg) = 1
for any 𝜏-stationary measure 𝜇.

Remark 3.3.3. Assume that  is countable (i.e., finite or countably infinite). Then it can be
verified, using standard knowledge,28 that erg is made of the positive recurrent points, and
the transient points that lead with probability one to a single communicating class of positive
recurrent points. The important point, here, is that we encompass all positive recurrent points
— indeed, these are the points on which the stationary measures are supported. The fact that
erg captures some transient points as well can be seen as an artifact of the tools developed
in (Worm et al., 2011) (but, for our purposes at least, a harmless artifact). See Figure 3.1 for
illustrative examples — note that the figure also references the objects , ( 𝑐)𝑐∈ and erg,𝗂𝗇𝗏
which are defined further below.

26Actually, an experimentalist usually rather records functions of the state-space trajectory, whose time-average
approximate their integral over the state-space — but here, we simplify for the sake of conciseness.

27The set erg is denoted by Γ𝑐𝑝𝑖𝑒 in (Worm et al., 2011).
28In this remark, we assume familiarity with countable Markov chains theory.
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𝑥0 𝑥1 𝑥2 𝑥3

(A) Here erg = erg,𝗂𝗇𝗏 = {𝑥0, 𝑥3}, with  = { 𝑐}𝑐∈ =
{

{𝑥0}, {𝑥3}
}. The states 𝑥1 and 𝑥2 are transient,

and their resp. Césaro means do converge to stationary distributions. But as these states lead to two distincts
communicating classes of positive recurrent states, the resp. invariant distributions are not ergodic — which is
why they are not included in erg (see Remark 3.3.3). Here erg,𝗂𝗇𝗏 coincides with the set of positive recurrent

points.

𝑥0

𝑥1

𝑥2 𝑥3

𝑥4 𝑥5

(B) Here erg = erg,𝗂𝗇𝗏 = {𝑥0, 𝑥1, 𝑥3, 𝑥4, 𝑥5}, with  = { 𝑐}𝑐∈ =
{

{𝑥0, 𝑥1}, {𝑥3, 𝑥4, 𝑥5}
}. The state 𝑥2 is

transient but leads to two distincts communicating classes of positive recurrent states, so it is not in erg. In
contrast, the state 𝑥3 is transient and leads to the unique communicating class {𝑥4, 𝑥5}, so its Césaro means
converge to the same ergodic distribution as the Césaro means of 𝑥4 and 𝑥5. Therefore it is in erg and, more
precisely, in the same equivalence class 𝑐 as {𝑥4, 𝑥5}. This holds even though 𝑥3 is not contained in the set on
which invariant probability distributions are supported — i.e., the set of positive recurrent points {𝑥0, 𝑥1, 𝑥4, 𝑥5}.

FIGURE 3.1: Examples of Markov chains 𝜏 with corresponding generic set and par-
tition in ergodic components, in the sense of (Worm et al., 2011). An arrow from
state 𝑥𝑖 to state 𝑥𝑗 means that 𝜏(𝑥𝑗|𝑥𝑖) > 0. Each dotted box is an equivalence class
𝑐 ∈  (see equation (3.3.2)), which here always coincides with its invariant subset
𝑐 (see Theorem 3.3.7). Here, their union always coincides with the generic set erg(see equation (3.3.1)), which is the same as its invariant subset erg,𝗂𝗇𝗏 (see equa-
tion (3.3.3)). Note that the captions of Figures 3.1b and 3.1a assume familiarity with

countable Markov chains theory.
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We then cluster elements of erg according to the limit of their Césaro means. I.e., for
each 𝑥 ∈ erg, denoting by 𝜖𝑥 the limit in 𝖡𝖫 of the Césaro means (𝜏(𝑛) ⋅ 𝛿𝑥

)

𝑛∈ℕ, we define
the following equivalence relation on erg:

𝑥 ∼ 𝑥′ if and only if 𝜖𝑥 = 𝜖𝑥′ (3.3.2)
The set of equivalence classes defined by ∼ on erg is denoted by , and for 𝑥 ∈ 𝑐 ∈ , the
probability 𝜖𝑥 is also denoted by 𝜖𝑐 . See Figure 3.1 for illustrative examples — note that the
figure also references the objects ( 𝑐)𝑐∈ and erg,𝗂𝗇𝗏 which are defined further below.

The next theorem lumps together results from Theorem 4.3, Theorem 4.6, Corollary 4.7
and Corollary 4.8 in (Worm et al., 2011). Before stating it, let us point out that for a given
𝜏 ∈ 𝒦 (), the set of 𝜏-stationary probabilities define a convex subset Δ𝜏 ⊆ Δ , so that it
makes sense to consider its extreme points (i.e., those that cannot be obtained as a non-trivial
convex combination of distinct points of Δ𝜏 ).
Theorem 3.3.4. Let  standard Borel, and 𝜏 ∈ 𝒦 (). Then:

(i) The set of ergodic measures w.r.t. 𝜏 coincides with the set of extreme points of Δ𝜏 .

(ii) Any 𝑐 ∈  is measurable and satisfies 𝜖𝑐(𝑐) = 1. In particular, 𝜖𝑥′(𝑐) = 0 for 𝑐′ ≠ 𝑐.

(iii) Any ergodic probability 𝜇 is of the form 𝜇 = 𝜖𝑐 for some 𝑐 ∈ .

(iv) There is a bijection between the space of ergodic probability measures and the set .

(v) erg is non-empty if and only if there exists a stationary measure.

Point (𝑖𝑖) is often referred to as the fact that the ergodic measures corresponding to distinct
ergodic components are mutually singular. Let us now state the Markov chain version of
the integral decomposition of stationary probabilities into ergodic probabilities, using the
language of Bochner integrals (see Section C.2.3).
Theorem 3.3.5 ((Worm et al., 2011), Theorem 4.10). Let 𝜇 ∈ Δ be stationary. Then the
map

 → 𝖡𝖫

𝑥 →

{

𝜖𝑥 if 𝑥 ∈ erg
0 if 𝑥 ∉ erg

is Bochner integrable, and

𝜇 = ∫
𝜖𝑥𝑑𝜇(𝑥) = ∫erg

𝜖𝑥𝑑𝜇(𝑥).

The next theorem involves the notion of restriction of a Markov chain to an invariant
subset:
Definition 3.3.6. Let ( ,𝔛) be a measurable space, 𝜏 ∈ 𝒦 (), and 𝐸 a 𝜏-invariant measur-
able subset, seen as measurable space with the induced 𝜎-algebra 𝔛𝐸 ∶= {𝐹 ∩ 𝐸, 𝐹 ∈ 𝔛}.
Then the channel 𝛾 ∈ 𝒦 (𝐸) defined by 𝛾(𝐹 ∩ 𝐸|𝑥) ∶= 𝜏(𝐹 |𝑥) for all 𝐹 ∩ 𝐸 ∈ 𝔛𝐸 is called
the restriction of 𝜏 to 𝐸.29

Theorem 3.3.7 ((Worm et al., 2011), Theorem 4.13). Let  standard Borel, 𝜏 ∈ 𝒦 (),
and assume that there exists a stationary probability measure (or equivalently that erg is not
empty). Then for all 𝑐 ∈ :

29For details on the fact that 𝛾 is a well-defined channel, see Section 4.3 in (Worm et al., 2011).
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(i) The set  𝑐 ∶=
⋂

𝑛∈ℕ 𝑐𝑛, where 𝑐0 ∶= 𝑐, and

𝑐𝑛 ∶= {𝑥 ∈ 𝑐𝑛−1 ∶ (𝜏 ⋅ 𝛿𝑥)(𝑐𝑛−1) = 1},

is an invariant measurable subset of 𝑐, and 𝜖𝑐( 𝑐) = 1.

(ii) 𝜖𝑐 is the only stationary probability measure of 𝜏𝑐 , where 𝜏𝑐 is the restriction of 𝜏 to
 𝑐 .

(iii) 𝑐 cannot be written as the union of two disjoint 𝜏𝑐-invariant sets  𝑐
1 and  𝑐

2 with
𝜖𝑐( 𝑐

1 ) > 0 and 𝜖𝑐( 𝑐
2 ) > 0.

Each set  𝑐 can be seen as the “largest invariant subset of 𝑐”, as will be discussed in
further detail in Section 3.3.3.
Proof of Theorem 3.3.7. This is Theorem 4.13 in (Worm et al., 2011), with the only difference
that the explicit form of the invariant measurable set  𝑐 ⊆ 𝑐 is not stated in the latter result.
However, looking at its proof — and those of Lemma 4.1 and Corollary 4.2 in (Worm et al.,
2011), on which the theorem’s proof relies — shows that we can indeed choose  𝑐 as stated
in point (𝑖) above.

In a sense, Theorem 3.3.7 completes the formalisation of the statements informally stated
in Section 3.3.1. Indeed, it somehow provides a decomposition of (a generic subseterg of) the
state-space  into “minimally 𝜏-invariant subsets  𝑐” (see points (𝑖) and (𝑖𝑖𝑖)), which makes
them good candidates for being called “ergodic components”. Moreover, to each “ergodic
component”  𝑐 corresponds a unique ergodic measure 𝜖𝑐 (see point (𝑖𝑖)), which is concen-
trated on  𝑐 . Each such ergodic measure is obtained as a limit of Césaro means (by definition
of erg), i.e., of time-averages of the process’ spatial distribution over  when it starts from
a given point. Eventually, Theorem 3.3.5 does provide a decomposition of stationary proba-
bilities as averages over ergodic probabilities.

However, point (𝑖) in Theorem 3.3.7 is somehow unsatisfying. Indeed, the union ⨆

𝑐∈  𝑐

of the “ergodic components” might not coincide with the “generic” set erg, as the partition
of the latter is ⨆

𝑐∈ 𝑐, and even though 𝜖𝑐( 𝑐) = 𝜖𝑐(𝑐) = 1 for all 𝑐 ∈ , we might have
 𝑐 ⊊ 𝑐. So on the one hand, we have a partition erg =

⨆

𝑐∈ 𝑐 of a “generic” set that might
not be 𝜏-invariant into subsets that might not be 𝜏-invariant; and on the other hand, we have a
𝜏-invariant disjoint union ⨆

𝑐∈  𝑐 of 𝜏-invariant subsets  𝑐 , but it is not clear that this union
is “generic” in the same way as erg is — or that it is even measurable if  is uncountable.
In the next section, we will show that the latter facts do actually hold. In Appendix C.4.1,
we gather additional technical results from (Worm et al., 2011) that will be useful for that
purpose, or further down in the proofs of results from Sections 3.3 and 3.4.

3.3.3 Fine-tuning of previous results

In Section 3.3.2, we presented in detail the mathematical machinery developed in (Worm et
al., 2011). Our own contribution (from Section 3.3) starts here. In the current Section 3.3.3,
we fine-tune the results from (Worm et al., 2011) to obtain exactly the facts that we need for
our purposes of class-pose decomposition: namely, that there is an invariant “generic” set
that can be decomposed into an exact, set-theoretic partition in invariant ergodic components.
These facts are obtained as relatively straightforward consequences of the results in (Worm
et al., 2011), or small changes to their proofs.
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First, note that each set  𝑐 from Theorem 3.3.7 can be seen as the unique largest invariant
subset of 𝑐. Indeed, more generally, let us define, for any measurable set 𝐹 ∈ 𝔛, the set

𝖨𝗇𝗏(𝐹 ) ∶=
⋂

𝑛∈ℕ
𝐹𝑛, (3.3.3)

where each 𝐹𝑛 is iteratively defined as 𝐹0 ∶= 𝐹 , and
𝐹𝑛 ∶= {𝑥 ∈ 𝐹𝑛−1 ∶ (𝜏 ⋅ 𝛿𝑥)(𝐹𝑛−1) = 1}.

Intuitively, each 𝐹𝑛 is made of those elements in 𝐹𝑛−1 whose stochastic image through 𝜏 is
also in 𝐹𝑛−1 with probability one. By iteration on 𝑛, it is clear that for any invariant subset
𝐹 ′ ⊆ 𝐹 , we have 𝐹 ′ ⊆ 𝐹𝑛 for all 𝑛 ∈ ℕ, and thus 𝐹 ′ ⊆

⋂

𝑛∈ℕ 𝐹𝑛 = 𝖨𝗇𝗏(𝐹 ). Moreover, 𝖨𝗇𝗏(𝐹 )
is, by construction, invariant; therefore it is an invariant subset of 𝐹 containing all invariant
subsets of 𝐹 . It is straightforward that a subset satisfying this property must be unique, so
that 𝖨𝗇𝗏(𝐹 ) is the unique maximal element for inclusion among invariant subsets of 𝐹 : i.e.,
in short, it is indeed the largest invariant subset of 𝐹 .

While (Worm et al., 2011) considers the largest invariant subset  𝑐 = 𝖨𝗇𝗏(𝑐) of each
equivalence class 𝑐 ⊆ erg to obtain Theorem 3.3.7, we will here show that it is better to
consider the largest invariant subset before decomposing erg, i.e., to decompose

erg,𝗂𝗇𝗏 ∶= 𝖨𝗇𝗏(erg),

instead of erg, into equivalences classes w.r.t. the relation ∼ (see (3.3.2)). Indeed, we then
obtain the desirable properties mentioned after Theorem 3.3.7: i.e., that erg,𝗂𝗇𝗏 =

⨆

𝑐∈  𝑐

and that erg,𝗂𝗇𝗏 is as “generic” as erg. Let us first show the latter fact (compare Proposi-
tion 3.3.8 with Theorem 3.3.2).
Proposition 3.3.8. For any 𝐹 ∈ 𝔛, the set 𝖨𝗇𝗏(𝐹 ) is measurable, and if 𝜇(𝐹 ) = 1 for some
𝜇 ∈ Δ then 𝜇(𝖨𝗇𝗏(𝐹 )) = 1. In particular, for all 𝜏-stationary measure 𝜇 ∈ Δ , we have
𝜇(erg,𝗂𝗇𝗏) = 1

Proof. See Appendix C.4.3.
The equivalence relation ∼ on erg (see (3.3.2)), whose classes are the elements 𝑐 ∈ ,

restricts to an equivalence relation on erg,𝗂𝗇𝗏 ⊆ erg, whose classes are the elements 𝑐 ∩
erg,𝗂𝗇𝗏. These restricted classes happen to coincide with the invariant sets  𝑐 ∶= 𝖨𝗇𝗏(𝑐) from
Theorem 3.3.7:
Proposition 3.3.9. Let standard Borel, 𝜏 ∈ 𝒦 () and assume that there exists a stationary
measure. Then

(i) 𝑐 ∩ erg,𝗂𝗇𝗏 =  𝑐 ≠ ∅.

(ii) In particular,
⨆

𝑐∈  𝑐 = erg,𝗂𝗇𝗏.

Proof. See Appendix C.4.4.
To summarise the facts presented up to here (i.e., those established in (Worm et al., 2011),

combined with the fine-tuning that we added in the current section):
• We have a set erg,𝗂𝗇𝗏 which is “generic”, in the sense of Proposition 3.3.8, but which

is now also invariant, so that the Markov chain 𝜏 can be restricted to erg,𝗂𝗇𝗏.
• The elements ( 𝑐)𝑐∈ provide a partition of erg,𝗂𝗇𝗏 into invariant measurable subsets

 𝑐 . Importantly, we do not need, as in Theorem 3.3.7, to consider subsets of each
element of the partition to get the invariance property.
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• Each element  𝑐 of the partition satisfies the properties stated in Section 3.3.2 about  𝑐

— in particular, it is minimally invariant, i.e., it cannot be “broken down” into strictly
smaller but non-trivial invariant subsets, and it corresponds to a unique ergodic measure
𝜖𝑐 concentrated on  𝑐 (see Theorem 3.3.7).

From these properties, the partition ( 𝑐)𝑐∈ of erg,𝗂𝗇𝗏 fully deserves the following name:

Definition 3.3.10. The partition ( 𝑐)𝑐∈ of the invariant generic set erg,𝗂𝗇𝗏 is called the de-
composition (or partition) into ergodic component w.r.t. 𝜏. The projection on ergodic com-
ponents is the map 𝜅 ∶  →  such that for all 𝑐 ∈  and 𝑥 ∈  𝑐 , we have 𝜅(𝑥) = 𝑐.
Technical remark. The set itself was defined as a family of subsets of (see equation (3.3.2)).
But we now “forget” these underlying subsets, and only see  as the space of “labels” indexing
( 𝑐)𝑐∈ .

Importantly, this definition of ergodic components is a generalisation of the deterministic
notion of ergodic component in standard Borel spaces: see, e.g., Section 14.3 in (Coudène,
2016) for a definition of the latter, and results showing that, on erg,𝗂𝗇𝗏, it coincides with
Definition 3.3.10 if 𝜏 is a deterministic channel.

3.3.4 Standard Borel structure on  for continuous Markov chains

Let us also recall that our broader aim, in this work, is to leverage information theory to
discover — and “soften” — classes and poses. In particular, we need the class space  to
have a “nice enough” structure to do information theory on it — namely, a standard Borel
structure (Gray, 2009; Worm et al., 2011). In this thesis, we will only do information theory
with finite alphabets (see Section 3.6), which are of course always standard Borel. But our
perspective is also to lay the groundwork for an information-theoretic treatment in arbitrary
standard Borel spaces, which requires a proof that  is indeed standard Borel.

It turns out that if the Markov chain 𝜏 satisfies a specific continuity assumption (which
generalises continuity for deterministic functions), the space  can be seen as a countable
intersection of open sets in the topological space of stationary measures, where the latter is
identified to a compact subset of the space 𝖡𝖫. In particular, the subset  is measurable in
the standard Borel space of stationary measures, and thus, from Theorem C.2.6, it is standard
Borel itself.

These facts are stated more formally and proven in Appendix C.4.5 — note that this result
will not be needed elsewhere. We leave to future work an investigation of the standard Borel
structure on  for general standard Borel Markov chains.

3.3.5 Ergodic components as a mean-asymptotic minimal sufficient statistic

In this section, we turn to a property that will be pivotal for characterising — and softening
— ergodic components with the language of information theory in Section 3.6.1. Namely,
we show that the decomposition into ergodic components is a minimal sufficient statistic of
the mean-asymptotic distribution between the initial point and an iterated point. Proposi-
tion 3.3.12 below is a first step towards this result in the general standard Borel case. The
remainder of this section, however, introduces the assumption that  is countable. We leave
to future work a complete generalisation of the result to the standard Borel setting.
Remark 3.3.11. The definitions and results from Sections 3.3.2 and 3.3.3 actually only as-
sumed that  is standard Borel. Thus, the results about the Banach space 𝖡𝖫 still apply if
we replace  by any other standard Borel space — e.g.,  ×  .
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Proposition 3.3.12. Let 𝜏 be a measurable Markov chain with standard Borel state-space
 . Then for any probability 𝜇 ∈ Δ such that 𝜇(erg,𝗂𝗇𝗏) = 1, denoting by 𝑞 ∶= 𝑞( ⃖⃖⃗𝑋) the
corresponding process distribution, we have, in the Banach space (×)𝖡𝖫, the convergence

lim
𝑛→+∞

1
𝑛

𝑛−1
∑

𝑖=0
𝑞(𝑋0, 𝑋𝑖) = ∫

𝜖𝑥 ⊗ 𝜖𝑥 𝑑𝜇(𝑥), (3.3.4)

where we used the tensor product notation (see Definition 3.2.6).

Proof. See Appendix C.4.6.
Equation (3.3.4) means that the limit, for 𝑛 → ∞, of the joint distribution between the

initial state and the time average of the resulting trajectory (left-hand side) coincides with
the spatial average, w.r.t. 𝑥 ∈  , of two independent samples w.r.t. the ergodic distribution
𝜖𝑥 (right-hand side). I.e., in short: given the ergodic component, the initial state and the
asymtotic mean of the resulting trajectory are i.i.d. samples w.r.t. the corresponding ergodic
distribution.

We now introduce the assumption that is countable. Note that this implies that the space
 of ergodic components (made of subsets of ) is countable as well. Proposition 3.3.12 then
becomes:
Proposition 3.3.13. Assume that  is countable, 𝜏 ∈ 𝒦 (), fix a probability 𝜇 ∈ Δ such
that 𝜇(erg,𝗂𝗇𝗏) = 1, denote by 𝑞 = 𝑞( ⃖⃖⃗𝑋) the corresponding process distribution, and write
also

𝑞𝑛(𝑋,𝑋′) ∶= 1
𝑛

𝑛−1
∑

𝑖=0
𝑞(𝑋0, 𝑋𝑖) ∈ Δ× ,

Then, for all 𝑥, 𝑥′ ∈ erg,𝗂𝗇𝗏,

lim
𝑛→∞

𝑞𝑛(𝑥, 𝑥′) = 𝑞(𝑥, 𝑥′),

where

𝑞(𝑥, 𝑥′) ∶=
∑

𝑐∈
𝜇( 𝑐) 𝜖𝑐(𝑥)𝜖𝑐(𝑥′)𝛿𝑥,𝑥′∈𝑐 . (3.3.5)

Proof. See Appendix C.4.6.
Note that from equation (3.3.5), the distribution 𝑞 = 𝑞(𝑋,𝑋′) is symmetric in 𝑋 and 𝑋′:

i.e., using the transpose notation (see Definition 3.2.4), we have 𝑞 = 𝑞𝖳. Moreover, let us
denote by 𝗉𝗋 ∶  →  the projection on ergodic components, by (𝜖𝑐)𝑐∈ the corresponding
family of ergodic measures, and by 𝜖 ∈ 𝒦 (,) the channel defined by 𝜖(𝑥|𝑐) ∶= 𝜖𝑐(𝑥).
Equation (3.3.5) can then be rewritten

𝑞 ∶= 𝜇(𝜖◦𝗉𝗋), (3.3.6)
where we use the hook-up notation (see Definition 3.2.3). This equation means that 𝑞 coin-
cides with the joint distribution obtained by combining the input distribution 𝜇 ∈ Δ with the
channel that composes the projection on ergodic components 𝗉𝗋 with the channel 𝜖 that sam-
ples according to the ergodic distribution 𝜖𝑐 defined by its input 𝑐 ∈ . As we will now see,
this shows that under the assumptions of Proposition (3.3.13), the joint distribution 𝑞(𝑋,𝑋′)
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between the initial state and the resulting asymptotic mean makes the decomposition into er-
godic components 𝗉𝗋 a sufficient statistics between 𝑋 and 𝑋′, in the sense of the following
definition.
Definition 3.3.14. Let ,  countable sets and 𝑞𝐴𝐵 ∈ Δ×, consider a map 𝑓 ∶  →  to
a countable set , and denote by 𝑞𝐴𝐵𝑓 ∈ Δ×× the joint distribution defined by 𝑞𝐴𝐵 and
𝑓 : i.e., for all 𝑎 ∈ , 𝑏 ∈ , 𝑐 ∈ ,

(𝑞𝐴𝐵𝑓 )(𝑎, 𝑏, 𝑐) ∶= 𝑞𝐴𝐵(𝑎, 𝑏)𝛿𝑐=𝑓 (𝑎).

Then the map 𝑓 is a called sufficient statistic of 𝐴 w.r.t. 𝐵 if under the distribution 𝑞𝐴𝐵𝑓 , we
have the Markov chain 𝐴 − 𝐶 − 𝐵.

Intuitively, the function 𝑓 is a sufficient statistics of 𝐴 w.r.t. 𝐵 if it implements a coarse-
graining of 𝐴 that does not loose any of the information that 𝐴 carries about 𝐵. It can be
easily verified that this is the case if and only if the joint distribution 𝜇𝐴𝐵 can be obtained
by combining the marginal 𝜇𝐴 on  with the composition of 𝑓 ∶  →  and a well-chosen
channel 𝛾 ∈ 𝒦 (,). I.e., more formally:
Proposition 3.3.15. Let , ,  countable sets,let 𝑞𝐴𝐵 ∈ Δ× and 𝑓 ∶  → . Then
𝑓 is a sufficient statistic of 𝐴 w.r.t. 𝐵 if and only if there exists a channel 𝛾 ∈ 𝒦 (,)
such that, denoting by 𝑞𝐴 the marginal of 𝑞𝐴𝐵 on  and using the hook-up notation (see
Definition 3.2.3), we have 𝑞𝐴𝐵 = 𝑞𝐴(𝛾◦𝑓 ).

Proof. See Appendix C.4.6.
Thus, from Proposition 3.3.15 and equation (3.3.6), under the joint distribution 𝑞 ∈ Δ×

the projection 𝗉𝗋 on ergodic components is indeed a sufficient statistic of 𝑋 w.r.t. 𝑋′. More-
over, from the symmetry 𝑞 = 𝑞𝖳, we obtain similarly that 𝗉𝗋 is a sufficient statistic of𝑋′ w.r.t.
𝑋. As we will now see, these sufficient statistics happen to also be minimal, in the following
sense:
Definition 3.3.16. Let , , , ′ countable sets, 𝑞𝐴𝐵 ∈ Δ×, and 𝑞𝐴 the marginal of 𝑞𝐴𝐵
on . A sufficient statistic 𝑓 ∶  →  of 𝐴 w.r.t. 𝐵 is called a minimal sufficient statistic if
for any other sufficient statistic 𝑓 ′ ∶  → ′, there exists a function ℎ ∶ ′ →  such that
𝑓 (𝑎) = (ℎ◦𝑓 ′)(𝑎) for all 𝑎 ∈  such that 𝑞𝐴(𝑎) > 0.

Intuitively, a minimal sufficient statistic of 𝐴 w.r.t. 𝐵 is the coarsest coarse-graining of 𝐴
that does not loose any of the information that 𝐴 carries about 𝐵. The reason why we require
the equality 𝑓 (𝑎) = (ℎ◦𝑓 ′)(𝑎) only if 𝑞𝐴(𝑎) > 0 is because we do not want our definition to
depend on the way 𝑓 maps symbols 𝑎 ∈  that have probability 0 under 𝜇.

The following statement again uses, several times, the hook-up notation (see Defini-
tion 3.2.3):
Proposition 3.3.17. Let 𝜇 ∈ Δ such that 𝜇(erg,𝗂𝗇𝗏) = 1, define 𝑞 ∈ Δ× as in (3.3.6),
and let  be a countable space. Then for all 𝜅 ∈ 𝒦 ( ,  ) such that 𝑞 = 𝜇(𝛾◦𝜅) for some
channel 𝛾 ∈ 𝒦 ( ,), there exists a function ℎ ∶  →  such that 𝜇𝗉𝗋 = 𝜇(ℎ◦𝜅).

Proof. See Appendix C.4.6.
Proposition 3.3.17 says that under the assumption 𝜇(erg,𝗂𝗇𝗏) = 1 (which in particular

holds if 𝜇 is 𝜏-stationary, see Proposition 3.3.8), the equality 𝑞 = 𝜇(𝛾◦𝜅), which corresponds
for deterministic channels 𝜅 = 𝑓 to being a sufficient statistics (see Proposition 3.3.15),
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implies that the combining the initial distribution 𝜇 ∈ Δ with the deterministic chan-
nel 𝗉𝗋 ∈ 𝒦 ( ,) defined by the projection on ergodic components is the same as com-
bining 𝜇 with the composition of 𝜅 ∈ 𝒦 ( ,  ) with a well-chosen deterministic channel
ℎ ∈ 𝒦 ( ,).30

This result yields our claim from the begining of this section:
Theorem 3.3.18. Under the mean-asympotic distribution 𝑞(𝑋,𝑋′), the projection on ergodic
components 𝗉𝗋 is a minimal sufficient statistic of 𝑋 w.r.t. 𝑋′, and of 𝑋′ w.r.t. 𝑋.

Proof. See Appendix C.4.6.
Crucially, it has been shown that the Information Bottleneck (IB) method implements pre-

cisely, for maximal trade-off parameter, a minimal sufficient statistic of the source variable
w.r.t. the relevancy variable (Shamir et al., 2010). Thus Theorem 3.3.18 yields a charac-
terisation of ergodic components with the IB method — or more precisely, two equivalent
characterisations, due to the symmetry 𝑞 = 𝑞𝖳. However, choosing one of the two variables
𝑋 or 𝑋′ to be the “source”, and the other one to be the “relevancy”, seems here unnatural.
Moreover, the symmetry 𝑞 = 𝑞𝖳 will in general break once the asymptotic time average 𝑞
is replaced by a finite-time average 𝑞𝑛 — which is likely to be necessary in concrete imple-
mentations. In Section 3.6.1, we will characterise ergodic components with another variant
of the IB framework that does not require to artificially discriminate between a source and a
relevancy, and that we thus expect to behave better once 𝑞 is replaced by 𝑞𝑛 for finite 𝑛 ∈ ℕ.

3.4 Ergodic decomposition of MDPs with fixed policy

In this section, we apply the framework presented in Section 3.3 to the Markov chain defined
by the update channel 𝜌 of a measurable MDP (𝜋, 𝜌) (see Definition 3.2.9). We show, in Sec-
tion 3.4.1, that the decomposition into ergodic components of the state-space induces a family
of stationary MDPs (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐), each with state-space the corresponding ergodic component
 𝑐 , defined by a corresponding restricted policy 𝜋𝑐 and transition channel 𝜌𝑐 , and equiped
with the corresponding ergodic initial distribution 𝜖𝑐 . This family of ergodic MDPs provides
an ergodic decomposition of the original MDP’s process — in a sense analogous to what it
means for Markov chains. To the best of our knowledge, such an ergodic decomposition of
MDPs has not yet been considered in the literature — even though it must be acknowledged
that the core of the ergodic-theoretic work for this result on standard Borel MDPs resides in
the results on standard Borel Markov chains previously obtained in (Worm et al., 2011) (see
Section C.4.1). This ergodic decomposition of MDPs will be at the basis of our generalisation
of the “pose” coordinate in Section 3.5. Before turning to it, though, we apply in Section 3.4.2
the MDP ergodic decomposition to the group-theoretic setting, which yields the equivalence
of orbits and ergodic components for groups with a stationary probability.

3.4.1 General result

We fix a measurable MDP (𝜋, 𝜌) whose state-space ( ,𝔛) and action space (,𝔊) are both
standard Borel. Recall that the update channel is 𝜌 ∶= 𝜌◦(𝖨𝖽 ⨵ 𝜋), i.e., 𝜌 is the average over
actions  of the transition channel 𝜌 ∈ 𝒦 ( × ,), w.r.t. the policy 𝜋 ∈ 𝒦 ( ,) (see
Definition 3.2.9). As 𝜌 ∈ 𝒦 (), we can apply the results from previous section to 𝜏 ∶= 𝜌.
In particular, we obtain:

• A 𝜌-invariant measurable seterg,𝗂𝗇𝗏 ⊆  , which has probability 1 under any 𝜌-stationary
measure (see Proposition 3.3.8).

30Here we identify a measurable function with the deterministic channel that it defines (see Definition 3.2.2).
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• A partition { 𝑐}𝑐∈ of erg,𝗂𝗇𝗏 ⊆  in “ergodic components”: i.e., each  𝑐 is mea-
surable, 𝜌-invariant, and cannot be divided into smaller non-trivial 𝜌-invariant subsets
(points (𝑖), (𝑖𝑖𝑖) in Theorem 3.3.7, and Proposition 3.3.9).

• Each  𝑐 carries a unique stationary probability 𝜖𝑐 with 𝜖𝑐( 𝑐) = 1, which is ergodic
(point (𝑖) in Theorem 3.3.7); and each stationary 𝜇 ∈ Δ decomposes as an average
over ergodic probabilities 𝜖𝑐 (Theorem 3.3.5).

• If 𝜌 is continuous (in a generalised sense that coincides with the usual notion of conti-
nuity for deterministic maps but also encompasses stochastic ones), then the space of
“labels”  is itself standard Borel (Theorem C.4.5).

Let us now also recall that here, we are interested only in information captured by proba-
bility measures 𝜇0 that stationary w.r.t. the update channel 𝜌. But from the first point above,
any stationary MDP (𝜇0, 𝜋, 𝜌) such that 𝜇0(erg,𝗂𝗇𝗏) = 1 defines a process distribution satisfy-
ing 𝜇(𝑋𝑛 ∈ erg,𝗂𝗇𝗏) = 1 for all 𝑛 ∈ ℕ. In this sense, the following assumption yields no loss
of generality:
Assumption 1. We have  = erg = erg,𝗂𝗇𝗏: i.e., equivalently, for all 𝑥 ∈  , the sequence
of Césaro means 𝜌(𝑛) ⋅ 𝛿𝑥 converges, in the space 𝖡𝖫, to an ergodic probability distribution
(see equations (3.3.1) and (3.3.3)).

Under this new assumption, ( 𝑐)𝑐∈ becomes a measurable partition of  such that each
component 𝑐 is invariant under the update channel 𝜌, i.e., under the stochastic transformation
defined by the average of actions 𝜌𝑔 ∈ 𝒦 () over 𝑔 ∈ . However, to design our pose
coordinate, we would like the whole, unaveraged MDP (𝜋, 𝜌) to “decompose” into a family
of MDPs restricted to each component  𝑐 . Indeed, we could then, similarly as in Section 3.1,
design a notion of “minimal joining” of these restricted MDPs.

In general, the 𝜌-invariance of each  𝑐 does not imply its invariance under each 𝜌𝑔 (e.g.,
if  = 0 ⊔ 1 and 𝜋(0|𝑥) = 0 for all 𝑥 ∈  , then we can change 𝜌𝑔 arbitrarily for 𝑔 ∈ 0
without changing 𝜌). Despite this fact, the next theorem shows that there exists a family of
MDPs (𝜋𝑐 , 𝜌𝑐)𝑐∈ restricted to the ergodic components that “decomposes” the original MDP
(𝜋, 𝜌), in the sense that given a stationary initial distribution, the process distribution of (𝜋, 𝜌)
can always be recovered by integrating those of the fammily (𝜋𝑐 , 𝜌𝑐)𝑐∈ .

Before stating the theorem, let us point out that as each  𝑐 is measurable subset of the
standard Borel space  , from Theorem C.2.6, each  𝑐 is itself a standard Borel space.
Theorem 3.4.1. Let (𝜋, 𝜌) be a standard Borel measurable MDP, such that Assumption 1
holds. Denote by ⃖⃖⃖⃖⃗𝜋𝜌 ∈ 𝒦 ( , ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × ) the corresponding process channel (see Definition 3.2.12).
Let ( 𝑐)𝑐∈ be the decomposition into ergodic components, 𝜅 ∶  →  the corresponding
projection, and (𝜋𝑐)𝑐∈ the family of restrictions of 𝜋 to each  𝑐 . Then there exists a family
(𝜌𝑐)𝑐∈ , where 𝜌𝑐 ∈ 𝒦 ( 𝑐 × , 𝑐) for all 𝑐 ∈ , such that:31

(i) Denoting by ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 ∈ 𝒦 ( 𝑐 , ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ ×  𝑐) the corresponding process channel of each mea-
surable MDP (𝜋𝑐 , 𝜌𝑐), the map

 → Δ⃖⃖⃖⃖⃖⃗×
⊆ ( ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × )𝖡𝖫

𝑥 → 𝜖𝜅(𝑥) ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝜅(𝑥)𝜌𝜅(𝑥)

31Here, we identify distributions and channels to their restriction or extension to the relevant space (see Defi-
nitions C.2.8 and 3.2.2).
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is Bochner integrable, and for all stationary 𝜇0 ∈ Δ ,

𝜇0 ⃖⃖⃖⃖⃗𝜋𝜌 = ∫
𝜖𝜅(𝑥) ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝜅(𝑥)𝜌𝜅(𝑥)𝑑𝜇0(𝑥). (3.4.1)

In particular, for all 𝑐 ∈ , we have 𝜖𝑐 ⃖⃖⃖⃖⃗𝜋𝜌 = 𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 .

(ii) For all 𝑐 ∈ , denote by 𝜌𝑐 ∶= 𝜌𝑐◦(𝖨𝖽𝑐 ⨵ 𝜋𝑐) the update channel of each measurable
MDP (𝜋𝑐 , 𝜌𝑐), and recall that 𝜌𝑐 is the restriction of 𝜌 ∈ 𝒦 () to  𝑐 . Then 𝜌𝑐 = 𝜌𝑐
holds 𝜖𝑐-a.e.. In particular, 𝜖𝑐 ∈ Δ𝑐 is the unique stationary distribution w.r.t. 𝜌𝑐 ,
and it is ergodic w.r.t. 𝜌𝑐 .

Moreover, an arbitrary family (𝜌̃𝑐)𝑐∈ satisfies points (𝑖) and (𝑖𝑖) above if and only if for all
𝑐 ∈ , we have 𝜌̃𝑐 ∈ 𝒦 ( 𝑐 × , 𝑐) and 𝜌̃𝑐 = 𝜌 holds 𝜖𝑐𝜋𝑐-a.e..

Proof. See Appendix C.5.1.
Technical remark. As in (3.4.1), the term under the integral is constant on each 𝑐 , the integral
can intuitively be understood as one over . However, at this stage, it would not be formally
justified to write a Bochner integral over : indeed, we did not prove that, in general, the set 
is itself a standard Borel space, so we cannot consider the Banach space “𝖡𝖫” (see, however,
Section 3.3.4 for first steps in this direction).

Crucially, point (𝑖) shows that for any stationary initial distribution, the process distribu-
tion 𝑞 = 𝜇0⃖⃖⃖⃖⃗𝜋𝜌 decomposes as an integral, over 𝜇0, of the process distributions 𝜖𝜅(𝑥) ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝜅(𝑥)𝜌𝜅(𝑥)
describing the time evolutions of the corresponding stationary MDPs (𝜖𝑐(𝑥), 𝜋𝑐(𝑥), 𝜌𝑐(𝑥)) with
state-space the corresponding ergodic components  𝑐(𝑥). Point (𝑖𝑖) shows that each of the
measurable MDPs (𝜋𝑐 , 𝜌𝑐) is ergodic, in the sense that it has a unique stationary distribution
𝜖𝑐 w.r.t. to the update channel 𝜌, which is ergodic and coincides with the one from the state-
space’s ergodic decomposition. Moreover, any family (𝜌𝑐)𝑐∈ satisfying point (𝑖) defines the
same family of stationary process distributions (𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐)𝑐∈ : i.e., the decomposition is unique
if we see MDPs in terms of process distributions.

Importantly, the last part of the statement means that each “restricted” transition channel
𝜌𝑐 is obtained by modifying the MDP’s transition channel 𝜌 ∈ 𝒦 ( ×,) on a set of state-
action pairs (𝑥, 𝑔) that has null probability w.r.t. to the joint distribution 𝜖𝑐𝜋𝑐 ∈ ΔΔ× defined
by the ergodic distribution 𝜖𝑐 and the restricted policy 𝜋𝑐 , in such a way that the ergodic
component  𝑐 becomes invariant under the modified version of 𝜌.

In light of these properties, the family (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ seems to deserve the name of ergodic
decomposition:
Definition 3.4.2. Let (𝜋, 𝜌) a standard Borel measurable MDP with state-space  and action
space , satisfying Assumption 1. A family of standard Borel measured MDPs (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ ,
each with state-space  𝑐 and action space , is called a ergodic decomposition of the mea-
surable MDP (𝜋, 𝜌) if it satisfies the conclusions of Theorem 3.4.1 — i.e., equivalently, if for
all 𝑐 ∈ , we have 𝜌𝑐 ∈ 𝒦 ( 𝑐 × , 𝑐) and 𝜌𝑐 = 𝜌 holds 𝜖𝑐𝜋𝑐-a.e..

However, this decomposition is valid only as long as one keeps using the same policy 𝜋.
This dependence on the policy is a crucial feature of our MDP ergodic decomposition, which
has important implications for potential future work using this tool to study embodied agents.

Relevance to sensorimotor perception in embodied agents The policy-dependency of
our MDP ergodic decomposition might be either a limitation or an advantage, depending on
the use-case. It is a limitation in the sense that we would like to also have a “universal er-
godic decomposition” of the transition channel 𝜌, i.e., one that holds whatever the choice of
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actions. However, from an agent perspective, an ergodic decomposition that depends on a be-
haviourally relevant policy might identify, precisely, behaviourally-relevant structure in the
environment (here seen as the state-space ). In other words, to capture the structure of the
agent-environment interaction, it should be natural to focus on what the agent actually does,
rather than zooming out over everything it could do — e.g., this is necessary for any kind of
structure involving closed-loop behaviour. E.g., from a sensorimotor perspective (seeing  as
an environment fully observed by an agent taking actions ), the set of all policy-dependent
decompositions in ergodic components (equipped with their corresponding ergodic MDPs),
over all possible policies, can be seen as one of the potentially fundamental structures of the
agent’s sensorimotor habitat, defined in (Buhrmann et al., 2013) as “the set of all sensori-
motor trajectories that can be generated by the closed-loop [agent-environment] system”.
Indeed, ergodic components capture, here, the features of the sensory space that remain in-
variant under a specific kind of behaviour. For policies that are in some sense behaviourally
relevant, the corresponding decompositions in ergodic component could be seen as an aspect
of the agent’s sensorimotor coordination, defined in (Buhrmann et al., 2013) as “SMCs de-
scribed by co-dependencies between [sensors and motors states] that reliably contribute to
functionality”. We leave to future work more concrete investigations of how our MDP ergodic
decomposition, or extensions of it, could contribute to these debates.

3.4.2 Application to actions of groups with stationary probability

Here, we show here that the ergodic decomposition described above encompasses the previ-
ously proposed, group-based notion of “class”, at least for a large class of group that includes
compact groups. I.e., we prove, in short, the following: if an action 𝜌 of a group  on  has a
(necessarily unique) stationary probability 𝜐, then for the MDP with transitions 𝜌 defined by
the group action and policy 𝜋 defined by 𝜐, the ergodic components  𝑐 are exactly the orbits
under the group action. The “class” coordinate from the group-based class-pose decomposi-
tion framework is thus reframed into a more flexible MDP framework — where, in particular,
we can now also deal with non-invertible and stochastic actions, which is closer to a realistic
description of real-world agents.

As in previous sections, we consider a measurable MDP (𝜋, 𝜌) with  and  standard
Borel. However, here, we do not assume, directly, that  = erg,𝗂𝗇𝗏. Rather, it will be a
consequence of settling ourselves in a group-theoretic setting.
Definition 3.4.3. A measurable group is a measurable space (,𝔊) together with a group
structure on  such that the group law and inverse map are measurable. The identity of the
group is denoted by 𝑒.
Definition 3.4.4. Let  be a measurable group. A group-stationary probability32 on  is a
probability 𝜐 ∈ Δ such that 𝜐(𝑔𝐹 ) = 𝜐(𝐹𝑔) = 𝜐(𝐹 ) for all 𝑔 ∈ , 𝐹 ∈ 𝔊. When this
yields no ambiguity, we will refer to a group-stationary probability merely as a stationary
probability.
Definition 3.4.5. Let  be a measurable space and  a measurable group. A measurable
action of  on  is a measurable function

 ×  → 
(𝑥, 𝑔) → 𝑔 ⋅ 𝑥

such that for all 𝑔, 𝑔′ ∈ , 𝑥 ∈  , we have (𝑔𝑔′) ⋅ 𝑥 = 𝑔 ⋅ (𝑔′ ⋅ 𝑥) and 𝑒 ⋅ 𝑥 = 𝑥. We say that
the transition channel 𝜌 of a measurable MDP defines a group action if 𝜌 is the deterministic
channel defined by a measurable action. Moreover, for any distribution 𝜐 ∈ Δ on the group

32The usual terminology is invariant probability.
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, the independent policy defined by 𝜐 is the channel 𝜋𝜐 ∈ 𝒦 ( ,) such that 𝜋𝜐(⋅|𝑥) ∶= 𝜐
for all 𝑥 ∈  .

In short, the independent policy 𝜋𝜐 makes actions 𝑔 ∈  sampled from the group’s sta-
tionary distribution 𝜐, independently from the input state 𝑥 ∈  .

Let  ,  standard Borel spaces such that  is a measurable group with a stationary prob-
ability 𝜐, and 𝜌 ∈ 𝒦 ( × ,) a measurable action. We consider the MDP (𝜋𝜐, 𝜌). For each
𝑥 ∈  , 𝐹 ∈ 𝔛, we define

𝑥→𝐹 ∶= {𝑔 ∈  ∶ 𝑔 ⋅ 𝑥 ∈ 𝐹 },

i.e., 𝑥→𝐹 is made of the group elements 𝑔 that send 𝑥 to 𝐹 . The update channel is then given
by

𝜌(𝐹 |𝑥) = ∫
𝜌𝑔(𝐹 |𝑥)𝑑𝜋(𝑔|𝑥)

= ∫
𝛿𝑔⋅𝑥∈𝐹𝑑𝜐(𝑔)

= 𝜐(𝑥→𝐹 )
=∶ 𝜖𝑥(𝐹 ),

(3.4.2)

where the last line defines the probability measure 𝜖𝑥 ∈ Δ (we will see below that this nota-
tion happens to be consistent with that of previous sections). Intuitively, “the more elements
𝑔 send 𝑥 to 𝐹 , the more probable 𝐹 is w.r.t 𝜖𝑥”.

Moreover, we denote by [𝑥] the orbit of a point 𝑥 ∈  under , i.e.,
[𝑥] ∶= {𝑔 ⋅ 𝑥, 𝑔 ∈ }.

Eventually, let us recall that 𝜌(𝑛) ∈ 𝒦 () denotes the 𝑛-th Césaro mean of the update channel
𝜌 (see Definition 3.3.1).
Theorem 3.4.6. Let  ,  standard Borel spaces such that  is a measurable group with a
group-stationary probability 𝜐 ∈ Δ, let 𝜌 ∈ 𝒦 ( ×,) a measurable action, and consider
the measurable MDP (𝜋𝜐, 𝜌). Then, for 𝜖𝑥 defined in (3.4.2):

(i) For 𝑥 ∈  and all 𝑛 ≥ 1, we have 𝜌𝑛 ⋅ 𝛿𝑥 = 𝜖𝑥; in particular, lim𝑛→∞ 𝜌(𝑛) ⋅ 𝛿𝑥 = 𝜖𝑥 in
𝖡𝖫.

(ii)  = erg,𝗂𝗇𝗏,

(iii) The partition in ergodic components { 𝑐}𝑐∈ coincides with the partition in orbits of
 w.r.t. the action of 

(iv) For all 𝑥 ∈  𝑐 = [𝑥], the probability 𝜖𝑥 is the unique 𝜌-stationary probability such
that 𝜖𝑥( 𝑐) = 1, and it is ergodic w.r.t. 𝜌.

(v) A probability 𝜇 on  is is 𝜌-stationary if and only if it is 𝜌𝑔-stationary for all 𝑔 ∈ .

(vi) The probability 𝜐 is the unique group-stationary probability on .

(vii) Denoting by 𝜌𝑐 the restriction of the group action 𝜌 to each orbit 𝑐 , the family of MDPs
(𝜖𝑐 , 𝜋𝑐𝜐 , 𝜌

𝑐) is an ergodic decomposition of the measurable MDP (𝜋𝜐, 𝜌).

Proof. See Appendix C.5.2.
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Point (𝑖) shows that each limit of Césaro means 𝜖𝑥 is here reached after a single time-
step: informally, this is because, here, single time-step actions include the whole group ,
so that their compositions into multiple time-step actions are already all contained in one
time-step. Point (𝑖𝑖) shows that what was Assumption 1 in Section 3.4 is here a consequence
of the group-theoretic setting. Crucially, point (𝑖𝑖𝑖) shows our claim from the beginning of
this section: in short, under the above assumptions, the orbits are the ergodic components.
Point (𝑖𝑣) shows that our notation 𝜖𝑥 from equation (3.4.2) is consistent with the notation
from previous sections — compare with point (𝑖𝑖) in Theorem 3.3.7. Note that, of course,
in the proof below that establishes this fact, 𝜖𝑥 refers to the probability defined in (3.4.2),
and nothing else. Point (𝑣) will be useful to prove that our “pose” coordinate, which will
be defined in the next section, does coincide with previous group theory-based notions of
pose. Point (𝑣𝑖) shows that for standard Borel measurable groups, a stationary probability
𝜐 is always unique. Point (𝑣𝑖𝑖) shows that the ergodic decomposition of MDPs exhibited in
Section 3.4 is a measure-theoretic generalisation of the family of restrictions of a group action
to its orbits (note that from point (𝑣𝑖), the independent policy 𝜋𝑐𝜐 is uniquely defined by , and
thus 𝜖𝑐 is uniquely defined by  and 𝜌𝑐).

An important example of measurable groups with a (unique) stationary measure is that
of compact topological groups. Indeed, it is well-known that a compact group has a (unique)
stationary probability measure satisfying some standard regularity assumption, known as the
Haar probability measure. Thus, the assumptions of Theorem 3.4.6 encompass all standard
Borel compact groups — e.g., finite groups or compact Lie groups — acting measurably
(in particular, continuously) on standard Borel spaces — e.g., countable spaces, Euclidean
spaces or differentiable manifolds. These cases encompass the groups usually considered in
the class-pose decomposition literature (Marchetti et al., 2023; Oizumi et al., 2025; Pérez Rey
et al., 2023; Winter et al., 2022).

Note, though, that many groups do not have a stationary probability measure. This is for
instance the case of ℤ seen as an additive group, which indexes time in the most standard
setting of ergodic theory: invertible, stationary dynamical systems (see Definition 3.2.7).33
However, for groups that do not have a stationary probability, we claim that orbits are not a
good formalisation of the intuition of class. Let us recall, for instance, the example considered
in Section 3.1.4: the group  = {𝑔𝑛, 𝑛 ∈ ℤ} generated by a rotation 𝑔 of irrational angle on
the unit circle 𝕊1. We saw that in this case, there is an uncountable number of equally dense
orbits, while we would expect a good notion of class to provide, in this case, a unique class
given by the whole sate-space 𝕊1. Crucially, this is indeed what we obtain if we define classes
as ergodic components: i.e., 𝕊1 is the unique ergodic component of the stationary dynamical
system defined by 𝑔 (Coudène, 2016) (where the stationary distribution is the Lebesgue mea-
sure on𝕊1). More generally, orbits might create artificial distinctions between points that have
the same asymptotic behaviour, while ergodic components capture this asymptotic behaviour
by clustering points according to the limit of their Césaro means.

Moreover, from the perspective of modeling agents, let us recall that we are here inter-
ested in capturing the structure that arises from the agent’s behaviour. Whatever form this
structure may take — group-theoretic or otherwise — this means that our modeling should
be dynamical at core. While it is worth noting that abstracting away the arrow of time can be
a fruitful point of view in ergodic theory — which is now defined in many textbooks as the
study of measurable group actions (Glasner, 2003; Kerr et al., 2016), this “atemporal” point
of view is not necessarily adapted to the study of the structure of embodied agents’ behaviour.
Indeed, we regard the asymptotic notion of ergodic component as a building block to capture,
in future work, structure arising in finite time, and where, e.g., the policy could also vary

33More commonly known as invertible probability-preserving transformations, and studied, e.g., in (Coudène,
2016).
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along time. It thus seems at least premature — if not fundamentally limited — to maintain a
point of view that disregard the dynamics’ explicit time evolution.

This ergodic reformulation of the group-based notion of class could, however, be made
more complete. In particular, a proper “unfolding along time” of the group structure should
regard the space  of one time-step actions not as the whole group, but only as generators
of the group: i.e., as a subset of group elements whose iterated multiplications can yield any
other group element. Future work could thus aim at results similar to Theorem 3.4.6, but with
 now made of only group generators.

Related work Our reformulation of group actions in a dynamical context, here disrete-time
stationary MDPs, resonates with the flow equivariance framework (Keller, 2025; Keller et al.,
2026; Lillemark et al., 2025). Indeed, this line of work proposes to consider group-equivariant
neural networks where the group action is not made of spatial transformations of a static
input (as, e.g., classic Lie groups), but is induced by the time evolution of spatiotemporal
dynamics on both the “external” space and the “latent” space. Importantly, the time evolution
of the “external” variable is proposed in (Keller et al., 2026) to be interpreted as the dynamics
induced by the movement of either the agent or the environment — a perspective inspired from
ecological theories of perception (Gibson, 2014) (see the subsection “Towards a confluence of
algebraic, dynamical & informational approaches to SMCs?” in Section 1.2.3). Besides the
fact that it does not consider class or pose variables, the main differences between the flow
equivariance framework and our MDP reformulation of group actions, at the formal level,
is that while the former considers a specific kind of group action (the flow of a differential
equation), the latter is a generalisation, in discrete time, of the action of stationary groups to
a potentially non-invertible, stochastic and closed-loop setting. In particular, our framework
encompasses discrete-time stationary dynamical systems (choose a trivial action space ),
which includes the time-discretisation of measure-preserving flows of differential equations.

3.5 Minimal joinings and minimal class-pose parametrisation

In Sections 3.3.2 and 3.3.3, we saw that, given a standard Borel MDP (𝜋, 𝜌) satisfying As-
sumption 1, we obtain a partition in ergodic components ( 𝑐)𝑐∈ of the state-space  w.r.t.
the Markov chain 𝜌 defined by the update channel. These ergodic components will corre-
spond to our generalisation of the “‘class” coordinate. But crucially, Section 3.4 showed that
we can design an ergodic decomposition (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ such that the process distributions of
the global MDP (𝜋, 𝜌) can always be obtained as an average of the resp. process distribution
of each (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐). This ergodic decomposition of the measurable MDP will be the basis for
the design of our generalised “pose” coordinate, which we now present.

Similarly as in Section 3.1.2, we want to formalise the intuition that this “pose” coordi-
nate keeps track of the “simplest collective description” of all elements in the family of MDPs
(𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ . The “collective” part of this intuition suggests to consider an MDP defined
on the Cartesian product of the ergodic components. This will be formalised by the notion of
joining of stationary MDPs (see Definition 3.5.6 below). On the other hand, the “simplest”
part of the intuition will be formalised by an algebraic notion of minimality: i.e., we con-
sider minimal elements w.r.t. a factor pre-order relation among joinings of a given family
of stationary MDPs (see Definition 3.5.10 and Proposition 3.5.11). The resulting object is a
minimal joining of a family of MDPs (see Definition 3.5.12), which we prove always exists
for a finite family of finite alphabet MDPs (see Theorem 3.5.13). Of course, we are here in-
terested in the family (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈ of an MDP’s ergodic decomposition, but the concept of
minimal joining applies more broadly.
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Our proposal yields a conceptual shift on class-pose decomposition. Indeed, while pre-
vious work considers a change of coordinates from the state-space  to the product space
 ×  , here we only consider a parametrisation from the product space  ×  to the state-
space  , which we require to be “as isomorphic as possible”. As the term “decomposition”
thus seems ill-adapted to this change of perspective, we dub our new notion minimal class-
pose parametrisation (see Definition 3.5.15). We then prove that, for a countable number of
ergodic components, a measure-theoretic version of the class-pose decomposition notion from
Definition 3.1.1 is encompassed as an edge case of our novel definition (see Theorem 3.5.17).

3.5.1 Factors and isomorphisms for stationary MDPs

In this section, we will focus on stationary MDPs, and the initial distribution has a central
place in our treatment. However, let us stress that we aim to apply these results to the ergodic
components of a measurable MDP (𝜋, 𝜌), each equipped with their resp. ergodic distributions.
Importantly, the latter distributions are uniquely defined by the “global” MDP (𝜋, 𝜌), without
reference to a specific initial distribution on it. In other words, the measure-dependent content
of this section, will, in the following sections, yield measure-independent results on an MDP
(𝜋, 𝜌).

Our aim is to adapt to stationary MDPs the notions of factor, joining, j-factor and minimal
joining defined for group actions in Section 3.1.2. Here, we start with factors, from which
will follow the remaining notions.

The definition makes heavy use of the hook-up notation (see Definition 3.2.3), along with
the push-forward and tensor product notations (see Definitions 3.2.5 and 3.2.6). In particular,
let 1,2,3 measurable spaces. We recall that for a probability distribution 𝜇 ∈ Δ1

and a
channel 𝛾1,2 ∈ 𝒦 (1,2), then 𝜇𝛾1,2 ∈ Δ1×2

denotes the whole joint distribution defined
by 𝜇 and 𝛾1,2. This notation is used in points (𝑖𝑖) and (𝑖𝑖𝑖) below. We can also iterate it: if now
we also have 𝛾12,3 ∈ 𝒦 (1×2,3), then (𝜇𝛾1,2)𝛾12,3 is a joint distribution on 1×2×3.
This notation is used in point (𝑖𝑖𝑖) below.
Definition 3.5.1. Let (𝜇0, 𝜋, 𝜌) and (𝜇′0, 𝜋

′, 𝜌′) be stationary MDPs, with resp. state-spaces
( ,𝔛), ( ′,𝔛′) and resp. action spaces (,𝔊), (′,𝔊′). We say that (𝜇′0, 𝜋′, 𝜌′) is an MDP
factor, or just factor for short, of (𝜇0, 𝜋, 𝜌) if there exist measurable maps 𝜙 ∶  →  ′,
𝜓 ∶  → ′, such that:

(i) In Δ ′ , we have 𝜙 ⋅ 𝜇0 = 𝜇′0,
(ii) In Δ×′ , we have 𝜇0(𝜋′◦𝜙) = 𝜇0(𝜓◦𝜋),

(iii) In Δ×× ′ , we have (𝜇0𝜋)(𝜌′◦(𝜙⊗ 𝜓)) = (𝜇0𝜋)(𝜙◦𝜌).
The maps 𝜙 and 𝜓 are then called the factor maps from (𝜇0, 𝜋, 𝜌) to (𝜇′0, 𝜋

′, 𝜌′). Moreover,
(𝜇′0, 𝜋

′, 𝜌′) is said isomorphic to (𝜇0, 𝜋, 𝜌) if it is a factor of (𝜇0, 𝜋, 𝜌) such that 𝜙, resp. 𝜓 , is
a measured isomorphism from ( , 𝜇0) to ( ′, 𝜇′0), resp. from (, 𝜋 ⋅ 𝜇0) to (′, 𝜋′ ⋅ 𝜇′0). A
family of stationary MDPs (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ is called pairwise isomorphic if for all 𝑐, 𝑐′ ∈ ,
the MDP (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐) is isomorphic to the MDP (𝜇𝑐′0 , 𝜋
𝑐′ , 𝜌𝑐′).

For clarity, let us unpack points (i) to (iii). Point (i) means that the push-forward of 𝜇0 by
𝜙 is 𝜇′0, i.e., that 𝜙 is a measured morphism from ( , 𝜇0) to ( ′, 𝜇′0) (see Definition 3.2.1).
In point (ii), we have 𝜇0 ∈ Δ , while 𝜋 ∈ 𝒦 ( ,) and 𝜋′ ∈ 𝒦 ( ′,′), so that we have
both 𝜋′◦𝜙 ∈ 𝒦 ( ,′) and 𝜓◦𝜋 ∈ 𝒦 ( ,′). Thus 𝜇0(𝜋′◦𝜙) ∈ Δ×′ and 𝜇0(𝜓◦𝜋) ∈
Δ×′ . In point (iii), we have 𝜇0𝜋 ∈ Δ×, while 𝜌 ∈ 𝒦 ( × ,), 𝜌′ ∈ 𝒦 ( ′ × ′, ′)
and the tensor product 𝜙 ⊗ 𝜓 is a measurable map from  ×  to  ′ × ′. Thus we have
both 𝜙◦𝜌 ∈ 𝒦 ( × , ′) and 𝜌′◦(𝜙 ⊗ 𝜓) ∈ 𝒦 ( × , ′); and eventually, we have both
(𝜇0𝜋)(𝜙◦𝜌) ∈ Δ×× ′ and (𝜇0𝜋)(𝜌′◦(𝜙⊗ 𝜓)) ∈ Δ×× ′ .
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Moreover, if  and  are standard Borel, then point (ii) in Definition 3.5.1 is equivalent
to the equality 𝜋′◦𝜙 = 𝜓◦𝜋 holding 𝜇0-a.e., and point (iii) is equivalent to the equality
𝜌′◦(𝜙 ⊗ 𝜓) = 𝜙◦𝜌 holdinng 𝜇0𝜋-a.e. (this is a consequence of point (𝑖) in Lemma C.3.1).
However, the latter equivalences are not clear beyond the standard Borel case, and we do
need, below, to consider factors on potentially uncountable products of ergodic components
— which are not standard Borel (see Proposition C.2.5). On the other hand, points (ii) and
(iii) are the conditions that we will need for our proofs to work. This is the reason why we
choose these slightly unusual “commutation” relations.

More conceptually, the equalities in points (ii) and (iii) can be seen as the “measured
version” of the resp. commutation relations 𝜋′◦𝜙 = 𝜓◦𝜋 and 𝜌′◦(𝜙 ⊗ 𝜓) = 𝜙◦𝜌. The
idea, here, is that we only require the commutations to occur under inputs provided by the
distribution 𝜇0 on  , resp. by the distribution 𝜇0𝜋 on  × . This focus on channels’ input
measures will yield, below, a notion of joining which is inherently measure-dependent —
just like the original definition from ergodic theory (de la Rue, 2006). The dependence on
measures will then be crucial when it comes to reformulating joinings in the language of
information theory.

Let us propose a graphical representation of these “measured commutations”. We want
to use commutative diagrams, but our situation here differs from that in Section 3.1.2 in two
respects. First, we are dealing with stochastic channels instead of deterministic maps: it thus
natural to have probability simplices as vertices, and push-forwards of channels as arrows.34
But more fundamentally, commutative diagrams usually do not represent a dependency on
input distributions. Here, we work around this by conserving a “copy” of the input distribution
along the commutative diagram. More precisely, for a measurable space , if we define the
“copy map”

𝖼𝗈𝗉𝗒 ∶  →  ×
𝑎 → (𝑎, 𝑎)

then for any measurable space  and channel 𝛾 ∈ 𝒦 (,), we have 𝜇𝛾 = (𝖨𝖽⊗𝛾) ⋅ (𝖼𝗈𝗉𝗒 ⋅
𝜇). I.e., informally, once 𝜇 ∈  has been copied, if we “process” the second coordinate of
 × with 𝛾 while leaving the first coordinate unchanged, we keep track of the whole joint
distribution 𝜇𝛾 instead of just the output’s distribution 𝛾 ⋅ 𝜇. Using this fact, the following
characterisations can easily be obtained: point (ii) in Definition 3.5.1 is equivalent to the
commutation of the diagram

{𝖼𝗈𝗉𝗒 ⋅ 𝜇0} Δ×

Δ× ′ Δ×′

𝖨𝖽⊗𝜋

𝖨𝖽⊗𝜙 𝖨𝖽⊗𝜓

𝖨𝖽⊗𝜋′

(3.5.1)

and point (iii) to the commutation of the diagram

{𝖼𝗈𝗉𝗒 ⋅ 𝜇0𝜋} Δ××

Δ×× ′×′ Δ×× ′

𝖨𝖽×⊗𝜌

𝖨𝖽×⊗𝜙⊗𝜓 𝖨𝖽×⊗𝜙

𝖨𝖽×⊗𝜌′

(3.5.2)

34Note that a channel 𝛾 ∈ 𝒦 (,) is entirely determined by its push-forward: indeed, 𝛾 ⋅ 𝛿𝑎 = 𝛾(⋅|𝑎) for all
𝑎 ∈ .
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where {𝖼𝗈𝗉𝗒 ⋅ 𝜇0} and {𝖼𝗈𝗉𝗒 ⋅ 𝜇0𝜋} are seen as subsets of resp. Δ× and Δ×××; and to
alleviate notations, arrows are labeled by channels 𝛾 themselves instead of their push-forwards
𝛾∗. We leave to future work the exploration of alternative graphical representations of MDP
factors — such as, possibly, categorical probabilities’ string diagrams (Fritz, 2020).

As mentioned above, Definition 3.5.1 does not assume standard Borel spaces, and we will
indeed need this level of generality. If the factor happens to be standard Borel, though, the
MDP factor relation has a simple characterisation.
Proposition 3.5.2. Let (𝜇0, 𝜋, 𝜌) and (𝜇′0, 𝜋

′, 𝜌′) be stationary MDPs, with resp. state-spaces
 ,  ′ and resp. action spaces , ′. Let 𝜙 ∶  →  ′ and 𝜓 ∶  → ′ be measurable maps,
and consider the following statements:

(i) (𝜇′0, 𝜋
′, 𝜌′) is a factor of (𝜇0, 𝜋, 𝜌) with factor maps (𝜙, 𝜓).

(ii) 𝜙⊗𝜓 ⊗𝜙 is a measured morphism from ( × × , 𝜇0𝜋𝜌) to ( ′ × ′ × ′, 𝜇′0𝜋
′𝜌′).

Then (𝑖) ⇒ (𝑖𝑖), and if morever  ′, ′ are standard Borel, then (𝑖) ⇔ (𝑖𝑖).

Proof. See Appendix C.6.1.
We can also specialise Definition 3.5.1 to a notion of factor for stationary Markov chains

by choosing an MDP with || = 1, i.e., with only one action corresponding to updating time.
Explicitly:
Definition 3.5.3. Let (𝜇0, 𝜏) and (𝜇′0, 𝜏

′) be stationary Markov chains, with resp. state-spaces
( ,𝔛), ( ′,𝔛′). We say that (𝜇′0, 𝜏′) is an MDP factor, or just factor for short, of (𝜇0, 𝜏)
if there exists a measurable map 𝜙 ∶  →  ′ such that (using the hook-up notation from
Definition 3.2.3):

(i) 𝜙 ⋅ 𝜇0 = 𝜇′0,
(ii) 𝜇0(𝜏′◦𝜙) = 𝜇0(𝜙◦𝜏).

The map 𝜙 is then called the factor map from (𝜇0, 𝜏) to (𝜇′0, 𝜏
′). Moreover, (𝜇′0, 𝜏′) is said

isomorphic to (𝜇0, 𝜏) if it is a factor of (𝜇0, 𝜏) such that 𝜙 is a measured isomorphism from
( , 𝜇0) to ( ′, 𝜇′0).

Similarly as above, point (ii) in Definition 3.5.3 is characterised by the commutation of
the following diagram:

{𝖼𝗈𝗉𝗒 ⋅ 𝜇0} Δ×

Δ× ′ Δ× ′

𝖨𝖽⊗𝜏

𝖨𝖽⊗𝜙 𝖨𝖽⊗𝜙

𝖨𝖽⊗𝜏′

(3.5.3)

and if  is standard Borel, then point (ii) can be replaced by the requirement that 𝜏′◦𝜙 = 𝜙◦𝜏
holds 𝜇0-a.e.. Moreover, if the stationary Markov chain is deterministic, we obtain a notion of
factor for stationary dynamical systems (see Definition 3.2.7) which, at least in the standard
Borel case, is the same as the one usually considered in ergodic theory (Einsiedler et al.,
2011).

Our constructions below will crucially rely on the fact that the relations that we just defined
have a specific structure:
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Proposition 3.5.4. The relation defined on stationary MDPs by MDP factors is a pre-order:
ie., it is reflexive and transitive. The relation defined by MDP isomorphisms is an equiva-
lence relation: i.e., it is reflexive, symmetric, and transitive. In particular, the factor and
isomorphism relations on stationary Markov chains are, resp., a pre-order and an equiva-
lence relation.

Proof. See Appendix C.6.1.

Related work The notion of MDP homomorphism (Ravindran et al., 2002; van der Pol
et al., 2020) bears some similarities with our definition of factor for stationary MDPs. The
main difference is that in MDP homomorphisms, the factor maps (𝜙, 𝜓) must be induced by
symmetries of the factored MDP, while the only thing that we require to be preserved in our
notion of factor is the stationary MDP structure: e.g., the trivial stationary MDP made of
one state and one action is, in the sense of Definition 3.5.1, an MDP factor of any stationary
MDP. Moreover, MDP homomorphisms do not depend on any fixed policy or state-space
distribution, but depend on a reward function. Eventually, in MDP homomorphisms, the
factor map corresponding to actions can also depend on states, i.e., using the notations defined
above, we have 𝜓 ∶  ×  → ′ instead of 𝜓 ∶  → ′. In such a case, the pair (𝜙, 𝜓)
can be seen as a special case of bundle morphism (Husemoller, 1994), which suggests an
interesting direction for generalisations of the framework developed here to settings where
the state-action space is only locally decomposable as the product of a state-space  with
an action space  (as, e.g., in (Oizumi et al., 2025) for the case of group actions). Note
that in the case of both dynamical systems and group actions, the notion of factor has been
extensively studied in ergodic theory (de la Rue, 2023; Glasner, 2003). Moreover, previously
proposed dynamical notions of factors that might prove particularly relevant to future work
on the framework presented in this chapter include:

• (Pfante et al., 2014), which compares different notions of coarse-graining for Markov
processes, one of which — observational commutativity — is a measure-independent
version of our Definition 3.5.3 of factor for stationary Markov chains,

• (Pfante et al., 2015), which develops an operator-theoretic point of view on factors in
dynamical systems,

• (Barnett et al., 2021), whose notion of dynamical independence can be seen as a gen-
eralisation of stationary Markov chain factors to arbitrary stochastic processes, where
the factor map is now defined over the whole discrete time-range ℕ instead of a single
time-step,

• (Rosas et al., 2024), which develops and studies the relation between several factor-like
notions for stochastic processes in discrete time — called causal closure and informa-
tional closure — or for deterministic automata — called computational closure; and
brings into focus whole lattices of coarse-grainings of a given stochastic process.

3.5.2 Joinings and minimal joinings for stationary MDPs

Here, we are actually interested in the concept of MDP factor only insofar as it allows us to
study MDP joinings. While factors are generalisations of divisors in arithmetics, joinings are
generalisation of common multiples of a family of integers (de la Rue, 2006, 2023).
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Motivation: joinings of stationary dynamical systems and sensorimotor perception

For didactic purposes, here we start with the usual notion of joining for dynamical systems,
which is a standard concept in ergodic theory (de la Rue, 2006, 2023). We choose a slightly
unusual formulation that will better mirror the generalisation to MDPs.
Definition 3.5.5. Let (𝜇𝑐0, 𝜏𝑐)𝑐∈ be a family of stationary dynamical systems (see Defini-
tion 3.2.7), on resp. standard Borel state-spaces ( 𝑐)𝑐∈ . Then a joining of (𝜇𝑐0, 𝜏𝑐)𝑐∈ is a
stationary dynamical system (𝜈0, 𝜉), with state-space  , such that (𝜇𝑐0, 𝜏𝑐) is a factor of (𝜈0, 𝜉)
for all 𝑐 ∈ ; i.e., explicitly, for all 𝑐 ∈ , there exists a measurable map 𝜙𝑐 ∶  →  𝑐 such
that:

(i) 𝜙𝑐 ⋅ 𝜈0 = 𝜇𝑐0,
(ii) The equality 𝜏𝑐◦𝜙𝑐 = 𝜙𝑐◦𝜉 holds 𝜈0-a.e..

A joining is called a canonical joining if its state-space  is the product space  of the spaces
( 𝑐)𝑐∈ (see Definition C.2.4), with, for all 𝑐 ∈ , the factor map 𝜙𝑐 given by the projection
𝗉𝗋𝑐 on the coordinate  𝑐 of  .

Intuitively, a joining of (stationary) dynamical systems is a “common” (stationary) dy-
namical system that “contains” them both. Crucially, joinings thus allow the study of the
possible relationships between dynamical systems whose relationship is not defined a priori.
This object is interesting to the formalisation of sensorimotor theories of perception because it
provides a concept of abstraction arising from concrete sensorimotor interactions — where,
here, the concrete sensorimotor interactions correspond to the family of stationary dynamical
systems (𝜇𝑐0, 𝜏𝑐)𝑐∈ , and the corresponding abstraction to their joining (𝜈0, 𝜉).35

If  = {1, 2} and if we disregard the requirement of 𝜈0-a.e. equality, the commutations
in point (ii) can be summarised by the diagram

 

1 1

2 2

𝜙1𝜙2

𝜉

𝜙1

𝜏1

𝜏2

𝜙2

(3.5.4)

Let us now focus on the case of canonical joinings, still for  = {1, 2}. Then points (i) and
(ii) can be reformulated as:

(i)’ The marginal of 𝜈0 ∈ Δ1×2 on 1 is 𝜇10 and that on 2 is 𝜇20 .
(ii)’ The equalities 𝜏1◦𝗉𝗋1 = 𝗉𝗋1◦𝜉 and 𝜏2◦𝗉𝗋2 = 𝗉𝗋2◦𝜉 hold 𝜈0-a.e., which is equivalent36

to 𝜉 = 𝜏1 ⊗ 𝜏2 holding 𝜈0-a.e.: i.e., up to a set of null probability, the transformation 𝜉
of 1 × 2 transforms the coordinate 1 with 𝜏1 and the coordinate 2 with 𝜏2.

In particular, given two stationary dynamical systems (𝜇10 , 𝜏1) and (𝜇20 , 𝜏2), a canonical joining
is (on a set of 𝜈0-probability 1) uniquely determined by the joint distribution 𝜈0 ∈ Δ1×2

that is stationary under 𝜏1⊗𝜏2 and whose marginals on 1 and 2 are resp. 𝜇10 and 𝜇20 . Such
a distribution is what is usually defined as “joining” in ergodic theory (see, e.g., Definition
1.3 in (de la Rue, 2006)).

35See Section 3.1.3 for a more detailed discussion of this sensorimotor intepretation (in the case of group
actions, which is the same interpretation as for stationary dynamical systems).

36This can be easily verified, as 𝜉 deterministic implies 𝜉 = (𝜉1, 𝜉2) with 𝜉1 ∶= 𝗉𝗋1◦𝜉 and 𝜉2 ∶= 𝗉𝗋2◦𝜉.
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Our alternative presentation has two motivations. Let us first motivate the explicit inclu-
sion of the transformation 𝜉 in the definition. This is because even for a canonical joining,
point (ii)’ above will not survive the generalisation to stochastic transformations (𝜏𝑐)𝑐∈ : i.e.,
the joining’s transformation 𝜉 ∶  →  will not necessarily coincide (up to a null probability
set) with the parallel processing ⨂

𝑐∈ 𝜏
𝑐 of each coordinate  𝑐 by the corresponding 𝜏𝑐 (see

Proposition 3.5.7 below). In particular, the joining’s transformation 𝜉 will not be uniquely
defined (up to a null probability set) by the joining’s distribution 𝜈0 and the transformations
on coordinates (𝜏𝑐)𝑐∈ , i.e., it will not be redundant to specify 𝜉.

Let us now motivate the choice of an unstructured state-space  for the joining, instead of
the Cartesian product  of the coordinates  𝑐 , as usually done in the theory of joinings (de la
Rue, 2006, 2023). This is because we are actually interested in minimal joinings (defined be-
low), where informally, the distribution 𝜈0 can be concentrated on a very “low-dimensional”
region of the Cartesian product — similarly as in the polar coordinates example from Sec-
tion 3.1.1, the single angular coordinate 𝜃 keeps track of the rotation of the uncountable num-
ber of circles of any radius. In such cases, “most” of the product space  , in which the
joining’s dynamics are embedded, will be included in a set of null probability, and thus be
irrelevant. Moreover, this feature is important from a modeling persepective: indeed, this
kind of “low-dimensional” joining (𝜈0, 𝜉) will be interpreted as a parsimonious abstraction
jointly describing the concrete sensorimotor dynamics of each system (𝜇𝑐0, 𝜏

𝑐). It would thus
be unnatural to define these “parsimonious” dynamics on an unnecessarily large state-space.
Eventually, from the point of view of developing new methods of structure discovery, it is of
course highly unproductive to work with unnecessarily large spaces. This is why we define
joinings on a general state-space  . However, from a formal perspective, it will sometimes be
convenient to work in the product space  — i.e., to work with what we call here canonical
joinings.

We are now interested in studying joinings in settings that allow for distinct actions, in-
stead of just a time update. One possibility is to consider (measure-theoretic) joinings of
group actions: this is the topic of an already rich and still ongoing theory (Glasner, 2003).37
Here, however, we want to have a notion of joining involving non-invertible, stochastic and
closed-loop actions. This is the motivation for our MDP version of joinings below — which,
to the best of our knowledge, has not been considered in previous literature.

Generalisation of joinings to stationary MDPs

Definition 3.5.6. A joining of a family of stationary MDPs (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ is a stationary

MDP (𝜈0, 𝜂, 𝜉),with state-space denoted by  and action-space denoted by , such that each
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐) if a factor of (𝜈0, 𝜂, 𝜉). The corresponding factor maps (𝜙𝑐 , 𝜓𝑐)𝑐∈ are the marginal-
isation maps of the joining. The set of all joinings of (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ is denoted by 𝖩𝗈𝗂𝗇((𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈).If the state-space  and the action space  are both standard Borel, then we call (𝜈0, 𝜂, 𝜉) a
standard Borel joining. A canonical joining is a joining such that  ∶=  and  ∶= ,
where  and  are the product measurable spaces of resp. ( 𝑐)𝑐∈ and (𝑐)𝑐∈ , and with, for
all 𝑐 ∈ , the marginalisation maps 𝜙𝑐 , resp. 𝜓𝑐 given by the projection on the coordinate  𝑐

in  , resp. the projection on the coordinate 𝑐 in . Canonical joinings will often be denoted
by (𝝁0,𝝅,𝝆) rather than (𝜈0, 𝜉, 𝜂).

As stationary dynamical systems (which we defined as always deterministic in Defini-
tion 3.2.7) can be seen as stationary MDPs with a trivial action space and deterministic tran-
sition channel (see Section 3.2.7), it can be easily verified that joinings of a family of standard
Borel stationary MDPs as in Definition 3.5.6 generalise joinings of standard Borel stationary

37The notion of joining of group actions from (Glasner, 2003) can be seen as the measure-theoretic version of
that in Section 3.1.2, which only considered a set-theoretic structure and was presented for didactic purposes.
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dynamical systems as in Definition 3.5.5. Moreover, similarly as for dynamical systems, a
joining of stationary MDPs is, intuitively, a “common” stationary MDP that “contains” all of
them, and thus allows for studying the possible relationships between these MDPs. In partic-
ular, it is an interesting candidate for modeling the emergence of abstractions from concrete,
closed-loop sensorimotor interactions.38

Importantly, while for deterministic MDPs, a canonical joining’s policy and transition
channel must essentially be the parallel processing defined by each coordinate’s policy and
transition channel, this is not true anymore in the stochastic case:
Proposition 3.5.7. Let (𝝁0,𝝅,𝝆) be a canonical joining of stationary standard Borel MDPs
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ . Define the tensor products (see Definition 3.2.6)

𝝅⊗ ∶=
⨂

𝑐∈
𝜋𝑐 ∈ 𝒦 ( ,),

𝝆⊗ ∶=
⨂

𝑐∈
𝜌𝑐 ∈ 𝒦 ( × , ).

(3.5.5)

Then:

• If 𝜋𝑐 is deterministic for all 𝑐 ∈ , then 𝝅 = 𝝅⊗ holds 𝝁0-a.e.; but for a general family
(𝜋𝑐)𝑐∈ , the latter equality might not hold.

• If 𝜌𝑐 is deterministic for all 𝑐 ∈ , then 𝝆 = 𝝆⊗ holds 𝝁0𝝅-a.e.; but for a general family
(𝜌𝑐)𝑐∈ , the latter equality might not hold.

Proof. See Appendix C.6.2, where, in particular, we provide a concrete counter-example in
the stochastic case.

Intuitively, Proposition 3.5.7 is a consequence of the fact that for deterministic channels,
knowing the value of each separate coordinate of the channel’s output wholly determines it,
while for stochastic channels, given the input, the marginal distribution of each output coordi-
nate does not describe the correlations across output coordinates. Proposition 3.5.7 is impor-
tant because it clarifies a crucial difference between joinings of deterministic transformations
and joinings of stochastic transformations — where the latter have, to our knowledge, not
been previously considered, be it for dynamical systems, group actions or MDPs. I.e., here,
for stochastic policies (𝜋𝑐)𝑐∈ , resp. stochastic transition channels (𝜌𝑐)𝑐∈ , in the family of
MDPs to be joined, the joining’s policy 𝜂, resp. transition channel 𝜉, is not uniquely defined
by the joining’s state-space distribution 𝜈 and the “marginal” policies 𝜋𝑐 , resp. “marginal”
transition channels 𝜌𝑐: rather, 𝜂 and 𝜉 are part of the choice that defines a joining.

Minimal joinings of stationary MDPs

We now turn to the question: how “tightly” can a family of MDPs be joined? Can they all
be seen as essentially the same MDP; are they, on the contrary, inherently “incompatible”;
or is it something in between? We start by focusing on the edge cases corresponding to the
first two options, formalised resp. with the notions of isomorphism and disjointness — which
we adapt from similar notions for joinings of dynamical systems (de la Rue, 2006, 2023) or
group actions (Glasner, 2003).
Definition 3.5.8. Let (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ be a family of stationary MDPs. The product joining is
the canonical joining (𝝁0,𝝅,𝝆) ∶= (𝝁⊗0 ,𝝅

⊗,𝝆⊗), where 𝝅⊗ and 𝝆⊗ are defined in (3.5.5)
38See Section 3.1.3 for a more detailed discussion of this sensorimotor intepretation (in the case of group

actions, which is the same interpretation as for stationary MDPs).
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and39

𝝁⊗0 ∶=
⨂

𝑐∈
𝜇𝑐0 ∈ Δ .

On the other hand, an isomorphic joining is a joining (𝜈0, 𝜉, 𝜂) which is MDP isomorphic to
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐) for all 𝑐 ∈ . The family (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ is called disjoint if, up to measured MDP

isomorphism, its only joining is the product joining; and it is called isomorphic if it has an
isomorphic joining.

At one extreme, the product joining is the one that “makes all state-space coordinates
independent and runs the MDPs in parallel” (with probability one). In this sense, it does not
capture any potentially common feature of the dynamics among these MDPs. Thus, disjoint
families of MDPs are those whose respective dynamics “do not share anything in common”
— the MDP version of relatively prime numbers. Let us mention though, for completeness,
that even in the case of deterministic dynamics, the analogy with arithmetics can be subtle (de
la Rue, 2006, 2023). Indeed, on the one hand, two integers are relatively prime, equivalently,
if their only common factor is one, or if their least common multiple is their product. But it
turns out that two stationary dynamical systems with no non-trivial common factor might still
be non-disjoint (de la Rue, 2023; Rudolph, 1979).

At the other extreme, an isomorphic joining “makes state-space coordinates depend bi-
jectively on one another and runs the MDPs in sync” (with probability one) by making each
MDP in the family isomorphic to the same MDP (𝜈0, 𝜂, 𝜉). This can also be seen as the fact
that in an isomorphic family, any element (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐) can be used to “simulate” any of the
other ones. More precisely:
Proposition 3.5.9. The following holds:

(i) A family (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ of stationary MDPs is isomorphic if and only if it is pairwise

isomorphic, i.e., if for all 𝑐, 𝑐′ ∈ , we have a stationary MDP isomorphism between
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐) and (𝜇𝑐′0 , 𝜋
𝑐′ , 𝜌𝑐′).

(ii) In an isomorphic family (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ of stationary MDPs, any element (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)
provides an isomorphic joining of the whole family; in particular, the isomorphic join-
ing can always be chosen standard Borel if at least one MDP (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐) is standard
Borel.

Proof. This is straightforward if we use the fact that stationary MDP isomorphism is an equiv-
alence relation (see Proposition 3.5.4).

Here, however, we want to design a formalism that can “optimally join” arbitrary families
of MDP, beyond the edge cases of isomorphic or disjoint families. Does there exist joinings
that capture as much as possible the common aspects across the dynamics of the family’s
diversity of MDPs, thus “simultaneously simulating” them into a common MDP that avoids
unnecessary complexity by, as much as possible, “using the same dynamics to run different
MDPs”? This intuition can be formalised in two different directions. Our IB-oriented ap-
proach from the previous chapter suggests to design a relevant notion of “parsimony” that
would be formulated in information-theoretic terms. Alternatively, we can rather formalise
the intuition of making the joining “as isomorphic as possible”, through a well chosen pre-
order, similarly as in Definition 3.1.4. Here, we start with the latter, algebraic notion. The
information-theoretic point of view will be developed — for the finite case — in Section 3.6.2,
where we will show that these two languages turn out to be equivalent.

39See Definition 3.2.6. The stationarity of 𝝁⊗0 w.r.t. 𝝆⊗ comes from that of 𝜇𝑐 w.r.t. 𝜌𝑐 for each 𝑐 ∈ .
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Similarly as in Section 3.1.2, the aim of the pre-order will here be to compare different
joinings of a given family of stationary MDPs. While the notion of MDP factor from Defini-
tion 3.5.1 does provide a pre-order, this relation does not take into account the marginalisation
maps of the respective joinings. Doing so leads to the following relation:
Definition 3.5.10. Let (𝜈0, 𝜂, 𝜉) and (𝜈′0, 𝜂

′, 𝜉′) be two joinings of a family of stationary MDPs
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ , with resp. marginalisation maps (𝜙𝑐 , 𝜓𝑐)𝑐∈ and ((𝜙′)𝑐 , (𝜓 ′)𝑐)𝑐∈ . We say
that (𝜈′0, 𝜂′, 𝜉′) is an MDP joining factor — or j-factor for short — of (𝜈0, 𝜂, 𝜉) if (𝜈′0, 𝜂′, 𝜉′) is
an MDP factor of (𝜈0, 𝜂, 𝜉) with factor maps (Φ,Ψ) such that, using the hook-up notation, we
have for all 𝑐 ∈ :

(𝜈0𝜂)
(

(

(𝜙′)𝑐 ⊗ (𝜓 ′)𝑐
)

◦
(

Φ⊗Ψ
)

)

= (𝜈0𝜂)(𝜙𝑐 ⊗𝜓𝑐). (3.5.6)

We then write
(𝜈′0, 𝜂

′, 𝜉′) ⥶ (𝜈0, 𝜂, 𝜉).

In short, (𝜈′0, 𝜂′, 𝜉′) is a j-factor of (𝜈0, 𝜂, 𝜉) if it is an MDP factor of (𝜈0, 𝜂, 𝜉) such that,
with probability one, the corresponding factor maps (Φ,Ψ) resp. transform (by composition
at the input) the marginalisation maps (𝜙𝑐 , 𝜓𝑐)𝑐∈ of the latter joining into the marginalisa-
tion maps ((𝜙′)𝑐 , (𝜓 ′)𝑐)𝑐∈ of the former joining. Similarly as for the MDP factor relation,
equation (3.5.6) can be seen as the “measured version” of the commutation relations

(𝜙′)𝑐◦Φ = 𝜙𝑐 ,
(𝜓 ′)𝑐◦Ψ = 𝜓𝑐 ,

and it is equivalent to the commutativity of the diagram
{𝖼𝗈𝗉𝗒 ⋅ 𝜈0𝜂}

Δ×× ′×′

Δ××𝑐×𝑐

𝖨𝖽×⊗Φ⊗Ψ

𝖨𝖽×⊗𝜙𝑐⊗𝜓𝑐

𝖨𝖽×⊗(𝜙′)𝑐⊗(𝜓 ′)𝑐

(3.5.7)

where {𝖼𝗈𝗉𝗒 ⋅𝜈0𝜂} is seen as a subset of Δ×××, and to alleviate notations, the arrows are
labeled by the channels instead of their push-forward. Importantly, this new relation between
joinings is still a pre-order:
Proposition 3.5.11. The relation defined on the joinings of a given family of stationary MDPs
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ by j-factors is a pre-order: i.e., it is reflexive and transitive.

Proof. See Appendix C.6.2.
We are eventually ready to introduce the central concept of this chapter:

Definition 3.5.12. A minimal joining of a given family of stationary MDPs (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ is
a joining which is minimal for the j-factor pre-order ⥶, i.e., which is a j-factor of any other
joining.

Minimal joinings can be seen as the stationary MDP version of integers’ least common
multiples. Surprisingly, we could not find, despite extensive search in the literature, a notion
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of minimal joining in the sense of Definition 3.5.12, even for deterministic dynamics.40 Thus,
to the best of our knowledge, this is the first time this notion is introduced. However, we are
not experts in the theory of joinings, which has been developed in a vast and specialised
literature — see (de la Rue, 2023) for a recent review and (Glasner, 2003) for a monograph.

Note that if a family of MDPs is isomorphic, then minimal joinings coincide with the
isomorphic joinings (this is a direct consequence of the fact that the factor relation is a pre-
order and the isomorphism one an equivalence relation). Definition 3.5.12 thus provides
a generalisation of the highly non-generic case of isomorphic joinings. But how generic
are minimal joinings themselves? Does there always exist minimal joinings of a family of
(stationary, standard Borel) MDPs? Below, we present the main result of this section, which
states that the answer is yes in the finite case. We leave to future work the investigation of the
existence of minimal joinings in the non-finite case.
Theorem 3.5.13. For a finite family (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ of finite-alphabet, stationary MDPs, there
always exists at least one minimal joining.

Proof. See Appendix C.6.2.
This theorem should be contrasted with the fact that isomorphic joinings of a given family

do not always exists — otherwise, e.g., all stationary dynamical systems would be isomorphic,
which is of course not the case, even in the finite case.

As mentioned in the above discussion of joinings of dynamical systems, while in general
we want to be able to work with joinings defined on an arbitrary state-space  , focusing on
canonical joinings will sometimes deliver interesting insights or be helpful for proofs. For
that purpose, it is important to understand how general (minimal) joinings relate to canonical
ones:
Proposition 3.5.14. Let (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ be a countable family of standard Borel stationary
MDPs. Then for any joining (𝜈0, 𝜂, 𝜉) of (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ , there exists a canonical joining of
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ which is a j-factor of (𝜈0, 𝜂, 𝜉). In particular, the family (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ has a

minimal joining if and only if it has a canonical minimal joining.

Proof. See Appendix C.6.2.
The assumption of  countable in Proposition 3.5.14 is an important limitation — as we

are here interested in joinings of MDP ergodic components, which are usually in uncountable
number for continuous spaces: see, e.g., the polar coordinates examples from Section 3.1.1,
where from Theorem 3.4.6, the orbits coincide with ergodic components. We leave to future
work its generalisation beyond this countability assumption.
Technical remark. Let us recall that if  is uncountable (and if all MDPs in the family are non-
trivial), then the spaces  and  are uncountable products of standard Borel spaces, which
are never standard Borel (see Proposition C.2.5). This suggests that even if a minimal joining
exists, there might not exist one living on standard Borel spaces  and . This is a problem
as, for instance, the ergodic theory results quoted in Section 3.3.2 require a standard Borel
state-space — which means that they might be unusable to do ergodic theory on the minimal
joining’s spaces and. Moreover, our long-term aim is to develop an information-theoretic
treatment of minimal joinings in continuous spaces. While up to the level of generality of
standard Borel spaces, information-theoretic tools are quite mature and based on traditional
measure theory (Gray, 2011), to the best of our knowledge, more general frameworks are still
under development. In particular, some ongoing category-theoretic approaches to information
(Perrone, 2024) are closely connected to efforts at extending measure and ergodic theory to

40There exists a notion of minimal self-joining (de la Rue, 2023), which is not directly related to Defini-
tion 3.5.12.
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address problems arising from uncountability (Fritz et al., 2025; Jamneshan et al., 2023; Moss
et al., 2023), which is known to touch upon deep limitations of traditional measure theory
(König, 2012).

Related work The notion of isomorphic joining bears some similarities with the “stitching”
of object manifolds developed in (Keurti et al., 2024). The latter work is set in the framework
of group actions, where once the group actions describing the changes of pose in space of dis-
tinct rigid objects have been learned, the problem is to find linear transformations that allow
one to “switch”, in an equivariant way, from one group action to the other. In our under-
standing, the mathematical structure underlying this procedure is very close to an isomorphic
joining of the family of group actions defined by each object, where these group actions are
seen as transition channels of MDPs as in Section 3.4.2. Moreover, our notion of minimal
joining resonates with the Differential Heterogenesis framework (Sarti et al., 2022), to the ex-
tent that the latter studies the emergence of novel dynamics on a “lifted” state-space through
the combination of distinct dynamics on distinct state-spaces — although with different tools,
rooted in sub-Riemannan geometry.

3.5.3 Minimal class-pose parametrisation

We are eventually ready to present our measure-theoretic generalisation of minimal class-pose
parametrisation.
Definition 3.5.15. Let (𝜋, 𝜌) a standard Borel MDP with state-space  and action space ,
satisfying Assumption 1. A minimal class-pose parametrisation of  w.r.t. (𝜋, 𝜌), is a sta-
tionary MDP (𝜈0, 𝜂, 𝜉) with state-space  and action space , together with measurable maps
𝜙 ∶  ×  →  , 𝜓 ∶  × → , with  a measurable space, such that:

• (𝜈0, 𝜂, 𝜉) is a minimal joining of a decomposition into ergodic components (𝜖𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈
of the MDP (𝜋, 𝜌),

• Writing 𝜙𝑐 ∶= 𝜙(𝑐, ⋅) and 𝜓𝑐 ∶= 𝜓(𝑐, ⋅), the family (𝜙𝑐 , 𝜓𝑐)𝑐∈ provides the minimal
joining’s marginalisation maps.

A minimal class-pose parametrisation is called standard Borel if the spaces ,  and  are
all standard Borel, and it is called an isomorphic class-pose parametrisation if the minimal
joining is isomorphic.

Note that there is here a subtle interplay between notions that depend on a measure and
notions that do not. On the one hand, we do not fix any arbitrary initial distribution on  : we
just start with the policy 𝜋 and the transition channel 𝜌. However, the family of ergodic prob-
abilities (𝜖𝑐)𝑐∈ , which is uniquely defined by (𝜋, 𝜌), is instrumental in defining the minimal
joining (𝜈0, 𝜂, 𝜉) (see Section 3.5.2).

From Theorem 3.4.1, a measurable MDP (𝜋, 𝜌) always has (under Assumption 1) a de-
composition into ergodic components, and from Theorem 3.5.13, a minimal joining always
exists in the finite case. Thus finite families of finite alphabet MDPs always have (under
Assumption 1) a minimal class-pose parametrisation. However, at this stage, it is not clear
whether arbitrary standard Borel MDPs (𝜋, 𝜌) have a minimal class-pose parametrisation.
One problem is the existence of minimal joinings, which we did not prove in the non-finite
case (see Section 3.5.2). Another problem is the measurability of the maps 𝜙 and 𝜓 :
Technical remark. If the push-forward 𝜌∗ ∶ 𝖡𝖫 → 𝖡𝖫 is not continuous and  is uncount-
able, it is at this stage not even clear which 𝜎-algebra the space  should be equipped with
(see Section 3.3.4). Moreover, even if we did, we might run into new difficulties when  is
uncountable. If for instance we consider canonical joinings, i.e., joinings defined on the prod-
uct spaces  and  of resp. ( 𝑐)𝑐∈ and (𝑐)𝑐∈ (see Definition 3.5.6), then maps 𝜙 and 𝜓
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that are measurables w.r.t. the resp. product 𝜎-algebras must depend on a countable number
of coordinates (see Exercise 2.4.1 in (Tao, 2011)), i.e., on a countable set ̃ ⊆  of ergodic
components. In the latter situation, if  is uncountable, this means that the minimal joining
of ergodic components does not depend on an uncountable set  ⧵ ̃ of ergodic components,
which seems problematic. We leave to future work the investigation of these subtleties which,
again, might stumble upon deep limitations of traditional measure theory (Jamneshan et al.,
2023; König, 2012).

Similarly as in the introduction, Definition 3.5.15 proposes a shift of perspective w.r.t.
the class-pose decomposition literature: in a nutshell, we propose to “reverse the direction
of the vertical arrows in the commutative diagrams”. Indeed, previous work on class-pose
decomposition seeks to exhibit a change of coordinate from the state-space  to a product
space × (see Definition 3.1.1). On the contrary, here, we are looking at a parametrisation
of the state-space  by the product space  ×  . I.e., we have a map 𝜙 ∶  ×  →  which
is “measure-theoretically surjective”, in the sense that ( 𝑐)𝑐∈ is a partition of  and for all
𝑐 ∈ , the restriction 𝜙𝑐 is a measured morphism from ( , 𝜈) to ( 𝑐 , 𝜖𝑐). Crucially, this
“measure-theoretic surjection” might not be “measure-theoretically injective”: i.e., each 𝜙𝑐
might not be a measured isomorphism. Moreover, as we are considering potentially stochastic
and closed-loop actions, it becomes important to include an action space  in the parametri-
sation, with a corresponding map𝜓 ∶ × →  that satisfies similar properties as 𝜙 (i.e., for
each 𝑐 ∈  the map 𝜓𝑐 is a measured morphism but might not be a measured isomorphism).
However, we require this parametrisation to be “as isomorphic as possible”, in the sense that
the parametrisation is a factor of any similar parametrisation (see the Definition 3.5.12 of min-
imal joining). Isomorphic class-pose parametrisations correspond to the edge case when this
minimal parametrisation happens to be “fully isomorphic”— in the measure-theoretic sense
that for all 𝑐 ∈ , the marginalisation maps 𝜙𝑐 and𝜓𝑐 are both stationary MDP isomorphisms
(see Definition 3.5.1).

Before turning to an information-theoretic reformulation of these new notions of class
and pose, we show in the next section that the previously considered notion of class-pose
decomposition can be captured as a special case of our framework.

3.5.4 Application to group-theoretic class-pose decomposition

Here, we show that, when there is a countable number of orbits, our framework of minimal
class-pose parametrisation is a generalisation of (a measure-theoretic version of) class-pose
decomposition.

We settle ourselves again in the framework of Section 3.4.2: i.e., we fix a standard Borel
space  with a measurable group structure, and assume that  has a group-stationary prob-
ability 𝜐 (see Definitions 3.4.3 and 3.4.4) — which is necessarily unique (see point (𝑣𝑖𝑖) in
Theorem 3.4.6). Then, for any measurable action 𝜌 of  on some standard Borel space  ,
with corresponding independent policy 𝜋𝜐 ∈ 𝒦 ( ,), Theorem 3.4.6 applies, and we denote
by:

• ( 𝑐)𝑐∈ the partition in orbits (which coincide here with the ergodic components),
• (𝜌𝑐)𝑐∈ the restrictions of 𝜌 to each orbit  𝑐 ,
• (𝜋𝑐𝜐)𝑐∈ the restrictions of the independent policy to each orbit  𝑐 ,
• (𝜖𝑐)𝑐∈ the corresponding family of ergodic measures.

From points (𝑖𝑣) and (𝑣) in Theorem 3.4.6, each 𝜖𝑐 is 𝜌-stationary and also 𝜌𝑔-stationary for
all 𝑔 ∈ .
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We consider the following measure-theoretic version of class-pose decomposition (com-
pare with the set-theoretic version in Definition 3.1.1):
Definition 3.5.16. A (measured) class-pose decomposition of  w.r.t. 𝜌 is a tuple (𝜅, 𝜃, 𝜉),
with 𝜅 ∶  → , 𝜃 ∶  →  measurable and a measurable group action 𝜉 ∶  ×  →  ,
such that:

(𝑖) 𝜅 is the projection on orbits,
(𝑖𝑖) There exists ̃ ⊆  with 𝜐(̃) = 1 such that for all 𝑐 ∈  and all 𝑔 ∈ ̃, the restriction 𝜃𝑐

of 𝜃 to  𝑐 is a stationary Markov chain isomorphism from (𝜖𝑐 , 𝜌𝑐𝑔) to (𝜈0, 𝜉𝑔), for some
stationary 𝜈0 ∈ Δ .

In short, Definition (3.5.16) is a varation of our previous set-theoretic Definition (3.1.1)
that adds measurability requirements, and allows for the commutation relations to only hold
on a full-probability subset of group elements (where the probability is the group’s unique
stationary probability). Note that in point (𝑖𝑖), the full probability set ̃ does not depend on
the orbit 𝑐 ∈ . This notion of class-pose decomposition relates to isomorphic class-pose
parametrisations in the following way:
Theorem 3.5.17. Assume that there is a countable number of orbits. Then the following are
equivalent:

(i) The group action has a measured class-pose decomposition (𝜅, 𝜃, 𝜉) with state-space
 .

(ii) The MDP (𝜋𝜐, 𝜌) defined by the group action 𝜌 has an isomorphic class-pose parametri-
sation whose isomorphic minimal joining is of the form (𝜈0, 𝜂𝜐, 𝜉), with state-space 
and action space  ∶= , where 𝜂𝜐 ∈ 𝒦 ( ,) is the independent policy, and with
marginalisation maps (𝜙, 𝜓) such that for all 𝑐 ∈ , the map 𝜓𝑐 ∶  =  →  is
trivial: i.e., it is the identity map 𝖨𝖽.

Moreover, if any of the above holds, then the class-pose decomposition from (𝑖) and the iso-
metric class-pose parametrisation from (𝑖𝑖) can be chosen such that:

•  is the same space in points (𝑖) and (𝑖𝑖),

• 𝜉 is the same transition channel in points (𝑖) and (𝑖𝑖),

• For all 𝑐 ∈ , the restriction 𝜃𝑐 of 𝜃 of point (𝑖) — which is a measured isomorphism
from ( 𝑐 , 𝜖𝑐) to ( , 𝜈0)— and the restriction𝜙𝑐 of𝜙 of point (𝑖𝑖)— which is a measured
isomorphism from ( , 𝜈0) to ( 𝑐 , 𝜖𝑐) — are mod 0 inverses of each other.

Proof. See Appendix C.6.3.
In short, for group actions satisfying the assumptions above: an isomorphic class-pose

parametrisation is obtained by “measure-theoretically inverting”, on each class 𝑐 ∈ , the
restriction 𝜃𝑐 of a measured class-pose decomposition’s “pose” channel 𝜃; and conversely, a
measured class-pose decomposition is obtained from an isomorphic class-pose parametrisa-
tion with trivial action space marginalisation maps (𝜓𝑐)𝑐∈ = (𝖨𝖽)𝑐∈ by “measure-theoretically
inverting”, on each class 𝑐 ∈ , the restriction 𝜙𝑐 of the projection 𝜙.

Note that our assumption of a countable number of orbits is a major limitation of the
result, as it is not expeceted to hold in most interesting scenarios for the continuous case (e.g.,
even for the simple example of polar coordinates, there is an uncountable number of orbits).
We leave to future work potential generalisations of Theorem 3.5.17 that would drop this
countability assumption.

However, the result stills roots our novel framework in the pre-existing literature on class-
pose decomposition, and shows explicitly in which sense the former is a generalisation of the
latter.
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3.6 Information-theoretic characterisation and softening

We now turn to information-theoretic reformulations — in the finite case — of both the de-
composition into ergodic components and minimal joinings. In Section 3.6.1, we leverage the
fact that the projection on ergodic components can be seen as a “mean-asymptotic minimal
sufficient statistic” (see Section 3.3.5) to characterise it as the solution, for maximal trade-
off parameter, to an instance of the DIB problem from Chapter 2. The problem consists in
compressing the state-space  in a way that preserves the mutual information between the
initial state and the time-average of the resulting trajectory. Then, in Section 3.6.2, we show
that minimal joinings coincide with minimum entropy joinings — or equivalently, maximum
multi-information joinings. While at this stage, we do not information-theoretically charac-
terise the property of being a joining itself — and thus do not obtain a full characterisaion of
minimal joinings as solutions to a generalised IB problem — this results exhibits an equiva-
lence between an algebraic and an information-theoretic notion of minimality. It also lays the
groundwork for a fuller information-theoretic reformulation of minimal joinings — and thus,
once combined with the previous reformulation of ergodic components, for one of minimal
class-pose parametrisation.

3.6.1 Ergodic components as mean-asymptotic information-preserving compres-
sion

Our aim is here to derive an IB-like problem such that the projection on ergodic components
would be the essentially unique solution for maximal trade-off parameter. However, defin-
ing the quantity that will be “preserved” by the compression requires first setting up some
background.

Framework

We assume that  is finite, and we fix a Markov chain 𝜏 ∈ 𝒦 (). As in Section 3.4, we
adopt Assumption 1, i.e., that  = erg = erg,𝗂𝗇𝗏 (where erg and erg,𝗂𝗇𝗏 are defined, resp.,
in equations (3.3.1) and (3.3.3)). For readers familiar with countable Markov chain theory:
this assumption holds, e.g., if all points are positive recurrent, i.e., if there are no transient
points (see Remark 3.3.3).

Here, the decomposition into ergodic components ( 𝑐)𝑐∈ is thus a partition of the whole
state-space  (see Proposiition 3.3.9). We denote by 𝗉𝗋 ∶  →  the corresponding pro-
jection on ergodic components, and by (𝜖𝑐)𝑐∈ the corresponding family of ergodic measures
(see point (𝑖𝑣) in Theorem 3.3.4).

Let us now fix a full-support, stationary distribution 𝜇0 ∈ Δ . As before, we denote the
process distribution of the Markov chain (𝜇0, 𝜏) by

𝑞 ∶= 𝑞( ⃖⃖⃗𝑋) ∈ Δℕ .

However, now, we also consider a “bottleneck” countable space  and for each “bottleneck”
channel 𝜅 ∈ 𝒦 ( ,  ), we denote by

𝑞𝜅 ∶= 𝑞𝜅( ⃖⃖⃖⃖⃖⃖⃖⃗𝑋, 𝑇 ) ∈ Δ(× )ℕ
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the joint process distribution defined through the Bayesian network
𝑋0 𝑋1 𝑋2 …

…

𝑇0 𝑇1 𝑇2 …

𝜅

𝜏

𝜅

𝜏

𝜅 (3.6.1)

I.e., explicitly, 𝑞𝜅 ∈ Δ(× )ℕ is the unique process distribution such that for all 𝑛 ∈ ℕ, using
the hook-up and tensor product notations (see Definitions 3.2.3 and 3.2.6),

𝑞𝜅(𝑋0,… , 𝑋𝑛, 𝑇0,… , 𝑇𝑛) ∶= 𝑞(𝑋0,… , 𝑋𝑛)
𝑛

⨂

𝑖=0
𝜅, (3.6.2)

where the existence and uniqueness are ensured by the Kolmogorov extension theorem (see
Theorem C.2.10). Let us now define, for all 𝑛 ∈ ℕ, the 𝑛-th Césaro mean of the joint distri-
bution between the initial point and an iterated point:

𝑞𝑛(𝑋,𝑋′) ∶= 1
𝑛

𝑛−1
∑

𝑖=0
𝑞(𝑋0, 𝑋𝑖) ∈ Δ× .

From Corollary 3.3.13, these Césaro means converge (symbol-wise) to a distribution 𝑞 =
𝑞(𝑋,𝑋′) ∈ Δ× , and, as in Section 3.3.5,

𝑞(𝑥, 𝑥′) ∶=
∑

𝑐∈
(𝗉𝗋 ⋅ 𝜇0)(𝑐)𝜖𝑐(𝑥)𝜖𝑐(𝑥′)

=
∑

𝑐∈
𝜇0( 𝑐)𝜖𝑐(𝑥)𝜖𝑐(𝑥′) (3.6.3)

=
∑

𝑐∈
𝜇0( 𝑐)𝜖𝑐(𝑥)𝜖𝑐(𝑥′)𝛿𝑥,𝑥′∈𝑐 . (3.6.4)

Note that, from the definition of 𝑞(𝑋,𝑋′) as the symbol-wise limit of the 𝑞𝑛, we have 𝑞(𝑋′) =
𝑞(𝑋) = 𝑞(𝑋0), with these distributions being full-support, while 𝑞(𝑋′

|𝑋) is the symbol-wise
limit of 1

𝑛
∑𝑛−1
𝑖=0 𝑞(𝑋𝑖|𝑋0): in this sense, 𝑞(𝑋,𝑋′) is the joint distribution between the initial

point and the time-average of the resulting trajectory. Line (3.6.3) then means, informally, that
this mean-asymptotic distribution 𝑞 happens to be the average of the independent product of
ergodic distributions (𝜖𝑐 ⊗ 𝜖𝑐)𝑐∈ , with resp. weight given by the probability of the ergodic
component under 𝜇. Line (3.6.4) emphasizes that each ergodic distribution 𝜖𝑐 is concentrated
on the ergodic component  𝑐 (see point (𝑖) in Theorem 3.3.7). These equations also imply
that the projection on ergodic components 𝗉𝗋 defines a minimal sufficient statistic of 𝑋 w.r.t.
𝑋′, and of 𝑋′ w.r.t. 𝑋 (see Theorem 3.3.18).

Let us construct an asymptotic joint distribution on  ×  ×  ×  that extends the
asymptotic joint distribution 𝑞(𝑋,𝑋′) to the bottleneck space. From the definition (3.6.2) of
𝑞𝜅 , we have

𝑞𝜅(𝑋0, 𝑋𝑛, 𝑇0, 𝑇𝑛) = 𝑞(𝑋0, 𝑋𝑛)(𝜅 ⊗ 𝜅),
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so that, by linearity of the hook-up operation,

𝑞𝑛𝜅(𝑋,𝑋
′, 𝑇 , 𝑇 ′) ∶= 1

𝑛

𝑛−1
∑

𝑖=0
𝑞𝜅(𝑋0, 𝑋𝑖, 𝑇0, 𝑇𝑖)

=

(

1
𝑛

𝑛−1
∑

𝑖=0
𝑞(𝑋0, 𝑋𝑖)

)

(𝜅 ⊗ 𝜅)

= 𝑞𝑛(𝑋,𝑋′)(𝜅 ⊗ 𝜅).

Moreover, in our current countable setting, it is straightforward to verify that the map
Δ× → Δ×× ×

𝑞(𝑋,𝑋′) → 𝑞(𝑋,𝑋′)(𝜅 ⊗ 𝜅),

that hooks-up a joint distribution 𝑞(𝑋,𝑋′) with the channel 𝜅 ⊗ 𝜅, is continuous. Thus the
(symbol-wise) convergence in of 𝑞𝑛(𝑋,𝑋′) to 𝑞(𝑋,𝑋′) implies the (symbol-wise) conver-
gence of the sequence

(

𝑞𝑛(𝑋,𝑋′, 𝑇 , 𝑇 ′)
)

𝑛∈ℕ =
(

𝑞𝑛(𝑋,𝑋′)(𝜅 ⊗ 𝜅)
)

𝑛∈ℕ,

and
𝑞𝜅(𝑋,𝑋′, 𝑇 , 𝑇 ′) ∶= lim

𝑛→∞
𝑞𝑛𝜅(𝑋,𝑋

′, 𝑇 , 𝑇 ′)

= 𝑞(𝑋,𝑋′)(𝜅 ⊗ 𝜅)
(3.6.5)

Note that the second equality in equation (3.6.5) implies that, for all 𝜅 ∈ 𝒦 ( ,  ), the dis-
tribution 𝑞𝜅(𝑋,𝑋′, 𝑇 , 𝑇 ′) satisfies the Markov chain

𝑇 −𝑋 −𝑋′ − 𝑇 ′. (3.6.6)
Let us denote by 𝐼𝑛(𝑋;𝑋′), 𝐼(𝑋;𝑋′), 𝐼(𝑋;𝑋′), 𝐼𝑛𝜅 (𝑇 ; 𝑇 ′), and 𝐼𝜅(𝑇 ; 𝑇 ′) the mutual

informations defined, resp. by the joint distribution 𝑞𝑛(𝑋,𝑋′), 𝑞(𝑋,𝑋′), 𝑞𝑛𝜅(𝑇 , 𝑇 ′), and
𝑞𝜅(𝑇 , 𝑇 ′). The Markov chain (3.6.6) implies, using the data-processing inequality (Cover
et al., 2009), that

𝐼𝜅(𝑇 ; 𝑇 ′) ≤ 𝐼(𝑋;𝑋′). (3.6.7)
Moreover, as the mutual information is continuous w.r.t the underlying joint distribution,

lim
𝑛→∞

𝐼𝑛(𝑋;𝑋′) = 𝐼(𝑋;𝑋′),

lim
𝑛→∞

𝐼𝑛𝜅 (𝑇 ; 𝑇
′) = 𝐼𝜅(𝑇 ; 𝑇 ′). (3.6.8)

Note also that, as 𝑞(𝑋0) = 𝜇0 is assumed stationary, so is the joint distribution 𝑞𝜅(𝑋0, 𝑇0) =
𝜇0𝜅, which implies that, for all 𝑛 ∈ ℕ,

𝑞𝜅(𝑋, 𝑇 ) = 𝑞𝜅(𝑋′, 𝑇 ′) = 𝑞𝜅(𝑋𝑛, 𝑇𝑛).

Thus, denoting also by 𝐼𝜅(𝑋; 𝑇 ) and 𝐼𝜅(𝑋′; 𝑇 ′) the mutual informations defined by the resp.
distributions 𝑞𝜅(𝑋, 𝑇 ) and 𝑞𝜅(𝑋′, 𝑇 ′), we have, for all 𝑛 ∈ ℕ,

𝐼𝜅(𝑋; 𝑇 ) = 𝐼𝜅(𝑋′; 𝑇 ′) = 𝐼𝜅(𝑋𝑛; 𝑇𝑛). (3.6.9)



Chapter 3. Minimal Class-Pose Parametrisation in Markov Decision Processes 106

IB formulation of the decomposition into ergodic components

We are now ready to define the IB problem that will provide the information-theoretic char-
acterisation, and softening, of the decomposition into ergodic component. Namely, for all
0 ≤ 𝜆 ≤ Λ ∶= 𝐼(𝑋;𝑋′), we consider

argmin
𝜅∈𝒦 ( , )
𝐼𝜅 (𝑇 ;𝑇 ′)≥𝜆

𝐼𝜅(𝑋; 𝑇 ), (3.6.10)

where we recall that the mutual informations 𝐼𝜅(𝑋; 𝑇 ) and 𝐼𝜅(𝑇 ; 𝑇 ′) are defined according
to the joint law 𝑞(𝑋,𝑋′, 𝑇 , 𝑇 ′), which itself is uniquely defined by the initial distribution
𝜇0 ∈ Δ , the Markov chain 𝜏 ∈ 𝒦 (), and the compression channel — see above, in partic-
ular equations (3.6.4) and (3.6.5). Given how we constructed the distribution 𝑞(𝑋,𝑋′, 𝑇 , 𝑇 ′),
this optimisation problem implements, intuitively, a trade-off between compression and the
preservation of the mutual information between the initial state and the time-average of the
resulting trajectory — which may be called, in short, the mean-asymptotic mutual informa-
tion. Before presenting the main result of this section, let us describe problem (3.6.10) in
more details.

From equation (3.6.7), the problem (3.6.10) does not have any solution for parameter
𝜆 > Λ ∶= 𝐼(𝑋,𝑋′). Moreover, using equation (3.6.3), it is easy to verify that the ergod-
icity of the stationary Markov chain (𝜇0, 𝜏) is equivalent to the condition 𝐼(𝑋,𝑋′) = 0: in
particular, the problem (3.6.10) is only non-trivial for non-ergodic Markov chains. Note also
that, from equation (3.6.9), the target function 𝐼𝜅(𝑋; 𝑇 ) here actually depends only on the
single time-step distribution 𝑞(𝑋𝑛, 𝑇𝑛) = 𝜇𝜅 (for any fixed 𝑛 ∈ ℕ, e.g., 𝑛 = 0); while from
the construction above, the constraint function 𝐼𝜅(𝑇 ; 𝑇 ′) depends on the distribution 𝑞(⃖⃖⃗𝑇 ) of
the whole bottleneck process — but it can be computed as an asymptotic limit of mututal
informations, each depending on a finite number of time-steps (see equation (3.6.8)).

The problem (3.6.10) is very similar to a Symmetric IB (Slonim et al., 2006) with source
the joint distribution 𝑞(𝑋,𝑋′): the only difference is that here, we require the channels com-
pressing resp. 𝑋 and 𝑋′ to be the same channel 𝜅. It can also be easily verified that (3.6.10)
is a Divergence IB (see Section 2.3.1 in Chapter 2) with data space  =  ×  , distribu-
tion 𝜇 = 𝑞(𝑋,𝑋′), exponential family  = Δ ⊗ Δ made of distributions making 𝑋 and
𝑋′ independent, and set of channel shape constraints requiring 𝑋 and 𝑋′ to be compressed
separately but with the same channel, i.e.,

𝒦𝗌𝗁𝖺𝗉𝖾 =
{

𝜅× ∈ 𝒦 ( ×  ,  ) ∶ ∃𝜅 ∈ 𝒦 ( ,  ) ∶ 𝜅× = 𝜅 ⊗ 𝜅
}

.

This makes the tools developed for the Divergence IB applicable to our new problem. Indeed,
using Theorem B.1.3 in Appendix B.1, we obtain the following:
Theorem 3.6.1. Let us recall that 𝗉𝗋 ∶  →  denotes the projection on ergodic components
w.r.t. the Markov chain 𝜏. The following holds:

(i) For 𝜆 = Λ, a channel 𝜅 ∈ 𝒦 ( ,  ) is a solution to (3.6.10) if and only if 𝜅 = 𝜄◦𝗉𝗋, for
a congruent41 channel 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  ).

(ii) For all 0 ≤ 𝜆 ≤ Λ, all solutions 𝜅 ∈ 𝒦 ( ,  ) to (3.6.10) satisfy 𝜅 = 𝛾◦𝗉𝗋, for some
𝛾 ∈ 𝒦 ( ,  ).

Proof. See Appendix C.7.1.
Crucially, point (𝑖) shows that for maximal trade-off parameter 𝜆 = Λ, the solutions to

the problem (3.6.10) coincide with the projection on ergodic components — up to congruent
41See Definition 2.2.2.
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channels which, from the point of view of informational compression, are trivial transfor-
mations. In other words, we have reformulated (for finite Markov chains) the projection on
ergodic components as an optimal compression under the constraint of preserving the mutual
information between the initial state and the time-average of the resulting trajectory — or, in
short, the process’ mean-asymptotic mutual information. This is one of the most important
results of this chapter, and of this thesis as a whole. We will comment further on its inter-
pretation once we will have specialised it to group actions (see Corollary 3.6.2 below). For
now, let us add some technical remarks.

Point (𝑖𝑖) in Theorem 3.6.1 shows that for any trade-off parameter 𝜆, the solutions to
(3.6.10) can be factorised by the projection 𝗉𝗋. In other words, the coarse-grainings 𝜅 defined
by the generalised IB problem (3.6.10) are always obtained by “post-processing”, with some
channel 𝛾 , the projection on ergodic components. However, it is not clear whether for 𝜆 < Λ,
the post-processing 𝛾 captures any interesting structure. Indeed, from equation (3.6.4), we
actually have 𝗉𝗋(𝑋) = 𝗉𝗋(𝑋′); in particular, 𝗉𝗋(𝑋) and 𝗉𝗋(𝑋′) depend deterministically on
one another. But this, combined with the fact that bottleneck channels 𝜅 can only “see” the
source variable 𝑋, resp. 𝑋′, through the lens of its projection on ergodic component 𝗉𝗋(𝑋),
resp. 𝗉𝗋(𝑋′), makes the problem (3.6.10) worryingly similar to the case, in the classic IB,
where the relevancy variable is a deterministic function of the source variable (Tishby et al.,
2000). For the latter, it is known that when 0 < 𝜆 < Λ, the bottleneck solutions do not capture
any interesting structure beyond that captured by the solution for maximal parameter 𝜆 = Λ
— more precisely, this is at least true for the Lagrangian version of the IB (Kolchinsky et al.,
2019).

For that reason, it might be interesting to consider the finite-time counterpart of (3.6.10):
argmin
𝜅∈𝒦 ( , )
𝐼𝑛𝜅 (𝑇 ;𝑇

′)≥𝜆

𝐼(𝑋0; 𝑇0) (3.6.11)

Indeed, when 𝑞𝑛𝜅 has not yet fully converged to 𝑞𝜅 , this means, intuitively, that the trajectory’s
mean distribution has not fully “diffused” accross the ergodic components. Moreover, starting
from a given point 𝑥0, it is reasonable to expect that the trajectory’s mean distribution will
“diffuse” quicker to the points with which 𝑥0 “communicates strongly”,42 i.e., points that are
reached with relatively higher probability in a given number of time-steps. Information about
this variability should then be carried by the distribution 𝑞𝑛𝜅 if 𝑛 ∈ ℕ is in an appropriate range.
Intuitively, this uneven “diffusion structure” might then be captured by solutions to (3.6.11)
for 0 < 𝜆 < Λ, where the coarse-graining 𝜅 would first (stochastically) cluster “strongly
communicating” points for large 𝜆, and then cluster more and more “weakly communicating”
points for decreasing 𝜆.

Of course, the latter arguments are, at this stage, only heuristic conjectures. But they
suggest that replacing the asymptotic mutual information 𝐼𝜅(𝑇 ; 𝑇 ′) by its finite time-step
counterpart 𝐼𝑛𝜅 (𝑇 ; 𝑇 ′) might be of interest in its own right. In any case, this focus on 𝐼𝑛𝜅 (𝑇 ; 𝑇 ′)
will probably be necessary for algorithms computing or approximating solutions to (3.6.10).
We leave to future work the design and implementation of such algorithms, and to investigate
the scientific relevance of problem (3.6.11) for a wide range of values of 𝑛 ∈ ℕ and 0 ≤ 𝜆 ≤ Λ.

Related work The quantity 𝐼𝑛𝜅 (𝑋,𝑋′) above is reminiscent of the persistent mutual infor-
mation (PMI) from (Ball et al., 2010), which is defined as the mutual information between
the past of a stochastic process (up to time 0) and its future starting from a given time 𝑛 > 0

42This informal term is inspired by the usual terminology of communicating classes, i.e., classes of points that
can be reached, with positive probability, in finite time from one another.
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that might be large. The differences with our quantity 𝐼𝑛𝜅 (𝑋,𝑋′) are that (𝑖) PMI considers
double-sided processes, and (𝑖𝑖) the average up to time 𝑛 considered in 𝐼𝑛𝜅 (𝑋,𝑋′) is replaced
in PMI by the future from time 𝑛. Moreover, PMI is used as a quantification of emergence in
(Ball et al., 2010), while here we use 𝐼𝑛𝜅 (𝑋,𝑋′) as a (partially or fully) preserved quantity in
optimal compressions softening the notion of decomposition into ergodic components.

Application to the IB formulation of the projection on orbits

We can choose the Markov chain 𝜏 above to be the update channel 𝜌 of a finite alphabet MDP
(𝜋, 𝜌). Consider, e.g., a deterministic transition channel 𝜌 ∈ 𝒦 ( × ,) corresponding
to the action of a finite group  on a finite state-space  . It is easy to verify that, because
the action of the group on itself is transitive, the only group-stationary distribution on  is
the uniform distribution 𝜐 ∈ Δ (see Definition 3.4.4). Denoting by 𝜋𝜐 the corresponding
independent policy (see Definition 3.4.4 again), we thus obtain a measurable MDP (𝜋𝜐, 𝜌)
whose update channel is

𝜌 ∶= 1
||

∑

𝑔∈
𝜌𝑔 ∈ 𝒦 (). (3.6.12)

It is easy to verify that a distribution 𝜇0 ∈ Δ is 𝜌-stationary if and only if it is constant on
each orbit of the group action — e.g., the uniform distribution on  is always 𝜌-stationary,
even though it is not the only one when the action of  on  is not transitive.

We are now ready to state our information-theoretic characterisation of a group action’s
projection on orbits:
Corollary 3.6.2. Let 𝜌 ∈ 𝒦 ( × ,) be an action of a finite group  on a finite state-
space  , and 𝜌 defined as in (3.6.12). Let 𝜇 ∈ Δ be full-support and 𝜌-stationary, let
𝑞(𝑋,𝑋′) ∶= 𝜇𝜌 and for all 𝜅 ∈ 𝒦 ( ,  ) with  countable,

𝑞𝜅(𝑋,𝑋′, 𝑇 , 𝑇 ′) ∶= 𝑞(𝑋,𝑋′)(𝜅 ⊗ 𝜅) ∈ Δ×× × ,

Then a channel 𝜅 is a solution of

argmin
𝜅∈𝒦 ( , )

𝐼𝜅 (𝑇 ;𝑇 ′) = 𝐼(𝑋;𝑋′)

𝐼𝜅(𝑋; 𝑇 ) (3.6.13)

if and only if 𝜅 = 𝜄◦𝗉𝗋, where 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  ) is a congruent channel, and 𝗉𝗋 ∈ 𝒦 ( ,) is
the projection on orbits w.r.t. the action 𝜌.

Proof. See Appendix C.7.2.
Note that, in (3.6.13), the asymptotic mutual information 𝐼𝜅(𝑇 ; 𝑇 ′) from (3.6.10) becomes

a single time-step mutual information. This is because here, we assumed that the whole group
action is contained in the transition channel 𝜌, so that single time-step actions already exhaust
all possible multiple time-step actions: i.e., for any 𝑛 ∈ ℕ and 𝑔0,… , 𝑔𝑛 ∈ , there exists
some 𝑔 ∈  such that 𝜌𝑔0◦… ◦𝜌𝑔𝑛 = 𝜌𝑔. As actions 𝑔 are sampled uniformly across the group
, Corollary 3.6.2 implies, intuitively, that the “information” that two consecutive states of
the trajectory carry about each other is the orbit to which both belong: i.e., it is precisely
the “information” that is invariant under the action of any element 𝑔 ∈ 𝐺. This result thus
formalises the intuition that the projection on orbits is the coarsest compression preserving
all the information that is invariant under the group action.

This result is a crucial step forward concerning the limitations that we identified at the
end of Chapter 2 (see Section 2.5.3 there). I.e., Corollary 3.6.2 eventually characterises in an
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information-theoretic language what it means, for a compression channel, to be the projec-
tion on orbits of a given group action (up to composition by congruent channels at the output).
Crucially, this result both yields a natural softening of the notion of projection on orbits —
through solutions to (3.6.13) with 𝜆 < Λ ∶= 𝐼(𝑋;𝑋′) — and generalises seamlessly to the
case of stochastic actions — through the more general problem (3.6.10), and the correspond-
ing Theorem 3.6.1. Of course, the transformation-based bottleneck framework outlined in
Section 2.5.3 of Chapter 2 still deserves a more explicit presentation, and a proof that it does
achieves the aims stated there. Moreover, this would likely require moving beyond the sta-
tionarity assumption that we make in the current chapter. While these tasks are beyond the
scope of this thesis, our now completed toolbox yields a strong basis to carry them out in
future work.

More generally, beyond the specific work on channel equivariance from Section 2.5.3,
Theorem 3.6.1 and Corollary 3.6.2 above are a stepping stone in the formalisation of the
intuition of “duality” between information parsimony and symmetry that underlies this
whole thesis. Indeed, in the edge case 𝜆 ∶= Λ the trade-off in the problem (3.6.10) makes the
coarse-graining implemented by its solution 𝜅 preserve precisely what is being left invariant
by the dynamics of the Markov chain 𝜏 on  — which boils down to the partition in orbits if
𝜏 ∶= 𝜌 is the average of a group action over its stationary probability, as in Corollary 3.6.2.
Then, for 𝜆 < Λ, the state-space is further coarse-grained, while still preserving along the
way as much information as possible about the features left invariant by 𝜏. I.e., in short, we
exhibited an informational trade-off that binds a compression channel and a transformation
channel, in a way that requires the coarse-graining implemented by the compression channel
to capture the (exact or soft) invariants of the transformation channel.

We thus expect Theorem 3.6.1 to play, in future work, the role of a bridge between the
realm of information parsimony — mostly “populated” by compression channels, i.e., (poten-
tially stochastic) maps from a given space to a simpler space — and the realm of symmetries
— mostly “populated” by families of transformations, i.e., (potentially stochastic) maps from
a space to itself.

3.6.2 Information-theoretic characterisation of minimal joinings

We now turn to an information-theoretic formulation of minimal joinings of a finite family
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ of finite alphabet stationary MDPs. We will mostly focus on canonical join-
ings, as Proposition 3.5.14 implies that for finite alphabets, this yields no loss of generality.

Let us recall that the definition of minimal joinings is motivated by the intuition of an
MDP collectively describing the MDPs in a given family, but in a way that captures as much
as possible the common dynamics across the MDPs in the family (see Section 3.5.2). An
alternative direction is thus to search for a joining that makes each MDP in the family de-
pend as much as possible on the other ones. Information theory provides a principled way to
formalise this intuition, through the notion of mutli-information.

Distribution and channel multi-information

Definition 3.6.3. Let (𝑐)𝑐∈ be a finite family of finite sets,  their Cartesian product,
𝒒 ∶= 𝒒(𝐴1,… , 𝐴𝑛) ∈ Δ and for 𝑞𝑖 the marginal of 𝒒 on the coordinate 𝑐 , define 𝒒⊗ ∶=
⨂

𝑐∈ 𝑞
𝑐 . Then, denoting by 𝐷 the Kullback-Leibler (KL) divergence, the multi-information

of the distribution 𝒒 is defined as
𝑰(𝒒) ∶= 𝑰

(

(𝐴𝑐)𝑐∈
)

∶= 𝐷(𝒒||𝒒⊗).

It can be verified that the multi-information 𝑰(𝒒) minimises the KL divergence between
𝒒 and distributions on the exponential family of independent distributions (Amari, 2001). In
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this sense, multi-information measures “how far from making the marginals 𝑞𝑐 independent”
is 𝒒: i.e., the “spatial interdependence” of the distinct coordinates. Multi-information can be
characterised in terms of entropies (Amari, 2001):
Proposition 3.6.4. With the same notations as in Definition 3.6.3, we have

𝑰(𝒒) =
∑

𝑐∈
𝐻(𝑞𝑐) −𝐻(𝒒).

Also relevant to us is the following extension of multi-information to the dynamical set-
ting, proposed in (Ay, 2015; Ay et al., 2003). It relies on an extension the KL divergence 𝐷
to channels:
Definition 3.6.5. Let , finite sets, 𝑞 ∈ Δ and 𝛾, 𝛾 ′ ∈ 𝒦 (,). Then, for 𝐷 the KL
divergence, we define

𝐷𝑞(𝛾||𝛾 ′) ∶=
∑

𝑎∈
𝑞(𝑎)𝐷(𝛾(⋅|𝑎)||𝛾 ′(⋅|𝑎)).

Definition 3.6.6. Let (𝑐)𝑐∈ , (𝑐)𝑐∈ be two finite family of finite sets, ,  the corre-
sponding Cartesian products, 𝒒 ∶= 𝒒

(

(𝐴𝑐)𝑐∈
)

∈ Δ with marginal 𝑞𝑐 on each 𝑐 , and a
channel 𝜸 ∈ 𝒦 (,). For all 𝑐 ∈ , a marginal of the channel 𝜸 w.r.t. the distribution 𝒒
on the coordinate 𝑐 × 𝑐 is a channel 𝛾𝑐 ∈ 𝒦 (𝑐 ,𝑐) such that 𝑞𝑐𝛾𝑐 is a marginal of the
distribution 𝒒𝜸 on the coordinate 𝑐 ×𝑐 . Let us now fix a family (𝛾𝑐)𝑐∈ of marginals of 𝜸
w.r.t. 𝒒 on each coordinate 𝑐 × 𝑐 , and define 𝜸⊗ ∶=

⨂

𝑐∈ 𝛾
𝑐 . The multi-information of

the channel 𝜸 w.r.t. the distribution 𝒒 is defined as43

𝑰𝒒(𝜸) ∶= 𝐷𝒒(𝜸||𝜸⊗).

It can be verified that the quantity 𝑰𝒒(𝜸) is the same for all choice of channel marginals 𝛾𝑐
(which might not be unique if 𝒒 is not full-support), and that it minimises𝐷𝒒(𝜸||𝜸′) among all
split channels 𝛾 ′ (Ay, 2015), i.e., channels with a tensor product form 𝜸′ ∶=

⨂

𝑐∈(𝛾 ′)𝑐 . The
quantity can thus be understood as measuring “how far from being parallel” is the processing
performed by the channel 𝜸: i.e., “how jointly” are distinct coordinates processed.

The following relation between distribution multi-information and channel multi-information
can be verified with a straightforward computation:44

Proposition 3.6.7. With the same notations as in Definition 3.6.6, we have, using the hook-up
notation,

𝑰(𝒒𝜸) = 𝑰(𝒒) + 𝑰𝒒(𝜸).

For instance, if  ∶=  ∶=  and 𝜸 ∶= 𝝉 ∈ 𝒦 ( ) is seen as Markov chain, Propo-
sition 3.6.7 means that the “spatio-temporal” multi-information 𝑰(𝒒𝜸) = 𝑰((𝑋𝑐

0 , 𝑋
𝑐
1)𝑐∈

) of
two consecutive time-steps decomposes as the sum of the “spatial” stochastic interdependence
𝑰(𝒒) and the “temporal” stochastic interaction 𝑰𝒒(𝜸) (Ay et al., 2003).

Minimal joinings as maximum multi-information, i.e., minimum entropy joinings

Equiped with these concepts, let us come back to our information-theoretic reformulation of
minimal joinings. Note that here, a stationary MDP (𝜇0, 𝜋, 𝜌) is characterised by its one-
time-step process distribution 𝑞(𝑋0, 𝐺0, 𝑋1) ∶= 𝜇0𝜋𝜌 (see Lemma C.5.1). This suggests to

43In (Ay et al., 2003), this quantity is defined for  =  and called stochastic interaction, but for  ≠  the
term “interaction” is less adapted.

44We are not aware of a previous publication mentioning Proposition 3.6.7, even though we would not be
surprised if this simple fact has already been noticed.
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formalise our previous intuition of a joining “maximising the interdependence” between the
MDPs of the family (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ as a canonical joining (𝝁0,𝝅,𝝆) maximising, among all
canonical joinings, the multi-information

𝑰(𝝁0𝝅𝝆) = 𝑰
(

(𝑋𝑐
0 , 𝐺

𝑐
0, 𝑋

𝑐
1)𝑐∈

)

= 𝐷

(

𝝁0𝝅𝝆
|

|

|

|

|

|

⨂

𝑐∈
𝜇𝑐0𝜋

𝑐𝜌𝑐
)

,

where (𝑋𝑐
0 , 𝐺

𝑐
0, 𝑋

𝑐
1)𝑐∈ denotes the joint variable describing, for each coordinate 𝑐 ∈ , the

corresponding state 𝑋𝑐
0 at time 0, action 𝐺𝑐0 at time 0, and state 𝑋𝑐

1 at time 1. Applying
Proposition 3.6.7 twice shows that

𝑰(𝝁0𝝅𝝆) = 𝑰(𝝁0) + 𝑰𝝁0(𝝅) + 𝑰𝝁0𝝅(𝝆), (3.6.14)
where the index 𝝁0𝝅 ∈ Δ× of the last term uses the hook-up notation (see Definition 3.2.3).
In other words, we are actually proposing to maximise three distinct quantities: the spatial
interdependence (Ay et al., 2003) across the distinct MDPs’ state-spaces; the amount to which
the policy 𝝅 jointly selects distinct action coordinates from distinct state coordinates; and the
amount to which state coordinates are jointly transformed through joint actions.

Note that from Proposition 3.5.7, in the case of deterministic policies (𝜋𝑐)𝑐∈ and deter-
ministic transition channels (𝜌𝑐)𝑐∈ , we have 𝝁0𝝅 = 𝝁0𝝅⊗ and (𝝁0𝝅)𝝆 = (𝝁0𝝅)𝝆⊗, so that
actually the quantity above becomes

𝑰(𝝁0𝝅𝝆) = 𝑰(𝝁0),

i.e., we are only maximising the spatial interdependency. But crucially, Proposition 3.5.7 also
shows that if the policies (𝜋𝑐)𝑐∈ and transition channels (𝜌𝑐)𝑐∈ are stochastic, the terms
𝑰𝝁0(𝝅) and 𝑰𝝁0𝝅(𝝆) in equation (3.6.14) are in general non-trivial.

Now, Proposition 3.5.2 shows that for any canonical joining (𝝁0,𝝅,𝝆), the marginal of
𝝁0𝝅𝝆 ∈ Δ×× on the coordinate 𝑐 ∈  is always 𝜇𝑐0𝜋𝑐𝜌𝑐 ∈ Δ𝑐×𝑐×𝑐 . Therefore, from
Proposition 3.6.4,

𝑰(𝝁0𝝅𝝆) =
∑

𝑐∈
𝐻(𝜇𝑐0𝜋

𝑐𝜌𝑐) −𝐻(𝝁0𝝅𝝆),

where ∑

𝑐∈ 𝐻(𝜇𝑐0𝜋
𝑐𝜌𝑐) does not depend on the choice of the joining. This shows that a

canonical joining maximises 𝑰(𝝁0𝝅𝝆) among all joinings of the family (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ if and

only if it minimises the joint entropy 𝐻(𝝁0𝝅𝝆). We choose our terminology to reflect this
latter point of view:
Definition 3.6.8. Let (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ be a finite family of finite-alphabet stationary MDPs. A
minimum entropy joining of (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ is a joining (𝜈0, 𝜂, 𝜉) ∈ 𝖩𝗈𝗂𝗇((𝜇𝑐 , 𝜋𝑐 , 𝜌𝑐)𝑐∈) such
that

𝐻(𝜈0𝜋𝜌) = min
(𝜈′0,𝜂

′,𝜉′)∈𝖩𝗈𝗂𝗇((𝜇𝑐 ,𝜋𝑐 ,𝜌𝑐 )𝑐∈ )
𝐻(𝜈′0𝜋

′𝜌′), (3.6.15)

i.e.,
𝐻(𝑃0, 𝐾0, 𝑃1) = min

(𝜈′0,𝜂
′,𝜉′)∈𝖩𝗈𝗂𝗇((𝜇𝑐 ,𝜋𝑐 ,𝜌𝑐 )𝑐∈ )

𝐻(𝑃 ′
0 , 𝐾

′
0, 𝑃

′
1).

where (𝑃0, 𝐾0, 𝑃1) and (𝑃 ′
0 , 𝐾

′
0, 𝑃

′
1) are the resp. marginals on the first time coordinates of the

resp. state-action processes ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗(𝑃 ,𝐾) ∶= (𝑃0, 𝐾0, 𝑃1, 𝐾1,…) and ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗(𝑃 ′, 𝐾 ′) ∶= (𝑃 ′
0 , 𝐾

′
0, 𝑃

′
1 , 𝐾

′
1,…)

defined by the resp. stationary MDPs (𝜈0, 𝜂, 𝜉) and (𝜈′0, 𝜂
′, 𝜉′) (see Definition 3.2.10).
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Technical remark. The minimum is indeed always achieved in (3.6.15), as it can be verified
that the set 𝖩𝗈𝗂𝗇((𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈) is compact, and the entropy is continuous w.r.t. the underlying
distribution and thus achieves its minimum on a compact set.

As here, any joining can be factorised through a canonical joining (see Proposition 3.5.14),
it can be easily verified that it would have been equivalent to restrict ourselves to canonical
joinings and require the maximisation of multi-information. The latter point of view provides
a conceptually important interpretation, and a link to information-theoretic approaches to
complexity (Ay, 2015). But focusing on the minimum entropy perspective allows one to
“forget” the product structure of the spaces  and , thus potentially working with simpler
ambient spaces. As entropy can intuitively be understood as a measure of “how spread” a
distribution is, this perspective also highlights that we are here requiring the joining’s process
distribution to be “as concentrated as possible”. In this sense, we are here dealing — again
— with a notion of information parsimony. Let us point out that this kind of information
parsimony does not fit the traditonal information-theoretic formalisation of Ockham razor’s
principle with the maximum entropy principle (Jaynes, 1957) — but this is just an example of
how helpful mathematical formalisation can be to fine-tune the meaning of similar concepts
to distinct contexts.

To the best of our knowledge, no notion of minimum entropy joining has been previously
considered in the literature. However, minimum entropy joinings can be seen as a general-
isation of minimum entropy couplings to a dynamical setting: a minimum entropy coupling
of a finite family of distributions (𝜇𝑐0)𝑐∈ on finite alphabets ( 𝑐)𝑐∈ is a joint distribution 𝝁0
on the product space  which minimises the entropy 𝐻(𝝁0) among all couplings of (𝜇𝑐0)𝑐∈ ,
i.e., all joint distributions whose marginal on each coordinate  𝑐 is 𝜇𝑐0. It can be easily veri-
fied that a minimum entropy coupling is a minimum entropy joining for an MDP whose only
action is the identity transformation. As minimum entropy couplings have been thoroughly
studied in recent years (Bounoua et al., 2025; Cicalese et al., 2019; Li, 2021; Ma et al., 2025),
this might be helpful for the study and computation of minimum entropy joinings.

Now, the reason why we are presenting minimum entropy joinings is because they happen
to provide an information-theoretic characterisation of minimal joinings:
Theorem 3.6.9. Let (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ be a finite family of finite-alphabet MDPs. Then:

(i) For (𝜈0, 𝜂, 𝜉), (𝜈′0, 𝜂
′, 𝜉′) two joinings of (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ , we have, using the j-factor no-
tation (see Definition 3.5.10),

(𝜈′0, 𝜂
′, 𝜉′) ⥶ (𝜈0, 𝜂, 𝜉) ⇒ 𝐻(𝜈′0𝜂

′𝜉′) ≤ 𝐻(𝜈0𝜂𝜉). (3.6.16)

(ii) A joining has minimum entropy if and only if it is a minimal joining.

(iii) All minimal joinings are isomorphic as stationary MDPs.

Proof. See Appendix C.7.3.
Note that in equation (3.6.16), the comparison of entropies on the right-hand-side induces

a relation on joinings of a given (finite) family of (finite alphabet) stationary MDPs. This
relation is a total pre-order, i.e., it is not only transitive and reflexive as all pre-orders, but
also strongly connected (which means that two joinings can always be compared). Point (𝑖)
can be seen as the fact that the latter total pre-order is a “coarse-graining” of the j-factor pre-
order. Note that this “‘coarse-graining” collapses the potentially rich pre-order structure on
the potentially high-dimensional dimensional space of all joinings of a given family,45 into a
total order that only compares joinings through scalar values.

45It can be easily verified that the space of all joinings of a given family is stable under convex combinations.
Thus it is a convex subset of an affine space, whose dimension is that of the vector space giving its direction.
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Crucially, point (𝑖𝑖) shows that, despite this fact, the total pre-order defined by the com-
parison of entropies has precisely the same minimal elements as those of the much richer
j-factor pre-order — i.e., mininal joinings. In other words, we obtained the equivalence of
an information-theoretic and an algebraic notion of minimality — where “algebraic” here
refers to the fact that the j-factor pre-order is, at core, based on commutation relations. Even-
tually, point (𝑖𝑖𝑖) shows that these common minimal elements can be seen, from the point of
view of the stationary MDP structure, as an essentially unique minimal element. In particu-
lar, with Theorem 3.6.9, we obtain a new instance of structure emerging through information
parsimony requirements.

Similarly as we did in Section 3.6.1 as well as in Chapter 2, Theorem 3.6.9 suggests that it
is possible to obtain a characterisation of minimal joining with a full Information Bottleneck-
like optimisation problem, whose solutions would be minimal joinings of a given family of
stationary MDPs — where the minimisation of the entropy 𝐻(𝜈0𝜂𝜉) would be traded-off
against the preservation of one or several other well-chosen information-theoretic quantities.
The latter would need to characterise the property that the MDP (𝜈0, 𝜂, 𝜉) is a joining of the
family of stationary MDPs (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ with family of marginalisation maps (𝜙𝑐 , 𝜓𝑐)𝑐∈ :
i.e., from Proposition 3.5.2, that

(i) The distribution 𝜈0 is 𝜉-stationary, where 𝜉 is the update channel defined by the policy
𝜂 and the transition channel 𝜉,

(ii) For all 𝑐 ∈ , we have (𝜙𝑐 ⊗𝜓𝑐 ⊗𝜙𝑐) ⋅ 𝜈0𝜂𝜉 = 𝜇𝑐0𝜋
𝑐𝜌𝑐 .

For instance, the latter conditions can be achieved by requiring that
(i)’ 𝐷(𝜉 ⋅ 𝜈0||𝜈0) = 0,

(ii)’ For all 𝑐 ∈ , we have 𝐷((𝜙𝑐 ⊗𝜓𝑐 ⊗𝜙𝑐) ⋅ 𝜈0𝜂𝜉||𝜇𝑐0𝜋
𝑐𝜌𝑐) = 0,

where 𝐷 denotes here the Kullback-Leibler (KL) divergence. However, while conditions
(i)’ and (ii)’ do provide an information-theoretic characterisation of the property of being a
joining, it is not clear that a multi-objective optimisation problem involving the corresponding
KL divergences, together with the entropy𝐻(𝜈0𝜂𝜉), would capture interesting structures once
conditions (i)’ and (ii)’ are softened — i.e., along the full Pareto front defined by the multi-
objective optimisation problem. Indeed, first, the KL divergence is not symmetric, and it is
not clear how the choice done in (i)’ and (ii)’ would differ from the same quantities where the
distributions inside the divergences are switched.

But more fundamentally, while the extensive literature on the Information Bottleneck (IB)
framework, broadly understood, has clearly proven its relevance to the information parsimony-
induced exploration of underlying structure in data (see Section 1.1.2), the divergences in
(i)’ and (ii)’ seem to be of a different nature than those usually considered in the IB frame-
work. Indeed, they correspond neither to mutual informations, nor even to a divergence from
a (non-trivial) hierarchical model as in Chapter 2 — and switching the probabilities inside
the resp. KL divergences does not seem to change that point. Another crucial difference
with previously considered IB frameworks comes from the fact that we have generalised the
class-pose decomposition framework by “reversing the arrows and breaking the bijectivity”
in the commutation relations (see Sections 3.1.2 and 3.5.3). As a consequence, it would be
the data defining the multi-objective optimisation problem — i.e., here, that defined by the
MDPs (𝜇𝑐0, 𝜋𝑐 , 𝜌𝑐)𝑐∈ — that would be a “coarse-graining” of the solution to this optimisa-
tion problem — i.e., here, the minimal joining (𝜈0, 𝜂, 𝜉), together with its marginalisation
maps (𝜙𝑐 , 𝜓𝑐)𝑐∈ — rather than the converse (as, e.g., in the classic IB framework, the bot-
tleneck variable is a obtained by “coarse-graining” the source variable). In other words, the
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picture that emerges here is one where the “bottleneck” metaphor is in some sense turned
on its head.

These considerations suggests that a full information-theoretic trade-off characterising
joinings could be starkly different from previously considered IB frameworks. This is, of
course, not a problem in itself, but it makes it only more important to develop dedicated
theoretical motivations, algorithmic tools, and data-based explorations. Such a framework
might not necessarily involve the information-theoretic quantities from points (i)’ and (ii)’
above — which, at this stage, we only present for illustrative purposes.

We leave further investigation of these questions to future work. Note that solving them
could open the way, once combined with our reformulation of ergodic components from Sec-
tion 3.6.1, to the information-theoretic discovery of — “exact” and “soft” — minimal class-
pose parametrisations (see Section 3.5).

3.7 Limitations

We mentioned, along the course of this chapter, a number of limitations to the content pre-
sented here. Here we summarise the most important ones, and outline a few others. Let us
start with the most theoretical ones.

First, we faced several technical limitations in our measure-theoretic results on station-
ary MDPs. These limitations were often due to the fact that we want to be able to consider
joinings of an uncountable number of MDPs. This requirement is important because, in the
continuous case, there will typically be a uncountable number of ergodic components to be
joined — e.g., even for the simple example of polar coordinates, there is an uncoutable num-
ber of orbits, i.e., of circles centered at the origin. However, this seems (at least in the case of
canonical joinings) to require working, in general, with the product of an uncountable number
of measurable spaces. The latter is problematic because (𝑖) even if each coordinate is standard
Borel, their uncountable product will never be standard Borel, and (𝑖𝑖) the usual product 𝜎-
algebra on the product space yields measurable functions that must depend on only a countable
number of coordinates. Future work could try to address these limitations by either imposing
stronger conditions on the considered MDPs (e.g., well-chosen notions of continuity), or by
considering recent advances aiming precisely at solving issues arising from uncountability in
measure and ergodic theory (Fritz et al., 2025; Jamneshan et al., 2023; Moss et al., 2023).

Attentive readers of the proofs might also have noticed that in the measure-theoretic set-
ting, intuitions that are conceptually straightforward require a disproportionate amount of
mathematical effort to make the technical machinery work. This suggests that, to further
develop the formalism laid out here, we should properly axiomatise it: i.e., here, identify a
relatively limited set of properties whose proof might require a substantial amount of work,
but that, once proven, can be composed to obtain all the remaining statements of the theory
without having to always dive back into measure-theoretic technicalities. While it does not
seem unavoidable to call on this framework, category theory (Mac Lane, 1978) might be nat-
urally suited for that purpose. Such a categorical formulation could also be instrumental for
future generalisations beyond stationary MDPs. Indeed, it seems that many of the notions
developed in Section 3.5 depend, at core, only on a given notion of factor — be it in the cate-
gory of group actions, stationary MDPs or another one. Category theory-based proofs would
have the advantage of being easily transferable from one category of systems to the other.

Whether or not using the help of a categorical language, such generalisations beyond sta-
tionary MDPs would first require to remove the stationarity assumption — e.g., by replacing it
by asymptotic mean stationarity (Gray, 2011). However, for a full relevance to the modeling
of concrete embodied agents, it will be necessary to move beyond the MDP framework itself:
possible generalisations include, e.g., partially observable MDPs, input-output processes and
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their 𝜖-transducers (Barnett et al., 2015; Rosas et al., 2025) , or causal Bayesian network
models of the perception-action loop (Ay et al., 2014; Polani et al., 2009).

While these abstract considerations are crucial for the long-term maturation of the theory
outlined in this chapter, the concepts that we defined should be studied in more details on
concrete examples — e.g., to start with, in the finite case. But to really ground this theory in
data-based research — in particular sensorimotor perception — or even simple synthetic ex-
periments, we need to develop algorithms to compute the mathematical objects defined here.
Given the stochastic nature of these objects, it seems natural, at least in the finite case, to aim
for information theory-based algorithms. This is part of our motivation for our information-
theoretic characterisations of ergodic components and of minimal joinings. On the one hand,
as we characterised ergodic components with an IB-like problem, it is reasonable to expect
that one can derive a Blahut-Arimoto algorithm for the finite case; and that for extensions to
the continuous case, one could adapt the algorithmic technology extensively developed, in
the machine learning literature, for previous versions of the IB framework — see (Hu et al.,
2024) for a recent review. As far as minimal joinings are concerned, as mentioned in Sec-
tion 3.6.2, it seems natural to search for a full multi-objective optimisation problem that would
characterise these mathematical objects. If this is possible, it would then be necessary to de-
sign algorithms to solve this problem, and it is not clear that methods from the IB framework
would readily adapt here.

3.8 Discussion

3.8.1 Formal contribution

The framework developed in this chapter was motivated by the question of how adaptive sys-
tems identify structure in the interaction with their environment — in particular, sensorimotor
theories of perception, which put a strong emphasis on how perceptually relevant structure
is induced by the agent’s own actions. This lead us to focus on previous work on class-pose
decomposition which studies, in the language of group actions, a decomposition of a given
state-space  into two action-induced coordinates  and  : one that captures the features
that are invariant under actions, and another that tracks the changes induced by actions, and
only that.

Our main proposal is to generalise class-pose decomposition into minimal class-pose
parametrisation in three directions: algebraic, dynamical, and information-theoretic. We
started by presenting the algebraic aspect in the group-theoretic setting. From this perspec-
tive, it consists in moving from a state-space action 𝜌 that is isomorphic to the class-pose
action 𝖨𝖽 ⊗ 𝜉, to 𝜌 being only a factor of 𝖨𝖽 ⊗ 𝜉: i.e., there exists a surjective (but not
necessarily injective) map 𝜙 ∶  ×  →  that intertwines 𝖨𝖽 ⊗ 𝜉 and 𝜌, in the sense that
𝜙◦(𝖨𝖽⊗𝜉) = 𝜌◦𝜙. Crucially, we require this factor to be “as isomorphic as possible”, in the
sense of being minimal w.r.t. a pre-order based on the factor relation. The dynamical aspect of
our generalisation consists in generalising these notions to potentially non-invertible, stochas-
tic and closed-loop actions, using Markov Decision Processes (with no rewards and a fixed
policy) on standard Borel spaces (which include, e.g., countable spaces, Euclidean spaces and
differential manifolds). Classes are thus reframed as ergodic components under the actions
of an MDP averaged over a given policy. These ergodic components yield a correspond-
ing family of ergodic MDPs, whose minimal joining defines the novel pose coordinate. This
ergodic-theoretic reformulation of classes and poses provides a bridge (in the case of finite
state and action spaces) towards an information-theoretic formulation, where the projection
on ergodic components (i.e., on classes) is characterised as an optimal compression preserv-
ing the process’ mean asymptotic mutual information; while minimal joinings (i.e., poses and
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their dynamics) are shown to coincide with minimum entropy joinings — or, equivalently,
joinings that maximise the multi-information between the ergodic MDPs.

3.8.2 Conceptual contribution to sensorimotor theories of perception

The results summarised above are, at core, a mathematical contribution. The mathematical
language is also a tool to pursue conceptual advances which, we believe, research on both
structure learning and sensorimotor perception is in dire need of. Indeed, beyond the question
of how to learn structure, these fields raise the foundational questions of what do we mean
by structure, and why should it be relevant to a real-world agent, in particular in the case of
biological agents.

Our focus on an information-theoretic reformulation is motivated by the latter “why” ques-
tion, as it incorporates structure discovery into a tradition that uses information theory to for-
malise first principles of adaptive behaviour (Archer et al., 2022; Krakauer et al., 2020; Ortega
et al., 2013; Salge et al., 2014; Tishby et al., 2011). Indeed, showing that specific structures,
in the agent-environment interaction, emerge from specific forms of information parsimony
— as we did in this chapter and the previous one — is a way of understanding why these
structures would be relevant to embodied agents whose behaviour unfolds under stringent in-
formational constraints. More precisely, our mathematical results contribute to formalising
the intuition that real-world agents leverage structure (in the interaction with their environ-
ment) because, as information-constrained systems, they cannot afford not to do so. This is
an instance of the idea that meaning emerges from informational constraints on a given agent.

As for the “what” question, here we focus on the structure of minimal class-pose parametri-
sations. Crucially, the latter yields a shift from understanding agents as discovering structure
to understanding them as creating structure, in two distinct ways. First, the MDP formalism
brings us much closer to a class-pose structure that is generated by the agent’s own behaviour
— as, here, the decomposition into ergodic components is defined by the action-dependent
transition channel and policy. This approach can be understood as investigating the structure
of the sensorimotor coupling of the agent to its environment (Aguilera et al., 2013; Buhrmann
et al., 2013), and a generalisation of our framework to input-output processes — potentially
through the notion of 𝜖-transducer (Barnett et al., 2015; Rosas et al., 2025) — could go fur-
ther in this direction. But a more fundamental notion of “structure creation” is also at play
in our formalism: the fact that, as mentioned in Section 3.1.2, here the “direction of the ar-
rows is reversed”. I.e., it is the class-pose space which is projected onto the state-space, not
the converse — and crucially, this projection is potentially non-isomorphic. If the class-pose
space corresponds to an agent’s internal dynamics and the state-space to an “outside” vari-
able (the environment, or even just the agent’s sensorimotor interface, as in 𝜖-transducers
(Barnett et al., 2015; Rosas et al., 2025)), it means that the internal dynamics can in some
respects be richer than the “outside” variable’s dynamics — and this holds despite the in-
ternal dynamics being “minimal” or “parsimonious”. In other words, while our framework
does understand poses as an abstraction emerging from the state space’s dynamics through
the right kind of information parsimony, here this “pose” abstraction is not a coarse-graining
of the state-space variable, but exists somehow at a “fictional”, i.e., self-generated level —
to the extent that the minimal joining is non-isomorphic. This “fiction”, however, might be
highly relevant to the agent’s behaviour. Indeed, as mentioned in this chapter’s Section 3.1.1
and in Section 1.2, from a sensorimotor perception perspective, classes can be interpreted as
object-related SMCs defined by a given behaviour (i.e., policy). The dynamics of poses (in-
cluding their potentially non-isomorphic, self-generated dimension) can thus be interpreted
as a parsimonious joint description of the way how, under a given behaviour, the SMCs cor-
responding to any “perceptual object” (i.e., class) defined by this behaviour is explored by



Chapter 3. Minimal Class-Pose Parametrisation in Markov Decision Processes 117

the agent’s actions (O’Regan et al., 2001). More generally, our novel notion of minimal join-
ing could operationalise the intuition that embodied agents make sense of their sensorimotor
history through parsimonious fictions induced by different episodes of this history that leave
their trace, as much as possible, on the same brain dynamics.

Moreover, both aspects of this “structure creation” interpretation resonate strongly with
the inside-out approach to neuronal dynamics — which essentially proposes that the brain
does not passively process information, but creates it by inducing “perturbations” of its self-
sustained dynamics through interaction with the environment (Buzsáki et al., 2019) (see Sec-
tion 1.1.3). See also (Santos et al., 2022) for a minimal model along similar lines.

Our formalism also bears similarities with Closed-Loop Perception (CLP) theory (Ahissar
et al., 2016, 2025). Indeed, let us recall that ergodic components are defined as equivalences
classes of points that have the same limit of their resp. Césaro means (see equations (3.3.1)
and (3.3.2)), which can be seen, intuitively, as the fact that asymptotically, their resp. trajec-
tories are concentrated on the same attractor. Moreover, we are here proposing to interpret
these ergodic components, i.e., classes, as object-related SMCs — which are a notion of sen-
sorimotor percept. On the other hand, CLP theory proposes to define percepts as attractors in
the sensori-neural-motor dynamics. While the MDP framework is of course limited to cap-
ture the latter dynamics in full generality, this suggests that generalisations of our framework
could yield a notion of “class” that simultaneously captues CLP theory’s and SMC theory’s
notions of percept.

Eventually, while we chose to keep using the “class” terminology from the “class-pose
decomposition” framework, this does not have to be interpreted as agents performing “classi-
fication” in a representationalist sense — where classes would be the output of some agent’s
internal processing. Rather, recasting class as an MDP’s ergodic component makes this math-
ematical object describe a specific attractor of the agent’s enacted behaviour — similarly as
in (Buhrmann et al., 2013), categorical perception is operationalised through the convergence
to a dynamical attractor.46

3.8.3 Towards a broader research program

Overall, these ideas hint at a possible, broader program of understanding sensorimotor per-
ception as some kind of “generalised arithmetics” (de la Rue, 2006, 2023) over the dynamics
generated by the agent’s own behaviour (Buhrmann et al., 2013; Olsson et al., 2006). Cru-
cially, these dynamical “arithmetics” would not be understood as a representational processing
by “computations” performed in the brain. Rather, they would describe the process of attune-
ment (O’Regan et al., 2001) of the whole sensori-neural-motor loop along the agent’s history.
More precisely, development and learning would poise the dynamics of this loop close to
appropriate trade-offs, for well-chosen multi-objective optimisation problems capturing the
tension between conflicting norms underlying the agent’s behaviour (e.g., information parsi-
mony and other behaviourally relevant quantities). This would induce these dynamics to enact
“soft” versions of “least common multiple”- or “greatest common divisor”-like properties —
i.e., of what category theorists call universal properties (Mac Lane, 1978). Perceptual struc-
ture would then be defined as the enactment of these dynamical, norm-induced and “soft”
universal properties.

Such a program would be complementary to previous formalisations of the emergence of
an embodied agent’s perceived world (Ay et al., 2015; Capdepuy et al., 2007) and of patterns
from dynamics (Barnett et al., 2015; Rosas et al., 2025; Rosas et al., 2024; Rupe et al., 2022),
whose underlying mathematical objects are mostly coarse-grainings or factors of a given

46While (Buhrmann et al., 2013) relies on a topological notion of attractor, ergodic components can be seen as
a measure-theoretic one. Indeed, ergodic components identify points with the same Césaro mean, i.e., intuitively,
points whose trajectories asymptotically “concentrate” of the same subset.
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process (Pfante et al., 2014, 2015; Travers et al., 2025), by introducing to this picture joinings
of distinct, but related processes (e.g., ergodic components of MDPs). Our formalism suggests
that ergodic theory — and generalisations of it (Moss et al., 2023) — could here play an
important role, through the theory of joinings (de la Rue, 2006, 2023; Glasner, 2003), but
more generally because it both investigates structural properties of measurable group actions
(Kerr et al., 2016) and has strong links with information theory (Billingsley, 1965; Gray,
2011). A generalised version of ergodic theory could thus provide a three-way bridge between
dynamical, structural and informational perspectives on sensorimotor perception.

This is certainly an ambitious program. But our point, here, is to propose a new line
of debate and collective inquiry. This effort would be best supported by a dialogue among
diverse research communities, from dynamicists and applied category theorists to complex
systems scientists, embodied intelligence researchers and enactivists of all backgrounds —
not to mention psychologists and neuroscientists, even though the formal framework would
need to mature before it can be helpful to experimentalists.
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Chapter 4

Exact and Soft Successive Refinement
of the Information Bottleneck

4.1 Introduction

4.1.1 Relation to previous chapters

In previous chapters, our approach has been to show that several group-theoretic notions of
symmetry — e.g., channel invariances and equivariances, or minimal class-pose parametrisa-
tions under a group action — can be cast as edges cases of more general information-theoretic
objects. In most cases, these took the form of solutions to IB-like problems that implement a
trade-off between compression and preservation of a well-chosen information-theoretic quan-
tity, say 𝐼𝐶 . The trade-off is always parametrised by a scalar 𝜆 in a continuous range of values
[0,Λ], where the case 𝜆 ∶= Λ corresponds to the full preservation of 𝐼𝐶 , and captures the
group-theoretic structure under study. The case 0 ≤ 𝜆 < Λ then softens this group-theoretic
structure, and is thus expected to be more relevant to modeling or discovering real-world
symmetries — e.g., in the sensorimotor interface of embodied agents. However, it must be
acknowledged that until here, we barely scratched the surface of what this soft case actually
looks like.

While exploring soft symmetries in realistic scenarios is beyond the scope of this thesis,
we will now focus on a specific question relating to the soft case: that of the relationship
between different bottleneck solutions, for varying 𝜆. In particular, as reducing 𝜆 induces
further compression, it might seem intuitive that for 𝜆1 < 𝜆2, a bottleneck channel 𝜅1 with
parameter 𝜆1 should be a post-processing1 of a bottleneck channel 𝜅2 with parameter 𝜆2: i.e.,
that there exists another channel 𝛾 ∈ 𝒦 ( ) such that

𝜅1 = 𝛾◦𝜅2. (4.1.1)
For instance, Theorems 2.2.3 and 2.3.1 in Chapter 2 and Theorem 3.6.1 in Chapter 3 show that
for resp. the classic IB, the Divergence IB with no shape constraints, and the IB characterising
ergodic components, the relation (4.1.1) indeed holds if 𝜅2 is defined by the maximal trade-off
parameter 𝜆 ∶= Λ, and for any other bottleneck 𝜅1. In this chapter, we explore if, and if not
“to which extent”, relation (4.1.1) holds for the whole range of parameters 0 ≤ 𝜆1 < 𝜆2 ≤ Λ,
in the case of the classic IB problem.

Let me highlight the relevance of this work to the study of generalised symmetries con-
sidered in previous chapters. We saw that the invariances 𝜎 ∈ Bij() of a channel 𝑝(𝑌 |𝑋)
are characterised by the property 𝜅∗◦𝜎 = 𝜅∗, for 𝜅∗ a classic IB (with source𝑋 and relevancy
𝑌 ) with parameter 𝜆 ∶= Λ requiring full information preservation. This lead us to define,
for any 𝜆 ∈ [0,Λ], soft invariances of “granularity” 𝜆 — or 𝜆-invariances for short — as
the transformations 𝜎 ∈ 𝒦 () satisfying 𝜅◦𝜎 = 𝜅 for a bottleneck channel 𝜅 ∈ IB(𝜆) (see

1Also called garbling in (Rauh et al., 2017).
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Section 2.2 in Chapter 2). Now, crucially, if 𝜆1 < 𝜆2 and the relation (4.1.1) does hold for
𝜅1 ∈ IB(𝜆1) and 𝜅2 ∈ IB(𝜆2), this yields, for all 𝜎 ∈ 𝒦 (),

𝜅2◦𝜎 = 𝜅2 ⇒ 𝜅1◦𝜎 = 𝜅1,

i.e., that all 𝜆2-invariances are 𝜆1-invariances. If this would hold for any 𝜆1 < 𝜆2, we would
thus obtain a semigroup of soft invariances that can only grow larger as the granularity 𝜆
decreases. Conversely, if the relation (4.1.1) does not hold for some bottlenecks 𝜅1, 𝜅2, then
we could have invariances that “appear” at some granularities, but then “disappear” when
coarsening further. Both these possibilities have interesting interpretations, but quite different
ones.

However, the work presented here was originally published in (Charvin et al., 2023a) with
a different interpretation of “incorporating new information along processing stages” (see
below), which I decided to leave as such, as it is interesting in its own right. The link with
(exact and soft) invariances is provided by Proposition 4.4.3 below, which makes clear that the
concept studied here —- successive refinement — is formally equivalent to the relation (4.1.1)
above.

4.1.2 Conceptualisation and Organisation Outline

In this chapter, it will be more convenient to work with the following, equivalent formulation
of the Information Bottleneck (IB) problem (Gilad-Bachrach et al., 2003):

argmax
𝑞(𝑇 |𝑋) ∶

𝑇−𝑋−𝑌 , 𝐼(𝑋;𝑇 )≤𝜆

𝐼(𝑌 ; 𝑇 ). (4.1.2)

Let us recall that it formalises the problem, for an information-processing system, of extracting
relevant information about a target variable 𝑌 within a correlated source variable 𝑋, under
constraints on the cost of the information processing needed to do so—yielding a compressed
variable 𝑇 . The trade-off parameter 𝜆 thus controls the bound on the permitted information-
processing cost — i.e., intuitively, the resulting coarse-graining’s granularity. The Markov
chain condition 𝑇 −𝑋 − 𝑌 ensures that any information that the bottleneck 𝑇 extracts about
the relevancy variable 𝑌 can only come from the source𝑋. Moreover, the solutions to (4.1.2)
for varying 𝜆 trace the so-called information curve, i.e., the 𝜆-parameterised curve

(

𝐼𝜆(𝑋; 𝑇 ), 𝐼𝜆(𝑌 ; 𝑇 )
)

𝜆≥0 ⊆ ℝ2, (4.1.3)
where 𝐼𝜆(𝑋; 𝑇 ) and 𝐼𝜆(𝑋; 𝑇 ) are defined by a bottleneck 𝑇 of parameter 𝜆 (see the black
curve in the first figure in Section 4.2 below). This curve indicates the informationally opti-
mal bounds on the feasible trade-offs between relevancy 𝐼(𝑌 ; 𝑇 ) and complexity 𝐼(𝑋; 𝑇 ) of
the bottleneck 𝑇 . In this sense, the IB method provides a fundamental understanding of the
informationally optimal limits of information-processing systems.

However, one aspect of the IB framework conflicts with a crucial feature of real-world sys-
tems: the informationally optimal limits that it describes only consider a given coarse-graining
𝑇 taken in isolation from any other one in the system. This point of view disregards the re-
lationship between processing stages, which is crucial in real-world information-processing
systems. This leads to the following question: does the relationship between distinct coarse-
grainings 𝑇1,… , 𝑇𝑛 impact their individual information optimality? In this paper, we are
mostly interested in a specific kind of relationship: when 𝑇1,… , 𝑇𝑛 are successively pro-
duced in this order, and each new 𝑇𝑖 builds on both the previous processing stage 𝑇𝑖−1 and
new information from the fixed source 𝑋 to extract information about the fixed relevancy 𝑌 .
This scenario formalises the incorporation of information along processing stages—as is the
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case in developmental learning, or, more generally, any kind of learning process that goes
through identifiable successive steps.

More precisely, consider an informationally bounded agent that extracts information about
a relevant variable 𝑌 within an environment𝑋. If the agent is informationally optimal, given
an affordable complexity cost 𝜆1, it must maximise the relevant information that it extracts
from the environment—resulting in a bottleneck 𝑇1, i.e., a solution to (4.1.2) with parameter
𝜆1. Then, assume that at, a later stage, the complexity cost that the agent can afford increases to
𝜆2 > 𝜆1, while the goal is still to extract information about the same relevant feature 𝑌 within
the same environment𝑋. To keep being informationally optimal, the agent should thus update
the previous bottleneck so it becomes a bottleneck of parameter 𝜆2. Given this setting, the
question we ask is: to which extent can the information content carried by 𝑇1 be leveraged for
the production of 𝑇2? It is indeed not intuitively clear that 𝑇2 should keep all the information
from 𝑇1. An informal example is the fact that most pedagogical curricula teach knowledge
via successive approximations, where, at a more advanced level, the content learned at the
beginner level must sometimes be unlearned to successively proceed further, even though
it was perfectly reasonable—in our language, informationally optimal—to deliver the first
beginner sketch to students that would never progress to learn the expert level.

This question has been formalised, in the rate-distortion literature, with the notion of suc-
cessive refinement (SR) (Equitz et al., 1991; Koshelev, 1980; Kostina et al., 2018; Rimoldi,
1994; Tuncel et al., 2003), which, in short, refers to the situation where several-stage process-
ing does not incur any loss of information optimality. More precisely, in the context outlined
above, there is successive refinement if the processing cost of first producing a coarse bottle-
neck 𝑇1 of parameter 𝜆1 and then refining it to a finer bottleneck 𝑇2 of parameter 𝜆2 > 𝜆1 is no
larger than the processing cost of directly producing a bottleneck 𝑇2 of parameter 𝜆2 without
any intermediary bottleneck 𝑇1 (see Section 4.2.1 and Appendix D.1.2 for formal definitions).
The aim of this work is to push the understanding of successive refinement in the IB frame-
work (Mahvari et al., 2020; Tian et al., 2008; Tuncel, 2009) further, as well as to expand the
analysis to a quantification of the lack of SR, in cases where the latter does not hold exactly.
We start by leveraging general results in existing IB literature (Kline et al., 2022; Kolchinsky
et al., 2019) to prove that successive refinement always holds for jointly Gaussian (𝑋, 𝑌 ), and
when 𝑌 is a deterministic function of𝑋. However, it is seems crucial, for further progress on
more general scenarios, to design specifically tailored mathematical and numerical tools. In
this regard, we provide two main contributions.

First, we present a simple geometric characterisation of SR, in terms of convex hulls of the
decoder symbol-wise conditional probabilities 𝑞(𝑋|𝑡), for 𝑡 varying in the bottleneck alphabet
 . This characterisation is proven in the discrete case under an additional but mild assump-
tion of injectivity of the decoder 𝑞(𝑋|𝑇 ). This new point of view fits well with an ongoing
convexity approach to the IB problem (Asoodeh et al., 2020; Benger et al., 2023; Dikshtein
et al., 2021; Hsu et al., 2018; Witsenhausen et al., 1975) and might thus help develop a new
geometric perspective on the successive refinement of the IB. As an example, we use this
geometric characterisation to prove that SR always holds for binary source𝑋 and binary rele-
vancy 𝑌 . Moreover, this characterisation makes it straightforward to numerically assess, with
a linear program checking convex hull inclusions, whether or not two discrete bottlenecks 𝑇1
and 𝑇2 achieve successive refinement. As we demonstrate with minimal numerical examples,
this can help in investigating the SR structure of any given IB problem, i.e., how successive
refinement depends on the particular combination of trade-off parameters 𝜆1 and 𝜆2.

Second, we soften (Catenacci Volpi et al., 2020) the traditional notion of successive re-
finement and study the extent to which several-stage processing incurs a loss of information
optimality. More precisely, we propose to measure soft successive refinement with the unique
information (Bertschinger et al., 2013) (UI) that the coarser bottleneck 𝑇1 holds about the
source 𝑋, as compared to the finer one 𝑇2. Explicitly, this UI is defined as the minimal
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value of 𝐼𝑞(𝑋; 𝑇1|𝑇2) over all distributions 𝑞 ∶= 𝑞(𝑋, 𝑇1, 𝑇2) whose marginals 𝑞(𝑋, 𝑇1) and
𝑞(𝑋, 𝑇2) coincide with the corresponding bottleneck distributions (see Section 4.3.1 for de-
tails). As a first exploration of soft SR’s qualitative features, we investigate the landscapes
of unique information over trade-off parameters, for again some simple example distributions
𝑝(𝑋, 𝑌 ). These landscapes seem to unveil a rich structure, which was largely hidden by the
traditional notion of SR, that only distinguished between SR being present or absent. Among
the general features suggested by these experiments, the most significant are that (𝑖) soft SR
seems strongly influenced by the trajectories of the decoders 𝑞𝜆(𝑋|𝑇 ) over 𝜆; (𝑖𝑖) the UI often
goes through sharp variations at the bifurcations (Ngampruetikorn et al., 2021; Parker et al.,
2022; Wu et al., 2020; Zaslavsky et al., 2019) undergone by the bottlenecks (in a fashion
compatible with the presence of discontinuities of either the UI itself or its differential w.r.t.
to trade-off parameters); and (𝑖𝑖𝑖) the loss of information optimality seems always small—
more precisely, the global bound on the UI was observed to be typically one or two orders
of magnitude lower than the system’s globally processed information (see Section 4.3.2 for
formal statements). These three conclusions are phenomenological and limited to our mini-
mal examples, but they shed light on the kind of structure that can be investigated by further
research. They also suggest the relevance that developing this theoretical framework might
have for question of incoporating information along processing stages. In particular, the link
with IB bifurcations and the overall small loss of information optimality would, if generalis-
able, have interesting consequences for the structure and efficiency of incremental learning.
We also draw a formal equivalences of SR with specific decision problems (Bertschinger et
al., 2013, 2014), which shows the link that successive refinement has with the study of soft
invariances as studied in Chapter 2.

In the next Section 4.1.3, we review related work. After having established notations
and recalled some general notions in Section 4.1.4, we formally introduce the notion of the
successive refinement of the IB in Section 4.2.1, where we also prove successive refinability
in the case of Gaussian vectors and deterministic channel 𝑝(𝑌 |𝑋). We then present the convex
hull characterisation in Section 4.2.2, before using it to prove successive refinement for the
case of binary source and relevancy variables. The following Section 4.2.3 leverages the
convex hull characterisation to gather some first insights from minimal experiments. These
experiments suggest an intuition for defining soft successive refinement, which we formalise
in Section 4.3.1 through a measure of unique information (Bertschinger et al., 2013), where we
provide theoretical motivations for our choice. This new measure is explored in Section 4.3.2
with additional numerical experiments that highlight the general features described above.
The alternative interpretation of SR in terms of decision problems is developed in Sections
4.4. We then describe the limitations and potential future work in Section 4.5, and conclude
in Section 4.6.

4.1.3 Related Work

The notion of successive refinement has been long studied in the rate-distortion literature (Eq-
uitz et al., 1991; Koshelev, 1980; Kostina et al., 2018; Rimoldi, 1994; Tuncel et al., 2003).
However, classic rate-distortion theory (Cover et al., 2009) usually considers distortion func-
tions defined on the random variables’ alphabets, whereas the IB framework can be regarded
as a rate-distortion problem only if one allows the distortion to be defined on the space of prob-
ability distributions (Zaidi et al., 2020). Successive refinement thus needed to be adapted to
the IB framework, which was achieved starting from various perspectives.

In (Tian et al., 2008; Tuncel, 2009), successive refinement is formulated within the IB
framework. Then, (Mahvari et al., 2020) goes further by considering the informationally
optimal limits of several-stage processing in general, without comparing it to single-stage
processing. In both these works, the problem is initially defined in asymptotic coding terms,
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and only then given a single-letter characterisation. On the contrary, we will directly de-
fine successive refinement from a single-letter perspective. It turns out that our single-letter
definition and the operational multi-letter definition from (Tian et al., 2008; Tuncel, 2009)
are equivalent. The two latter works—as well as (Mahvari et al., 2020)—thus provide our
single-letter definition with an operational interpretation that also formalises the intuition of
an informationally optimal incorporation of information (see Proposition 4.2.2 and Appendix
D.1.2).

The link between successive refinement and the IB theory of deep learning (Achille et al.,
2018a; Elad et al., 2019; Kawaguchi et al., 2023; Lorenzen et al., 2022; Saxe et al., 2019;
Shwartz-Ziv et al., 2017, 2019; Tishby et al., 2015) has been noted since the inception of the
latter research agenda (Tishby et al., 2015). It has been developed further in (Yang et al., 2017)
and (Yousfi et al., 2020). The latter works, in particular (Yang et al., 2017), are formally very
similar to the SR problem considered here. For the sake of conciseness, we will not present
these links further here, but they are described in detail in the published version of the work
presented in this chapter (Charvin et al., 2023a).

Note that while the phenomenon of IB bifurcations has been studied from a variety of
perspectives (see, e.g., (Ngampruetikorn et al., 2021; Parker et al., 2022; Wu et al., 2020;
Zaslavsky et al., 2019)), here, we adopt that of (Zaslavsky et al., 2019), which frames IB
bifurcations as parameter values where the minimal number of symbols required to represent
a bottleneck increases.

In (No, 2019), successive refinability is proved for discrete source 𝑋 and relevancy 𝑌 =
𝑋. Our Proposition 4.2.5 generalises this result to either discrete or continuous source 𝑋,
with relevancy 𝑌 being an arbitrary function of 𝑋, with a similar argument as that in (No,
2019).

In (Kline et al., 2022), links between the IB framework and renormalisation group theory
are exhibited. Even though the questions addressed in the latter work are thus distinct from
those addressed here, the Gaussian IB’s semigroup structure defined and proven in (Kline
et al., 2022) implies the successive refinability of Gaussian vectors (see Proposition 4.2.4 and
Appendix 4.2.4).

Our convex hull characterisation of SR is complementary with the convexity approach
to the IB (Asoodeh et al., 2020; Benger et al., 2023; Dikshtein et al., 2021; Hsu et al., 2018;
Witsenhausen et al., 1975): while the latter references do not consider SR, the proof of Propo-
sition 4.2.7 shows that they are useful to leverage our convex hull characterisation.

The loss of information optimality induced by several-stage processing has already been
studied in (Lastras et al., 2001) (see next paragraph), but a quantification of it based on soft
Markovianity was, to the best of our knowledge, only considered in (Catenacci Volpi et al.,
2020). Here, we take inspiration in the latter work to quantify soft successive refinement,
but we explicitly address the problem that joint distributions over distinct bottlenecks are not
uniquely defined. This leads us to use the unique information defined in (Bertschinger et al.,
2013) within the context of partial information decomposition (Griffith et al., 2014; Harder
et al., 2013; Williams et al., 2010) as our measure of soft SR. This unique information has
tight links with the Blackwell order (Bertschinger et al., 2014; Blackwell, 1953), which allows
us in Section 4.4 to provide a second alternative interpretation of (exact and soft) successive
refinement in terms of decision problems.

Ref. (Lastras et al., 2001) proves the near-successive refinability of rate-distortion prob-
lems when the distortion measure is the squared error. However, the latter work’s approach is
different from ours in two respects. First, the distortion measures are different: in particular,
as mentioned above, the IB distortion is defined over the space of probability distributions on
symbols, unlike the squared error, which is defined on the space of symbols itself. Second,
(Lastras et al., 2001) quantifies the lack of SR as the respective differences between sequences
of optimal rates (for given distortion sequences) of a several-stage processing system and the
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corresponding optimal rates (for the same distortions) of a single-stage processing system.
Here, we quantify the lack of SR with a single quantity: the unique information defined by
bottlenecks with different granularities. We are, at this stage, not aware of a link between this
value of unique information and differences in one-stage and several-stage optimal rates.

4.1.4 Technical Preliminaries

In this section, we fix the notations and conventions that we will use along the paper and recall
some general notions that we will need.

Notations and Conventions

The random variables are denoted by capital letters, e.g., 𝑋, their alphabets by calligraphic
ones, e.g.,  , and their symbols by lower-case letters, e.g., 𝑥. Sometimes, we will mix upper-
and lower-case notations to denote a family where some symbols vary, while others are fixed,
e.g., 𝑞(𝑋|𝑡) ∶=

(

𝑞(𝑥|𝑡)
)

𝑥∈ , or 𝑞(𝑥|𝑇 ) ∶= (

𝑞(𝑥|𝑡)
)

𝑡∈ . Throughout the whole paper, 𝑋 is
the fixed source and 𝑌 the fixed relevancy of the IB problem. The variable 𝑇 defined by the
solution 𝑞(𝑇 |𝑋) to the primal IB problem (4.1.2) is called a primal bottleneck. We use the
same symbol 𝑇 for Lagrangian bottlenecks, i.e., variables defined by solutions 𝑞(𝑇 |𝑋) to the
Lagrangian bottleneck problem (see Equation (4.1.4) below). By “bottleneck” without further
specification, we refer to either a primal or Lagrangian bottleneck. The fixed source-relevancy
distribution is denoted 𝑝(𝑋, 𝑌 ), and any distribution involving at least one bottleneck is de-
noted with the letter 𝑞, e.g., 𝑞(𝑋, 𝑌 , 𝑇 ). When it is necessary to make the trade-off parameter
explicit, we index the corresponding objects by 𝜆, e.g., 𝑞𝜆(𝑇 |𝑋) or 𝐼𝜆(𝑌 ; 𝑇 ). Unless explic-
itly stated otherwise, the source𝑋, relevancy 𝑌 , and any considered bottleneck 𝑇 are defined
as either all discrete or all continuous. Probability simplices, and sometimes some of their
subsets are written using the generic symbol Δ; for instance, the source simplex is denoted
by Δ .

Without loss of generality, we always restrict 𝑋, 𝑌 , and the bottleneck 𝑇 to their re-
spective supports so that, in particular, all the conditional distributions are unambiguously
well-defined.

We will denote by 𝐼𝑌 the function from ℝ+ to ℝ+ defined by 𝐼𝑌 (𝜆) ∶= 𝐼(𝑌 ; 𝑇 ), where
𝑇 is a solution to the primal IB problem (4.1.2) for the parameter 𝜆. The information curve,
defined above in Equation (4.1.3), is thus also the graph of the function 𝐼𝑌 .

General Facts and Notions

The following properties of the IB framework will be useful (Asoodeh et al., 2020; Witsen-
hausen et al., 1975):

• A bottleneck must saturate the information constraint, i.e., solutions 𝑇 to (4.1.2) must
satisfy 𝐼𝜆(𝑋; 𝑇 ) = 𝜆. In other words, the primal trade-off parameter is the complexity
cost of the corresponding bottleneck.

• The function 𝐼𝑌 ∶ 𝜆 → 𝐼𝜆(𝑇 ; 𝑌 ) is constant at least for 𝜆 ≥ 𝐻(𝑋). We will thus
always assume, without loss of generality, that 𝜆 ∈ [0,𝐻(𝑋)].

• In the discrete case, choosing a bottleneck cardinality | | = || + 1 is enough to
obtain optimal solutions. Thus, we always assume, without loss of generality, that
| | ≤ || + 1, where | | < || + 1 might occur if needed to make 𝑇 full support .
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FIGURE 4.1: Examples of distributions 𝑞(𝑋|𝑇 ), visualised as families of points
{𝑞(𝑋|𝑡), 𝑡 ∈  } on the source simplex Δ with || = 3. Each of the triangle’s
vertices represents the Dirac probability on some 𝑥 ∈  . The bottleneck’s effective

cardinality is 𝑘 = 2 on the left and 𝑘 = 3 on the right.

To compute bottleneck solutions, instead of directly solving the primal problem (4.1.2),
following common practice, we will solve its Lagrangian relaxation (Lemaréchal, 2001):

argmin
𝑞(𝑇 |𝑋) ∶ 𝑇−𝑋−𝑌 ,

𝐼(𝑋; 𝑇 ) − 𝛽 𝐼(𝑌 ; 𝑇 ), (4.1.4)

where the complexity-relevancy trade-off is now parameterised by 𝛽 ≥ 0, which corresponds
to the inverse of the information curve’s slope (Parker et al., 2022). As the information curve
is known to be concave, the Lagrangian parameter 𝛽 is an increasing function of the primal
parameter 𝜆 = 𝐼(𝑋; 𝑇 ). Moreover, we can, without loss of generality, assume that 𝛽 ≥ 1
(Zaslavsky et al., 2019). (Note that when the information curve is not strictly concave, the
Lagrangian formulation does not allow one to obtain all the solutions to the primal problem
(Benger et al., 2023; Kolchinsky et al., 2017). However, in our simple numerical experiments,
we always obtained strictly concave information curves.)

We also recall that the effective cardinality of a bottleneck 𝑇 defined by a compression
channel 𝑞(𝑇 |𝑋), and of parameter 𝜆, is the minimum bottleneck cardinality obtained from a
post-processing of 𝑞(𝑇 |𝑋) that still produces a bottleneck for the same parameter 𝜆. It will
be denoted here by 𝑘(𝑇 ), and we saw in Chapter 2, Appendix B.4.3 that it coincides with
the cardinality of the partition of supp(𝑞(𝑇 )) defined by the equivalence relation 𝑡 ∼ 𝑡′ ⇔
𝑞(𝑋|𝑡) = 𝑞(𝑋|𝑡′). Similarly, the cardinality of a Lagrangian bottleneck is defined as the
number of symbols 𝑡 with distinct 𝑞(𝑋|𝑡). A discrete (primal or Lagrangian) bottleneck 𝑇
will be said to be a canonical bottleneck, or in canonical form, if the cardinality of the space
 on which it is defined coincides with the bottleneck’s effective cardinality.

For Lagrangian bottlenecks, our definition of effective cardinality is slightly different from
but equivalent to that from (Zaslavsky et al., 2019) (see Appendix A.1 in the published version
of this paper (Charvin et al., 2023a) for an explicit proof of this statement). It is straightfor-
ward that every (primal or Lagrangian) bottleneck can be reduced to its canonical form by
merging the symbols with identical 𝑞(𝑋|𝑡). We will be particularly interested in the change
of effective cardinality, which has been identified in (Zaslavsky et al., 2019) as characterising
the bottleneck phase-transitions, or bifurcations.

In Figure 4.1, we present examples of bottleneck conditional distributions 𝑞(𝑋|𝑇 ), vi-
sualised as the family of points {𝑞(𝑋|𝑡), 𝑡 ∈  } on the source simplex Δ , where, here,
|| = 3, and the bottleneck is computed with | | = 3 in both examples. However, in Figure
4.1 (left), there are only two distinct 𝑞(𝑋|𝑡), so there must be two equal pointwise probabili-
ties 𝑞(𝑋|𝑡1) and 𝑞(𝑋|𝑡2); thus, 𝑘 = 2 and the canonical form of 𝑇 is obtained by merging 𝑡1
and 𝑡2. On the contrary, in Figure 4.1 (right), there are three distinct 𝑞(𝑋|𝑡), so, here, 𝑘 = 3
and the bottleneck is already in canonical form.
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Eventually, the notions of consistency and extension will be crucial.
Definition 4.1.1. Let  ∶= 1 ×⋯ ×𝑚 be a Cartesian product of (continuous or discrete)
alphabets. For 𝐶 = {𝑐1,… , 𝑐𝑟} ⊆ {1,… , 𝑚} a subset of coordinates, we write

⨉

𝑐∈𝐶
𝑐 ∶= 𝑐1 ×⋯ ×𝑐𝑟 .

For each 1 ≤ 𝑖 ≤ 𝑛, we consider a subset of coordinates𝐶𝑖 and a probability distribution 𝑞𝑖
over ⨉𝑐∈𝐶𝑖

𝑐 . The distributions 𝑞1,… , 𝑞𝑛 are said to be consistent if, for every 1 ≤ 𝑖, 𝑗 ≤ 𝑛,
the respective marginals of 𝑞𝑖 and 𝑞𝑗 on their common coordinates ⨉𝑐∈𝐶𝑖∩𝐶𝑗

𝑐 are equal.
For instance, if 𝑇1 and 𝑇2 are two bottlenecks, they define consistent distributions 𝑞1(𝑋, 𝑌 , 𝑇1)

and 𝑞2(𝑋, 𝑌 , 𝑇2) because, by definition, their respective marginals on their common coordi-
nates  ×  are 𝑞1(𝑋, 𝑌 ) = 𝑞2(𝑋, 𝑌 ) = 𝑝(𝑋, 𝑌 ).
Definition 4.1.2. Let  ∶= 1 ×⋯ ×𝑚 be a Cartesian product of (continuous or discrete)
alphabets, and 𝑞1,… , 𝑞𝑛 be consistent probability distributions over distinct but potentially
overlapping coordinates of . A distribution 𝑞 over the whole  is called an extension of the
family of distributions {𝑞1,… , 𝑞𝑛} if it is consistent with each 𝑞𝑖.

Consider bottlenecks 𝑇1,… , 𝑇𝑛 of same source 𝑋 and relevancy 𝑌 for resp. parameters
𝜆1,… , 𝜆𝑛. They define a consistent family of distributions {𝑞𝜆𝑖(𝑋, 𝑇𝑖), 1 ≤ 𝑖 ≤ 𝑛}. One of the
central mathematical objects of this work is the set of their extensions into joint distributions
𝑞(𝑋, 𝑇1,… , 𝑇𝑛):
Notation. For given bottlenecks 𝑇1,… , 𝑇𝑛 of respective parameters 𝜆1,… , 𝜆𝑛, we denote by
Δ𝜆1,…,𝜆𝑛 the set of extensions 𝑞(𝑋, 𝑇1,… , 𝑇𝑛) of the family of distributions {𝑞𝜆𝑖(𝑋, 𝑇𝑖), 1 ≤
𝑖 ≤ 𝑛}.

In general, for a fixed family of bottlenecks, there is a multitude of possible ways to extend
them into a joint distribution; indeed, Δ𝜆1,…,𝜆𝑛 traces a polytope on the simplex Δ×1×⋯×𝑛of joint distributions (see Appendix A in (Bertschinger et al., 2013)). This feature is the
formal version of our previous statement that the IB framework does not entirely specify the
relationship between bottlenecks 𝑇1,… , 𝑇𝑛: it only constrains it through the set Δ𝜆1,…,𝜆𝑛 .Questions about possible relationships between information bottlenecks are thus questions
about properties of the set Δ𝜆1,…,𝜆𝑛 .

4.2 Exact Successive Refinement of the IB

4.2.1 Formal Framework and First Results

Here, we formally describe, within the IB framework, the rate-distortion-theoretic notion of
successive refinement (SR) (Equitz et al., 1991; Koshelev, 1980; Kostina et al., 2018; Rimoldi,
1994). We propose a purely single-letter definition (i.e., we only consider single source, rel-
evancy, and bottleneck variables), which makes the presentation simpler but still conveys the
intuition of information incorporation. After having presented the notion of SR in the IB
framework, we describe its Markov chain characterisation (see Proposition 4.2.2), which mir-
rors the characterisation of SR for classic rate-distortion problems (Equitz et al., 1991), and
makes our formulation equivalent to previous multi-letter operational definitions, which also
formalise the intuition of information incorporation (Mahvari et al., 2020; Tian et al., 2008;
Tuncel, 2009). We then leverage this characterisation to prove SR in the case of Gaussian
vectors and deterministic channel 𝑝(𝑌 |𝑋).

Intuitively, there is successive refinement when a finer bottleneck 𝑇2 does not discard any
of the information extracted by a coarser bottleneck 𝑇1. This can be imposed by requiring



Chapter 4. Exact and Soft Successive Refinement of the Information Bottleneck 127

that 𝑇2 = (𝑇1, 𝑆2) for some variable 𝑆2, which encodes the “supplement” of information that
“refines” 𝑇1 into 𝑇2. In the general case:
Definition 4.2.1. Let 0 < 𝜆1 <⋯ < 𝜆𝑛, and a discrete or continuous 𝑝(𝑋, 𝑌 ) be given. There
is successive refinement (SR) for parameters (𝜆1,… , 𝜆𝑛) if there exist variables (𝑇1, 𝑆2, 𝑆3,… , 𝑆𝑛)
such that

• 𝑇1 is a bottleneck with parameter 𝜆1;
• For every 2 ≤ 𝑖 ≤ 𝑛, the variable 𝑇𝑖 ∶= (𝑇𝑖−1, 𝑆𝑖) is a bottleneck with parameter 𝜆𝑖.
Note that even though it does not appear explicitly in this definition, the relevancy variable

𝑌 is indeed crucial to it, as it defines what a bottleneck is (see Equation (4.1.2)). If the
conditions of Definition 4.2.1 hold, we will also say that the IB problem defined by 𝑝(𝑋, 𝑌 )
is (𝜆1,… , 𝜆𝑛)-refinable. If bottlenecks 𝑇1,… , 𝑇𝑛 satisfy the definition’s conditions, we will
say that they achieve successive refinement, or, simply, that there is successive refinement
between these bottlenecks. If there is successive refinement for all combinations 0 < 𝜆1 <
⋯ < 𝜆𝑛 of trade-off parameters, we will say that the corresponding IB problem is successively
refinable. Eventually, when it will be needed in later sections to contrast this notion with that
of soft successive refinement, we will refer to it as exact successive refinement.

For instance, let 0 < 𝜆1 < 𝜆2 and  =  = {0, 1}. We consider 𝑌 ∶= 𝑋 ⊕𝑍, where ⊕
denotes the modulo-2 addition, and 𝑋 and 𝑍 are Bernouilli variables with parameters 1

2 and
𝑎, respectively,

It is helpful to visualise SR on the information plane, i.e., that on which lies the informa-
tion curve. Indeed, successive refinement can be understood in terms of specific translations
on the information plane: those resulting from concatenating an already existing variable 𝑇𝑖−1
with a new variable 𝑆𝑖—let us call them “accumulative translations” because they result from
a processing that does not discard any of the information already collected. Let us focus on
the case 𝑛 = 2 and first note that, whether or not (𝑇1, 𝑆2) is a bottleneck, we have

𝐼(𝑋; 𝑇1, 𝑆2) = 𝐼(𝑋; 𝑇1) + 𝐼(𝑋;𝑆2|𝑇1),

and, similarly,
𝐼(𝑌 ; 𝑇1, 𝑆2) = 𝐼(𝑌 ; 𝑇1) + 𝐼(𝑌 ;𝑆2|𝑇1).

In other words, the measure of both the complexity cost and relevance for (𝑇1, 𝑆2) can
be decomposed into the same measures first for 𝑇1 and then for the “supplement” of infor-
mation 𝑆2, conditionally on the “already collected” information 𝑇1. In Figure 4.2 (left and
right), we first fix a coarse bottleneck 𝑇1, understood here as a point (𝐼(𝑋; 𝑇1), 𝐼(𝑌 ; 𝑇1)

) on
the information curve. Once 𝑇1 is known, we supplement it with a new variable 𝑆2, which
incurs both an additional complexity cost 𝐼(𝑋;𝑆2|𝑇1) and an additional relevant information
gain 𝐼(𝑌 ;𝑆2|𝑇1). The question of successive refinement is that of whether the additional
complexity cost can be leveraged enough for the resulting relevant information gain to take
(𝑇1, 𝑆2) “up to the information curve”, i.e., to be such that (𝐼(𝑋; 𝑇1, 𝑆2), 𝐼(𝑌 ; 𝑇1, 𝑆2)) is on
the information curve. This is the case in Figure 4.2, right, and not the case in Figure 4.2,
left. In short, there is successive refinement between two points on the information curve if
and only if there exists an “accumulative translation” from the coarser one to the finer one.

Let us now describe a more formal characterisation, where point (𝑖𝑖) will mirror the char-
acterisation of SR for classic rate-distortion problems (Equitz et al., 1991).
Proposition 4.2.2. Let 0 < 𝜆1 <⋯ < 𝜆𝑛. The following are equivalent:

(𝑖) There is successive refinement for parameters (𝜆1,… , 𝜆𝑛);
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FIGURE 4.2: SR visualised on the information plane. Adding the information from
the supplement variable 𝑆2 can be enough (right) or not (left) to achieve SR (values

of 𝐼(𝑋;𝑆2|𝑇1) and 𝐼(𝑌 ;𝑆2|𝑇1) chosen for illustrative purposes).

(𝑖𝑖) There exist bottlenecks 𝑇1,… , 𝑇𝑛, of common source 𝑋 and relevancy 𝑌 , with respec-
tive parameters 𝜆1,… , 𝜆𝑛, and an extension 𝑞(𝑋, 𝑇1,… , 𝑇𝑛) of the 𝑞𝑖 ∶= 𝑞𝑖(𝑋, 𝑇𝑖),
such that, under 𝑞, we have the Markov chain

𝑋 − 𝑇𝑛 −⋯ − 𝑇1. (4.2.1)

(𝑖𝑖𝑖) There exist bottlenecks 𝑇1,… , 𝑇𝑛, of common source 𝑋 and relevancy 𝑌 , with respec-
tive parameters 𝜆1,… , 𝜆𝑛, and an extension 𝑞(𝑌 ,𝑋, 𝑇1,… , 𝑇𝑛) of the 𝑞𝑖 ∶= 𝑞𝑖(𝑌 ,𝑋, 𝑇𝑖),
such that, under 𝑞, we have the Markov chain

𝑌 −𝑋 − 𝑇𝑛 −⋯ − 𝑇1. (4.2.2)

Proof. See Appendix D.1.1. It is relatively straightforward because we started directly from
a single-letter definition.

Proposition 4.2.2 was already known to be a characterisation of SR of the IB (Mahvari
et al., 2020; Tian et al., 2008; Tuncel, 2009). However, as the latter references start from an
operational problem in terms of asymptotic rates and distortions for multi-letter systems, here,
Proposition 4.2.2 shows that our single-letter Definition 4.2.1 is equivalent to the operational
definitions in (Mahvari et al., 2020; Tian et al., 2008; Tuncel, 2009). See Appendix D.1.2 for
more details.
Remark 4.2.3. Crucially, the order of the indexing in (4.2.1) and (4.2.2) depends only on the
order of the trade-off parameters 𝜆1 <⋯ < 𝜆𝑛, and not on the order in which the bottlenecks
𝑇𝑖 are produced, which is just the interpretation we started from. In particular, Proposition
4.2.2 makes equally legitimate the interpretation of bottlenecks produced from the finest one
to the coarsest one, each new bottleneck thus implementing a further coarsening of the source
𝑋. This alternative interpretation makes successive refinement relevant to the Blackwell order
(see Section 4.4). For ease of presentation, though, we will stick to the information incorpo-
ration interpretation along most of the paper.

Moreover, from Proposition 4.2.2, we can leverage existing IB literature to prove the
successive refinability of two specific settings. (For an explicit definition of SR for the La-
grangian IB problem, see Appendix D.1.3.)
Proposition 4.2.4. If 𝑋, 𝑌 are jointly Gaussian vectors, then the Lagrangian IB problem
defined by 𝑝(𝑋, 𝑌 ) is (𝜆1,… , 𝜆𝑛)-refinable for all 𝜆1 <⋯ < 𝜆𝑛.

This result is a direct consequence of a property proven in (Kline et al., 2022): in short,
in the Gaussian case, iterating the operation of coarse graining a variable by computing a
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bottleneck—where, at each iteration, the previous bottleneck becomes the source of the next
IB problem—still outputs bottlenecks for the original problem.

Eventually, in the case of deterministic channel 𝑝(𝑌 |𝑋), the question of successive refine-
ment can be addressed using a known explicit solution to the IB problem (Kolchinsky et al.,
2019):
Proposition 4.2.5. Let 𝑋 be a discrete or continuous variable, and 𝑌 be a deterministic
function of𝑋. Then, the IB problem defined by 𝑝(𝑋, 𝑌 ) is successively refinable for all trade-
off parameters 𝜆1 <⋯ < 𝜆𝑛.

Proof. See Appendix D.1.4. A proof was already proposed, from an asymptotic coding per-
spective, for discrete 𝑋 and 𝑌 = 𝑋, in (No, 2019). We use a similar argument here.

However, the solution used here to prove successive refinement is, as noted in (Kolchinsky
et al., 2019), not very interesting: it is nothing more than an increasingly noisy version of 𝑌 .
Proposition 4.2.5 will in any case be useful to set aside the deterministic case in the proof of
SR for binary 𝑋 and 𝑌 (see Proposition 4.2.7 below).

Until now, we used existing results from the IB literature that, even though not originally
aimed at it, happen to yield interesting consequences for the problem of the successive refine-
ment of the IB. However, it seems crucial, for further progress on the latter topic, to design
specifically tailored mathematical and numerical tools. This is the purpose of the follow-
ing sections of this paper; in particular, in the next section, we present a simple geometric
characterisation of the IB’s successive refinability.

4.2.2 The Convex Hull Characterisation and the Case || = || = 2

In this section, we present our convex hull characterisation of successive refinement. We then
show its relevance both to numerical computations—thanks to a linear program for checking
the condition—and to proving new mathematical results—which we exemplify by proving,
thanks to this new characterisation, the successive refinability of binary variables. Here, as
in our subsequent numerical experiments in Section 4.2.3, we will focus on discrete variables
and 𝑛 = 2 processing stages, even though our results are thought of as a first step towards a
generalisation to continuous variables and an arbitrary number of processing stages.

The convexity approach that we propose hinges upon changing the perspective on the IB
problem (4.1.2) from an optimisation over the “encoder” channels 𝑞(𝑇 |𝑋) to an optimisation
over the “decoder” channels 𝑞(𝑋|𝑇 ); indeed, (4.1.2) can be equivalently presented as the
“reversed” optimisation problem

argmax
(𝑞(𝑇 ),𝑞(𝑋|𝑇 )) ∶

∑

𝑡 𝑞(𝑡)𝑞(𝑋|𝑡)=𝑝(𝑋)
𝑇−𝑋−𝑌 , 𝐼(𝑋;𝑇 )≤𝜆

𝐼(𝑌 ; 𝑇 ). (4.2.3)

Formulations (4.1.2) and (4.2.3) yield the same solutions because, through the Markov
chain 𝑇 − 𝑋 − 𝑌 , the joint distribution 𝑞(𝑋, 𝑌 , 𝑇 ) is equivalently determined by specifying
some 𝑞(𝑇 |𝑋) or specifying some pair (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )

) that satisfies the consistency condition
∑

𝑡
𝑞(𝑡)𝑞(𝑋|𝑡) = 𝑝(𝑋).

Moreover, this formulation leads to a crucial intuition concerning the relationship between
successive refinement and the set 𝑇 ∶= 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡), 𝑡 ∈  }, where, for a set 𝐸 ⊆ ℝ𝑛, we
denote by 𝖧𝗎𝗅𝗅(𝐸) the convex hull of𝐸, i.e., the set of points obtained as convex combinations
of points in𝐸. First, note that, for a bottleneck 𝑇 , the set 𝑇 is reduced to a single point if and
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FIGURE 4.3: Illustration of the convex hull condition (satisfied on the right but not
on the left). Red triangle: 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡2), 𝑡2 ∈ 2}, with 𝑇2 the finer bottleneck. Cyan

triangle/segment: similarly for the coarser bottleneck 𝑇1.

only if 𝑇 is independent from the source𝑋. Conversely, 𝑇 coincides with the whole source
simplex Δ if and only if 𝑇 captures all the information from the source, i.e., if 𝐼(𝑋; 𝑇 ) =
𝐻(𝑋). These edge cases suggests the intuition that𝑇 describes the information content held
by the bottleneck 𝑇 about the source 𝑋. Now, let us recall that SR from a coarse bottleneck
𝑇1 to a finer bottleneck 𝑇2 means intuitively that 𝑇2 can be obtained without discarding any
of the information extracted by 𝑇1 about the source 𝑋; in other words, that the information
content of 𝑇1 about the source𝑋 is included in that of 𝑇2. Combining this latter intuition with
the previous one suggests the following characterisation of SR:

𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡1), 𝑡1 ∈ 1} ⊆ 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡2), 𝑡2 ∈ 2}, (4.2.4)
where 𝑇1 and 𝑇2 are bottlenecks of parameters 𝜆1 < 𝜆2, respectively. This condition is visu-
alised in Figure 4.3. The characterisation indeed holds, at least under a mild assumption of
injectivity of the finer bottleneck’s decoder:
Proposition 4.2.6. Let 0 < 𝜆1 < 𝜆2, and assume that 𝑝(𝑋, 𝑌 ) is discrete.

If there is successive refinement for parameters (𝜆1, 𝜆2), then there exist bottlenecks 𝑇1, 𝑇2
of parameters 𝜆1, 𝜆2, respectively, such that the convex hull condition (4.2.4) is satisfied.

Conversely, if there exist bottlenecks 𝑇1, 𝑇2 of parameters 𝜆1, 𝜆2, respectively, such that
the convex hull condition (4.2.4) holds and such that the decoder 𝑞(𝑋|𝑇2), seen as a probabil-
ity transition matrix, is injective, then there is successive refinement for parameters (𝜆1, 𝜆2).
Moreover in this latter case, if 𝑇1, 𝑇2 are bottlenecks that achieve successive refinement, the
extension 𝑞(𝑋, 𝑇1, 𝑇2) of 𝑞(𝑋, 𝑇1) and 𝑞(𝑋, 𝑇2) such that𝑋−𝑇2−𝑇1 holds is uniquely defined.

Proof. See Appendix D.1.5. The idea consists in translating the Markov chain characterisa-
tion 𝑋 − 𝑇2 − 𝑇1 into the convex hull condition (4.2.4). The direct sense is straightforward.
For the converse direction, observe that, even though as soon as (4.2.4) is satisfied it provides
a joint distribution 𝑞(𝑋, 𝑇1, 𝑇2) that satisfies the Markov chain 𝑋 − 𝑇2 − 𝑇1, it is not clear
whether this distribution is consistent with 𝑞(𝑋, 𝑇1). The potential problem stems from the
fact that 𝑞 must be such that the channel 𝑞(𝑇2|𝑇1) maps the marginal 𝑞(𝑇1) to the marginal
𝑞(𝑇2). The injectivity assumption, however, provides a sufficient condition for it to be the
case. This assumption happens to also imply the uniqueness of the extension.

Even though the injectivity assumption might seem restrictive, in practice, in our nu-
merical experiments below (see Sections 4.2.3 and 4.3.2), we always found that the decoder
channel 𝑞(𝑋|𝑇2) could be chosen as injective by reducing it to its effective cardinality (see
Section 4.1.4)—a process that leaves the convex hull condition (4.2.4) unchanged because it
leaves the points 𝑞(𝑋|𝑡2) unchanged.
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Our new characterisation provides a simple way of checking whether or not two bottle-
necks 𝑇1 and 𝑇2 achieve SR. Recall that the Markov chain characterisation (Proposition 4.2.2,
point (𝑖𝑖)) shows that SR is a feature of the space Δ𝑞1,𝑞2 of all extensions 𝑞(𝑋, 𝑇1, 𝑇2) of in-
dividual bottleneck distributions 𝑞1(𝑋, 𝑇1) and 𝑞2(𝑋, 𝑇2). While this set might, a priori, be
difficult to study directly, our characterisation (4.2.4) reduces the problem to a simple geomet-
ric property relating only two explicitly given conditional distributions: 𝑞(𝑋|𝑇1) and 𝑞(𝑋|𝑇2).
Moreover, note that (4.2.4) is equivalent to

∀𝑡1 ∈ 1, 𝑞(𝑋|𝑡1) ∈ 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡2), 𝑡2 ∈ 2},

and that checking whether a point is in the convex hull of a finite set of other points can be
cast as a linear programming problem (Matousek et al., 2007). This program is described in
Appendix D.1.6 and will be used in Section 4.2.3.

We deem this convex hull characterisation to be important for theory as well. Indeed, it
reduces the question of successive refinement to a question about the structure of the trajec-
tories, on the source probability simplex Δ , of the points 𝑞𝜆(𝑋|𝑡) for varying 𝜆. Thus, any
theoretical progress on the description of these bottleneck trajectories might lead to theoreti-
cal progress on the side of successive refinement. As a first step in this direction, we show that
this geometric point of view, in combination with the convexity approach to the IB (Asoodeh
et al., 2020; Benger et al., 2023; Dikshtein et al., 2021; Hsu et al., 2018; Witsenhausen et al.,
1975), solves the question of SR in the case of a binary source and relevancy.
Proposition 4.2.7. If || = || = 2, then, for any discrete distribution 𝑝(𝑋, 𝑌 ) and any
trade-off parameters 𝜆1 < 𝜆2, the IB problem defined by 𝑝(𝑋, 𝑌 ) is (𝜆1, 𝜆2)-successively
refinable.

Proof. Let us here outline the proof presented in Appendix D.1.7. The case of deterministic
𝑝(𝑌 |𝑋) was already dealt with in Proposition 4.2.5, so we can assume that 𝑝(𝑌 |𝑋) is not
deterministic. In this case, the IB problem with || = || = 2 and 𝑛 = 2 has been extensively
studied in (Witsenhausen et al., 1975). In short, the latter approach leverages the fact that
a pair (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )) is a solution to the IB problem (4.2.3) if the convex combination of
the points 𝐹𝛽(𝑞(𝑋|𝑡)), with weights given by 𝑞(𝑇 ), achieves the lower convex envelope of
the function 𝐹𝛽 , where 𝐹𝛽 is a well-chosen function on the source simplex Δ and 𝛽 is the
information curve’s inverse slope. This work, along with considerations from (Asoodeh et al.,
2020), which uses the same convexity approach, yields in particular that (𝑖) the points 𝑞𝛽(𝑋|𝑡)
are the extreme points of a non-empty open segment uniquely defined by 𝛽, and (𝑖𝑖) this latter
segments grows as a function of the inverse slope 𝛽 and thus, by concavity, as a function of
𝜆. This implies that the convex hull condition is always satisfied for 𝜆1 < 𝜆2. As point (𝑖)
also implies that, here, 𝑞𝜆2(𝑋|𝑇2) must be injective, Theorem 4.2.6 allows us to conclude the
successive refinability for 𝑛 = 2 processing stages.

4.2.3 Numerical Results on Synthetic Examples

In this section, we leverage our new convex hull characterisation to investigate successive
refinement on simple numerical examples, i.e., with discrete and low-cardinality distributions
𝑝(𝑋, 𝑌 ). Our experiments suggest that, in general, successive refinement does not always
hold exactly. However, they also highlight two other features: first, it seems that successive
refinement is often shaped by IB bifurcations (Ngampruetikorn et al., 2021; Parker et al.,
2022; Wu et al., 2020; Zaslavsky et al., 2019). Second, even though successive refinement
is often not satisfied exactly, visualisations suggest that it is often “close” to being satisfied.
The formalisation of this latter intuition will be the topic of the next section.

We consider the Lagrangian form (4.1.4) of the IB problem (see Section 4.1.4). We com-
pute solutions to it with the Blahut–Arimoto (BA) algorithm (Tishby et al., 2000), combined
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with reverse deterministic annealing (Rose, 1998; Zaslavsky et al., 2022), starting from 𝛽 ≈ ∞
(i.e., in practice, 𝛽 ≫ 1) at the IB solution 𝑇 = 𝑋 (we noticed that regular deterministic an-
nealing sometimes yielded sub-optimal solutions because they followed sub-optimal branches
at IB bifurcations (Gedeon et al., 2012; Tishby et al., 2000), which was not the case for re-
verse annealing). We always obtained that 𝐼(𝑋; 𝑇 ) was a strictly increasing function of the
Lagrangian parameter 𝛽, so it makes sense to index the solutions by 𝜆 = 𝐼(𝑋; 𝑇 ) rather than
𝛽; for instance, in this section and Section 4.3.2, we will write 𝑞𝜆(𝑇 |𝑋) for our algorithm’s
output for a 𝛽 such that 𝐼(𝑋; 𝑇 ) = 𝜆.

In all our numerical experiments, after reducing a bottleneck 𝑇 to its canonical form
(see Section 4.1.4), the decoder channel 𝑞𝜆(𝑋|𝑇 ) was injective. Therefore, thanks to Theo-
rem 4.2.6, the convex hull condition (4.2.4) being satisfied here does imply successive refine-
ment. We thus use the convex hull condition as a proxy for numerically assessing successive
refinement.2 This condition can be investigated in two ways. First, for two distinct trade-off
parameters 𝜆1 < 𝜆2, we can compute whether the convex hull condition (4.2.4) holds or not
with the linear program described in Appendix D.1.6. Second, for || ≤ 3, we can visualise
the whole trajectories, for varying 𝜆, of the points 𝑞𝜆(𝑋|𝑡) on the source simplex Δ . As we
will see, this yields interesting qualitative insights.

As a sanity check for our algorithm, we compute bottleneck solutions for binary𝑋 and 𝑌 ,
which we proved in Proposition 4.2.7 to be successively refinable for all trade-off parameters.
We used the linear program to check the convex hull condition numerically for all pairs 𝜆1 <
𝜆2 and for distributions 𝑝(𝑋, 𝑌 ) uniformly sampled on the joint probability simplex Δ× .
We find that the convex hull condition is indeed always numerically satisfied.

Then, we study the case || = || = 3, once again uniformly sampling example dis-
tributions 𝑝(𝑋, 𝑌 ) on Δ× . Figure 4.4 shows, for representative examples, visualisations
of the trajectories over 𝜆 of the 𝑞𝜆(𝑋|𝑡) (left)—which we will refer to as the bottleneck
trajectories—along with the corresponding computations of the convex hull condition as a
function of 𝜆1 and 𝜆2 ≥ 𝜆1 (right)—which we will refer to as the SR patterns (The cor-
respodning 𝑝(𝑌 |𝑋) are plotted in Appendix D.3, and 𝑝(𝑋) is shown in Figures 4.4a–4.4c
(left). The explicit 𝑝(𝑋, 𝑌 ) corresponding to each of these paper’s figures can be found at:
https://gitlab.com/uh-adapsys/successive-refinement-ib/(accessed on 14 Oc-
tober 2025).

Let us first give a general description of the bottleneck trajectories. For 𝜆 ≈ 0, the 𝑞𝜆(𝑋|𝑡)
all coincide with the source distribution 𝑝(𝑋). This should be the case, as, for 0 = 𝜆 =
𝐼(𝑋; 𝑇 ), the bottleneck 𝑇 is independent of 𝑋. Then, when 𝜆 increases, the trajectories
seem piecewise continuous, where each discontinuity corresponds to a symbol split, i.e., a
change in effective cardinality (see Section 4.1.4). We mark with a cross, for each 𝑡 ∈  , the
𝑞𝜆(𝑋|𝑡) = 𝑞𝜆𝑐 (𝑋|𝑡) located just before such a change in effective cardinality.

In the examples of Figure 4.4, as || = 3, there are two symbol splits, correspond-
ing to that from one to two and two to three symbols, respectively. Eventually, for large
𝜆, the last continuous segment of bottleneck trajectories corresponds to effective cardinality
𝑘(𝑇𝜆) = ||, and, for the maximal 𝜆, each corner of the source simplex Δ is reached by
𝑞(𝑋|𝑡) for some 𝑡 ∈  . This means that for maximum 𝜆, there is a deterministic bijective re-
lationship between 𝑇 and𝑋. The latter is expected: for maximum 𝜆, bottlenecks are minimal
sufficient statistics of 𝑋 for 𝑌 (Shamir et al., 2010); where for 𝑝(𝑋, 𝑌 ) sampled uniformly on
the simplex, these minimal sufficient statistics are, with probability 1, just permutations of𝑋.
Definition 4.2.8. In the following, we refer to the piece of trajectory where the bottleneck’s
effective cardinality 𝑘 = 𝑘(𝑇𝜆) is equal to the integer 𝑖 as the “segment 𝑘 = 𝑖”, i.e., it is the
segment where 𝑞𝜆(𝑋|𝑇 ) corresponds to exactly 𝑖 distinct points on the source simplex Δ ;

2However, at this stage, we do not have a formal guarantee that the convex hull condition failing for two specific
bottlenecks implies that SR does not hold.

https://gitlab.com/uh-adapsys/successive-refinement-ib/
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(A) Example 1.

(B) Example 2.

(C) Example 3.
FIGURE 4.4: On each line, we fix an example distribution 𝑝(𝑋, 𝑌 ). Left: bottle-
neck trajectories for with || = || = 3: i.e., trajectory of the family of points
{𝑞𝜆(𝑋|𝑡), 𝑡 ∈  } on Δ , as a function of 𝜆 = 𝐼(𝑋; 𝑇 ) (crosses: value of 𝑞𝜆𝑐 (𝑋|𝑇 )
just before a symbol split at a critical parameter 𝜆𝑐 ; note that 𝜆𝑐(1) ≈ 0). The condi-
tional distribution 𝑞𝜆(𝑋|𝑇 ) is defined by the single point 𝑝(𝑋) for 𝜆 = 0 (dark blue
cross on the black square); by two points between the first and second symbol splits
(dark blue to cyan); by three points after the second symbol split (cyan to red). Note
the discontinuity of 𝑞𝜆(𝑋|𝑇 ) at each symbol split. Right: corresponding SR pattern,
i.e., output for the convex hull condition (blue: satisfied; red: not satisfied; dashed
white lines: critical values 𝜆𝑐(𝑖) of either 𝜆1 or 𝜆2). E.g., 𝜆𝑐(2) ≈ 0.33 corresponds,
on the bottleneck trajectories (left), to the symbol split from two to three symbols

(cyan crosses). See Appendix D.3 for the 𝑝(𝑌 |𝑋) corresponding to each line.
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for instance, in Figure 4.4a, the segment 𝑘 = 2 corresponds to the first piece of trajectory
spanning colors from dark blue to cyan.
Notation. We denote by 𝜆𝑐(𝑖) the trade-off parameter’s critical value corresponding to the 𝑖-th
change in effective cardinality, i.e., the symbol split from 𝑖 to 𝑖 + 1 symbols. Here, we will
only need to consider the critical values 𝜆𝑐(1) = 0 and 𝜆𝑐(2), corresponding to the splits from
one to two and two to three symbols, respectively.

Let us now come back to the question of successive refinement: for which parameters 𝜆1 <
𝜆2 is the convex hull condition satisfied? The right-hand sides of Figures 4.4a–4.4c provide
the answers corresponding to trajectories on the respective left-hand sides—where blue and
red mean that the condition is and is not satisfied, respectively. Moreover, we highlight with
dashed white vertical and horizontal lines the critical parameter values 𝜆1 = 𝜆𝑐(𝑖) and 𝜆2 =
𝜆𝑐(𝑖), respectively, at which the symbol split occurs (see Appendix D.1.8 for details on the
computation of these symbols splits). Note that we always have 𝜆𝑐(1) ≈ 0, which is expected,
as a bottleneck 𝑇 corresponding to some 𝜆 = 𝐼(𝑋; 𝑇 ) > 0 must necessarily define at least
two distinct 𝑞𝜆(𝑋|𝑡).

First, in these examples as in most non-reported examples, the convex hull condition
(right) breaks as long as 𝜆2 < 𝜆𝑐(2), i.e., as long as the finer bottleneck’s effective cardi-
nality is at most 𝑘 = 2. This can also be read from the bottleneck trajectories (left): if the
condition was satisfied for all 𝜆1 < 𝜆2 < 𝜆𝑐(2), for instance, then the segment 𝑘 = 2 would
be a line segment. This is clearly not the case in Figures 4.4a and 4.4c, and even though
visually it virtually seems to be the case in Figure 4.4b, the segment 𝑘 = 2 happens to be
very slightly curved, which is enough to break the convex hull condition. In other words, for
𝜆1 < 𝜆2 < 𝜆𝑐(𝑖), several-stage processing seems to induce, in these examples, a nonzero loss
of information optimality.

Then, for 𝜆2 > 𝜆𝑐(2), even though there is no single general pattern, the trajectory’s
structure at the bifurcation seems to impact successive refinement. Indeed, at the bifurcation
at 𝜆𝑐(2), the set 𝖧𝗎𝗅𝗅{𝑞𝜆2(𝑋|𝑡), 𝑡 ∈  } opens up along a new, third dimension, and keeps
widening when 𝜆2 increases. This allows it to (gradually in Figures 4.4a and 4.4c, or virtu-
ally straight away in Figure 4.4b) encompass the segment 𝑘 = 2 because it “overcomes” the
curvature of this piece of trajectory. For instance, in Figure 4.4a, because the segment 𝑘 = 2
is strongly curved, the convex hull condition gets satisfied for all 𝜆1 < 𝜆𝑐(2) only if 𝜆2 is
significantly larger than 𝜆𝑐(2). On the contrary, because in Figure 4.4b, the segment 𝑘 = 2
is virtually not curved, it is almost as soon as 𝜆2 > 𝜆𝑐(2) that the convex hull condition is
satisfied for all 𝜆1 < 𝜆𝑐(2).

In Figure 4.4c, the lack of successive refinement for 𝜆2 > 𝜆𝑐(2) does not seem to be due
to the same phenomenon as the one just described. Generally speaking, we observed a whole
variety of SR patterns (see Appendix F in (Charvin et al., 2023a) for more examples), and our
aim here is not to try to interpret all of them. However, despite this diversity, the SR patterns
that we studied typically shared a common qualitative feature: the bifurcation structure of the
bottleneck trajectories seemingly participates in shaping these SR patterns. Mostly, it seems
typically necessary, for SR to hold, that the larger parameter 𝜆2 has crossed the bifurcation
value 𝜆𝑐(2), because the non-zero curvature of the segment 𝑘 = 2 can only be “overcome”
by opening the set 𝖧𝗎𝗅𝗅{𝑞𝜆2(𝑋|𝑡), 𝑡 ∈  } along a new dimension, through the symbol split at
𝜆2 = 𝜆𝑐(2). This phenomenon will be explored in more details in Section 4.3.2.

Besides this relationship between SR and the structure of bottleneck bifurcations, this
numerical study suggests a generalisation of the notion of successive refinement. Indeed, in
Figure 4.4b for instance, even though the right-hand side asserts that successive refinement
does not hold for 𝜆1 < 𝜆2 < 𝜆𝑐(2), the virtually linear piece of trajectory on the left-hand side
suggests that this is “almost” the case. In the next section, we formalise this intuition.
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4.3 Soft Successive Refinement of the IB

The minimal experiments from Section 4.2.3 suggest the intuition that even though succes-
sive refinement might not always hold exactly, when broken, it might still be “close” to being
satisfied. More generally speaking, let us recall that we are trying here to understand the
informationally optimal limits of several-stage information processing. As our numerical ex-
periments suggest that the IB problem is not always successively refinable, it is desirable to
quantify the lack of successive refinement—i.e., the lack of informational optimality induced
by several-stage processing. These considerations lead to the notion of soft successive refine-
ment (Catenacci Volpi et al., 2020), which we define and motivate in this section. As we will
see, this generalisation of exact SR does not depend on the specific structure of the IB setting;
rather, it can also be used as a generalisation of exact SR for any rate-distortion scenario.

4.3.1 Formalism

Let us first focus on the case 𝑛 = 2: we thus want to quantify the amount of information
captured by a coarse bottleneck 𝑇1 and then discarded by a finer bottleneck 𝑇2. Let us recall
that, from Proposition 4.2.2, bottlenecks 𝑇1 and 𝑇2 achieve successive refinement if there
exists an extension 𝑞(𝑋, 𝑇1, 𝑇2) of 𝑞1(𝑋, 𝑇1) and 𝑞2(𝑋, 𝑇2) such that, under 𝑞, we have the
Markov chain 𝑋 − 𝑇2 − 𝑇1, which is equivalent to 𝐼𝑞(𝑋; 𝑇1|𝑇2) = 0. It thus seems natural
to quantify soft successive refinement with the conditional mutual information 𝐼𝑞(𝑋; 𝑇1|𝑇2).
However, the IB method does not entirely define the relationship between distinct bottlenecks;
formally, there is a whole polytope Δ𝑞1,𝑞2 ⊆ Δ×1×2 of possible extensions 𝑞(𝑋, 𝑇1, 𝑇2) of
𝑞1(𝑋, 𝑇1) and 𝑞2(𝑋, 𝑇2) (see Section 4.1.4). Among these possible extensions, it seems natural
to search for those that minimise the violation of the SR condition 𝐼𝑞(𝑋; 𝑇1|𝑇2) = 0. This
leads us to use the unique information (Bertschinger et al., 2013)

𝑈𝐼(𝑋 ∶ 𝑇1 ⧵ 𝑇2) ∶= min
𝑞∈Δ𝑞1 ,𝑞2

𝐼𝑞(𝑋; 𝑇1|𝑇2). (4.3.1)

This quantity was already defined in (Bertschinger et al., 2013) in the context of partial
information decomposition (Griffith et al., 2014; Harder et al., 2013; Williams et al., 2010),
and it happens to be relevant to us for several reasons.

First of all, it depends only on the distributions 𝑞1(𝑋, 𝑇1) and 𝑞2(𝑋, 𝑇2), which are in-
deed the only distributions provided by the IB framework. Second, from Proposition 4.2.2,
there is successive refinement if and only if there are two bottlenecks 𝑇1 and 𝑇2 such that
𝑈𝐼𝑞1,𝑞2(𝑋 ∶ 𝑇1 ⧵ 𝑇2) = 0. Third, it is thoroughly argued in (Bertschinger et al., 2013) that
(4.3.1) is a good measure of the information that only 𝑇1, and not 𝑇2, has about 𝑋, which
is an interpretation that coincides neatly with the intuition that we want to operationalise
here. Eventually, Proposition 4.3.3 below, which first requires some definitions, provides an
information-geometric justification.
Definition 4.3.1. For Δ a probability simplex and 𝐸1, 𝐸2 ⊆ Δ, we define

𝐷𝐾𝐿(𝐸1||𝐸2) ∶= inf
𝑟1∈𝐸1, 𝑟2∈𝐸2

𝐷𝐾𝐿(𝑟1||𝑟2),

where 𝐷𝐾𝐿 is the Kullback–Leibler divergence: 𝐷𝐾𝐿(𝑟1||𝑟2) ∶=
∑

𝑎∈ 𝑟1(𝑎) log
(

𝑟1(𝑎)
𝑟2(𝑎)

)

, if
the probability distributions 𝑟1 and 𝑟2 are defined on the discrete alphabet .
Definition 4.3.2. The successive refinement set Δ𝑆𝑅,𝑛 ⊆ Δ×1×⋯×𝑛 is the set of distributions
𝑟 on  × 1 ×⋯ × 𝑛 such that, under 𝑟, the Markov chain 𝑋 − 𝑇𝑛 −⋯ − 𝑇1 holds.

Note that Δ𝑆𝑅,𝑛 does not require its elements to be extensions of any fixed bottleneck
distributions 𝑞𝑖(𝑋, 𝑇𝑖) but imposes the Markov chain that characterises SR (see Propostion
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4.2.2). SR is achieved for bottlenecks 𝑞1(𝑋, 𝑇1),… , 𝑞𝑛(𝑋, 𝑇𝑛) if and only if the successive
refinement set Δ𝑆𝑅,𝑛 and the extension set Δ𝑞1,…,𝑞𝑛 share a common distribution 𝑞 ∈ Δ𝑆𝑅,𝑛 ∩
Δ𝑞1,…,𝑞𝑛 . In general (for 𝑛 = 2), the following proposition can easily be derived:
Proposition 4.3.3. For fixed distributions 𝑞1 = 𝑞1(𝑋, 𝑇1), 𝑞2 = 𝑞2(𝑋, 𝑇2), we have

𝑈𝐼(𝑋 ∶ 𝑇1 ⧵ 𝑇2) = 𝐷𝐾𝐿(Δ𝑞1,𝑞2||Δ𝑆𝑅,2). (4.3.2)
Proof. See Appendix D.2.1.

In this sense, 𝑈𝐼(𝑋 ∶ 𝑇1 ⧵ 𝑇2) quantifies “how far” the joint distributions extending the
bottlenecks 𝑇1 and 𝑇2 are from making the successive refinement condition 𝑋 − 𝑇2 − 𝑇1 hold
true, where the “distance” is understood as a minimised Kullback–Leibler divergence.

Our new measure of soft SR is continuous:
Proposition 4.3.4 ((Rauh et al., 2019), Property P.7). The unique information 𝑈𝐼(𝑋 ∶ 𝑇1 ⧵
𝑇2) is a continuous function of the probabilities 𝑞1(𝑋, 𝑇1) and 𝑞2(𝑋, 𝑇2).

Remark 4.3.5. In particular, if𝑈𝐼(𝑋 ∶ 𝑇1⧵𝑇2) has a discontinuity as a function of the param-
eter 𝜆1 or 𝜆2, which define the bottleneck distribution 𝑞𝜆1(𝑋, 𝑇1) or 𝑞𝜆2(𝑋, 𝑇2), respectively,
then this can only be a consequence of a discontinuity of the probability 𝑞𝜆1(𝑋, 𝑇1) as a func-
tion of 𝜆1 or 𝑞𝜆2(𝑋, 𝑇2) as a function of 𝜆2, itself, respectively. This consideration will be
useful for analysing our numerical experiments in Section 4.3.2.

Moreover, the formulation (4.3.2) of unique information suggests a natural generalisation
to an arbitrary number of processing stages:
Definition 4.3.6. Let 𝑇1,… , 𝑇𝑛 be bottlenecks with respective parameters 𝜆1 < ⋯ < 𝜆𝑛, and
𝑞𝑖(𝑋, 𝑇𝑖) their respective individual distributions. One can quantify soft successive refine-
ment, or, equivalently, the lack of successive refinement, through the divergence𝐷𝐾𝐿(Δ𝑞1,…,𝑞𝑛||Δ𝑆𝑅,𝑛).

While (Banerjee et al., 2018) proposes a provably convergent algorithm to compute𝑈𝐼(𝑋 ∶
𝑇1⧵𝑇2), to the best of our knowledge, there currently exists no provably convergent algorithm
to compute𝐷𝐾𝐿(Δ𝑞1,…,𝑞𝑛||Δ𝑆𝑅,𝑛) for 𝑛 > 2. Our numerical investigations (see Section 4.3.2)
will stick to the case 𝑛 = 2.

For the sake of completeness, let us point out that for each 𝜆, there is a whole set of
solutions 𝑞𝜆(𝑇 |𝑋)—or, equivalently, 𝑞𝜆(𝑋, 𝑇 )—to the IB problem (4.1.2). Thus, the unique
information, which is defined as a function of specific bottleneck distributions 𝑞1(𝑋, 𝑇1) and
𝑞2(𝑋, 𝑇2), could a priori not be uniquely defined by the corresponding trade-off parameters
𝜆1 and 𝜆2.

4.3.2 Numerical Results on Simple Examples

A provably convergent algorithm that computes, in the discrete case, the unique information
(4.3.1), was provided in (Banerjee et al., 2018). In this section, we use the authors’ imple-
mentation of this algorithm (https://github.com/infodeco/computeUI, accessed on 14
October 2025) to qualitatively investigate, on minimal examples, the landscapes of unique
information (UI) and their relationship to the bottleneck trajectories on the simplex.

In Figures 4.5a–4.5c (left), we plot again the same bottlenecks trajectories as in Figures
4.4a–4.4c (left), but compare them this time with the unique information 𝑈𝐼(𝑋 ∶ 𝑇1 ⧵ 𝑇2),
plotted as a function of 𝜆1 and 𝜆2 (right). We also plot, in Figures 4.6a–4.6c, some rep-
resentative examples of the exact SR patterns (left) and UI landscapes (right) for slightly
larger source and relevancy cardinalities, where 𝑝(𝑋, 𝑌 ) is, as above, uniformly sampled
— the explicit distributions 𝑝(𝑋, 𝑌 ) corresponding to Figures 4.6a–4.6c can be found at
https://gitlab.com/uh-adapsys/successive-refinement-ib/.

https://github.com/infodeco/computeUI
https://gitlab.com/uh-adapsys/successive-refinement-ib/
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Once again, we highlight with dashed white vertical and horizontal lines the critical pa-
rameter values 𝜆1 = 𝜆𝑐(𝑖) and 𝜆2 = 𝜆𝑐(𝑖), respectively, where, as expected, 𝜆𝑐(1) ≈ 0. We
will first describe, for a fixed 𝑝(𝑋, 𝑌 ), the relative variations in unique information as a func-
tion of 𝜆1 and 𝜆2. Then, we will compare the absolute values of unique information to the
information globally processed by the system.

For all Figures from Figure 4.5a to Figure 4.5c, the UI landscape partly mirrors the respec-
tive exact SR pattern of Figures 4.4a–4.4c (right). However, within the region where these
latter figures answered a binary “no” to the question of exact SR, Figures 4.5a–4.5c reveal
a sharply uneven variation in the violation of SR, where, for important ranges of trade-off
parameters, the unique information is negligible comparative to others. For instance, even
though Figure 4.4b (right) seems to indicate that SR does not hold for 𝜆1 < 𝜆2 < 𝜆𝑐(2), the
corresponding UI in Figure 4.5b (right) is virtually zero on a large part of this set of parame-
ters, while still peaking for 𝜆2 close to 𝜆𝑐(2). This richer structure of the unique information
landscape is further evidenced by Figures 4.6a–4.6c.

Moreover, the unique information landscapes seem shaped by the bottleneck trajectories.
Most importantly, the influence of IB bifurcations on SR can be seen even more clearly with
soft than with exact SR. In particular, in Figures 4.6a–4.6c, it seems that along the lines where
one of the trade-off parameters crosses a critical value, the UI often goes through discontinu-
ities, or at least sharp variations in either 𝜆1, 𝜆2, or both directions. In particular, even though
patterns widely vary across different example distributions 𝑝(𝑋, 𝑌 ), unique information can
significantly drop when 𝜆2 crosses a critical value from below—a feature observed in both
shown and non-shown examples. As we know that the unique information is continuous,
the apparent discontinuity should be one of the bottleneck probability 𝑞𝜆2(𝑋, 𝑇2) itself (see
Proposition 4.3.4 and Remark 4.3.5). This is consistent with the observation from Section
4.2.3 that, at symbol splits, the trajectory of 𝑞𝜆(𝑋|𝑇 ) often seems to go through a discontinu-
ity. Further, the fact that the sharp variation in UI is a decrease in this quantity (in increasing
order of 𝜆2) is intuitively consistent with the fact that the bottleneck trajectory’s discontinuity
often induces a sudden “widening” (in increasing order of 𝜆) of

𝑇 ∶= 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡), 𝑡 ∈  }.

Indeed, for fixed 𝜆1, when 𝜆2 crosses a critical value from below, the corresponding sym-
bol split means that 𝑇2 “widens” by opening up a new dimension, so it “more easily” encom-
passes 𝑇1 , yielding as a consequence a drop in unique information. Recalling our intuition
(see Section 4.2.2) that 𝑇 describes the information content that a bottleneck 𝑇 contains
about the source 𝑋, the feature just described can be interpreted in the following way: the IB
bifurcations seem to induce a sudden “expansion” (in increasing order of 𝜆) of the informa-
tion content carried by the bottleneck about the source, which makes the latter’s content more
easily contain the information content of coarser bottlenecks.

Note, however, that these simple numerical results do not allow one to discriminate be-
tween the interpretation of the UI’s sharp variations at bifurcations as a discontinuity with
regard to trade-off parameters, or a discontinuity of the UI’s differential. For instance, if the
derivative with regard to 𝜆2 discontinuously takes a value close to −∞ for 𝜆2 slightly larger
than some 𝜆𝑐 , then the UI graph can seem discontinuous at finite numerical resolution, even
if, formally, only the UI’s differential is so. On the other hand, as an example, bifurcations
can be characterised precisely as points of discontinuities of the derivatives, with regard to
the trade-off parameter, of 𝐼(𝑇 ;𝑋) and 𝐼(𝑇 ; 𝑌 ) (Chechik et al., 2005; Zaslavsky et al., 2019),
even though the functions themselves are continuous (Chechik et al., 2005; Gilad-Bachrach
et al., 2003). A more involved analysis distinguishing discontinuities of UI from those of its
differential is left to future work. In any case, the interpretation as a discontinuity of the dif-
ferential rests on a weaker assumption, which is still sufficient for explaining the numerical
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(A) Example 1.

(B) Example 2.

(C) Example 3.
FIGURE 4.5: On each line, we fix the same 𝑝(𝑋, 𝑌 ) as in resp. Figures 4.4a, 4.4b
and 4.4c. Left: example trajectory of 𝑞𝜆(𝑋|𝑇 ) (same as in Figure 4.4). Right: cor-
responding unique information, in bits (color), expressed as a function of the pair of
trade-off parameters (white dashed lines indicate critical values 𝜆𝑐(𝑖) of either 𝜆1 or
𝜆2.). For instance, the critical value 𝜆𝑐(2) ≈ 0.33 (right) corresponds, on the bottle-
neck trajectories (left), to the symbol split from two to three symbols (cyan crosses).

See Appendix D.3 for the 𝑝(𝑌 |𝑋) corresponding to this figure.
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(A) New example 𝑝(𝑋, 𝑌 ), with || = 5 and || = 3.

(B) New example 𝑝(𝑋, 𝑌 ), with || = 5 and || = 3. White dots in the top right corner correspond to values of
(𝜆1, 𝜆2) for which the algorithm did not converge (see main text for a comment on this lack of convergence).

(C) New example 𝑝(𝑋, 𝑌 ), with || = 7 and || = 5.
FIGURE 4.6: On each line: example, for a new 𝑝(𝑋, 𝑌 ), of exact SR patterns and
the corresponding UI landscapes over trade-off parameters 𝜆1 < 𝜆2. Left: exact SR
pattern, i.e., output for the convex hull condition (blue: satisfied, red: not satisfied).
Right: corresponding UI landscape, in bits (color). White dashed lines indicate crit-
ical values 𝜆𝑐(𝑖) of either 𝜆1 or 𝜆2. Note that (𝑖) the binary notion of exact SR (left)
does not reflect most of the structure unveiled by UI (right), (𝑖𝑖) the UI landscape
seems highly impacted by IB bifurcations, and (𝑖𝑖𝑖) the UI is in any case always

small, even though not entirely negligible. See main text for more details.
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results.
More generally, these results suggest that for a several-stage processing that is IB-optimal

at each stage, to minimise the information discarded along stages, the trade-off parameters
should rather lie close to well-chosen IB bifurcations. If this happens to be a general feature
of the IB framework, it would have implications for incremental learning. Indeed, coming
back to the modelling of embodied agents (see Section 4.1), for instance, it would mean that
organisms that are poised close to information optimality by evolution should have a very
specific structure of developmental learning, where the stages of learning should be discrete
and determined by the right trade-off parameters.

Eventually, a last crucial feature was also satisfied on these minimal examples: what-
ever the structure of bottleneck trajectories, the maximal UI was significantly lower than the
mutual information 𝐼(𝑋; 𝑇1, 𝑇2) between the external source 𝑋 and the system’s pair of bot-
tlenecks (𝑇1, 𝑇2). More precisely, for an extension 𝑞(𝑋, 𝑇1, 𝑇2) of 𝑞𝜆1 ∶= 𝑞𝜆1(𝑋, 𝑇1) and
𝑞𝜆2 ∶= 𝑞𝜆2(𝑋, 𝑇2) that achieves the minimum in (4.3.1), let us define

𝜎(𝑞𝜆1 , 𝑞𝜆2) ∶=
𝑈𝐼𝑞𝜆1 ,𝑞𝜆2 (𝑋 ∶ 𝑇1 ⧵ 𝑇2)

𝐼𝑞(𝑋; 𝑇1, 𝑇2)
.

Note that decomposing 𝐼𝑞(𝑋; 𝑇1, 𝑇2), where 𝑞 ∈ Δ𝑞1,𝑞2 , with the chain rule for mutual infor-
mation shows that this quantity only depends on 𝑞𝜆1 and 𝑞𝜆2 : thus here, 𝜎(𝑞𝜆1 , 𝑞𝜆2) is indeed
well-defined by 𝑞𝜆1 and 𝑞𝜆2 . The maximum ratio over all trade-off parameters 𝜆1 < 𝜆2 was
typically of the order of 1% in our experiments; for instance, it was 1.89%, 0.39%, 1.82%,
2.03%, 1.34%, and 0.31% for the IB problems corresponding to Figures 4.5a–4.6c, respec-
tively. Among all the (shown and non-shown) studied examples, it never exceeded 5.4%, and
we did not notice an increase in this maximum ratio when the source or relevancy cardinalities
were increased (the largest cardinalities that we experimented with were || = 20, || = 10).
In short, even though several-stage processing might incur a non-negligible loss of informa-
tion optimality in the IB sense, these results suggest that this loss could often be significantly
limited. Of course, here as in Section 4.2.3, on the one hand, the numerical results are purely
phenomenological, and, on the other, it is at this stage far from being clear that the qualitative
insights brought by these minimal experiments generalise well to more complex situations.
However, they exhibit the potentially crucial qualitative features of exact and soft successive
refinement in the IB framework, which can be targeted by further theoretical research.

4.4 Interpretations in terms of Decision Problems

Here, we show that exact and soft successive refinement can be, in the discrete case at least,
understood in terms of optimally solving decision problems on arbitrary tasks, through orders
on the compression channels 𝑞(𝑇 |𝑋) (or more precisely, pre-orders: i.e., we will consider
binary relations that are reflexive and transitive). We will rely on (Bertschinger et al., 2014),
where these orders were considered.

Let us first make clear what we mean here by a decision problem. Consider a state variable
𝑋 over a finite set , another finite set of possible actions, and a reward function 𝑢 = 𝑢(𝑥, 𝑎)
that depends on both the value 𝑥 of the state 𝑋, and the chosen action 𝑎 ∈ . The agent’s
observation is not the state 𝑋 itself, but only the output 𝑇 of 𝑋 through some stochastic
channel 𝜅 ∶= 𝑝(𝑇 |𝑋) (where we assume here that the observation space  is finite). To each
observation-dependent policy 𝜋 = 𝜋(𝐴|𝑇 ) corresponds an expected reward

𝔼𝜋(𝑢(𝑋,𝐴)) ∶=
∑

𝑡
𝑝(𝑡)𝔼(𝑋,𝐴)∼𝑝(𝑋|𝑡)𝜋(𝐴|𝑡)(𝑢(𝑋,𝐴)),
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where 𝑝(𝑋|𝑡) is determined from 𝜅 ∶= 𝑝(𝑇 |𝑋), 𝑝(𝑋) through the Bayes rule, and 𝑝(𝑋|𝑡)𝜋(𝐴|𝑡)
denotes the product measure of 𝑝(𝑋|𝑡) and 𝜋(𝐴|𝑡). Solving the decision problem (𝑝(𝑋),, 𝑢)
for the observation channel 𝜅 means choosing a policy that yields an optimal expected reward

(𝑝(𝑋), 𝜅, 𝑢) ∶= max
𝜋

𝔼𝜋(𝑢(𝑋,𝐴)).

We can now define the following order (Bertschinger et al., 2014):
Definition 4.4.1. For two channels 𝜅 and 𝜅′, we write 𝜅 ⊒ 𝜅′, if, for any decision problem
(𝑝(𝑋),, 𝑢), we have

(𝑝(𝑋), 𝜅, 𝑢) ≥ (𝑝(𝑋), 𝜅′, 𝑢).

In short, 𝜅 ⊒ 𝜅′ means that, for any conceivable task based on any data distribution
𝑝(𝑋) over the fixed data space  , the observation channel 𝜅 can yield a performance at least
as good as that of the observation channel 𝜅′—if combined with a well-chosen policy. The
second order is the Blackwell order (Blackwell, 1953):
Definition 4.4.2. For two channels 𝜅 and 𝜅′, we write 𝜅 ⊒′

 𝜅
′ if there exists a channel 𝛾 such

that 𝜅′ = 𝛾◦𝜅, where “◦” denotes the composition of channels.
It turns out that successive refinement can be characterised by either of these two orders,

thanks to the Sherman–Stein–Blackwell theorem (Bertschinger et al., 2014; Blackwell, 1953).
In other words, SR, which is a priori not a decision-theoretic statement, turns into one through
its equivalence with the Blackwell order:
Proposition 4.4.3. Let 0 < 𝜆1 < 𝜆2. The following are equivalent:

(𝑖) There is successive refinement for parameters (𝜆1, 𝜆2).

(𝑖𝑖) There are bottlenecks 𝑇1, 𝑇2 of respective parameters 𝜆1, 𝜆2 such that

𝑞(𝑇2|𝑋) ⊒ 𝑞(𝑇1|𝑋).

(𝑖𝑖𝑖) There are bottlenecks 𝑇1, 𝑇2 of respective parameters 𝜆1, 𝜆2 such that

𝑞(𝑇2|𝑋) ⊒′
 𝑞(𝑇1|𝑋).

Proof. Using the Markov chain characterisation (point (𝑖𝑖) in Proposition 4.2.2), the result is
nothing more than a reformulation of Theorem 4 in (Bertschinger et al., 2014) in the language
of the present paper. Note that, to use this theorem, we need to assume that the source 𝑋 is
fully supported, but this is indeed an assumption that we are using along the whole paper
because it does not incur any loss of generality (see Section 4.1.4).

Point (𝑖𝑖) means that there is SR when the coarser coarse-graining 𝑇1 can be retrieved by
post-processing the finer coarse-graining 𝑇2. Now, the equivalence of SR with point (𝑖𝑖𝑖) relies
on the mathematically deep part of the Sherman–Stein–Blackwell theorem (Bertschinger et
al., 2014), and provides a new operational meaning to SR. Namely, there is SR when, for
any distribution 𝑞(𝑋) on the source, and any reward function, the optimal performance is at
least as good when the decisions are based on the output of 𝑞(𝑇2|𝑋), seen as an observation
channel, than when they are based on the output of 𝑞(𝑇1|𝑋). Crucially, this property does not
directly make reference to the source-relevancy ditribution 𝑝(𝑋, 𝑌 ).

For example, assume that evolution poises the sensors of a given biological organism at
optimality in the IB sense (Palmer et al., 2015; van Dijk et al., 2012), i.e., if 𝑋 is the environ-
ment, 𝑆 some sensor’s output (e.g., a retina’s ganglion cells activation), and 𝑌 a behaviourally
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relevant feature (e.g., the edibility of food), then 𝑆 is a bottleneck for 𝑝(𝑋, 𝑌 ). Successive
refinement here means that if the sensor 𝑆2 is finer than 𝑆1 as a bottleneck for the fixed fea-
ture 𝑌 relevant to a particular task, then 𝑆2 will afford to the organism—if combined with the
right decision making—better performances than 𝑆1 on any other task, for any other input
distribution 𝑝(𝑋). In other words, 𝑆2 is then “universally better” than 𝑆1.

Eventually, the unique information that we chose as our measure of soft SR has initially
been thought precisely as measuring the deviation from the order “⊒” (see arguments in
(Bertschinger et al., 2014)). Unique information can thus, for instance, be understood as
quantifying the deviation from a finer IB-optimal sensor to be “universally better” than a
coarser one.

4.5 Limitations and Future Work

Our convex hull characterisation intertwines the question of exact SR with the more funda-
mental question of the structure of decoder curves

{(

𝜆 → 𝑞𝜆(𝑋|𝑡)
)

, 𝑡 ∈ 
} (4.5.1)

on the source simplex Δ , a question for which the convexity approach to the IB problem
(Asoodeh et al., 2020; Benger et al., 2023; Dikshtein et al., 2021; Hsu et al., 2018; Witsen-
hausen et al., 1975) seems promising. In short, this approach reformulates the IB problem
to that of finding the lower convex envelope of a well-chosen function 𝐹𝛽 , defined on the
source simplex Δ , and parameterised by the information curve’s inverse slope 𝛽 (see Ap-
pendix D.1.7). More precisely, bottlenecks are essentially characterised by the fact that the
lower convex envelope must be achieved by convex combinations of the points 𝐹𝛽(𝑞(𝑋|𝑡));
this approach thus provides analytical tools for proving key properties of the set of trajecto-
ries (4.5.1), which would then have consequences for SR through the convex hull condition.
Despite the limited scope of the result itself, the proof of Proposition 4.2.7 gives an example
of such a fruitful interaction, thus suggesting a way forward for further theoretical progress.
As a first step, one could try to use the convexity approach to the IB to prove the unicity (up
to permutations) and injectivity of 𝑞(𝑋|𝑇 ), for canonical bottlenecks and the strictly con-
cave information curve. We expect such a result to simplify our convex hull characterisation
of SR — in the case of the strictly concave information curve. Generally speaking, lever-
aging, through our convex hull characterisation, the convexity approach to the IB problem
might allow one to (𝑖) identify new wholly refinable IB problems, but also (𝑖𝑖) produce gen-
eral methods to identify, for a given distribution 𝑝(𝑋, 𝑌 ), the combination of parameters for
which exact SR holds.

It must be stressed that even though we motivate the successive refinement of the IB by
diverse scientific questions in Sections 4.2 and 4.4, in this work, we do not model any concrete
system. Rather, our minimal numerical experiments target the qualitative exploration of the
formalised problem. Our results might in turn be relevant for future modelling work (see the
last paragraph of this section), but the most pressing aspect is to first develop further the the-
oretical and computational framework. In particular, it seems important to describe formally
the apparent discontinuity of UI (or its differential) as a function of the trade-off parameters
𝜆1 and 𝜆2 at IB bifurcations (through that of the 𝑞𝜆(𝑋, 𝑇 ) as functions of 𝜆); to describe more
formally why the UI tends to peak and then drop close to IB bifurcations; to provide global
bounds on UI in general or as functions of the source and relevancy distribution 𝑝(𝑋, 𝑌 ); or
to make formal the informal relationship between the “extent to which” the convex hull con-
dition is broken, and variations in UI. Another interesting contribution would be to provide
an asymptotic coding interpretation to unique information; indeed, the deviation from suc-
cessive refinement is more classically quantified as a difference between asymptotic rates or
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distortions (see, e.g., (Lastras et al., 2001)), and it is not clear whether or not this interpreta-
tion can be made for UI. Numerically speaking, one could design algorithms allowing for the
computation of UI for continuous 𝑝(𝑋, 𝑌 ) and/or more than two processing stages. Indeed,
the algorithm from (Banerjee et al., 2018) only encompasses the case of discrete variables and
two processing stages. One could, for instance, take inspiration from (Banerjee et al., 2018) to
formulate the quantity𝐷𝐾𝐿(Δ𝑞1,…,𝑞𝑛||Δ𝑆𝑅,𝑛) as a double minimisation problem over separate
parameters, allowing for an alternating optimisation algorithm.

Let us point out that our framework considers that the source of information 𝑋 and the
target variable 𝑌 are the same along all processing stages. More general frameworks could
allow for variations in either the source of information (as in the case in temporal series) or
the target variable (as is the case in transfer learning). Frameworks for both these kinds of
extensions have already been proposed (Mahvari et al., 2021; Yang et al., 2017), and it would
be interesting to study if, in these cases as well, the specific nature of the IB problem imprints
the informationally optimal limits of several-stage processing.

Eventually, we deem the interpretation in terms of the incorporation of information to be
particularly relevant to modelling adaptive behaviour. For instance, for a given developmental
or skill-learning problem on a given task, our framework could help in distinguishing situa-
tions where the choice of the successive processing stages’ complexity along incrementally
learning the task does not matter (i.e., when there is successive refinement) from situations
where these complexities must be minutely weighed, so as to avoid as much as possible the
“waste” of cognitive work along the way (i.e., when the unique information is not negligible
and unevenly distributed). In the latter case, our framework, once mature, might precisely
describe those sequences of processing stages’ complexity that minimise the “waste” of cog-
nitive work from one learning stage to another, thereby potentially identifying key stages of
skill or developmental learning. Future work should keep in mind the horizon of identify-
ing such qualitative features and producing measures capturing the relevant phenomena for
experimental research in these areas.

4.6 Conclusions

In this chapter, we develop further the framework of successive refinement of the IB, par-
ticularly through a geometric approach to the problem; and we investigate soft successive
refinement of the IB.

After motivating the formal problem, we turn to the mathematical analysis of it. We first
note that, for jointly Gaussian vectors (𝑋, 𝑌 ) or for deterministic 𝑝(𝑌 |𝑋), successive refinabil-
ity can be easily drawn from existing IB literature (Kline et al., 2022; Kolchinsky et al., 2019).
Then, we propose a new geometric characterisation of SR, which builds on the intuition that
what is “known” by a bottleneck is the convex hull of its decoder conditional probabilities.
This new point of view, associated with an active approach that reformulates the IB problem
as that of finding the lower convex envelope of a well-chosen function (Asoodeh et al., 2020;
Benger et al., 2023; Dikshtein et al., 2021; Hsu et al., 2018; Witsenhausen et al., 1975), pro-
vides a new tool for theoretical research on this topic. We exemplify this potential fertility
by proving, thanks to the combination of our convex hull characterisation with the convexity
approach to the IB, the successive refinability of binary source 𝑋 and binary relevancy 𝑌
(Proposition 4.2.7). This convex hull characterisation also allows one to numerically investi-
gate SR with a linear program, which can be helpful for computational studies on this topic.
Our own minimal numerical experiments suggest that (𝑖) successive refinement does not al-
ways hold for the IB, (𝑖𝑖) the successive refinement patterns are shaped by IB bifurcations,
and (𝑖𝑖𝑖) even when successive refinement seems to break, sometimes it is “close” to being
satisfied, in the sense of the convex hull condition being only “slightly” violated.
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To formalise this latter intuition, we propose to soften the traditional notion of SR into a
quantification of the loss of information optimality incurred by several-stage processing. For
that purpose, we call on the measure of unique information (UI) used in (Bertschinger et al.,
2013). Intuitively, this quantity measures the information that only the coarser bottleneck 𝑇1,
and not the finer one 𝑇2, holds about the source 𝑋, and it can be generalised to an arbitrary
number of processing stages. Our minimal experiments, in the case of two processing stages,
unveil a rich structure of soft SR that was partially hidden by exact SR, which only makes
the distinction between vanishing UI (if there is SR) and positive UI (if there is no SR). Even
though the UI landscapes depend strongly on the distribution 𝑝(𝑋, 𝑌 ) that defines the IB
problem, some qualitative features seem to emerge: (𝑖) the “more” the convex hull condition
is broken, the higher the unique information; (𝑖𝑖) the IB bifurcations crucially shape the UI
landscape, with sharp decreases in unique information in particular when the finer trade-
off parameter 𝜆2 crosses a bifurcation critical value; and (𝑖𝑖𝑖) in any case, this violation of
successive refinement seems to always be mild compared to the system’s globally processed
information.

The features exhibited by these numerical experiments offer a “first outlook” of potentially
general properties of exact and soft successive refinement for the IB problem, thus providing
a guide for future theoretical research. These potential properties might provide interesting
perspectives on the scientific questions that motivate the formalism, particularly in terms of
the incorporation of information along processing stages. For instance, the apparently impor-
tant role of bifurcations in exact and soft successive refinement suggests that informationally
optimal several-stage learning or processing should ideally be organised along well-chosen
“checkpoints” on the information plane. Moreover, if the loss of information optimality in-
duced by this sequential processing is indeed typically low (even though not entirely negligi-
ble) for the IB framework, this could be taken as an indication that incremental learning might
be made highly efficient. These potential features thus provide a strong incentive to bring the
formal framework presented here closer to maturity—for instance, along the lines of research
proposed in Section 4.5.
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Chapter 5

Conclusion

This thesis has developed generalisations of different notions of invariance and equivariance,
with a strong focus on the information-theoretic counterpart of group-theoretically defined
symmetries.

In Chapter 2, I presented a characterisation of channel invariances with the IB method,
a similar characterisation of channel equivariances with a novel variation of the IB, and a
broader Divergence IB framework that encompasses both and might be instrumental in cap-
turing alternative notions of symmetry. These information-theoretic characterisations yield
new principled notions of soft symmetries, defined, in short, as transformations that are “made
indistinguishable from the identity” by an optimal compression partially preserving a well-
chosen information quantity — where the “softness” of the symmetry is parametrised by the
trade-off between compression and information preservation.

In Chapter 3, the focus was on the class-pose decomposition framework, which aims at
decomposing a group action 𝜌 on a given state-space  into an invariant part 𝖨𝖽 on a “class”
space  and an equivariant part 𝜉 on a “pose” space  . We saw that this construction was only
possible under restrictive assumptions, which lead to a broader minimal class-pose parametri-
sation framework addressing these limitations, where the group action 𝜌 on  becomes a
“maximally isomorphic” factor of the action 𝖨𝖽⊗𝜉 on the class-pose space × . Crucially,
this construction was then adapted to a measure-theoretic setting that can capture closed-loop
and stochastic actions, formalised as a Markov Decision Process (MDP) with fixed policy.
By extending previous notions from ergodic theory, classes were then reframed as ergodic
components of the fixed-policy MDP, and poses as the minimal joining of the MDPs induced
on these ergodic components. These novel notions of class and pose were then characterised
in terms of information parsimony. In particular, the characterisation of ergodic components
with an instance of the Divergence IB marks an important step in the formalisation of the
duality between symmetry and information parsimony, as it explicitly binds transformations
of a space to the coarse-grainings that capture the corresponding invariants (see Section 3.6.1
there).

In Chapter 4, I presented a study of successive refinement in the IB framework, which
describes the informationally optimal limits on several-stage processing. While successive
refinement can be interpreted in terms of incremental learning, it is equivalent to the question
of whether, given a coarser and a finer bottleneck, the coarser bottleneck can be obtained by
coarse-graining the finer one — a question that sheds light on the inclusion relations among
soft channel invariances. We obtain a geometric characterisation in terms of convex hulls
defined by information channels, and prove the successive refinability of the IB in some spe-
cific cases. We then study, on simple synthetic examples, the “lack” of successive refinability
through a previously introduced measure of unique information, which yields to qualitative
insights on the relations between IB coarse-grainings of varying granularity.

As explained in the introductory Chapter 1 and along the rest of the thesis, these mostly
formal results are aimed at contributing to research in adaptive behaviour, structure discovery
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and sensorimotor perception. To conclude this thesis, I outline below questions that are raised
by these results and could provide interesting directions to future research in these fields.

5.1 Abstract symmetries, information parsimony and SMCs

The clearest path for future work opened by this thesis is that outlined in Sections 2.5.2
and 2.5.3. There, our focus is on the information-theory based discovery of abstract sym-
metries, i.e., symmetries of systems that might potentially include an agent’s sensorimotor
interface, but where the symmetry transformations do not model the agent’s own actions. We
argue that the transformations defining the symmetry and the compression channels capturing
the corresponding invariants should be discovered jointly, by solving a mutli-objective opti-
misation problem over both these objects. The question then becomes to identify the appro-
priate information-theoretic objectives, in particular one that binds the compression channel
and the transformations, by requiring the former to coarse-grain the features left invariant by
the latter. It turns out that the characterisation of ergodic components obtained in Chapter 3
provides a promising tool to achieve this “transformation-based” extension of the Divergence
IB framework.

Future work should realise this extension, in the case of channel equivariances but also
at the level of generality provided by Divergence IB framework. This flexibility could make
these tools applicable in diverse embodiment-relevant settings. For instance, they could allow
one to discover the equivariances of the transition function of MDPs — see equation (1.2.1)
— which can be seen as a simple formalisation of a sensorimotor interface in a fully observed
setting (see Section 1.2.3). Importantly, here, the symmetry group would now be known in
advance, but now would be part of what is being discovered. Such an MDP result could
then be applied to the 𝜖-transducer of input-ouput processes (Barnett et al., 2015; Shalizi,
2001), which have been used to model embodied agents’ sensorimotor interfaces (Marzen,
2025; Rosas et al., 2024).1 Alternatively, one could instantiate these tools in causal Bayesian
networks modeling agents’ perception-action loop (Langer et al., 2024; Tishby et al., 2011).

Through such formal advances, the tools developed in this thesis could thus help investi-
gate generalised (exact and soft) symmetries of embodied agents’ sensorimotor interface —
which can be seen as a formalisation of apparatus-related SMCs, i.e., as the “lawful regular-
ities” induced by the agent’s embodiment (see Section 1.1.3). To take one concrete example:
let us come back to the case of sensory substitution devices, where, e.g., vision can be par-
tially “restored” through tactile stimulation induced by a head-mounted camera (Eagleman
et al., 2023). SMC theory claims that this is because vision — and visual experience — is
ultimately defined not by a specific set of neural pathways and corresponding dynamics, but
by the specific “structure of changes” induced by eye and body movements on retinal activa-
tions (O’Regan et al., 2001). This claim could be investigated by comparing the generalised
symmetries of the sensorimotor interface defined by body movement and retinal stimulation
on the one hand, and, on the other hand, by body movement and tactile stimulation induced
by the sensory substitution device on the tongue. It is indeed reasonable to expect that this
kind of interactive setting can be accurately modeled by the general formalisms of perception-
action loop models (Langer et al., 2024; Tishby et al., 2011) and/or input-output processes
(Barnett et al., 2015; Rosas et al., 2025; Shalizi, 2001) — so that the corresponding gener-
alised symmetries could be captured by extensions of the tools developed in this thesis. More
generally, these abstract symmetries of the sensorimotor interface could provide novel “sen-
sorimotor correlates” of perceptual experience — thus contributing to the operationalisation
of ideas at the heart and foundation of SMC theory (O’Regan et al., 2001).

1Here, the “input process” is that of agent’s actions, transformed by a “sensorimotor interface” channel into
an “output process” of resulting sensory inputs.
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At this stage, however, such a contribution is still out of reach. First, a substantial amount
of mathematical work is required to make the formal framework more mature. But it is of
course also necessary to design appropriate data-processing tools to explore these mathemat-
ical objects in real-world data. Both these aspects would also be required for implementing
the ideas presented here in artificial agents. While I have outlined above possible directions
for future work on the formal side, one could address the computational side, e.g., by taking
inspiration in the abundant literature on machine learning methods to approximate solutions
to the IB problem and its generalisations — see (Hu et al., 2024) for a recent review.

5.2 Invariant/equivariant dynamics emerging from behaviour

While the information-theoretic characterisation of ergodic components from Chapter 3 is rel-
evant to the discovery of abstract symmetries, the minimal class-pose parametrisation frame-
work as a whole opens a new direction to investigate the structure induced by an agent’s own
actions, in particular its closed-loop behaviour.

For that purpose, it would first be necessary to make the formal framework developed in
Chapter 3 more mature, in particular: (𝑖) to address the technical subtleties arising with min-
imal joinings in the non-finite case (especially for an uncountable number of ergodic com-
ponents); (𝑖𝑖) to complete the information-theoretic formalisation of poses in the finite case
and both classes and poses in the non-finite case; and (𝑖𝑖𝑖) to use these information-theoretic
characterisations to derive algorithms discovering minimal class-pose parametrisation (see
Section 3.7). This framework could then be used to investigate proof-of-concept scenarios
with agents in a fully observed environment. A first step could here be to investigate the
class-pose structure that emerges from policies that uniformly sample the actions of a group
or group-like object: e.g., the pseudogroup of changes of perspective that identifies contigu-
ous surfaces from the structure of light rays in (Tsao et al., 2022).

However, to become relevant to real-world embodied agents, our framework needs to
be extended to allow for the sensory outcome of actions to depend on the full sensorimo-
tor history. Relevant formalisms include here Partially Observable MDPs, causal Bayesian
networks models of the perception-action loop (Langer et al., 2024; Tishby et al., 2011), or
input-output processes and their 𝜖-transducers (Barnett et al., 2015; Marzen, 2025; Rosas et
al., 2025; Shalizi, 2001).

Moreover, let us recall that our novel notions of class and pose crucially depend on the pol-
icy. Of course, this feature becomes particularly interesting once we focus on behaviourally
relevant policies. Such behavioural relevancy could be defined in many different ways, tak-
ing inspiration from, e.g., the field of intrinsic motivation (Aubret et al., 2023; Forestier et
al., 2022; Salge et al., 2014; Volpi et al., 2023) or normativity perspectives on sensorimotor
autonomy (Barandiaran, 2017; Barandiaran et al., 2014; Barrett et al., 2025). Alternatively,
instead of having classes and poses that depend on the policy but not the converse, one could
also consider cases where the class-pose structure and the policy co-determine each other —
where, e.g., the policy is required to make the corresponding classes capture a specific kind of
invariant. This might lead to formalisms capturing not only how perceptual structure emerges
from information trade-offs, but also how information-trade-offs can induce the production of
structure in the sensorimotor loop. Note that this would bear some resemblance with the ac-
tive inference framework (Pezzulo et al., 2024), to the extent that a specific requirement on the
desired perceptual structure (i.e., here, on the class-pose structure) would induce the agent’s
behaviour that realises these perceptual requirements — similarly as in active inference, sen-
sory predictions can induce actions that makes these predictions “self-fulfilling”. However,
in our case, the perceptual requirements could be much different from the optimisation of
variational free energy (Pezzulo et al., 2024).
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As pointed out in Section 3.8, the self-generated aspect of minimal joinings resonates with
the inside-out approach to brain dynamics (Buzsáki et al., 2019), while the fact that classes
are ergodic components suggests links with the notion of percepts as attractors from Closed-
Loop Perception theory (Ahissar et al., 2016). Future work could explore these links further,
including by developing new variations of the formalism that integrates it better with these
frameworks.

It is also crucial to study concrete examples of how the class-pose structure can be used by
embodied agents for purposeful behaviour. I propose that the stochastic dynamics defined by
the minimal joining of ergodic components is a possible formalisation of the skillful exercise
(O’Regan et al., 2001) of a sensorimotor contingency, i.e., of the practice of the know-how
(O’Regan et al., 2001) of how a family of similar percepts behaves under a certain behaviour.
For example, “skillful writing” would mean being able to “run” the corresponding minimal
joining, with any pen sufficiently similar to those one has previously encountered. The fact
that all pens are not used exactly the same way, and do not “feel” exactly the same, would here
correspond to the fact that the minimal joining corresponding to the “skillful writing” activ-
ity is not an isomorphic joining: it is an “abstract” dynamical system that can be enacted by
“projecting” it on any pen (through an appropriate marginalisation map, see Definition 3.5.6),
but is projected in different ways with different pens. Importantly, here, to each pen corre-
sponds a percept (i.e., a class defined as an ergodic component), but the percept is defined
by the way the pen is used for “skillful writing”: it would be a different percept if, e.g., it
was used for drawing, or with the other hand (i.e., if the policy was different). Future work
could test whether minimal class-pose parametrisations (in their current MDP form, or after
appropriate generalisation) can indeed formalise this kind of intuitions in simple agents, first
in a proof-of-concept setting.

The latter formal interpretation of skillful exercise of SMCs is relevant to the question
of the role of ongoing brain dynamics in sensorimotor perception (see Section 1.1.3). In the
interpretation outlined above, the internal dynamics (i.e., the minimal joining) emerge from
concretely enacted behaviours (i.e., from the dynamics of the ergodic components on the orig-
inal state-space), but once the minimal joining is formed, its dynamics acquire an automomy
w.r.t. the sensorimotor level: they can unfold “internally” without being actually enacted (i.e.,
without being projected back on the original state-space with the marginalisation maps). This
might provide an important step forward in the formalisation of ideas from the inside-out ap-
proach on brain dynamics, which insists on the internalisation of sensorimotor dynamics by
brain circuits (Buzsáki et al., 2019). However, this setting does not address how the unfolding
of brain dynamics on the time-scale of perception itself is often inseparable from that of the
dynamics of the sensorimotor interface — as is the case, e.g., with eye movements in vision,
see Section 1.1.3, and as is exemplified with a minimal dynamical model in (Aguilera et al.,
2013). On the long term, it is thus necessary to go further and design formalisms that capture
how “minimal joining-like” objects — thought here as emerging on the time-scale of learning
and development — can be coupled, on the time-scale of perception, with the sensorimotor
interface.

Another possible avenue for future work would be to analyse further the structure of the
pose coordinate, and how it varies when the policy varies. E.g., can the pose coordinate be
factorised into distinct coordinates that correspond to distinct coordinates of the action space
— yielding an MDP generalisation of disentanglement (Higgins et al., 2018)? Can we analyse
compositionality relations between different policies by establishing some kind of algebraic
relations between their corresponding pose coordinates — thus, e.g., yielding concepts anal-
ogous to integers’ decomposition in prime numbers, but where integers are replaced by an
agent’s possible behaviours? Would these algebraic relationships have information-theoretic
characterisations? Investigating these questions might allow one to investigate in detail the
structure of a given SMC.
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At the formal level, it is worth noting that while Chapter 3 has focused on minimal join-
ings of a given family (of stationary MDPs), a similar notion of maximal common factor could
be defined just as naturally — as a maximal element for a relation that would be defined simi-
larly as we defined the “j-factor” relation, but with joinings replaced by common factors. This
hints at a possible theory of the lattice structure of stationary MDPs — or more generally,
of agentic systems formalised in a given mathematical category. Recent work has already
started to investigate the lattice structure of the factors of a given stochastic process (Rosas
et al., 2024):2 I am here proposing to extend it by (𝑖) investigating the relations between arbi-
trary processes, through the notions of (maximal) common factor and (minimal) joining, (𝑖𝑖)
considering stochastic processes with actions — an example of which are stationary MDPs,
but we could also consider, e.g., the more general structure of input-output processes (Barnett
et al., 2015; Rosas et al., 2025), and (𝑖𝑖𝑖) investigating the soft versions of all these objects,
by varying the trade-off parameters of characterisations of these structures with well-chosen
information-theoretic multi-objective optimisation problems. Such a formalism could then be
used to analyse the lattice structure of general agentic systems’ dynamics. If this is possible,
it might yield precious new tools to investigate the idea that perception — as well as other
activities typically referred to as cognitive — emerge from a subtle intertwining of the agent’s
history of sensorimotor interactions, and its irreducibly ongoing behaviour.

2Here, what I call factor corresponds to what is called computationally closed coarse-graining in (Rosas et al.,
2024).



150

Appendix A

Appendix for Chapter 1

Here, we collect basic definitions about groups and group actions.
Definition A.0.1. A group is a set  equipped with a binary operation

 ×  → 
(𝑔, 𝑔′) → 𝑔𝑔′

which satisfies the following properties:
• Associativity: (𝑔𝑔′)𝑔′′ = 𝑔(𝑔′𝑔′′) for all 𝑔, 𝑔′, 𝑔′′ ∈ .
• Identity element: There exists 𝑒 ∈  such that 𝑒𝑔 = 𝑔𝑒 = 𝑔 for all 𝑔 ∈ . This element

is automatically unique.
• Invertibility: For all 𝑔 ∈ , there exists 𝑔−1 such that 𝑔𝑔−1 = 𝑔−1𝑔 = 𝑒, where 𝑒 is the

identity element.
Definition A.0.2. The action of a group  on a set , i.e., is a function1

𝜌 ∶  × → 
(𝑔, 𝑎) → 𝜌𝑔(𝑎) ∶= 𝑔 ⋅ 𝑎,

such that (𝑔𝑔′) ⋅𝑎 = 𝑔 ⋅ (𝑔′ ⋅𝑎) and 𝑒 ⋅𝑎 = 𝑎 for all 𝑎 ∈  and 𝑔, 𝑔′ ∈ , where 𝑒 is the identity
element of the group . For a subset 𝐹 ⊆ , we write 𝑔 ⋅ 𝐹 ∶= {𝑔 ⋅ 𝑎, 𝑎 ∈ 𝐹 }. A subset
𝐹 ⊆  is invariant if 𝑔 ⋅ 𝐹 = 𝐹 for all 𝑔 ∈ .

Let us now fix the action of a group  on a set .
Definition A.0.3. The orbit of a point 𝑎 is the set [𝑎] of all other points in  that can be
reached from 𝑎 by transforming it with a group element 𝑔 ∈ , i.e.,

[𝑎] ∶= {𝑔 ⋅ 𝑎, 𝑔 ∈ } ⊆ .

It can be easily verified that the set of all orbits define a partition of the set . The projection
on orbits is then the function

 → ⟋
𝑎 → [𝑎],

which to each point associates its orbit, where we denote by ⟋ the set of all orbits, also
called the quotient of the set  w.r.t. the action of .

The following property of the partition in orbits underlies the duality between symmetry
and information parsimony that we will explore in this thesis:

1Both notations 𝜌𝑔(𝑎) and 𝑔 ⋅ 𝑎 will be useful.
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Proposition A.0.4. The partition in orbits is the finest partition of  into invariant subsets:
i.e., for any other partition {𝑖}𝑖∈ into invariant subsets and all 𝑖 ∈ , there exists 𝑎 ∈ 
such that [𝑎] ⊆ 𝑖.

Proof. Let 𝑖 ∈  and 𝑎 ∈ 𝑖. As 𝑖 is invariant, we have 𝑔 ⋅ 𝑎 ⊆ 𝑖 for all 𝑔 ∈ , i.e.,
[𝑎] ∈ 𝑖.

Let us now give a short overview of the notions of invariance and equivariance. These
terms can be used to refer to different mathematical objects (and they will be in these thesis).

“Invariance” generally denotes, in short, a situation where some transformation(s) of a
system leave(s) something unchanged in that system. For instance, assume that ,  are sets,
𝑓 is a map from  to , and 𝜌 is the action a group  on  such that 𝑓◦𝜌𝑔 = 𝑓 for all 𝑔 ∈ ,
where the symbol ◦ denotes composition. Then we can alternatively say (𝑖) that 𝜌 is made
of invariances of the map 𝑓 (here the focus is on understanding 𝑓 through 𝜌), or (𝑖𝑖) that 𝑓
captures an invariant feature, or invariant for short, of the group action 𝜌 (here the focus is
on understanding 𝜌 through 𝑓 ). In this thesis, we are interested in two kinds of invariances:
channel invariances, which will be defined in Chapter 2 and correspond to (stochastic versions
of) the point of view (𝑖), and projections on obits, which correspond to the point of view (𝑖𝑖).

On the other hand, “equivariance” generally denotes a commutation property of the form
𝑓◦𝜌𝑔 = 𝜌𝑔 ◦𝑓 for all 𝑔 ∈ , where 𝑓 is a map from a set  to a set , while 𝜌 and 𝜌
denote actions of a group  on resp.  and . Similarly as for invariances, the focus can
either be on understanding 𝑓 through the pair of actions (𝜌, 𝜌), or on understanding the
relationship between 𝜌 and 𝜌 through the map 𝑓 . In this thesis, we will be interested in
two kinds of equivariances: channel equivariances, which will be defined in Chapter 2 and
correspond to (stochastic versions of) the former point of view, and factors of group actions,
which correspond to the latter point of view and will be important in Chapter 3. As the explicit
definition of factors and the related notion of isomorphism facilitates the presentation of this
thesis’ contributions in Section 1.3.2, we include it here.
Definition A.0.5. Let 𝜌1, 𝜌2 be actions of resp. groups 1 and 2 on resp. sets 1 and 2.
The group action 𝜌2 is a factor of 𝜌1 with factor map 𝜙 ∶ 1 → 2 if 𝜙 is surjective and, for
all 𝑔 ∈ , we have 𝜙◦𝜌1𝑔 = 𝜌2𝑔◦𝜙: i.e., the following diagram is commutative:

1 1

2 2

𝜌1𝑔

𝜙 𝜙

𝜌2𝑔

(A.0.1)

The group actions are isomorphic if 𝜙 is bijective.
Intuitively, the group action 𝜌2 is a factor of the group action 𝜌1 if it is a “subsystem” of the

“dynamical system” defined by the action of 𝜌1 on 1; and two group actions are isomorphic
if they are “the same”, as one can be transformed into the other using the bijection 𝜙.
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Appendix B

Appendix for Chapter 2

B.1 A general rate-distortion theorem

Here, we prove a general theorem from which we will derive both Theorems 2.2.3 and 2.3.1.
Before that, though, we need to introduce the notion of preimages through channels.

B.1.1 Preimages through stochastic channels

Definition B.1.1. Let ,  be finite sets and 𝛾 ∈ 𝒦 (,). The preimage of a subset 𝐸 ⊆ 
through the channel 𝛾 is the set

𝛾−1(𝐸) ∶= {𝑎 ∈  ∶ 𝛾(𝐸|𝑎) > 0} . (B.1.1)
Note that if 𝛾 ∶= 𝛾𝑓 is defined by a deterministic function 𝑓 ∶  → , then for all

𝐸 ⊆ , the preimage 𝛾−1𝑓 (𝐸) through the channel 𝛾𝑓 coincides with the preimage 𝑓−1(𝐸)
through the function 𝑓 , in the usual sense. However, while for deterministic functions, the
preimage of 𝐸 is made of elements of  that must be sent in 𝐸, the requirement is weaker for
our generilsation to stochastic channels, as we consider all elements of  that can be sent in𝐸
(i.e., with non-zero probability). Moreover, some properties of preimages through functions
generalise well to the stochastic case:
Lemma B.1.2. Let 1, 2, 3 be finite sets, and 𝛾 ∈ 𝒦 (1,2), 𝛾 ′ ∈ 𝒦 (2,3). Then:

(i) If 𝐸𝑛 ⊆ 2 for all 𝑛 ∈ ℕ, then

𝛾−1
(

⋃

𝑛∈ℕ
𝐸𝑛

)

=
⋃

𝑛∈ℕ
𝛾−1(𝐸𝑛).

(ii) If 𝐸 ⊆ 3, then

(𝛾 ′◦𝛾)−1(𝐸) = 𝛾−1
(

(𝛾 ′)−1(𝐸)
)

.

Proof. (𝑖). On the one hand, for all 𝑎 ∈ 1,

∃𝑛 ∈ ℕ ∶ 𝛾(𝐸𝑛|𝑎) > 0 ⇒ 𝛾

(

⋃

𝑛∈ℕ
𝐸𝑛|𝑎

)

≥ 𝛾(𝐸𝑛|𝑎) > 0,

so that⋃𝑛∈ℕ 𝛾
−1(𝐸𝑛) ⊆ 𝛾−1

(
⋃

𝑛∈ℕ𝐸𝑛
). Conversely, if 𝑎 ∈ 1 is such that 𝛾 (⋃𝑛∈ℕ𝐸𝑛|𝑎

)

>
0, then

∑

𝑛∈ℕ
𝛾(𝐸𝑛|𝑎) ≥ 𝛾(

⋃

𝑛∈ℕ
𝐸𝑛|𝑎) > 0,
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which implies the existence of 𝑛 ∈ ℕ such that 𝛾(𝐸𝑛|𝑎) > 0, i.e., such that 𝑎 ∈ 𝛾−1(𝐸𝑛).
(𝑖𝑖). For all 𝑎1 ∈ 1,

𝑎1 ∈ (𝛾 ′◦𝛾)−1(𝐸) ⇔ (𝛾◦𝛾 ′)(𝐸|𝑎1) > 0

⇔
∑

𝑎2∈2

𝛾 ′(𝐸|𝑎2)𝛾(𝑎2|𝑎1) > 0

⇔ ∃𝑎2 ∈ 2 ∶ 𝛾 ′(𝐸|𝑎2) > 0 and 𝛾(𝑎2|𝑎1) > 0
⇔ 𝛾

({

𝑎2 ∈ 2 ∶ 𝛾 ′(𝐸|𝑎2) > 0
}

|𝑎1
)

> 0

⇔ 𝛾
(

(𝛾 ′)−1(𝐸)|𝑎1
)

> 0

⇔ 𝑎1 ∈ 𝛾−1
(

(𝛾 ′)−1(𝐸)
)

> 0.

B.1.2 Main result and its proof

Let  finite and 𝜇 ∈ Δ full support. For all 𝜅 ∈ 𝒦 (,  ), we define the distribution
𝑞𝜅 ∈ Δ× by 𝑞𝜅(𝑎, 𝑡) ∶= 𝜇(𝑎)𝜅(𝑡|𝑎) for all 𝑎 ∈ , 𝑡 ∈  , and denote by 𝐼𝜅(𝐴; 𝑇 ) the
corresponding mutual information. We then consider the rate-distortion problem

𝑅𝐷(𝜆) ∶= argmin
𝜅∈𝒦 (, )
𝐷(𝜅)≥𝜆

𝐼𝜅(𝐴; 𝑇 ), (B.1.2)

where 𝜆 ∈ [0,Λ] for some Λ > 0, while 𝐷 ∶ 𝒦 (,  ) → [0,Λ] is continuous, and seen here
as a “distortion” function defined on a set of “compression channels” 𝒦 (,  ).

We also consider a surjective function 𝗉𝗋 ∶  →  where  is finite. It defines a unique
extension of 𝑞𝜅 to Δ× × satisfying the Markov chain 𝑇 −𝐴 − 𝐶 , which we still denote by
𝑞𝜅 . Explicitly, for for 𝑎 ∈ , 𝑐 ∈ , 𝑡 ∈  ,

𝑞𝜅(𝑎, 𝑡, 𝑐) ∶= 𝜇(𝑎)𝜅(𝑡|𝑎)𝛿𝗉𝗋(𝑎)=𝑐 .

As 𝗉𝗋 is surjective and 𝜇 is full-support, the push-forward 𝗉𝗋⋅𝜇 ∈ Δ is also full-support. Thus
the corresponding conditional distribution 𝜖 ∈ 𝒦 (,) of 𝐴 given 𝐶 is uniquely defined,
for all 𝑎 ∈ , 𝑐 ∈ , by

𝜖(𝑎|𝑐) ∶=
𝑞𝜅(𝑎, 𝑐)
𝑞𝜅(𝑐)

=
𝜇(𝑎)

(𝗉𝗋 ⋅ 𝜇)(𝑐)
𝛿𝗉𝗋(𝑎)=𝑐 .

Note that the second equality above clearly implies
𝗉𝗋◦𝜖 = 𝖨𝖽 , (B.1.3)

which will be useful below. Moreover, the conditional probability 𝜅𝗉𝗋 ∈ 𝒦 (,  ) of 𝑇 given
𝐶 is uniquely defined by

𝜅𝗉𝗋 ∶= 𝜅◦𝜖 ∈ 𝒦 (,  ), (B.1.4)
i.e., explicitly, for all 𝑐 ∈ , 𝑡 ∈  ,

𝜅𝗉𝗋(𝑡|𝑐) ∶=
∑

𝑎∈𝗉𝗋−1(𝑐) 𝜅(𝑡|𝑎)𝜇(𝑎)
(𝗉𝗋 ⋅ 𝜇)(𝑐)

. (B.1.5)
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Informally, 𝜅𝗉𝗋 can be seen as the “probabilistic quotient” of 𝜅 w.r.t. the partition on  defined
by the preimages (𝗉𝗋−1(𝑐))𝑐∈ , with weights given by 𝜇 ∈ Δ. We then define

𝜅̄ ∶= 𝜅𝗉𝗋◦𝗉𝗋 = 𝜅◦𝜖◦𝗉𝗋 ∈ 𝒦 (,  ), (B.1.6)
i.e., explicitly,

𝜅̄(𝑡|𝑎) ∶=
∑

𝑐∈
𝜅𝗉𝗋(𝑡|𝑐)𝛿𝗉𝗋(𝑎)=𝑐 . (B.1.7)

Informally, 𝜅̄ can be seen as the “projection, w.r.t. 𝜇, of 𝜅 on the channels that factorise
through 𝗉𝗋”.1 We are now ready to state the main result of this section:
Theorem B.1.3. Let 𝜅 ∈ 𝒦 (,  ). The following are equivalent:

(𝑃1) For all 𝑡 ∈ supp(𝜅 ⋅ 𝜇), there exists 𝑐 ∈  such that 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(𝑐).

(𝑃2) There exists a function ℎ ∶  →  such that 𝗉𝗋 = ℎ◦𝜅.

Moreover, assume that

(𝑎) 𝐷(𝜅) = 𝐷(𝜅̄),

(𝑏) 𝐷(𝜅) = Λ if and only if (𝑃 1) holds (or equivalently, if and only if (𝑃 2) holds).

Then

(i) For 𝜆 = Λ, a channel 𝜅 ∈ 𝒦 (,  ) is a solution to the problem (B.1.2) if and only if
there exists a congruent channel 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  ) such that 𝜅 = 𝜄◦𝗉𝗋.

(ii) For all 0 ≤ 𝜆 ≤ Λ, all solutions 𝜅 ∈ 𝒦 (,  ) to the problem (B.1.2) satisfy 𝜅 = 𝛾◦𝗉𝗋,
for some 𝛾 ∈ 𝒦 (,  ).

The remaining of this section consists of the proof of Theorem B.1.3.
Lemma B.1.4. For all 𝜅 ∈ 𝒦 (,  ),

(i) 𝜅̄ ⋅ 𝜇 = 𝜅 ⋅ 𝜇.

(ii) 𝐼𝜅̄(𝐴; 𝑇 ) ≤ 𝐼𝜅(𝐴; 𝑇 ), where equality holds if and only if 𝜅̄(𝑇 |𝐴) = 𝜅.

Proof. (𝑖). Under the distribution 𝑞𝜅(𝐴, 𝑇 ), the deterministic channel defined by 𝗉𝗋 is the
conditional probability of 𝐶 given 𝐴, while 𝜖 is the conditional probability of 𝐴 given 𝐶 ,
where the marginal on𝐴 is 𝜇. Thus, by a straightforward computation, we have (𝜖◦𝗉𝗋)⋅𝜇 = 𝜇.
Using the definition (B.1.6) of 𝜅̄, this implies that

𝜅̄ ⋅ 𝜇 = (𝜅◦𝜖◦𝗉𝗋) ⋅ 𝜇 = 𝜅 ⋅
(

(𝜖◦𝗉𝗋) ⋅ 𝜇
)

= 𝜅 ⋅ 𝜇.

(𝑖𝑖). We have

𝐼𝜅(𝐴; 𝑇 ) =
∑

𝑎∈,𝑡∈supp(𝜅⋅𝜇)
𝜇(𝑎)𝜅(𝑡|𝑎) log

(

𝜅(𝑡|𝑎)
(𝜅 ⋅ 𝜇)(𝑡)

)

=
∑

𝑡∈supp(𝜅⋅𝜇)

∑

𝑐∈

∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅(𝑡|𝑎) log
(

𝜅(𝑡|𝑎)
(𝜅 ⋅ 𝜇)(𝑡)

)

.

1Maybe this intuition can be given an information-geometric meaning, but this will not be necessary here.
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From the log-sum inequality (Csiszár et al., 2011), for 𝑡 ∈ supp(𝜅 ⋅ 𝜇), 𝑐 ∈ ,
∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅(𝑡|𝑎) log
(

𝜅(𝑡|𝑎)
(𝜅 ⋅ 𝜇)(𝑡)

)

=
∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅(𝑡|𝑎) log
(

𝜇(𝑎)𝜅(𝑡|𝑎)
𝜇(𝑎)(𝜅 ⋅ 𝜇)(𝑡)

)

≥
⎛

⎜

⎜

⎝

∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅(𝑡|𝑎)
⎞

⎟

⎟

⎠

log

(
∑

𝑎∈𝗉𝗋−1(𝑐) 𝜇(𝑎)𝜅(𝑡|𝑎)
∑

𝑎∈𝗉𝗋−1(𝑐) 𝜇(𝑎)(𝜅 ⋅ 𝜇)(𝑡)

)

(B.1.8)
= (𝗉𝗋 ⋅ 𝜇)(𝑐)𝜅𝗉𝗋(𝑡|𝑐) log

( 𝜅𝗉𝗋(𝑡|𝑐)
(𝜅 ⋅ 𝜇)(𝑡)

)

(B.1.9)

=
∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅̄(𝑡|𝑎) log
(

𝜅̄(𝑡|𝑎)
(𝜅 ⋅ 𝜇)(𝑡)

)

(B.1.10)

=
∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅̄(𝑡|𝑎) log
(

𝜅̄(𝑡|𝑎)
(𝜅̄ ⋅ 𝜇)(𝑡)

)

, (B.1.11)

where line (B.1.9) uses the definition (B.1.5) of 𝜅𝗉𝗋; line (B.1.10) uses the definition (B.1.7)
of 𝜅̄; and line (B.1.11) uses point (𝑖) proven above. Moreover, from the equality case of the
log-sum inequality (Csiszár et al., 2011), equality holds in (B.1.8) if and only if 𝜅(𝑡|𝑎)𝜇(𝑎)

(𝜅⋅𝜇)(𝑡)𝜇(𝑎) is
constant for 𝑎 ∈ 𝗉𝗋−1(𝑐), i.e., if and only if 𝜅(𝑡|𝑎) is constant for 𝑎 ∈ 𝗉𝗋−1(𝑐). Thus, summing
(B.1.8) over 𝑐 ∈  and 𝑡 ∈ supp(𝜅 ⋅ 𝜇), we get

𝐼𝜅(𝐴; 𝑇 ) ≥
∑

𝑡∈supp(𝜅⋅𝜇)

∑

𝑐∈

∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅̄(𝑡|𝑎) log
(

𝜅̄(𝑡|𝑎)
(𝜅̄ ⋅ 𝜇)(𝑡)

)

= 𝐼𝜅̄(𝐴; 𝑇 ),

with equality if and only if for all 𝑡 ∈ supp(𝜅 ⋅ 𝜇) and all 𝑐, the quantity 𝜅(𝑡|𝑎) is constant for
𝑎 ∈ 𝗉𝗋−1(𝑐) — which means more precisely that for all 𝑎 ∈ 𝗉𝗋−1(𝑐), we have 𝜅(𝑡|𝑎) = 𝜅𝗉𝗋(𝑡|𝑐)
(use equation (B.1.5)). Using equation (B.1.7) thus yields that there is equality if and only if

∀𝑎 ∈ , ∀𝑡 ∈ supp(𝜅 ⋅ 𝜇), 𝜅(𝑡|𝑎) = 𝜅̄(𝑡|𝑎). (B.1.12)
But from point (𝑖) above, we have supp(𝜅 ⋅ 𝜇) = supp(𝜅̄ ⋅ 𝜇). This implies that condi-
tion (B.1.12) is equivalent to 𝜅 = 𝜅̄.
Proposition B.1.5. For all 0 ≤ 𝜆 ≤ Λ, every solution 𝜅 ∈ 𝑅𝐷(𝜆) of (B.1.2) satisfies 𝜅 = 𝜅̄,
i.e., 𝜅 = 𝜅𝗉𝗋◦𝗉𝗋.

Proof. For all 𝜅 ∈ 𝒦 (,  ), assumption (𝑎) in Theorem B.1.3 shows that 𝜅̄ achieves the
same value 𝐷(𝜅̄) = 𝐷(𝜅) of the constraint in the rate-distortion problem (B.1.2); while point
(𝑖𝑖) in Lemma B.1.4 shows that the corresponding value 𝐼𝜅̄(𝐴; 𝑇 ) of the target function is
lower than or equal to 𝐼𝜅(𝐴; 𝑇 ), with equality if and only if 𝜅̄ = 𝜅. In particular, if 𝜅 solves
the IB problem, then we must have 𝜅 = 𝜅̄, i.e., 𝜅 = 𝜅𝗉𝗋◦𝗉𝗋.

This proves point (𝑖𝑖) in Theorem B.1.3.
Lemma B.1.6. For all 𝜅 ∈ 𝒦 (,  ), the following are equivalent:

(𝑃1) There exists a function ℎ ∶  →  such that 𝗉𝗋 = ℎ◦𝜅.

(𝑃2) For all 𝑡 ∈ supp(𝜅 ⋅ 𝜇), there exists some 𝑐 ∈  such that 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(𝑐).

(𝑃3) The channel 𝜅𝗉𝗋 ∈ 𝒦 (,  ) defined in (B.1.4) is congruent (see Definition 2.2.2).
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Proof. (𝑃1) ⇒ (𝑃 2). For all 𝑐 ∈ ,
𝗉𝗋−1(𝑐) = (ℎ◦𝜅)−1(𝑐)

= 𝜅−1
(

ℎ−1(𝑐)
)

=
⋃

𝑡∈ℎ−1(𝑐)

𝜅−1 (𝑡) ,

where we used Lemmma B.1.2. Thus for all 𝑡 ∈  , we have 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(ℎ(𝑡)).
(𝑃2) ⇒ (𝑃3). As {𝗉𝗋−1(𝑐)}𝑐∈ is a partition, for each 𝑡 ∈ supp(𝜅 ⋅𝜇) we have 𝜅−1(𝑡) ≠ ∅

and there exists a unique 𝑐 ∈  such that 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(𝑐). Define ℎ(𝑡) as this unique 𝑐
if 𝑡 ∈ supp(𝜅 ⋅ 𝜇), and arbitrarily otherwise. Then, using that 𝜇 is full-support, we obtain
𝗉𝗋 = ℎ◦𝜅.

(𝑃2) ⇔ (𝑃3). For all function ℎ ∶  → :
ℎ◦𝜅𝗉𝗋 = 𝖨𝖽 ⇔ ℎ◦𝜅◦𝜖 = 𝖨𝖽

⇒ ℎ◦𝜅 = 𝗉𝗋

⇒ ℎ◦𝜅◦𝜖 = 𝖨𝖽
⇔ ℎ◦𝜅𝗉𝗋 = 𝖨𝖽 ,

where we used the definition (B.1.4) of 𝜅𝗉𝗋 in the first and last line; while the second line
composes each side of the equality by 𝗉𝗋 on the right and uses equation (B.1.3), and the third
line composes each side by 𝜖 on the right and uses equation (B.1.3) again. Thus we have
ℎ◦𝜅𝗉𝗋 = 𝖨𝖽 ⇔ ℎ◦𝜅 = 𝗉𝗋 for all ℎ ∶  → , which yields the result.

Lemma B.1.6 proves the first part of Theorem B.1.3. It remain to show point (𝑖), i.e., that
𝑅𝐷(Λ) = 𝒦𝗉𝗋,𝖼𝗈𝗇𝗀 ∶=

{

𝜄◦𝗉𝗋, 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  )
}

.

Let us first prove the inclusion 𝑅𝐷(Λ) ⊆ 𝒦𝗉𝗋,𝖼𝗈𝗇𝗀. Fix a solution 𝜅 ∈ 𝑅𝐷(Λ). Proposition
B.1.5 proves that 𝜅 = 𝜅𝗉𝗋◦𝗉𝗋. But because we must have 𝐷(𝜅) = Λ, combining assumption
(𝑏) in Theorem B.1.3 with Lemma B.1.6 yields that 𝜅𝗉𝗋 is here congruent. Let us now prove
the converse inclusion 𝒦𝗉𝗋,𝖼𝗈𝗇𝗀 ⊆ 𝑅𝐷(Λ).
Lemma B.1.7. For all 𝜅 ∈ 𝒦𝗉𝗋,𝖼𝗈𝗇𝗀, the channel 𝜅𝗉𝗋 is congruent, and we have 𝐷(𝜅) = Λ
and 𝐼𝜅(𝐴; 𝑇 ) = 𝐻(𝗉𝗋(𝐴)).

Proof. Let 𝜅 = 𝜄◦𝗉𝗋, with 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  ). We must have 𝜄 = 𝜅𝗉𝗋, as for all 𝑐 ∈ , 𝑡 ∈  ,
from (B.1.5),

𝜅𝗉𝗋(𝑡|𝑐) =
∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜅(𝑡|𝑎)
𝜇(𝑐)

=
∑

𝑎∈𝗉𝗋−1(𝑐)

𝜇(𝑎)𝜄(𝑡|𝗉𝗋(𝑎))
𝜇(𝑐)

= 𝜄(𝑡|𝑐).

Thus 𝜅𝗉𝗋 is congruent, so that from assumption (𝑏) in Theorem B.1.3 and Lemma B.1.6, we
have 𝐷(𝜅) = Λ. Let now 𝑓 ∶  →  such that 𝑓◦𝜄 = 𝖨𝖽 . Then 𝑓◦𝜅 = 𝑓◦𝜄◦𝗉𝗋 = 𝗉𝗋. Thus,
using the data-processing inequality (Cover et al., 2009),

𝐼𝜅(𝐴; 𝑇 ) ≥ 𝐼𝜅(𝐴; 𝑓 (𝑇 )) = 𝐼(𝐴; 𝗉𝗋(𝐴)) = 𝐻(𝗉𝗋(𝐴)),

where the last equality holds because 𝗉𝗋 is deterministic. On the other hand, 𝜅 = 𝜄◦𝗉𝗋, implies
the Markov chain 𝐴 − 𝗉𝗋(𝐴) − 𝑇 , and therefore 𝐼𝜅(𝐴; 𝑇 ) ≤ 𝐼(𝐴; 𝗉𝗋(𝐴)) = 𝐻(𝗉𝗋(𝐴)).
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Now, as 𝐷 is continuous, 𝐷−1([Λ,+∞[) = 𝐷−1(Λ) is compact, as it is closed in the com-
pact set 𝒦 (,  ). Therefore problem (B.1.2) is defined as the minimisation of a continuous
function on a compact domain, and has at least one solution, say 𝜅∗, which we know belongs
to𝒦𝗉𝗋,𝖼𝗈𝗇𝗀 from the the inclusion𝑅𝐷(Λ) ⊆𝒦𝗉𝗋,𝖼𝗈𝗇𝗀 that we already proved. But Lemma B.1.7
then implies that for all 𝜅 ∈ 𝒦𝗉𝗋,𝖼𝗈𝗇𝗀, we have𝐷(𝜅) = 𝐷(𝜅∗) and 𝐼𝜅(𝐴; 𝑇 ) = 𝐼𝜅∗(𝐴; 𝑇 ). Thus
any 𝜅 ∈ 𝒦𝗉𝗋,𝖼𝗈𝗇𝗀 must also be a solution, i.e., 𝜅 ∈ 𝑅𝐷(Λ). This ends the proof.

B.2 Proof of Theorem 2.2.3

Let us set  ∶=  , 𝜇 ∶= 𝜇(𝑋, 𝑌 ), 𝐷(𝜅) ∶= 𝐼𝜅(𝑇 , 𝑌 ) for all 𝜅 ∈ 𝒦 ( ,  ), and let 𝗉𝗋 ∶  →
 be the projection on the equivalence classes ( 𝑐)𝑐∈ of the relation ∼ defined in (2.2.3).
Then𝑅𝐷(𝜆) = IB(𝜆) for all 0 ≤ 𝜆 ≤ Λ ∶= 𝐼(𝑋; 𝑌 ) (where𝑅𝐷(𝜆) and IB(𝜆) are resp. defined
in (B.1.2) and (2.2.1)), and the conclusions of Theorem B.1.3 directly yield points (𝑖) and (𝑖𝑖)
in Theorem 2.2.3. Let us thus first prove that the assumptions (𝑎) and (𝑏) from Theorem B.1.3
are indeed satisfied here.

We will keep using the other notations defined at the beginning of Section B.1.2. In
particular, using equations (B.1.5) and (B.1.7), here, for all 𝑥 ∈  , 𝑡 ∈  ,

𝜅̄(𝑡|𝑥) =
∑

𝑐∈
𝛿𝑥∈𝑐

∑

𝑥′∈𝑐

𝜇(𝑥′)
𝜅(𝑡|𝑥′)
𝜇( 𝑐)

, (B.2.1)

Moreover, for all 𝜅 ∈ 𝒦 ( ,  ), we denote by 𝐼𝜅(𝑌 ; 𝑇 ) the mutual information defined by
the marginal 𝑞𝜅(𝑌 ; 𝑇 ) of 𝑞𝜅(𝑋, 𝑌 , 𝑇 ).
Lemma B.2.1. For all 𝜅 ∈ 𝒦 ( ,  ), we have 𝑞𝜅̄(𝑌 ; 𝑇 ) = 𝑞𝜅(𝑌 , 𝑇 ). In particular 𝐼𝜅̄(𝑌 ; 𝑇 ) =
𝐼𝜅(𝑌 ; 𝑇 ).

Proof. For all 𝑦 ∈  , 𝑡 ∈  ,
𝑞𝜅̄(𝑦, 𝑡) =

∑

𝑥∈
𝜇(𝑦, 𝑥)𝜅̄(𝑡|𝑥) =

∑

𝑐∈

∑

𝑥∈𝑐

𝜇(𝑦, 𝑥)𝜅̄(𝑡|𝑥)

=
∑

𝑐∈

∑

𝑥,𝑥′∈𝑐

𝜇(𝑦, 𝑥)𝜇(𝑥′)
𝜅(𝑡|𝑥′)
𝜇( 𝑐)

(B.2.2)

=
∑

𝑐∈

∑

𝑥,𝑥′∈𝑐

𝜇(𝑦, 𝑥′)𝜇(𝑥)
𝜅(𝑡|𝑥′)
𝜇( 𝑐)

(B.2.3)

=
∑

𝑐∈

∑

𝑥′∈𝑐

𝜇(𝑦, 𝑥′)𝜅(𝑡|𝑥′)

=
∑

𝑥∈
𝜇(𝑦, 𝑥′)𝜅(𝑡|𝑥′) = 𝑞(𝑦, 𝑡),

where the first and last lines use that { 𝑐}𝑐∈ = {𝗉𝗋−1(𝑐)}𝑐∈ is a partition of  ; line (B.2.2)
uses equation (B.2.1); and line (B.2.3) uses the definition of the equivalence relation ∼ (see
equation (2.2.3)): i.e., for 𝑥, 𝑥′ ∈  𝑐 , we have for all 𝑦 ∈  , 𝜇(𝑦|𝑥) = 𝜇(𝑦|𝑥′), which is
equivalent to 𝜇(𝑦, 𝑥)𝜇(𝑥′) = 𝜇(𝑦, 𝑥′)𝜇(𝑥).
Lemma B.2.2. For all 𝜅 ∈ 𝒦 ( ,  ), we have 𝐼𝜅(𝑇 ; 𝑌 ) ≤ 𝐼(𝑋; 𝑌 ), with equality if and only
if for all 𝑡 ∈ supp(𝑞𝜅(𝑇 )), there exists 𝑐 ∈  such that 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(𝑐).
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Proof. We have

𝐼𝜅(𝑇 ; 𝑌 ) =
∑

𝑦∈supp(𝜇 ),𝑡∈supp(𝑞𝜅 (𝑇 ))
𝜇(𝑦)𝑞𝜅(𝑡|𝑦) log

(

𝑞𝜅(𝑡|𝑦)
𝑞𝜅(𝑡)

)

=
∑

𝑦∈supp(𝜇 ),𝑡∈supp(𝑞𝜅 (𝑇 ))
𝜇(𝑦)

(

∑

𝑥
𝜇(𝑥|𝑦)𝜅(𝑡|𝑥)

)

log
(
∑

𝑥 𝜇(𝑥|𝑦)𝜅(𝑡|𝑥)
∑

𝑥 𝜇(𝑥)𝜅(𝑡|𝑥)

)

.

But for all 𝑦 ∈ supp(𝜇 ) and 𝑡 ∈ supp(𝑞𝜅(𝑇 )), from the log-sum inequality (Csiszár et al.,
2011), with the convention 0 log(00 ) ∶= 0,

(

∑

𝑥
𝜇(𝑥|𝑦)𝜅(𝑡|𝑥)

)

log
(
∑

𝑥 𝜇(𝑥|𝑦)𝜅(𝑡|𝑥)
∑

𝑥 𝜇(𝑥)𝜅(𝑡|𝑥)

)

≤
∑

𝑥
𝜇(𝑥|𝑦)𝜅(𝑡|𝑥) log

(

𝜇(𝑥|𝑦)𝜅(𝑡|𝑥)
𝜇(𝑥)𝜅(𝑡|𝑥)

)

.

(B.2.4)
So that, summing over 𝑦 and 𝑡, we get 𝐼𝜅(𝑌 ; 𝑇 ) ≤ 𝐼(𝑋; 𝑌 ), with equality if and only if for
all 𝑦 ∈ supp(𝜇 ), 𝑡 ∈ supp(𝑞𝜅(𝑇 )), it holds in (B.2.4). From the equality case of the log-sum
inequality (Csiszár et al., 2011), the latter is equivalent to the existence of nonzero constants
(𝛼𝑦,𝑡)𝑦∈supp(𝜇 ),𝑡∈supp(𝑞𝜅 (𝑇 )) such that

∀𝑥 ∈  , 𝜇(𝑥)𝜅(𝑡|𝑥) = 𝛼𝑦,𝑡𝜇(𝑥|𝑦)𝜅(𝑡|𝑥),

i.e., such that, for all 𝑦 ∈ supp(𝜇 ), 𝑡 ∈ supp(𝑞𝜅(𝑇 )), the quantity 𝜇(𝑥|𝑦)
𝜇(𝑥) is constant on the

subset of elements 𝑥 ∈  for which 𝜅(𝑡|𝑥) > 0. But the latter subset is precisely the preimage
𝜅−1(𝑡), and

𝜇(𝑥|𝑦)
𝜇(𝑥)

= 1
𝜇(𝑦)

𝜇(𝑦|𝑥),

where 1
𝜇(𝑦)

does not depend on 𝑥. Thus we proved that 𝐼(𝑌 ; 𝑇 ) = 𝐼(𝑋; 𝑌 ) holds if and only
if for all 𝑡 ∈ supp(𝑞𝜅(𝑇 )), the distribution 𝜇(𝑌 |𝑥) does not depend on 𝑥 ∈ 𝜅−1(𝑡): i.e., if
and only if for all 𝑡 ∈ supp(𝑞𝜅(𝑇 )), there exists 𝑐 ∈  such that 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(𝑐) (use the
definition (2.2.3) of the equivalence relation ∼ defining the projection 𝗉𝗋).

Lemmas B.2.1 and B.2.2 prove that the assumptions resp. (𝑎) and (𝑏) in Theorem B.1.3.
Thus the conclusions of the latter theorem hold in our case, which implies point (𝑖) and (𝑖𝑖)
in Theorem 2.2.3. Assumptions (𝑎) and (𝑏) being here satisfied also implies that all the inter-
mediary lemmas from Section B.1.2 hold as well. This will be useful for the proof of points
(𝑖𝑖𝑖) to (𝑣) in Theorem 2.2.3, to which we now turn.

Proposition B.1.5 ensures that for all 𝜆 ∈ [0,Λ] and 𝜅 ∈ IB(𝜆), we have the factorisation
𝜅 = 𝜅𝗉𝗋◦𝗉𝗋, with 𝜅𝗉𝗋 defined in (B.1.4). Thus, for all 𝜙 ∈ Bij(),

𝜙 ∈ ci ⇔ ∀𝑥 ∈  , 𝜇(𝑌 |𝑥) = 𝑝(𝑌 |𝜙 ⋅ 𝑥)
⇔ ∀𝑥 ∈  , 𝑥 ∼ 𝜙 ⋅ 𝑥
⇔ 𝗉𝗋◦𝜙 = 𝗉𝗋

⇒ 𝜅𝗉𝗋◦𝗉𝗋◦𝜙 = 𝜅𝗉𝗋◦𝗉𝗋

⇔ 𝜅◦𝜙 = 𝜅,

(B.2.5)

which yields point (𝑖𝑣) of Theorem 2.2.3. Moreover, if we assume that 𝜆 = Λ, then from
Lemma B.1.7, here 𝜅𝗉𝗋 is a congruent channel, i.e., there exists a function 𝑓 such that 𝑓◦𝜅𝗉𝗋
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is the identity on . Therefore the only implication in (B.2.5) becomes an equivalence as well,
which yields point (𝑖𝑖𝑖) of Theorem 2.2.3.

Let us now prove point (𝑣) in Theorem 2.2.3. The statement is equivalent to proving
that the equivalence relation defined by the partition in orbits under ci, which we denote
here by ∼ci, coincides with the equivalence relation ∼ defined in (2.2.3). Moreover, by
definition of an orbit, 𝑥 ∼ci 𝑥′ means that there exitst 𝜙 ∈ Bij() such that 1) 𝜙 ∈ ci, i.e.,
𝜇(𝑌 |𝜙 ⋅ 𝑥′′) = 𝜇(𝑌 |𝑥′′) for all 𝑥′′ ∈  , and 2) 𝑥′ = 𝜙 ⋅ 𝑥.

Thus 𝑥 ∼ci 𝑥′ clearly implies 𝜇(𝑌 |𝑥) = 𝜇(𝑌 |𝑥′), i.e., 𝑥 ∼ 𝑥′. Conversely, let us fix
𝑥, 𝑥′ ∈  such that 𝑥 ∼ 𝑥′. We define 𝜙 as the transposition that permutes 𝑥 and 𝑥′, and
fixes all the other elements of  . It is straightforward to verify that 𝜙 satisfies points 1) and
2) above, i.e., that we have 𝑥 ∼ci 𝑥′.

This ends the proof of Theorem 2.2.3.

B.3 Appendix for Section 2.3

B.3.1 On the projection on the exponential family

Let us denote by 𝖼𝗅  the topological closure of the exponential family  in Δ. Here, we
denote by 𝜇̃ ∈ 𝖼𝗅  the unique distribution (Ay et al., 2017) which achieves the minimum in
inf 𝜈∈𝖼𝗅  𝐷(𝜇||𝜈). Note that we always have supp(𝜇) ⊆ supp(𝜇̃), because otherwise

𝐷(𝜇||𝜇̃) = +∞ > inf
𝜈∈

𝐷(𝜇||𝜈).

I.e., as here 𝜇 is assumed full support, the distribution 𝜇̃ is full support as well. Thus 𝜇̃ is both
in 𝖼𝗅  and the interior of the simplex Δ, which implies that 𝜇̃ ∈  : in particular, it achieves
the minimum in inf 𝜈∈ 𝐷(𝜇||𝜈).

Let us now prove that 𝜇̃ also achieves the latent space divergence, i.e., for all 𝜅 ∈ 𝒦 (,  ),
we automatically have 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜇̃) = inf 𝜈∈ 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜈). Indeed, for all 𝜈 ∈ 𝖼𝗅  and
with the convention 0 log(0

0
) ∶= 0,

𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜇̃) −𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜈) =
∑

𝑡∈
(𝜅 ⋅ 𝜇)(𝑡) log

(

(𝜅 ⋅ 𝜈)(𝑡)
(𝜅 ⋅ 𝜇̃)(𝑡)

)

=
∑

𝑡∈

∑

𝑎∈
𝜇(𝑎)𝜅(𝑡|𝑎) log

(
∑

𝑎∈ 𝜈(𝑎)𝜅(𝑡|𝑎)
∑

𝑎∈ 𝜇̃(𝑎)𝜅(𝑡|𝑎)

)

≤
∑

𝑡∈

∑

𝑎∈
𝜇(𝑎)𝜅(𝑡|𝑎) log

(

𝜈(𝑎)𝜅(𝑡|𝑎)
𝜇̃(𝑎)𝜅(𝑡|𝑎)

)

(B.3.1)

=
∑

𝑎∈
𝜇(𝑎) log

(

𝜈(𝑎)
𝜇̃(𝑎)

)

= 𝐷(𝜇||𝜇̃) −𝐷(𝜇||𝜈)
≤ 0, (B.3.2)

where line (B.3.1) uses the log-sum inequality (Csiszár et al., 2011).

B.3.2 Proof of Theorem 2.3.1

Here, we set 𝜇 ∶= 𝜇(𝐴), 𝐷(𝜅) ∶= 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜇̃) for all 𝜅 ∈ 𝒦 (,  ), and 𝗉𝗋 ∶  →  is
the projection on the equivalence classes (𝑐)𝑐∈ of the relation ∼ defined in (2.3.4). Then
𝑅𝐷(𝜆) = DIB(𝜆) for all 0 ≤ 𝜆 ≤ Λ ∶= 𝐷(𝜇||𝜇̃) (where 𝑅𝐷(𝜆) and DIB(𝜆) are resp. defined
in (B.1.2) and (2.3.1)), and the conclusions of Theorem B.1.3 directly yield Theorem 2.3.1.
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Let us thus first prove that the assumptions (𝑎) and (𝑏) from Theorem B.1.3 are indeed satisfied
here.

We will keep using the other notations defined at the beginning of Section B.1.2. In
particular, using equations (B.1.5) and (B.1.7), here, for all 𝑎 ∈ , 𝑡 ∈  ,

𝜅̄(𝑡|𝑎) =
∑

𝑐∈
𝛿𝑎∈𝑐

∑

𝑎∈𝗉𝗋−1(𝑐)

𝜅(𝑡|𝑎)𝜇(𝑎)
𝜇(𝑐)

. (B.3.3)

We also write 𝑞𝜅 ∶= 𝜇̃𝜅 ∈ Δ× for all 𝜅 ∈ 𝒦 (,  ), where we recall that 𝜇̃ is the projection
of 𝜇 on the exponential family  (see Sections 2.3.1 and B.3.1).
Lemma B.3.1. For all 𝜅 ∈ 𝒦 (,  ), we have 𝜅̄ ⋅ 𝜇 = 𝜅 ⋅ 𝜇 and 𝜅̄ ⋅ 𝜇̃ = 𝜅 ⋅ 𝜇̃. In particular,
𝐷(𝜅̄ ⋅ 𝜇||𝜅̄ ⋅ 𝜇̃) = 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜇̃).

Proof. The equality 𝜅̄ ⋅ 𝜇 = 𝜅 ⋅ 𝜇 is point (𝑖) in Lemma B.1.4. Moreover, for all 𝑡 ∈  ,
(𝜅̄ ⋅ 𝜇̃)(𝑡) =

∑

𝑎∈
𝜇̃(𝑎)𝜅̄(𝑡|𝑥)

=
∑

𝑐∈

∑

𝑎,𝑎′∈𝑐

𝜇̃(𝑎)𝜇(𝑎′)
𝜅(𝑡|𝑎′)
𝜇(𝑐)

(B.3.4)

=
∑

𝑐∈

∑

𝑎,𝑎′∈𝑐

𝜇(𝑎)𝜇̃(𝑎′)
𝜅(𝑡|𝑎′)
𝜇(𝑐)

(B.3.5)

=
∑

𝑐∈

∑

𝑎′∈𝑐

𝜇̃(𝑎′)𝜅(𝑡|𝑎′)

=
∑

𝑎∈
𝜇̃(𝑎′)𝜅(𝑡|𝑎′) = (𝜅 ⋅ 𝜇̃)(𝑡),

where the first and last lines use that (𝑐)𝑐∈ = (𝗉𝗋−1(𝑐))𝑐∈ is a partition of  ; line (B.3.4)
uses equation (B.3.3); and line (B.3.5) uses the definition of the equivalence relation ∼ (see
equation (2.3.4)): i.e., for 𝑎, 𝑎′ ∈ 𝑐 , we have 𝜇̃(𝑎)𝜇(𝑎′) = 𝜇(𝑎)𝜇̃(𝑎′).
Lemma B.3.2. For all 𝜅 ∈ 𝒦 (,  ), we have 𝐷(𝑞𝜅(𝑇 )||𝑞𝜅̄(𝑇 )) ≤ 𝐷(𝜇||𝜇̃), with equality if
and only if for all 𝑡 ∈ supp(𝜅 ⋅ 𝜇), there exists 𝑐 ∈  such that 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(𝑐) ∶= 𝑐 .

Proof. We have

𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ 𝜇̃) =
∑

𝑡∈supp(𝜅⋅𝜇)

(

∑

𝑎∈supp(𝜇)
𝜅(𝑡|𝑎)𝜇(𝑎)

)

log

(
∑

𝑎∈supp(𝜇) 𝜅(𝑡|𝑎)𝜇(𝑎)
∑

𝑎∈supp(𝜇) 𝜅(𝑡|𝑎)𝜇̃(𝑎)

)

,

But for all 𝑡 ∈ supp(𝜅 ⋅ 𝜇), from the log-sum inequality (Csiszár et al., 2011), with the
convention 0 log(0

0
) ∶= 0,

(

∑

𝑎∈supp(𝜇)
𝜅(𝑡|𝑎)𝜇(𝑎)

)

log

(
∑

𝑎∈supp(𝜇) 𝜅(𝑡|𝑎)𝜇(𝑎)
∑

𝑎∈supp(𝜇) 𝜅(𝑡|𝑎)𝜇̃(𝑎)

)

≤
∑

𝑎∈supp(𝜇)
𝜅(𝑡|𝑎)𝜇(𝑎) log

(

𝜅(𝑡|𝑎)𝜇(𝑎)
𝜅(𝑡|𝑎)𝜇̃(𝑎)

)

.

(B.3.6)
So that, summing over 𝑡, we get𝐷(𝜅 ⋅𝜇||𝜅 ⋅ 𝜇̃) ≤ 𝐷(𝜇||𝜇̃), with equality if and only if for

all 𝑡 ∈  , it holds in (B.3.6). From the equality case of the log-sum inequality (Csiszár et al.,
2011), the latter is equivalent to the existence of nonzero constants (𝛼𝑡)𝑡∈supp(𝜅⋅𝜇) such that

∀𝑎 ∈  𝜅(𝑡|𝑎)𝜇(𝑎) = 𝛼𝑡𝜅(𝑡|𝑎)𝜇̃(𝑎),
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i.e., such that, for all 𝑡 ∈ supp(𝜅 ⋅𝜇), we have 𝜇(𝑎) = 𝛼𝑡𝜇̃(𝑎) for all 𝑎 ∈  such that 𝜅(𝑡|𝑎) > 0,
i.e.,

∀𝑡 ∈ supp(𝜅 ⋅ 𝜇), ∀𝑎 ∈ 𝜅−1(𝑡),
𝜇(𝑎)
𝜇̃(𝑎)

= 𝛼𝑡

In the above, note that the fraction 𝜇(𝑎)
𝜇̃(𝑎)

does make sense, because here supp(𝜇̃) =  (see
Section B.3.1). Thus we proved that equality holds in (B.3.6) if and only if for all 𝑡 ∈ supp(𝜅 ⋅
𝜇), the quotient 𝜇(𝑎)∕𝜇̃(𝑎) is constant on 𝜅−1(𝑡), i.e., if and only if for all 𝑡 ∈ supp(𝜅 ⋅ 𝜇), there
exists an 𝑐 such that 𝜅−1(𝑡) ⊆ 𝗉𝗋−1(𝑐) = 𝑐 (see the definition (2.3.4) of the equivalence
relation defining the projection 𝗉𝗋.)

Lemmas B.2.1 and B.2.2 prove that the assumptions resp. (𝑎) and (𝑏) in Theorem B.1.3.
Thus the conclusions of the latter theorem hold in our case, which ends the proof of Theo-
rem 2.2.3.

Moreover, note that assumptions (𝑎) and (𝑏) being here satisfied also implies that all the
intermediary lemmas from Section B.1.2 hold as well. This will be useful for the proof of
Theorem 2.3.4 below.

B.3.3 Proof of Lemma 2.3.3

Writing 𝑃𝑌 |𝑋 the column transition matrix corresponding to the channel 𝜇(𝑌 |𝑋),
(𝜎, 𝜏) ∈ ce ⇔ 𝑃𝑌 |𝑋𝑃𝜎 = 𝑃𝜏𝑃𝑌 |𝑋

⇔ 𝑃𝑌 |𝑋 = 𝑃𝜏𝑃𝑌 |𝑋𝑃𝜎−1
⇔ 𝑃𝑌 |𝑋 = 𝑃𝜏⋅𝑌 |𝜎⋅𝑋 ,

where the last equivalence comes from the fact that the left multiplication of 𝑃𝑌 |𝑋 by the
permutation matrix 𝑃𝜏 induces the permutation 𝜏 of the rows of 𝑃𝑌 |𝑋 ; whereas the right
multiplication of 𝑃𝑌 |𝑋 by the permutation matrix 𝑃𝜎−1 induces the permutation (𝜎−1)−1 = 𝜎
of the columns of 𝑃𝑌 |𝑋 . This proves the equivalence (𝑖) ⇔ (𝑖𝑖). But this implies that, denoting
by [(𝑥, 𝑦)] the orbit of a point (𝑥, 𝑦) under the equivariance group’s action,

𝗉𝗋ce(𝑥1, 𝑦1) = 𝗉𝗋ce(𝑥2, 𝑦2)
⇔ [(𝑥1, 𝑦1)] = [(𝑥2, 𝑦2)]

⇔ ∃ (𝜎, 𝜏) ∈ Bij() × Bij() ∶

{

(𝜙, 𝜓) ∈ ce,
(𝜙⊗ 𝜓)(𝑥1, 𝑦1) = (𝑥2, 𝑦2).

⇔ ∃ (𝜎, 𝜏) ∈ Bij() × Bij() ∶

{

∀ (𝑥, 𝑦) ∈  ×  , 𝜇(𝑦|𝑥) = 𝜇(𝜏 ⋅ 𝑦|𝜎 ⋅ 𝑥),
(𝜙⊗ 𝜓)(𝑥1, 𝑦1) = (𝑥2, 𝑦2).

From this equivalence, the equivalence (𝑖𝑖) ⇔ (𝑖𝑖𝑖) easily follows. This ends the proof of
Lemma 2.3.3.

B.3.4 Proof of Theorem 2.3.4

Points (𝑖) and (𝑖𝑖) are direct applications of Theorem 2.3.1.
(𝑖𝑖𝑖) − (𝑖𝑣). The proof is almost identical to that of points (𝑖𝑖𝑖) − (𝑖𝑣) of Theorem 2.2.3

(see Appendix B.2). Let here 𝗉𝗋 denote the projection defined by the relation
(𝑥, 𝑦) ∼ (𝑥′, 𝑦′) ⇔ 𝜇(𝑦|𝑥) = 𝜇(𝑦′|𝑥′)
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Proposition B.1.5 ensures that for all 𝜆 and 𝜅 ∈ DIBce(𝜆), we have the factorisation 𝜅 = 𝜅̄◦𝗉𝗋,
where 𝜅̄ = 𝑞(𝑇 |𝐽 ) is defined in (B.1.4). Thus, for all (𝜙, 𝜓) ∈ Bij() × Bij(),

(𝜙, 𝜓) ∈ ce ⇔ ∀(𝑥, 𝑦) ∈  ×  , 𝜇(𝑦|𝑥) = 𝜇(𝜓 ⋅ 𝑦|𝜙 ⋅ 𝑥)
⇔ ∀(𝑥, 𝑦) ∈  ×  , (𝑥, 𝑦) ∼ (𝜙 ⋅ 𝑥, 𝜓 ⋅ 𝑦)
⇔ 𝗉𝗋◦(𝜙, 𝜓) = 𝗉𝗋

⇒ 𝜅̄◦𝗉𝗋◦(𝜙, 𝜓) = 𝜅̄◦𝗉𝗋
⇔ 𝜅◦(𝜙, 𝜓) = 𝜅,

(B.3.7)

where the first equivalence uses Lemma 2.3.3. This yields point (𝑖𝑣) in Theorem 2.3.4. More-
over, if we assume that 𝜆 = Λ, then from Lemma B.1.7, here 𝜅̄ is a congruent channel, i.e.,
there exists a function 𝑓 such that 𝑓◦𝜅̄ is the identity on . Thus the only implication in
(B.3.7) becomes an equivalence as well, which yields point (𝑖𝑖𝑖) of Theorem 2.3.4.

(𝑣). Here, the reasoning used for the proof of point (𝑣) in Theorem 2.2.3 does not work.
Indeed the transposition Φ ∈ Bij( × ) that permutes two pairs (𝑥, 𝑦) and (𝑥′, 𝑦′) and fixes
all the other ones does not have a split form 𝜙⊗𝜓 for some (𝜙, 𝜓) ∈ Bij() ×Bij(). Let us
exhibit an explicit counter-example. Let  = {1, 2, 3} and  = {1, 2}, with 𝜇(𝑋) uniform
and 𝜇(𝑌 |𝑋) defined through the row transition matrix

⎛

⎜

⎜

⎝

𝑐 𝑝12
𝑝21 𝑐
𝑝31 𝑝32

⎞

⎟

⎟

⎠

where we choose 𝑐, 𝑝12, 𝑝21, 𝑝31, and 𝑝32 pairwise distinct. It can be easily shown that this
channel has no non-trivial equivariances, i.e., ce = {𝑒×}, so that the projection on orbits
𝗉𝗋ce is the identity of  ×  . Yet the projection 𝗉𝗋 defined by the the relation ∼ will here
identify the two pairs (𝑥, 𝑦) such that 𝜇(𝑦|𝑥) = 𝑐. Therefore 𝗉𝗋ce ≠ 𝗉𝗋.

This ends the proof of Theorem 2.3.4.

B.3.5 Relation to the Intertwining IB

The present work (which was published in (Charvin et al., 2025)) is a follow-up on that in
(Charvin et al., 2023b); in this section we explicitly relate the two. In the latter reference, we
considered what we called the Intertwining IB problem:

IIB(𝜆) ∶= argmin
𝜅 ∈𝒦 (× , ) ∶

𝐷(𝜅⋅𝜇||𝜅⋅(𝜇⊗𝜇 ))≥𝜆

𝐼𝜅(𝑋, 𝑌 ; 𝑇 ), (B.3.8)

where 𝜇 and 𝜇 are the marginals of 𝜇 on resp.  and  . It can easily be verified this is a
DIB problem with  = Δ ⊗ Δ and 𝒦𝗌𝗁𝖺𝗉𝖾 = 𝒦 ( ×  ,  ).

Problem (B.3.8) is used in (Charvin et al., 2023b) to characterise equivariances under
specific conditions: if (𝑖) the distribution 𝜇 is discrete and full support, and (𝑖𝑖) 𝜇 is uniform,
then the solution 𝜅 to (B.3.9) with 𝜆 = 𝐼(𝑋; 𝑌 ) are such that a pair (𝜙, 𝜓) ∈ Bij() × Bij()
is an equivariance if and only if 𝜅◦(𝜙⊗ 𝜓) = 𝜅.

Thus, Section 2.3.2 is an improvement on the latter result: here, we replace the Intertwin-
ing IB problem by the similar problem DIBce, from which we obtain the same characterisation
as above, except that the assumption (𝑖𝑖) that 𝜇 is uniform can now be dropped. Note that
the latter assumption holds precisely when the hierarchical model IIB ∶= Δ ⊗ Δ from
(Charvin et al., 2023b) coincides with the hierachical model ce ∶= Δ ⊗ {𝜐} from Sec-
tion 2.3.2 (where 𝜐 is the uniform distribution on ). In this sense, we have clarified that
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ce, and not IIB, is the “correct” hierarchical model to characterise — and soften — equiv-
ariances.

B.3.6 The classic IB is a Divergence IB

Ref. (Charvin et al., 2023b) proves that the classic IB can be formulated as an Intertwining
IB with specific constraints on the shape of compression channels. More precisely, define 
as  ∶= IB ×  with IB ∶= ℕ, 2 and consider the set

𝒦IB ∶= {𝜅 ⊗ 𝖨𝖽 ∶ 𝜅 ∈ 𝒦 ( , IB)} ⊂ 𝒦 ( ×  , IB × )

of channels that can compress the  coordinate but copy the  coordinate. This leads to the
problem

IIB𝒦IB(𝜆) ∶= argmin
𝜅 ∈𝒦IB(𝑋,𝑌 ) ∶

𝐷(𝜅⋅𝜇||𝜅⋅(𝜇⊗𝜇 ))=𝜆

𝐼𝜅(𝑋, 𝑌 ; 𝑇 ), (B.3.9)

where 𝜇 and 𝜇 are the marginals of 𝜇 on resp.  and  Then:
Proposition B.3.3 ((Charvin et al., 2023b), Prop. 5). For every 0 ≤ 𝜆 ≤ 𝐼(𝑋; 𝑌 ), a channel
𝜅 ⊗ 𝖨𝖽 ∈ 𝒦IB(𝑋, 𝑌 ) solves the problem (B.3.9) if and only if 𝜅 solves the IB problem
(2.2.1).

In this sense, the classic IB is equivalent to the problem (B.3.9). Importantly, in can be
easily verified that the latter is a DIB with 𝒦𝗌𝗁𝖺𝗉𝖾 = 𝒦IB(𝑋,𝑌 ) and  = Δ ⊗ Δ .

However, for the sake of consistency with the results presented in this work, let us also
prove that the classic IB is equivalent to a DIB with still 𝒦𝗌𝗁𝖺𝗉𝖾 = 𝒦IB(𝑋,𝑌 ), but now

 = ce ∶= {𝜈𝜐 , 𝜈 ∈ Δ},

which is the exponential family used in Section 2.3.2 to fully characterise channel equivari-
ances.

As mentioned in Section 2.3.2, we have 𝐷(𝜇||ce) = 𝐷(𝜇||𝜇 ⊗ 𝜐 ), where 𝜇 is the
marginal of 𝜇 on  and 𝜐 the uniform distribution on  . Moreover for 𝜅 = 𝜅⊗𝖨𝖽 ∈ 𝒦IB,
we have 𝜅 ⋅𝜇 = 𝑞𝜅(𝑇 , 𝑌 ), while 𝜅 ⋅ (𝜇⊗𝜐 ) = 𝑞𝜅(𝑇 )⊗𝜐 and 𝜅 ⋅ (𝜇⊗𝜇 ) = 𝑞𝜅(𝑇 )⊗𝜇 ,
where we recall that 𝑞𝜅(𝑋, 𝑌 , 𝑇 ) ∶= 𝜇𝜅. Thus

𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ ce) = 𝐷(𝑞𝜅(𝑇 , 𝑌 )||𝑞𝜅(𝑇 )⊗ 𝜐 )
= 𝐷(𝑞𝜅(𝑇 , 𝑌 )||𝑞𝜅(𝑇 )⊗ 𝜇 ) +𝐷(𝜇 ||𝜐 )
= 𝐷(𝜅 ⋅ 𝜇||𝜅 ⋅ (𝜇 ⊗ 𝜇 )) +𝐷(𝜇 ||𝜐 ).

Therefore the constraint function in the DIB defined in (B.3.9), and the constraint function
for the same problem but with IIB replaced by ce, differ by a constant 𝐾 that depends only
on 𝜇 , which is here fixed. In particular, the corresponding DIB problems are equivalent, in
that for all 0 ≤ 𝜆 ≤ 𝐷(𝜇||𝜇 ⊗ 𝜇 ),

IIB𝒦IB(𝜆) = DIBce,𝒦IB(𝜆 +𝐾).

As Proposition B.3.3 proves that IIB𝒦IB is equivalent to the classic IB, this proves that DIBce,𝒦IBis also equivalent to the classic IB (up to shifting the trade-off parameter 𝜆 by a constant 𝐾).
In particular, our framework captures channel invariances — which are a special case

of channel equivariances with trivial action on the output space — by using the exponential
2This choice is formally equivalent to  ∶= ℕ, as there is a bijection between ℕ and ℕ ×  .
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family ce that captures equivariances, and imposing the additional constraint 𝒦IB of only
compressing the input space but leaving the output space unchanged.

B.3.7 Proof of Theorem 2.3.6

The proof is almost identical to that of points (𝑖𝑣) and (𝑣) of Theorem 2.2.3 (see Appendix
B.2). Here DIB(Λ) denotes the solutions to the specific DIB problem defined in Section 2.3.3,
and 𝗉𝗋 the corresponding projection defined by

𝑎 ∼ 𝑎 ⇔ 𝜇(𝑎) = 𝜇(𝑎′) (B.3.10)
Point (𝑖𝑖) in Theorem 2.3.1 ensures that for all 𝜆 and 𝜅 ∈ DIB(𝜆), we have the factorisation
𝜅 = 𝜅̄◦𝗉𝗋, with 𝜅̄ defined in (B.1.6). Thus, for all Φ ∈ Bij(),

Φ ∈ di ⇔ ∀𝑎 ∈ , 𝜇(𝑎) = 𝜇(Φ ⋅ 𝑎)
⇔ ∀𝑎 ∈ , 𝑎 ∼ Φ ⋅ 𝑎
⇔ 𝗉𝗋◦Φ = 𝗉𝗋

⇒ 𝜅̄◦𝗉𝗋◦Φ = 𝜅̄◦𝗉𝗋
⇔ 𝜅◦Φ = 𝜅.

(B.3.11)

This yields point (𝑖𝑖𝑖) of Theorem 2.3.1. Moreover, if we assume that 𝜆 = Λ, then from
Lemma B.1.7, here 𝜅̄ is a congruent channel, i.e., there exists a function 𝑓 such that 𝑓◦𝜅̄ is
the identity on ̄ . Therefore the only implication in (B.3.11) becomes an equivalence as well,
which yields point (𝑖).

(𝑖𝑖𝑖). The statement is equivalent to proving that the equivalence relation defined by the
partition in orbits under di, which we denote here by ∼di, coincides with the equivalence
relation ∼ defined in (B.3.10). Moreover, by definition of an orbit, 𝑎 ∼di 𝑎′ means that there
exitst Φ ∈ di such that (𝑖) Φ ∈ di, i.e., 𝑝(Φ ⋅ 𝑎′′) = 𝑝(𝑎′′) for all 𝑎′′ ∈ , and (𝑖𝑖) 𝑎′ = Φ ⋅ 𝑎.

Thus 𝑎 ∼di 𝑎′ clearly implies 𝜇(𝑎) = 𝜇(𝑎′), i.e., 𝑎 ∼ 𝑎′. Conversely, let us fix 𝑎, 𝑎′ ∈ 
such that 𝑎 ∼ 𝑎′. We define Φ ∈ Bij() as the transposition that permutes 𝑎 and 𝑎′, and fixes
all the other elements of . It is straightforward to verify that Φ satisfies points (𝑖) and (𝑖𝑖)
above, i.e., that we have 𝑎 ∼di 𝑎′.

This ends the proof of Theorem 2.3.6.

B.4 Appendix for section 2.3.4

In this appendix, the distribution 𝜇(𝐴) is allowed to not be full support, and we denote by 
this support. In this case, there is still a unique distribution 𝜇̃ in the closure 𝖼𝗅  of  such
that 𝐷(𝜇||𝜇̃) = inf 𝑟∈ 𝐷(𝜇||𝜇̃) (Ay et al., 2017). We denote by ̃ the support of 𝜇̃. Note
that 𝐷(𝜇||𝜇̃) = inf 𝑟∈ 𝐷(𝜇||𝑟) < +∞ implies  ⊆ ̃ . Whenever this yields no confusion,
we remove the subscript 𝜅 from the distribution 𝑞𝜅(𝐴, 𝑇 ) ∶= 𝑞𝜅 or any of its marginals and
conditional distributions: e.g., 𝑞(𝑇 ) ∶= 𝑞𝜅(𝑇 ). Similarly 𝑞(𝐴, 𝑇 ) ∶= 𝜇̃𝜅. We also assume
now that  is finite, and we define the DIB Lagrangian, on 𝒦 (,  ), as

𝛽(𝜅) ∶= 𝐼𝜅(𝐴; 𝑇 ) − 𝛽𝐷(𝑞(𝑇 )||𝑞(𝑇 )). (B.4.1)
After technical preliminaries in Section B.4.1, we prove in Section B.4.2 the following neces-
sary condition for local minimisers 𝜅 of (B.4.1): for all 𝑎 ∈ supp(𝜇(𝐴)) and 𝑡 ∈ supp(𝑞𝜅(𝑇 )),

𝜅(𝑡|𝑎) = 1
𝑍(𝑎, 𝛽)

𝑞(𝑡) exp
[

−𝛽
(

𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

− log
(

𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

)

− 1
)]

, (B.4.2)
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where 𝑞(𝑡) ∶= ∑

𝑎 𝜇(𝑎)𝜅(𝑡|𝑎) and 𝑞(𝑡) ∶= ∑

𝑎 𝜇̃(𝑎)𝜅(𝑡|𝑎), with 𝑍(𝑎, 𝛽) a normaliser. From
this fixed-point equation, we obtain a Blahut-Arimoto (BA) algorithm with the same guaran-
tees as BA for the classic IB (Tishby et al., 2000) (see Section B.4.2). Eventually, we provide
more details on effective cardinality in Section B.4.3.

B.4.1 Minimisers on  ⊆  yield minimisers on 

In this section, we reduce the minimisation of𝛽 on𝒦 (,  ) to a minimisation over channels
defined only on the support  of 𝜇 = 𝜇(𝐴). More precisely, we show that a minimiser
of 𝛽 can always be obtained the following way: choose a minimiser 𝜅 ∈ 𝒦 ( ,  ) of the
Lagrangian 𝛽 restricted to 𝒦 ( ,  ), and extend it to a channel in 𝒦 (,  ) by sending ⧵
on a dummy symbol 𝑡0 ∉ supp(𝜅 ⋅𝜇). This allows us, in our numerical experiments, to reduce
the computation of minimisers of (B.4.1) to that of the same Lagrangian restricted to channels
defined only on the support  ⊆ . This restriction to the support allows us to then use the
BA algorithm (see Section B.4.2), which indeed can only be applied on the support  .

Let 𝜅 ∈ 𝒦 (,  ). We write 𝜅 ∈ 𝒦 ( ,  ) and 𝜇 (𝐴) the restrictions of 𝜅, resp. 𝜇,
to 𝒦 ( ,  ), resp. Δ: i.e., 𝜅 (𝑡|𝑎) ∶= 𝜅(𝑡|𝑎) and 𝜇 (𝑎) ∶= 𝜇(𝑎) for all 𝑎 ∈  , 𝑡 ∈  We
extend all the notations relating to 𝜅 in Section B.3 to 𝜅 ; in particular, for 𝑎 ∈  , 𝑡 ∈  ,

𝑞 (𝑡) ∶=
∑

𝑎∈
𝑞 (𝑡, 𝑎) ∶=

∑

𝑎∈
𝜇 (𝑎)𝜅 (𝑡|𝑎) =

∑

𝑎∈
𝜇(𝑎)𝜅(𝑡|𝑎) = 𝑞(𝑡), (B.4.3)

𝑞 (𝑡) ∶=
∑

𝑎∈
𝑞 (𝑡, 𝑎) ∶=

∑

𝑎∈
𝜇̃ (𝑎)𝜅 (𝑡|𝑎) ∶=

∑

𝑎∈
𝜇̃(𝑎)𝜅(𝑡|𝑎),

or
𝛽, (𝜅 ) ∶= 𝐼𝜅 (𝐴; 𝑇 ) − 𝛽𝐷(𝑞 (𝑇 )||𝑞 (𝑇 )) (B.4.4)

∶=
∑

𝑎∈ ,𝑡∈supp(𝑞 (𝑇 ))
𝜇 (𝑎)𝜅 (𝑡|𝑎) log

(

𝜅 (𝑡|𝑎)
𝑞 (𝑡)

)

− 𝛽
∑

𝑡∈supp(𝑞 (𝑇 ))
𝑞 (𝑡) log

(

𝑞 (𝑡)
𝑞 (𝑡)

)

.

We also denote by ̃ ⊆  the support of 𝜇̃ = 𝜇̃(𝐴).
Proposition B.4.1. Let 𝜅 ∈ 𝒦 (,  ). Then 𝜅 is a global minimum of 𝛽 if and only If

(i) 𝜅 is a global minimum of 𝛽, ,

(ii) For all 𝑡 ∈ supp(𝑞𝜅(𝑇 )) and 𝑎 ∈ ̃ ⧵  , we have 𝜅(𝑡|𝑎) = 0.

In particular, if 𝜅 is a global minimum 𝛽, , we obtain a global minimum of 𝛽 with the
extension 𝜅′(𝑇 |𝐴) ∈ 𝒦 (,  ) of 𝜅 defined through

𝜅′(𝑇 |𝑎) ∶=

{

𝜅 (𝑇 |𝑎) if 𝑎 ∈  ,
𝛿𝑡0 if 𝑎 ∈  ⧵  ,

(B.4.5)

where we chose 𝑡0 ∈  ⧵ supp(𝑞𝜅(𝑇 )).
Before proving this result, let us recall that 𝑞(𝑡) = ∑

𝑎∈ 𝜇(𝑎)𝜅(𝑡|𝑎), so that supp(𝑞(𝑇 )) =
supp(𝑞 (𝑇 )) can be seen as the “probabilistic image of  through the channel 𝜅”, and does
not depend on the values of 𝜅(𝑡|𝑎) for 𝑎 ∈ ̃ ⧵ . Thus the condition (𝑖𝑖) in Proposition B.4.1
means that 𝜅 sends the elements of  and ̃ ⧵  on distinct subsets of bottleneck symbols
in  . Moreover, intuitively, the channel 𝜅′(𝑇 |𝐴) extends 𝜅 by sending all the elements 𝑎
outside  on a “dummy” symbol 𝑡0 which lies outside the image supp(𝑞 (𝑇 )) of  through
𝜅 .
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Proof. We have

𝐷(𝑞(𝑇 )||𝑞(𝑇 )) =
∑

𝑡∈supp(𝑞(𝑇 ))
𝑞(𝑡) log

(

𝑞(𝑡)
𝑞(𝑡)

)

=
∑

𝑡∈supp(𝑞(𝑇 )),𝑎∈
𝜅(𝑡|𝑎)𝜇(𝑎) log

(
∑

𝑎∈ 𝜅(𝑡|𝑎)𝜇(𝑎)
∑

𝑎∈ 𝜅(𝑡|𝑎)𝜇̃(𝑎)

)

=
∑

𝑡∈supp(𝑞(𝑇 )),𝑎∈
𝜅(𝑡|𝑎)𝜇(𝑎) log

(

∑

𝑎∈ 𝜅(𝑡|𝑎)𝜇(𝑎)
∑

𝑎∈ 𝜅(𝑡|𝑎)𝜇̃(𝑎) +
∑

𝑎∈̃⧵ 𝜅(𝑡|𝑎)𝜇̃(𝑎)

)

≤
∑

𝑡∈supp(𝑞(𝑇 )),𝑎∈
𝜅(𝑡|𝑎)𝜇(𝑎) log

(
∑

𝑎∈ 𝜅(𝑡|𝑎)𝜇(𝑎)
∑

𝑎∈ 𝜅(𝑡|𝑎)𝜇̃(𝑎)

)

(B.4.6)

=
∑

𝑡∈supp(𝑞(𝑇 )),𝑎∈
𝜅′(𝑡|𝑎)𝜇(𝑎) log

(
∑

𝑎∈ 𝜅
′(𝑡|𝑎)𝜇(𝑎)

∑

𝑎∈ 𝜅′(𝑡|𝑎)𝜇̃(𝑎)

)

=
∑

𝑡∈supp(𝑞(𝑇 )),𝑎∈
𝜅′(𝑡|𝑎)𝜇(𝑎) log

(
∑

𝑎∈ 𝜅
′(𝑡|𝑎)𝜇(𝑎)

∑

𝑎∈ 𝜅′(𝑡|𝑎)𝜇̃(𝑎)

)

(B.4.7)

=
∑

𝑡∈ ,𝑎∈
𝜅′(𝑡|𝑎)𝜇(𝑎) log

(
∑

𝑎∈ 𝜅
′(𝑡|𝑎)𝜇(𝑎)

∑

𝑎∈ 𝜅′(𝑡|𝑎)𝜇̃(𝑎)

)

(B.4.8)

= 𝐷(𝑞′(𝑇 )||𝑞′(𝑇 )),

where we defined the marginals 𝑞′(𝑇 ) ∶= ∑

𝑡∈ 𝜅
′(𝑡|𝑎)𝜇(𝑎) and 𝑞′(𝑇 ) ∶= ∑

𝑡∈ 𝜅
′(𝑡|𝑎)𝜇̃(𝑎).

Note that (B.4.7) uses 𝜅′(𝑡|𝑎) = 0 for 𝑎 ∈  ⧵  , 𝑡 ∈ supp(𝑞(𝑇 )), and (B.4.8) uses the
definition (B.4.5) of 𝜅′(𝑇 |𝐴), which implies

𝜅′(𝑡0|𝑎)𝜇(𝑎) = (0 × 𝜇(𝑎)) 𝛿𝑎∈ + (𝜅′(𝑡0|𝑎) × 0) 𝛿𝑎∈⧵ = 0,

and thus
∑

𝑎∈
𝜅′(𝑡0|𝑎)𝜇(𝑎) log

(
∑

𝑎∈ 𝜅
′(𝑡0|𝑎)𝜇(𝑎)

∑

𝑎∈ 𝜅′(𝑡0|𝑎)𝜇̃(𝑎)

)

= 0.

Moreover, the r.h.s. of (B.4.6) coincides with 𝐷(𝑞 (𝑇 )||𝑞 (𝑇 )). On the other hand it is
straightforward to verify that 𝐼𝜅(𝐴; 𝑇 ) = 𝐼𝜅′(𝐴; 𝑇 ) = 𝐼𝜅 (𝐴; 𝑇 ). Thus

𝛽(𝜅) ≥ 𝛽(𝜅′) = 𝛽, (𝜅 ), (B.4.9)
and equality is achieved in (B.4.9) if and only if it is achieved in (B.4.6). The latter is equiva-
lent to ∑

𝑎∈̃⧵ 𝜅(𝑡|𝑎)𝜇̃(𝑎) = 0 for all 𝑡 ∈ supp(𝑞(𝑇 )), i.e., to 𝜅(𝑡|𝑎) = 0 for all 𝑡 ∈ supp(𝑞(𝑇 ))
and 𝑎 ∈ ̃ ⧵  , i.e., to point (𝑖𝑖) in Proposition B.4.1.

Assume now that 𝜅 minimises 𝛽 . Then equation (B.4.9) and its equality case clearly
imply point (𝑖𝑖) in Proposition B.4.1. Moreover, if 𝜅 ,1 is another channel in 𝒦 ( ,  ), we
can extend it to a channel 𝜅′1 similarly as in (B.4.5), which yields

𝛽, (𝜅 ,1) = 𝛽(𝜅′1) ≥ 𝛽(𝜅) = 𝛽(𝜅′) = 𝛽, (𝜅 ),

whence point (𝑖) in Proposition B.4.1.
Conversely, assume that points (𝑖) and (𝑖𝑖) hold. Fix an arbitrary channel 𝜅1 ∈ 𝒦 (,  )
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and write 𝜅 ,1 ∈ 𝒦 ( ,  ), resp. 𝜅′1 ∈ 𝒦 (,  ), the restriction of 𝜅1 to  , resp. the corre-
sponding channel defnied similarly as in (B.4.5). Then

𝛽(𝜅1) ≥ 𝛽(𝜅′1) = 𝛽, (𝜅 ,1)
≥ 𝛽, (𝜅 ) = 𝛽(𝜅′) = 𝛽(𝜅),

where the last equality uses point (𝑖𝑖) and the equality case of (B.4.9). Therefore 𝜅 is indeed
a global minimum of 𝛽 .

B.4.2 Self-consistent equation and Blahut-Arimoto algorithm

Here we describe a Blahut-Arimoto (BA) iterative algorithm to compute the minimisers of
the DIB Lagrangian (B.4.1). Following Proposition B.4.1, we aim at a minimiser 𝜅 of the
Lagrangian 𝛽, restricted to  ∶= supp(𝜇(𝐴)) (see equation (B.4.4)), which automatically
yields solutions for channels defined on the whole alphabet  (see equation (B.4.5)). To
alleviate notations, in this section we will directly write 𝜅 and 𝛽 instead of 𝜅 and 𝛽, .
As we will see, our algorithm does not provably converge to a global minimum of the DIB
Lagrangian, but it has the same guarantees as the BA algorithm for the classic IB (Tishby et
al., 2000): namely, the values of the Lagrangian decrease at each step and converge to a fixed
value, and the limit of a corresponding convergent sequence (𝜅𝑖)𝑖∈ℕ must satisfy equation
(B.4.2).

Critical points are characterised by a self-consistent equation

Taking into account the constraints ∑

𝑡∈ 𝜅(𝑡|𝑎) = 1 for all 𝑎 ∈  , but not the inequality
constraints 𝜅(𝑡|𝑎) ≥ 0 for all 𝑎 ∈  , 𝑡 ∈  , we obtain the extended Lagrangian

𝛽,𝛼(𝜅) ∶= 𝐼𝜅(𝐴; 𝑇 ) − 𝛽𝐷(𝑞𝜅(𝑇 )||𝑞(𝑇 )) +
∑

𝑎∈ ,𝑡∈
𝛼𝑎𝜅(𝑡|𝑎), (B.4.10)

for some family of real parameters (𝛼𝑎)𝑎∈. We derive 𝛽,𝛼 on the open quadrant
+ ∶= {(𝜅(𝑡|𝑎))𝑎∈ ,𝑡∈ ∶ ∀𝑎 ∈  ,∀𝑡 ∈  , 𝜅(𝑡|𝑎) > 0} = (ℝ+)||| |.

First, 𝑞(𝑡) ∶= ∑

𝑥′ 𝜇(𝑎′)𝜅(𝑡|𝑎′) and 𝑞(𝑡) ∶= ∑

𝑥′ 𝜇̃(𝑎′)𝜅(𝑡|𝑎′), so that
𝜕𝜅(𝑡|𝑎)𝑞(𝑡) = 𝜇(𝑎),
𝜕𝜅(𝑡|𝑎)𝑞(𝑡) = 𝜇̃(𝑎).
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Moreover, note that 𝑞(𝑇 ) and 𝑞(𝑇 ) are strictly positive for (𝜅(𝑡|𝑎))𝑎,𝑡 ∈ +. Thus we can
write

𝜕𝜅(𝑡|𝑎)𝐼𝜅(𝐴; 𝑇 ) = 𝜕𝜅(𝑡|𝑎)
∑

𝑎′,𝑡′
𝜇(𝑎′)𝜅(𝑡′|𝑎′) log

(

𝜅(𝑡|𝑎′)
𝑞(𝑡)

)

= 𝜇(𝑎) log
(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

+
∑

𝑎′
𝜇(𝑎′)𝜅(𝑡|𝑎′)

𝑞(𝑡)
𝜅(𝑡|𝑎′)

𝑞(𝑡)𝛿𝑎′=𝑎 − 𝜇(𝑎)𝜅(𝑡|𝑎′)
𝑞(𝑡)2

= 𝜇(𝑎) log
(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

+
∑

𝑎′
𝜇(𝑎′)

(

𝛿𝑎′=𝑎 −
𝜇(𝑎)𝜅(𝑡|𝑎′)

𝑞(𝑡)

)

= 𝜇(𝑎) log
(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

+ 𝜇(𝑎) − 𝜇(𝑎)
𝑞(𝑡)
𝑞(𝑡)

= 𝜇(𝑎) log
(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

,

and

𝜕𝜅(𝑡|𝑎)𝐷(𝑞(𝑇 )||𝑞(𝑇 )) = 𝜕𝜅(𝑡|𝑎)
∑

𝑎′,𝑡′
𝜇(𝑎′)𝜅(𝑡′|𝑎′) log

(

𝑞(𝑡)
𝑞(𝑡)

)

= 𝜇(𝑎) log
(

𝑞(𝑡)
𝑞(𝑡)

)

+
∑

𝑎′
𝜇(𝑎′)𝜅(𝑡|𝑎′)

𝑞(𝑡)
𝑞(𝑡)

𝜇(𝑎)𝑞(𝑡) − 𝜇̃(𝑎)𝑞(𝑡)
𝑞(𝑡)2

= 𝜇(𝑎) log
(

𝑞(𝑡)
𝑞(𝑡)

)

+

(

∑

𝑎′
𝜇(𝑎′)𝜅(𝑡|𝑎′)

)

(

𝜇(𝑎)
𝑞(𝑡)

−
𝜇̃(𝑎)
𝑞(𝑡)

)

= 𝜇(𝑎) log
(

𝑞(𝑡)
𝑞(𝑡)

)

+ 𝑞(𝑡)
(

𝜇(𝑎)
𝑞(𝑡)

−
𝜇̃(𝑎)
𝑞(𝑡)

)

= 𝜇(𝑎) log
(

𝑞(𝑡)
𝑞(𝑡)

)

+ 𝜇(𝑎) −
𝑞(𝑡)
𝑞(𝑡)

𝜇̃(𝑎).

Therefore

𝜕𝜅(𝑡|𝑎)𝛽,𝛼(𝜅) = 𝜇(𝑎) log
(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

− 𝛽
(

𝜇(𝑎) log
(

𝑞(𝑡)
𝑞(𝑡)

)

+ 𝜇(𝑎) −
𝑞(𝑡)
𝑞(𝑡)

𝜇̃(𝑎)
)

+ 𝛼𝑎.

Now, recall that here the input set of 𝜅 = 𝜅 is  = supp(𝜇(𝐴)). Hence, we can absorb
𝜇(𝑎) into the constant 𝛼𝑎, and get that a necessary condition for local minimisers of the DIB
Lagrangian 𝛽 on + is the existence of constants (𝛼𝑎)𝑎 ∈ ℝ|| such that

log
(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

− 𝛽
(

log
(

𝑞(𝑡)
𝑞(𝑡)

)

+ 1 −
𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

)

+ 𝛼𝑎 = 0

i.e., such that

𝜅(𝑡|𝑎) = 𝑞(𝑡) exp
[

𝛽
(

log
(

𝑞(𝑡)
𝑞(𝑡)

)

+ 1 −
𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

)

+ 𝛼𝑎

]

.

Thus we proved that local minimisers of the DIB Lagrangian 𝛽 over the set of channels
𝜅 ∈ 𝒦 ( ,  ) with strictly positive entries satisfy the necessary condition

𝜅(𝑡|𝑎) = 1
𝑍(𝑎, 𝛽)

𝑞(𝑡) exp
[

−𝛽
(

𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

− log
(

𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

)

− 1
)]

, (B.4.11)
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where 𝑍(𝑎, 𝛽) is a positive normaliser. Note that in (B.4.11), we added the factor 𝜇̃(𝑎)
𝜇(𝑎) in the

logarithm. This equivalent reformulation is more suited to the implementation of the Blahut-
Arimoto algorithm described below. Indeed, in this form, the expression in the exponential is
always non-positive (as shown by the study of the function 𝑥 → 𝑥−log(𝑥)−1), which avoids
overflow for large 𝛽.

A priori, there might also be local minimisers of 𝛽 on the border of 𝒦 ( ,  ). For the
sake of completeness, let us outline an argument showing that this is actually not the case.
The computations above show that, deriving 𝛽(𝜅) as a function on +, we get

𝜕𝜅(𝑡|𝑎)𝛽(𝜅) = 𝜇(𝑎)
[

log
(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

− 𝛽
(

log
(

𝑞(𝑡)
𝑞(𝑡)

)

+ 1 −
𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

)]

.

In particular, for 𝜅 ∈ 𝒦 ( ,  ) strictly positive but with at least one coordinate approaching
0, the directional derivative w.r.t this coordinate diverges to −∞. Indeed,𝐷(𝜇||𝜇̃) < +∞ im-
plies  = supp(𝜇(𝐴)) ⊆ supp(𝜇̃(𝐴)), while each 𝜅(𝑇 |𝑎) is a probability, with 𝜇(𝐴) and
𝜇̃(𝐴) fixed; so that there are strictly positive constants 𝑘 and 𝐾 such that 𝑘 ≤ 𝑞(𝑡) ∶=
∑

𝑎 𝜇(𝑎)𝜅(𝑡|𝑎) ≤ 𝐾 and 𝑘 ≤ 𝑞(𝑡) ∶=
∑

𝑎 𝜇̃(𝑎)𝜅(𝑡|𝑎) ≤ 𝐾 for all 𝑡 ∈ supp(𝑞(𝑇 )) and all
𝜅 ∈ +. Thus the term log

(

𝑞(𝑡)
𝑞(𝑡)

)

+ 1 − 𝑞(𝑡)𝜇̃(𝑎)
𝑞(𝑡)𝜇(𝑎)

remains bounded as well. But as 𝑞(𝑡) ≥ 𝑘, on
the other hand log

(

𝜅(𝑡|𝑎)
𝑞(𝑡)

)

diverges to −∞ when 𝜅(𝑡|𝑎) goes to 0.
Using classic arguments, we can then use the divergence to −∞ of the gradient close to

the border, along with the continuity of 𝛽 on the whole closed set 𝒦 ( ,  ), to prove that 𝜅
cannot be a local minimum of 𝛽 over 𝒦 ( ,  ) if it has a coordinate 𝜅(𝑡|𝑎) equal to 0, i.e.,
if it is on the border of 𝒦 ( ,  ).

Blahut-Arimoto algorithm

Here, we denote by 𝒦+( ,  ) the subset of 𝒦 ( ,  ) made of channels with only positive
entries, by Δ ,+ the open simplex of full-support probabilities on  , and by ℝ+ the positive
real numbers. We define, for 𝜅 ∈ 𝒦 ( ,  ), a probability 𝑟(𝑇 ) ∈ Δ on  , and some 𝑚(𝑇 ) ∈
(ℝ+)| |,
𝐹 (𝜅, 𝑟(𝑇 ), 𝑚(𝑇 ))

∶=
∑

𝑎,𝑡
𝜇(𝑎)𝜅(𝑡|𝑎) log

(

𝜅(𝑡|𝑎)
𝑟(𝑡)

)

− 𝛽
∑

𝑎,𝑡
𝜇(𝑎)𝜅(𝑡|𝑎)

(

log
(

𝑚(𝑡)
𝜇̃(𝑎)
𝜇(𝑎)

)

− 𝑚(𝑡)
𝜇̃(𝑎)
𝜇(𝑎)

+ 1
)

.

The function 𝐹 is thus defined on the open and convex set
𝖣𝗈𝗆𝐹 ∶= 𝒦+( ,  ) × Δ ,+ × (ℝ+)| |.

The next proposition defines the Blahut-Arimoto (BA) algorithm adapted to our problem, and
describes its properties.
Proposition B.4.2. The function𝐹 is convex in each of its coordinates. Moreover, for 𝜅𝑖(𝑇 |𝐴) ∈
𝒦+( ,  ), defining

𝑟𝑖+1(𝑡) ∶=
∑

𝑎
𝜇(𝑎)𝜅𝑖(𝑡|𝑎),

𝑚𝑖+1(𝑡) ∶=
∑

𝑎 𝜇(𝑎)𝜅𝑖(𝑡|𝑎)
∑

𝑎 𝜇̃(𝑎)𝜅𝑖(𝑡|𝑎)
,

𝑞𝑖+1(𝑡|𝑎) ∶=
1

𝑍(𝑎, 𝛽)
𝑟𝑖+1(𝑡) exp

[

−𝛽
(

𝑚𝑖+1(𝑡)
𝜇̃(𝑎)
𝜇(𝑎)

− log
(

𝑚𝑖+1(𝑡)
𝜇̃(𝑎)
𝜇(𝑎)

)

− 1
)]

,

(B.4.12)
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where 𝑍(𝑎, 𝛽) is a positive normaliser, we have:

(i) All quantities in (B.4.12) are well-defined, and (𝑞𝑖+1(𝑇 |𝐴), 𝑟𝑖+1(𝑇 ), 𝑚𝑖+1(𝑇 )) ∈ 𝖣𝗈𝗆𝐹 .

(ii) 𝐹 (𝑞𝑖(𝑇 |𝐴), 𝑟𝑖(𝑇 ), 𝑚𝑖(𝑇 )) = 𝛽(𝑞𝑖(𝑇 |𝐴)) + 𝐾 , where the Lagrangian 𝛽 is defined in
(B.4.1) and 𝐾 is a constant that does not depend on 𝑖.

(iii) At each update of 𝜅𝑖(𝑇 |𝐴), 𝑟𝑖(𝑇 ) and 𝑚𝑖(𝑇 ), the function 𝐹 is minimised w.r.t. the
corresponding coordinate. In particular,

𝐹 (𝑞𝑖+1(𝑇 |𝐴), 𝑟𝑖+1(𝑇 ), 𝑚𝑖+1(𝑇 )) ≤ 𝐹 (𝜅𝑖(𝑇 |𝐴), 𝑟𝑖(𝑇 ), 𝑚𝑖(𝑇 )).

Before proving it, let us first draw the consequences of Proposition B.4.2. Define some
𝑞0(𝑇 |𝐴) ∈ 𝒦+( ,  ), and the corresponding sequence (𝜅𝑖(𝑇 |𝐴), 𝑟𝑖(𝑇 ), 𝑚𝑖(𝑇 ))𝑖≥1 from (B.4.12).
From point (𝑖), the sequence is included in 𝖣𝗈𝗆𝐹 , and from point (𝑖𝑖), we have, for all 𝑖,

𝛽(𝑞𝑖(𝑇 |𝐴)) = 𝐹 ((𝑞𝑖(𝑇 |𝐴), 𝑟𝑖(𝑇 ), 𝑚𝑖(𝑇 ))) −𝐾.

From point (𝑖𝑖𝑖), this yields a non-increasing sequence of images (𝛽(𝑞𝑖(𝑇 |𝐴)))𝑖. As 𝛽 is
bounded from below, this implies that this sequence converges. Moreover, as the closure
𝒦+( ,  ) = 𝒦 ( ,  ) of 𝒦+( ,  ) is compact, we can, up to extracting a subsequence,
assume that (𝜅𝑖(𝑇 |𝐴))𝑖 converges to a point 𝑞∗(𝑇 |𝐴) ∈ 𝒦 ( ,  ).3 From the definition of
(𝜅𝑖(𝑇 |𝐴))𝑖 through (B.4.12) and from the continuity of this iterative equation, we obtain that
the limit 𝑞∗(𝑇 |𝐴) satisfies the fixed-point equation (B.4.11). Hence we proved the claims
made the beginning of Appendix B.4.2 about this BA algorithm. Note that even though 𝐹
is convex in each coordinate, we did not prove that 𝐹 is convex as a whole. Thus we cannot
apply the classic BA arguments (Yeung, 2008) to prove that the sequence (𝛽(𝑞𝑖(𝑇 |𝐴)))𝑖
converges to a global minimum of 𝛽 . However, the statements proved here match exactly
the corresponding statements proven for the BA algorithm in the classic IB case (Tishby et al.,
2000).
Proof of Proposition B.4.2. The convexity of 𝐹 in each coordinate is straightforward. Point
(𝑖) comes from the fact that 𝜅 ∈ 𝒦 ( ,  ), where  is the support of 𝜇(𝐴), which contains
that of 𝜇̃(𝐴) (because 𝐷(𝜇||𝜇̃) < +∞). Point (𝑖𝑖) is a direct computation. Let us now prove
point (𝑖𝑖𝑖).

For fixed (𝑟(𝑇 ), 𝑚(𝑇 )), we know that the function𝐹 (⋅, 𝑟(𝑇 ), 𝑚(𝑇 )) is convex on𝒦+( ,  ),
so that the minimum is achieved at points 𝜅 such that ∇𝜅𝐹 (𝜅, 𝑟(𝑇 ), 𝑚(𝑇 ) = 0. A direct
computation shows that the latter is equivalent to, for all 𝑎 ∈  , 𝑡 ∈  ,

𝜅(𝑡|𝑎) = 1
𝑍(𝑎, 𝛽)

𝑟(𝑡) exp
[

−𝛽
(

𝑚(𝑡)
𝜇̃(𝑎)
𝜇(𝑎)

− log
(

𝑚(𝑡)
𝜇̃(𝑎)
𝜇(𝑎)

)

− 1
)]

, (B.4.13)

where 𝑍(𝑎, 𝛽) is a positive normaliser. Moreover, it is standard (Yeung, 2008) to prove that,
for fixed (𝜅, 𝑚(𝑇 )) ∈ 𝒦+( ,  ) × (ℝ+)| |, the minimimum of 𝐹 w.r.t to 𝑟(𝑇 ) is achieved for

𝑟(𝑇 ) = 𝑞(𝑇 ) ∶=
∑

𝑎
𝜇(𝑎)𝜅(𝑇 |𝑎) (B.4.14)

3In practice, in numerical implementations, we always observed the convergence of (𝜅𝑖(𝑇 |𝐴))𝑖, without any
subsequence extraction.
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Eventually, for fixed (𝜅, 𝑟(𝑇 )) ∈ 𝒦+( ,  ) × Δ ,+ the minimum of 𝐹 w.r.t. 𝑚(𝑇 ) is, again
by convexity, achieved if and only if the corresponding gradient vanishes. But we have

𝜕𝑚(𝑡)𝐹 (𝜅, 𝑟(𝑇 ), 𝑚(𝑇 )) =
∑

𝑎
𝜇(𝑎)𝜅(𝑡|𝑎)

(

1
𝑚(𝑡)

−
𝜇̃(𝑎)
𝜇(𝑎)

)

=
𝑞(𝑡)
𝑚(𝑡)

− 𝑞(𝑡),

so that the gradient w.r.t 𝑚(𝑇 ) cancels if and only if for all 𝑡 ∈  ,

𝑚(𝑡) =
𝑞(𝑡)
𝑞(𝑡)

=
∑

𝑎 𝜇(𝑎)𝜅(𝑡|𝑎)
∑

𝑎 𝜇̃(𝑎)𝜅(𝑡|𝑎)
. (B.4.15)

This proves point (𝑖𝑖𝑖).

B.4.3 Details on effective cardinality

Ref. (Zaslavsky et al., 2019) defines a concept of effective cardinality for the Lagrangian
formulation of the classic IB. Here, we adapt this concept to the DIB framework in its primal
formulation, i.e., problem (2.3.1), and in a way which also encompasses the case supp(𝜇(𝐴)) ⊊
. For 𝜅 = 𝜅 ∈ 𝒦 (,  ), consider the “probabilistic image of  through 𝜅”, i.e.,

𝜅 ⋅ ∶= {𝑡 ∈  ∶ ∃𝑎 ∈  ∶ 𝜅(𝑡|𝑎) > 0}.

Note that this definition depends only on 𝜅 and not on 𝜇(𝐴). We then define the cardinality
of 𝜅 as 𝐾(𝜅) ∶= |𝜅 ⋅|. However, for 𝜅 ∈ DIB(𝜆), the number 𝐾(𝜅) does not necessarily
carry any meaningful information about the DIB problem itself: e.g., it can be easily verified
that composing any 𝜅 ∈ DIB(𝜆) with a congruent channel 𝛾 (which can arbitrarily increase
the cardinality 𝐾(𝜅)) still yields a solution 𝛾◦𝜅 ∈ DIB(𝜆). This motivates the definition of
the minimum number of symbols 𝑡 necessary to describe the output of a bottleneck encoder
𝜅. Formally:
Definition B.4.3. The effective cardinality of a DIB solution 𝜅 ∈ DIB(𝜆) is

𝑘(𝜅) ∶= min
𝛾∈𝒦 ( )∶ 𝛾◦𝜅∈DIB(𝜆) 𝐾(𝛾◦𝜅),

i.e., it is the minimum bottleneck cardinality obtained from a post-processing of 𝜅 that still
produces a DIB solution for the same parameter 𝜆.

Let us fix an arbitrary 𝜅 ∈ DIB(𝜆), write 𝑞(𝐴, 𝑇 ) ∶= 𝜇𝜅 where we use the hook-up
notation (see Section 2.1), and assume first that 𝜇 is full support. It can be shown, using the
log-sum inequality, that 𝑘(𝜅) is the cardinality of the partition ̄ of supp(𝑞(𝑇 )) defined by the
equivalence relation 𝑡 ∼ 𝑡′ ⇔ 𝑞(𝐴|𝑡) = 𝑞(𝐴|𝑡′).

For the non full support case, denote by 𝜇̃(𝐴) the unique distribution satisfying𝐷(𝜇||𝜇̃) =
𝐷(𝜇||) (Ay et al., 2017), and note that𝐷(𝜇||) <∞ implies ⊆ ̃ , where ∶= supp(𝜇(𝐴))
and ̃ ∶= supp(𝜇̃(𝐴)). It can be easily verified that the value of 𝜅(𝑇 |𝑎) for 𝑎 ∈ ̃∁ affects
neither the target nor the constraint function of the DIB problem (2.3.1). However, a direct
consequence of Proposition B.4.1 is that if ̃ ⧵ ≠ ∅, the image 𝜅 ⋅ of  through a solution
𝜅 ∈ DIB(𝜆) must contain at least one symbol 𝑡0 ∉ 𝜅 ⋅  , on which to send the elements of
̃ ⧵  . Here we denoted by 𝜅 ⋅  the “probabilistic image of  through the channel 𝜅 = 𝜅”,
i.e.,

𝜅 ⋅  ∶= {𝑡 ∈  ∶ ∃𝑎 ∈  ∶ 𝜅(𝑡|𝑎) > 0}.
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Note that 𝜅 ⋅  = supp(𝑞𝜅(𝑇 )), for 𝑞𝜅(𝑇 ) ∶= ∑

𝑎∈ 𝜇(𝑎)𝜅(𝑇 |𝑎).It can be easily verified that the previous paragraph implies that in the non full support
case, the effective cardinality becomes |̄ | + 1. Note that this is the situation we encounter
in our numerical experiments (Section 2.4).

We use the above to numerically compute the effective cardinality. Note that the choice
of the threshold for rounding |𝜅(𝑡|𝑎) − 𝜅(𝑡|𝑎′)| to 0 is here important. We choose 10−3.

B.4.4 Computable form of 𝐷𝜇(𝜅||𝒦)

Here we provide more details on the divergence introduced in Section 2.3.4, and prove that it
can be computed directly as a divergence between two channels. Let  ∶= supp(𝜇(𝐴)). For
two channels 𝜅, 𝛾 in either 𝒦 (,  ) or 𝒦 ( ,  ), we define their Kullback-Leibler divergence
𝐷𝜇(𝜅||𝛾) with respect to 𝜇 = 𝜇(𝐴), as (Ay et al., 2017)

𝐷𝜇(𝜅||𝛾) ∶=
∑

𝑎∈
𝜇(𝑎)𝐷(𝜅(𝑇 |𝑎)||𝛾(𝑇 |𝑎)).

We also define, for a group  acting on , the set of input-symmetric channels w.r.t. , i.e.,
𝒦 ∶= {𝛾 ∈ 𝒦 (,  ) ∶ ∀Φ ∈ , 𝛾◦Φ = 𝛾 },

and the corresponding divergence of some 𝜅 ∈ 𝒦 (,  ) from 𝒦 with respect to 𝜇 as (Ay,
2015)

𝐷𝜇(𝜅||𝒦) ∶= min
𝛾∈𝒦

𝐷𝜇(𝜅||𝛾).

For all purposes relevant to this chapter’s scope, we have 𝐷𝜇(𝜅||𝒦) if and only if 𝜅◦Φ = 𝜅
for all Φ ∈ . More precisely:

Assume first that 𝜇(𝐴) is full support. Then, from the continuity of the KL divergence
and the fact that 𝒦 is a closed subset of 𝒦 (,  ), we have 𝐷(𝜅||𝒦) = 0 if and only if
𝜅 ∈ 𝒦, i.e., 𝜅◦Φ = 𝜅 for all Φ ∈ .

Let us now drop the full support assumption on 𝜇(𝐴), but assume instead that (𝑖) the
group  leaves  invariant, and (𝑖𝑖) the channel 𝜅 = 𝜅 is as 𝜅′(𝑇 |𝐴) in equation (B.4.5),
i.e., it sends ∁ on a single symbol outside the image of  through 𝜅. From point (𝑖), the
action of  on  induces an action on  , and a corresponding set 𝒦, . Denote by 𝜅
the restriction of a channel 𝜅 ∈ 𝒦 (,  ) to  . Using both points (𝑖) and (𝑖𝑖), it can be
easily verified that for all 𝜅 ∈ 𝒦 (,  ), we have 𝜅 ∈ 𝒦 if and only if 𝜅 ∈ 𝒦, , and
that 𝐷𝜇(𝜅||𝒦) = 𝐷𝜇(𝜅 ||𝒦, ). From that we can conclude, using the full support case
described above, that here we also have 𝐷𝜇(𝜅||𝒦) if and only if 𝜅◦Φ = 𝜅 for all Φ ∈ .

Note that points (𝑖) and (𝑖𝑖) are satisfied in our numerical experiments in Section 2.4, and
that they are also automatically satisfied if 𝜇(𝐴) is full support.

Let us now provide a form of 𝐷𝜇(𝜅||𝒦) which is easier to compute.
Proposition B.4.4. Fix 𝜇(𝐴) ∈ Δ, a finite group  acting on  and leaving  invariant,
and 𝜅 ∈ 𝒦 (,  ). Then

𝐷𝜇(𝜅||𝒦) = 𝐷𝜇(𝜅||𝜅)

where 𝜅 ∈ 𝒦 ( ,  ) is defined through, for 𝑎 ∈  and 𝑡 ∈  ,

𝜅(𝑡|𝑎) ∶=
∑

𝑎′∈[𝑎] 𝜇(𝑎′)𝜅(𝑡|𝑎′)
𝜇([𝑎])

,
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with [𝑎] the orbit of 𝑎 under the action of .

Intuitively, 𝜅 is the average of the channel 𝜅 over the group  acting on its input, com-
puted using the distribution 𝜇 on the input.
Proof. It is enough to prove that for all 𝛾 ∈ 𝒦,

𝐷𝜇(𝜅||𝜅) ≤ 𝐷𝜇(𝜅||𝛾).

For 𝑎 ∈  , we have [𝑎] ⊆  (because  leaves  invariant), and 𝜅(𝑇 |𝑎′) is well-defined and
constant for 𝑎′ ∈ [𝑎]. Moreover, for 𝛾 ∈ 𝒦, it is straightforward to verify that 𝛾(𝑇 |𝑎′) is
also constant for 𝑎′ ∈ [𝑎], so that

∑

𝑎′∈[𝑎]
𝛾(𝑡|𝑎′)𝜇(𝑎′) = 𝛾(𝑡|𝑎)𝜇([𝑎]).

Thus, for 𝛾 ∈ 𝒦, and 𝑎1,… , 𝑎𝑛 a system of representatives of all the orbits included in  ,

𝐷𝜇(𝜅||𝛾) −𝐷𝜇(𝜅||𝜅) =
∑

𝑎∈ ,𝑡∈
𝜇(𝑎)𝜅(𝑡|𝑎) log

(𝜅(𝑡|𝑎)
𝛾(𝑡|𝑎)

)

=
𝑛
∑

𝑖=1

∑

𝑡
log

(𝜅(𝑡|𝑎𝑖)
𝛾(𝑡|𝑎𝑖)

)

∑

𝑎∈[𝑎𝑖]
𝜇(𝑎)𝜅(𝑡|𝑎)

=
𝑛
∑

𝑖=1

∑

𝑡
log

(∑

𝑎∈[𝑎𝑖]
𝜅(𝑡|𝑎)𝜇(𝑎)

∑

𝑎∈[𝑎𝑖]
𝛾(𝑡|𝑎)𝜇(𝑎)

)

∑

𝑎∈[𝑎𝑖]
𝜇(𝑎)𝜅(𝑡|𝑎)

= 𝐷(𝑞1||𝑞2) ≥ 0,

where 𝑞1 and 𝑞2 are distributions defined on ∕ ×  , through
𝑞1([𝑎𝑖], 𝑡) =

∑

𝑎∈[𝑎𝑖]
𝜇(𝑎)𝜅(𝑡|𝑎),

𝑞2([𝑎𝑖], 𝑡) =
∑

𝑎∈[𝑎𝑖]
𝜇(𝑎)𝑡(𝑡|𝑎).

B.5 Proof of Proposition 2.5.1

Proposition 2.5.1. Assume that 𝜇 ∈ Δ× is full-support and 𝜌 ∈ 𝒦⊗
 ( × ). Then

𝐼𝜌(𝑋, 𝑌 ;𝑋′, 𝑌 ′
|𝐺) ≤ 𝐻(𝑋, 𝑌 )

with equality if and only if for all 𝑔 ∈ , the channels 𝜙𝑔 ∈ 𝒦 () and 𝜓𝑔 ∈ 𝒦 () such that
𝜌𝑔 = 𝜙𝑔 ⊗𝜓𝑔 are both defined by a bijective function.

Proof. Let us first fix 𝑔 ∈ . Then we have
𝐼𝜌(𝑋, 𝑌 ;𝑋′, 𝑌 ′

|𝐺 = 𝑔) ≤ 𝐻(𝑋, 𝑌 |𝐺 = 𝑔) (B.5.1)
with equality achieved if and only if, given 𝐺 = 𝑔, the variable (𝑋, 𝑌 ) is a deterministic
function of (𝑋′, 𝑌 ′), i.e., if and only if the restriction of the conditional distribution 𝜌𝑔 to the
support of 𝜇 is a congruent channel (see Definition 2.2.2). But as 𝜇 is here full-support, the
latter condition means that 𝜌𝑔 is a congruent channel from × to itself: i.e., that it is defined
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by a bijective function. Moreover, as we assumed that 𝜌𝑔 = 𝜙𝑔 ⊗ 𝜓𝑔 for some 𝜙𝑔 ∈ 𝒦 ()
and 𝜓𝑔 ∈ 𝒦 (), the channel 𝜌𝑔 is defined by a bijective function if and only if both 𝜙𝑔 and
𝜓𝑔 are. Summing (B.5.1) over 𝑔 ∈  with uniform weights 1

|| , we obtain

𝐼𝜌(𝑋, 𝑌 ;𝑋′, 𝑌 ′
|𝐺) ≤ 𝐻(𝑋, 𝑌 |𝐺) (B.5.2)

with equality achieved in (B.5.2) if and only if it is achieved in (B.5.1) for all 𝑔 ∈ , i.e., if
and only if for all 𝑔 ∈ , both 𝜙𝑔 and 𝜓𝑔 are defined by a bijective function. But here (𝑋, 𝑌 )
and 𝐺 are independent (see (2.5.1)), so that 𝐻(𝑋, 𝑌 |𝐺) = 𝐻(𝑋, 𝑌 ).

This ends the proof of Proposition 2.5.1.
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Appendix C

Appendix for Chapter 3

C.1 Appendix for Section 3.1

C.1.1 Proof of Proposition 3.1.2

Proposition 3.1.2. There exists a (set-theoretic) class-pose decomposition w.r.t. 𝜌 if and only
if the restricted actions 𝜌𝑐 and 𝜌𝑐′ are isomorphic for all 𝑐, 𝑐′ ∈ .

Proof. Assume that (𝜅, 𝜃, 𝜉) is a class-pose decomposition w.r.t. 𝜌, and fix 𝑐, 𝑐′ ∈ . Denote
by 𝜙 ∶  ×  →  the inverse of (𝜅, 𝜃). Note that

𝜙(𝑐,) = (𝜅, 𝜃)−1(𝑐,) = 𝜅−1(𝑐) ∩ 𝜃−1() = 𝜅−1(𝑐) =  𝑐 ,

where the last equality uses that 𝜅 is the projection on orbits. We can thus consider the map
𝜙𝑐 ∶  →  𝑐

𝑝 → 𝜙𝑐(𝑝) ∶= 𝜙(𝑐, 𝑝).

As 𝜙 is a bijection, the map 𝜙𝑐 is a bijection between the pose space  and the orbit  𝑐 . More
precisely, as 𝜙𝑐(𝜃(𝑥)) = 𝜙(𝑐, 𝜃(𝑥)) = 𝜙(𝜅(𝑥), 𝜃(𝑥)) = 𝑥 for all 𝑥 ∈  𝑐 , the map 𝜙𝑐 is the
inverse of the restriction 𝜃𝑐 of 𝜃 to  𝑐 — and similarly for 𝑐′. But by assumption, for all 𝑔 ∈ 
we have 𝜃𝑐◦𝜌𝑐𝑔 = 𝜉𝑔◦𝜃𝑐 (see point (𝑖𝑖)′ before proposition 3.1.2), so which from the above is
equivalent to 𝜌𝑐𝑔◦𝜙𝑐 = 𝜙𝑐◦𝜉𝑔. Combined with the equality 𝜃𝑐′◦𝜌𝑐′𝑔 = 𝜉𝑔◦𝜃𝑐

′ , this yields the
following commutative diagram:

 𝑐′  𝑐′

 

 𝑐  𝑐

𝜌𝑐′𝑔

𝜃𝑐′ 𝜃𝑐′

𝜉𝑔

𝜙𝑐 𝜙𝑐

𝜌𝑐𝑔

and, in particular,
𝜌𝑐𝑔◦𝜙

𝑐◦𝜃𝑐
′ = 𝜙𝑐◦◦𝜃◦𝜌𝑐

′

𝑔 ,

where 𝜙𝑐◦𝜃𝑐′ is a bijection from  𝑐′ to  𝑐: i.e., 𝜌𝑐 and 𝜌𝑐′ are isomorphic.
Assume now that for all 𝑐, 𝑐′ ∈ , the group actions 𝜌𝑐 and 𝜌𝑐′ are isomorphic. In partic-

ular, for fixed 𝑐0 ∈  and all 𝑐 ∈ , there exists a bijective map 𝜃𝑐 ∶  𝑐 →  𝑐0 such that for
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all 𝑔 ∈ , the diagram

 𝑐  𝑐

 𝑐0  𝑐0

𝜌𝑐𝑔

𝜃𝑐 𝜃𝑐

𝜌𝑐0𝑔

is commutative. From points (𝑖𝑖)′ and (𝑖𝑖𝑖)′ before Proposition 3.1.2, this proves that defining
𝜃(𝑥) ∶= 𝜃𝑐(𝑥) for all 𝑥 ∈  , 𝑐 ∈  such that 𝑥 ∈  𝑐 , and 𝜉 ∶= 𝜌𝑐 , the tuple (𝜅, 𝜃, 𝜉) defines
a class-pose decomposition of 𝜌, where 𝜅 is the projection on orbits. This ends the proof of
Proposition 3.1.2.

C.1.2 Proof of Proposition 3.1.5

Proposition 3.1.5. Let (𝜌𝑐)𝑐∈ be a family of actions of the same group  on resp. state spaces
( 𝑐)𝑐∈ . The j-factor relation between the joinings of (𝜌𝑐)𝑐∈ is a pre-order: i.e., it is reflexive
and transitive.

Proof. The reflexivity is straightforward (take 𝗉𝗋 equal to the identity map). Let us prove the
transitivity. Assume that 𝜉, 𝜉′ and 𝜉′′ are each joinings of the family of group actions (𝜌𝑐)𝑐∈ ,
on resp. state-spaces  ,  ′ and  ′′. Assume that 𝜉′ is a j-factor of 𝜉 with factor map 𝗉𝗋: i.e.,
the diagram

 

 ′  ′

𝜉𝑔

𝗉𝗋 𝗉𝗋

𝜉′𝑔

(C.1.1)

commutes for all 𝑔 ∈ , and the diagram


 ′

 𝑐

𝗉𝗋

𝜙𝑐

(𝜙′)𝑐

(C.1.2)

commutes for all 𝑐 ∈ ; and that 𝜉′′ is a j-factor of 𝜉′ with factor map 𝗉𝗋′: i.e., the diagram

 ′  ′

 ′′  ′′

𝜉′𝑔

𝗉𝗋′ 𝗉𝗋′

𝜉′′𝑔

(C.1.3)
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commutes for all 𝑔 ∈ , and the diagram
 ′

 ′′

 𝑐

𝗉𝗋′

(𝜙′)𝑐

(𝜙′′)𝑐

(C.1.4)

commutes for all 𝑐 ∈ . By combining diagrams (C.1.1) and (C.1.3), we obtain, for all 𝑔 ∈ ,
the commutativity of the diagram

 

 ′  ′

 ′′  ′′

𝜉𝑔

𝗉𝗋 𝗉𝗋

𝜉′𝑔

𝗉𝗋′ 𝗉𝗋′

𝜉′′𝑔

(C.1.5)

which implies the commutativity of the diagram

 

 ′′  ′′

𝜉𝑔

𝗉𝗋′◦𝗉𝗋 𝗉𝗋′◦𝗉𝗋

𝜉′′𝑔

(C.1.6)

Moreover, by combining diagrams (C.1.2) and (C.1.4), we obtain, for all 𝑐 ∈ , the commu-
tativity of the diagram



 ′

 ′′

 𝑐

𝗉𝗋

(𝜙)𝑐

𝗉𝗋′

(𝜙′)𝑐

(𝜙′′)𝑐

(C.1.7)
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which implies the commutativity of the diagram


 ′′

 𝑐

𝗉𝗋′◦𝗉𝗋

𝜙𝑐

(𝜙′′)𝑐

(C.1.8)

Thus, from Definition 3.1.4, diagrams (C.1.6) and (C.1.8) imply that the joining (𝜉′′, 𝜙′′) is a
j-factor of the joining (𝜉, 𝜙) with factor map 𝗉𝗋′◦𝗉𝗋. This ends the proof of Proposition 3.1.5.

C.2 Measure-theoretic definitions

C.2.1 Measurable spaces (long version of Section 3.2.1)

The basic setting of measure theory comprises the objects that are measured, i.e., specific
subsets of measurable spaces, and the set functions that measure them, i.e., measures. We
start by recalling definitions relating to the former.
Notation. Sets are denoted with calligraphic letters, e.g., , and algebras or 𝜎-algebras with
gothic letters, e.g., 𝔄. A measurable space (,𝔄) is only denoted by  when there is no
ambiguity on the 𝜎-algebra. The algebra, resp. 𝜎-algebra induced
Definition C.2.1. Let  be a set. A 𝜎-algebra on  is a collection 𝔄 of subsets of  such that
(𝑖) it contains , (𝑖𝑖) any complement of element of 𝔄 belongs to 𝔄, and (𝑖𝑖𝑖) any countable
union of elements of 𝔄 belongs to 𝔄. An algebra on  is a collection 𝔄 of subsets of 
satisfying (𝑖) and (𝑖𝑖), but where we only require finite unions of elements of 𝔄 to belong to
𝔄. If 𝔄 is an arbitrary collection of subsets of , we denote by 𝜎(𝔄) the smallest 𝜎-algebra
containing 𝔄, and by 𝖠𝗅𝗀(𝔄) the smallest algebra containing 𝔄. A measurable space is a pair
(,𝔄) where  is a set and 𝔄 a 𝜎-algebra on , and it is only denoted by  when there
is no ambiguity on the 𝜎-algebra. The elements of 𝔄 are then called measurable sets. For
(,𝔄) a measurable space, an algebra 𝔄̃ ⊆ 𝔄 is called a generating algebra if 𝜎(𝔄̃) = 𝔄.
For 𝐸 ⊆ 𝔄, the induced 𝜎-algebra on 𝐸 is 𝔄𝐸 ∶= 𝔄 ∩ 𝐸, which makes (𝐸,𝔄𝐸) into a
measurable space. If not mentioned explicitly, any measurable subset of a measurable space,
when regarded itself as a measurable space, is equipped with the induced 𝜎-algebra. A map
𝑓 between two measurable spaces (,𝔄) and (,𝔅) is called measurable if for all 𝐸 ∈ 𝔅,
we have 𝑓−1(𝐸) ∈ 𝔄.

We will focus our attention, as much as possible, on a class of “nice” measurable spaces:
Definition C.2.2. A Polish space is a set  equipped with a topology  which is:

• Separable: i.e., there exists a countable dense subset,
• Completely metrisable: i.e., there exists a metric that generates the topology of  and

makes it into a complete space (in the sense that all Cauchy sequences converge).
For (,  ) a topological space, the Borel 𝜎-algebra of  is the 𝜎-algebra 𝜎( ) generated
by its topology  . It is also denoted by Bor and its elements are called the Borelians of
. A Borel space (,  , 𝜎( )) is a topological space (,  ) equipped with its 𝜎-algebra of
Borelians. A standard Borel space is a Borel space whose topology makes it a Polish space.
We will often not refer explicitly to the underlying topology of a standard Borel space, and



Appendix C. Appendix for Chapter 3 179

denote it by (,𝔄) where 𝔄 ∶= Bor, or just  when this yields no confusion. The set ℝ of
real numbers is always equipped with its usual topology (which is Polish) and corresponding
Borelians, with measurable subsets equipped with the induced topology and 𝜎-algebra.

Standard Borel spaces are “nice” because they encompass many important examples (e.g.,
countable spaces, Euclidean spaces, separable Banach spaces, differential manifolds1), but
still have enough structure for many desirable properties to hold. Most importantly for us,
one can take conditional probabilities (see Proposition C.2.16 below) and do ergodic and
information theory (see (Gray, 2009, 2011) and Section 3.4 below). Another fact that will be
useful to us it that the 𝜎-algebras of these spaces are countably generated, in the following
sense:
Proposition C.2.3 ((Gray, 2009) Theorem 4.2). Let (,𝔄) be a standard Borel space. Then
there exists a countable family of measurable subsets {𝐸𝑛}𝑛∈ℕ ⊆ 𝔄 such that𝔄 = 𝜎({𝐸𝑛}𝑛∈ℕ).

Next, we need to define products of measurable spaces.
Definition C.2.4. Let (𝑖,𝔄𝑖)𝑖∈ a family of measurable spaces. For subsets of indices  ′ ⊆
 ⊆ , we denote by

𝗉𝗋→ ′ ∶
⨉

𝑗∈
𝑗 →

⨉

𝑗′∈ ′

𝑗′

(𝑎𝑗)𝑗∈ → (𝑎′𝑗)𝑗′∈ ′

the corresponding projection between Cartesian products. The set of (finite-dimensional)
rectangles is

𝖱𝖾𝖼𝗍 ∶=
⋃

⊆ finite
𝗉𝗋−1→

({

⨉

𝑗∈
𝐹𝑗 , 𝐹𝑗 ∈ 𝔄𝑗 for all 𝑗 ∈ 

})

.

The product measurable space of the family (𝑖,𝔄𝑖)𝑖∈ is then defined as
(

⨉

𝑖∈
𝑐 ,

⨂

𝑖∈
𝔄𝑖

)

,

where ⨂

𝑖∈ 𝔄𝑖 ∶= 𝜎(𝖱𝖾𝖼𝗍) is called the product 𝜎-algebra. A Cartesian product of mea-
surable space will, unless stated otherwise, always be equipped with the product 𝜎-algebra.
Moreover, when  = ℕ models time for 𝑛 =  for all 𝑛 ∈ ℕ and  a measurable space, we
write ⃖⃖⃗ ∶= ℕ =

⨉

𝑛∈ℕ𝑛.
We can build standard Borel spaces by taking products of standard Borel spaces. However,

this is only true if the product is at most countable:
Proposition C.2.5. If (𝑖)𝑖∈ is a family of standard Borel spaces with  at most countable,
then the Cartesian product

⨉

𝑖∈ 𝑖, equipped with the product topology and product 𝜎-
algebra, is standard Borel. However, for any family of measurable spaces (𝑖)𝑖∈ with 
uncountable, where each 𝑖 contains more than one point, the product topology cannot be
Polish: in particular, the resulting Borel space cannot be standard Borel.

Proof. The first part is Lemma 4.1 in (Gray, 2009). Consider an unncountable product of non-
trivial spaces (i.e., with each more than one point), equiped with a topology  that contains
the product topology. Moreover, Theorem 22.3 in (Willard, 1970) states that a unncount-
able product of non-trivial spaces (i.e., with more than one point), equipped with the product
topology, is never metrisable. This proves the second part.

1Differential manifolds are usually assumed separable. They are completely metrizable locally, and thus glob-
ally (use a partition of unity).
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We will indeed need to consider uncountable products of standard Borel spaces — more
precisely, of what we will define as “ergodic components of a Markov Decision Process”.
Proposition C.2.5 is thus the reason why we need to deal also with general measurable spaces,
not only standard Borel ones. Moreover, the following will be useful to endow each of these
“ergodic components” with its own standard Borel structure:
Theorem C.2.6 ((Kechris, 1995), Theorem 13.1 and Corollary 13.4). Let (,  ,𝔄) be stan-
dard Borel with topology  , and 𝐸 ∈ 𝔄 a Borel subset. Denote by 𝐸 ∶= {𝑂 ∩ 𝐸,𝑂 ∈  }
the induced topology and 𝔄𝐸 ∶= {𝐹 ∩ 𝐸, 𝐹 ∈ 𝔄} the induced 𝜎-algebra. Then there exists
a topology  ′

𝐸 on 𝐸 such that 𝐸 ⊆  ′
𝐸 , Bor ′

𝐸
= 𝔄𝐸 and (𝐸,  ′

𝐸 ,𝔄𝐸) is standard Borel.

In other words, one can equip any Borel subset 𝐸 of a standard Borel space  with its
own standard Borel structure, whose topology is at least as fine as the one 𝐸 induced by the
ambient space, and whose Borelians coincide exactly with the 𝜎-algebra 𝔄𝐸 induced by the
ambient space.

C.2.2 Measures (long version of Section 3.2.2)

We now turn to measure-related definitions.
Notation. For a subset 𝐹 of a set , the complement  ⧵ 𝐹 of 𝐹 is denoted by 𝐹 ∁. This is
not to be confused with superscripts of the form 𝐹 𝑐 , which we will heavily rely on and do not
denote complements.
Definition C.2.7. Let (,𝔄) be a measurable space. A set function 𝜇 ∶ 𝔄 → ℝ is non-
negative of 𝜇(𝐹 ) ≥ 0 for all 𝐹 ∈ 𝔄, 𝜎-additive if 𝜇(⋃𝑖∈ℕ 𝐹𝑖) =

∑

𝑖∈ℕ 𝜇(𝐹𝑖) whenever
the (𝐹𝑖)𝑖∈ℕ are disjoint, and normalised if 𝜇() = 1. A set function 𝜇 ∶ 𝔄 → ℝ is called a
signed measure if it is 𝜎-additive; it is a finite positive measure, or measure for short, if it is 𝜎-
additive and non-negative; and it is a probability measure if it is 𝜎-additive, non-negative and
normalised. The sets of signed measures, (finite positive) measures and probability measures
on a measurable space (,𝔄) are denoted by resp. ℳ, ℳ+

 and Δ. A measure space is a
triplet (,𝔄, 𝜇) with (,𝔄) a measurable space and 𝜇 ∈ ℳ+

; it is called a probability space
if 𝜇 ∈ Δ; and it is only denoted by (, 𝜇) when there is no ambiguity on the 𝜎-algebra. For
another measurable space (,𝔅) and a measurable map 𝑓 ∶  → , the push-forward of a
measure 𝜇 ∈ ℳ+

 is the measure 𝑓 ⋅ 𝜇 ∈ ℳ+
 defined by (𝑓 ⋅ 𝜇)(𝐵) ∶= 𝜇(𝑓−1(𝐵)) for all

𝐵 ∈ 𝔅.
Let us stress that:
• Here, if not specified otherwise, the term “measure” denotes a finite positive mea-

sure on a measurable space— i.e., an element ofℳ+
. We always specify it explicitly

when we are considering a signed measure and not just a (finite positive) measure.
• For all measurable space , we have the inclusions Δ ⊆ℳ+

 ⊆ℳ.
• We are primarily interested in probability measures. Signed measures will only be

necessary to deal with ergodic decomposition in Sections 3.3 and 3.4.
We use the following standard terminology, where (,𝔄), (,𝔅) are measurable spaces:

Definition C.2.8. For 𝑎 ∈ , the Dirac measure on 𝑎, denoted by 𝛿𝑎, is defined, for all
𝐹 ∈ 𝔄, by 𝛿𝑎(𝐹 ) = 1 if 𝑎 ∈ 𝐹 , and 𝛿𝑎(𝐹 ) = 0 otherwise. For ̃ ∈ 𝔄, if 𝜇 ∈ ℳ+

 is
such that 𝜇(̃∁) = 0, then it is said concentrated on ̃, and the measure 𝜇̃ ∈ ℳ+

̃
defined

by 𝑚̃(𝐴 ∩ ̃) ∶= 𝜇(𝐴) for all 𝐴 ∈ 𝔄 is called the restriction of 𝜇 to ̃. For ̃ ∈ 𝔄 and
𝜇̃ ∈ ℳ+

̃
, the extension of 𝜇̃ to (,𝔄) is the measure 𝜇 defined by 𝜇(𝐹 ) ∶= 𝜇̃(𝐹 ∩ ̃) for all

𝐹 ∈ 𝔄. With a slight abuse of notation, the restriction or extension of a measure 𝜇 will often
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be denoted with the same symbol 𝜇. Eventually, for two maps 𝑓 ∶  →  and 𝑔 ∶  → ,
and 𝜇 ∈ ℳ+

, the equality 𝑓 = 𝑔 is said to hold 𝜇-almost everywhere, or 𝜇-a.e. for short, if
there exists ̃ ∈ 𝔄 such that 𝜇(̃∁) = 0 and 𝑓 (𝑎) = 𝑔(𝑎) for all 𝑎 ∈ ̃.

The next result is fundamental to build probability distributions through only their values
on a generating algebra.
Proposition C.2.9 ((Gray, 2009), Corollary 3.4 and Theorem 1.1). Let (,𝔄) be measurable,
and let 𝔄′ ⊆ 𝔄 a generating algebra. Then:

(i) If a set function 𝜇 ∶ 𝔄′ → ℝ is non-negative, normalised and 𝜎-additive, then there
exists a unique extension of 𝜇 into a probability on (,𝔄): i.e., there exists a unique
probability 𝑞 ∶ 𝔄 → ℝ such that 𝑞 coincides with 𝜇 on 𝔄′.

(ii) In particular, if two probability distributions 𝜇, 𝜇′ ∈ Δ coincide on the generating
algebra 𝔄′, then they coincide on the full 𝜎-algebra 𝔄.

Proposition C.2.9 is particularly useful for measures on product spaces (see Definition C.2.4).
Indeed, it can be easily verified that in a product measurable space, the algebra generated by
rectangles is made of the finite unions of rectangles, where the unions can always be chosen
disjoint. If a set function is only defined on 𝖱𝖾𝖼𝗍, but 𝜎-additive on 𝖱𝖾𝖼𝗍, we can thus ex-
tend it to a 𝜎-additive function on 𝜎(𝖱𝖾𝖼𝗍). This, combined with Proposition C.2.9, yields the
following: specifying the values of a non-negative, normalised and 𝜎-additive set function
on rectangles uniquely defines a probability on the product space. It is thus common prac-
tice to define positive measures on product spaces only through their values on rectangles,
where the non-negativity, normalisation and 𝜎-additivity of the proposed set function on 𝖱𝖾𝖼𝗍
is implicitly stated to indeed hold. We will also do this here.

A related tool is the Kolmogorov extension theorem. It states, in short, that given a fam-
ily of compatible probability distributions on finite sets of coordinates, there exists a unique
extension to a probability on the whole product space.
Theorem C.2.10 (Kolmogorov extension theorem for standard Borel spaces). Let (𝑖, 𝑖,Bor(𝑖))𝑖∈
a family of standard Borel spaces, with  an arbitrary set. For each finite  ⊆ , let
𝜇 ∈ Δ

, where  is the product measurable space of (𝑗)𝑗∈ . Assume that for any
 ′ ⊆  with  , ′ both finite, we have

𝗉𝗋→ ′ ⋅ 𝜇 = 𝜇 ′ ,

i.e., the marginal of 𝜇 on  ′ coincides with 𝜇 ′ . Eventually, denote by  the product
measurable space of (𝑖)𝑖∈ . Then there exists a unique probability measure 𝝁 ∈ Δ such
that for all finite  ⊆ ,

𝗉𝗋→ ⋅ 𝝁 = 𝜇 ,

i.e., such that the marginal of 𝝁 on  coincides with 𝜇 .

Proof. Theorem 2.4.3 in (Tao, 2011) states that the conclusion holds if each measurable space
(𝑖,𝔄𝑖) is equipped with a metric 𝑑𝑖 such that (𝑖) any compact set 𝐾 ⊆ 𝑖 (for the topology
induced by 𝑑𝑖) is a measurable set 𝐾 ∈ 𝔄𝑖, and (𝑖𝑖) the measure 𝜇𝑖 on (𝑖,𝔄𝑖) satisfies
𝜇𝑖(𝐹 ) = sup𝐾⊆𝐹 ,𝐾 compact 𝜇𝑖(𝐹 ) for all𝐹 ∈ 𝔄𝑖. Point (𝑖) is clearly satisfied in a standard Borel
space: compact subsets of Haussdorf, and a fortiori metric spaces are closed (see Theorem
17.5 in (Willard, 1970)), and therefore Borelian. The fact that standard Borel spaces satisfy
point (𝑖𝑖) is the content of Theorem 18.2 of (Coudène, 2016).
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C.2.3 Lebesgue and Bochner integrals (long version of Section 3.2.3)

We assume familiarity with Lebesgue integration theory , and refer to, e.g., (Gray, 2009) for
basic definitions and results. Let us just point out the following fact which we will use several
times:
Lemma C.2.11 ((Rudin, 1987), Theorem 1.39). Let (,𝔄, 𝜇) be a measure space. If 𝑓 is an
integrable function satisfying ∫𝐸 𝑓𝑑𝜇 = 0 for all 𝐸 ∈ 𝔄, then 𝑓 = 0 𝜇-a.e. on .

Moreover, the following notation will be convenient.
Notation. For  a measurable space, 𝑓 ∶  → ℝ a measurable function and 𝜇 ∈ ℳ,
whenever the integral makes sense, we write

⟨𝜇, 𝑓⟩ ∶= ∫
𝑓𝑑𝜇(𝑎).

In Section 3.4, we will need to consider integrals valued in probability spaces, for which
Bochner integrals are a natural language. Indeed, the latter generalise the Lebesgue integrals,
defined for scalar-valued functions, to maps valued in potentially infinite-dimensional spaces
— more precisely, Banach spaces.2 We refer to, e.g., Appendix E in (Cohn, 2013) for a
complete presentation of Bochner integrals, and point out only the few facts that we will
need. We assume familiarity with basic facts about Banach spaces.

First, while Lebesgue integration considers measurable scalar-valued functions, integrat-
ing Banach space-valued functions requires adding a requirement of separability:
Definition C.2.12. Let (,𝔄) be a measurable space, and (,  ,Bor ) a Borel space such
that  is a Banach space with norm ‖ ⋅‖, and  the corresponding norm topology. A function
ℎ ∶  →  is said strongly measurable if it is measurable and ℎ() is separable. Given a
measure 𝜇 ∈ ℳ, the map ℎ is said Bochner integrable w.r.t. 𝜇’ if it is strongly measurable
and such that the real-valued function 𝑥 → ‖𝑓 (𝑥)‖ is Lebesgue-integrable.

One can then construct a notion of Bochner integral of any Bochner integrable function
(Cohn, 2013), where the integral is valued in the same Banach space as the function’s output
space. Lebesgue integral’s dominated convergence theorem generalises to Bochner integrals:

Theorem C.2.13 ((Cohn, 2013), Theorem E.6). Let  a measurable space,  a real Banach
space, 𝜇 a positive measure on , and 𝑔 ∶  → [0,∞] Lebesgue-integrable. Suppose that
ℎ, ℎ0, ℎ1,… are strongly measurable functions from to such that (𝑖) ℎ(𝑎) = lim𝑛→∞ ℎ𝑛(𝑎)
for all 𝑎 ∈ , and (𝑖𝑖) ‖ℎ𝑛(𝑎)‖ ≤ 𝑔(𝑎) for 𝜇-a.e. 𝑎 ∈  and all 𝑛 ∈ ℕ. Then ℎ, ℎ0, ℎ1,…
are integrable, and lim𝑛→∞ ∫ ℎ𝑛(𝑎)𝑑𝜇(𝑎) = ∫ ℎ(𝑎)𝑑𝜇(𝑎).

C.2.4 Appendix for Section 3.2.4

The following is straightforward to verify. It shows that measured isomorphisms are “well-
behaved”: (i) mod 0 inverses of measured isomorphisms are also isomorphisms, (ii) the com-
position of two measured isomorphisms also is one, and (iii) almost everywhere equality with
a measured isomorphism is the same as being a measured isomorphism.
Proposition C.2.14. Let (, 𝜇), (, 𝜇), (, 𝜇) be measure spaces, 𝑓 ∶ (, 𝜇) →
(, 𝜇), 𝑔 ∶ (, 𝜇) → (, 𝜇) measured isomorphisms, 𝑓−1 a mod 0 inverse of 𝑓 , and
𝑓 ′ ∶  →  measurable. Then:

2I.e., vector spaces equipped with a norm that induces a complete metric. Banach spaces can be seen as
infinite-dimensional generalisations of Euclidean spaces, and play a central role in functional analysis.
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(i) 𝑓−1 is a measured isomorphism from (, 𝜇) to (, 𝜇), and 𝑓 is a mod 0 inverse of
𝑓−1.

(ii) 𝑔◦𝑓 is a measured isomorphism from (, 𝜇) to (, 𝜇).

(iii) If the equality 𝑓 = 𝑓 ′ holds 𝜇-a.e., then 𝑓 ′ is a measured isomorphism from (, 𝜇)
to (, 𝜇).

C.2.5 Appendix for Section 3.2.5

There is a useful formula for evaluating hook-ups on arbitrary sets of the product space. For
𝐹 ∈ 𝔄 ×𝔅, define the section of 𝐹 at 𝑎 as

𝐹𝑎 ∶= {𝑏 ∈  ∶ (𝑎, 𝑏) ∈ 𝐹 }.

We then have the following:
Proposition C.2.15. For (,𝔄), (,𝔅) measurable spaces, 𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,) and any
𝐹 ∈ 𝔄⊗𝔅, the bounded function 𝑎 → 𝛾(𝐹𝑎|𝑎) is measurable, and

𝜇𝛾(𝐹 ) = ∫
𝛾(𝐹𝑎|𝑎)𝑑𝜇(𝑎).

Proof. See, e.g., Section 1.5 of (Gray, 2011) — in particular equation (1.28) there.
The following proposition shows that in standard Borel spaces, we can always define

conditional distribution from joint distributions:
Proposition C.2.16. Let , be standard Borel, and 𝜇 ∈ Δ×. Then there exists a channel
𝛾 ∈ 𝒦 (,) such that, writing 𝜇 the marginal of 𝜇 on , we have 𝜇 = 𝜇𝛾 .

Proof. This is a direct consequence of the fact that in standard Borel spaces, there are regular
conditional probabilities (see, e.g., Section 6.8 of (Gray, 2009) for a definition of regular
conditional probabilites, and the corresponding statement).

C.2.6 Appendix for Section 3.2.6

Let us provide more explanations on the fact that tensor product are well defined (see Def-
inition 3.2.6). For  finite, this is as a consequence of our remarks after Definition C.2.4.
For  arbitrary but each 𝑖 and 𝑖 standard Borel, the case  finite ensures that equations
(3.2.1), (3.2.2) and (3.2.3) uniquely define probabilities on each finite product, and as these
finite-dimensional probabilities are consistent, the Kolmogorov Extension Theorem C.2.10
ensures that they uniquely extend to probabilities on the full product indexed by . For tensor
or output tensor products of channels, we also need to verify the measurability condition from
the Definition 3.2.2 of channel, but this is straightforward once definitions are unpacked.

Let us also state the the following properties of tensor products (bilinearity and commu-
tation with composition), mentioned in Section 3.2.6:
Proposition C.2.17. For || = 2, each of the tensor products defined above is bilinear.
Moreover, let us also consider another family (𝑖)𝑖∈ of measurable spaces, and, for all 𝑖 ∈ ,
a corresponding channel 𝛾𝑖→𝑖 ∈ 𝒦 (𝑖,𝑖). Assume that  is finite or that for all 𝑖 ∈ , the
spaces 𝑖, 𝑖 and 𝑖 are standard Borel. Then:

(

⨂

𝑖∈
𝛾𝑖→𝑖

)

◦

(

⨂

𝑖∈
𝛾𝑖→𝑖

)

=
⨂

𝑖∈

(

𝛾𝑖→𝑖◦𝛾𝑖→𝑖

)

.
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Proof. The proof is straightforward on rectangles, which yields the result through Proposi-
tion C.2.9 and Theorem C.2.10.

C.3 Some useful rules (details)

Here we state and prove the technical results mentioned in Section 3.2.8.
Lemma C.3.1. Let (,𝔄), (′,𝔄′) (,𝔅), (′,𝔅′), (,ℭ′) measurable spaces. Then:

(i) For 𝜇 ∈ Δ and 𝛾, 𝛾 ′ ∈ 𝒦 (,),

𝛾 = 𝛾 ′ 𝜇-a.e. ⇒ 𝜇𝛾 = 𝜇𝛾 ′.

If moreover (,𝔅) is standard Borel, then the implication is an equivalence.

(ii) For 𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,) and 𝛾 ′ ∈ 𝒦 (,),

(𝛾 ′◦𝛾) ⋅ 𝜇 = 𝛾 ′ ⋅ (𝛾 ⋅ 𝜇).

(iii) For 𝑎0 ∈  and 𝛾 ∈ 𝒦 (,),

𝛿𝑎0𝛾 = 𝛿𝑎0 ⊗ (𝛾 ⋅ 𝛿𝑎0).

(iv) For 𝜇 ∈ Δ, 𝑓 ∶  → ′, 𝑔 ∶  → ′ measurable and 𝛾 ∈ 𝒦 (′,),

(𝑓 ⊗ 𝑔) ⋅ 𝜇(𝛾◦𝑓 ) = (𝑓 ⋅ 𝜇)(𝑔◦𝛾).

(v) For 𝜇 ∈ Δ, 𝑓 ∶  →  measurable, 𝛾, 𝛾 ′ ∈ 𝒦 (,),

𝜇(𝛾◦𝑓 ) = 𝜇(𝛾 ′◦𝑓 ) ⇔ (𝑓 ⋅ 𝜇)𝛾 = (𝑓 ⋅ 𝜇)𝛾 ′

(vi) For 𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,), 𝛾 ′ ∈ 𝒦 (′,′) and 𝑓 ∶  → ′, 𝑔 ∶  → ′

measurable,

𝜇(𝑔◦𝛾) = 𝜇(𝛾 ′◦𝑓 ) ⇒ (𝑓 ⊗ 𝑔) ⋅ 𝜇𝛾 = (𝑓 ⋅ 𝜇)𝛾 ′.

If moreover (′,𝔅′) is standard Borel, then the implication is an equivalence.

(vii) Let 𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,), measured isomorphisms 𝑓 ∶ (, 𝜇) → (′, 𝑓 ⋅ 𝜇),
𝑔 ∶ (, 𝛾 ⋅ 𝜇) → (′, 𝑔 ⋅ 𝛾 ⋅ 𝜇), and 𝑓−1, 𝑔−1 mod 0 inverses of resp. 𝑓 and 𝑔. Then:

(a) 𝜇(𝛾◦𝑓−1◦𝑓 ) = 𝜇𝛾 , and in particular, (𝑓−1◦𝑓 ) ⋅ 𝜇 = 𝜇,
(b) 𝜇(𝑔−1◦𝑔◦𝛾) = 𝜇𝛾 ,
(c) 𝑓⊗𝑔 is a measured isomorphism from (×, 𝜇𝛾) to (′×′, (𝑓 ⋅𝜇)(𝑔◦𝛾◦𝑓−1)).
(d) For any channel 𝛾 ′ ∈ 𝒦 (′,),

𝜇𝛾 = 𝜇(𝛾 ′◦𝑓 ) ⇔ (𝑓 ⋅ 𝜇)(𝛾◦𝑓−1) = (𝑓 ⋅ 𝜇)𝛾 ′.

(viii) Let 𝜇 ∈ Δ, 𝛾 ∈ 𝒦 (,), 𝛾 ′ ∈ 𝒦 (′,′), measured isomorphisms 𝑓 ∶ (, 𝜇) →
(′, 𝑓 ⋅ 𝜇), 𝑔 ∶ (, 𝛾 ⋅ 𝜇) → (′, 𝑔 ⋅ 𝛾 ⋅ 𝜇), and 𝑓−1, 𝑔−1 mod 0 inverses of resp. 𝑓 and
𝑔. Then

𝜇(𝑔◦𝛾) = 𝜇(𝛾 ′◦𝑓 ) ⇔ 𝜇(𝑔−1◦𝛾 ′) = 𝜇(𝛾◦𝑓−1)
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Proof. In this proof, we will repeatedly use Proposition C.2.9, which implies in particular that
two probabilities on a product measurable space coincide if they coincide on the rectangles
(see the remarks after Definition C.2.4).

(𝑖). Assume that 𝛾 = 𝛾 ′ holds 𝜇-a.e.; let ̃ ∈ 𝔄 such that 𝜇(̃) = 1 and 𝛾(⋅|𝑎) = 𝛾 ′(⋅|𝑎)
for all 𝑎 ∈ ̃. Then for all 𝐸 ∈ 𝔄. 𝐸 ∈ 𝔅,

𝜇𝛾(𝐸 × 𝐸) = ∫𝐸

𝛾(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫𝐸∩̃
𝛾(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫𝐸∩̃
𝛾 ′(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫𝐸

𝛾 ′(𝐸|𝑎)𝑑𝜇(𝑎)

= 𝜇′𝛾 ′(𝐸 × 𝐸).

Thus 𝜇𝛾 = 𝜇′𝛾 ′. Conversely, assume that 𝜇𝛾 = 𝜇𝛾 ′. As (,𝔅) is standard Borel, there
exists a countable family of measurable subsets {𝐹𝑛}𝑛∈ℕ ⊆ 𝔅 such that 𝔅 = 𝜎({𝐹𝑛}𝑛∈ℕ) (see
Proposition C.2.3). Moreover, for fixed 𝑛 and all 𝐸 ∈ 𝔄,

∫𝐸
𝛾(𝐹𝑛|𝑎)𝑑𝜇(𝑎) = (𝜇𝛾)(𝐸 × 𝐹𝑛) = (𝜇𝛾 ′)(𝐸 × 𝐹𝑛) = ∫𝐸

𝛾 ′(𝐹𝑛|𝑎)𝑑𝜇(𝑎).

From Lemma C.2.11, this implies the existence of a set 𝑛 ∈ 𝔄 such that 𝜇(𝑛) = 1 and
𝛾(𝐹𝑛|𝑎) = 𝛾 ′(𝐹𝑛|𝑎) for all 𝑎 ∈ 𝑛. Let us define ̃ ∶=

⋂

𝑛∈ℕ𝑛, and let 𝑎 ∈ ̃. We
have 𝛾(𝐹𝑛|𝑎) = 𝛾 ′(𝐹𝑛|𝑎) for all 𝑛 ∈ ℕ, which from Proposition C.2.9 implies that 𝛾(⋅|𝑎) and
𝛾 ′(⋅|𝑎) coincide on 𝜎({𝐹𝑛}𝑛∈ℕ) = 𝔅. Eventually, note that 𝜇(̃) = 1, as ̃ is a countable
intersection of measurable sets of probability one.

(𝑖𝑖). This is straightforward.
(𝑖𝑖𝑖). The result holds on rectangles: if 𝐸 ∈ 𝔄, 𝐸 ∈ 𝔅,

𝛿𝑎0𝛾(𝐸 × 𝐸) = 𝟙𝑎0∈𝐸
𝛾(𝐸|𝑎0) = 𝛿𝑎0(𝐸)(𝛾 ⋅ 𝛿𝑎0)(𝐸) =

(

𝛿𝑎0 ⊗ (𝛾 ⋅ 𝛿𝑎0)
)

(𝐸 × 𝐸).

Therefore it is true for all 𝐸 ∈ 𝔄⊗𝔅.
(𝑖𝑣). We will first prove that

(𝑓 ⊗ 𝖨𝖽) ⋅ 𝜇(𝛾◦𝑓 ) = (𝑓 ⋅ 𝜇)𝛾,

and then that
(𝖨𝖽 ⊗ 𝑔) ⋅ 𝜇𝛾 = 𝜇(𝑔◦𝛾),

which, using 𝑓 ⊗ 𝑔 = (𝖨𝖽 ⊗ 𝑔)◦(𝑓 ⊗ 𝖨𝖽) and point (𝑖𝑖), will imply the result.
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For 𝐸′ × 𝐸 ∈ 𝔄′ ×𝔅,
(𝑓 ⊗ 𝖨𝖽) ⋅

(

𝜇(𝛾◦𝑓 )
)

(𝐸′ × 𝐸) =
(

𝜇(𝛾◦𝑓 )
)

(𝑓−1(𝐸′) × 𝐸)

= ∫𝑓−1(𝐸′ )
(𝛾◦𝑓 )(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫
𝟙𝐸′ (𝑓 (𝑎))𝛾(𝐸|𝑓 (𝑎))𝑑𝜇(𝑎)

= ∫
(ℎ◦𝑓 )𝑑𝜇,

where ℎ ∶ 𝑎′ → 𝟙𝐸′ (𝑎′)𝛾(𝐸|𝑎′) is measurable non-negative. Therefore

(𝑓 ⊗ 𝖨𝖽) ⋅
(

𝜇(𝛾◦𝑓 )
)

(𝐸′ × 𝐸) = ∫′
ℎ𝑑(𝑓 ⋅ 𝜇)

= ∫𝐸′

𝛾(𝐸|𝑎
′)𝑑(𝑓 ⋅ 𝜇)(𝑎′)

=
(

(𝑓 ⋅ 𝜇)𝛾
)

(𝐸′ × 𝐸).

As𝐸′×𝐸 is an arbitrary rectangle, this proves that 𝑓⊗𝖨𝖽 = (𝑓 ⋅𝜇)𝛾 . Now for𝐸×𝐸′ ∈
𝔄 ×𝔅′,

(

(𝖨𝖽 ⊗ 𝑔) ⋅ 𝜇𝛾
)

(𝐸 × 𝐸′) = (𝜇𝛾)(𝐸 × 𝑔−1(𝐸′))

= ∫𝐸

𝛾(𝑔−1(𝐸′)|𝑎)𝑑𝜇(𝑎)

= ∫𝐸

(𝑔◦𝛾)(𝐸′|𝑎)𝑑𝜇(𝑎)

=
(

𝜇(𝑔◦𝛾)
)

(𝐸 × 𝐸′).

(𝑣). If 𝜇(𝛾◦𝑓 ) = 𝜇(𝛾 ′◦𝑓 ), then from point (𝑖𝑖𝑖),
(𝑓 ⋅ 𝜇)𝛾 = (𝑓 ⊗ 𝖨𝖽) ⋅ 𝜇(𝛾◦𝑓 ) = (𝑓 ⊗ 𝖨𝖽) ⋅ 𝜇(𝛾 ′◦𝑓 ) = (𝑓 ⋅ 𝜇)𝛾 ′,
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Conversely, assume (𝑓 ⋅ 𝜇)𝛾 = (𝑓 ⋅ 𝜇)𝛾 ′. Then, for all 𝐸 ∈ 𝔅, 𝐸 ∈ ℭ, defining the
measurable function ℎ ∶  →  by ℎ(𝑏) ∶= 𝛾(𝐸|𝑏), we have

(

𝜇(𝛾◦𝑓 )
)(

𝑓−1(𝐸) × 𝐸
)

= ∫𝑓−1(𝐸)
(𝛾◦𝑓 )(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫𝑓−1(𝐸)
𝛾(𝐸|𝑓 (𝑎))𝑑𝜇(𝑎)

= ∫𝑓−1(𝐸)
(ℎ◦𝑓 )𝑑𝜇(𝑎)

= ∫𝐸

ℎ𝑑(𝑓 ⋅ 𝜇)(𝑎)

= ∫𝐸

𝛾(𝐸|𝑎)𝑑(𝑓 ⋅ 𝜇)(𝑎)

=
(

(𝑓 ⋅ 𝜇)𝛾
)(

𝐸 × 𝐸
)

=
(

(𝑓 ⋅ 𝜇)𝛾 ′
)(

𝐸 × 𝐸
)

= ∫𝑓−1(𝐸)
𝛾 ′(𝐸|𝑓 (𝑎))𝑑𝜇(𝑎)

=
(

𝜇(𝛾 ′◦𝑓 )
)(

𝑓−1(𝐸) × 𝐸
)

.

Note, however, that the rectangles of the form 𝑓−1(𝐸) × 𝐸 only generate the 𝜎-algebra
𝑓−1(𝔅)⊗ ℭ, not the full 𝜎-algebra 𝔄⊗ ℭ. We thus need the following last step. For fixed
𝐸 ∈ ℭ, the equality

𝜇(𝛾◦𝑓 )(𝑓−1(𝐸) × 𝐸) = 𝜇′(𝛾◦𝑓 )(𝑓−1(𝐸) × 𝐸)

holds for arbitrary 𝑓−1(𝐸) ∈ 𝑓−1(𝔅). From Lemma C.2.11, this implies the existence of a
set ̃ ∈ 𝑓−1(𝔅) ⊆ 𝔄 (which might depend on 𝐸) such that 𝜇(̃) = 1 and (𝛾◦𝑓 )(𝐸|𝑎) =
(𝛾 ′◦𝑓 )(𝐸|𝑎) for all 𝑎 ∈ ̃. Let us now choose an arbitrary 𝐸 ∈ 𝔄. Then

𝜇(𝛾◦𝑓 )(𝐸 × 𝐸) = ∫𝐸

(𝛾◦𝑓 )(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫𝐸∩̃
(𝛾◦𝑓 )(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫𝐸∩̃
(𝛾 ′◦𝑓 )(𝐸|𝑎)𝑑𝜇(𝑎)

= ∫𝐸

(𝛾 ′◦𝑓 )(𝐸|𝑎)𝑑𝜇(𝑎)

= 𝜇(𝛾.◦𝑓 )(𝐸 × 𝐸).

Apply now the reasoning above to all 𝐸 ∈ ℭ, we obtain that 𝜇(𝛾◦𝑓 ) and 𝜇(𝛾 ′◦𝑓 ) coincide
on all rectangles 𝐸 × 𝐸 of 𝔄⊗ ℭ, and thus on the whole 𝜎-algebra.
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(𝑣𝑖). If 𝜇(𝑔◦𝛾) = 𝜇(𝛾 ′◦𝑓 ), then
(𝑓 ⊗ 𝑔) ⋅ 𝜇𝛾 =

(

(𝑓 ⊗ 𝖨𝖽′)◦(𝖨𝖽 ⊗ 𝑔)
)

⋅ 𝜇𝛾
= (𝑓 ⊗ 𝖨𝖽′) ⋅

(

(𝖨𝖽 ⊗ 𝑔) ⋅ 𝜇𝛾
)

= (𝑓 ⊗ 𝖨𝖽′) ⋅
(

𝜇(𝑔◦𝛾)
)

= (𝑓 ⊗ 𝖨𝖽′) ⋅
(

𝜇(𝛾 ′◦𝑓 )
)

= (𝑓 ⋅ 𝜇)𝛾 ′,

where we used points (𝑖𝑖) and (𝑖𝑣) above.
Assume now that (′,𝔅′) is standard Borel and (𝑓 ⊗ 𝑔) ⋅ 𝜇𝛾 = (𝑓 ⋅ 𝜇)𝛾 ′, and let us

write 𝜇′ ∶= 𝑓 ⋅ 𝜇. From Proposition C.2.3, there exists a countable family of measurable
subsets {𝐹𝑛}𝑛∈ℕ ⊆ 𝔅′ such that 𝔅′ = 𝜎({𝐹𝑛}𝑛∈ℕ). Moreover, for fixed 𝑛 and all 𝐸 ∈ 𝔄′, by
assumption

𝜇𝛾(𝑓−1(𝐸) × 𝑔−1(𝐹𝑛)) = 𝜇′𝛾 ′(𝐸 × 𝐹𝑛),

i.e., denoting byℎ𝑛 ∶ ′ → [0, 1] the measurable function defined byℎ𝑛(𝑎′) ∶= 𝛾 ′(𝑔−1(𝐹𝑛)|𝑎′)

∫𝑓−1(𝐸)
𝛾(𝑔−1(𝐹𝑛)|𝑎)𝑑𝜇(𝑎) = ∫𝐸

𝛾 ′(𝐹𝑛|𝑎′)𝑑𝜇(𝑎)

= ∫𝐸
ℎ𝑑(𝑓 ⋅ 𝜇)

= ∫𝑓−1(𝐸)
ℎ◦𝑓 𝑑𝜇(𝑎)

= ∫𝑓−1(𝐸)
𝛾(𝐹𝑛|𝑓 (𝑎))𝜇(𝑎).

As this is true for all 𝐸 ∈ 𝔄′ and as the sets of the form 𝑓−1(𝐸) generate the sub-𝜎-algebra
𝑓−1(𝔄′) ⊆ 𝔄, from Lemma C.2.11, there exists a set 𝑛 ∈ 𝑓−1(𝔄′) ⊆ 𝔄 such that 𝜇(𝑛) = 1
and 𝛾(𝑔−1(𝐹𝑛)|𝑎) = 𝛾 ′(𝐹𝑛|𝑓 (𝑎)) for all 𝑎 ∈ 𝑛. Defining ̃ ∶=

⋂

𝑛∈ℕ𝑛, we have 𝜇(̃) = 1,
as ̃ is a countable intersection of measurable sets of probability one. Let 𝑎 ∈ ̃. Then for
all 𝑛 ∈ ℕ,

(𝑔◦𝛾)(𝐹𝑛|𝑎) = ∫
𝛿𝑔(𝑏)∈𝐹𝑛 𝑑𝛾(𝑏|𝑎) = 𝛾(𝑔−1(𝐹𝑛)|𝑎) = 𝛾 ′(𝐹𝑛|𝑓 (𝑎)) = (𝛾 ′◦𝑓 )(𝐹𝑛|𝑎),

which from Proposition C.2.9 implies that (𝑔◦𝛾)(⋅|𝑎) and (𝛾 ′◦𝑓 )(⋅|𝑎) coincide as probability
measures on 𝜎({𝐹𝑛}𝑛∈ℕ) = 𝔅′. Thus we proved that 𝑔◦𝛾 and 𝛾 ′◦𝑓 coincide 𝜇-a.e., which
from point (𝑖) above implies that 𝜇(𝑔◦𝛾) = 𝜇(𝛾 ′◦𝑓 ).
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(𝑣𝑖𝑖)-(𝑎). Let ̃ ⊆ , such that 𝜇(̃) = 1 and the restriction of 𝑓−1◦𝑓 to ̃ coincides
with the identity on ̃. For all 𝐸 ∈ 𝔄, 𝐸 ∈ 𝔅,

(

𝜇(𝛾◦𝑓−1◦𝑓 )
)

(𝐸 × 𝐸) = ∫𝐸

(𝛾◦𝑓−1◦𝑓 )(𝐸|𝑎)𝑑𝜇

= ∫𝐸∩̃
𝛾(𝐸|𝑓

−1◦𝑓 (𝑎))𝑑𝜇

= ∫𝐸∩̃
𝛾(𝐸|𝑎)𝑑𝜇

= ∫𝐸

𝛾(𝐸|𝑎)𝑑𝜇

= 𝜇𝛾(𝐸 × 𝐸),

so that 𝜇(𝛾◦𝑓−1◦𝑓 ) = 𝜇𝛾 .
(𝑣𝑖𝑖)-(𝑏). Let ̃ ⊆ , such that (𝛾 ⋅ 𝜇)(̃) = 1 and the restriction of 𝑔−1◦𝑔 to ̃ coincides

with the identity on ̃. Then
(𝜇𝛾)( × ̃) = (𝛾 ⋅ 𝜇)(̃) = 1,

and thus for 𝐸 ∈ 𝔄, 𝐸 ∈ 𝔅, using again point (𝑣) above,
(

𝜇(𝑔−1◦𝑔◦𝛾)
)

(𝐸 × 𝐸) =
(

(

𝖨𝖽 ⊗ (𝑔−1◦𝑔)
)

⋅ 𝜇𝛾
)

(𝐸 × 𝐸)

= (𝜇𝛾)
(

(

𝖨𝖽 ⊗ (𝑔−1◦𝑔)
)−1(𝐸 × 𝐸)

)

= (𝜇𝛾)
(

𝐸 × (𝑔−1◦𝑔)−1(𝐸)
)

= (𝜇𝛾)
(

(

𝐸 × (𝑔−1◦𝑔)−1(𝐸)
)

∩
(

 × ̃
)

)

= (𝜇𝛾)
(

𝐸 ×
(

(𝑔−1◦𝑔)−1(𝐸) ∩ ̃
)

)

= (𝜇𝛾)
(

𝐸 × (𝐸 ∩ ̃)
)

= (𝜇𝛾)
(

(𝐸 × 𝐸) ∩ ( × ̃)
)

= (𝜇𝛾)
(

𝐸 × 𝐸

)

,

so that 𝜇(𝑔−1◦𝑔◦𝛾) = 𝜇𝛾 .
(𝑣𝑖𝑖)-(𝑐). Let ̃ ⊆ , ̃ ⊆  such that 𝜇(̃) = (𝛾 ⋅ 𝜇)(̃) = 1 and 𝑓 , resp. 𝑔, induces

a measurable isomorphism on ̃, resp. on ̃, with set-theoretic inverse the map induced by
𝑓−1 on 𝑓 (̃), resp. by 𝑔−1 on 𝑔(̃). Then the map 𝑓 ⊗𝑔 induces a measurable isomorphism
from ̃ × ̃ to its image, whose set-theoretic inverse is the map induced by (𝑓−1 ⊗ 𝑔−1) on
𝑓 (̃) × 𝑔(̃). Moreover,

(𝜇𝛾)
(

(̃ × ̃)∁
)

≤ (𝜇𝛾)(̃∁ × ) + (𝜇𝛾)( × ̃∁)

= 𝜇(̃∁) + (𝛾 ⋅ 𝜇)(̃∁) = 0,

i.e., (𝜇𝛾)(̃ × ̃) = 1. Thus 𝑓 ⊗ 𝑔 is a measured isomorphism from ( × , 𝜇𝛾) to (′ ×
′, (𝑓 ⊗ 𝑔) ⋅ (𝜇𝛾)). But, using points (𝑣𝑖𝑖)-(𝑎) and (𝑖𝑣),

(𝑓 ⊗ 𝑔) ⋅ 𝜇𝛾 = (𝑓 ⊗ 𝑔) ⋅ 𝜇(𝛾◦𝑓−1◦𝑓 ) = (𝑓 ⋅ 𝜇)(𝑔◦𝛾◦𝑓−1),
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which proves (𝑣𝑖)-(𝑐).
(𝑣𝑖𝑖)-(𝑑). It is enough to prove one implication, as the converse implication then follows

by replacing 𝜇 by 𝑓 ⋅ 𝜇 and 𝑓 by its mod 0 inverse 𝑓−1. We have
𝜇𝛾 = 𝜇(𝛾 ′◦𝑓 ) ⇒ 𝜇(𝛾◦𝑓−1◦𝑓 ) = 𝜇(𝛾 ′◦𝑓 )

⇒ (𝑓 ⊗ 𝖨𝖽) ⋅ 𝜇(𝛾◦𝑓−1◦𝑓 ) = (𝑓 ⊗ 𝖨𝖽) ⋅ 𝜇(𝛾 ′◦𝑓 )

⇒ (𝑓 ⋅ 𝜇)(𝛾◦𝑓−1) = (𝑓 ⋅ 𝜇)𝛾 ′,

where the first line uses point (𝑣𝑖𝑖)-(𝑎) above, and the last line uses point (𝑖𝑣) above.
(𝑣𝑖𝑖𝑖). From point (𝑣𝑖)-(𝑐), 𝑓 ⊗𝑔−1 is a measured isomorphism from (×′, 𝜇(𝑔◦𝛾)) to

(′ × , 𝑚), where, using point (𝑣𝑖)-(𝑏),
𝑚 ∶= (𝑓 ⋅ 𝜇)(𝑔−1◦𝑔◦𝛾◦𝑓−1) = (𝑓 ⋅ 𝜇)(𝛾◦𝑓−1),

and also from ( × ′, 𝜇(𝛾 ′◦𝑓 )) to (′ × , 𝑚′), where, using point (𝑣𝑖)-(𝑎),
𝑚′ ∶= (𝑓 ⋅ 𝜇)(𝑔−1◦𝛾◦𝑓◦𝑓−1) = (𝑓 ⋅ 𝜇)(𝑔−1◦𝛾).

Thus
𝜇(𝛾 ′◦𝑓 ) = 𝜇(𝑔◦𝛾) ⇔ (𝑓 ⊗ 𝑔−1) ⋅ 𝜇(𝛾 ′◦𝑓 ) = (𝑓 ⊗ 𝑔−1) ⋅ 𝜇(𝑔◦𝛾)

⇔ (𝑓 ⋅ 𝜇)(𝑔−1◦𝛾 ′) = (𝑓 ⋅ 𝜇)(𝛾◦𝑓−1).

The following shows that measured isomorphisms “behave well” under countable tensor
products:
Lemma C.3.2. Let (𝑖,𝔄𝑖)𝑖∈ , (𝑖,𝔅𝑖)𝑖∈ families of measurable spaces, such that either
 is finite, or  is countable and 𝑖, 𝑖 are standard Borel for all 𝑖 ∈ . Denote by (,𝕬),
(,𝕭) the corresponding product spaces. Let 𝑓𝑖 ∶ 𝑖 → 𝑖 measurable for all 𝑖 ∈ , let
𝝁 ∈ Δ, 𝝁′ ∈ Δ, and denote by 𝜇𝑖 ∈ Δ𝑖

the marginal of 𝝁 on 𝑖, resp. by 𝜇′𝑖 ∈ Δ𝑖
the marginal of 𝝁′ on 𝑖. Then

⨂

𝑖∈ 𝑓𝑖 is a measured isomorphism from (,𝝁) to (,𝝁′) if
and only if 𝑓𝑖 is a measured isomorphism from (𝑖, 𝜇𝑖) to (𝑖, 𝜇′𝑖) for all 𝑖 ∈  — in which
case for (𝑔𝑖)𝑖∈ a family of mod 0 inverses of each 𝑓𝑖, the tensor product

⨂

𝑖∈ 𝑔𝑖 is a mod 0
inverse of

⨂

𝑖∈ 𝑓𝑖.

Note that in Proposition C.3.2 and its proof, the assumption “ is finite or it is countable
and 𝑖, 𝑖 are standard Borel for all 𝑖 ∈ ” ensures, in particular, that the tensor products
defined there are well-defined. Moreover by “countable” we mean — following usual termi-
nology — that the set is either finite or countably infinite.
Proof. If⨂𝑖∈ 𝑓𝑖 is a measured isomorphism from (,𝝁) to (,𝝁′), then it is straightforward
to verify, by marginalisation on each coordinate 𝑖 ∈ , that 𝑓𝑖 is a measured isomorphism
from (𝑖, 𝜇𝑖) to (𝑖, 𝜇′𝑖) for all 𝑖 ∈ .

Conversely, assume that 𝑓𝑖 is a measured isomorphism from (𝑖, 𝜇𝑖) to (𝑖, 𝜇′𝑖) for all 𝑖 ∈
. For all 𝑖 ∈ , by assumption, there exists ̃𝑖 ⊆ 𝑖, 𝐵̃𝑖 ⊆ 𝑖 such that 𝜇𝑖(̃𝑖) = 𝜇′𝑖(𝐵̃𝑖) = 1
and 𝑓𝑖 restricts to a measurable isomorphism 𝑓𝑖 ∶ ̃𝑖 → 𝐵̃𝑖, whose set-theoretic inverse 𝑓−1

𝑖coincides with the restriction 𝑔̃𝑖 to 𝐵̃𝑖 of a mod 0 inverse 𝑔𝑖 ∶ 𝑖 → 𝑖 of 𝑓𝑖. Note that as 
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is countable, the sets ⨉𝑖∈ ̃𝑖 and ⨉

𝑖∈ 𝐵̃𝑖 are measurable.3 Then the measurable map
⨂

𝑖∈
𝑓𝑖 ∶

⨉

𝑖∈
𝑖 →

⨉

𝑖∈
𝑖

restricts to the measurable isomorphism
⨂

𝑖∈
𝑓𝑖 ∶

⨉

𝑖∈
̃𝑖 →

⨉

𝑖∈
𝐵̃𝑖,

whose set-theoretic inverse coincides with the restriction
⨂

𝑖∈
𝑔̃𝑖 ∶

⨉

𝑖∈
𝐵̃𝑖 →

⨉

𝑖∈
̃𝑖

of the measurable map
⨂

𝑖∈
𝑔𝑖 ∶

⨉

𝑖∈
𝑖 →

⨉

𝑖∈
𝑖.

Moreover, as 𝜇𝑖(̃𝑖) = 0 for all 𝑖 ∈ ,

𝝁
⎛

⎜

⎜

⎝

(

⨉

𝑖∈
̃𝑖

)∁
⎞

⎟

⎟

⎠

≤ 𝝁

(

⋃

𝑖∈

(

̃∁
𝑖 ×

⨉

𝑖′≠𝑖
𝑖′

))

≤
∑

𝑖∈
𝝁

(

̃∁
𝑖 ×

⨉

𝑖′≠𝑖
𝑖′

)

=
∑

𝑖∈
𝜇𝑖

(

̃∁
𝑖

)

= 0,

where we used again the assumption that  is countable. I.e., 𝝁 (
⨉

𝑖∈ ̃𝑖
)

= 1. Similarly,
we get 𝝁′ (⨉

𝑖∈ 𝐵̃𝑖
)

= 1. Thus we proved that ⨂𝑖∈ 𝑓𝑖 is a measured isomorphism with
mod 0 inverse ⨂

𝑖∈ 𝑔𝑖.

C.4 Appendix for Section 3.3

C.4.1 Additional results from previous work

Here, we quote additional technical results from (Worm et al., 2011), to be used for our own
proofs.
Proposition C.4.1 ((Worm et al., 2011), Proposition 2.4). Let  be a measurable space, and
ℎ ∶  → Δ ⊆ 𝖡𝖫. Then the following are equivalent:

(i) ℎ is strongly measurable.

(ii) For all 𝐹 ∈ 𝔛, the map

 → ℝ
𝑎 → ℎ(𝑎)(𝐹 )

is measurable.

Proposition C.4.2. Let (,𝔄) be a measurables space, 𝜇 ∈ Δ and ℎ ∶  → Δ ⊆ 𝖡𝖫

Bochner integrable w.r.t. 𝜇. Define the Bochner integral 𝜈 ∶= ∫ ℎ(𝑎)𝑑𝜇(𝑎) ∈ Δ . Then:

3This would not necessarily be true for  uncountable (see our Definition C.2.4 of the product 𝜎-algebra and
Exercise 2.4.1 in (Tao, 2011)).
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(i) For all bounded measurable function 𝑓 ∶  → ℝ, the function

 → ℝ
𝑎 → ⟨ℎ(𝑎), 𝑓⟩

is 𝜇-integrable on , and

∫
𝑓 (𝑥)𝑑𝜈(𝑥) = ∫

⟨ℎ(𝑎), 𝑓⟩𝑑𝜇(𝑎).

(ii) In particular, for any 𝐸 ∈ 𝔄, 𝐹 ∈ 𝔛,
(

∫𝐸
ℎ(𝑎)𝑑𝜇(𝑎)

)

(𝐹 ) = ∫𝐸
ℎ(𝑎)(𝐹 )𝑑𝜇(𝑎).

Proof. This is Proposition 2.5 in (Worm et al., 2011). The only difference is that there, point
(𝑖𝑖) requires𝐸 = . But if point (𝑖𝑖) is true for𝐸 = , then it is also true for arbitrary𝐸 ∈ 𝔄
(replace ℎ by ℎ𝟙𝐸 , which is still Bochner integrable if ℎ is).
Proposition C.4.3. For all 𝜇 ∈ Δ , the function 𝑥 → 𝛿𝑥 is Bochner integrable w.r.t. 𝜇, and

𝜇 = ∫
𝛿𝑥𝑑𝜇

Proposition C.4.4 ((Worm et al., 2011), Corollary 2.11). Let 𝛾 ∈ 𝒦 () a Makov chain with
state-space  . Then the map

 → 𝖡𝖫

𝑥 → 𝛾 ⋅ 𝛿𝑥

is strongly measurable, and for all 𝜇 ∈ Δ ,

𝛾 ⋅ 𝜇 = ∫
𝛾 ⋅ 𝛿𝑥𝑑𝜇(𝑥),

where the integral is a Bochner integral in 𝖡𝖫.

C.4.2 Appendix for Section 3.3.3

C.4.3 Proof of Proposition 3.3.8

Proposition 3.3.8. For any 𝐹 ∈ 𝔛, the set 𝖨𝗇𝗏(𝐹 ) is measurable, and if 𝜇(𝐹 ) = 1 for some
𝜇 ∈ Δ then 𝜇(𝖨𝗇𝗏(𝐹 )) = 1. In particular, for all 𝜏-stationary measure 𝜇 ∈ Δ , we have
𝜇(erg,𝗂𝗇𝗏) = 1

Proof. Corollary 4.2 in (Worm et al., 2011) states that for any stationary probability 𝜇 ∈ Δ
and measurable set 𝐹 ∈ 𝔛 such that 𝜇(𝐹 ) = 1, there exists a measurable set 𝐹 ′ ⊆ 𝐹 which
is invariant and satisfies 𝜇(𝐹 ′) = 1. An inspection of the proof of Corollary 4.2 in (Worm
et al., 2011) (and that of Lemma 4.1 on which the corollary relies) shows that we can actually
choose 𝐹 ′ ∶= 𝖨𝗇𝗏(𝐹 ). Clearly, for all 𝑛 ∈ ℕ, the set 𝐹𝑛 does not depend on 𝜇; thus, neither
does 𝖨𝗇𝗏(𝐹 ), and for any 𝜇 ∈ Δ such that 𝜇(𝐹 ) = 1, we have 𝜇(𝖨𝗇𝗏(𝐹 )) = 1. Applying
the above reasoning to 𝐹 = erg and using Theorem 3.3.2, we get that erg,𝗂𝗇𝗏 is measurable
and 𝜇(erg,𝗂𝗇𝗏) = 𝜇(𝖨𝗇𝗏(erg)) = 1 for all stationary probability 𝜇. This ends the proof of
Proposition 3.3.8
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C.4.4 Proof of Proposition 3.3.9

Proposition 3.3.9. Let standard Borel, 𝜏 ∈ 𝒦 () and assume that there exists a stationary
measure. Then

(i) 𝑐 ∩ erg,𝗂𝗇𝗏 =  𝑐 ≠ ∅.

(ii) In particular,
⨆

𝑐∈  𝑐 = erg,𝗂𝗇𝗏.

Proof. (𝑖). Let 𝑐 ∶= 𝑐 ∩ erg,𝗂𝗇𝗏, where 𝑐 is fixed. Let us first prove that 𝑐 ⊆  𝑐 . As
 𝑐 ∶= 𝖨𝗇𝗏(𝑐) is the largest invariant subset of 𝑐 (see the beginning of Section 3.3.3), it is
enough to prove that 𝑐 is invariant: i.e., that for any fixed 𝑥0 ∈ 𝑐, we have 𝜇(𝑐) = 1, where
we define 𝜇 ∶= 𝜏 ⋅ 𝛿𝑥0 . On the one hand, 𝑥0 ∈ 𝑐 ⊆ 𝑐 ⊆ erg implies that the sequence
(𝜏(𝑛) ⋅ 𝛿𝑥0)𝑛∈ℕ converges to the ergodic measure 𝜖𝑐 in 𝖡𝖫, and thus so does (𝜏(𝑛) ⋅ 𝜇)𝑛∈ℕ, as
for all 𝑛 ∈ ℕ,

‖

‖

‖

𝜏(𝑛) ⋅ (𝜏 ⋅ 𝛿𝑥0) − 𝜏
(𝑛) ⋅ 𝛿𝑥0

‖

‖

‖

=
‖

‖

‖

‖

‖

‖

1
𝑛

𝑛−1
∑

𝑖=0
𝜏𝑛 ⋅ (𝜏 ⋅ 𝛿𝑥0 − 𝛿𝑥0)

‖

‖

‖

‖

‖

‖

=
‖

‖

‖

‖

1
𝑛
(𝜏𝑛+1 ⋅ 𝛿𝑥0 − 𝛿𝑥0)

‖

‖

‖

‖

≤ 1
𝑛
(‖𝜏𝑛+1 ⋅ 𝛿𝑥0‖ + ‖𝛿𝑥0‖) ≤

2
𝑛
.

But on the other hand,

lim
𝑛→∞

𝜏(𝑛) ⋅ 𝜇 = lim
𝑛→∞∫

𝜏(𝑛) ⋅ 𝛿𝑥𝑑𝜇(𝑥) (C.4.1)

= ∫erg,𝗂𝗇𝗏
𝜖𝑥𝑑𝜇(𝑥) (C.4.2)

= ∫𝑐
𝜖𝑥𝑑𝜇(𝑥) + ∫erg,𝗂𝗇𝗏⧵𝑐

𝜖𝑥𝑑𝜇(𝑥)

= 𝜇(𝑐)𝜖𝑐 + ∫erg,𝗂𝗇𝗏⧵𝑐
𝜖𝑥𝑑𝜇(𝑥), (C.4.3)

where:
• (C.4.1) uses Proposition C.4.4.
• (C.4.2) uses the dominated convergence theorem for Bochner integrals (Theorem C.2.13).

More precisely: as erg,𝗂𝗇𝗏 ⊆ erg, the functions ℎ𝑛 ∶  → 𝖡𝖫 defined by

ℎ𝑛(𝑥) =

{

𝜏(𝑛) ⋅ 𝛿𝑥 if 𝑥 ∈ erg,𝗂𝗇𝗏
0 if 𝑥 ∈  ⧵ erg,𝗂𝗇𝗏

converge pointwise to ℎ ∶  → Δ defined by

ℎ(𝑥) =

{

𝜖𝑥 if 𝑥 ∈ erg,𝗂𝗇𝗏
0 if 𝑥 ∈  ⧵ erg,𝗂𝗇𝗏

Moreover, from Proposition C.4.4, each map 𝑥 → 𝜏(𝑛) ⋅𝛿𝑥 from  to 𝖡𝖫 is measurable,
thus as erg,𝗂𝗇𝗏 is a measurable set, each ℎ𝑛 = (𝜏(𝑛) ⋅ 𝛿𝑥)𝟙erg,𝗂𝗇𝗏 + 𝟙erg,𝗂𝗇𝗏∁ is also measur-
able. Each ℎ𝑛 is actually strongly measurable, as Δ is separable and thus each subset
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of it is as well. Using the pointwise convergence lim𝑛→∞ ℎ𝑛(𝑥) = ℎ(𝑥), the strong
measurability of each ℎ𝑛, and the bound ‖ℎ𝑛(𝑥)‖ ≤ 1 for all 𝑛 ∈ ℕ, the dominated
convergence theorem for Bochner integrals (Theorem C.2.13) yields that

lim
𝑛→∞∫

ℎ𝑛(𝑥)𝑑𝜇(𝑥) = ∫
ℎ(𝑥)𝑑𝜇(𝑥)

However, by invariance of erg,𝗂𝗇𝗏, 𝑥0 ∈ erg,𝗂𝗇𝗏 implies 𝜇(erg,𝗂𝗇𝗏) = (𝜏 ⋅𝛿𝑥0)(erg,𝗂𝗇𝗏) =
1,4 which yields

∫
ℎ(𝑥)𝑑𝜇(𝑥) = ∫erg,𝗂𝗇𝗏

ℎ(𝑥)𝑑𝜇(𝑥) = ∫erg,𝗂𝗇𝗏
𝜖𝑥𝑑𝜇(𝑥),

but also

∫
ℎ𝑛(𝑥)𝑑𝜇(𝑥) = ∫erg,𝗂𝗇𝗏

ℎ𝑛(𝑥)𝑑𝜇(𝑥) = ∫erg,𝗂𝗇𝗏
𝜏(𝑛) ⋅ 𝛿𝑥𝑑𝜇(𝑥) = ∫

𝜏(𝑛) ⋅ 𝛿𝑥𝑑𝜇(𝑥).

• (C.4.3) uses that 𝜖𝑥 = 𝜖𝑐 for all 𝑥 ∈ 𝑐 ⊆ 𝑐.
By unicity of the limit in 𝖡𝖫, we obtain

(1 − 𝜇(𝑐))𝜖𝑐 = ∫erg,𝗂𝗇𝗏⧵𝑐
𝜖𝑥𝑑𝜇(𝑥).

In particular, using Proposition C.4.2,

(1 − 𝜇(𝑐))𝜖𝑐(𝑐) = ∫erg,𝗂𝗇𝗏⧵𝑐
𝜖𝑥(𝑐)𝑑𝜇(𝑥). (C.4.4)

But as 𝜖𝑐 is stationary, we have 𝜖𝑐(erg,𝗂𝗇𝗏) = 1 from Proposition 3.3.8. Thus 𝜖𝑐(𝑐) =
𝜖𝑐(𝑐 ∩ erg,𝗂𝗇𝗏) = 𝜖𝑐(𝑐) = 1, where the last equality uses Theorem 3.3.4. Similarly, for all
𝑥 ∈ erg,𝗂𝗇𝗏 ⧵ 𝑐, the distribution 𝜖𝑥 is stationary and thus 𝜖𝑥(𝑐) = 𝜖𝑥(𝑐 ∩ erg,𝗂𝗇𝗏) = 𝜖𝑥(𝑐) = 0,
with the last equality using Theorem 3.3.4 and erg,𝗂𝗇𝗏 ⧵ 𝑐 ⊆ erg ⧵ 𝑐. Injecting this in (C.4.4)
yields 𝜇(𝑐) = 1: i.e., 𝑐 is invariant. As 𝑐 ⊆ 𝑐 and  𝑐 = 𝖨𝗇𝗏(𝑐) is the largest invariant set
contained in 𝑐, this implies 𝑐 ⊆  𝑐 .

To prove 𝑐 =  𝑐 , we now need to prove the converse inclusion  𝑐 ⊆ 𝑐. By definition,
 𝑐 ∶= 𝖨𝗇𝗏(𝑐) ∶=

⋂

𝑛∈ℕ
𝑐𝑛,

erg,𝗂𝗇𝗏 ∶=
⋂

𝑛∈ℕ
erg,𝑛,

where 𝑐0 ∶= 𝑐, erg,0 ∶= erg, and for all 𝑛 ∈ ℕ,
𝑐𝑛 ∶= {𝑥 ∈ 𝑐𝑛−1 ∶ (𝜏 ⋅ 𝛿𝑥)(𝑐𝑛−1) = 1},

erg,𝑛 ∶= {𝑥 ∈ erg,𝑛−1 ∶ (𝜏 ⋅ 𝛿𝑥)(erg,𝑛−1) = 1}.

But as 𝑐0 = 𝑐 ⊆ erg = erg0, it follows, by iteration, that 𝑐𝑛 ⊆ erg,𝑛 for all 𝑛 ∈ ℕ, and thus
 𝑐 ⊆ erg,𝗂𝗇𝗏. In particular, as  𝑐 = 𝖨𝗇𝗏(𝑐) = 𝖨𝗇𝗏(𝑐) ⊆ 𝑐,

 𝑐 =  𝑐 ∩ 𝑐 ⊆ erg,𝗂𝗇𝗏 ∩ 𝑐 = 𝑐.

4Crucially, had we only assumed that 𝑥0 ∈ erg, the latter fact might not always hold if erg ⧵ erg,𝗂𝗇𝗏 ≠ ∅.
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Eventually, 𝑐, as an equivalence class of erg, is by definition non-empty, and from Point (𝑖)
in Theorem 3.3.7, for a fixed 𝑥 ∈ 𝑐 ≠ ∅, we have 𝜖𝑥(𝑐) = 𝜖𝑥( 𝑐) = 1, which implies that
𝑐 ≠ ∅.

(𝑖𝑖). Recall that each 𝑐 ∈  is an equivalence class for the relation ∼ defined on erg (see
equation (3.3.2)). Thus the result is a direct consequence of point (𝑖), as each  𝑐 = 𝑐∩erg,𝗂𝗇𝗏
coincides with a non-empty equivalence class w.r.t. the relation ∼ restricted to erg. This
ends the proof of Proposition 3.3.9.

C.4.5 Appendix for Section 3.3.4

Here we present the results described informally in Section 3.3.4. Let us recall that the push-
forward operator 𝜏∗ defined by 𝜏 ∈ 𝒦 () sends each positive measure 𝜇 ∈ ℳ+

 to 𝛾∗𝜇 ∶=
𝛾 ⋅ 𝜇 ∈ ℳ+

 , and that ℳ+
 ⊂ 𝖡𝖫 is equipped with the topology induced by the restriction of

the norm topology on 𝖡𝖫 (see Definition 3.2.2 and Section 3.3.2). Let us also recall that 𝖡𝖫

is a Polish space for the norm topology 
‖⋅‖ (see Section 3.3.2), and thus (𝖡𝖫, ‖⋅‖, 𝜎(‖⋅‖))

is a standard Borel space.
Theorem C.4.5. Let 𝜏 ∈ 𝒦 () such that 𝜏∗ ∶ ℳ+

 → ℳ+
 is continuous for the norm

induced by 𝖡𝖫. The following holds:

(i) The space 𝖤𝗋𝗀(𝜏) ⊆ 𝖡𝖫 is a countable intersection of open sets for the induced topol-
ogy on the set of stationary probability measures. In particular, it is measurable in the
standard Borel space 𝖡𝖫.

(ii) Denoting by resp.  and 𝔈 the topology and 𝜎-algebra induced by 𝖡𝖫 on 𝖤𝗋𝗀(𝜏),
there exists a topology  ′ on 𝖤𝗋𝗀(𝜏) such that  ⊆  ′, Bor ′ = 𝔈 and (𝖤𝗋𝗀(𝜏),  ′,𝔈)
is standard Borel.

(iii) This standard Borel structure on 𝖤𝗋𝗀(𝜏) induces one on the set  that indexes the par-
tition in ergodic components ( 𝑐)𝑐∈ of the generic set erg,𝗂𝗇𝗏 ⊆  .

Point (𝑖) is the core of the proof. Point (𝑖𝑖) is a consequence of (𝑖) and Theorem C.2.6,
which here yields, in short, that 𝖤𝗋𝗀(𝜏) can be equipped with a standard Borel structure that
looses no information about the induced topology or about the induced Borel 𝜎-algebra in
𝖡𝖫. Point (𝑖𝑖) then yields the most important result for us: point (𝑖𝑖𝑖), which means that
under the continuity assumption, the space  — our candidate for the pose coordinate’s space
— indeed has the “nice” structure that we sought. Note that if 𝜏 is defined by a deterministic
transformation on  , then the continuity assumption means exactly that the transformation is
continuous on  , in the usual sense (see Section 2.3 in (Worm et al., 2011)).

The proof of Theorem C.4.5 will call on several results — either from (Worm et al., 2011)
or from standard textbooks — that we need to introduce first. We denote by 𝖡𝖬 and 𝖡𝖢 the
sets of resp. bounded measurable and bounded continuous functions from  to ℝ. We also
recall the notation ⟨𝜇, 𝑓⟩ ∶= ∫ 𝑓 𝑑𝜇, where the integral is well-defined for 𝜇 ∈ ℳ+

 and
𝑓 ∈ 𝖡𝖬 . The following is a “dual” point of view on the continuity assumption in Theorem
C.4.5:
Lemma C.4.6 ((Worm et al., 2011), Section 2.2 and Proposition 2.14). For any 𝜏 ∈ 𝒦 (),
the folloing holds:

(i) There exists a unique bounded linear map 𝜏∗ from 𝖡𝖬 to itself such that for all 𝜇 ∈
ℳ and 𝑓 ∈ 𝖡𝖬 , we have ⟨𝜏∗𝜇, 𝑓⟩ = ⟨𝜇, 𝜏∗𝑓 ⟩.

(ii) 𝜏∗ ∶ ℳ+
 → ℳ+

 is continuous if and only if 𝜏∗(𝖡𝖢 ) ⊆ 𝖡𝖢 .
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(For readers interested in comparing the statement above to the original statements in
(Worm et al., 2011), let us point out that there, channels 𝜏 ∈ 𝒦 () are called transition
probabilities; push-forward operators 𝜏∗ — or more precisely, their extension to ℳ+

 — are
regular Markov operators; and 𝜏∗ is the dual of 𝜏∗.)

Point (𝑖) of the next result is cited in (Worm et al., 2011), but requires a quick introduction.
For 𝜇 ∈ Δ , the map 𝑓 → ⟨𝜇, 𝑓⟩ defines not only a bounded linear form on 𝖡𝖫 (see Section
3.3.2), but also one on the Banach space (𝖡𝖢 , ‖ ⋅ ‖𝖡𝖢) of bounded continous functions, with
the sup norm ‖ ⋅ ‖𝖡𝖢 ∶= ‖ ⋅ ‖∞. As 𝖡𝖫 ⊆ 𝖡𝖢 , the operator on 𝖡𝖢 restricts to the
one on 𝖡𝖫 , which from Section 3.3.2 corresponds to a unique measure in ℳ+

 . Thus each
𝜇 ∈ ℳ+

 defines a unique bounded linear form on 𝖡𝖢 : i.e., ℳ+
 identifies not only to a

subset of 𝖡𝖫∗ , but also to a subset of 𝖡𝖢∗
 . The interest of this new identification is to bring

in a new, well-studied topology on ℳ+: that induced by the weak-∗ topology on 𝖡𝖢∗
 . This

new topology happens to coincide with the one previously defined (i.e., the one induced by
the norm topology on 𝖡𝖫 ⊆ 𝖡𝖫∗ ):
Lemma C.4.7. The following holds:

(i) The restriction toℳ+
 of the norm topology on𝖡𝖫 ⊆ 𝖡𝖫∗ coincides with the restriction

to ℳ+
 of the weak-∗ topology on 𝖡𝖢∗

 .

(ii) In particular, for 𝜇, 𝜇1, 𝜇2, ... ∈ ℳ+
 ⊆ 𝖡𝖫,

lim
𝑛→∞

𝜇𝑛 = 𝜇 in 𝖡𝖫 ⇔ ∀𝑓 ∈ 𝖡𝖢 , lim
𝑛→∞

⟨𝜇𝑛, 𝑓⟩ = ⟨𝜇, 𝑓⟩.

and for 𝜇, 𝜇′ ∈ ℳ+
 ,

𝜇′ = 𝜇 ⇔ ∀𝑓 ∈ 𝖡𝖢 , ⟨𝜇′, 𝑓⟩ = ⟨𝜇, 𝑓⟩.

(iii) ‖𝜇‖𝖡𝖢∗ = ‖𝜇‖𝖡𝖫∗ for all 𝜇 ∈ ℳ+
 , where ‖ ⋅‖𝖡𝖢∗ and ‖ ⋅‖𝖡𝖫∗ are the usual dual norms.

(iv) ℳ+
 is closed for the weak-∗ topology in 𝖡𝖢∗

 .

Proof. Point (𝑖) is Theorem 18 in (Dudley, 1966), and point (𝑖𝑖) is a direct corollary using the
definition of the weak-∗ topology. Point (𝑖𝑖𝑖) is straightforward: from the definitions of the
norms ‖ ⋅‖𝖡𝖢 = ‖ ⋅‖∞ and ‖ ⋅‖𝖡𝖫 = ‖ ⋅‖∞+‖ ⋅‖𝖫𝗂𝗉, we clearly have ‖𝜇‖𝖡𝖢∗ ≤ ‖𝜇‖𝖡𝖫∗ ≤ 𝜇()
for 𝜇 ∈ ℳ+, and the inequalities become equalities by considering 𝑓 = 𝟙 . Point (𝑖𝑣) is
straightforward as well.

The following is the Banach-Alaoglu theorem, a classic theorem in functional analysis.
Lemma C.4.8 ((Brezis, 2011), Theorem 3.16). Let  be a Banach space with norm ‖ ⋅ ‖, ∗

its dual, and ‖ ⋅ ‖∗ the usual dual norm. Then the unit ball of ∗, i.e., the set

𝖡𝖺𝗅𝗅∗(1) ∶= {𝑙 ∈ ∗ ∶ ‖𝑙‖∗ ≤ 1},

is compact for the weak-∗ topology.

Eventually, let us point out that the set of extreme points of a convex set is not necessarily
a Borel set. However, we have the following (see Lemma 7.63 in (Aliprantis et al., 2006), and
references therein for counter-examples):
Lemma C.4.9. If 𝐾 is a metrisable compact subset of a topological vector space, then the
set of extreme points of 𝐾 is a countable intersection of open sets in 𝐾 , i.e., it is a countable
intersection of open sets in 𝐾 .
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While we did not explicitly define topological vector spaces, here we only need to know
that any Banach space — in particular, 𝖡𝖫 — is one.
Proof of Theorem C.4.5. Given point (𝑖), point (𝑖𝑖) is an application of Theorem C.2.6 to the
standard Borel space  ∶= 𝐵𝐿. Moreover, from point (𝑖𝑣) in Theorem 3.3.4, there is a
bijection between the space of ergodic probabilities 𝖤𝗋𝗀(𝜏) and the set , which we can use
to transfer the standard Borel structure on 𝖤𝗋𝗀(𝜏) to one on . So that we only need to prove
point (𝑖).

Let 𝜇1, 𝜇2, ... ∈ Δ a sequence of stationary probabilities that converges to 𝜇 ∈ Δ in
𝖡𝖫. From point (𝑖𝑖) in Lemma C.4.7, this is equivalent to:

∀ℎ ∈ 𝖡𝖢 , ⟨𝜇, ℎ⟩ = lim
𝑛→∞

⟨𝜇𝑛, ℎ⟩ (C.4.5)

Then for all 𝑓 ∈ 𝖡𝖢 ,
⟨𝜏∗𝜇, 𝑓⟩ = ⟨𝜇, 𝜏∗𝑓 ⟩ (C.4.6)

= lim
𝑛→∞

⟨𝜇𝑛, 𝜏
∗𝑓 ⟩ (C.4.7)

= lim
𝑛→∞

⟨𝜏∗𝜇𝑛, 𝑓⟩ (C.4.8)
= lim
𝑛→∞

⟨𝜇𝑛, 𝑓⟩ (C.4.9)
= ⟨𝜇, 𝑓⟩, (C.4.10)

where equations (C.4.6) and (C.4.8) use point (𝑖) in Lemma C.4.6; equation (C.4.7) uses
Theorem C.4.5’s assumption that 𝜏∗ ∶ ℳ+

 → ℳ+
 is continuous, point (𝑖𝑖) in Lemma C.4.6

which yields 𝜏∗𝑓 ∈ 𝖡𝖢 , and equation (C.4.5); equation (C.4.9) uses the stationarity of each
𝜇𝑛; and equation (C.4.10) uses equation (C.4.5) again. Using point (𝑖𝑖) in Lemma C.4.7, this
proves that the set of invariant probabilities is closed for the norm topology in 𝖡𝖫.

On the other hand, from Lemma C.4.8, the unit ball 𝖡𝖺𝗅𝗅𝖡𝖢∗(1) of 𝖡𝖢∗
 is compact for the

weak-∗ topology. But as ℳ+
 is a closed subset of 𝖡𝖢∗

 (point (𝑖𝑣) in Lemma C.4.7), the set
ℳ+

 ∩ 𝖡𝖺𝗅𝗅𝖡𝖢∗

(1) is also compact for the weak-∗ topology in 𝖡𝖢∗

 . Yet from point (𝑖𝑖𝑖) in
Lemma C.4.7, we have

ℳ+
 ∩ 𝖡𝖺𝗅𝗅𝖡𝖢∗


(1) = ℳ+

 ∩ 𝖡𝖺𝗅𝗅𝖡𝖫∗
(1),

and combining this with point (𝑖) in the same Lemma, we get that ℳ+
 ∩𝖡𝖺𝗅𝗅𝖡𝖫∗ (1) is compact

for the restriction of the norm topology on 𝖡𝖫.
Therefore, the set of stationary probability measures is a closed subset of a compact subset

in 𝖡𝖫, so that it is compact. Moreover, as a closed subset of 𝖡𝖫, it is metrisable (take the
restriction of the norm metric in 𝖡𝖫). We can now apply Lemma C.4.9 to conclude that the
corresponding set of extreme points is a countable intersection of open sets, for the topology
induced by 𝖡𝖫 on the set of stationary probabilities. Yet, from point (𝑖) in Proposition 3.3.4,
this set of extreme points is exactly 𝖤𝗋𝗀(𝜏), which ends the proof of Theorem C.4.5.

C.4.6 Appendix for Section 3.3.5

Proof of Proposition 3.3.12

Proposition 3.3.12. Let 𝜏 be a measurable Markov chain with standard Borel state-space
 . Then for any probability 𝜇 ∈ Δ such that 𝜇(erg,𝗂𝗇𝗏) = 1, denoting by 𝑞 ∶= 𝑞( ⃖⃖⃗𝑋) the
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corresponding process distribution, we have, in the Banach space (×)𝖡𝖫, the convergence

lim
𝑛→+∞

1
𝑛

𝑛−1
∑

𝑖=0
𝑞(𝑋0, 𝑋𝑖) = ∫

𝜖𝑥 ⊗ 𝜖𝑥 𝑑𝜇(𝑥), (3.3.4)

where we used the tensor product notation (see Definition 3.2.6).

Our proof will use the following lemma, which is intuitive but has, to our knowledge, not
been proven before. It states that the Bochner integral commutes with hook-ups:
Lemma C.4.10. Let (,𝔄) and (,𝔅) be standard Borel spaces, and 𝜇 ∈ 𝖡𝖫. Assume that
there exists a Bochner integrable map

 → Δ ⊆ 𝖡𝖫

𝑎 → 𝜉𝑎

such that

𝜇 = ∫
𝜉𝑎𝑑𝜇(𝑎). (C.4.11)

Then, for any channel 𝛾 ∈ 𝒦 (,), the map

 → Δ× ⊆ ( × )𝖡𝖫
𝑎 → 𝜉𝑎𝛾

is Bochner integrable, and we have, in the Banach space ( × )𝖡𝖫, the equality

𝜇𝛾 = ∫
𝜉𝑎𝛾𝑑𝜇(𝑎),

where we used the hook-up notation (see Definition 3.2.3).

Proof. Let 𝐸 ∈ 𝔄 ⊗ 𝔅. Define 𝑓 ∶  → [0, 1] by 𝑓 (𝑎0) ∶= 𝛾(𝐸𝑎0|𝑎0), where 𝐸𝑎0 is the
section of 𝐸 at 𝑎0, i.e.,

𝐸𝑎0 ∶= {𝑏 ∈  ∶ (𝑎0, 𝑏) ∈ 𝐸}.

From Proposition C.2.15, the bounded function 𝑓 is measurable and for all 𝑎 ∈ ,

⟨𝜉𝑎, 𝑓⟩ ∶= ∫
𝑓 (𝑎0)𝑑𝜉𝑎(𝑎0) = 𝜉𝑎𝛾(𝐸) (C.4.12)

In particular, using point (𝑖) in Proposition C.4.2, the bounded function
 → ℝ
𝑎 → ⟨𝜉𝑎, 𝑓⟩ = 𝜉𝑎𝛾(𝐸)
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is measurable as well, and

𝜇𝛾(𝐸) = ∫
𝛾(𝐸𝑎0|𝑎0)𝑑𝜇(𝑎0) (C.4.13)

= ∫
𝑓 (𝑎0)𝑑𝜇(𝑎0)

= ∫
⟨𝜉𝑎, 𝑓⟩𝑑𝜇(𝑎), (C.4.14)

where line (C.4.13) uses Proposition C.2.15; while line (C.4.14) uses the assumption (C.4.11)
and point (𝑖) in Proposition C.4.2. Using equation (C.4.12), this yields

𝜇𝛾(𝐸) = ∫
𝜉𝑎𝛾(𝐸)𝑑𝜇(𝑎). (C.4.15)

But as the measurability of the function 𝑎 → 𝜉𝑎𝛾(𝐸) holds for all 𝐸 ∈ 𝔛 ⊗ 𝔛, Proposi-
tion C.4.1 shows that the map

 → Δ× ⊆ ( × )𝖡𝖫
𝑎 → 𝜉𝑎𝛾

is strongly measurable. As it is also bounded in norm and 𝜇 is a probability, this map is
Bochner integrable w.r.t. 𝜇 (see Definition C.2.12). We can thus apply point (𝑖𝑖) from Propo-
sition C.4.2 in the space ( × )𝖡𝖫, and obtain, for all 𝐸 ∈ 𝔄⊗𝔅,

∫
𝜉𝑎𝛾(𝐸)𝑑𝜇(𝑎) =

(

∫
𝜉𝑎𝛾𝑑𝜇(𝑎)

)

(𝐸),

i.e., from equation (C.4.15),

𝜇𝛾(𝐸) =
(

∫
𝜉𝑎𝛾𝑑𝜇(𝑎)

)

(𝐸).

Proof of Proposition 3.3.12. For all 𝑥0 ∈ erg,𝗂𝗇𝗏, using point (𝑖𝑖𝑖) in Lemma C.3.1,
𝛿𝑥0𝜏

(𝑛) = 𝛿𝑥0 ⊗ (𝜏(𝑛) ⋅ 𝛿𝑥0). (C.4.16)
But as 𝑥0 ∈ erg,𝗂𝗇𝗏 ⊆ erg, the sequence (𝜏(𝑛) ⋅𝛿𝑥0)𝑛 converges, in 𝖡𝖫, to the ergodic measure
𝜖𝑥0 . This implies that, for all 𝑥0 ∈ erg,𝗂𝗇𝗏,

lim
𝑛→∞

(

𝛿𝑥0𝜏
(𝑛)
)

= 𝛿𝑥0 ⊗ 𝜖𝑥0 in ( × )𝖡𝖫. (C.4.17)

Indeed, from point (𝑖𝑖) in Lemma C.4.7, the convergence, in 𝖡𝖫, of (𝜏(𝑛) ⋅𝛿𝑥0)𝑛 to 𝜖𝑥0 implies
lim
𝑛→∞

⟨𝜏(𝑛) ⋅ 𝛿𝑥0 , 𝑓⟩ = ⟨𝜖𝑥0 , 𝑓⟩

for all bounded continuous function 𝑓 ∶  → ℝ. Thus, if now we have a bounded continuous
function 𝑓 ∶  × → ℝ, defining 𝑓𝑥0 ∶  → ℝ as 𝑓𝑥0(𝑥) ∶= 𝑓 (𝑥0, 𝑥), we obtain a bounded
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continuous function on  , so that
lim
𝑛→∞

⟨𝛿𝑥0 ⊗ (𝜏(𝑛) ⋅ 𝛿𝑥0), 𝑓⟩ = lim
𝑛→∞

⟨𝜏(𝑛) ⋅ 𝛿𝑥0 , 𝑓𝑥0⟩

= ⟨𝜖𝑥0 , 𝑓𝑥0⟩

= ⟨𝛿𝑥0 ⊗ 𝜖𝑥0 , 𝑓⟩.

Thus, using point (𝑖𝑖) in Lemma C.4.7 again, but now in the space ( × )𝖡𝖫 (see Re-
mark 3.3.11), we obtain

lim
𝑛→∞

(

𝛿𝑥0 ⊗ (𝜏(𝑛) ⋅ 𝛿𝑥0)
)

= 𝛿𝑥0 ⊗ 𝜖𝑥0 in ( × )𝖡𝖫,

which, combined with equation (C.4.16), does yield (C.4.17). Now fix 𝑥0 ∈ erg,𝗂𝗇𝗏, and let
us prove that

lim
𝑛→∞

(

𝜖𝑥0𝜏
(𝑛)
)

= 𝜖𝑥0 ⊗ 𝜖𝑥0 in ( × )𝖡𝖫. (C.4.18)

We have

𝜖𝑥0𝜏
(𝑛) =

(

∫
𝛿𝑥𝑑𝜖𝑥0(𝑥)

)

𝜏(𝑛)

= ∫
𝛿𝑥𝜏

(𝑛) 𝑑𝜖𝑥0(𝑥)

where the first line uses Proposition C.4.3, and the second line Lemma C.4.10. Thus for all
𝑥0 ∈ erg,𝗂𝗇𝗏 and 𝑐 ∈  such that 𝑥0 ∈  𝑐 ,

lim
𝑛→∞

(

𝜖𝑥0𝜏
(𝑛)
)

= ∫
𝛿𝑥 ⊗ 𝜖𝑥 𝑑𝜖𝑥0(𝑥)

= ∫𝑐
𝛿𝑥 ⊗ 𝜖𝑥 𝑑𝜖𝑥0(𝑥)

= ∫𝑐
𝛿𝑥 ⊗ 𝜖𝑥0 𝑑𝜖𝑥0(𝑥)

=
(

∫𝑐
𝛿𝑥 𝑑𝜖𝑥0(𝑥)

)

⊗ 𝜖𝑥0

= 𝜖𝑥0 ⊗ 𝜖𝑥0 ,

where the first line uses the convergence in (C.4.17) and the dominated convergence theorem
for Bochner integrals (Theorem C.2.13); the second line uses 𝜖𝑥0( 𝑐) = 1 (point (𝑖𝑖) in The-
orem 3.3.7); the third line uses 𝜖𝑥 = 𝜖𝑥0 for all 𝑥, 𝑥0 ∈  𝑐 (by definition of the relation ∼ in
(3.3.2)), the fourth line uses Lemma C.4.10 again, and the last line Proposition C.4.3 again.
Thus we proved the convergence in (C.4.18).

Eventually, for all 𝜇 ∈ Δ ,

𝜇𝜏(𝑛) =
(

∫
𝜖𝑥𝑑𝜇(𝑥)

)

𝜏(𝑛)

= ∫
𝜖𝑥𝜏

(𝑛) 𝑑𝜇(𝑥),

where the first line uses Theorem 3.3.5, and the second line Lemma C.4.10. Therefore, us-
ing the convergence in (C.4.18) and dominated convergence for Bochner integrals again, if
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𝜇(erg,𝗂𝗇𝗏) = 1, then we have, in ( × )𝖡𝖫, the convergence

lim
𝑛→∞

(

𝜇𝜏(𝑛)
)

= ∫
𝜖𝑥 ⊗ 𝜖𝑥𝑑𝜇(𝑥).

Eventually, note that for all 𝑛 ∈ ℕ, by linearity of hook-ups w.r.t. the channel argument,

𝜇𝜏(𝑛) = 1
𝑛

𝑛−1
∑

𝑖=0
𝜇𝜏 𝑖 = 1

𝑛

𝑛−1
∑

𝑖=0
𝑞(𝑋0, 𝑋𝑖).

This ends the proof of Proposition 3.3.12.

Proof of Proposition 3.3.13

Proposition 3.3.13. Assume that  is countable, 𝜏 ∈ 𝒦 (), fix a probability 𝜇 ∈ Δ such
that 𝜇(erg,𝗂𝗇𝗏) = 1, denote by 𝑞 = 𝑞( ⃖⃖⃗𝑋) the corresponding process distribution, and write
also

𝑞𝑛(𝑋,𝑋′) ∶= 1
𝑛

𝑛−1
∑

𝑖=0
𝑞(𝑋0, 𝑋𝑖) ∈ Δ× ,

Then, for all 𝑥, 𝑥′ ∈ erg,𝗂𝗇𝗏,

lim
𝑛→∞

𝑞𝑛(𝑥, 𝑥′) = 𝑞(𝑥, 𝑥′),

where

𝑞(𝑥, 𝑥′) ∶=
∑

𝑐∈
𝜇( 𝑐) 𝜖𝑐(𝑥)𝜖𝑐(𝑥′)𝛿𝑥,𝑥′∈𝑐 . (3.3.5)

Proof. For  countable, using the definition of 𝖡𝖫 as a subset of the dual of the space of
bounded Lipschitz functions, it is straightforward to verify that the topology induced by 𝖡𝖫

on Δ coincides with the usual topology, i.e., that induced by the ambient space ℝ||+1. In
particular, the convergence in ( × )𝖡𝖫 is equivalent to the symbol-wise convergence of
probabilities. Thus, for all 𝑥, 𝑥′ ∈ erg,𝗂𝗇𝗏,

lim
𝑛→∞

𝑞𝑛(𝑥, 𝑥′) =
∑

𝑥′′∈
𝜇(𝑥′′)𝜖𝑥′′(𝑥)𝜖𝑥′′(𝑥′)

=
∑

𝑥′′∈erg,𝗂𝗇𝗏
𝜇(𝑥′′)𝜖𝑥′′(𝑥)𝜖𝑥′′(𝑥′)

=
∑

𝑐∈

∑

𝑥′′∈𝑐

𝜇(𝑥′′)𝜖𝑥′′(𝑥)𝜖𝑥′′(𝑥′)

=
∑

𝑐∈
𝜇( 𝑐)𝜖𝑐(𝑥)𝜖𝑐(𝑥′)

=
∑

𝑐∈
𝜇( 𝑐)𝜖𝑐(𝑥)𝜖𝑐(𝑥′)𝛿𝑥,𝑥′∈𝑐 = 𝑞(𝑥, 𝑥′),

where the last line recalls that each 𝜖𝑐 is concentrated on  𝑐 (see Theorem 3.3.7). This proves
equation (3.3.5). Now, marginalising over 𝑋′,

𝜇(𝑥) = 𝑞(𝑥) =
∑

𝑐∈
𝜇( 𝑐)𝜖𝑐(𝑥)𝛿𝑥∈𝑐 ,
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so that, continuing from the previous equation,
𝑞(𝑥, 𝑥′) =

∑

𝑐∈
𝜇(𝑥)𝜖𝑐(𝑥′)𝛿𝑥,𝑥′∈𝑐

= 𝜇(𝑥)
∑

𝑐∈
𝛿𝑥∈𝑐𝜖𝑐(𝑥′)

= 𝜇(𝑥)
∑

𝑐∈
𝛿𝗉𝗋(𝑥)=𝑐𝜖(𝑥′|𝑐)

= 𝜇(𝑥) (𝜖◦𝗉𝗋)(𝑥′|𝑥)
=
[

𝜇(𝜖◦𝗉𝗋)
]

(𝑥, 𝑥′),

where the second line uses that 𝜖𝑐(𝑥) = 𝜖𝑐(𝑥)𝛿𝑥′∈𝑐 . This ends the proof of Proposition 3.3.13.

Proof of Proposition 3.3.15

Proposition 3.3.15. Let , ,  countable sets,let 𝑞𝐴𝐵 ∈ Δ× and 𝑓 ∶  → . Then
𝑓 is a sufficient statistic of 𝐴 w.r.t. 𝐵 if and only if there exists a channel 𝛾 ∈ 𝒦 (,)
such that, denoting by 𝑞𝐴 the marginal of 𝑞𝐴𝐵 on  and using the hook-up notation (see
Definition 3.2.3), we have 𝑞𝐴𝐵 = 𝑞𝐴(𝛾◦𝑓 ).

Proof. Assume that 𝑓 is a sufficient statistic of𝐴w.r.t. 𝐵. From the Markov chain𝐴−𝐶−𝐵,
there exists a channel 𝛾 ∈ 𝒦 (,) such that, for all (𝑎, 𝑏, 𝑐) ∈  ×  × ,

𝑞𝐴𝐵(𝑎, 𝑏)𝛿𝑓 (𝑎)=𝑐 = 𝑞𝐴(𝑎)𝛿𝑓 (𝑎)=𝑐𝛾(𝑏|𝑐).

Marginalising to  × , we obtain 𝑞𝐴𝐵 = 𝑞𝐴(𝛾◦𝑓 ). Conversely, assume that there exists
𝛾 ∈ 𝒦 (,) such that 𝑞𝐴𝐵 = 𝑞𝐴(𝛾◦𝑓 ). Then for all (𝑎, 𝑏, 𝑐) ∈  ×  × ,

𝑞𝐴𝐵(𝑎, 𝑏)𝛿𝑓 (𝑎)=𝑐 = 𝑞𝐴(𝑎)

(

∑

𝑐′∈
𝛿𝑓 (𝑎)=𝑐′𝛾(𝑏|𝑐′)

)

𝛿𝑓 (𝑎)=𝑐

= 𝑞𝐴(𝑎)𝛿𝑓 (𝑎)=𝑐𝛾(𝑏|𝑐),

which proves the Markov chain 𝐴 − 𝐶 − 𝐵. This ends the proof of Proposition 3.3.15.

Proof of Proposition 3.3.17

Proposition 3.3.17. Let 𝜇 ∈ Δ such that 𝜇(erg,𝗂𝗇𝗏) = 1, define 𝑞 ∈ Δ× as in (3.3.6),
and let  be a countable space. Then for all 𝜅 ∈ 𝒦 ( ,  ) such that 𝑞 = 𝜇(𝛾◦𝜅) for some
channel 𝛾 ∈ 𝒦 ( ,), there exists a function ℎ ∶  →  such that 𝜇𝗉𝗋 = 𝜇(ℎ◦𝜅).

Proof. Using Proposition 3.3.13, we have
𝜇(𝜖◦𝗉𝗋) = 𝑞 = 𝜇(𝛾◦𝜅),

and therefore, from point (𝑖𝑣) in Lemma C.3.1,
𝜇(𝗉𝗋◦𝜖◦𝗉𝗋) = 𝜇(𝗉𝗋◦𝛾◦𝜅).

But as for all 𝑐 ∈ , the ergodic distribution 𝜖(⋅|𝑐) = 𝜖𝑐 is concentrated on the ergodic
component  𝑐 (see Theorem 3.3.7), we have 𝗉𝗋◦𝜖 = 𝖨𝖽 . This yields

𝜇𝗉𝗋 = 𝜇(𝗉𝗋◦𝛾◦𝜅).
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But as 𝗉𝗋 is deterministic, this implies that the restriction of the channel 𝗉𝗋◦𝛾◦𝜅 to the support
supp(𝜇) of 𝜇 is deterministic. It can easily be verified that this implies that the restriction of
𝗉𝗋◦𝛾 to the support supp(𝜅 ⋅𝜇) of 𝜅 ⋅𝜇 ∈ Δ is a deterministic function ℎ+ ∶ supp(𝜅 ⋅𝜇) →  .
Let us now fix an arbitrary function ℎ0 ∶ supp(𝜅 ⋅ 𝜇)∁ →  defined on the complement
supp(𝜅 ⋅ 𝜇)∁ of supp(𝜅 ⋅ 𝜇), and define the function ℎ by

ℎ ∶  → 

𝑡 →

{

ℎ+(𝑡) if 𝑡 ∈ supp(𝜅 ⋅ 𝜇),
ℎ0(𝑡) if 𝑡 ∈ supp(𝜅 ⋅ 𝜇)∁.

As 𝗉𝗋◦𝛾 and ℎ coincide on supp(𝜅 ⋅ 𝜇), the composed channels 𝗉𝗋◦𝛾◦𝜅 and ℎ◦𝜅 coincide on
supp(𝜇). Therefore,

𝜇(ℎ◦𝜅) = 𝜇(𝗉𝗋◦𝛾◦𝜅) = 𝜇𝗉𝗋.

This ends the proof of Proposition 3.3.17.

Proof of Theorem 3.3.18

Theorem 3.3.18. Under the mean-asympotic distribution 𝑞(𝑋,𝑋′), the projection on ergodic
components 𝗉𝗋 is a minimal sufficient statistic of 𝑋 w.r.t. 𝑋′, and of 𝑋′ w.r.t. 𝑋.

Proof. As already mentioned, the equality 𝑞 = 𝜇(𝜖◦𝗉𝗋) from Proposition 3.3.13 shows that
𝗉𝗋 is a sufficient statistic of𝑋 w.r.t. 𝑋′. From Proposition 3.3.15, any other sufficient statistic
𝑓 ∶  →  satisfies 𝑞 = 𝜇(𝛾◦𝑓 ) for some channel 𝛾 ∈ 𝒦 ( ,). From Proposition 3.3.17,
this implies 𝜇𝗉𝗋 = 𝜇(ℎ◦𝑓 ) for some ℎ ∶  →  , i.e., that 𝗉𝗋 and ℎ◦𝑓 coincide on supp(𝜇).
This proves that 𝗉𝗋 is a minimal sufficient statistic of 𝑋 w.r.t. 𝑋′. Eventually, using the
symmetry 𝑞 = 𝑞𝖳, we obtain that 𝗉𝗋 is also a minimal sufficient statistic of 𝑋′ w.r.t. 𝑋. This
ends the proof of Theorem 3.3.18.

C.5 Proofs for Section 3.4

C.5.1 Proof of Theorem 3.4.1

Theorem 3.4.1. Let (𝜋, 𝜌) be a standard Borel measurable MDP, such that Assumption 1
holds. Denote by ⃖⃖⃖⃖⃗𝜋𝜌 ∈ 𝒦 ( , ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × ) the corresponding process channel (see Definition 3.2.12).
Let ( 𝑐)𝑐∈ be the decomposition into ergodic components, 𝜅 ∶  →  the corresponding
projection, and (𝜋𝑐)𝑐∈ the family of restrictions of 𝜋 to each  𝑐 . Then there exists a family
(𝜌𝑐)𝑐∈ , where 𝜌𝑐 ∈ 𝒦 ( 𝑐 × , 𝑐) for all 𝑐 ∈ , such that:5

(i) Denoting by ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 ∈ 𝒦 ( 𝑐 , ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ ×  𝑐) the corresponding process channel of each mea-
surable MDP (𝜋𝑐 , 𝜌𝑐), the map

 → Δ⃖⃖⃖⃖⃖⃗×
⊆ ( ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × )𝖡𝖫

𝑥 → 𝜖𝜅(𝑥) ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝜅(𝑥)𝜌𝜅(𝑥)

is Bochner integrable, and for all stationary 𝜇0 ∈ Δ ,

𝜇0 ⃖⃖⃖⃖⃗𝜋𝜌 = ∫
𝜖𝜅(𝑥) ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝜅(𝑥)𝜌𝜅(𝑥)𝑑𝜇0(𝑥). (3.4.1)

5Here, we identify distributions and channels to their restriction or extension to the relevant space (see Defi-
nitions C.2.8 and 3.2.2).
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In particular, for all 𝑐 ∈ , we have 𝜖𝑐 ⃖⃖⃖⃖⃗𝜋𝜌 = 𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 .

(ii) For all 𝑐 ∈ , denote by 𝜌𝑐 ∶= 𝜌𝑐◦(𝖨𝖽𝑐 ⨵ 𝜋𝑐) the update channel of each measurable
MDP (𝜋𝑐 , 𝜌𝑐), and recall that 𝜌𝑐 is the restriction of 𝜌 ∈ 𝒦 () to  𝑐 . Then 𝜌𝑐 = 𝜌𝑐
holds 𝜖𝑐-a.e.. In particular, 𝜖𝑐 ∈ Δ𝑐 is the unique stationary distribution w.r.t. 𝜌𝑐 ,
and it is ergodic w.r.t. 𝜌𝑐 .

Moreover, an arbitrary family (𝜌̃𝑐)𝑐∈ satisfies points (𝑖) and (𝑖𝑖) above if and only if for all
𝑐 ∈ , we have 𝜌̃𝑐 ∈ 𝒦 ( 𝑐 × , 𝑐) and 𝜌̃𝑐 = 𝜌 holds 𝜖𝑐𝜋𝑐-a.e..

The proof of Theorem 3.4.1 will involve the following lemmas. Let us recall (see Defini-
tion 3.2.10 and remarks above) that for 𝑞 the process distribution of a measured MDP and all
𝑚, 𝑛 ∈ ℕ,

𝑞𝑛+1𝑚 = 𝑞(𝑋𝑚, 𝐺𝑚,… , 𝑋𝑛, 𝐺𝑛, 𝑋𝑛+1) = (𝑞𝑛𝑚𝜋)𝜌 = 𝑞𝑛𝑚(𝜋𝜌), (C.5.1)
where 𝜋, resp. 𝜌, is here seen as a channel from 𝑛 to 𝑛, resp. from 𝑛 × 𝑛 to 𝑛+1; while
𝜋𝜌 ∈ 𝒦 (𝑛,𝑛×𝑛+1) is a hook-up of channels and the last two terms in (C.5.1) also use the
hook-up notation (see Definition 3.2.3). The following is intuitive but requires a verification
in our general standard Borel setting:
Lemma C.5.1. The process distribution 𝑞 of a standard Borel measured MDP (𝜇0, 𝜋, 𝜌) is
uniquely defined by the sequence of marginals (𝑞𝑛+1𝑛 )𝑛∈ℕ. In particular, if 𝜇0 is 𝜌-stationary,
then the process distribution 𝑞 is uniquely determined by 𝑞10 .

Proof. Let us prove iteratively that for all 𝑛 ∈ ℕ, the distribution 𝑞𝑛0 depends only on {𝑞𝑖+1𝑖 }0≤𝑖≤𝑛;
from the Kolmogorov extension theorem (Theorem C.2.10), this will yield point (𝑖𝑖). The re-
sult holds for 𝑛 = 0; assume that it holds for some 𝑛 ≥ 1, and let us show that {𝑞𝑖+1𝑖 }0≤𝑖≤𝑛+1
uniquely defines 𝑞𝑛+10 . Intuitively, we want to prove that if we take the conditional law of
(𝐺𝑛, 𝑋𝑛+1) given 𝑋𝑛 (using the joint distribution 𝑞(𝑋𝑛, 𝐺𝑛, 𝑋𝑛+1), without any direct refer-
ence to 𝜋 or 𝜌), then 𝑞𝑛+10 is defined by the hook-up of that conditional law with 𝑞𝑛0 . The
remaining of the proof formalises this intuition in our standard Borel setting.

From Proposition C.2.16, there exists some 𝛾𝑞 ∈ 𝒦 (𝑛,𝑛×𝑛+1) such that 𝑞𝑛+1𝑛 = 𝑞𝑛𝛾𝑞,
where 𝑞𝑛 ∶= 𝑞(𝑋𝑛). Importantly, here 𝛾𝑞 is uniquely defined by 𝑞𝑛+1𝑛 , without any direct
reference to 𝜋 or 𝜌. From equation (C.5.1), we have 𝑞𝑛𝛾𝑞 = 𝑞𝑛+1𝑛 = 𝑞𝑛(𝜋𝛾). Thus, if we fix
⃖⃖⃗𝐹 ∈ 𝔊𝑛 ⊗𝔛𝑛+1, then for all 𝐹𝑛 ∈ 𝔛𝑛,

∫𝐹𝑛
𝜋𝜌(⃖⃖⃗𝐹 |𝑥𝑛)𝑑𝑞𝑛(𝑥𝑛) = ∫𝐹𝑛

𝛾𝑞(⃖⃖⃗𝐹 |𝑥𝑛)𝑑𝑞𝑛(𝑥𝑛)

From Lemma C.2.11, this implies the existence of a set ̃𝑛 such that 𝑞𝑛(̃𝑛) = 1 and𝜋𝜌(⃖⃖⃗𝐹 |𝑥𝑛) =
𝛾𝑞(⃖⃖⃗𝐹 |𝑥𝑛) for all 𝑥𝑛 ∈ ̃𝑛. Moreover, as 𝑞𝑛 is a marginal of 𝑞𝑛0 , defining the measurable set

𝖯𝖺𝗌𝗍 ∶= 𝑛−1
0 × ̃𝑛 × 𝑛−10 ⊆ 𝑛

0 × 𝑛−10
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we have 𝑞𝑛0(𝖯𝖺𝗌𝗍) = 1. Thus, for all ⃖⃖𝐹 ∈ 𝔛𝑛
0 ⊗𝔊𝑛−1

0 ,

𝑞𝑛0𝜋𝜌(⃖⃖𝐹 × ⃖⃖⃗𝐹 ) = ∫⃖⃖𝐹
𝜋𝜌(⃖⃖⃗𝐹 |𝑥𝑛)𝑑𝑞𝑛0(𝑥

𝑛
0, 𝑔

𝑛−1
0 )

= ∫⃖⃖𝐹∩𝖯𝖺𝗌𝗍
𝜋𝜌(⃖⃖⃗𝐹 |𝑥𝑛)𝑑𝑞𝑛0(𝑥

𝑛
0, 𝑔

𝑛−1
0 )

= ∫⃖⃖𝐹∩𝖯𝖺𝗌𝗍
𝛾𝑞(⃖⃖⃗𝐹 |𝑥𝑛)𝑑𝑞𝑛0(𝑥

𝑛
0, 𝑔

𝑛−1
0 )

= ∫⃖⃖𝐹
𝛾𝑞(⃖⃖⃗𝐹 |𝑥𝑛)𝑑𝑞𝑛0(𝑥

𝑛
0, 𝑔

𝑛−1
0 )

= 𝑞𝑛0𝛾𝑞(⃖⃖𝐹 × ⃖⃖⃗𝐹 ).

Note that here the set 𝖯𝖺𝗌𝗍 might depend on ⃖⃖⃗𝐹 , but the reasoning as a whole still allows to
choose both ⃖⃖⃗𝐹 ∈ 𝔊𝑛⊗𝔛𝑛+1 and ⃖⃖𝐹 ∈ 𝔛𝑛

0⊗𝔊𝑛−1
0 arbitrarily. Thus we proved that 𝑞𝑛0𝜋𝜌 = 𝑞𝑛0𝛾𝑞,

i.e., 𝑞𝑛+10 = 𝑞𝑛0𝛾𝑞. But from our recurrence assumption, 𝑞𝑛0 is uniquely defined by (𝑞𝑖+1𝑖 )0≤𝑖≤𝑛,
while 𝛾𝑞 has been uniquely defined by 𝑞𝑛+1𝑛 . Thus 𝑞𝑛+10 is uniquely defined by {𝑞𝑖+1𝑖 }0≤𝑖≤𝑛+1.
I.e., we showed by iteration that the process distribution 𝑞 is uniquely defined by the sequence
of marginals (𝑞𝑛+1𝑛 )𝑛∈ℕ. If moreover 𝜇0 is 𝜌-stationary, then it is straightforward to verify that
𝑞𝑛+1𝑛 = 𝑞𝑚+1𝑚 for all 𝑚, 𝑛 ∈ ℕ, hence the second part of the result.

As noted in Section 3.3.5, the results quoted in Section 3.3.2 about the space 𝖡𝖫 actually
only assumed that is standard Borel, and thus can be replaced by any other standard Borel
space. In particular, we can consider the Banach space ( ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × )𝖡𝖫, as ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ ×  is a countable
product of standard Borel spaces and thus standard Borel itself (see Proposition C.2.5).
Lemma C.5.2. Under the same assumptions and notations as Theorem 3.4.1, the map

 → Δ⃖⃖⃖⃖⃖⃗×
⊆ ( ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × )𝖡𝖫

𝑥 → 𝜖𝜅(𝑥)⃖⃖⃖⃖⃗𝜋𝜌

is Bochner integrable, and for all stationary 𝜇0 ∈ Δ , we have

𝜇0⃖⃖⃖⃖⃗𝜋𝜌 = ∫
𝜖𝑐(𝑥)⃖⃖⃖⃖⃗𝜋𝜌𝑑𝜇0(𝑥).

Proof. From Theorem 3.3.5, the map 𝑥 → 𝜖𝑥 ∈ Δ is Bochner integrable and

𝜇0 = ∫
𝜖𝑥𝑑𝜇0(𝑥).

The result is thus a consequence of the commutation of Bochner integrals with hook-ups (see
Lemma C.4.10).
Proof of Theorem 3.4.1. (𝑖). Let 𝑐 ∈ . We know that  𝑐 is 𝜌-invariant: i.e., for all 𝑥 ∈  𝑐 ,
we have 𝜌( ⧵  𝑐

|𝑥) = 0. This implies that

∫𝑐×
𝜌( ⧵  𝑐

|𝑥, 𝑔)𝑑(𝜖𝑐𝜋)(𝑥, 𝑔) = ∫𝑐
𝜌( ⧵  𝑐

|𝑥)𝑑𝜖𝑐(𝑥) = 0.

Thus, there exists a set 𝐸𝑐 ∈ 𝔛⊗𝔊 such that (𝜖𝑐𝜋)(𝐸𝑐) = 1 and 𝜌( ⧵  𝑐
|𝑥, 𝑔) = 0 for all

(𝑥, 𝑔) ∈ 𝐸𝑐 . Let us fix some arbitrary channel 𝜌𝑐0 ∈ 𝒦
(

( 𝑐 × ) ⧵ 𝐸𝑐 , 𝑐), and define, for
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all 𝐹 in the induced 𝜎-algebra 𝔛𝑐 ∶= 𝔛 ∩  𝑐 , for all 𝑥 ∈  𝑐 , 𝑔 ∈ ,

𝜌𝑐(𝐹 |𝑥, 𝑔) ∶=

{

𝜌(𝐹 |𝑥, 𝑔) if (𝑥.𝑔) ∈ 𝐸𝑐 ,
𝜌𝑐0(𝐹 |𝑥, 𝑔) if (𝑥.𝑔) ∈ ( 𝑐 × ) ⧵ 𝐸𝑐 . (C.5.2)

As 𝐸𝑐 is measurable and 𝜌 is a channel, we obtain a channel 𝜌𝑐 ∈ 𝒦 ( 𝑐 × , 𝑐). As 𝜖𝑐
is concentrated on  𝑐 and  𝑐 is 𝜏-invariant where here 𝜏 = 𝜌, the distribution 𝜖𝑐𝜌 ∈ Δ×
is concentrated on  𝑐 ×  𝑐 . But as 𝜖𝑐𝜌 is the marginal on  ×  of 𝜖𝑐𝜋𝜌 ∈ Δ×× , this
implies that 𝜖𝑐 𝜋𝜌 is concentrated on  𝑐 ×  ×  𝑐 . Thus for all 𝐹 , 𝐹 ′

 ∈ 𝔛, and 𝐹 ∈ 𝔊,
(𝜖𝑐𝜋𝜌) (𝐹 × 𝐹 × 𝐹 ′

 ) =
(

𝜖𝑐 ⃖⃖⃖⃖⃗𝜋𝜌
) (

(𝐹 ∩  𝑐) × 𝐹 × (𝐹 ′
 ∩  𝑐)

)

= ∫(𝐹∩𝑐 )×𝐹
𝜌(𝐹 ′

 ∩  𝑐
|𝑥, 𝑔)𝑑(𝜖𝑐𝜋)(𝑥, 𝑔)

= ∫((𝐹∩𝑐 )×𝐹
)

∩𝐸𝑐
𝜌(𝐹 ′

 ∩  𝑐
|𝑥, 𝑔)𝑑(𝜖𝑐𝜋)(𝑥, 𝑔)

= ∫((𝐹∩𝑐 )×𝐹
)

∩𝐸𝑐
𝜌𝑐(𝐹 ′

 ∩  𝑐
|𝑥, 𝑔)𝑑(𝜖𝑐𝜋)(𝑥, 𝑔)

= ∫((𝐹∩𝑐 )×𝐹
)
𝜌𝑐(𝐹 ′

 ∩  𝑐
|𝑥, 𝑔)𝑑(𝜖𝑐𝜋)(𝑥, 𝑔)

= (𝜖𝑐𝜋𝑐𝜌𝑐) ((𝐹 ∩  𝑐) × 𝐹 × (𝐹 ′
 ∩  𝑐)).

Therefore, if we still denote by 𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 the extension of the process distribution 𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 ∈

Δ ⃖⃖⃖⃖⃖⃖⃗𝑐× to ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × , the above proves that (𝜖𝑐 ⃖⃖⃖⃖⃗𝜋𝜌)10 =
(

𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐
)1

0
. But as 𝜖𝑐 is 𝜌-stationary, this

means, from Lemma C.5.1, that 𝜖𝑐 ⃖⃖⃖⃖⃗𝜋𝜌 = 𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 . As 𝑐 ∈  is arbitrary, we can combine the
latter with Proposition C.5.2, yielding that the map

 → Δ⃖⃖⃖⃖⃖⃗×

𝑥 → 𝜖𝜅(𝑥) ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝜅(𝑥)𝜌𝜅(𝑥)

is Bochner integrable in the Banach space ( ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗ × )𝖡𝖫, and for all stationary 𝜇0 ∈ Δ ,

𝜇0⃖⃖⃖⃖⃗𝜋𝜌 = ∫
𝜖𝜅(𝑥) ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝜅(𝑥)𝜌𝜅(𝑥)𝑑𝜇0(𝑥).

As 𝜅(𝑥) = 𝑐 for all 𝑥 ∈  𝑐 , this clearly implies that 𝜖𝑐 ⃖⃖⃖⃖⃗𝜋𝜌 = 𝜖𝑐 ⃖⃖⃖⃖⃖⃖⃖⃗𝜋𝑐𝜌𝑐 for all 𝑐 ∈ .
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(𝑖𝑖). For all 𝑐 ∈ , 𝑥 ∈  𝑐 , 𝐹 , 𝐹 ′ ∈ 𝔛, 𝑛 ∈ ℕ,

𝜖𝑐𝜌𝑐(𝐹 × 𝐹 ′) = ∫𝐹
𝜌𝑐(𝐹𝑛|𝑥)𝑑𝜖𝑐(𝑥)

= ∫𝐹×
𝜌(𝐹𝑛|𝑥, 𝑔)𝑑(𝜖𝑐𝜋𝑐)(𝑥, 𝑔)

= ∫(𝐹×)∩𝐸𝑐
𝜌(𝐹𝑛|𝑥, 𝑔)𝑑(𝜖𝑐𝜋𝑐)(𝑥, 𝑔)

= ∫(𝐹×)∩𝐸𝑐
𝜌𝑐(𝐹𝑛|𝑥, 𝑔)𝑑(𝜖𝑐𝜋𝑐)(𝑥, 𝑔)

= ∫𝐹×
𝜌𝑐(𝐹𝑛|𝑥, 𝑔)𝑑(𝜖𝑐𝜋𝑐)(𝑥, 𝑔)

= ∫𝐹
𝜌𝑐(𝐹𝑛|𝑥)𝑑𝜖𝑐(𝑥)

= 𝜖𝑐𝜌𝑐(𝐹 × 𝐹 ′),

where the set 𝐸𝑐 has been defined in the proof of point (𝑖𝑖). Thus 𝜖𝑐𝜌𝑐 = 𝜖𝑐𝜌𝑐 , and as the
spaces are here standard Borel, point (𝑖) in Lemma C.3.1 implies that 𝜌𝑐 = 𝜌𝑐 holds 𝜖𝑐-a.e..
The second part of the statement is a consequence of point (𝑖𝑖𝑖) in Theorem 3.3.7.

For the last part of the statement, observe than the family (𝜌𝑐)𝑐∈ that we constructed does
satisfy, for all 𝑐 ∈ , that 𝜌𝑐 ∈ 𝒦 ( 𝑐 × , 𝑐) and that 𝜌𝑐 = 𝜌 holds 𝜖𝑐𝜋𝑐-ae.. Moreover, an
inspection of the proof shows that these are the only properties that we need to carry out the
proof (observe that, in equation (C.5.2), the channel 𝜌𝑐0 is chosen arbitrarily).

This ends the proof of Theorem 3.4.1.

C.5.2 Proof of Theorem 3.4.6

Theorem 3.4.6. Let  ,  standard Borel spaces such that  is a measurable group with a
group-stationary probability 𝜐 ∈ Δ, let 𝜌 ∈ 𝒦 ( ×,) a measurable action, and consider
the measurable MDP (𝜋𝜐, 𝜌). Then, for 𝜖𝑥 defined in (3.4.2):

(i) For 𝑥 ∈  and all 𝑛 ≥ 1, we have 𝜌𝑛 ⋅ 𝛿𝑥 = 𝜖𝑥; in particular, lim𝑛→∞ 𝜌(𝑛) ⋅ 𝛿𝑥 = 𝜖𝑥 in
𝖡𝖫.

(ii)  = erg,𝗂𝗇𝗏,

(iii) The partition in ergodic components { 𝑐}𝑐∈ coincides with the partition in orbits of
 w.r.t. the action of 

(iv) For all 𝑥 ∈  𝑐 = [𝑥], the probability 𝜖𝑥 is the unique 𝜌-stationary probability such
that 𝜖𝑥( 𝑐) = 1, and it is ergodic w.r.t. 𝜌.

(v) A probability 𝜇 on  is is 𝜌-stationary if and only if it is 𝜌𝑔-stationary for all 𝑔 ∈ .

(vi) The probability 𝜐 is the unique group-stationary probability on .

(vii) Denoting by 𝜌𝑐 the restriction of the group action 𝜌 to each orbit 𝑐 , the family of MDPs
(𝜖𝑐 , 𝜋𝑐𝜐 , 𝜌

𝑐) is an ergodic decomposition of the measurable MDP (𝜋𝜐, 𝜌).

Let us start with the following lemma:
Lemma C.5.3. For 𝑥, 𝑥′ ∈  , 𝜖𝑥([𝑥]) = 1 and

𝜖𝑥 = 𝜖𝑥′ ⇔ [𝑥] = [𝑥′].
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Proof. For all 𝑔 ∈ , 𝐹 ∈ 𝔛,
𝑔⋅𝑥→𝐹 = {𝑔′ ∈  ∶ 𝑔′𝑔 ⋅ 𝑥 ∈ 𝐹 } = {𝑔′ ∈  ∶ 𝑔′ ⋅ 𝑥 ∈ 𝐹 } 𝑔−1 = 𝑥→𝐹 𝑔−1,

As 𝜐 is here stationary, this implies 𝜐(𝑔⋅𝑥→𝐹 ) = 𝜐(𝑥→𝐹 ). Thus [𝑥] = [𝑥′] implies 𝜖𝑥 = 𝜖𝑥′ .
But if 𝑥′ ∉ [𝑥], then

𝜖𝑥′([𝑥]) = 𝜐(𝑥′→[𝑥]) = 𝜐(∅) = 0,

while
𝜖𝑥([𝑥]) = 𝜐(𝑥→[𝑥]) = 𝜐() = 1.

Thus [𝑥′] ≠ [𝑥] implies 𝜖𝑥′ ≠ 𝜖𝑥.
Proof of Theorem 3.4.6. (𝑖). Let 𝑥 ∈  . Equation (3.4.2) implies that

(𝜌 ⋅ 𝛿𝑥) = 𝜌(⋅|𝑥) = 𝜖𝑥.

Moreover, for all 𝐹 ∈ 𝔛,

(𝜌 ⋅ 𝜖𝑥)(𝐹 ) = ∫
𝜌(𝐹 |𝑥′)𝑑𝜖𝑥(𝑥′)

= ∫
𝜖𝑥′(𝐹 )𝑑𝜖𝑥(𝑥′)

= ∫[𝑥]
𝜖𝑥′(𝐹 )𝑑𝜖𝑥(𝑥′)

= 𝜖𝑥(𝐹 ),

where the third equality uses 𝜖𝑥([𝑥]) = 1 and the last one uses 𝜖𝑥′ = 𝜖𝑥 for 𝑥′ ∈ [𝑥] (both
proved in Lemma C.5.3 above). Thus, by iteration, 𝜌𝑛 ⋅ 𝜖𝑥 = 𝜖𝑥 for all 𝑛 ∈ ℕ. In particular,
lim𝑛→∞ 𝜌𝑛 ⋅ 𝛿𝑥 = 𝜖𝑥 in 𝖡𝖫. But in any Banach space, if a sequence converges to a limit, then
the Césaro means of that sequence converge to the same limit. Thus lim𝑛→∞ 𝜌(𝑛) ⋅ 𝛿𝑥 = 𝜖𝑥 in
𝖡𝖫.

(𝑖𝑖). Recall that erg,𝗂𝗇𝗏 = 𝖨𝗇𝗏(erg), where 𝑥 ∈ erg if and only if 𝜌(𝑛) ⋅ 𝛿𝑥 converges, in
𝖡𝖫, to an ergodic probability w.r.t. 𝜌. Let us prove that erg =  , which will also prove that
erg is invariant and thus erg,𝗂𝗇𝗏 = 𝖨𝗇𝗏(erg) = erg =  . Let 𝑥0 ∈  ; from point (𝑖𝑖) above,
we need to prove that 𝜖𝑥0 is ergodic w.r.t. 𝜌. First, from point (𝑖𝑖) again, we know that 𝜖𝑥0 is
𝜌-invariant. Let 𝐹 be a 𝜌-invariant set: i.e., (𝜌 ⋅ 𝛿𝑥)(𝐹 ) = 1 for all 𝑥 ∈ 𝐹 ; and let us prove that
𝜖𝑥0(𝐹 ) = 0 or 𝜖𝑥0(𝐹 ) = 1. We saw in the proof of point (𝑖𝑖) that 𝜌 ⋅ 𝛿𝑥 = 𝜖𝑥, so that we have

∀𝑥 ∈ 𝐹 , 𝜖𝑥(𝐹 ) = (𝜌 ⋅ 𝛿𝑥)(𝐹 ) = 1. (C.5.3)
On the other hand, from Lemma C.5.3, we know that 𝜖𝑥0([𝑥0]) = 1, so that 𝜖𝑥0(𝐹 ) = 𝜖𝑥0(𝐹 ∩
[𝑥0]). Thus if 𝐹 ∩ [𝑥0] = ∅, then 𝜖𝑥0(𝐹 ) = 0. Otherwise, there exists 𝑥′0 ∈ [𝑥0] ∩ 𝐹 .
But then 𝑥′0 ∈ 𝐹 implies, from (C.5.3), that 𝜖𝑥′0(𝐹 ) = 1, while Lemma C.5.3 above implies
𝜖𝑥0(𝐹 ) = 𝜖𝑥′0(𝐹 ), i.e., 𝜖𝑥0(𝐹 ) = 1. Thus we proved that for any 𝜌-invariant set 𝐹 , the quantity
𝜖𝑥0(𝐹 ) is either 0 or 1: i.e., that 𝜖𝑥0 is ergodic w.r.t. 𝜌.

(𝑖𝑖𝑖). Point (𝑖) and (𝑖𝑖) together show that for all 𝑥 ∈ erg,𝗂𝗇𝗏 =  , we have
[𝑥] = [𝑥′] ⇔ lim

𝑛→∞
𝜌(𝑛) ⋅ 𝛿𝑥 = lim

𝑛→∞
𝜌(𝑛) ⋅ 𝛿𝑥.
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Thus the equivalence classes [𝑥] are defined by the same equivalence relation as that defining
those of the partition ( 𝑐)𝑐∈ of erg,𝗂𝗇𝗏 = erg =  (see equation (3.3.2) and Proposi-
tion 3.3.9).

(𝑖𝑣). We saw in the proof of point (𝑖𝑖𝑖) that each 𝜖𝑥 is stationary, and, from Lemma C.5.3,
we have 𝜖𝑥([𝑥]) = 1. However, from point (𝑖𝑖) in Theorem 3.3.7, there is only one such
probability. We also proved in the proof of point (𝑖𝑖𝑖) that 𝜖𝑥 is ergodic for all 𝑥 ∈  .

(𝑣). Clearly, if 𝜇 is stationary under each 𝑔 ∈  then it is stationary under the update
channel 𝜌, which averages the actions over the group . Assume now that 𝜇 is 𝜌-stationary.
Then for all 𝐹 ∈ 𝔛, 𝑔 ∈ ,

𝜇(𝑔−1 ⋅ 𝐹 ) = (𝜌 ⋅ 𝜇)(𝑔−1 ⋅ 𝐹 ) = ∫
𝜌(𝑔−1 ⋅ 𝐹 |𝑥)𝑑𝜇(𝑥)

= ∫
𝜐(𝑥→𝑔−1⋅𝐹 )𝑑𝜇(𝑥)

= ∫
𝜐(𝑔−1𝑥→𝐹 )𝑑𝜇(𝑥)

= ∫
𝜐(𝑥→𝐹 )𝑑𝜇(𝑥)

= ∫
𝜌(𝐹 |𝑥)𝑑𝜇(𝑥)

= (𝜌 ⋅ 𝜇)(𝐹 ) = 𝜇(𝐹 ),

where the fourth equality uses the left-stationarity of 𝜐 w.r.t. the action of .
(𝑣𝑖). Let us apply the results above to  = , and 𝜌 defined by the action of  on itself by

mutliplication on the right. As there is only one orbit under this action, from point (𝑖𝑣), there
is only one ergodic component. Moreover, for all 𝑔 ∈ , 𝐹 ∈ 𝔊,

𝜖𝑔(𝐹 ) = 𝜐({𝑔′ ∈  ∶ 𝑔′𝑔 ∈ 𝐹 }) = 𝜐(𝑔−1(𝐹 )) = 𝜐(𝐹 ),

where we used the stationarity. Therefore, from point (𝑣), the probability 𝜐 is the unique
𝜌-stationary probability such that 𝜐() = 1, i.e., the unique 𝜌-stationary probability. From
point (𝑣𝑖), this is equivalent to 𝜐 being the unique probability such that 𝜐(𝐹𝑔) = 𝜐(𝐹 ), for
all 𝐹 ∈ 𝔊. Proceeding similarly with the action of  on itself on the left, we see that 𝜐 is
the unique probability such that 𝜐(𝑔𝐹 ) = 𝜐(𝐹 ) for all 𝑔 ∈ , 𝐹 ∈ 𝔊. Thus 𝜐 is the unique
stationary probability.

(𝑣𝑖𝑖). This is a consequence of the last part of the statement of Theorem 3.4.1.
This ends the proof of Theorem 3.4.6.

C.6 Appendix for Section 3.5

C.6.1 Appendix for Section 3.5.1

Proof of Proposition 3.5.2

Proposition 3.5.2. Let (𝜇0, 𝜋, 𝜌) and (𝜇′0, 𝜋
′, 𝜌′) be stationary MDPs, with resp. state-spaces

 ,  ′ and resp. action spaces , ′. Let 𝜙 ∶  →  ′ and 𝜓 ∶  → ′ be measurable maps,
and consider the following statements:

(i) (𝜇′0, 𝜋
′, 𝜌′) is a factor of (𝜇0, 𝜋, 𝜌) with factor maps (𝜙, 𝜓).

(ii) 𝜙⊗𝜓 ⊗𝜙 is a measured morphism from ( × × , 𝜇0𝜋𝜌) to ( ′ × ′ × ′, 𝜇′0𝜋
′𝜌′).

Then (𝑖) ⇒ (𝑖𝑖), and if morever  ′, ′ are standard Borel, then (𝑖) ⇔ (𝑖𝑖).
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Proof.

(𝜇′0, 𝜋
′, 𝜌′) factor of (𝜇0, 𝜋, 𝜌)

⇔

⎧

⎪

⎨

⎪

⎩

𝜙 ⋅ 𝜇0 = 𝜇′0
𝜇0(𝜓◦𝜋) = 𝜇0(𝜋′◦𝜙)
𝜇0𝜋

(

𝜙◦𝜌
)

= 𝜇0𝜋
(

𝜌′◦(𝜙⊗ 𝜓)
)

⇒

⎧

⎪

⎨

⎪

⎩

𝜙 ⋅ 𝜇0 = 𝜇′0
(𝜙⊗ 𝜓) ⋅ (𝜇0𝜋) = (𝜙 ⋅ 𝜇0)𝜋′

𝜇0𝜋
(

𝜙◦𝜌
)

= 𝜇0𝜋
(

𝜌′◦(𝜙⊗ 𝜓)
)

(C.6.1)

⇔

⎧

⎪

⎨

⎪

⎩

𝜙 ⋅ 𝜇0 = 𝜇′0
(𝜙⊗ 𝜓) ⋅ (𝜇0𝜋) = 𝜇′0𝜋

′

𝜇0𝜋
(

𝜙◦𝜌
)

= 𝜇0𝜋
(

𝜌′◦(𝜙⊗ 𝜓)
)

⇒

⎧

⎪

⎨

⎪

⎩

𝜙 ⋅ 𝜇0 = 𝜇′0
(𝜙⊗ 𝜓) ⋅ (𝜇0𝜋) = 𝜇′0𝜋

′

(𝜙⊗ 𝜓 ⊗ 𝜙) ⋅ (𝜇0𝜋𝜌) =
(

(𝜙⊗ 𝜓) ⋅ 𝜇0𝜋
)

𝜌′
(C.6.2)

⇔

⎧

⎪

⎨

⎪

⎩

𝜙 ⋅ 𝜇0 = 𝜇′0
(𝜙⊗ 𝜓) ⋅ (𝜇0𝜋) = 𝜇′0𝜋

′

(𝜙⊗ 𝜓 ⊗ 𝜙) ⋅ (𝜇0𝜋𝜌) = 𝜇′0𝜋
′𝜌′

⇔ (𝜙⊗ 𝜓 ⊗ 𝜙) ⋅ (𝜇0𝜋𝜌) = 𝜇′0𝜋
′𝜌′, (C.6.3)

where lines (C.6.1) and (C.6.2) use point (𝑣𝑖) in Lemma C.3.1, and line (C.6.3) uses that the
first two conditions are implied by the third condition by marginalisation. If moreover  ′

and ′ are standard Borel, then using point (𝑣𝑖) in Lemma C.3.1 again, we obtain that the
implications of lines (C.6.1) and (C.6.2) are equivalences. This ends the proof of Proposi-
tion 3.5.2.

Proof of Proposition 3.5.4

Proposition 3.5.4. The relation defined on stationary MDPs by MDP factors is a pre-order:
ie., it is reflexive and transitive. The relation defined by MDP isomorphisms is an equiva-
lence relation: i.e., it is reflexive, symmetric, and transitive. In particular, the factor and
isomorphism relations on stationary Markov chains are, resp., a pre-order and an equiva-
lence relation.

Proof. Both for the factor and the isomorphism relation, the reflexiveness is straightforward
(take 𝜙 ∶= 𝖨𝖽 and 𝜓 ∶= 𝖨𝖽). The idea is then, essentially, to combine (for the transivity) or
invert (for the symmetry) the commutation relations from Definition 3.5.1. However, because
of the dependency on the channels’ input distribution for each commutation relation, we have
to carefully justify each algebraic manipulation.

Let us first prove the transitivity. Assume that (𝜇′0, 𝜋′, 𝜌′) is a factor of (𝜇0, 𝜋, 𝜌)with factor
maps (𝜙, 𝜓), and (𝜇′′0 , 𝜋

′′, 𝜌′′) a factor of (𝜇′0, 𝜋′, 𝜌′) with factor maps (𝜙′, 𝜓 ′). Explicitly: we
have

(i) 𝜙 ⋅ 𝜇0 = 𝜇′0,
(ii) 𝜇0(𝜋′◦𝜙) = 𝜇0(𝜓◦𝜋),

(iii) 𝜇0𝜋(𝜌′◦(𝜙⊗ 𝜓)) = 𝜇0𝜋(𝜙◦𝜌).
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and
(i)’ 𝜙′ ⋅ 𝜇′0 = 𝜇′′0 ,

(ii)’ 𝜇′0(𝜋′′◦𝜙′) = 𝜇′0(𝜓
′◦𝜋′),

(iii)’ 𝜇′0𝜋(𝜌′′◦(𝜙′ ⊗𝜓 ′)) = 𝜇′0𝜋(𝜙
′◦𝜌′).

This implies:
(i)” Using point (𝑖𝑖) in Lemma C.3.1 and points (i), (i)’ above:

(𝜙′◦𝜙) ⋅ 𝜇0 = 𝜙′ ⋅ (𝜙 ⋅ 𝜇0) = 𝜙′ ⋅ (𝜇′0) = 𝜇′′0 .

(ii)” We have,
𝜇0(𝜋′′◦𝜙′◦𝜙) = 𝜇0(𝜓 ′◦𝜋′◦𝜙)

= (𝖨𝖽 ⊗𝜓 ′) ⋅
(

𝜇0(𝜋′◦𝜙)
)

= (𝖨𝖽 ⊗𝜓 ′) ⋅
(

𝜇0(𝜓◦𝜋)
)

= 𝜇0(𝜓 ′◦𝜓◦𝜋).

where we used, in the same order: point (ii)’ above with point (𝑣) in Lemma C.3.1;
point (𝑖𝑣) in Lemma C.3.1; point (ii) above; and point (𝑖𝑣) in Lemma C.3.1 again.

(iii)” We have
𝜇0𝜋

(

𝜌′′◦(𝜙′ ⊗𝜓 ′)◦(𝜙⊗ 𝜓)
)

= 𝜇0𝜋
(

𝜙′′◦𝜌′◦(𝜙⊗ 𝜓)
)

=
(

𝖨𝖽× ⊗𝜙′′
)

⋅
(

𝜇0𝜋
(

𝜌′◦(𝜙⊗ 𝜓)
)

)

=
(

𝖨𝖽× ⊗𝜙′′
)

⋅
(

𝜇0𝜋
(

𝜙′◦𝜌
)

)

= 𝜇0𝜋
(

𝜙′′◦𝜙′◦𝜌
)

,

where we used, in the same order: point (iii)’ above with point (𝑣) in Lemma C.3.1;
point (𝑖𝑣) in Lemma C.3.1; point (iii) above; and point (𝑖𝑣) in Lemma C.3.1 again.

This proves that (𝜇′′0 , 𝜋′′, 𝜌′′) is a factor of (𝜇0, 𝜋, 𝜌) with factor maps (𝜙′◦𝜙, 𝜓 ′◦𝜓). Thus the
factor relation is transitive. Moreover, if in addition the factor maps 𝜙, 𝜙′, 𝜓 , 𝜓 ′ are measured
isomorphisms on their respective spaces, then from Proposition C.2.14, the compositions
𝜙′◦𝜙 and 𝜓 ′◦𝜓 are measured isomorphisms, resp., from ( , 𝜇0) to ( ′′, 𝜇′′0 ) and from (, 𝜋 ⋅
𝜇0) to (′′, 𝜋′′ ⋅ 𝜇′′0 ). This proves the transitivity of the isomorphism relation.

Let us now prove the symmetry of the isomorphism relation. Assume that ( ′,′, 𝜇′0, 𝜋
′, 𝜌′)

is a factor of ( ,, 𝜇0, 𝜋, 𝜌) with factor maps (𝜙, 𝜓) such that 𝜙, resp. 𝜓 , is a measured iso-
morphism from ( , 𝜇0) to ( ′, 𝜇′0), resp. from (, 𝜋 ⋅𝜇0) to (′, 𝜋 ⋅𝜇′0). Denote by𝜙−1 and𝜓−1

mod 0 inverses of resp. 𝜙 and 𝜓 (recall that these mod 0 inverses might not be set-theoretic
inverses). First, 𝜙 ⋅ 𝜇0 = 𝑞′0 implies

𝜙−1 ⋅ 𝑞′0 = 𝜙−1 ⋅ (𝜙 ⋅ 𝜇0) = (𝜙−1◦𝜙) ⋅ 𝜇0 = 𝜇0

where the second equality uses point (𝑖𝑖) in Lemma C.3.1, and the last one uses point (𝑣𝑖𝑖)-(𝑎)
from the same lemma. Using now the lemma’s point (𝑣𝑖𝑖𝑖) with 𝑓 = 𝜙, 𝑔 = 𝜓 , 𝑞 = 𝜇0, 𝛾 = 𝜋
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and 𝛾 ′ = 𝜋′, we get
𝜇0(𝜋′◦𝜙) = 𝜇0(𝜓◦𝜋) ⇔ 𝜇′0(𝜓

−1◦𝜋′) = 𝜇′0(𝜋◦𝜙
−1),

Moreover, using, in this order, the same lemma’s point (𝑣𝑖𝑖)-(𝑐), point (𝑣), and point (𝑣𝑖𝑖)-(𝑎),
we get

(𝜙⊗ 𝜓) ⋅ 𝜇0𝜋 = (𝜙 ⋅ 𝜇0)(𝜓◦𝜋◦𝜙−1)

= (𝜙 ⋅ 𝜇0)(𝜋′◦𝜙◦𝜙−1)
= 𝜇′0𝜋

′.

Using the latter and the lemma’s point (𝑣𝑖𝑖𝑖) with now 𝑓 = 𝜙 ⊗ 𝜓 , 𝑔 = 𝜙, 𝑞 = 𝜇0𝜋, 𝛾 = 𝜌
and 𝛾 ′ = 𝜌′ proves that

𝜇0𝜋(𝜌′◦(𝜙⊗ 𝜓)) = 𝜇0𝜋(𝜙◦𝜌) ⇔ 𝜇′0𝜋
′(𝜙−1◦𝜌′) = 𝜇′0𝜋

′(𝜌◦(𝜙−1 ⊗𝜓−1)).

Thus the stationary MDP isomorphism relation is an equivalence relation. Eventually, these
results directly imply that stationary Markov chain factors, resp. isomorphisms, define a pre-
order, resp. an equivalence relation: indeed, stationary Markov chains can be seen as station-
ary MDPs with only one action. This ends the proof of Proposition 3.5.4.

C.6.2 Appendix for Section 3.5.2

Proof of Proposition 3.5.7

Proposition 3.5.7. Let (𝝁0,𝝅,𝝆) be a canonical joining of stationary standard Borel MDPs
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ . Define the tensor products (see Definition 3.2.6)

𝝅⊗ ∶=
⨂

𝑐∈
𝜋𝑐 ∈ 𝒦 ( ,),

𝝆⊗ ∶=
⨂

𝑐∈
𝜌𝑐 ∈ 𝒦 ( × , ).

(3.5.5)

Then:

• If 𝜋𝑐 is deterministic for all 𝑐 ∈ , then 𝝅 = 𝝅⊗ holds 𝝁0-a.e.; but for a general family
(𝜋𝑐)𝑐∈ , the latter equality might not hold.

• If 𝜌𝑐 is deterministic for all 𝑐 ∈ , then 𝝆 = 𝝆⊗ holds 𝝁0𝝅-a.e.; but for a general family
(𝜌𝑐)𝑐∈ , the latter equality might not hold.

Proof. Consider two families of standard Borel spaces (𝑐)𝑐∈ , (𝑐)𝑐∈ , with corresponding
product spaces , resp. , together with for each 𝑐 ∈ , a measure 𝜇𝑐 ∈ Δ and a channel
𝛾𝑐 ∈ 𝒦 (𝑐 ,𝑐). Let 𝝁 ∈ Δ and 𝜸 ∈ 𝒦 (,) such that for all 𝑐 ∈ 

𝝁(𝛾𝑐◦𝗉𝗋𝑐) = 𝝁(𝗉𝗋
𝑐
◦𝜸), (C.6.4)

where 𝗉𝗋𝑐 and 𝗉𝗋𝑐 are the projection on the coordinate 𝑐 in , resp. on the coordinate 𝑐
in . Eventually, define

𝜸⊗ ∶=
⨂

𝑐∈
𝛾𝑐 ∈ 𝒦 (,),

To prove the result, it is enough to prove that
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(i) If 𝛾𝑐 is deterministic for all 𝑐 ∈ , then 𝜸 = 𝜸⊗ holds 𝝁-a.e.,
(ii) In general, there exists 𝜸 satisfying the above conditions such that the latter equality

does not hold.
Note first that as here the spaces are standard Borel, from point (𝑖) in Lemma B.1.2, equa-
tion (C.6.4) is equivalent to

𝛾𝑐◦𝗉𝗋𝑐 = 𝗉𝗋𝑐◦𝜸 𝝁-a.e. (C.6.5)
To prove (i), assume that for all 𝑐 ∈ , the channel 𝛾𝑐 is deterministic, and write 𝑓 𝑐 ∶
 → 𝑐 the function defined by the deterministic channel 𝛾𝑐◦𝗉𝗋𝑐. This implies, using equa-
tion (C.6.5), the existence of a set ̃ such that 𝝁(̃) = 1 and for all 𝒂 ∈ ̃,

𝛿𝑓 𝑐 (𝒂) = (𝛾𝑐◦𝗉𝗋𝑐)(⋅|𝒂) = (𝗉𝗋𝑐◦𝜸)(⋅|𝒂).

It is easy to verify that this implies,
∀𝒂 ∈ ̃, 𝛿𝒇 (𝒂) = 𝜸(⋅|𝒂), (C.6.6)

where we defined the measurable function 𝒇 ∶  →  by 𝒇 (𝒂) ∶= (𝑓 𝑐(𝒂))𝑐∈ . Now,
equation (C.6.5) and 𝝁(̃) = 1 clearly implies

𝜸𝒇 = 𝝉 𝝁-a.e.
where 𝜸𝒇 is the deterministic channel defined by 𝒇 . But by construction, we actually have
𝜸𝒇 = 𝜸⊗.

Let us now prove point (ii) above by exhibiting a counter-example. Choose  = {1, 2}
and for all 𝑐 ∈ {1, 2}, the spaces 𝑐 = 𝑐 = {𝑎𝑐1, 𝑎

𝑐
2}, and the binary symmetric channel

𝛾𝑐(𝑎𝑐𝑖′|𝑎
𝑐
𝑖 ) =

{

1 − 𝑟 if 𝑖′ = 𝑖,
𝑟 if 𝑖′ ≠ 𝑖,

where 0 < 𝑟 < 1 does not depend on 𝑐 ∈ . Consider the distribution 𝝁 ∈ Δ{𝑎11,𝑎
1
2}×{𝑎

2
1,𝑎

2
2}

defined by 𝝁(𝑎11) = 𝝁(𝑎22) =
1
2

and 𝝁(𝑎12) = 𝝁(𝑎21) = 0. Note that the support of supp(𝝁) is
a two-elements “diagonal” in the four-elements “square” {𝑎11, 𝑎

1
2} × {𝑎21, 𝑎

2
2}: the idea, here,

is to join the binary symmetric channels 𝛾1 and 𝛾2 into a binary symmetric channel on this
diagonal. It does not matter how we define 𝜸 on the other, null probability diagonal; here we
choose it to implement there another binary symmetric channel. I.e., formally:

𝜸((𝑎1𝑖′ , 𝑎
2
𝑗′)|(𝑎

1
𝑖 , 𝑎

2
𝑗 )) =

⎧

⎪

⎨

⎪

⎩

1 − 𝑟 if (𝑖′, 𝑗′) = (𝑖′, 𝑗′),
𝑟 if 𝑖 ≠ 𝑖′ and 𝑗 ≠ 𝑗′,
0 otherwise.

Then the commutation relations from equation (C.6.5) are easily verified. But, on the other
hand, here the “split” channel 𝜸⊗ = 𝛾1 ⊗ 𝛾2, starting from a given diagonal, “spills over” on
the other diagonal. More precisely, it is defined by

𝜸⊗((𝑎1𝑖′ , 𝑎
2
𝑗′)|(𝑎

1
𝑖 , 𝑎

2
𝑗 )) =

⎧

⎪

⎨

⎪

⎩

(1 − 𝑟)2 if (𝑖′, 𝑗′) = (𝑖′, 𝑗′),
𝑟2 if 𝑖 ≠ 𝑖′ and 𝑗 ≠ 𝑗′,
𝑟(1 − 𝑟) otherwise,
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which proves that 𝝁𝜸 ≠ 𝝁𝜸⊗. This ends the proof of Proposition 3.5.7.

Proof of Proposition 3.5.11

Proposition 3.5.11. The relation defined on the joinings of a given family of stationary MDPs
(𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ by j-factors is a pre-order: i.e., it is reflexive and transitive.

Proof. The reflexivity of the j-factor relation is trivial: take Φ and Ψ equal to identity maps.
Moreover, Proposition 3.5.4 proves that the MDP factor relation is a pre-order. Thus we
only need to prove that the relation defined by equation (3.5.6) is transitive. The reasoning is
similar in spirit to that of the proof of Proposition 3.5.4.

Let (𝜈0, 𝜂, 𝜉), (𝜈′0, 𝜂′, 𝜉′) and (𝜈′′0 , 𝜂
′′, 𝜉′′) be three joinings of the same family of stationary

MDPs (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ , with resp. marginalisation maps (𝜙𝑐 , 𝜓𝑐)𝑐∈ , ((𝜙′)𝑐 , (𝜓 ′)𝑐)𝑐∈ , and

((𝜙′′)𝑐 , (𝜓 ′′)𝑐)𝑐∈ . Assume that (𝜈′0, 𝜂′, 𝜉′) is a j-factor of (𝜈0, 𝜂, 𝜉) with factor maps (Φ,Ψ),
and (𝜈′′0 , 𝜂

′′, 𝜉′′) a j-factor of (𝜈′0, 𝜂′, 𝜉′) with factor maps (Φ′,Ψ′). In particular,

(𝜈0𝜂)
(

(

(𝜙′)𝑐 ⊗ (𝜓 ′)𝑐
)

◦
(

Φ⊗Ψ
)

)

= (𝜈0𝜂)(𝜙𝑐 ⊗𝜓𝑐) (C.6.7)

and

(𝜈′0𝜂
′)
(

(

(𝜙′′)𝑐 ⊗ (𝜓 ′′)𝑐
)

◦
(

Φ′ ⊗Ψ′
)

)

= (𝜈′0𝜂
′)((𝜙′)𝑐 ⊗ (𝜓 ′)𝑐) (C.6.8)

Moreover, from Proposition 3.5.2, we have
(Φ⊗Ψ⊗Φ) ⋅ 𝜈0𝜂𝜌 = 𝜈′0𝜂

′𝜌′,

which yields, by marginalisation,
(Φ⊗Ψ) ⋅ 𝜈0𝜂 = 𝜈′0𝜂

′. (C.6.9)
Combining equations (C.6.8) and (C.6.9), we have

(

(Φ⊗Ψ) ⋅ 𝜈0𝜂
)

(

(

(𝜙′′)𝑐 ⊗ (𝜓 ′′)𝑐
)

◦
(

Φ′ ⊗Ψ′
)

)

=
(

(Φ⊗Ψ) ⋅ 𝜈0𝜂
)

((𝜙′)𝑐 ⊗ (𝜓 ′)𝑐),

which from point (𝑣) in Lemma C.3.1 is equivalent to

(𝜈0𝜂)
[

(

(𝜙′′)𝑐 ⊗ (𝜓 ′′)𝑐
)

◦(Φ′ ⊗Ψ′)◦(Φ⊗Ψ)
]

= (𝜈0𝜂)
[

(

(𝜙′)𝑐 ⊗ (𝜓 ′)𝑐
)

◦(Φ⊗Ψ)
]

(C.6.10)
We can now compute

(𝜈0𝜂)
[

(

(𝜙′′)𝑐 ⊗ (𝜓 ′′)𝑐
)

◦
(

(Φ′◦Φ)⊗ (Ψ◦Ψ)
)

]

= (𝜈0𝜂)
[

(

(𝜙′′)𝑐 ⊗ (𝜓 ′′)𝑐
)

◦(Φ′ ⊗Ψ′)◦(Φ⊗Ψ)
]

= (𝜈0𝜂)
[

(

(𝜙′)𝑐 ⊗ (𝜓 ′)𝑐
)

◦(Φ⊗Ψ)
]

(C.6.11)
= (𝜈0𝜂)(𝜙𝑐 ⊗𝜓𝑐), (C.6.12)
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where line (C.6.11), uses equation (C.6.10); and line (C.6.12) uses equation (C.6.7). This
ends the proof of Proposition 3.5.11.

Proof of Theorem 3.5.13

Theorem 3.5.13. For a finite family (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ of finite-alphabet, stationary MDPs, there

always exists at least one minimal joining.

The proof will use the following lemmas.
Lemma C.6.1. Let (𝜈0, 𝜂, 𝜉) and (𝜈′0, 𝜂

′, 𝜉′) be two joinings of (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ , with resp. state-

spaces  ,  ′ and resp. action spaces , ′. Assume that (𝜈′0, 𝜂
′, 𝜉′) is a j-factor of (𝜈0, 𝜂, 𝜉)

with factor maps (Φ,Ψ). If Φ⊗ Ψ is an isomorphism from ( × , 𝜈0𝜂) to ( ′ × ′, 𝜈′0𝜂
′),

then (𝜈0, 𝜂, 𝜉) is a j-factor of (𝜈′0, 𝜂
′, 𝜉′).

Proof. Assume that Φ ⊗ Ψ is an isomorphism from ( × , 𝜈0𝜂) to ( ′ × ′, 𝜈′0𝜂
′). From

Lemma C.3.2, the map Φ is an isomorphism from ( , 𝜈0) to ( ′, 𝜈′0), and Ψ is an isomorphism
from (, 𝜂 ⋅ 𝜈0) to (′, 𝜂′ ⋅ 𝜈′0). As by assumption, (𝜈′0, 𝜂′, 𝜉′) is a j-factor and in particular
an MDP factor of (𝜈0, 𝜂, 𝜉) with factor maps (Φ,Ψ), this implies that (𝜈′0, 𝜂′, 𝜉′) is MDP iso-
morphic to (𝜈0, 𝜂, 𝜉) (see Definition 3.5.1). By symmetry of the isomorphism relation (see
Proposition 3.5.4), this implies that (𝜈0, 𝜂, 𝜉) is MDP isomorphic to (𝜈′0, 𝜂

′, 𝜉′), with factor
maps (Φ−1,Ψ−1), where Φ−1 and Ψ−1 are mod 0 inverses of resp. Φ and Ψ. In particular,
(𝜈0, 𝜂, 𝜉) is an MDP factor of (𝜈′0, 𝜂′, 𝜉′) with factor maps (Φ−1,Ψ−1). Therefore, from the
Definition 3.5.10 of j-factor, the only remaining thing to prove is the equality

(𝜈′0𝜂
′)
(

(

𝜙𝑐 ⊗𝜓𝑐
)

◦
(

Φ−1 ⊗Ψ−1
)

)

= (𝜈′0𝜂
′)
(

(𝜙′)𝑐 ⊗ (𝜓 ′)𝑐
)

. (C.6.13)

where the maps (𝜙𝑐 , 𝜓𝑐)𝑐∈ , resp. ((𝜙′)𝑐 , (𝜓 ′)𝑐)𝑐∈ , are the marginalisation maps of the join-
ing (𝜈0, 𝜂, 𝜉), resp. of the joining (𝜈′0, 𝜂

′, 𝜉′). But from the assumption that Φ ⊗ Ψ is an
isomorphism, we have

𝜈′0𝜂
′ = (Φ⊗Ψ) ⋅ 𝜈0𝜂, (C.6.14)

while from the assumption that (𝜈′0, 𝜂′, 𝜉′) is a j-factor of (𝜈0, 𝜂, 𝜉), we have

(𝜈0𝜂)
(

(

(𝜙′)𝑐 ⊗ (𝜓 ′)𝑐
)

◦
(

Φ⊗Ψ
)

)

= (𝜈0𝜂)(𝜙𝑐 ⊗𝜓𝑐). (C.6.15)

Equation (C.6.13) is then a consequence of equation (C.6.14) and equation (C.6.15), combined
with point (𝑣𝑖𝑖)-(𝑑) in Lemma C.3.1.

Lemma C.6.2. Let ,  be finite sets, 𝜇 ∈ Δ, 𝜇′ ∈ Δ, and 𝑓 ∶  →  a measured
morphism from (, 𝜇) to (, 𝜇′) — i.e., 𝑓 ⋅ 𝜇 = 𝜇′. Then:6

(i) The restriction of 𝑓 to supp(𝜇) is a surjective function to supp(𝜇′).
(ii) 𝑓 is also a measured isomorphism from (, 𝜇) to (, 𝜇′) if and only if it induces a

bijection between supp(𝜇) and supp(𝜇′).
In particular, if the measured morphism 𝑓 is not an isomorphism, then |supp(𝜇′)| < |supp(𝜇)|.
Proof. This is a direct verification.

6See Chapter 2, equation (2.1.1) for the definition of the support supp(𝜇) of a finite distribution 𝜇.
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We are now ready to prove Theorem 3.5.13.
Proof of Theorem 3.5.13. We will use Zorn’s lemma, which applies to partial orders, i.e.,
reflexive, transitive and anti-symmetric binary relations. From Proposition 3.5.11, the j-factor
relation ⥶ on 𝖩𝗈𝗂𝗇 ∶= 𝖩𝗈𝗂𝗇((𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈) is a pre-order, i.e., it is reflexive and transitive. Yet,
it is not necessarily anti-symmetric: i.e., two joinings that are factor of one another are not
necessarily equal. However, we can “make the relation anti-symmetric” by quotienting: i.e.,
we define the equivalence relation ∼ on 𝖩𝗈𝗂𝗇 by

(𝜈0, 𝜂, 𝜉) ∼ (𝜈′0, 𝜂
′, 𝜉′) ⇔ (𝜈0, 𝜂, 𝜉) ⥶ (𝜈′0, 𝜂

′, 𝜉′) and (𝜈′0, 𝜂
′, 𝜉′) ⥶ (𝜈0, 𝜂, 𝜉),

and we consider the set [𝖩𝗈𝗂𝗇] of equivalence classes w.r.t. this equivalence relation, where
we denote by [𝗃] ∈ [𝖩𝗈𝗂𝗇] the class containing a joining 𝗃 ∈ 𝖩𝗈𝗂𝗇. The relation ⥶ induces a
relation on [𝖩𝗈𝗂𝗇], still denoted by ⥶, and defined by

[𝗃] ⥶ [𝗃′] ⇔ ∀(𝜈0, 𝜂, 𝜉) ∈ [𝗃], ∀(𝜈′0, 𝜂
′, 𝜉′) ∈ [𝗃′], (𝜈0, 𝜂, 𝜉) ⥶ (𝜈′0, 𝜂

′, 𝜉′). (C.6.16)
This relation on [𝖩𝗈𝗂𝗇] not only inherits the reflexiveness and transitivity from the pre-order
on 𝖩𝗈𝗂𝗇, but is now also anti-symmetric, i.e., it is a partial order. We want to prove that this
partial order has a minimal element, i.e., that

∃ [𝗃∗] ∈ [𝖩𝗈𝗂𝗇] ∶ ∀[𝗃], [𝗃∗] ⥶ [𝗃]. (C.6.17)
From (C.6.16),, this will imply that any fixed element (𝜈∗0 , 𝜂∗, 𝜉∗) ∈ [𝗃∗] is a minimal joining.
Now, Zorn’s lemma states, in our context, that to prove (C.6.17), it is enough to prove that (𝑖)
the set [𝖩𝗈𝗂𝗇] is not empty, and (𝑖𝑖) any chain w.r.t. the partial order ⥶ in [𝖩𝗈𝗂𝗇] has a lower
bound.7

Point (𝑖) is straightforward, as 𝖩𝗈𝗂𝗇 always contains the product joining (see Definition 3.5.6),
and therefore [𝖩𝗈𝗂𝗇] contains the latter’s class. To prove (𝑖𝑖), let us consider a chain 𝖢𝗁 w.r.t.
⥶. Fix an element [𝗃0] ∈ 𝖢𝗁. Let [𝗃1] ∈ 𝖢𝗁 such that [𝗃1] ⥶ [𝗃0] with [𝗃1] ≠ [𝗃0], and
(𝜈00 , 𝜂

0, 𝜉0) ∈ [𝗃0], (𝜈10 , 𝜂1, 𝜉1) ∈ [𝗃1]. The joining (𝜈10 , 𝜂
1, 𝜉1) is a j-factor of the joining

(𝜈00 , 𝜂
0, 𝜉0); let 𝑓 ∶ (0, 𝜈00) → (1, 𝜈10) and 𝑔 ∶ (0, 𝜂0 ⋅ 𝜈00) → (1, 𝜂1 ⋅ 𝜈10) the corre-

sponding factor maps. From Proposition 3.5.2, the map 𝑓 ⊗ 𝑔 is a measured morphism from
(0 × 0, 𝜈00𝜂

0) to (1 × 1, 𝜈10𝜂
1). Moreover, as (𝜈00 , 𝜂0, 𝜉0) is not a j-factor of (𝜈00 , 𝜂0, 𝜉0),from Lemma C.6.1, the measured morphism 𝑓 ⊗ 𝑔 is not a measured isomorphism. Thus,

from Lemma C.6.2, we have |supp(𝜈10𝜋1)| < |supp(𝜈00𝜋0)|. By iterating the argument, we
obtain that for any finite sequence ([𝗃𝑖])1≤𝑖≤𝑛, included in the chain 𝖢𝗁, such that [𝗃𝑖+1] ⥶ [𝗃𝑖]
and [𝗃𝑖+1] ≠ [𝗃𝑖] for all 1 ≤ 𝑖 ≤ 𝑛, the sequence (|supp(𝜈𝑖0𝜂𝑖)|)1≤𝑖≤𝑛 strictly decreases as 𝑖
increases. As this sequence is bounded from above by |supp(𝜈00𝜂0)| < ∞ and from below by
1, this implies that there exists 𝑁 ∈ ℕ, that depends only on the first joining (𝜈00 , 𝜂

0, 𝜉0) but
not on the remaining joinings (𝜈𝑖0, 𝜂𝑖, 𝜉𝑖)1≤𝑖≤𝑛, such that 𝑛 ≤ 𝑁 . As, by definition, the chain
𝖢𝗁 is totally ordered, this implies that there is only a finite number of distinct [𝗃] ∈ 𝖢𝗁 such
that [𝗃] ≤ [𝗃0]. Thus the chain 𝖢𝗁 has a minimal element, which is in particular a lower bound.
This proves property (𝑖𝑖) above, which ends the proof of Theorem 3.5.13.

Note that in the proof above, the only point where we used the assumption that there are a
finite number of finite-alphabet MDPs is to prove that each chain w.r.t. ⥶ has a lower bound.
Thus proving this fact for the non-finite case would be enough to generalise Theorem 3.5.13
to the non-finite case. Adaptation of arguments on minimal 𝜎-algebras from (Ay et al., 2015)
and invariant 𝜎-algebras from (Pfante et al., 2015) might be relevant for that purpose.

7A chain is a totally ordered subset, i.e., here, a subset 𝖢𝗁 ⊆ [𝖩𝗈𝗂𝗇] s.t. for all [𝗃], [𝗃′] ∈ 𝖢𝗁, we have either
[𝗃] ⥶ [𝗃′] or [𝗃′] ⥶ [𝗃]. A lower bound of 𝖢𝗁 is an element [𝗃𝖢𝗁] ∈ [𝖩𝗈𝗂𝗇] s.t. [𝗃𝖢𝗁] ⥶ [𝗃] for all [𝗃] ∈ 𝖢𝗁.
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Proof of Proposition 3.5.14

Proposition 3.5.14. Let (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ be a countable family of standard Borel stationary

MDPs. Then for any joining (𝜈0, 𝜂, 𝜉) of (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ , there exists a canonical joining of

(𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ which is a j-factor of (𝜈0, 𝜂, 𝜉). In particular, the family (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ has a
minimal joining if and only if it has a canonical minimal joining.

Proof. Let (𝜈0, 𝜂, 𝜉) be a joining with state-space ( ,𝔓) and action space (,𝔎). From
Proposition 3.5.2, for all 𝑐 ∈ , the marginalisation maps 𝜙𝑐 ∶  →  𝑐 and 𝜓𝑐 ∶  → 𝑐
are such that

(𝜙𝑐 ⊗𝜓𝑐 ⊗𝜙𝑐) ⋅ 𝜈0𝜂𝜉 = 𝜇𝑐0𝜋
𝑐𝜌𝑐 .

Denote by  and  the product measurable spaces of resp. ( 𝑐)𝑐∈ and (𝑐)𝑐∈ . Define the
measurable functions

𝝓 ∶  → 
𝑝 → (𝜙𝑐(𝑝))𝑐∈

and
𝝍 ∶  → 

𝑘 → (𝜓𝑐(𝑘))𝑐∈

together with the distributtion
𝒒10 ∶= (𝝓⊗ 𝝍 ⊗ 𝝓) ⋅ 𝜈0𝜂𝜉 ∈ Δ×× . (C.6.18)

As a countable Cartesian product of standard Borel spaces is standard Borel (see Proposi-
tion C.2.5), and as here  is countable, the spaces  , , and  ×  ×  are standard Borel.
Thus, using (twice) Proposition C.2.16, we obtain that there exist channels 𝝅 ∈ 𝒦 ( ,)
and 𝝆 ∈ 𝒦 ( × , ) such that 𝒒10 = 𝝁0𝝅𝝆, where 𝝁0 the marginal of 𝒒10 ∈ Δ××
on the first state-space coordinate  . This yields a measured MDP (𝝁0,𝝅,𝝆) which, from
equation (C.6.18) and the stationarity of (𝜈0, 𝜂, 𝜉), is stationary as well. Moreover, from
equation (C.6.18) and Proposition 3.5.2, the stationary MDP (𝝁0,𝝅,𝝆) is an MDP factor of
(𝜈0, 𝜂, 𝜉).

Now, denoting by 𝗉𝗋𝑐 , resp. 𝗉𝗋𝑐 the projection on the coordinate 𝑐 in  , resp. , we have,
for all 𝑐 ∈ ,

(𝗉𝗋𝑐 ⊗ 𝗉𝗋𝑐 ⊗ 𝗉𝗋𝑐 ) ⋅ 𝝁0𝝅𝝆 = (𝗉𝗋𝑐 ⊗ 𝗉𝗋𝑐 ⊗ 𝗉𝗋𝑐 ) ⋅ ((𝝓⊗ 𝝍 ⊗ 𝝓) ⋅ 𝜈0𝜂𝜉)

= ((𝗉𝗋𝑐 ⊗ 𝗉𝗋𝑐 ⊗ 𝗉𝗋𝑐 )◦(𝝓⊗ 𝝍 ⊗ 𝝓)) ⋅ 𝜈0𝜂𝜉

= ((𝗉𝗋𝑐◦𝝓)⊗ (𝗉𝗋𝑐◦𝝍)⊗ (𝗉𝗋𝑐◦𝝓)) ⋅ 𝜈0𝜂𝜉

= (𝜙𝑐 ⊗𝜓𝑐 ⊗𝜙𝑐) ⋅ 𝜈0𝜂𝜉
= 𝜇𝑐0𝜋

𝑐𝜌𝑐 .

Therefore, for all 𝑐 ∈ , from Proposition 3.5.2, the standard Borel stationary MDP (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)

is an MDP factor of the stationary MDP (𝝁0,𝝅,𝝆) with factor maps (𝗉𝗋𝑐 , 𝗉𝗋𝑐): i.e., (𝝁0,𝝅,𝝆)
is a canonical joining of the family (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ (see Definition 3.5.6). Moreover, as we al-
ready saw that (𝝁0,𝝅,𝝆) is an MDP factor of (𝜈0, 𝜂, 𝜉) with factor maps (Φ,Ψ), the equalities

𝗉𝗋𝑐◦𝝓 = 𝜙𝑐

𝗉𝗋𝑐◦𝝍 = 𝜓𝑐
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show that (𝝁0,𝝅,𝝆) is a j-factor of (𝜈0, 𝜂, 𝜉), which ends the proof of Proposition 3.5.14.

C.6.3 Proof of Theorem 3.5.17

Theorem 3.5.17. Assume that there is a countable number of orbits. Then the following are
equivalent:

(i) The group action has a measured class-pose decomposition (𝜅, 𝜃, 𝜉) with state-space
 .

(ii) The MDP (𝜋𝜐, 𝜌) defined by the group action 𝜌 has an isomorphic class-pose parametri-
sation whose isomorphic minimal joining is of the form (𝜈0, 𝜂𝜐, 𝜉), with state-space 
and action space  ∶= , where 𝜂𝜐 ∈ 𝒦 ( ,) is the independent policy, and with
marginalisation maps (𝜙, 𝜓) such that for all 𝑐 ∈ , the map 𝜓𝑐 ∶  =  →  is
trivial: i.e., it is the identity map 𝖨𝖽.

Moreover, if any of the above holds, then the class-pose decomposition from (𝑖) and the iso-
metric class-pose parametrisation from (𝑖𝑖) can be chosen such that:

•  is the same space in points (𝑖) and (𝑖𝑖),

• 𝜉 is the same transition channel in points (𝑖) and (𝑖𝑖),

• For all 𝑐 ∈ , the restriction 𝜃𝑐 of 𝜃 of point (𝑖) — which is a measured isomorphism
from ( 𝑐 , 𝜖𝑐) to ( , 𝜈0)— and the restriction𝜙𝑐 of𝜙 of point (𝑖𝑖)— which is a measured
isomorphism from ( , 𝜈0) to ( 𝑐 , 𝜖𝑐) — are mod 0 inverses of each other.

Proof. (𝑖) ⇒ (𝑖𝑖). Let 𝑐 ∈ . Define 𝜙𝑐 ∶  →  𝑐 as a mod 0 inverse of the measured
isomorphism 𝜃𝑐 from ( 𝑐 , 𝜖𝑐) to ( , 𝜈0). We clearly have

𝜙𝑐 ⋅ 𝜈0 = 𝜖𝑐 , (C.6.19)
and for all 𝑔 ∈ ̃, the relation

𝜖𝑐(𝜌𝑔◦𝜃𝑐) = 𝜖𝑐(𝜃𝑐◦𝜉𝑔)

implies, from point (𝑣𝑖𝑖𝑖) in Lemma C.3.1, that
𝜈0(𝜉𝑔◦𝜙𝑐) = 𝜈0(𝜙𝑐◦𝜌𝑔). (C.6.20)

Define now 𝜙 ∶  ×  →  by 𝜙(𝑐, 𝑝) ∶= 𝜙𝑐(𝑝). For any 𝐹 ∈ 𝔛 we have
𝜙−1(𝐹 ) = 𝜙−1(

⨆

𝑐∈
𝐹 ∩  𝑐)

=
⨆

𝑐∈
𝜙−1(𝐹 ∩  𝑐)

=
⨆

𝑐∈
{𝑐} × (𝜙𝑐)−1(𝐹 ∩  𝑐).

As each 𝜙𝑐 is measurable and  is here assumed countable, each 𝜙−1(𝐹 ) is a countable union
of measurable sets, and therefore measurable. Thus 𝜙 is measurable. We then define  ∶= ,
and the map 𝜓 ∶  ×  →  by 𝜓(𝑐, 𝑔) ∶= 𝜓𝑐(𝑔) ∶= 𝑔, which is clearly measurable. It can
then be easily verified that for all 𝑐 ∈ , equation (C.6.20) fo all 𝑔 ∈ ̃, with 𝜐(̃) = 1, implies

(𝜈0 ⊗ 𝜋𝜐)(𝜉◦(𝜙𝑐 ⊗𝜓𝑐)) = (𝜈0 ⊗ 𝜋𝜐)(𝜙𝑐◦𝜌),
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i.e.,
𝜈0𝜋𝜐(𝜉◦(𝜙𝑐 ⊗𝜓𝑐)) = 𝜈0𝜋𝜐(𝜙𝑐◦𝜌). (C.6.21)

Let us now denote by 𝜂𝜐 ∈ 𝒦 ( ,) the independent policy on  . We have
𝜈0(𝜋𝜐◦𝜙𝑐) = 𝜈0 ⊗ 𝜐 = 𝜈0𝜂𝜐 = 𝜈0(𝖨𝖽◦𝜂𝜐) = 𝜈0(𝜓◦𝜂𝜐). (C.6.22)

Combining equations (C.6.19), (C.6.21) and (C.6.22), we obtain that (𝜈0, 𝜂𝜐, 𝜉) is a joining of
the family (𝜖𝑐 , 𝜋𝑐𝜐 , 𝜌

𝑐)𝑐∈ , with factor maps 𝜙 and 𝜓 . Moreover, by assumption, for all 𝑐 ∈ 
the map 𝜙𝑐 is an isomorphism from ( , 𝜈0) to ( 𝑐 , 𝜖𝑐), and 𝜓𝑐 = 𝖨𝖽 is clearly an isomor-
phism from (, 𝜐) to itself. Thus we have an isomorphic joining of the ergodic components
(𝜖𝑐 , 𝜋𝑐𝜐 , 𝜌

𝑐) of the measurable MDP (𝜋𝜐, 𝜌), with marginalisation maps 𝜙𝑐 and 𝜓𝑐 such that 𝜙
and 𝜓 are measurable.

(𝑖𝑖) ⇒ (𝑖). Let us now start from an isomorphic joining (𝜈0, 𝜂𝜐, 𝜉) of the ergodic compo-
nents (𝜖𝑐 , 𝜋𝑐𝜐 , 𝜌𝑐)𝑐∈ , with action space  ∶= , action space factor map 𝜓 such that 𝜓𝑐 = 𝖨𝖽
for all 𝑐 ∈ , and where 𝜂𝜐 is the independent policy. Note that from Proposition 3.5.9, the
pose’s state-space  can be chosen standard Borel, which we do.

Let 𝑐 ∈ . As (𝜈0, 𝜂𝜐, 𝜉) is a factor of (𝜖𝑐 , 𝜋𝑐𝜐 , 𝜌𝑐) with factor maps 𝜙, 𝜓 , we have (see
Definition 3.5.1)

𝜙𝑐 ⋅ 𝜈0 = 𝜖𝑐 , (C.6.23)
and, noting that 𝜈0𝜂𝜐 = 𝜈0 ⊗ 𝜐 and 𝜓𝑐 = 𝖨𝖽 for all 𝑐 ∈ ,

(𝜈0 ⊗ 𝜐)(𝜌𝑐◦(𝜙𝑐 ⊗ 𝖨𝖽)) = (𝜈0 ⊗ 𝜐)(𝜙𝑐◦𝜉). (C.6.24)
The space ( 𝑐 ,𝔛𝑐) is standard Borel, as well as ( ,𝔓). Thus, from Proposition C.2.3, there
exist countable families of measurable subsets {𝐹

𝑛 }𝑛∈ℕ ⊆ 𝔓, resp. {𝐹 𝑐𝑛 }𝑛∈ℕ ⊆ 𝔛𝑐 , such that
{𝐹

𝑛 }𝑛∈ℕ generates the 𝜎-algebra 𝔓, resp. {𝐹 𝑐𝑛 }𝑛∈ℕ generates the 𝜎-algebra 𝔛𝑐 . Therefore
the family {𝐹

𝑚 ×𝐹 𝑐𝑛 }𝑚,𝑛∈ℕ generates 𝔓⊗𝔛𝑐 (it generates the rectangles, and thus the whole
product 𝜎-algebra). Let us now fix 𝑚, 𝑛 ∈ ℕ. Define the measurable functions ℎ, ℎ′ on  by

ℎ(𝑔) ∶=
[

𝜈0(𝜙𝑐◦𝜉𝑔)
]

(𝐹
𝑚 × 𝐹 𝑐𝑛 ),

ℎ′(𝑔) ∶=
[

𝜈0
(

𝜌𝑐𝑔◦𝜙
𝑐)
]

(𝐹
𝑚 × 𝐹 𝑐𝑛 ).
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For all 𝐹  ∈ 𝔊, we have

∫𝐹 
ℎ(𝑔)𝑑𝜐(𝑔) = ∫𝐹 

(

∫𝐹
𝑚

[

(𝜙𝑐◦𝜉)(𝐹 𝑐𝑛 |𝑝, 𝑔)
]

𝑑𝜈0(𝑝)

)

𝑑𝜐(𝑔)

= ∫𝐹
𝑚 ×𝐹 

[

(𝜙𝑐◦𝜉)(𝐹 𝑐𝑛 |𝑝, 𝑔)
]

𝑑(𝜈0 ⊗ 𝜐)(𝑝, 𝑔)

=
[

(𝜈0 ⊗ 𝜐)(𝜙𝑐◦𝜉)
]

(𝐹
𝑚 × 𝐹  × 𝐹 𝑐𝑛 )

=
[

(𝜈0 ⊗ 𝜐)(𝜌𝑐◦(𝜙𝑐 ⊗ 𝖨𝖽))
]

(𝐹
𝑚 × 𝐹  × 𝐹 𝑐𝑛 ) (C.6.25)

= ∫𝐹
𝑚 ×𝐹 

[

(𝜌𝑐𝑔◦𝜙
𝑐)(𝐹 𝑐𝑛 |𝑝)

]

𝑑(𝜈0 ⊗ 𝜐)(𝑝, 𝑔)

= ∫𝐹 

(

∫𝐹
𝑚

[

(𝜌𝑐𝑔◦𝜙
𝑐)(𝐹 𝑐𝑛 |𝑝)

]

𝑑𝜈0(𝑝)

)

𝑑𝜐(𝑔)

= ∫𝐹 
ℎ′(𝑔)𝑑𝜐(𝑔),

where the line (C.6.25) uses equation (C.6.24). As this is true for all 𝐹  ∈ 𝔊, this implies
(see Lemma C.2.11) that there exists some measurable 𝑐𝑚,𝑛 ∈ 𝔊 such that 𝜐(𝑐𝑚,𝑛) = 1 and
for all 𝑔 ∈ 𝑐𝑚,𝑛,

[

𝜈0(𝜙𝑐◦𝜉𝑔)
]

(𝐹
𝑚 × 𝐹 𝑐𝑛 ) = ℎ(𝑔) = ℎ′(𝑔) =

[

𝜈0
(

𝜌𝑐◦(𝜙𝑐 ⊗𝜓𝑔)
)]

(𝐹
𝑚 × 𝐹 𝑐𝑛 ). (C.6.26)

Let us now define ̃𝑐 ∶= ⋂

𝑚,𝑛∈ℕ 𝑐𝑚,𝑛. As a countable intersection of measurable sets of prob-
ability one, ̃𝑐 is measurable and 𝜐(̃𝑐) = 1. Moreover, for 𝑔 ∈ ̃𝑐 , equation (C.6.26) holds
for all 𝑚, 𝑛 ∈ ℕ, and thus, using the fact that they generate 𝔓⊗ 𝔛𝑐 (and Proposition C.2.9),
we get

𝜈0(𝜙𝑐◦𝜉𝑔) = 𝜈0(𝜌𝑐𝑔◦𝜙
𝑐). (C.6.27)

Let now 𝜃𝑐 be a mod 0 inverse of the measured isomorphism𝜙𝑐 from ( , 𝜈0) to ( 𝑐 , 𝜖𝑐). Note,
first, that we clearly have

𝜃𝑐 ⋅ 𝜖𝑐 = 𝜈0. (C.6.28)
Moreover, combining equation (C.6.27) and point (𝑣𝑖𝑖𝑖) in Lemma C.3.1 yields, for all 𝑔 ∈ ̃𝑐 ,

𝜖𝑐(𝜉𝑔◦𝜃𝑐) = 𝜖𝑐(𝜃𝑐◦𝜌𝑐𝑔). (C.6.29)
Define then ̃ ∶=

⋂

𝑐∈ ̃𝑐 . As  is countable, we obtain a measurable set such that 𝜐(̃) = 1,
and such that equation (C.6.27) holds for all 𝑐 ∈  and all 𝑔 ∈ ̃. Combining this with
equation (C.6.28), we obtain that for all 𝑐 ∈  and all 𝑔 ∈ ̃, the map 𝜃𝑐 is a stationary
Markov chain isomorphism from (𝜖𝑐 , 𝜌𝑐𝑔) to (𝜈0, 𝜉𝑔). Eventually, defining the map 𝜃 ∶  → 
by 𝜃(𝑥) ∶= 𝜃𝑐(𝑥) if 𝑥 ∈ , the measurability of 𝜃 can be proven similarly as we proved the
measurability of 𝜙 in the proof of the direction (𝑖) ⇒ (𝑖𝑖) (this uses the countability of ).

Combining now 𝜃 with the projection on orbits 𝜅, we indeed obtain a measured class-pose
decomposition in the sense of Definition 3.5.16.

The second part of the statement is a direct consequence of how, in this proof, we con-
structed the measured class-pose decomposition and the isomorphic class-pose parametrisa-
tion from one-another.

This ends the proof of Theorem 3.5.17.
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C.7 Appendix for Section 3.6

C.7.1 Proof of Theorem 3.6.1

Theorem 3.6.1. Let us recall that 𝗉𝗋 ∶  →  denotes the projection on ergodic components
w.r.t. the Markov chain 𝜏. The following holds:

(i) For 𝜆 = Λ, a channel 𝜅 ∈ 𝒦 ( ,  ) is a solution to (3.6.10) if and only if 𝜅 = 𝜄◦𝗉𝗋, for
a congruent8 channel 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  ).

(ii) For all 0 ≤ 𝜆 ≤ Λ, all solutions 𝜅 ∈ 𝒦 ( ,  ) to (3.6.10) satisfy 𝜅 = 𝛾◦𝗉𝗋, for some
𝛾 ∈ 𝒦 ( ,  ).

We want to apply Theorem B.1.3 Chapter 2 to the space  ∶=  , the probability 𝜇 ∶=
𝜇0, the distortion 𝐷 ∶ 𝒦 ( ,  ) → [0, 𝐼(𝑋,𝑋′)] defined by 𝐷(𝜅) ∶= 𝐼𝜅(𝑇 , 𝑇 ′), and the
projection on ergodic components 𝗉𝗋 ∶  → . We thus need to verify that assumptions (𝑎)
and (𝑏) in the latter theorem do hold here.

Let us define the channel 𝜖 ∈ 𝒦 (,) by 𝜖 ∶= (𝑥|𝑐) ∶= 𝜖𝑐(𝑥). This channel coincides
with the channel 𝜖 defined in Appendix B.1 in Chapter 2. More precisely:
Lemma C.7.1. The following holds:

(i) We have
[

𝑞(𝑋,𝑋′)(𝗉𝗋⊗ 𝗉𝗋)
]𝖳 =

[

(𝗉𝗋⊗ 𝗉𝗋) ⋅ 𝑞(𝑋,𝑋′)
]

(𝜖 ⊗ 𝜖), (C.7.1)
where we used the hook-up and transpose notations (see Definitions 3.2.3 and 3.2.4).
In particular,

𝑞(𝑋,𝑋′) =
[

(𝜖 ⊗ 𝜖)◦(𝗉𝗋⊗ 𝗉𝗋)
]

⋅ 𝑞(𝑋,𝑋′)

(ii) We have 𝜖(𝑥|𝑐) = 𝜇(𝑥)
(𝗉𝗋⋅𝜇)(𝑐)

𝛿𝗉𝗋(𝑥)=𝑐 for all 𝑥 ∈  , 𝑐 ∈ .

Proof. (𝑖). To alleviate notations, here we denote 𝑞(𝑋,𝑋′) simply by 𝑞. From equation (3.6.3),
we have
[

(𝗉𝗋⊗ 𝗉𝗋) ⋅ 𝑞
]

(𝑐, 𝑐′) =
∑

(𝑥,𝑥′)∈×
𝑞(𝑥, 𝑥′)𝛿(𝗉𝗋⊗𝗉𝗋)(𝑥,𝑥′)=(𝑐,𝑐′)

=
∑

(𝑥,𝑥′)∈×
𝑞(𝑥, 𝑥′)𝛿(𝑥,𝑥′)∈𝑐×𝑐′

=
∑

(𝑥,𝑥′)∈×

(

∑

𝑐′′∈
𝜇( 𝑐′′)𝜖𝑐′′(𝑥)𝜖𝑐′′(𝑥′)𝛿(𝑥,𝑥′)∈𝑐′×𝑐′

)

𝛿(𝑥,𝑥′)∈𝑐×𝑐′

= 𝜇( 𝑐)𝛿𝑐=𝑐′
∑

(𝑥,𝑥′)∈×
𝜖𝑐(𝑥)𝜖𝑐(𝑥′) 𝛿(𝑥,𝑥′)∈𝑐×𝑐

= 𝜇( 𝑐)𝛿𝑐=𝑐′ , (C.7.2)
8See Definition 2.2.2.
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where the third line uses equation (3.6.4), and the last line that 𝜖𝑐 is concentrated on  𝑐 (see
point (𝑖) in Theorem 3.3.7). Therefore, for all 𝑐, 𝑐′ ∈ ,

[

𝑞(𝗉𝗋⊗ 𝗉𝗋)
]

(𝑥, 𝑥′, 𝑐, 𝑐′) = 𝑞(𝑥, 𝑥′) 𝛿(𝑥,𝑥′)∈𝑐×𝑐′

=

(

∑

𝑐′′∈
𝜇( 𝑐′′)𝜖𝑐′′(𝑥)𝜖𝑐′′(𝑥′)𝛿(𝑥,𝑥′)∈𝑐′′×𝑐′′

)

𝛿(𝑥,𝑥′)∈𝑐×𝑐′

(C.7.3)
= 𝜇( 𝑐) 𝛿𝑐=𝑐′ 𝜖𝑐(𝑥)𝜖𝑐(𝑥′) 𝛿(𝑥,𝑥′)∈𝑐×𝑐′

= 𝜇( 𝑐) 𝛿𝑐=𝑐′ 𝜖𝑐(𝑥)𝜖𝑐
′(𝑥′) 𝛿(𝑥,𝑥′)∈𝑐×𝑐′

=
[

(𝗉𝗋⊗ 𝗉𝗋) ⋅ 𝑞
]

(𝑐, 𝑐′) 𝜖𝑐(𝑥)𝜖𝑐′(𝑥′) 𝛿(𝑥,𝑥′)∈𝑐×𝑐′ (C.7.4)
=
[

(𝗉𝗋⊗ 𝗉𝗋) ⋅ 𝑞
]

(𝑐, 𝑐′) 𝜖𝑐(𝑥)𝜖𝑐′(𝑥′) (C.7.5)
=
[(

(𝗉𝗋⊗ 𝗉𝗋) ⋅ 𝑞
)

(𝜖 ⊗ 𝜖)
]

(𝑐, 𝑐′, 𝑥, 𝑥′),

where line (C.7.3) uses equation (3.6.4); line (C.7.4) uses equation (C.7.2) above; and line
(C.7.5) that 𝜖𝑐 is concentrated on  𝑐 (see point (𝑖) in Theorem 3.3.7). This proves equation
(C.7.1) in point (𝑖). By marginalising each side of the latter equation on the coordinate  × ,
we obtain

𝑞(𝑋,𝑋′) = (𝜖 ⊗ 𝜖) ⋅
(

(𝗉𝗋⊗ 𝗉𝗋) ⋅ 𝑞(𝑋,𝑋′)
)

=
(

(𝜖 ⊗ 𝜖)◦(𝗉𝗋⊗ 𝗉𝗋)
)

⋅ 𝑞(𝑋,𝑋′),

which proves point (𝑖).
(𝑖𝑖). By marginalising the first equality in point (𝑖) on (𝑋, 𝑇 ), we get

(𝜇𝗉𝗋)𝖳 = (𝗉𝗋 ⋅ 𝜇)𝜖,

i.e., for 𝑥 ∈  , 𝑐 ∈ ,
𝜇(𝑥)𝛿𝗉𝗋(𝑥)=𝑐 = (𝗉𝗋 ⋅ 𝜇)(𝑐)𝜖(𝑥|𝑐).

Note that, here, as we assumed 𝜇 fulll-support and as 𝗉𝗋 is surjective, we have (𝗉𝗋 ⋅ 𝜇)(𝑐) > 0
for all 𝑐 ∈ .

As in Appendix B.1 in Chapter 2, let us thus define 𝜅̄ ∶= 𝜅◦𝜖◦𝗉𝗋. The following shows
that assumption (𝑎) in Theorem B.1.3 indeed holds:
Lemma C.7.2. 𝑞𝜅(𝑇 , 𝑇 ′) = 𝑞𝜅̄(𝑇 , 𝑇 ′), and, in particular, 𝐼𝜅(𝑇 ; 𝑇 ′) = 𝐼𝜅̄(𝑇 ; 𝑇 ′).

Proof. We have
𝑞𝜅(𝑇 , 𝑇 ′) = (𝜅 ⊗ 𝜅) ⋅ 𝑞(𝑋,𝑋′)

= (𝜅 ⊗ 𝜅) ⋅
[

(

(𝜖 ⊗ 𝜖)◦(𝗉𝗋⊗ 𝗉𝗋)
)

⋅ 𝑞(𝑋,𝑋′)
]

=
[

(𝜅 ⊗ 𝜅)◦(𝜖 ⊗ 𝜖)◦(𝗉𝗋⊗ 𝗉𝗋)
]

⋅ 𝑞(𝑋,𝑋′)

=
[

(𝜅◦𝜖◦𝗉𝗋)⊗ (𝜅◦𝜖◦𝗉𝗋)
]

⋅ 𝑞(𝑋,𝑋′)

= (𝜅̄ ⊗ 𝜅̄) ⋅ 𝑞(𝑋,𝑋′)
= 𝑞𝜅̄(𝑇 , 𝑇 ′),

where the second line uses point (𝑖) in Lemma C.7.1.
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Next, let us show that assumption (𝑏) in Theorem B.1.3 holds as well, which will end the
proof of Theorem 3.6.1:
Lemma C.7.3. The following are equivalent:

(i) The exists a function ℎ ∶  →  such that 𝗉𝗋 = ℎ◦𝜅.

(ii) 𝐼𝜅(𝑇 ; 𝑇 ′) = 𝐼(𝑋;𝑋′)

Proof. Using the chain rule for mutual information and the Markov chain 𝑇 −𝑋 −𝑋′ − 𝑇 ′,
one can easily verify that the equality 𝐼𝜅(𝑇 ; 𝑇 ′) = 𝐼(𝑋;𝑋′) is equivalent to the Markov chain
𝑋 − 𝑇 − 𝑇 ′ −𝑋′.

If the latter Markov chain holds, then in particullar, we have 𝑋 − 𝑇 − 𝑋′, which means
that 𝜅 is a sufficient statistic of 𝑋 w.r.t. 𝑋′ (see Definition 3.3.14), which is equivalent to the
existence of a channel 𝛾 ∈ 𝒦 ( ,) such that 𝑞(𝑋,𝑋)′ = 𝜇(𝛾◦𝜅) (see Proposition 3.3.15).
Therefore, from Proposition 3.3.17, there exists a function ℎ ∶  →  such that 𝜇𝗉𝗋 =
𝜇(ℎ◦𝜅). But as 𝜇 is here full-support, this is equivalent to 𝗉𝗋 = ℎ◦𝜅.

Conversely, assume that there exists ℎ ∶  →  such that 𝗉𝗋 = ℎ◦𝜅. As 𝗉𝗋 is a minimal
sufficient statistic both of 𝑋 w.r.t. 𝑋′ and of 𝑋 w.r.t. 𝑋′,

Let us define the distribution 𝑞(𝑋,𝑋′, 𝑇 , 𝑇 ′, 𝐶) by extending 𝑞(𝑋,𝑋′, 𝑇 , 𝑇 ′) through𝐶 =
𝗉𝗋(𝑋): i.e., for all 𝑥, 𝑥′ ∈  , 𝑡, 𝑡′ ∈  , 𝑐 ∈ ,

𝑞(𝑥, 𝑥′, 𝑡, 𝑡′, 𝑐) = 𝑞𝜅(𝑥, 𝑥′, 𝑡, 𝑡′)𝛿𝗉𝗋(𝑥)=𝑐 .

Then
𝑞𝜅(𝑋,𝑋′, 𝑇 , 𝑇 ′, 𝐶) = 𝑞(𝑋,𝑋′, 𝐶) 𝑞𝜅(𝑇 , 𝑇 ′

|𝑋,𝑋′, 𝐶)
= 𝑞(𝐶) 𝑞(𝑋|𝐶) 𝑞(𝑋′

|𝐶) 𝑞𝜅(𝑇 , 𝑇 ′
|𝑋,𝑋′)

= 𝑞(𝐶) 𝑞(𝑋|𝐶) 𝑞(𝑋′
|𝐶) 𝑞𝜅(𝑇 |𝑋) 𝑞𝜅(𝑇 ′

|𝑋′), ,
(C.7.6)

where the conditional distributions are well-defined as the conditioning distributions are full-
support; the second line uses the Markov chain 𝑋 − 𝐶 −𝑋′ (which holds because 𝗉𝗋 defines
a sufficient statistic of 𝑋 w.r.t. 𝑋′, see Theorem 3.3.18) and the fact that 𝐶 is a deterministic
function of 𝑋; and the third line uses the Markov chain 𝑇 − 𝑋 − 𝑋′ − 𝑇 ′, which holds by
construction of 𝑞𝜅(𝑋,𝑋′, 𝑇 , 𝑇 ′). Thus we have

𝑇 −𝑋 − 𝐶 −𝑋′ − 𝑇 ′,

and in particular,
(𝑇 ,𝑋) − 𝐶 − (𝑋′, 𝑇 ′). (C.7.7)

On the other hand, the equality 𝗉𝗋 = ℎ◦𝜅 implies the Markov chains
𝑋 − 𝑇 − 𝐶 (C.7.8)

and
𝐶 − 𝑇 ′ −𝑋′. (C.7.9)

Combining (C.7.7), (C.7.8) and (C.7.9) yields, with a computation similar as in (C.7.6), the
Markov chain

𝑋 − 𝑇 − 𝐶 − 𝑇 ′ −𝑋′,
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and, a fortiori,
𝑋 − 𝑇 − 𝑇 ′ −𝑋′.

This ends the proof of Theorem 3.6.1.

C.7.2 Proof of Corollary 3.6.2

Corollary 3.6.2. Let 𝜌 ∈ 𝒦 ( × ,) be an action of a finite group  on a finite state-
space  , and 𝜌 defined as in (3.6.12). Let 𝜇 ∈ Δ be full-support and 𝜌-stationary, let
𝑞(𝑋,𝑋′) ∶= 𝜇𝜌 and for all 𝜅 ∈ 𝒦 ( ,  ) with  countable,

𝑞𝜅(𝑋,𝑋′, 𝑇 , 𝑇 ′) ∶= 𝑞(𝑋,𝑋′)(𝜅 ⊗ 𝜅) ∈ Δ×× × ,

Then a channel 𝜅 is a solution of

argmin
𝜅∈𝒦 ( , )

𝐼𝜅 (𝑇 ;𝑇 ′) = 𝐼(𝑋;𝑋′)

𝐼𝜅(𝑋; 𝑇 ) (3.6.13)

if and only if 𝜅 = 𝜄◦𝗉𝗋, where 𝜄 ∈ 𝒦𝖼𝗈𝗇𝗀(,  ) is a congruent channel, and 𝗉𝗋 ∈ 𝒦 ( ,) is
the projection on orbits w.r.t. the action 𝜌.

Proof. As mentioned before the statement of Corollary 3.6.2, the channel 𝜌 defined in (3.6.12)
is the update channel of the MDP (𝜋𝜐, 𝜌), where 𝜐 is the uniform distribution on  — which is
the unique group-stationary probability — and 𝜋𝜐 the corresponding independent policy (see
Definition 3.4.4). We are thus under the assumptions of Theorem 3.4.6 which shows that,
here, the projection on ergodic components coincides with the projection on orbits.

Moreover, for all 𝑛 ≥ 1 and 𝑥0 ∈  :
𝛿𝑥0𝜌

𝑛 = (𝖨𝖽⊗ 𝜌𝑛) ⋅ (𝛿(𝑥0,𝑥0))

= (𝖨𝖽⊗ 𝜌)𝑛 ⋅ (𝛿(𝑥0,𝑥0))

= (𝖨𝖽⊗ 𝜌) ⋅ (𝛿(𝑥0,𝑥0))

= 𝛿𝑥0𝜌,

where the third line applies point (𝑖) in Theorem 3.4.6 to the action 𝖨𝖽 ⊗ 𝜌 of  on the
standard Borel space  ×  . Therefore, by linearity of the hook-up operation,

𝜇𝜌𝑛 = 𝜇𝜌.

I.e., if we apply the discussion above Theorem 3.6.1 to 𝜏 ∶= 𝜌, we have 𝑞(𝑋0, 𝑋𝑛) =
𝑞(𝑋0, 𝑋1) for all 𝑛 ≥ 1, and thus, from equation (3.6.5) ,

𝑞(𝑋,𝑋′, 𝑇 , 𝑇 ′) = 𝑞(𝑋0, 𝑋1, 𝑇0, 𝑇1) = (𝜇𝜌)(𝜅 ⊗ 𝜅)

The result is then a consequence of point (𝑖) in Theorem 3.6.1. This ends the proof of Corol-
lary 3.6.2.

C.7.3 Proof of Theorem 3.6.9

Theorem 3.6.9. Let (𝜇𝑐0, 𝜋
𝑐 , 𝜌𝑐)𝑐∈ be a finite family of finite-alphabet MDPs. Then:
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(i) For (𝜈0, 𝜂, 𝜉), (𝜈′0, 𝜂
′, 𝜉′) two joinings of (𝜇𝑐0, 𝜋

𝑐 , 𝜌𝑐)𝑐∈ , we have, using the j-factor no-
tation (see Definition 3.5.10),

(𝜈′0, 𝜂
′, 𝜉′) ⥶ (𝜈0, 𝜂, 𝜉) ⇒ 𝐻(𝜈′0𝜂

′𝜉′) ≤ 𝐻(𝜈0𝜂𝜉). (3.6.16)

(ii) A joining has minimum entropy if and only if it is a minimal joining.

(iii) All minimal joinings are isomorphic as stationary MDPs.

Proof. Consider joinings (𝜈0, 𝜂, 𝜉) and (𝜈′0, 𝜂
′, 𝜉′), with resp. state-space  ,  ′ and action

space , ′, such that
(𝜈′0, 𝜂

′, 𝜉′) ⥶ (𝜈0, 𝜂, 𝜉),

and denote by (Φ,Ψ) the factor maps that make the joining (𝜈′0, 𝜂
′, 𝜉′) a j-factor of (𝜈0, 𝜂, 𝜉).

Let us also write ′ ∶=  ′ × ′ ×  ′,  ∶=  ×  ×  , 𝑞′ ∶= 𝜈′0𝜂
′𝜉′, 𝑞 ∶= 𝜈0𝜂𝜉 and

𝑓 ∶= Φ⊗Ψ⊗Φ. Then, from Proposition 3.5.2, we have
𝑓 ⋅ 𝑞 = 𝑞′. (C.7.10)

As 𝑓 is deterministic, this implies
𝐻(𝑞′) ≤ 𝐻(𝑞), (C.7.11)

which proves point (𝑖) in Theorem 3.6.9. Moreover,
{

𝑓 ⋅ 𝑞 = 𝑞′

𝐻(𝑞′) = 𝐻(𝑞)
⇔

{

𝑓 ⋅ 𝑞 = 𝑞′

𝑓 induces a bijection from supp(𝑞′) to supp(𝑞)
⇔ 𝑓 is a measured isomorphism from (′, 𝑞′) to (, 𝑞),

(C.7.12)
where the first line uses the strict concavity of entropy combined with the fact that 𝑓 ⋅ 𝑞 = 𝑞′
implies that for all 𝑝′ ∈  ′, the probability 𝑞′(𝑝′) is a convex combination of elements of
{𝑞(𝑝)}𝑝∈ ; and the second line uses Lemma C.6.2.

Now, from Theorem 3.5.13, there always exists a minimal joining. Let us denote it by
(𝜈′0, 𝜂

′, 𝜉′): as by definition, (𝜈′0, 𝜂′, 𝜉′) is a j-factor of (𝜈0, 𝜂, 𝜉), the reasonings above still
apply with the same notations.

On the one hand, the inequality (C.7.11), for fixed 𝑞′ = 𝜈′0𝜂
′𝜉′ and all 𝑞 = 𝜈0𝜂𝜉, proves

that the minimal joining (𝜈′0, 𝜂
′, 𝜉′) is a minimum entropy joining.

Conversely, assume that (𝜈0, 𝜂, 𝜉) is a minimum entropy joining. As it is a joining, we
know from (C.7.10) that 𝑓 ⋅𝑞 = 𝑞′. As (𝜈′0, 𝜂′, 𝜉′) is a joining and (𝜈0, 𝜂, 𝜉) a minimum entropy
joining, the equality is achieved in (C.7.11). Thus, from (C.7.12), the map Φ⊗ Ψ⊗ Φ is a
measured isomorphism from ( ×× , 𝜈0𝜂𝜉) to ( ′×′× ′, 𝜈′0𝜂

′𝜉′). Then, Lemma C.3.2
yields thatΦ, resp. Ψ, is a measured isomoprhism from ( , 𝜈0) to ( ′, 𝜈′0), resp. from (, 𝜂⋅𝜈0)
to (′, 𝜂′ ⋅ 𝜈′0), and that, denoting by Φ−1 and Ψ−1 mod 0 inverses of resp. Φ and Ψ, we have

Φ−1 ⊗Ψ−1 ⊗Φ−1 ⋅ 𝜈′0𝜂
′𝜉′ = 𝜈0𝜂𝜉. (C.7.13)

From Proposition 3.5.2, equation (C.7.13) implies that (𝜈0, 𝜂, 𝜉) is an MDP factor of (𝜈′0, 𝜂′, 𝜉′).By marginalisation of equation (C.7.13), we also get
Φ−1 ⊗Ψ−1 ⋅ 𝜈′0𝜂

′ = 𝜈0𝜂,
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which means that Φ−1⊗Ψ−1 is a measured isomorphism from ( ′×′, 𝜈′0𝜂
′) to ( ×, 𝜈0𝜂).

But as we already showed that (𝜈0, 𝜂, 𝜉) is an MDP factor of (𝜈′0, 𝜂′, 𝜉′), this proves, from
Lemma C.6.1, that (𝜈0, 𝜂, 𝜉) is an j-factor of (𝜈′0, 𝜂′, 𝜉′).Eventually, as (𝜈′0, 𝜂

′, 𝜉′) is a minimal joining and by transitivity of the j-factor relation
(see Proposition 3.5.11), this implies that (𝜈0, 𝜂, 𝜉) is a j-factor of any other joining: i.e., that
it is a minimal joining. Thus point (𝑖𝑖) in Theorem 3.6.9 is proven.

Moreover, we proved along the way that any minimum entropy joining is MDP isomorphic
to any minimal joining. Combined with the fact that minimum entropy joinings coincide with
minimal joinings which we just proved, we obtain that two minimal joinings are always MDP
isomorphic. This proves point (𝑖𝑖𝑖).

This ends the proof of Theorem 3.6.9.
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Appendix D

Appendix for Chapter 4

D.1 Section 4.2 Details

D.1.1 Proof of Proposition 4.2.2

(𝑖) ⇒ (𝑖𝑖): Suppose that there are variables 𝑇1 and 𝑇𝑖 ∶= (𝑇𝑖−1, 𝑆𝑖) for 2 ≤ 𝑖 ≤ 𝑛 such that
each 𝑇𝑖 is a bottleneck with parameter 𝜆𝑖. Unrolling the iterative definitions of the 𝑇𝑖, we
obtain

𝑇𝑖 = (𝑇1, 𝑆2,… , 𝑆𝑖),

which implies that, if 𝑗 < 𝑖, then 𝑇𝑗 is a deterministic function of 𝑇𝑖; in other words, given 𝑇𝑖,
the variable 𝑇𝑗 is independent of any other variable. So, first, we have 𝑋 − 𝑇𝑛 − 𝑇𝑛−1. Now,
assume that for a given 𝑖, we have

𝑋 − 𝑇𝑛 −⋯ − 𝑇𝑖. (D.1.1)
Given 𝑇𝑖, the variable 𝑇𝑖−1 is independent of any other variable, so, in particular,

(𝑋, 𝑇𝑛,… , 𝑇𝑖+1) − 𝑇𝑖 − 𝑇𝑖−1. (D.1.2)
The Markov chains (D.1.1) and (D.1.2) together imply that

𝑋 − 𝑇𝑛 −⋯ − 𝑇𝑖−1.

Thus, a recurrence from 𝑖 = 𝑛 to 𝑖 = 1 proves that we do have 𝑋 − 𝑇𝑛 −⋯ − 𝑇1, where,
by assumption, each 𝑇𝑖 is indeed a bottleneck of parameter 𝜆𝑖.

(𝑖𝑖𝑖) ⇒ (𝑖): For all 𝑖, the Markov chain (4.2.2) implies that
𝐼(𝑋; 𝑇𝑖) = 𝐼(𝑋; 𝑇 ′

𝑖 ),
𝐼(𝑌 ; 𝑇𝑖) = 𝐼(𝑌 ; 𝑇 ′

𝑖 ),

where 𝑇 ′
𝑖 ∶= (𝑇𝑖,… , 𝑇1). The Markov chain (4.2.2) also implies that these 𝑇 ′

𝑖 satisfy 𝑌 −𝑋−
𝑇 ′
𝑖 . Thus, the 𝑇 ′

𝑖 are also bottlenecks with respective trade-off parameters 𝜆1,… , 𝜆𝑛. But, by
construction, they satisfy 𝑇 ′

𝑖 = (𝑇 ′
𝑖−1, 𝑆𝑖), where, here, 𝑆𝑖 ∶= 𝑇𝑖.

(𝑖𝑖) ⇒ (𝑖𝑖𝑖). We merely define 𝑞(𝑋, 𝑇1,… , 𝑇𝑛, 𝑌 ) through the density
𝑞(𝑥, 𝑡1,… , 𝑡𝑛, 𝑦) ∶= 𝑞(𝑥, 𝑡1,… , 𝑡𝑛)𝑞(𝑦|𝑥).

From this construction and the fact that each individual bottleneck must by definition
satisfy 𝑌 −𝑋 − 𝑇𝑖, it is clear that 𝑞(𝑋, 𝑇1,… , 𝑇𝑛, 𝑌 ) is indeed an extension of the individual
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bottleneck probabilities 𝑞(𝑋, 𝑌 , 𝑇𝑖). Moreover, by construction, we have
𝑌 −𝑋 − (𝑇𝑛,… , 𝑇1).

This latter Markov chain, combined with the assumed Markov chain (4.2.1), together
imply that the Markov chain (4.2.2) holds.

This ends the proof of Proposition 4.2.2.

D.1.2 Operational Interpretation of Successive Refinement

This section describes the operational interpretation—for the case of discrete variables𝑋,𝑌—
of successive refinement, which was already proposed in (Tian et al., 2008) and (Tuncel,
2009), as well as, in a slightly more general fashion, in (Mahvari et al., 2020). We will here
rely on the content from the latter work (even though our notations will be different). We will
denote, for a variable 𝑍, by 𝑍 𝑙, the concatenation of 𝑙 i.i.d. variables with the same law as
𝑍.
Definition D.1.1. For 𝑙 ∈ ℕ, an 𝑛-stage (𝑙,𝑀1,… ,𝑀𝑛)-code consists of 𝑛 encoder functions

𝜙𝑙𝑖 ∶  𝑙 → {1,… ,𝑀𝑖}

and 𝑛 decoder functions
𝜓 𝑙𝑖 ∶ {1,… ,𝑀1} ×⋯ × {1,… ,𝑀𝑖} →  𝑙.

For a given source 𝑋, the 𝑖-th output of the (𝑙,𝑀1,… ,𝑀𝑛)-code will be written
𝑌 𝑙𝑖 ∶= 𝜓 𝑙𝑖 (𝜙

𝑙
1(𝑋

𝑙),… , 𝜙𝑙𝑖(𝑋
𝑙)).

Intuitively, each new encoder extracts additional information from the same source, and,
crucially, each new decoder is allowed to rely on all the information encoded until the 𝑖-th
stage. Note that the output space of the decoder is modelled on that of the relevancy variable
because this is the one about which one wants to extract information.
Definition D.1.2. The relevance-complexity region is the set of tuples (𝑅1,… , 𝑅𝑛, 𝜇1,… , 𝜇𝑛)
such that there exists a sequence of 𝑛-stage (𝑙,𝑀1,… ,𝑀𝑛)-codes for all 1 ≤ 𝑖 ≤ 𝑛,

∀𝑙 ∈ ℕ, 1
𝑙
log𝑀𝑖 ≤ 𝑅𝑖

and
∀𝑙 ∈ ℕ, 1

𝑙
𝐼(𝑌 𝑙; 𝑌 𝑙𝑖 ) ≥ 𝜇𝑖.

Intuitively, for a tuple to be in the relevance-complexity region, there must be an 𝑛-stage
code such that the 𝑖-th encoder adds information at a rate no larger than 𝑅𝑖, and the 𝑖-th
decoder yields information about the target variable 𝑌 no lower than 𝜇𝑖. In other words, the
relevance-complexity region is made of all the tuples that are achievable by 𝑛-stage codes.

Now, let us give the operational definition of successive refinement. We will denote, for
a parameter 𝜆, by 𝐼𝑌 (𝜆), the maximum value of 𝐼(𝑌 ; 𝑇 ) in the primal IB problem (4.1.2).
Definition D.1.3. Let 0 ≤ 𝜆1 < ⋯ < 𝜆𝑛. An IB problem defined by 𝑝(𝑋, 𝑌 ) is said to be
operationally successively refinable, or O-SR, for rates (𝜆1,… , 𝜆𝑛), if the tuple

(𝜆1 , 𝜆2 − 𝜆1 , … , 𝜆𝑛 − 𝜆𝑛−1, 𝐼𝑌 (𝜆1), … , 𝐼𝑌 (𝜆𝑛))
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is in the relevance-complexity region.
Intuitively, in the case 𝑛 = 2, assume one is given a total rate 𝜆2 to “spend” on encoding a

source 𝑋. One can choose to encode the source in a single processing stage, yielding at best,
after decoding, asymptotic relevant information 𝐼𝑌 (𝜆2) (see (Gilad-Bachrach et al., 2003)).
Alternatively, one can choose to break up the total rate 𝜆2 into two rates 𝑅1 ∶= 𝜆1 < 𝜆2
and 𝑅2 ∶= 𝜆2 − 𝜆1, and successively encode potentially different aspects of the source at
these rates. Operational SR means that even though this second alternative “spends” the total
rate 𝜆2 along two distinct stages, it can still, after decoding, also yield asymptotic relevant
information of 𝐼𝑌 (𝜆2). Naturally, in this case, the relevant information decodable from only
the first stage must also be the optimal one, i.e., 𝐼𝑌 (𝜆1)—otherwise, the “waste” in spending
the rate 𝜆1 would prevent the second-stage decoder, which partially relies on the information
encoded at the first stage, from ever achieving the optimal relevant information 𝐼𝑌 (𝜆2).

We then have the following single-letter characterisation:
Proposition D.1.4. The IB problem defined by 𝑝(𝑋, 𝑌 ) is O-SR for rates (𝜆1,… , 𝜆𝑛) if and
only if there exist variables 𝑇1,… , 𝑇𝑛 such that

(𝑖) We have the Markov chain 𝑌 −𝑋 − 𝑇𝑛 −⋯ − 𝑇1;

(𝑖𝑖) The variables 𝑇1,… , 𝑇𝑛 are each bottlenecks with respective parameters 𝜆1,… , 𝜆𝑛.

Proof. This single-letter characterisation is a consequence of Remark 1 in (Mahvari et al.,
2020), which states the following: a tuple (𝑅1,… , 𝑅𝑛, 𝜇1,… , 𝜇𝑛) is in the relevance-complexity
region if and only if there exist variables 𝑇1,… , 𝑇𝑛 such that the Markov chain 𝑌 −𝑋 − 𝑇𝑛 −
⋯ − 𝑇1 holds, and such that, for all 𝑖 = 1,… , 𝑛,

𝑖
∑

𝑗=1
𝐼(𝑋; 𝑇𝑗|𝑇1,… , 𝑇𝑗−1) ≤

𝑖
∑

𝑗=1
𝑅𝑗 , (D.1.3)

𝐼(𝑌 ; 𝑇𝑖) ≥ 𝜇𝑖. (D.1.4)
By simplifying the left-hand side in (D.1.3) through the chain rule for mutual information,

defining 𝜆𝑖 ∶= ∑𝑖
𝑗=1𝑅𝑗 , and applying the statement with 𝜇𝑖 ∶= 𝐼𝑌 (𝜆𝑖), we obtain that the IB

problem is O-SR for rates (𝜆1,… , 𝜆𝑛) if and only if there exist variables 𝑇1,… , 𝑇𝑛 such that
(i) We have the Markov chain 𝑌 −𝑋 − 𝑇𝑛 −⋯ − 𝑇1; and

(ii) We have, for all 𝑖 = 1,… , 𝑛,
𝐼(𝑋; 𝑇𝑖) ≤ 𝜆𝑖, (D.1.5)
𝐼(𝑌 ; 𝑇𝑖) ≥ 𝐼𝑌 (𝜆𝑖). (D.1.6)

However, if point 1 above holds, then, particularly for all 𝑖 = 1,… , 𝑛, we have the Markov
chain 𝑌 − 𝑋 − 𝑇𝑖. As a consequence, by definition of the primal IB problem (4.1.2), the
inequality in (D.1.6) can be replaced by an equality, and thus point (𝑖𝑖) as a whole can be
replaced by the condition that 𝑇𝑖 is a bottleneck of parameter 𝜆𝑖 for the IB problem defined
by 𝑝(𝑋, 𝑌 ). Hence, we are left with points (𝑖) and (𝑖𝑖) of Theorem D.1.4’s statement.

It is clear that the conditions of Theorem D.1.4 are exactly those of Proposition 4.2.1-
(𝑖𝑖𝑖), so the operational Definition D.1.3 and the single-letter Definition 4.2.1 are equivalent;
in other words, the notion studied in our work does have an operational interpretation. Cru-
cially, the operational construction of Definitions D.1.1–D.1.3 also goes clearly along the
interpretation in terms of the successive incorporation of information.
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For completeness, let us also mention that Proposition D.1.4 above is also essentially
Theorem 7 in (Tian et al., 2008), which proves the same single-letter characterisation for the
same operational problem—up to the difference that the result is limited to 𝑛 = 2, and that
the latter work does not consider any decoder functions 𝜓 𝑙𝑖 . The case 𝑛 = 2 of Proposition
D.1.4 is also a consequence of Lemma 4 in (Tuncel, 2009).

D.1.3 Proof of Proposition 4.2.4

First of all, note that even though in the Definition 4.2.1 of successive refinement, the term
“bottleneck” refers to a solution to the primal problem (4.1.2), the definition makes as much
sense if now by “bottleneck” we mean a solution to the Lagrangian problem (4.1.4). This is,
therefore, what we will be speaking about in this section. With this Lagrangian version, the
Markov chain characterisation given by Proposition 4.2.2 still holds. More precisely:
Proposition D.1.5. Let (𝑋, 𝑌 ) be jointly Gaussian, and 1 ≤ 𝛽1 <⋯ < 𝛽𝑛. The following are
equivalent:

(𝑖) There is successive refinement for Lagrangian parameters (𝛽1,… , 𝛽𝑛).

(𝑖𝑖) There exist Lagrangian bottlenecks 𝑇1,… , 𝑇𝑛, of common source 𝑋 and relevancy 𝑌 ,
with respective parameters 𝛽1,… , 𝛽𝑛, and an extension 𝑞(𝑌 ,𝑋, 𝑇1,… , 𝑇𝑛) of the 𝑞𝑖 ∶=
𝑞𝑖(𝑌 ,𝑋, 𝑇𝑖), such that, under 𝑞, we have the Markov chain

𝑌 −𝑋 − 𝑇𝑛 −⋯ − 𝑇1. (D.1.7)

Proof. One can directly verify that the proof given for Proposition 4.2.2 (see Appendix D.1.1)
does not involve the explicit form of the IB problem, so the very same proof can be used for
the Lagrangian formulation.

The statement of Proposition 4.2.4 is now fully explicit.
Proof of Proposition 4.2.4. For the case of the Lagrangian IB problem with jointly Gaussian
source 𝑋 and relevancy 𝑌 , an analytic solution was given in (Chechik et al., 2005), which
proves among other things that the functions (𝛽 → 𝐼𝛽(𝑋; 𝑇 )) and (𝛽 → 𝐼𝛽(𝑌 ; 𝑇 )) are contin-
uous and increasing, where 𝐼𝛽(𝑋; 𝑇 ) and 𝐼𝛽(𝑌 ; 𝑇 ) are defined by bottlenecks 𝑇 of Lagrangian
trade-off parameter 𝛽. Let us define

𝛽𝐼𝐵(𝑋, 𝑌 ) ∶= sup {𝛽 ∈ ℝ ∶ 𝐼𝛽(𝑋; 𝑇 ) = 0},

where we must have 𝛽𝐼𝐵(𝑋, 𝑌 ) ≥ 1 (see Section 4.1.4). Moreover, from the continuity of the
function (𝛽 → 𝐼𝛽(𝑋; 𝑇 )), this supremum is a maximum, and from the monotonicity of the
latter function, 𝐼𝛽(𝑋; 𝑇 ) = 0 for all 𝛽 ≤ 𝛽𝐼𝐵(𝑋, 𝑌 ), whereas, by definition of 𝛽𝐼𝐵(𝑋, 𝑌 ), we
have 𝐼𝛽(𝑋; 𝑇 ) > 0 for all 𝛽 > 𝛽𝐼𝐵(𝑋, 𝑌 ). Thus, 𝛽𝐼𝐵(𝑋, 𝑌 ) delimits trivial from non-trivial
solutions, and we can, without loss of generality, choose 𝛽 ≥ 𝛽𝐼𝐵(𝑋, 𝑌 ).

Let us now turn to the semigroup structure of the Gaussian IB problem, which was both
defined and proved in (Kline et al., 2022). In short, this structure means that one can compose
two Gaussian bottlenecks, while still obtaining a Gaussian bottleneck for the original problem.
More precisely, let 𝛽2 > 𝛽𝐼𝐵(𝑋, 𝑌 ), and define 𝑇2 as the analytical solution to the Lagrangian
IB from (Chechik et al., 2005). This provides one with a joint distribution 𝑞2(𝑌 ,𝑋, 𝑇2), which,
importantly for us here, happens to define a Gaussian vector as well. Then, we consider a new
IB problem with still the same relevancy variable 𝑌 , but now with 𝑇2 as the source, i.e.,

argmin
𝑞(𝑇1|𝑇2) ∶ 𝑇1−𝑇2−𝑌 ,

𝐼(𝑇2; 𝑇1) − 𝛽′1 𝐼(𝑌 ; 𝑇1), (D.1.8)
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where 𝛽′1 ≥ 𝛽𝐼𝐵(𝑇2, 𝑌 ). As 𝑇2 and 𝑌 are jointly Gaussian, the problem above is again a
Gaussian IB problem, so we can again analytically define a solution 𝑇1 with the formulas
from (Chechik et al., 2005), yielding a distribution 𝑞1(𝑌 , 𝑇2, 𝑇1). The semigroup structure
proven in (Kline et al., 2022) refers to the following feature:
Proposition D.1.6. Assume that 𝑇1 and 𝑇2 are built as above, and define the extension 𝑞(𝑌 ,𝑋, 𝑇1, 𝑇2)
of 𝑞1(𝑌 ,𝑋, 𝑇1) and 𝑞2(𝑌 ,𝑋, 𝑇2) through

𝑞(𝑦, 𝑥, 𝑡1, 𝑡2) ∶= 𝑞2(𝑦, 𝑥, 𝑡2)𝑞1(𝑡1|𝑡2). (D.1.9)
Then, the marginal 𝑞(𝑌 ,𝑋, 𝑇1) defines a Lagrangian bottleneck of source𝑋 and relevancy

𝑌 for some parameter 𝛽1 uniquely defined, with 𝛽𝐼𝐵(𝑋, 𝑌 ) ≤ 𝛽1 < 𝛽2.

Thus, we can define a binary operator “◦”, which, for every 𝛽2 > 𝛽𝐼𝐵(𝑋, 𝑌 ) ≥ 1 and
𝛽′1 ≥ 𝛽𝐼𝐵(𝑇1, 𝑌 ), provides the parameter 𝛽1 ∶= 𝛽2◦𝛽′1 defined by Proposition D.1.6. Ref.
(Kline et al., 2022) gives an explicit formula for this binary operator :

𝛽′1◦𝛽2 =
𝛽′1𝛽2

𝛽′1 + 𝛽2 − 1
, (D.1.10)

which is well-defined for 𝛽2 > 𝛽𝐼𝐵(𝑋, 𝑌 ) and 𝛽′1 ≥ 𝛽𝐼𝐵(𝑇2, 𝑌 ), because 𝛽𝐼𝐵(𝑋, 𝑌 ) ≥ 1 and
𝛽𝐼𝐵(𝑇2, 𝑌 ) ≥ 1 ≥ 0 imply that 𝛽′1 + 𝛽2 − 1 > 0. This formula implies the following:
Proposition D.1.7. Let 𝛽2 > 𝛽𝐼𝐵(𝑋, 𝑌 ). For any 𝛽1 such that 𝛽𝐼𝐵(𝑋, 𝑌 ) ≤ 𝛽1 < 𝛽2, there
exists a 𝛽′1 such that 𝛽1 = 𝛽′1◦𝛽2.

Proof. Let 𝑓 denote the function 𝛽′1 → 𝛽′1◦𝛽2, which is well-defined and continuous on the
interval [𝛽𝐼𝐵(𝑇1, 𝑌 ),+∞[. It is clear from formula (D.1.10) that

lim
𝛽′1→∞

𝑓 (𝛽′1) = 𝛽2. (D.1.11)

On the other hand, note first that as 𝛽𝐼𝐵(𝑇2, 𝑌 ) delimits trivial from non-trivial solutions,
we have 𝐼𝛽𝐼𝐵(𝑇2,𝑌 )(𝑇2; 𝑇1) = 0. But, by construction, under 𝑞 given by Equation (D.1.9), we
have the Markov chain 𝑌 −𝑋 − 𝑇2 − 𝑇1. Thus, 𝐼𝛽𝐼𝐵(𝑇2,𝑌 )◦𝛽2(𝑋; 𝑇1) ≤ 𝐼𝛽𝐼𝐵(𝑇2,𝑌 )(𝑇2, 𝑇1), i.e.,
𝐼𝛽𝐼𝐵(𝑇2,𝑌 )◦𝛽2(𝑋; 𝑇1) = 0. So, by definition of 𝛽𝐼𝐵(𝑋, 𝑌 ), we have

𝛽𝐼𝐵(𝑇2, 𝑌 )◦𝛽2 ≤ 𝛽𝐼𝐵(𝑋, 𝑌 ), (D.1.12)
i.e.,

𝑓 (𝛽𝐼𝐵(𝑇2, 𝑌 )) ≤ 𝛽𝐼𝐵(𝑋, 𝑌 ). (D.1.13)
Now, Equations (D.1.11) and (D.1.13), combined with the continuity of 𝑓 , imply that

[𝛽𝐼𝐵(𝑋, 𝑌 ), 𝛽2[⊆ 𝑓
(

[𝛽𝐼𝐵(𝑇2, 𝑌 ),∞[
)

,

which yields the result.
Now let us consider a family of parameters 𝛽𝐼𝐵(𝑋, 𝑌 ) ≤ 𝛽1 < ⋯ < 𝛽𝑛. By iterating

Propositions D.1.6 and D.1.7 used together, we obtain that there exist bottlenecks 𝑇1,… , 𝑇𝑛
of common source𝑋 and relevancy 𝑌 , with respective parameters 𝛽1,… , 𝛽𝑛, and an extension
𝑞(𝑌 ,𝑋, 𝑇1,… , 𝑇𝑛) of these bottlenecks defined by

𝑞(𝑦, 𝑥, 𝑡1,… , 𝑡𝑛) ∶= 𝑞(𝑦, 𝑥, 𝑡𝑛)𝑞(𝑡𝑛−1|𝑡𝑛)… 𝑞(𝑡1|𝑡2).
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By construction, under 𝑞, the Markov chain 𝑌 −𝑋 − 𝑇𝑛 −⋯− 𝑇1 holds. In other words,
condition (𝑖𝑖) from Proposition D.1.5 is satisfied, which proves the successive refinability of
jointly Gaussian vectors for the Lagrangian IB problem.

This ends the proof of Proposition 4.2.4.

D.1.4 Proof of Proposition 4.2.5

Here, for 𝛼 ∈ [0, 1], we denote by 𝑇𝛼 the variable defined by
𝑞(𝑇𝛼 = 𝑌 |𝑋) = 𝛼
𝑞(𝑇𝛼 = 𝑒|𝑋) = 1 − 𝛼,

(D.1.14)

where 𝑒 denotes a dummy symbol not pertaining to either  or  . It was proven in (Kolchin-
sky et al., 2017) that, for every primal parameter 𝜆 ∈ [0, 𝐼(𝑋; 𝑌 )], there exists an 𝛼 such that
𝑇𝛼 is a bottleneck of parameter 𝜆. Note that we must have

𝜆 = 𝐼(𝑋; 𝑇𝛼) = 𝛼𝐼(𝑋; 𝑌 ), (D.1.15)
where the first equality comes the general fact that a bottleneck must saturate the information
constraint in (4.1.2) (see Section 4.1.4), and the second equality is a direct computation from
(D.1.14). Thus, 𝛼 is a bijective and increasing function of 𝜆, and it is sufficient, for proving
successive refinement, to prove that, for 0 ≤ 𝛼1 < ⋯ < 𝛼𝑛 ≤ 1, we can design a joint
distribution 𝑞(𝑋, 𝑇𝛼1 ,… , 𝑇𝛼𝑛) such that we have the Markov chain

𝑋 − 𝑇𝛼𝑛 −⋯ − 𝑇𝛼1 .

Let us first focus on the case 𝑛 = 2. We define a bottleneck 𝑇2 ∶= 𝑇𝛼2 , i.e, we set
𝑞(𝑋, 𝑇2) ∶= 𝑞(𝑋, 𝑇𝛼2) and then a distribution 𝑞(𝑇1, 𝑇2) through

𝑞(𝑇1 = 𝑌 |𝑇2 = 𝑌 ) ∶=
𝛼1
𝛼2

𝑞(𝑇1 = 𝑒|𝑇2 = 𝑌 ) ∶=
𝛼2 − 𝛼1
𝛼2

𝑞(𝑇1 = 𝑌 |𝑇2 = 𝑒) ∶= 0
𝑞(𝑇1 = 𝑒|𝑇2 = 𝑒) ∶= 1.

We then define an extension 𝑞(𝑋, 𝑇1, 𝑇2) of 𝑞(𝑋, 𝑇2) and 𝑞(𝑇1, 𝑇2) through
𝑞(𝑥, 𝑡1, 𝑡2) ∶= 𝑞(𝑥, 𝑡2)𝑞(𝑡1|𝑡2),

which implies by construction the Markov chain 𝑋 − 𝑇2 − 𝑇1. But it also implies that
𝑞(𝑇1 = 𝑌 |𝑥) = 𝑞(𝑇1 = 𝑌 |𝑇2 = 𝑌 )𝑞(𝑇2 = 𝑌 |𝑥) + 𝑞(𝑇1 = 𝑌 |𝑇2 = 𝑒)𝑞(𝑇2 = 𝑒|𝑥)

=
𝛼1
𝛼2
𝛼2 + 0 × (1 − 𝛼2)

= 𝛼1,

and thus, necessarily, 𝑞(𝑇1 = 𝑒|𝑋) = 1− 𝛼1. So, 𝑞(𝑋, 𝑇1) = 𝑞(𝑋, 𝑇𝛼1). Thus, we built a joint
law 𝑞(𝑋, 𝑇𝛼1 , 𝑇𝛼2) such that𝑋−𝑇𝛼2−𝑇𝛼1 , which proves successive refinement for the case 𝑛 =
2. The case of arbitrary 𝑛 follows by direct iteration of the previous reasoning, where one starts
from defining 𝑞(𝑋, 𝑇𝑛) through 𝑇𝑛 ∶= 𝑇𝛼𝑛 , and then iteratively defines 𝑞(𝑋, 𝑇𝑖, 𝑇𝑖+1,… , 𝑇𝑛)
through a well-chosen 𝑞(𝑇𝑖|𝑇𝑖+1) and the Markov chain condition 𝑋 − 𝑇𝑛 −⋯ − 𝑇𝑖+1 − 𝑇𝑖.
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This ends the proof of Proposition 4.2.5.

D.1.5 Proof of Proposition 4.2.6

The result is a consequence of the following general fact, where we will eventually set 𝑈 ∶=
𝑇1, 𝑉 ∶= 𝑇2, and 𝑊 ∶= 𝑋.
Proposition D.1.8. Let 𝑞(𝑈,𝑊 ) and 𝑞(𝑉 ,𝑊 ) be full-support consistent distributions, de-
fined on discrete alphabets  × and  × , respectively. Consider the following proper-
ties:

(𝑖) There exists an extension 𝑞(𝑈, 𝑉 ,𝑊 ) of 𝑞(𝑈,𝑊 ) and 𝑞(𝑉 ,𝑊 ) under which the Markov
chain 𝑈 − 𝑉 −𝑊 holds.

(𝑖𝑖) For each 𝑢 ∈  , there exists a family of convex combination coefficients {𝛼𝑣,𝑢 , 𝑣 ∈ }
such that

𝑞(𝑊 |𝑢) =
∑

𝑣
𝛼𝑣,𝑢 𝑞(𝑊 |𝑣).

Then, we always have (𝑖) ⇒ (𝑖𝑖) and, if, moreover, the channel 𝑞(𝑊 |𝑉 ) is injective, then
we also have (𝑖𝑖) ⇒ (𝑖), and the extension 𝑞 is uniquely defined.

Note the abuse of notations in the statement of Proposition D.1.8: we write 𝑞 for both
𝑞(𝑈, 𝑉 ) and 𝑞(𝑉 ,𝑊 ), which are distinct distributions on partially distinct alphabets, even
though they are consistent; in addition, along the proof, context, if not explicit statements,
will make clear which distribution we are referring to.
Proof. Along the proof, we will be using the fact that a probability distribution is equivalent
to a family of convex combination coefficients several times; indeed, both notions define a
family of non-negative numbers such that their sum equals one.

(𝑖) ⇒ (𝑖𝑖). For all 𝑢,𝑤, assumption (𝑖) provides a 𝑞(𝑈, 𝑉 ,𝑊 ) such that
𝑞(𝑤|𝑢) = 𝑞(𝑤|𝑢)

=
∑

𝑣
𝑞(𝑤, 𝑣|𝑢)

=
∑

𝑣
𝑞(𝑣|𝑢) 𝑞(𝑤|𝑣)

=
∑

𝑣
𝑞(𝑣|𝑢) 𝑞(𝑤|𝑣),

where the first and fourth equalities use the fact that 𝑞(𝑈, 𝑉 ,𝑊 ) is an extension of 𝑞(𝑈,𝑊 )
and 𝑞(𝑉 ,𝑊 ), and the third equality uses the fact that, under 𝑞(𝑈, 𝑉 ,𝑊 ), the Markov chain
𝑈 − 𝑉 −𝑊 holds. Let us define 𝛼𝑣,𝑢 ∶= 𝑞(𝑣|𝑢). For each 𝑢 ∈  , the family {𝛼𝑣,𝑢, 𝑣 ∈ }
is a probability distribution, and thus a family of convex combination coefficients.

(𝑖𝑖) ⇒ (𝑖). We want to design a distribution 𝑞 that is both consistent with 𝑞(𝑈,𝑊 ) and
𝑞(𝑉 ,𝑊 ), and satisfies 𝑈 − 𝑉 −𝑊 . Thus, such a distribution is wholly defined by 𝑞(𝑉 |𝑈 ),
because it must satisfy

𝑞(𝑢, 𝑣,𝑤) = 𝑞(𝑢)𝑞(𝑣|𝑢)𝑞(𝑤|𝑣)
= 𝑞(𝑢)𝑞(𝑣|𝑢)𝑞(𝑤|𝑣),

(D.1.16)
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where 𝑞(𝑈 ) is obtained by marginalising 𝑞(𝑈,𝑊 ), whereas 𝑞(𝑊 |𝑉 ) is obtained from 𝑞(𝑉 ,𝑊 ).
Assumption (𝑖𝑖) provides a candidate: let us define 𝑞(𝑣|𝑢) ∶= 𝛼𝑣,𝑢, which makes sense be-
cause, for each 𝑢, the family (𝛼𝑣,𝑢)𝑣 is made of convex combination coefficients. From as-
sumption (𝑖𝑖), for all 𝑢,𝑤,

𝑞(𝑤|𝑢) =
∑

𝑣
𝑞(𝑣|𝑢) 𝑞(𝑤|𝑣), (D.1.17)

and the corresponding 𝑞(𝑈, 𝑉 ,𝑊 ) defined through Equation (D.1.16) satisfies the Markov
chain 𝑈 − 𝑉 −𝑊 .

To prove that 𝑞 is an extension of 𝑞(𝑈,𝑊 ) and 𝑞(𝑉 ,𝑊 ), let us prove first that 𝑞 is con-
sistent with 𝑞(𝑈,𝑊 ). We have

𝑞(𝑢,𝑤) =
∑

𝑣
𝑞(𝑢, 𝑣,𝑤)

=
∑

𝑣
𝑞(𝑢)𝑞(𝑣|𝑢)𝑞(𝑤|𝑣)

= 𝑞(𝑢)
∑

𝑣
𝑞(𝑣|𝑢)𝑞(𝑤|𝑣)

= 𝑞(𝑢)𝑞(𝑤|𝑢)
= 𝑞(𝑢,𝑤),

where the first equality is the definition of the marginal 𝑞(𝑢,𝑤); the second equality uses
Equation (D.1.16); and the fourth equality uses (D.1.17). Thus, 𝑞(𝑈, 𝑉 ,𝑊 ) is consistent
with 𝑞(𝑈,𝑊 ).

Now, let us prove that 𝑞(𝑉 ,𝑊 ) = 𝑞(𝑉 ,𝑊 ). This is equivalent to the channel 𝑞(𝑉 |𝑈 )
sending the marginal 𝑞(𝑈 ) on the marginal 𝑞(𝑉 ):
Lemma D.1.9. We have 𝑞(𝑉 ,𝑊 ) = 𝑞(𝑉 ,𝑊 ) if and only if

𝑄̃𝑣𝑢𝑞𝑢 = 𝑞𝑣, (D.1.18)
where 𝑞𝑢 and 𝑞𝑣 are the column vectors defined by 𝑞(𝑈 ) and 𝑞(𝑉 ), respectively, and 𝑄̃𝑣𝑢 is
the column transition matrix defined by 𝑞(𝑉 |𝑈 ).

Proof. For all 𝑣,𝑤,
𝑞(𝑣,𝑤) =

∑

𝑢
𝑞(𝑢, 𝑣,𝑤)

=
(

∑

𝑢
𝑞(𝑢)𝑞(𝑣|𝑢)

)

𝑞(𝑤|𝑣),

where the first equality is the definition of the marginal 𝑞(𝑣,𝑤), and the second one uses
Equation (D.1.16). Thus, for all 𝑣,𝑤,

𝑞(𝑣,𝑤) = 𝑞(𝑣,𝑤) ⇔ 𝑞(𝑣,𝑤) =
(

∑

𝑢
𝑞(𝑢)𝑞(𝑣|𝑢)

)

𝑞(𝑤|𝑣)

⇔ 𝑞(𝑣)𝑞(𝑤|𝑣) =
(

∑

𝑢
𝑞(𝑢)𝑞(𝑣|𝑢)

)

𝑞(𝑤|𝑣),

and, eventually, for all 𝑣,𝑤,
𝑞(𝑣,𝑤) = 𝑞(𝑣,𝑤) ⇔ 𝑞(𝑤|𝑣) = 0 or 𝑞(𝑣) =

∑

𝑢
𝑞(𝑢)𝑞(𝑣|𝑢). (D.1.19)



Appendix D. Appendix for Chapter 4 235

Let us momentarily fix 𝑣 ∈  . Since 𝑞(𝑊 |𝑣) is a probability, there must be some
𝑤0 such that 𝑞(𝑤0|𝑣) > 0. Choosing that 𝑤0, we find that, for the given 𝑣, the vector
equality 𝑞(𝑣,𝑊 ) = 𝑞(𝑣,𝑊 ) implies, through Equation (D.1.19), that the scalar equality
𝑞(𝑣) =

∑

𝑢 𝑞(𝑢)𝑞(𝑣|𝑢). By now applying this reasoning to each 𝑣 ∈  , we obtain that
𝑞(𝑉 ,𝑊 ) = 𝑞(𝑉 ,𝑊 ) implies that

∀𝑣 ∈  ,
∑

𝑢
𝑞(𝑢)𝑞(𝑣|𝑢) = 𝑞(𝑣), (D.1.20)

whose matrix formulation is precisely (D.1.18). Conversely, if (D.1.20) holds, then Equation
(D.1.19) shows that 𝑞(𝑉 ,𝑊 ) = 𝑞(𝑉 ,𝑊 ).

We now prove that Equation (D.1.18) indeed holds. Let us also write𝑄𝑤𝑣 and𝑄𝑤𝑢 for the
column transition matrices defined by 𝑞(𝑊 |𝑉 ) and 𝑞(𝑊 |𝑈 ), respectively. Then, Equation
(D.1.17), which, here, is our assumption, can be rewritten as

𝑄𝑤𝑢 = 𝑄𝑤𝑣𝑄̃𝑣𝑢. (D.1.21)
Thus,

𝑄𝑤𝑣𝑄̃𝑣𝑢𝑞𝑢 = 𝑄𝑤𝑢𝑞𝑢 = 𝑞𝑤 = 𝑄𝑤𝑣𝑞𝑣

where 𝑞𝑤 is the column vector defined by 𝑞(𝑊 ), and the second and third equalities are the
matrix versions of the decompositions 𝑞(𝑊 ) =

∑

𝑢 𝑞(𝑢)𝑞(𝑊 |𝑢) and 𝑞(𝑊 ) =
∑

𝑣 𝑞(𝑣)𝑞(𝑊 |𝑣),
respectively. In other words,

𝑄𝑤𝑣(𝑄̃𝑣𝑢𝑞𝑢 − 𝑞𝑣) = 0. (D.1.22)
The injectivity of 𝑄𝑤𝑣 implies that (D.1.18) indeed holds, so, from Lemma D.1.9, we

have 𝑞(𝑉 ,𝑊 ) = 𝑞(𝑉 ,𝑊 ). We have thus proven that 𝑞 extends both 𝑞(𝑈,𝑊 ) and 𝑞(𝑉 ,𝑊 ),
so point (𝑖𝑖) holds.

Eventually, let us prove the uniqueness. Let 𝑞′ ∶= 𝑞′(𝑈, 𝑉 ,𝑊 ) be another extension
of 𝑞(𝑈,𝑊 ) and 𝑞(𝑉 ,𝑊 ) such that, under 𝑞′, the Markov chain 𝑈 − 𝑉 − 𝑊 holds. For
the same reasons as above, 𝑞′ must satisfy Equation (D.1.16) with 𝑞 replaced by 𝑞′, so 𝑞′ is
wholly specified by 𝑞′(𝑉 |𝑈 ), and is enough to prove that 𝑞′(𝑉 |𝑈 ) = 𝑞(𝑉 |𝑈 ). Now, using the
assumptions of consistency and the Markov chain for 𝑞′, we obtain

𝑞(𝑤|𝑢) = 𝑞′(𝑤|𝑢)

=
∑

𝑣
𝑞′(𝑣,𝑤|𝑢)

=
∑

𝑣
𝑞′(𝑣|𝑢)𝑞′(𝑤|𝑣)

=
∑

𝑣
𝑞′(𝑣|𝑢)𝑞(𝑤|𝑣),

(D.1.23)

i.e., in matrix terms, if 𝑄̃′
𝑢𝑣 is the column transition matrix representing 𝑞′(𝑉 |𝑈 ),

𝑄𝑤𝑢 = 𝑄𝑤𝑣𝑄̃
′
𝑣𝑢.

Combining this with Equation (D.1.21), we have 𝑄𝑤𝑣(𝑄̃′
𝑣𝑢 − 𝑄̃𝑣𝑢) = 0. In other words, if 𝑐𝑖

is the 𝑖-th column of 𝑄̃′
𝑣𝑢 − 𝑄̃𝑣𝑢, then 𝑄𝑤𝑣𝑐𝑖 = 0 , which, by injectivity of 𝑄𝑤𝑣, means that

𝑐𝑖 = 0. Thus, 𝑄̃′
𝑣𝑢 − 𝑄̃𝑣𝑢 = 0, i.e., 𝑞(𝑈 |𝑉 ) = 𝑞′(𝑈 |𝑉 ).

This ends the proof of Proposition D.1.8.
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Now, first of all, note that if we set 𝑈 ∶= 𝑇1, 𝑉 ∶= 𝑇2 and 𝑊 ∶= 𝑋, then point (𝑖𝑖) in
Proposition D.1.8 is equivalent to the convex hull condition (4.2.4).

If there is successive refinement for parameters (𝜆1, 𝜆2), then, from Proposition 4.2.2,
there are bottlenecks 𝑇1, 𝑇2 of parameters 𝜆1, 𝜆2, respectively, such that 𝑋 − 𝑇2 − 𝑇1; and
the direction (𝑖) ⇒ (𝑖𝑖) of Proposition D.1.8 implies that the convex hull condition (4.2.4) is
satisfied.

Conversely, assume that the convex hull condition is satisfied for some bottlenecks 𝑇1, 𝑇2
of parameters 𝜆1, 𝜆2, respectively, such that 𝑞2(𝑋|𝑇2) is injective. Then, the sense (𝑖𝑖) ⇒
(𝑖) of Proposition D.1.8 shows that there exists a unique extension 𝑞(𝑋, 𝑇1, 𝑇2) of 𝑞1(𝑋, 𝑇1)
and 𝑞2(𝑋, 𝑇2) such that we have 𝑋 − 𝑇2 − 𝑇1. We then conclude with the Markov chain
characterisation of successive refinement (Proposition 4.2.2).

This ends the proof of Proposition 4.2.6.

D.1.6 Linear Program Used to Compute the Convex Hull Condition (4.2.4)
Consider, for points 𝑢, 𝑣1,… , 𝑣𝑘 ∈ ℝ𝑚, the condition

𝑢 ∈ 𝖧𝗎𝗅𝗅{𝑣𝑖, 𝑖 = 1,… , 𝑘}. (D.1.24)
A linear program can be used to check whether this condition holds or not; in short, it

consists of the first step of the simplex method (see, e.g., (Matousek et al., 2007), Section
5.6), which asserts the existence or not of an initial feasible basis, and computes this basis if
it exists. More precisely, let us first note 𝑉 the 𝑚× 𝑘 matrix whose columns are the points 𝑣𝑖,
and define

𝑀 ∶=
(

𝑉
1 … 1

)

, 𝑢̃ ∶=
(

𝑢
1

)

.

Then, condition (D.1.24) can be reformulated as

∃𝛼 ∶= (𝛼1,… , 𝛼𝑘) ∈ ℝ𝑘 ∶

{

𝑀𝛼 = 𝑢̃,
𝛼𝑖 ≥ 0 for 𝑖 = 1,… , 𝑘.

(D.1.25)

We now consider the linear program defined for the augmented variable
𝛼̃ ∶= (𝛼1,… , 𝛼𝑘, 𝛼𝑘+1,… , 𝛼𝑘+𝑚+1) ∈ ℝ𝑘+𝑚+1

as
min
𝑀̃𝛼̃=𝑢̃

∀𝑖=1,…,𝑘+𝑚+1, 𝛼𝑖≥0

𝛼𝑘+1 +⋯ + 𝛼𝑘+𝑚+1, (D.1.26)

where 𝑀̃ ∶= (𝑀|𝐼𝑚+1) is obtained by appending the (𝑚+ 1) × (𝑚+ 1) identity matrix to 𝑀
to the right. It can be directly verified that (D.1.25), and thus, equivalently, (D.1.24), holds
if and only if the minimum is 0 in the linear program (D.1.26), and that if this is the case,
then the first 𝑘 coordinates 𝛼1,… , 𝛼𝑘 of any of the program’s solutions provide coefficients
for obtaining 𝑢 as a convex combination of the 𝑣𝑖.

Now, consider two bottleneck distributions 𝑞1 ∶= 𝑞1(𝑋, 𝑇1) and 𝑞2 ∶= 𝑞2(𝑋, 𝑇2) such
that 𝑞(𝑋|𝑇2) is injective. We want to check the convex hull condition (4.2.4), which holds if
and only if for every 𝑡1 ∈ 1, we have

𝑞(𝑋|𝑡1) ∈ 𝖧𝗎𝗅𝗅{𝑞(𝑋|𝑡2), 𝑡2 ∈ 2}. (D.1.27)
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This condition can be checked, for every fixed 𝑡1, with the linear program described above,
where if the condition holds, the algorithm also outputs a family of coefficients (𝛼𝑡2,𝑡1)𝑡2 such
that

𝑞(𝑋|𝑡1) =
∑

𝑡2

𝛼𝑡2,𝑡1𝑞(𝑋|𝑡2). (D.1.28)

Let us define 𝑞(𝑡2|𝑡1) ∶= 𝛼𝑡2,𝑡1 and a joint distribution 𝑞(𝑋, 𝑇1, 𝑇2) through
𝑞(𝑥, 𝑡1, 𝑡2) ∶= 𝑞1(𝑡1)𝑞(𝑡2|𝑡1)𝑞2(𝑥|𝑡2). (D.1.29)

By construction, under 𝑞, we have the Markov chain 𝑋 − 𝑇2 − 𝑇1. Moreover thanks to
Equation (D.1.28) and the injectivity of 𝑞(𝑋|𝑇2), Proposition D.1.8 shows that 𝑞 is indeed
an extension of 𝑞1(𝑋, 𝑇1) and 𝑞2(𝑋, 𝑇2) . Thus, the linear program above allows one both to
check whether or not the convex hull condition holds and, when it does, to obtain Theorem
4.2.6’s unique extension 𝑞(𝑋, 𝑇1, 𝑇2) such that 𝑋 − 𝑇2 − 𝑇1.

See the published version of this work (Charvin et al., 2023a) for details on the algorithm’s
complexity.

Note also that as the convex hull condition holds if and only if the linear program’s output
is 0 for all 𝑡1 ∈ 1, in numerical computations, the threshold for rounding the program’s
output impacts the answer. In our numerical experiments, we chose the threshold 10−6.

D.1.7 Proof of Proposition 4.2.7

We will first present the framework developed in (Asoodeh et al., 2020; Witsenhausen et al.,
1975) and then the original content of this proof, which starts with Lemma D.1.13 below. A
full plan of this proof is presented in the main text.

We already noticed (in Section 4.2.2) that the primal IB problem (4.1.2) can be reformu-
lated as an optimisation over the pairs (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )), i.e., Equation (4.2.3). Using the iden-
tity 𝐼(𝑈 ;𝑉 ) = 𝐻(𝑈 ) −𝐻(𝑈 |𝑉 ), and recalling that a bottleneck 𝑇 must satisfy 𝐼(𝑋; 𝑇 ) = 𝜆
(Asoodeh et al., 2020), we can further reformulate the problem (4.2.3) as

argmin
(𝑞(𝑇 ), 𝑞(𝑋|𝑇 ))

∑

𝑡 𝑞(𝑡)𝑞(𝑋|𝑡)=𝑝(𝑋)
𝐻(𝑋|𝑇 )=𝜈

𝐻(𝑌 |𝑇 ), (D.1.30)

where 𝜈 ∶= 𝐻(𝑋) − 𝜆. In particular, we can assume, without loss of generality, that 0 ≤
𝜈 ≤ 𝐻(𝑋) (see Section 4.1.4), where 𝜈 = 𝐻(𝑋) corresponds to 𝐼(𝑋; 𝑇 ) = 0. Similarly as
we denoted before by 𝐼𝑌 (𝜆) the maximum in the classic IB problem (4.1.2), here, we denote
by 𝐻𝑌 (𝜈) the minimum in (D.1.30). Rather than considering the information curve, i.e., the
graph of 𝐼𝑌 , and following (Witsenhausen et al., 1975) upon which we rely, here, we consider
the graph of 𝐻𝑌 , which we will refer to as the conditional entropy (CE) curve. This curve
is convex (Witsenhausen et al., 1975), and it is just an affine translation of the information
curve. Let us now define, for 𝛽 ≥ 1, the function

𝐹𝛽 ∶ Δ → ℝ
𝑝 → 𝐻(𝜅𝑝) − 𝛽−1𝐻(𝑝),

where 𝜅 is the column transition matrix defined by the conditional probability 𝑝(𝑌 |𝑋). Note
that, for 𝑝 = 𝑝(𝑋), we have 𝜅𝑝 = 𝑝(𝑌 ). (In this section, we choose notations close to those
from (Asoodeh et al., 2020), as long as they do not clash with the ones we already established;
most notably, what we denote here by 𝛽 would correspond to 𝛽−1 in (Asoodeh et al., 2020).)
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FIGURE D.1: The function 𝐹𝛽 for example values of 𝛽 and 𝑝(𝑋, 𝑌 ), with binary 𝑋
and 𝑌 . Here, 𝑝 parameterises the source distribution [𝑝, 1 − 𝑝].

The function 𝐹𝛽 is plotted in Figure D.1 for example values of 𝛽 and 𝑝(𝑋, 𝑌 ), where
the source and relevancy are binary. As a difference in concave functions, the function is
a priori neither concave nor convex, but we can define its lower convex envelope, i.e., the
largest convex function, which is still inferior or equal to 𝐹𝛽 everywhere: we will denote it
by ∪

(

𝐹𝛽
). In (Witsenhausen et al., 1975), through convex duality arguments, the following

relationship between bottlenecks and 𝐹𝛽 was proven:
Proposition D.1.10 ((Witsenhausen et al., 1975), Section IV). If a pair (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )) solves
the problem (D.1.30), then

∑

𝑡
𝑞(𝑡)𝐹𝛽(𝑞(𝑋|𝑡)) = ∪

(

𝐹𝛽
)

(𝑝(𝑋)), (D.1.31)

for some 𝛽 ≥ 1 such that 𝛽−1 is the slope of a tangent to the CE curve at the point (𝜈,𝐻𝑌 (𝜈)).

Let us also define the set of points where 𝐹𝛽 differs from its lower convex envelope:
(𝛽) ∶=

{

𝑝 ∈ Δ ∶ 𝐹𝛽(𝑝) ≠ ∪
(

𝐹𝛽
)

(𝑝)
}

, (D.1.32)
which will happen to be crucial for our considerations on successive refinement. Previous
work showed that this set grows when 𝛽 increases:
Lemma D.1.11 ((Asoodeh et al., 2020), Section II.B). If 𝛽1 ≤ 𝛽2, then (𝛽1) ⊆ (𝛽2).

Proof. For the sake of self-containedness, we reproduce the computation from (Asoodeh et
al., 2020). Let 𝑝 ∉ (𝛽2), which means that ∪

(

𝐹𝛽2
)

(𝑝) = 𝐹𝛽2(𝑝). For all 𝛽1 ≤ 𝛽2,

𝐹𝛽1(𝑝) = 𝐻(𝜅𝑝) − 𝛽−11 𝐻(𝑝)

= 𝐹𝛽2(𝑝) − (𝛽−11 − 𝛽−12 )𝐻(𝑝),

so
∪

(

𝐹𝛽1
)

(𝑝) = ∪

(

𝐹𝛽2 − (𝛽−11 − 𝛽−12 )𝐻
)

(𝑝)

≥ ∪

(

𝐹𝛽2
)

(𝑝) +∪

(

− (𝛽−11 − 𝛽−12 )𝐻
)

(𝑝)

= ∪

(

𝐹𝛽2
)

(𝑝) − (𝛽−11 − 𝛽−12 )𝐻(𝑝),
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where the last equality comes from the convexity of the function 𝑝 → −(𝛽−11 − 𝛽−12 )𝐻(𝑝).
Thus,

∪

(

𝐹𝛽1
)

(𝑝) ≥ ∪

(

𝐹𝛽1
)

(𝑝) − (𝛽−11 − 𝛽−12 )𝐻(𝑝)

= 𝐹𝛽2(𝑝) − (𝛽−11 − 𝛽−12 )𝐻(𝑝)

= 𝐹𝛽1(𝑝).

But, by definition, we have ∪

(

𝐹𝛽1
)

(𝑝) ≤ 𝐹𝛽1(𝑝), so ∪

(

𝐹𝛽1
)

(𝑝) = 𝐹𝛽1(𝑝); in other
words, 𝑝 ∉ (𝛽1). Thus, we have proved that (𝛽2)𝑐 ⊆ (𝛽1)𝑐 , which is equivalent to
(𝛽1) ⊆ (𝛽2).

Let us now assume that || = || = 2. As we already proved successive refinability for
deterministic 𝑝(𝑌 |𝑋) in Proposition 4.2.5, we can assume that 𝑝(𝑌 |𝑋) is not deterministic.
But, the case of || = || = 2 and non-deterministic 𝑝(𝑌 |𝑋) is exhaustively studied in
(Witsenhausen et al., 1975) (Section IV.A, IV.B and IV.D). The latter work implies that, in
this case:
Lemma D.1.12 ((Witsenhausen et al., 1975)). Let 0 ≤ 𝜈 < 𝐻(𝑋), let (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )) be a a
solution to (D.1.30) with parameter 𝜈, and let 𝛽 be given by Proposition D.1.10. Then, the set
(𝛽) is a non-empty open interval and, for a pair (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )) to satisfy (D.1.31), the set
of points

{𝑞(𝑋|𝑡), 𝑡 ∈  }

must coincide with the extreme points of the interval (𝛽).

Equipped with these previously established facts, we can leverage them to prove succes-
sive refinement when || = || = 2 and 𝑝(𝑌 |𝑋) is not deterministic.
Lemma D.1.13. Let 0 ≤ 𝜈 < 𝐻(𝑋). Then, we can assume, without loss of generality, that
| | = 2. Moreover, in this case, a solution (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )) to the reformulated IB problem
(D.1.30) is such that 𝑞(𝑋|𝑇 ), seen as a probability transition matrix, is injective.

Proof. Let (𝑞(𝑇 ), 𝑞(𝑋|𝑇 )) be a solution to (D.1.30) for parameter 𝜈, and let 𝛽 be given by
Proposition D.1.10. From Lemma D.1.12, each 𝑞(𝑋|𝑡) must correspond to one of the two
extreme points of the interval (𝛽). Moreover, from Appendix B.4.3 in Chapter 2, for any
primal bottleneck (or equivalently, any solution to (D.1.30)), we still obtain a bottleneck for the
same parameter if we merge symbols 𝑡 with identical 𝑞(𝑋|𝑡). Thus, we can assume, without
loss of generality, that | | = 2, and, in this case, the decoder 𝑞(𝑋|𝑇 ) is, up to permutation of
bottleneck symbols, uniquely defined by 𝛽.

Moreover, as (𝛽) is open and non-empty, these extreme points are distinct; in other
words, the column transition matrix𝑄 defined by 𝑞(𝑋|𝑇 ) has its columns made of two distinct
points on the simplex Δ . These points must thus be linearly independent as vectors in ℝ2,
so the rank of 𝑄 is 2. By the null rank theorem and as | | = 2, this implies that 𝑄 is
injective.

Let us now first consider SR for the case of 𝑛 = 2 processing stages. Let 0 < 𝜆1 <
𝜆2 ≤ 𝐻(𝑋), and let 𝑇1, 𝑇2 be solutions to the primal IB problem (4.1.2) of respective param-
eters 𝜆1, 𝜆2. Equivalently, 𝑇1 and 𝑇2 are solutions to the reformulated IB problem (D.1.30)
with resp. parameters 𝜈1, 𝜈2, where 0 ≤ 𝜈2 < 𝜈1 < 𝐻(𝑋). From Lemma D.1.13, we can
assume that 𝑞(𝑋|𝑇2) is injective. Moreover, from Proposition D.1.10, the bottleneck pairs
(𝑞(𝑇1), 𝑞(𝑋|𝑇1)) and (𝑞(𝑇2), 𝑞(𝑋|𝑇2)) are solutions to (D.1.31) for parameters 𝛽1, 𝛽2, respec-
tively, which correspond to inverse slopes of the CE curve at (𝜈1,𝐻𝑌 (𝜈1)) and (𝜈2,𝐻𝑌 (𝜈2)),
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respectively. By convexity of the CE curve (Witsenhausen et al., 1975), we have 𝛽1 ≤ 𝛽2.
Thus, from Lemma D.1.11,

(𝛽1) ⊆ (𝛽2).

This is equivalent to
𝖧𝗎𝗅𝗅

(

(𝛽1)
)

= (𝛽1) ⊆ (𝛽2) = 𝖧𝗎𝗅𝗅
(

(𝛽2)
)

,

where 𝐸 denotes the closure of a set 𝐸, so, here, (𝛽𝑖) and (𝛽𝑖) only differ by taking or
not taking the segment’s extreme points, and the equalities come from the convexity of this
segment. From Lemma D.1.12, this can be rewritten as

𝖧𝗎𝗅𝗅
{

𝑞(𝑋|𝑡1), 𝑡1 ∈ 1
}

⊆ 𝖧𝗎𝗅𝗅
{

𝑞(𝑋|𝑡2), 𝑡2 ∈ 2
}

.

But this is exactly the convex hull condition (4.2.4). As we chose an injective 𝑞(𝑋|𝑇2), we
can use the convex hull characterisation (Theorem 4.2.6) to conclude that 𝑇1 and 𝑇2 achieve
successive refinement. This ends the proof of Proposition 4.2.7.

D.1.8 Computation of bifurcations values

In this work, we compute the bottlenecks’ bifurcation parameters as the values where the
effective cardinality changes (Zaslavsky et al., 2019): i.e., a bifurcation is a trade-off param-
eter value 𝜆 for which the number of distinct 𝑞𝜆(𝑋|𝑡) changes in a neighborhood of 𝜆 (see
Section 4.1.4). With this naive method, the threshold chosen to numerically equate points
𝑞(𝑋|𝑡) impacts the computed critical values, which could be avoided by using more sophisti-
cated methods for computing these bifurcation values (Gedeon et al., 2012; Wu et al., 2020;
Zaslavsky et al., 2019). However, the bifurcation values computed by our naive method did
correspond, on our minimal examples, to parameters where the smoothness of the functions
𝐼𝑋(𝛽) ∶= 𝐼𝛽(𝑋; 𝑇 ) and 𝐼𝑌 (𝛽) ∶= 𝐼𝛽(𝑌 ; 𝑇 ) breaks. Thus, our method seemingly identifies
discontinuities of the first-order derivative of 𝐼𝑋 and 𝐼𝑌 , which are those of second-order
derivatives of the Lagrangian in (4.1.4) (see Corollary 1 in (Zaslavsky et al., 2019)). In this
sense, our naive method still identifies the IB bifurcations, if defined as second-order bifur-
cations of the IB Lagragian as in, e.g., (Wu et al., 2020; Zaslavsky et al., 2019).

D.2 Section 4.3 Details

D.2.1 Proof of Proposition 4.3.3

We recall that Δ𝑞1,𝑞2 is the space of extensions 𝑞(𝑋, 𝑇1, 𝑇2) of 𝑞1(𝑋, 𝑇1) and 𝑞2(𝑋, 𝑇2), and
that Δ𝑆𝑅,2 is the space of all distributions 𝑟(𝑋, 𝑇1, 𝑇2) (not necessarily consistent with 𝑞1 and
𝑞2) under which the Markov chain𝑋−𝑇2−𝑇1 holds. We write the proof for discrete variables
for ease of presentation, but the very same proof works for continuous variables if we replace
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sums by integrals. For 𝑞(𝑋, 𝑇1, 𝑇2) ∈ Δ𝑞1,𝑞2 and 𝑟(𝑋, 𝑇1, 𝑇2) ∈ Δ𝑆𝑅,2,

𝐷𝐾𝐿(𝑞||𝑟) =
∑

𝑞(𝑥, 𝑡1, 𝑡2) log
(

𝑞(𝑥, 𝑡1, 𝑡2)
𝑟(𝑥, 𝑡1, 𝑡2)

)

=
∑

𝑞(𝑥, 𝑡1, 𝑡2) log
(

𝑞(𝑥, 𝑡2)𝑞(𝑡1|𝑥, 𝑡2)
𝑟(𝑥, 𝑡2)𝑟(𝑡1|𝑡2)

)

=
∑

𝑞(𝑥, 𝑡1, 𝑡2) log
(

𝑞(𝑡1|𝑥, 𝑡2)
𝑟(𝑡1|𝑡2)

)

+𝐷𝐾𝐿(𝑞(𝑋, 𝑇2)||𝑟(𝑋, 𝑇2))

≥
∑

𝑞(𝑥, 𝑡1, 𝑡2) log
(

𝑞(𝑡1|𝑥, 𝑡2)
𝑟(𝑡1|𝑡2)

)

=
∑

𝑞(𝑥, 𝑡1, 𝑡2) log
(

𝑞(𝑡1|𝑥, 𝑡2)
𝑞(𝑡1|𝑡2)

)

+
∑

𝑞(𝑡2)𝐷𝐾𝐿
(

𝑞(𝑇1|𝑡2)||𝑟(𝑇1|𝑡2)
)

≥
∑

𝑞(𝑥, 𝑡1, 𝑡2) log
(

𝑞(𝑡1|𝑥, 𝑡2)
𝑞(𝑡1|𝑡2)

)

(D.2.1)

The last term is 𝐷𝐾𝐿(𝑞||𝑟0), with
𝑟0(𝑋, 𝑇1, 𝑇2) ∶= 𝑞(𝑋)𝑞(𝑇2|𝑋)𝑞(𝑇1|𝑇2) ∈ Δ𝑆𝑅,2,

because, under 𝑟0, the Markov chain𝑋−𝑇2−𝑇1 holds. So, from the last inequality in (D.2.1),
inf

𝑟∈Δ𝑆𝑅,2
𝐷𝐾𝐿(𝑞||𝑟) = 𝐷𝐾𝐿(𝑞||𝑟0).

But, the last term of (D.2.1) is also 𝐼𝑞(𝑋; 𝑇1|𝑇2). Thus,
𝐷𝐾𝐿(Δ𝑞1,𝑞2||Δ𝑆𝑅) = inf

𝑞∈Δ𝑞1 ,𝑞2
inf
𝑟∈Δ𝑆𝑅

𝐷𝐾𝐿(𝑞, 𝑟)

= inf
𝑞∈Δ𝑞1 ,𝑞2

𝐷𝐾𝐿(𝑞||𝑟0)

= inf
𝑞∈Δ𝑞1 ,𝑞2

𝐼𝑞(𝑋; 𝑇1|𝑇2)

= 𝑈𝐼(𝑋 ∶ 𝑇1 ⧵ 𝑇2).

This ends the proof of Proposition 4.3.3.
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D.3 Sample 𝒑(𝒀 |𝑿) used in Sections 4.2.3 and 4.3.2

FIGURE D.2: Plot of the sample distributions 𝑝(𝑌 |𝑋) used in, respectively, from top
to bottom: (𝑖) Figures 4.4a and 4.5a; (𝑖𝑖) Figures 4.4b and 4.5b; (𝑖𝑖𝑖) Figures 4.4c
and 4.5c. The simplex depicted here is Δ , where || = 3, and each black square
corresponds to a symbol-wise conditional probability 𝑝(𝑌 |𝑥) ∈ Δ . Note that the
corresponding 𝑝(𝑋) ∈ Δ is shown in the left parts of Figures 4.4a–4.5c, which
depict the simplex Δ , where, here, we also have || = 3. The explicit values of
the corresponding 𝑝(𝑋, 𝑌 ) can be found at: https://gitlab.com/uh-adapsys/

successive-refinement-ib/ (accessed on 14 October 2025).

https://gitlab.com/uh-adapsys/successive-refinement-ib/
https://gitlab.com/uh-adapsys/successive-refinement-ib/
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