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Abstract

This study investigates the forced transverse vibration of a thin rotating annular disc sub-
jected to time-varying point forces that are fixed in space and act perpendicular to the disc
surface. Earlier analytical treatments of this problem have almost always been restricted
to a single support condition, most often the clamped—free disc of a hard-disk drive. The
boundary conditions of the disc have not been treated as a design variable of the forced
response. The contribution of this work is to remove that restriction: the same generalised
Galerkin formulation is applied to clamped—clamped, clamped—free and free—clamped ro-
tating annular discs, and the sensitivity of the forced response to the excitation parameters
is compared across all three. The governing differential equation, which includes gyro-
scopic coupling and the membrane stresses induced by rotation, is nondimensionalised and
solved by the Galerkin method with polynomial radial trial functions. The modal equations
are then integrated in state-space form with light modal damping. The physical transverse
response at a fixed observation point is characterised by power spectral density diagrams
assembled into waterfall plots, and the corresponding steady-state harmonic responses
are obtained in closed form from the frequency-domain resolvent of the same state-space
model. The formulation is verified against an independent radial finite-element model for
all three boundary conditions and against published rotating clamped—free natural frequen-
cies. The central finding concerns how the excitation parameters act on the response. The
excitation frequency, the radial position of a force, and the angular separation and phase
of a pair of forces act as largely independent levers. The quantitative sensitivity to each
lever, however, is set by the boundary conditions, as is the force placement that minimises a
chosen travelling-wave family. The radial position that minimises the excitation of a chosen
radial family is governed by the interior node of that mode, which lies at r ~ 52, 68 and
44 mm for the clamped—clamped, clamped—free and free—clamped discs, respectively, and
does not in general coincide with a free edge. Angular separation, by contrast, suppresses
a nodal-diameter family in a manner that is essentially boundary-condition independent.
The parameter dependences are shown to be steady-state properties: the driven spectral
line of the finite-duration records reproduces the resolvent solution to within 0.09 dB.

Keywords: rotating annular disc; forced vibration; Galerkin method; travelling waves;
power spectral density; boundary conditions
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1. Introduction

Rotating discs are core components of a wide range of engineering systems: turbines,
fans and flywheels in power machinery, gears, circular saws and grinding wheels in man-
ufacturing, brake discs in vehicles and, as a more recent example, the recording discs
of computer hard-disk drives (HDDs) used for data storage. In all of these applications
the disc spins at high speed and interacts with space-fixed components—guides, pads,
read /write heads or aerodynamic loads—so that excessive transverse vibration directly
limits performance and life. The free vibration of spinning discs has therefore been studied
since the classical works of [1,2], followed by the nonlinear analysis of [3], the Rayleigh—
Ritz treatment of initially stressed discs by [4] and the annular finite elements of [5]. The
free-vibration characteristics of rotating annular discs under various classical boundary
conditions, including the configurations considered here, have been investigated with the
Galerkin method [6-8]: the first of these studies [6] established the polynomial Galerkin
formulation for rotating annular discs under several boundary conditions, while the later
study [8] extended the same analytical framework to nine boundary-condition combina-
tions and verified the results against finite element and experimental data. Related work on
rotating blade and composite wind-turbine blade dynamics also illustrates the usefulness of
reduced analytical and numerical vibration models for high-speed rotating components [9].

The forced-vibration problem has an equally long history. The response of a very
flexible spinning disc to a stationary transverse load was investigated by [10]; after no
bounded solution was found under the pure membrane assumption, the bending stiffness
was retained and the solution obtained by Fourier series. The vibration of a rotating disc
carrying an in-plane force at its rim or centre was analysed by [11], and the bifurcation
of the resonance phenomena was examined by expressing the response as a sum of two
counter-rotating vectors. An eigenfunction expansion was used by [12] to study analytically
the forced vibration of a spinning disc under space-fixed couples, considering both the
transient and the steady-state response together with the effects of external damping
and rotational speed. The closed-form forced response of a damped rotating multiple
disk/spindle system was obtained by [13] from Lagrange’s equations with a Rayleigh
dissipation function. The nonlinear forced response of a spinning disc excited at a point
fixed in space was studied by [14] using the harmonic balance method, and the results
were compared with experiments. The forced vibration and critical speeds of rotating
rectangularly orthotropic discs under a space-fixed load were analysed by [15,16], who
emphasised that the dynamic response of the orthotropic disc depends explicitly on time
because the material properties seen by the fixed load change continuously.

The free and forced vibrations of rotating disk/spindle systems with flexible housing
and stator assemblies were investigated by [17] through linearised equations of motion ob-
tained from a Lagrangian formulation, confirmed by finite element analyses and numerical
simulation. The coupled in-plane and out-of-plane vibrations of a rotating Kirchhoff plate
in the presence of a distributed frictional load were studied by [18], providing one of the
first treatments of the coupling effect of friction pads in disc-brake squeal. The axisymmet-
ric vibration of spinning annular plates was examined by [19] using a three-dimensional
finite element method, and natural frequencies were reported for different radius ratios,
thickness-to-radius ratios, rotational speeds and boundary conditions. A method based
on Duhamel’s integral for the dynamic behaviour of axisymmetric rotating structures was
developed by [20], in which the excitation is expressed in a time-varying space-fixed form
and finite-element-based transient analyses are used to identify the impulse response. The
vibration of a ferromagnetic rotating disc under an electromagnetic force was investigated
by [21] using the Galerkin method, addressing the natural frequencies and the dynamic
stability. Galerkin’s method was also employed by [22] to obtain the analytical solution for
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a rotating disc subjected to peripheral rotating transverse loads, and an additional closed-
form solution was derived by a Rayleigh integral approach. The vibrational behaviour of
a rotating disc was measured by [23,24] with a non-contact technique combining optical
tip-clearance sensors and a strain gauge, demonstrating that such sensors are suitable for
identifying nodal diameters. The forced vibration of a spinning annular plate under a fixed
transverse force was studied by [25], who compared the rotating-coordinate/fixed-load and
fixed-coordinate/rotating-load modelling approaches. The primary resonance and bifurca-
tion of a conductive circular plate rotating in air-magnetic fields were presented by [26]
using Bessel-function mode shapes and the Galerkin method for the nonlinear equation
of motion. Finally, the Galerkin method was used by [27] to examine the forced vibra-
tions of a rotating annular disc with clamped-free boundary conditions, obtaining power
spectral density diagrams that account for the number, frequencies, phase differences and
locations of multiple space-fixed excitation forces; this study is the direct forced-response
basis of the present work and is extended here to additional boundary conditions and
a more systematic set of excitation-parameter sweeps. More recently, the scope of these
analyses has broadened towards the mitigation and active control of travelling-wave vi-
bration in rotating structures. A closed-form solution for the free and forced transverse
vibration of a clamped—free rotating annular disk was derived by [28], together with a
tuned-mass-damper strategy and the resulting acoustic-pressure mitigation, within the
same homogeneous, isotropic, classical thin-plate framework adopted here. For rotating
shells, piezoelectric sensor /actuator pairs and micro-fibre-composite layers were designed
by [29,30] to suppress travelling-wave vibration, reflecting the current interest in delib-
erately tailoring the dynamic response of spinning structures. At the system level, the
vibration of rotating discs and rotors is also increasingly analysed together with parameter
uncertainty and with the flexibility of the surrounding gear, shaft and support compo-
nents [31-34]. Both effects can shift the critical speeds and the forced-response levels
predicted by an idealised model. The present study deliberately isolates the effect of the
disc boundary conditions and treats the excitation as a small number of ideal space-fixed
point forces, so that the boundary-condition dependence is not masked by these additional
effects; their inclusion is noted as a direction for further work.

When nonlinear contact, large deformation or application-specific blade geometry
must be retained, the analytical route is complemented by high-fidelity time-domain frame-
works. Recent examples include time-marching frequency-sweep tools for bladed-disc
and rotating-blade systems with contact nonlinearity [35]. Related semi-analytical initial-
value methods have likewise been used for parameter-sensitive vibration and buckling
of nonlocal nanostructures [36]. In these methods the governing equations are written
in state-vector form, propagated with a transfer or principal matrix and closed by the
boundary conditions. These are not rotating-disc models, but they share the philosophy
adopted here: a high-order continuum equation is reduced to a compact, verifiable matrix
problem suitable for systematic parametric analysis.

The survey above shows that analytical investigations of the forced response of rotating
discs have, almost without exception, considered a single set of boundary conditions—most
often the clamped—free disc that models an HDD. No study appears to have systematically
examined how the forced response and its sensitivity to the excitation parameters change
with the boundary conditions. The present paper addresses this gap. The same generalised
Galerkin formulation is applied to the clamped—clamped, clamped—free and free-clamped
rotating annular disc, and the effects of (i) the excitation frequency, (ii) the radial position
of the excitation force, (iii) the angular separation of a pair of forces and (iv) their phase
difference are investigated for all three boundary conditions. The responses are presented
as PSD-based waterfall diagrams. The formulation is compared with the published natural
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frequencies of the rotating clamped—free disc of [27] and with the free-vibration results of [7]
for the clamped—clamped and free-clamped configurations; the published forced-response
spectra are reproduced as a qualitative comparison.

The incremental contribution relative to the clamped—free forced-response study
of [27] can be stated precisely. That earlier study established, for the clamped—free disc
only, that the number, frequencies, locations and phases of space-fixed forces control the
power spectral density of the response. The present work retains that model and forcing
description but treats the disc boundary conditions as an additional variable, and its new
content is threefold. First, the formulation and its numerical implementation are extended
to the clamped—clamped and free—clamped discs and verified for all three cases against
an independent radial finite-element model. Second, the excitation-parameter sweeps are
carried out in parallel for the three boundary conditions, which isolates those features of
the response that are common to all supports from those that are set by the support. Third,
this comparison yields a nontrivial, boundary-condition-dependent result that is not visible
in a single-support study. The radial force placement that minimises the excitation of a
chosen radial family is set by the interior node of that radial family, whose position moves
with the support: r = 52 mm for the clamped-clamped disc, 68 mm for the clamped—free
disc and 44 mm for the free—clamped disc. The angular separation of a pair of forces, by
contrast, suppresses a nodal-diameter family through the same circumferential interference
law for all three supports. In other words, the radial lever is boundary-condition dependent
while the circumferential lever is not—a distinction that has direct consequences for where
a force or contact path should be placed on a given disc.

The paper is organised as follows. Section 2 presents the governing equation, the
rotation-induced membrane stress fields for the three boundary conditions, the Galerkin
discretisation and the state-space solution of the forced problem. Section 3 presents the
numerical examples and discussion, starting from the verification and then considering
the excitation-frequency, radial-position, angular-separation and phase-difference sweeps.
Section 4 summarises the conclusions.

2. Methodology and Formulation
2.1. Problem Definition and Governing Equation

Consider a thin annular disc of inner radius R;, outer radius R,, uniform thickness 7,
density p, Young’s modulus E and Poisson’s ratio v, rotating at the constant angular velocity
Q) about its central axis. The transverse displacement is denoted by w(r, ¢, ), where r is the
radial coordinate, ¢ is the space-fixed angular coordinate and ¢ is time. The disc is assumed
to be homogeneous, isotropic and linearly elastic, and the transverse motion is modelled
using the classical Kirchhoff thin-plate theory. The in-plane stresses induced by rotation
are retained in the transverse equation of motion, while transverse shear deformation and
rotary inertia are neglected.

The Kirchhoff assumption is appropriate for the discs considered here. The thickness-
to-outer-radius ratio is 1/ R, = 0.0125 for the disc used in the parametric study and 0.027
for the hard-disk geometry used in the free-vibration comparison. Both values are well
within the thin-plate range /R, < 0.1, and the deflections examined are small compared
with the thickness, so the linear theory applies. The main quantitative consequence of the
assumption is that classical plate theory omits the shear flexibility retained by Mindlin or
three-dimensional models and therefore slightly overestimates the higher natural frequen-
cies. For the radius ratios and mode numbers considered here this overestimate is a few per
cent, consistent with the comparison against a shear-deformable solution reported for the
same family of discs in [8], and it partly accounts for the small offset discussed later in the
free-vibration comparison. Because the excitation frequencies of interest lie on the lowest
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travelling-wave families, where the plate and shear-deformable predictions are closest, the
thin-plate model is sufficient for the parameter-dependence study that is the object of this
work. The extension to a shear-deformable disc would be required only for very thick discs
or for the highest modes.

Figure 1 summarises the physical problem: the annular disc rotates with angular
velocity (), while the transverse point force is fixed in the inertial frame and acts at the
space-fixed location (r1, 7).

z
A
Q C'\
y F(t)
space-fixed force
stationary in
R; n inertial frame
v (r, 1) N
ho4 >

Ro

Figure 1. Schematic of the rotating annular disc under a transverse point force fixed in space. The
force location is defined by the radial coordinate r; and the angular coordinate i;, while R; and R,
denote the inner and outer radii of the annulus.

The forced transverse vibration of the rotating annular disc under a space-fixed dis-
tributed transverse load is governed by:

0w 0w P?w\ h[d ow\ oy d*w
4 2 _n ey 1
DV w+ph(at2 2055+ a¢2> r{ar (o-rrar> +- al[J2:| p(r,p,t). (1)

Here, D = Eh®/[12(1 — v?)] is the flexural rigidity of the disc, and ph is the mass
per unit area. The quantities 0;(r) and oy () are the radial and circumferential membrane
stresses induced by rotation, respectively, and their forms depend on the boundary condi-
tions imposed at the inner and outer radii. The function p(r, i, t) represents the externally
applied transverse load per unit area.

For compactness, the polar-coordinate Laplace operator and the corresponding bihar-
monic operator used to represent the bending term in Equation (1) are defined as:

ELONE LIONE K20

or2 r or r2 oy? @

In the inertia term, 9w/t is the transverse acceleration, 20 9*w/ (dy dt) represents
the gyroscopic coupling arising from the space-fixed formulation, and Q?9%w/9y? is the
centripetal contribution. The final bracketed term accounts for the effect of the rotation-
induced in-plane membrane stresses on the transverse vibration response.

The space-fixed harmonic point force used in the present study is represented as:

F .
plr g, t) = —0(r —r)o(y — ¢n) sin(@t — ¢1). )
Here, F is the point-force amplitude, r; and ¢ are the radial and angular coordinates

of the excitation point, @ is the excitation angular frequency, ¢; is the phase angle and 4(-)
is the Dirac delta function.
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The nondimensionalisation variables used in the formulation are:
D r 1
T = — = tT, R - -y R = 5/
\/ phr3" * R 7R,
R oy w P:p@, p = FRo. @
R, R, D D

w'=w/T, 0" =w/T, O*=Q/T.

In Equation (4), T = /D/(phR%) is the characteristic frequency that sets the time and
frequency scales (so that T = T, w* = w/T and " = /T are dimensionless), T is the
dimensionless time, R is the dimensionless radial coordinate, R; is the dimensionless radial
coordinate of the excitation point, vy is the radius ratio, W is the dimensionless transverse
displacement, P is the dimensionless transverse load, F* is the dimensionless point-force
amplitude, and w*, @* and O* are the dimensionless natural frequency, excitation an-
gular frequency and rotational speed, respectively. Substitution of these quantities into
Equation (1) yields:

?W *W *W
VAW + 57 20 59t + Q*ZW

. W - W . W
*2 —
-0 (Cﬂa Rz TCag T Cwgm 1,,2) P(R, ¢, 7).

(5)

The barred coefficients Cy, Cry and Cyy are dimensionless boundary-condition-
dependent coefficients that collect the rotation-induced membrane-stress terms in
Equation (5). From this point onward, the formulation is written only in terms of di-
mensionless quantities. These coefficients are defined as:

Crr(R) = Er(R)/ 6)
Cy(R) = 3, TR, 7)

- oy (R

Cyyp(R) = Ul/}iz )' ®)

Here, 7,(R) and o (R) are the dimensionless radial and tangential membrane-stress
functions. They are written as:
_ 1 B ’
or(R) = 3 (14+v)a— (1—1/)@ — B3+ V)R,
©)
_ 1
oy(R) = 3 [(1 +v)a+(1— 1/)ﬁ -1+ 31/)R2} :
The constants & and B are dimensionless and are obtained from the in-plane edge
conditions. A clamped edge is taken to restrain the dimensionless radial in-plane displace-
ment U = u/R, (with u the dimensional radial in-plane displacement), whereas a free
edge is traction free, so that 7, = 0. The values used in the present calculations are listed
in Table 1.
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Table 1. Dimensionless constants of the rotation-induced membrane-stress functions for the three
boundary conditions considered in the present work. The notation C—C, C-F and F-C denotes clamped-
clamped, clamped—free and free—clamped conditions at the inner and outer edges, respectively.

Boundary Condition Dimensionless In-Plane Edge Conditions Constants
cC U(y) = 0,U(1) = 0 a=1t7, p=
- Bt+v)+(1-v)t 4 g2
C_F u - O, 1 = O = , — —
(1) =0,a,(1) Ao +d_vz P=7 %
_ B+v)y*+(1-v)
F- = 1) = = =1-—
C or(y) =0,U(1) =0 x A+v)2+(1—-v) p &
2.2. Assumed Displacement Field and Spatial Derivatives
The dimensionless transverse displacement is expanded as:
N M
W(R, ¢, T) = Z 2 T (T) sin np + g5, () cos np] Ry (R). (10

In Equation (10), 45,, and g5,,, are the sine and cosine generalised coordinates, Ry (R)
is the radial admissible function, m is the number of nodal circles and 7 is the number
of nodal diameters. The integers M and N are the truncation limits in the radial and
circumferential directions. The radial function is chosen as the five-term polynomial:

Run(R) = Xilnan + Xi%mRm-H + XSMRWH_Z + XﬁmRm—% + X?nan+4/ (11)

where the constants X},,-X3,, are determined from the four transverse boundary conditions
and one normalisation condition. The five coefficients are fixed by five linear conditions:
two conditions at the inner edge, two at the outer edge and one normalisation condition.
At a clamped edge, both the deflection and the slope vanish,

dRyn

Rmn = O/ dRr

=0, (12)

while at a free edge the radial bending moment and the Kirchhoff (effective) transverse
shear force vanish,

d? Ry 1dRy,  n? _ d oo 1-v 5 d (Run _
dR? +V(R dR RZR""’>_O’ RV R + dR( R )_0’ (13)

evaluated at the appropriate edge, where V2Rum = d?*Ryum/dR% 4+ R-'dR,,/dR —
n2R~2R,;,,. These four conditions leave one free constant, which is removed by a nor-
malisation condition Ry, (Rumm) = 1imposed at a point Ry, that is chosen to be interior
to, or on, the annulus and not to coincide with a boundary at which the deflection is forced
to zero: an interior point Ry, = (1 + 1) /2 for the C—C disc, the outer edge Ry, = 1 for
the C-F disc, and the inner edge Ry, = 7y for the F-C disc. The normalisation only scales
each admissible function and, being applied identically on both sides of the projection, has
no effect on the computed natural frequencies or on the relative response levels; it merely
fixes the scale of the generalised coordinates. For each (m, n) the five conditions form a
5 x 5 linear system that is solved once for the coefficient set X},,,, ..., X2,

The derivatives of Equation (10) required for Equation (5) are retained explicitly. The
first time derivative is:

N M das 9at
— qmn : qmn
=Y ) et sinny + —HE cos np Ryun(R), (14)

n=0m=0
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and the second time derivative is
82W N
=) 2 qm” sinny + qmn cos 1P | Ryn (R). (15)
n=0m=0 oT?
The first angular derivative is
Z Z 1[qoun (T) cos np — g5, (7) sin np]| Ry (R) (16)
n=0m=
and the second angular derivative is
82W .
— = Z 2 12 (@5 (T) sin 1t + g5, (T) 08 1Y) Ry (R). (17)
n=0m=
The mixed time-angular derivative, which forms the gyroscopic term, is
R2W N M aqs aqc .
5997 = r;)mgon ai" cos nip — 81'1;’1 sin | Ry (R). (18)

For completeness, the third angular derivative is

W

7__2 Z” T (T

) cos np — g5, (T) sin 1P| Ry (R)
n=0m=

(19)
and the fourth angular derivative is
a4W N M A .
= = Yo Y ntg5,,(7) sinng + g5, (T) cos ] Ry (R) (20)
alp n=0m=0
Substitution of Equations (10)—(20) into Equation (5) gives
ﬁ % Ry 2 PRy 14202 PRy 14202 Ry 1t —dn? o
= =) | oR* TR R2  9R2 R®  OR R¢ ™
. 0°R - OR - .
- Q*z <Crr aRZm + Crt/J alrgﬂ - Cl/Jl/anRmn) (qinn SmmP + qiﬂn COs Tll[))
(21)
) 82 c . das da¢ )
+ ( air;" sinny + aqT';‘” cos m/;> Ryn + 20 ann< g';" cosnyp — g:f” sin m/;>

Q*anRmn(qf,m sin ny + gy, cos nip) } =P(R,¢,7)

All radial functions in Equation (21) depend on R and all generalised coordinates
depend on 7; these dependencies are suppressed only to keep the expression readable
The radial differential operator is abbreviated as

*Ryn 2 PRy
an -

L2 14202 %Ry 1+ 212 OR N n* — 4n? R
OR4 R OR3 R2  9R2 R3 OR R4 m 22)
_ 9?R oR _
-0 <cﬂ gz TCv g Cwanmn).
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Using Equation (22), Equation (21) becomes:

1=z
S

s azqmn * aqmn *2 2
Fm”qmn T 2 Ripn — 20" 1Ry ot -0 Rm”qmn smmp
0

n=0m

(23)

82 c da®
+ {anqcmn + az_.nzm Riun +20*ann gr;n - Q*anRmn‘ﬁm} Cos I’ZIP} = P(Rr l[J, T)'

2.3. Galerkin Projection

The Galerkin method is applied by projecting the residual of Equation (23) onto a set
of test functions taken from the same admissible family as the trial functions but carrying
an independent radial index. To keep the trial and test roles distinct, let m denote the radial
index of the trial functions in the expansion, Equation (10) and letk = 0,1, ..., M denote
the radial index of the test functions. Because the circumferential functions sinny and
cos nip are mutually orthogonal on [0, 277], the residual of a given nodal-diameter number
n is orthogonal to every circumferential function of a different nodal-diameter order n’
(that is, n’ # n); the projection therefore decouples the problem family by family, and each
n can be treated on its own. Within the n-th family the two independent test functions
are Ry, (R) sinny and Ry, (R) cos nyp. Projecting the residual onto Ry, (R) sin nyp and onto
Ry, (R) cosnyp in turn, and integrating over the annulus, yields two weighted-residual
equations for each k. The test functions contain no unknown coefficients, so the operation is
a standard weighted-residual projection and not a variation of the generalised coordinates.
Writing the two projections together, the weighted-residual statement of the n-th family is:

ar M s azqinn * a’ﬁm *2 2 s .
[Y /0 Z FounGpn + 302 Rum — 20 1R,y 5 O™ n“ Ry | sinny
m=0

a S
+ |:an%€7"1 a‘imn Rinn + 20" 1Ry gT - O ZRmnqmn} cos nlp} (24)
i 1 /2r i
x Rknuz){ s ny }RdIIJdR -/ P(R,w,rmkn(m{ sy }RdwdR,
cos ny v JO cos ny

where the upper entry in braces gives the sine projection and the lower entry the
cosine projection. Changing the order of summation and integration and evaluating the
two projections separately gives:

M

1
y {qu / FynRey R AR
Jy

m=0

+ o —20"n O — O*%n?gs /1R Ry RdR /271 sin? nyp dyp
o72 oT mn | ., Sk 0

:/1 /znP(R,l/J,T)Rknsinm/JRdtde,
e (25)

M 1
Z |:qicnn/ anRkanR
sy

m=0

azqcmn * alﬁm *22 C ! 27 2
+ 372 +20 nﬁ—ﬁ NG [yRmananR /0 cos” nyp dy

1 27
- / / P(R, , T)Ry, cos nyp R dyp dR.
v JO
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The sine—cosine cross terms have already dropped out at this stage because
fozn sin np cos np dyp = 0, which is why the sine projection retains only the sine coordinates
and the cosine projection only the cosine coordinates. The mass-like and stiffness-like radial
integrals are then introduced as:

1
Tipn = / Run(R) Ry (R)RdR, (26)
v

1
(Pljmn :‘/7 an(R)Rkn(R)RdR' (27)

The symbol I';, = denotes the generalised mass coefficient and ¢;, = denotes the gener-
alised stiffness coefficient including bending, rotational-stress and centripetal contributions;
both are symmetric in the trial and test indices, I';, =T, and ¢; = ¢, .

Using Equations (26) and (27), the two projections in Equation (25) become:

A S * az%snn * aq%m *2 2 s * m 102
Z qmn4)kmn+ 912 —20 n?_ﬂ " Fmn kan /(; sm mpdll’
m=0

1 r2n

:// P(R, , T)Ryy sinnp Rdy dR,
v JO
28

A c * aZQ;m * aQZm *2.2 ¢ * m 2 ( )
m;() TnnPrmn + o2 +20 Ifl? — O g ) Tk /0 cos” nyp diyp

1 r2r
- / / P(R, , T)Ryy cos nyp Rdyp dR.
v JO

The value of the remaining angular integral depends on whether n = 0 or n # 0, and
the two cases are treated separately.
For n = 0, the angular integrals are:

27 27
/ cos® npdy = 27, / sin? nip dyp = 0. (29)
0 0

The sine projection is identically zero, since sin0 = 0 carries no axisymmetric coor-
dinate, and only the cosine coordinates survive. Dividing the cosine projection by 27,
Equation (28) becomes:

= c * aquO * 1 o
Y (dhodinn + 5200 | = 5= | [ PR TRo(RIRAPR,  k=0,..., M. 30)
oT 2t Jy Jo

m=0

The axisymmetric family therefore has no gyroscopic or centripetal term: with n = 0
the mixed time-angular derivative vanishes and the forward and backward waves coincide,
so the n = 0 modes are not split by rotation.

For n # 0, the angular integrals are:

27 2 d = 271.2 Ao — 31
/0 cos“nypdiyp =7, /0 sin“nyp dy = 7. (31)

Both projections now carry the same factor 7, which divides out. The non-
axisymmetric sine and cosine projections are therefore:
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M 2 .5 c
* d°q . 09 * *
mZ::0 {qinn‘l)kmn + ( aTnzm —20 HTZ_M -0 znzlﬁnn> 1—‘kmn}
1 1 2
= / / P(R, , T)Ry sinngp Rdy dR,
0
! (32)
M c * anCmn * aqfnn *2 2 ¢ *
mgo qmn‘Pkmn + 912 +20%n 9T —O%n Tmn 1—‘kmn

1 sl r2m
= —/ / P(R, ¢, T)Ry, cosnp Rdyp dR.
7T v JO

Rearranging each projection so that the inertial term appears first gives the two coupled
equations for the sine and cosine modal coordinates:

M 2
a S * * a ¢ * * * *
Z |: a?gn Iﬂkrrm —20"n g?n kan + (¢kmn - O znzrkmn)%snn:|

" 1 1 p2n (33)
S / / P(R, , T)Ry sinngp Rdy dR,
T Jy JO
M 2
a p * * a p * * * *
Z |: az_r;n Iﬂknm +20) n%rkmn + (¢kmn -0 2n2rkmn)q;m:|
m=0 (34)

1 1 r2r
- / / P(R, ,T)Ry,, cos nyp Rdy dR.
v JO

G
Equations (33) and (34) hold for each test index k = 0,..., M and are the second-
order ordinary differential equations for the sine and cosine modal coordinates of the
n-th nodal-diameter family. For a given n they form a coupled set of 2(M + 1) equations
in the 2(M + 1) unknowns ¢;,, and ¢5,,,; families of different n remain uncoupled, as
anticipated above.

2.4. Matrix Form and State-Space Solution

The 2(M + 1) scalar equations of a given family are now collected into matrices. Let
I, and ¢ be the (M + 1) x (M + 1) symmetric matrices whose (k,m) entries are the
coefficients Iy, ~and ¢, of Equations (26) and (27), and let q; and qj, be the column
vectors of the sine and cosine coordinates g4;,,, and g;,,,. The sine projection, Equation (33)
supplies the upper block row and the cosine projection, Equation (34) the lower block
row, and the gyroscopic coupling between the two appears in the off-diagonal blocks. For

n=1,...,N, Equations (33) and (34) are thus written in the block matrix form:
0 Ty (45 L, 0|49

¢, — P, 0 @) _for)
o g0 |af Qv

Here, Qj; and Qy; are the dimensionless generalised force components obtained by
projecting the external load onto the sine and cosine basis functions. Equation (35) is

(35)
+

expressed compactly as:

MG (7) + G4 (T) + Ky qn(7) = Qu(7), (36)

https://doi.org/10.3390/vibration9030048


https://doi.org/10.3390/vibration9030048

Vibration 2026, 9, 48 12 of 37

where an overdot denotes differentiation with respect to 7. The mass and gyroscopic
matrices are:

M;, = [FO” FOJ Gj =20 [ron _orﬂ' (37)
and the stiffness matrix and force vector are:
c _ | #n QT 0 ] 0. _ {Qf{“}' 8)
" 0 ;- er| Ty

The associated displacement, velocity and acceleration vectors are:

S ~S S
n n n

The matrices M}, and Kj, are real and symmetric, while Gy, is real and skew-symmetric.
Each matrix has size 2(M + 1) x 2(M + 1).

A light modal damping is added to the model so that the steady-state amplitude at a
resonance is finite and the power spectral densities reported below have a well-defined
magnitude. A damping matrix Cj; is constructed from the real symmetric eigenproblem
K;® = M;® diag(«&?) formed from the mass and stiffness matrices of the family at the
operating speed, Equations (37) and (38), with the gyroscopic matrix omitted and the
eigenvectors normalised so that ® "M’ ® = I. The matrix K}, retains the rotation-induced
membrane stiffening and the centripetal softening —()*?1°T};, so &; are the rotating-frame
frequencies of the family and not its non-rotating frequencies. The damping matrix is then
defined as

C; = M\ ® diag(2{@;)® M, (40)

which gives every mode of the associated non-gyroscopic system the same damping
ratio . A small value { = 0.01 is used throughout; it is large enough to bound the
resonant peaks but small enough to leave the natural frequencies and the travelling-wave
structure unchanged (the damped natural frequencies differ from the undamped ones by a
factor /1 — (2, i.e., by 5 x 1073%). The damping matrix enters the equations of motion,
Equation (36) additively, M4, + (G}, + C;;,)qn + K};qn = Qy, and is carried through the
state-space form below by replacing G;, with G}, + C;, in the system matrix. The natural-
frequency tables reported later are computed from the undamped eigenproblem and are
therefore unaffected by this choice.

Two properties of this construction should be stated explicitly, because they matter
for the interpretation of the spectra. First, the damping is proportional, and therefore
exactly modal, only for the non-gyroscopic system (M, K};). The skew-symmetric G;,
is not simultaneously diagonalisable with M;, and Kj,, so the full rotating system is non-
classically damped and the damping ratio actually realised by each travelling wave is
obtained from the eigenvalues s; of the state matrix as {; = —Re(s;)/s;|. For the families
n = 0-6 and the four lowest modes of each, {; = { exactly for n = 0 (where G;, = 0) and lies
within 3.7% and 4.7% of { for every mode of the clamped—clamped and free-clamped discs,
respectively. The exception is the clamped—free disc close to its critical speed: the n = 2 and
n = 3 travelling-wave pairs of its first radial family realise {; = 0.0042 and 0.0040, i.e., less
than half the nominal value. Second, { is a modelling choice made for well-posedness of
the spectra and not a measured dissipation; no damping data are available for the discs
analysed, and all conclusions below are drawn from level differences at a fixed ¢, whose
sensitivity to { is quantified in Section 3.7.
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Using Equation (4), the dimensional point load in Equation (3) is written in dimen-
sionless form as:

*

P(R,¢,7) = %J(R—R1)5(¢—¢1)sin(@*r—<p1). (41)

Substitution of this dimensionless load into Equations (33) and (34) gives:

N M 82 s 94t
q q 2.2
2 Z { aTZm FZmn —20"n a?n rltmn + ((Pltmn - 0%n ern)qinn]

n=0m=0 (42)
= %F*Rkn(Rl) sin nyy sin(@*1 — ¢1),
N M 2 .C S
J . 0 % .
Z Z { az—gm rltmn +20%n gr;n 1—‘kmn + (¢ltmn - Q*znzrkmn)qinn]
n=0m=0 (43)

1
= EF*Rkn(Rl) cos nypy sin(@*T — ¢1).

For several point forces, the right-hand sides of Equations (42) and (43) are summed
over all excitation points, amplitudes and phases.
Equation (36) can also be expressed in a descriptor matrix form as:

Ki; o0 qn au| ) O
0 M:;an}+ {qn}_{gn}‘ (44)

The state and state-derivative vectors are defined as:

x = {‘,"”}, % = {q”} (45)
qn qn

Using these vectors, Equation (44) is written as:

0 -K:
K:, Gj

Mx + Gx = Q. (46)

0
, Y= ) 47
afol @

After premultiplication by M1, the first-order state equation is obtained as:

. 0 I 0
X=Ax+BQ, A= [—M,’i_lK;‘, —M,’;_lGZ]’ b= {M,’;‘l}' )

The matrices and force vector in Equation (46) are:
M:[K,’; 0] c_|0 X

0 M; K: G

Here, 0 and I are the zero and identity matrices of size 2(M + 1) x 2(M + 1). The matrices
A and B have sizes 4(M + 1) x 4(M + 1) and 4(M + 1) x 2(M + 1), respectively. When
damping is included, G}, is replaced by G}, 4 C;, in the lower-left and lower-right blocks of A.

The output is taken to be the physical transverse displacement of the disc at a fixed
observation point (R,, 1, ) in the space-fixed frame, so that the reported spectra correspond
to a quantity that could be measured, for example, by a displacement probe aimed at a
fixed point above the disc. Evaluating the modal expansion, Equation (10) for the n-th
family at the observation point gives the scalar output

y(t) = W(Ro, o, 7) =Cx,  C=[cf 0], (49)
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in which the output row selects the displacement part of the state vector and evaluates the
radial functions at the observation point,

¢y = [Ron(Ro) sinnipy, ..., Ran(Ro) sinnips, Roy(Ro)cos iy, ..., Rym(Ro) cos nip, . (50)

The dimensionless output W is multiplied by R, to recover the displacement in metres
before the spectra are formed, so that the power spectral densities carry physical units. The
observation point is placed at r, = 0.066 m, {, = 77/6; this radius does not coincide with a
nodal circle of the radial families examined, so the point responds to both families used in
the parametric study. This state-space form is used to compute the physical time response
for each set of excitation parameters and boundary conditions. The output row (50) is the
only part of the model that depends on the choice of observation point; the system matrix,
and hence the natural frequencies and damping, are independent of it.

In the free-vibration limit, Q, = 0 and the response may be interpreted in terms of
travelling waves. The corresponding space-fixed frequencies satisfy the standard split:

Wy = 1O+ Ay, (51)

where Ay, > 0 is the dimensionless modal frequency measured in the rotating frame.
Hence, each n # 0 mode appears as a backward /forward travelling-wave pair separated
by 2nQ)* in dimensionless space-fixed frequency.

The sign convention in Equation (51) requires comment, because n()* — A}, may be
negative. The quantity that is measured by a space-fixed probe, and that is plotted on the
frequency axis of every spectrum reported below, is the positive frequency |w},,,|; the

sign of nQ)* — A}, carries only the sense in which the wave pattern travels in the inertial
frame. The branch nQQ* — A}

»m vanishes at the critical speed of that mode and changes sign

above it, so that a backward wave whose space-fixed frequency has been driven to zero
reappears on the positive frequency axis and travels forward in space as the speed is increased
further. Throughout this paper f; < f, < --- therefore denote the ordered moduli. A useful
consequence, used below as a check on the computed spectra, is that the two members of a
pair satisfy (f1 + f2)/2 = Amn and (f2 — f1)/2 = nQ) in Hz whenever the pair is subcritical.
Two complementary solutions of the forced problem are used in this paper, and it
is important to keep them apart. The first is the exact steady-state harmonic response,
obtained in closed form from the frequency-domain resolvent of Equation (48). For a set of
J point forces of common frequency @* and individual phases ¢;, the input of the j-th force
is uj(7) = sin(@*T — ¢;) = Im{e(® 7)1 and the particular solution of Equation (48) is

/ B i
Xss(T) = Im{ (i@ I-A)"'BY. Q, e i e T}, (52)
=1

so that the steady output is Wss(Ry, o, T) = Im{ael® T} with the complex amplitude
a = C(io*I — A)~'B Y Qn,jefi‘l’f . Equation (52) involves no time integration, no record
length, no window and no initial condition, and its spectrum consists of the excitation line
alone. Because every nodal-diameter family is driven at the same frequency, the complex
amplitudes a of the families n = 0, 1, ... add coherently at the observation point, and the
total steady amplitude is R, |}, 4| in metres.

The second solution, used for the waterfall diagrams, is a direct time integration of
the state Equation (48) for each excitation case, followed by spectral estimation of the
physical output, Equation (49). This is a finite-duration record that starts at the instant
the force is switched on; it therefore contains the switch-on transient in addition to the
steady state, and Section 3.7 establishes which features of the reported spectra belong to
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which. The reproducibility details are as follows. The state equation is integrated with
the fixed-step linear time-invariant solver of scipy.signal.lsim, which advances the
exact matrix-exponential solution of the linear system between samples under a first-order
(linear) hold on the harmonic input; this is exact for a linear time-invariant system driven by
a band-limited input and therefore introduces no scheme-dependent numerical damping.
The disc starts from rest, so the initial state is zero, x(0) = 0: the force is switched onat 7 = 0
and the record contains the switch-on transient followed by the steady state. The transient
is retained deliberately, because it is what populates the non-driven travelling-wave peaks
of the waterfall diagrams; the steady state alone would show only the driven line. The
spectra reported below are therefore finite-duration switch-on spectra, and only the driven
line is a steady-state quantity. Section 3.7 quantifies the resulting dependence on the
record duration, the force onset and the damping ratio, and shows that every parametric
conclusion drawn in this paper is read from the driven line and is reproduced by the
resolvent solution, Equation (52). Each case is integrated for a physical record of Trec = 15
at a sampling frequency f; = 65,536 Hz, giving N = 21¢ = 65,536 samples (numerically
equal to fs; only because the record length is Trec = 1 s) and a Nyquist frequency of
32,768 Hz, well above the highest mode examined. The corresponding dimensionless step
is AT = 1/ (fsTehar), Where Tun,, is the characteristic time of Equation (4). The physical
displacement record w(t) = R,W(7) is multiplied by a Hann window and transformed
with a single periodogram (scipy.signal.periodogram, density scaling), which yields the
one-sided power spectral density in m? Hz ! at a frequency resolution of Af = f;/N =
1 Hz. The spectra are reported in decibels relative to 1 m?> Hz ™!, i.e., 10log,,(PSD) with
no per-case rescaling. Because the output is now a physical displacement at a single fixed
point and the normalisation of the radial functions cancels in Equation (49), the decibel
levels are directly comparable between traces and between boundary conditions, and the
vertical axes of the waterfall diagrams carry absolute physical meaning. The waterfall
diagrams are read both in terms of peak locations and in terms of these absolute levels. All
computations reported in this paper, and all figures, were produced with Python 3.10.12
and the open-source libraries NumPy 2.2.6, SciPy 1.15.3 and Matplotlib 3.10.9. The notation
used in the verification and parametric-response sections is collected in Table 2.

Table 2. Notation used in the verification and parametric-response sections.

Symbol Meaning

fi—fa First four (in ascending order) space-fixed natural frequencies of the selected n = 2 family
r1, 1 Radial and angular coordinates of the first excitation point

Ay Angular separation between two excitation points

A¢p Phase difference between two harmonic point forces

PSD [dB re 1 m?2 Hz 1]

Power spectral density of the physical transverse displacement at the observation point, in
decibels relative to 1 m? Hz !

o, Po

Radial and angular coordinates of the fixed observation point (r, = 0.066 m, ¢, = 71/6)

Modal damping ratio applied to every mode of the associated non-gyroscopic system

¢ (¢ =0.01)

Trec, tr Record duration of a simulated response and rise time of the half-cosine force ramp
Amn Modal frequency of the (m, n) mode measured in the rotating frame

FTW, BTW Forward and backward travelling waves
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3. Results of Numerical Examples and Discussion

The numerical examples are organised to move from verification to physical interpre-
tation. Example 1 establishes the natural-frequency benchmark and the baseline modal
properties of the analysed disc. Example 2 checks the forced-response implementation
against the published clamped-free benchmark. Examples 3—-6 then examine how the
response changes with excitation frequency, radial force position, angular separation and
phase difference.

The formulation and its numerical implementation are compared with the results
available in the literature at two levels: a quantitative comparison of natural frequencies
and a qualitative comparison of forced-response spectra.

Two terminological points are fixed before the results are presented, because they
bound what the comparisons in this section can establish. First, verification is used here in
its usual computational-mechanics sense: evidence that the stated mathematical model is
solved correctly. The convergence study, the independent radial finite-element solution of
the same rotating Kirchhoff model, and the agreement with previously published solutions
of that model are all verification exercises. Validation, that is, evidence that the model
represents a physical disc, would require measurements on a real rotating disc, and no
such measurements are reported here. The experimental comparison reported in the earlier
free-vibration study [8] supports the free-vibration part of the underlying model, but it does
not validate the forced-response predictions of this paper; the word “validation” is used
below only where an experimental comparison is being referred to. Second, the spectra of
Sections 3.2-3.6 are power spectral densities of a finite-duration record that begins when the
force is switched on. Their driven line is a steady-state quantity; their remaining structure is
switch-on transient content. Section 3.7 separates the two and demonstrates the sensitivity
of the transient part to the record duration, the force onset and the damping.

3.1. Example 1: Natural-Frequency Benchmark and Baseline Modal Properties

Two literature comparisons are used, and their geometries are kept explicit in Table 3.
The clamped—free forced-vibration benchmark uses the disc of [27], whereas the clamped-
clamped and free—clamped checks use the hard-disk geometry reported in the free-vibration
study of [7]. The primary quantitative benchmark is the rotating clamped—free disc of [27]:
R, = 0.08 m, R; = 0.024 m, h = 0.001l m, p = 7850 kgm 3, E = 206 GPa, v = 0.3,
rotating at the dimensionless speed (2* = 5, i.e.,, () = 192.7514 Hz. In addition to the
literature comparison, the Galerkin implementation is verified against an independent
numerical solution of the same rotating Kirchhoff model: a one-dimensional finite-element
discretisation of each nodal-diameter family, using C! cubic Hermite elements in the radial
coordinate with the same rotation-induced membrane stress fields and the same gyroscopic
and centripetal terms, refined to 200 elements so that its frequencies are converged to well
below 0.01%. This model shares no code, basis or assembly with the polynomial Galerkin
solution and therefore provides an independent reference for all three boundary conditions.

Table 3. Geometries and material parameters used for the literature comparisons and for the paramet-
ric study. The clamped-free verification case and the parametric results use the same disc as [27]; the
clamped—clamped and free-clamped consistency checks use the hard-disk geometry reported by [7].

Case Ro[m] R;[m] hlm] plkgm=3] E[GPa] v
C-F verification and present parametric study 0.0800  0.0240 0.0010 7850 206 0.30
C-C/F-C free-vibration consistency check 0.0475 0.01625 0.0013 7850 206 0.30

Table 4 reports the convergence of the four lowest space-fixed frequencies of the n = 2
family at (2* = 5 as the number of retained radial functions is increased from three to
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eight, together with the finite-element reference. The convergence is rapid and monotonic
from above, as expected for an admissible-function method: with six radial functions
every tabulated frequency of all three boundary conditions agrees with the finite-element
reference to 0.001% or better, and with seven functions the tabulated digits coincide. All
results reported in this paper therefore use six radial functions; increasing the number
further changes none of the reported digits.

Table 4. Convergence of the four lowest space-fixed natural frequencies [Hz] of the n = 2 family
at " = 5 with the number of radial functions My, and comparison with the independent radial
finite-element (FE) solution (200 Hermite elements).

Mg 1st 2nd 3rd 4th
3 1589.52 2360.53 4819.54 5590.55
4 1588.75 2359.76 4774.33 5545.34
5 1588.44 2359.45 4774.32 5545.32
c-C 6 1588.41 2359.42 4772.42 5543.42
7 1588.41 2359.41 4772.37 5543.38
8 1588.41 2359.41 4772.37 5543.38
FE 1588.41 2359.41 4772.37 5543.38
3 39.79 810.79 1680.53 2451.53
4 39.60 810.60 1679.18 2450.19
5 39.56 810.57 1678.62 2449.62
C-F 6 39.56 810.56 1678.56 2449.57
7 39.56 810.56 1678.55 2449.56
8 39.56 810.56 1678.55 2449.56
FE 39.56 810.56 1678.55 2449.56
3 885.23 1656.23 2667.94 3438.95
4 884.61 1655.62 2666.28 3437.28
5 884.49 1655.49 2665.93 3436.93
F-C 6 884.47 1655.48 2665.56 3436.57
7 884.47 1655.48 2665.52 3436.53
8 884.47 1655.48 2665.52 3436.53
FE 884.47 1655.48 2665.52 3436.53

Table 5 compares the space-fixed natural frequencies with the values reported in the
reference. The agreement is within 0.03% for every mode.

Table 5. Space-fixed natural frequencies of the rotating clamped-free disc (2* = 5, ) = 192.7514 Hz)
compared with [27].

Excited Mode [27] [Hz] Present [Hz] Difference
n =1, Ist mode 153.0948 153.09 <0.01%
n = 2, Ist mode 39.5561 39.55 0.01%

n = 2, 3rd mode 1678.9664 1678.55 0.02%

Figure 2 shows the present forced-response spectra for the two single-force cases of
the reference, with the reported modal frequencies superimposed as dashed lines. The
resonant peaks of the present solution fall exactly on the reference values, and the secondary
peaks appear as forward /backward travelling-wave pairs separated by the gyroscopic split
2n() = 771 Hz, as predicted by the travelling-wave split described above. The status of
those secondary peaks should be stated here, since the same feature recurs throughout
Section 3. A linear system driven harmonically at a single frequency responds, in the
steady state, only at that frequency; the peaks seen at the other natural frequencies of the
family exist because the force is switched on at T = 0 and the record therefore contains
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the free decay of the family as well as its forced response. The switch-on acts, in effect,
as a broadband modal probe applied at the same instant as the harmonic force, which is
what makes a single record display both the driven line and the complete travelling-wave
structure of the family. This is convenient for the frequency comparison made here, and it
is why the switch-on records are used as the primary figures, but it means that the levels of
the secondary peaks are properties of the onset, the record length and the damping rather
than forced-response characteristics. Section 3.7 quantifies this and gives the corresponding
steady-state solution.
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Figure 2. Computed PSD of the physical displacement at the observation point (solid) and the modal
frequencies of the n = 2 family (dashed): (top) excitation at the first-mode frequency; (bottom) ex-
citation at the third-mode frequency. Clamped—free disc, n = 2, ) = 192.7514 Hz. PSD in dB re
1m2Hz1; steponsetatt =0, Trec = 15,7 = 0.01.

The clamped—clamped and free-clamped implementations are compared with the free-
vibration results of [7], who analysed a steel HDD disc with R, = 47.5 mm, R; = 16.25 mm
and i = 1.3 mm at rest and at 4000 and 8000 rpm. Table 6 compares the fundamental
(m = 0) stationary frequencies and also lists the independent finite-element solution of the
same rotating Kirchhoff model described above. Two observations follow. First, the present
Galerkin values and the finite-element values agree to within 0.001% for every mode of both
boundary conditions, which verifies that the present implementation solves the stated thin-
plate model correctly. Second, the values reported in [7] lie uniformly about 2.1% below
the converged Kirchhoff solution for the C—C modes, with a nearly constant ratio across all
nodal diameters, and 2.1-3.0% below it for the F-C modes. A constant frequency ratio across
all mode numbers is the signature of a difference in the assumed material constants rather
than of a discretisation effect, because the stationary frequencies of a given geometry scale
uniformly with /E/p; the reference does not state the elastic modulus and density it used,
which were taken from the finite-element and experimental characterisation of its source
study, so an exact reconciliation is not possible. A contribution from the discretisation of
the reference cannot be excluded for the F—C case, where the offset varies with n. A small
part of the offset with respect to measured data would additionally be expected from the
shear flexibility neglected by the Kirchhoff model at these high frequencies, as discussed in
Section 2.1. Since the present values are confirmed by an independent converged solution
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of the same equations, the residual offset is attributed to the unreported material constants
and to the numerical treatment of the reference. The offset is nearly uniform for the C-C
modes and does not change the ordering of the nodal-diameter families. More importantly
for the present rotating-disc formulation, the speed-dependent quantities are reproduced:
at 8000 rpm the forward/backward splitting equals 2nQ) to four significant figures for
every mode in both studies, and the relative speed-induced frequency shifts agree to better
than 0.05%. For example, the n = 0 free-clamped mode softens by 0.20% between 0 and
8000 rpm in the present computation against 0.21% in the reference, and the mean of the
n = 2 travelling-wave pair stiffens by 0.03% in both. The comparison therefore verifies the
rotational trends and boundary-condition implementation, while the absolute levels of the
present model are anchored by the finite-element verification.

Table 6. Comparison of the clamped-clamped (C—C) and free—clamped (F-C) implementations:
fundamental (m = 0) natural frequencies [Hz] of the stationary disc of [7], together with the indepen-
dent radial finite-element (FE) solution of the same Kirchhoff model. “Diff.” is the deviation of the

reference values from the present converged solution.

Cc-C F-C
[7] Present FE Diff. [7] Present FE Diff.

n

0 7150.87 7305.9 73059 —2.1% 167991 1729.9 17299 —-2.9%
1 7320.71 7479.4 74794  —21% 2667.67 2751.2 27512 —=3.0%
2 7893.05 8064.2 8064.2 —2.1% 4448.18 4558.9 45589 —2.4%
3
4

9005.47 9200.8 9200.7 —21% 6706.77 6851.0 6851.0 —2.1%
10,760.38  10,993.8  10,993.7 —21% 9424.54 9622.6 9622.6 —2.1%

Baseline Natural Frequencies of the Analysed Disc

The parametric examples consider the disc used for the clamped—free benchmark in
Table 3 (R, = 0.08 m, R; = 0.024 m, & = 0.001 m, steel) rotating at 2* = 5
(Y = 192.7514 Hz), under the three sets of boundary conditions. Table 7 lists the four
lowest space-fixed natural frequencies for nodal-diameter numbers 1 = 0—4. Three features
are worth noting. First, the stiffness ordering of the boundary conditions is evident at every
n: the clamped—clamped disc is by far the stiffest, the free-clamped disc is intermediate,
and the clamped-free disc is the most flexible. Mechanically, the C-C condition suppresses
both transverse deflection and slope at both edges, so the admissible bending shapes re-
quire larger curvature and produce higher frequencies. The C-F condition behaves as an
annular cantilever, so the free outer edge permits large transverse motion and the lowest
resonance range is obtained. The F-C condition is not the mirror image of the C-F response
because the clamped edge is now at the outer radius, where the bending lever arm and
circumferential length are larger; this raises the frequencies relative to the C-F case. Second,
every n # 0 entry appears as a backward/forward travelling-wave pair separated by
exactly 2nQ) (771 Hz for n = 2), in accordance with the travelling-wave split described
above. Third, for the clamped—free disc the n = 2 backward wave has been brought down
to 39.55 Hz by the rotation; at (2* = 5 this disc operates close to its critical speed for the
(0,2) mode, which is the classical behaviour of flexible spinning discs. In practical terms,
the boundary condition therefore sets not only the modal shape but also the operating
frequency band in which a space-fixed excitation can become dangerous.

The forced-response examples below consider the n = 2 family, which contains the
modes used in the clamped—free benchmark of Example 1. Unless stated otherwise, a
single unit force is applied at r; = 0.066 m, {; = /6, with zero phase, and the re-
sponse is reported as the physical transverse displacement at the fixed observation point
(ro, o) = (0.066 m, 77/6) defined in Section 2.4. The four ordered n = 2 frequencies of
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each boundary condition are denoted fi—fs (rows n = 2 of Table 7); fi, f» are the back-
ward/forward pair of the first radial family and f3, f4 the pair of the second.

Figure 3 shows the radial shapes of the first two radial families of the n = 2 modes for
the three boundary conditions, computed from the eigenvectors of the associated symmetric
problem at (2* = 5 and normalised to unit maximum. These shapes are the physical key to
the radial-position results of Example 4: the generalised force of a family is proportional to
the value of its shape at the excitation radius, so the antinodes and interior nodes visible in
Figure 3 translate directly into maxima and minima of the resonant response as the force is
moved radially. The second radial family, which is the one driven at f3 in Examples 4-6, has
an interior node at 7 &~ 52 mm for the C-C disc, 7 ~ 69 mm for the C-F disc and =~ 44 mm
for the F-C disc; the first family has none. The dotted line marks the baseline force radius
r1 = 0.066 m.

—— 1st radial family 2nd radial family == rn =66 mm
C-C C-F F-C
8 1.0 4
0
© 0.51
£
o 0.0
5 . .
< —0.5 . .
T : a
o —1.01 § I : 1 _
25 50 75 25 50 75 25 50 75

r[mm] r[mm] r[mm]

Figure 3. Radial shapes R, () of the first (solid) and second (dashed) radial families of the n = 2
modes at (2* = 5, normalised to unit maximum: clamped-clamped (left), clamped—free (centre) and
free-clamped (right). The dotted vertical line marks the baseline excitation radius r; = 0.066 m.

Table 7. Four lowest space-fixed natural frequencies [Hz] of the analysed disc at (2* = 5 for the three
boundary conditions (six radial functions). For n = 0 the forward and backward waves coincide, so
the four entries are the four distinct axisymmetric frequencies.

n 1st 2nd 3rd 4th
Clamped-clamped
0 1745.95 4835.97 9505.56 15,821.17
1 1604.55 1990.06 4721.45 5106.95
2 1588.41 2359.42 4772.41 5543.42
3 1742.02 2898.53 5011.34 6167.85
4 2087.59 3629.60 5462.80 7004.82
Clamped—free
0 333.80 1738.70 4860.35 9537.10
1 153.08 538.59 1625.04 2010.53
2 39.55 810.54 1678.55 2449.58
3 52.66 1209.11 1916.17 3072.74
4 190.94 1733.08 2343.62 3885.52
Free—clamped
0 41947 1978.32 5082.10 9760.96
1 560.97 946.48 2101.47 2486.97
2 884.47 1655.48 2665.56 3436.57
3 1328.34 2484.85 3446.34 4602.85
4 1884.13 3426.14 4410.60 5952.61
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3.2. Example 2: Forced-Response Benchmark

Figure 4 reproduces four representative excitation cases of [27] with the present imple-
mentation: a single force tuned to the first and to the third mode of the n = 2 family, the
third-mode excitation with a phase angle of 71/2, and a pair of forces at different locations
and phases acting on the n = 1 family. These cases correspond to the PSD diagrams
reported in Figures 1-5 of [27]. The present formulation recovers the same qualitative
behaviour reported in the reference: the response peaks at the excitation frequency; a force
tuned to the third mode produces a dominant peak at that frequency; the phase of a single
force leaves the resonant peak unchanged while redistributing the relative amplitudes of
the non-resonant modes (this redistribution, Figure 4b against Figure 4c, lies entirely in the
switch-on transient: the phase of a single harmonic force is a pure shift of the time origin,
so it cannot alter the steady-state spectrum at all. The resolvent amplitude is identical for
¢1 = 0and ¢; = 71/2 to machine precision, the driven line of both records is —135.8 dB, and
only the non-driven transient peaks move, by 32.5 dB); and two spatially separated forces
superpose into a combined response. A direct point-by-point amplitude comparison is not
possible because the reference spectra are published on a relative decibel scale, the absolute
PSD reference is not specified, and the published diagrams include modal contributions
from more than one nodal-diameter family; in addition, the present model includes a light
modal damping (¢ = 0.01) that bounds the resonant peak heights, whereas the reference
integrated the undamped equations, so the peak heights are not comparable while the
peak locations are unaffected. Therefore, Figure 4 is used as a qualitative forced-response
comparison, while the quantitative verification of the model rests on Table 5.

_. —50{(a) _ (b) !
7 T 150 4
T -100 - N —150
E E ~200
~ —150 5 .
e ! 2501 !
o —200 7 m !
S i IS i
1 1
3 —250i 2 -300 - :
a : o :
-300 + . . . : : -350 . . — .
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Frequency [Hz] Frequency [HZ]
T -50 {77
— (c) ! — (d)
v —150 N —100 4
:'[\:' E 100
€ —-200 - € _150
~ i ~
E i QL) i
o —250 1 i @ —2001/i
=) i i) i
2 -300 ' 2 -2504 |
e i e i
1 1
_350 T T T L T T _300 a T T T T T
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

Frequency [Hz]

Frequency [Hz]

Figure 4. Reproduction of the forced-response PSD cases of [27]: (a) single force at the first-mode
frequency; (b) single force at the third-mode frequency; (c) single force at the third-mode frequency
with phase angle 77/2; (d) two forces on the n = 1 family, at (0.066 m, 77/6) and (0.050 m, 27t/3) with
phases 0 and 7r/4. The dashed line marks the excitation frequency. PSD in dB re 1 m2Hz 1 step
onsetatt =0, Trec = 15, = 0.01.
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3.3. Example 3: Excitation-Frequency Sweep

Figure 5 shows waterfall diagrams of the PSD as the excitation frequency is stepped
through nine values placed on and between the modes: 0.5f1, f1, (f1 + f2)/2, f2, (fa+ f3)/2,
f3, (f3+ f1)/2, fy and 1.1f, (cases 1-9; Table 8 lists the values). The behaviour is common to
all three boundary conditions: whenever the excitation coincides with a natural frequency
(even-numbered cases 2, 4, 6, 8), the spectrum is dominated by a single sharp peak at the
driven mode, while between modes (odd-numbered cases) the overall level drops sharply:
for the C—C disc the driven line falls from —120.3 dB at f; to —151.3 dB midway between f;
and f,, and by comparable amounts for the other two supports. This resonant/anti-resonant
contrast is a property of the driven line, hence of the steady state, and is unchanged by
the loading onset. The residual peaks visible at the non-driven natural frequencies are, by
contrast, switch-on transient content. For the C—C and F-C discs they lie 75-133 dB below
the driven line and are therefore immaterial, but for the C-F disc, whose n = 2 first-family
waves lie close to the critical speed and decay with a time constant of 0.96 s, they are of the
same order as the driven line and in cases 7 and 9 exceed it by 2.7 and 5.9 dB. Applying
the same force through a 50 ms half-cosine ramp instead of a step suppresses them by
71-119 dB in cases 3-9—and by only 646 dB in the two lowest-frequency cases, where
a 50 ms rise is not slow compared with the 25 ms period of the mode concerned—while
leaving the driven line unchanged to within 0.4 dB in every case. The odd-numbered
C-F panels of Figure 5 should therefore be read as switch-on spectra of a lightly damped
near-critical disc, not as a steady-state redistribution of energy; Section 3.7 gives the full
sensitivity study. Cases 3 and 7 also fall exactly on the rotating-frame frequencies A, and
Agy of the first and second radial families, by the pairing rule noted after Equation (51). The
lowest resonantly excitable frequency differs by a factor of forty between the clamped—free
and clamped-clamped panels (39.6 Hz against 1588 Hz), which quantifies how strongly
the boundary conditions set the frequency range in which resonant amplification can be
provoked: the same disc is resonantly excitable below 50 Hz when clamped—free, but only
above 1.5 kHz when clamped—clamped. This has a direct design implication. A space-fixed
forcing mechanism that is harmless for a C—-C mounting may fall close to a C-F backward-
wave resonance after a change in support flexibility, even if the material, thickness and
rotation speed are unchanged.

Table 8. Excitation frequencies [Hz] used in the frequency sweep of Figure 5 (n = 2 family of each
boundary condition).

Case 1 2 3 4 5 6 7 8 9

Cc-C 794.2 1588.4 1973.9 2359.4 3565.9 4772 .4 5157.9 5543.4 6097.8
C-F 19.8 39.6 425.1 810.6 1244.6 1678.6 2064.1 2449.6 2694.5
F-C 4422 884.5 1270.0 1655.5 2160.5 2665.6 3051.1 3436.6 3780.2
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Figure 5. Waterfall diagrams of the PSD for the excitation-frequency sweep (cases 1-9 of Table 8),
single unit force at r;{ = 0.066 m, »; = 71/6, ¢; = 0, n = 2: (a) clamped—clamped; (b) clamped—free;
(c) free-clamped. Frequency in kHz; vertical axis, PSD of the physical displacement at the observation
point in dB re 1 m? Hz~!; parameter axis and colour scale, the swept parameter. Step onset at t = 0,
Trec = 15,0 =0.01.

3.4. Example 4: Radial Force-Position Sweep

Figure 6 presents the waterfalls obtained by moving a single force, tuned to f3 of each
boundary condition, radially from r; = 0.030 m to r; = 0.075 m in steps of 5 mm. The
generalised force of each radial family is proportional to the value of its shape function at the
excitation radius, Equations (42) and (43), and the waterfalls map this dependence directly.
The mechanism can be read off the mode shapes of Figure 3, since the excitation at f3 drives
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the second radial family. For the clamped—clamped disc both edges are nodes of every shape
function, so the strongest resonant response occurs for excitation near the antinodes of the
second family and decays towards either edge; the deepest local minimum of the driven
peak occurs near r; = 0.050-0.055 m, precisely where the second family has its interior node
(r = 52 mm in Figure 3), and the level drops by about 14 dB as the force approaches the
clamped outer rim. On the 5 mm sweep grid the minimum is resolved only to 11 dB below
the panel maximum; a fine steady-state sweep (Section 3.7) places the node at r; = 52.5 mm
and the true minimum 27.7 dB below the maximum, which occurs at r; = 40.0 mm. For
the clamped—free disc the response is strongest for excitation near r; = 0.050 m, where
the second-family shape attains its interior antinode (the fine sweep gives 49.5 mm), is
suppressed by about 12 dB near r; = 0.070 m, at the interior node of the second family
(r = 69 mm; 68.0 mm and 15.1 dB on the fine sweep, with the node of the mode shape at
68.4 mm), and recovers towards the free outer edge, where the second-family shape rises
again. The free rim is, however, not the optimal excitation point of the clamped—free disc
at f3. The response at the rim remains 3.4 dB below the interior maximum at 49.5 mm,
although it is 11.3 dB above the level at the inner end of the swept range (r; = 30 mm,
close to the clamped inner edge). What the free edge provides is a region of large modal
displacement for both radial families, which raises the disc’s overall excitability there, but
the placement that maximises or minimises the response of the targeted family is set by
that family’s own antinode and node. For the free-clamped disc the trend is the mirror
image: the response is strongest when the force acts near the free inner edge, which for this
disc is the antinode of the driven family within the swept range, the level at ; = 30 mm
being the largest of the sweep, is suppressed by about 20 dB near r; = 0.045 m, at the
interior node of its second family (r ~ 44 mm; the fine sweep gives 44.0 mm and 28.0 dB,
with the mode-shape node at 43.8 mm), and decays by about 21 dB as the force approaches
the clamped outer rim, where all shape functions vanish. In every case the minima of the
driven peak occur where the projection of the point force onto the driven radial family is
small, while neighbouring families remain more strongly excited, so the spectrum does
not vanish. This is a steady-state effect and not a transient one: at the node of the driven
family the remaining radial families of the same nodal-diameter family are still forced, and
they respond off resonance at the excitation frequency, which sets the residual level of the
driven line. Energy does not appear at the natural frequencies of those other families; that
content is free decay from the onset and is quantified in Section 3.7. The radial position
of the force is therefore an effective lever for selecting which radial family dominates the
response, and its optimal placement is dictated by the boundary conditions through the
node/antinode pattern of the driven family. In general terms, the position at which a chosen
radial family is least excited is the interior node of that family—52.5 mm (C-C), 68.0 mm
(C-F) and 44.0 mm (F-C) for the second family of the discs analysed—and the position at
which it is most excited is the corresponding antinode. Whether either of these happens
to fall near a free edge is incidental and differs between the three supports: it does for the
free—clamped disc, whose antinode within the swept range is at the free inner edge, and it
does not for the clamped-free disc, whose antinode is interior.
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Figure 6. Waterfall diagrams of the PSD for the radial-position sweep r; = 0.030-0.075 m (single
unit force at ) = /6, ;1 = 0, excitation at f3, n = 2): (a) clamped—-clamped; (b) clamped—free;
(c) free-clamped. Frequency in kHz; vertical axis, PSD of the physical displacement at the observation
point in dB re 1 m? Hz~!; parameter axis and colour scale, the swept parameter. Step onset at t = 0,
Trec = 15,0 =0.01.

3.5. Example 5: Angular Separation of Two Space-Fixed Forces

When two unit forces of equal phase act at the same radius r; = 0.066 m but at angular
positions 1 and ¢; + Ay, their generalised forces add as complex phasors. The combined
modal forcing of the n-diameter family is governed by the two-source interference factor
2|cos(nAy/2)|, which applies equally to the forward and backward travelling components
of the family, so the whole family is scaled by the same factor. For n = 2 this predicts
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perfect reinforcement at Ay = 0 and complete cancellation at Ay = 71/2, where the
two forces act at antinodes of opposite sign of the two-nodal-diameter pattern. Figure 7
confirms this law for all three boundary conditions: as Ay grows from 0 to 77/2 the resonant
peak at f3 falls continuously—by 14.5, 14.1 and 14.4 dB at Ay = 77t/16 for the C-C, C-F
and F-C discs, respectively, against the theoretical 201og;,|cos(771/8)| =1 = 14.2 dB—and
collapses into the numerical noise floor at Ay = /2, independently of the boundary
conditions, since the interference acts through the circumferential functions only. The
small deviations of the C-F disc (below 1 dB at intermediate separations) arise from the
off-resonant response of its neighbouring modes near the critical speed. The angular
separation of multiple forces therefore offers a boundary-condition-independent means of
suppressing a chosen nodal-diameter family in this idealised equal-amplitude, in-phase
forcing case.

The cancellation at Ay = 7t/n applies, however, only to the targeted family: a point
force projects onto every nodal-diameter family, and a pair separation chosen to null the
n = 2 projection leaves the other families forced. To quantify this residual, the steady-
state response of the families n = 0-6 is computed with the damped resolvent of each
family model, Equation (52), so that this figure contains no transient content at all, at
the same excitation frequency f3. The total root-mean-square transverse displacement
over the circumference at the observation radius is then assembled from the family am-
plitudes. Figure 8a shows this total steady response as a function of Ay, normalised
to its value at Ap = 0, together with the single-family law |cos(nAyp/2)|. For the C-C
and F-C discs the total response follows the n = 2 law closely up to moderate separa-
tions and then saturates at the residual floor of the non-targeted families. At Ay = 77/2
the total response has dropped by only 5.6 dB (C—C) and 15.0 dB (F-C) although the
n = 2 family itself is suppressed to the numerical floor. For the C-F disc the total re-
sponse is almost unchanged (0.1 dB), because its n = 4 family has a mode at 1733 Hz,
only 3% above the f3 = 1678.6 Hz excitation, and this near-resonant neighbour domi-
nates the residual; the pronounced dip near Ay = /4 in Figure 8a is the partial can-
cellation of that n = 4 family, whose own interference factor |cos(2Ay)| vanishes there.
Figure 8b shows the per-family amplitudes at Ay = 71/2: the n = 2 and n = 6 families
are nulled exactly, since cos(n7r/4) = 0 for both, while the remaining families persist at
levels 842 dB below the Ay = 0 total, in a boundary-condition-dependent pattern set
by the proximity of their resonances to the excitation frequency. The angular-separation
lever therefore silences a chosen family, not the disc; the achievable overall reduction is set
by the modal neighbourhood of the excitation frequency, which in turn depends on the
boundary conditions.
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Figure 7. Waterfall diagrams of the PSD for the angular-separation sweep Ay = 0-77/2 between
two equal in-phase unit forces at r; = 0.066 m (excitation at f3, n = 2): (a) clamped—clamped;
(b) clamped—free; (c) free—clamped. Frequency in kHz; vertical axis, PSD of the physical displacement
at the observation point in dB re 1 m? Hz~!; parameter axis and colour scale, the swept parameter.
Step onset att = 0, Trec = 15, { = 0.01.
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Figure 8. Residual steady-state response of the nodal-diameter families # = 0-6 for two equal in-phase
forces at r; = 0.066 m separated by Ay, excitation at f3 of each boundary condition, computed from the
resolvent, Equation (52): (a) total RMS response at the observation radius, relative to its value at A =0,
with the single-family interference law for n = 2 (dashed); (b) amplitude of each family at Ay = 77/2,
relative to the total at Ay = 0. Colours and line styles are given in the legend, which applies to both panels.

3.6. Example 6: Phase Difference of Two Space-Fixed Forces

Finally, two unit forces are applied at fixed angular positions 1 = /6 and ¢, = 71/2
at the same radius, and the phase of the second force is varied by A¢ = 0-m (Figure 9).
The effect of the phase difference is understood by decomposing the steady response of
the n = 2 family into its two counter-rotating waves. A force at angular position ¥; with
temporal phase ¢; projects onto the wave whose pattern phase is (@7 F ny) with the
complex weight e 9 the angular position enters the interference as an equivalent
phase ni; added to, or subtracted from, the temporal phase. For two equal forces the
amplitudes of the two waves are therefore proportional to

2 cosw ;AP =1 — 1y, (53)

which reduces to the common factor 2|cos(nA/2)| of Example 5 when A¢ = 0. The phase
difference thus detunes the two waves in opposite directions, whereas the in-phase angular
separation scales them equally. The resonant peak at f3 belongs to the backward wave;
with Ay, = 71/3 and n = 2 its factor 2|cos(A¢/2 + 71/3)| starts at 1 for the in-phase
pair, vanishes at A¢ = 77/3 and reaches v/3 at Ap = 7. It follows that the total family
forcing magnitude /2 — cos Ag, which grows monotonically with A¢ for these positions,
does not describe the resonant peak: the projection onto the resonant travelling wave,
Equation (53), is the governing quantity, and it is non-monotonic. The waterfalls confirm
this law. For the clamped-clamped disc the driven peak first falls by 14.4 dB, with the
minimum at the sampled separations A¢ = 71/4-377/8 that bracket the predicted null
at 7t/3, and then rises to 5.7 dB above the in-phase level at Ap = 77; the free—clamped
disc behaves in the same way (13.9 dB dip, 5.4 dB rise). These dip depths are limited
by the 71/8 sweep grid, which steps over the null: a fine steady-state sweep (Section 3.7)
locates the minima at A¢ = 0.3067 and 0.3177 and gives dips of 26.6 and 30.2 dB, while
reproducing the 5.7 and 5.4 dB rises at A¢ = 7t exactly. The rise at A¢ = 7 slightly exceeds
the 4.8 dB of the resonant-wave factor alone because the forward wave, whose factor is also
/3 there, contributes coherently at the observation point. For the clamped—free disc the
modulation is much weaker—a 6.5 dB dip near A¢ = 571/8 and nearly equal end levels—
because this disc operates near its critical speed and the strongly compliant first radial
family responds appreciably off resonance, partially masking the resonant-wave law at the
observation point. The phase difference can therefore nearly silence the resonant travelling
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wave at A¢p = 7T — nAy (modulo 277), but only where the resonant wave dominates the
response, which again depends on the boundary conditions. The comparison with Section 3.5
makes an important practical point: the effect of the phase difference is inseparable from
the angular positions of the forces—the same phase shift may amplify or attenuate the
resonant response depending on where the forces act. Consistently with the observations of
[27], a well-designed system of forces, with properly chosen number, locations, frequencies
and phases, can therefore suppress unwanted resonant amplitudes or deliberately tailor
the vibrational response of a rotating disc. The present results show that this conclusion
carries over to all three boundary conditions, while the quantitative sensitivities differ.
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Figure 9. Waterfall diagrams of the PSD for the phase-difference sweep A¢ = 0-mr between two unit
forces at 1 = 7t/6 and ¢, = /2, r; = 0.066 m (excitation at f3, n = 2): (a) clamped-clamped; (b)
clamped-free; (c) free-clamped. Frequency in kHz; vertical axis, PSD of the physical displacement at
the observation point in dB re 1 m? Hz~!; parameter axis and colour scale, the swept parameter. Step
onsetatt =0, Trec = 15, = 0.01.
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3.7. Steady-State Harmonic Response and the Role of the Switch-On Transient

The spectra of Sections 3.2-3.6 are power spectral densities of a record of finite length
Trec that begins at the instant the force is switched on. They are therefore switch-on
spectra, and only their driven line is a steady-state quantity. This subsection separates
the two contributions, verifies the driven line against the exact steady-state solution of
Equation (52), and quantifies the dependence of the transient part on the record dura-
tion, the onset of the force and the damping ratio, so that it is unambiguous which state-
ments of this paper are properties of the forced steady state and which are properties of a
particular record.

3.7.1. What Belongs to the Transient

Figure 10a shows three spectra of the same clamped—free case, the n = 2 family driven
at f3 = 1678.6 Hz. When the force is applied as an ideal step at T = 0, the record contains,
besides the driven line, peaks at the other natural frequencies fi, f» and f4 of the family.
These are the free-decay content excited by the discontinuous onset. They are absent from
a record taken after the transient has decayed (samples between 3 and 4 s), and they are
removed by applying the same force through a half-cosine ramp of rise time t, = 50 ms; in
both cases the driven line is unchanged. The star marks the amplitude given by the resolvent,
Equation (52), converted to the periodogram scale; it falls on the driven peak of both records.

The reason the clamped—free disc is the sensitive case is contained in the damping
discussion of Section 2.4. Its n = 2 first-family pair sits close to the critical speed, realises
an effective damping ratio of 0.0042 rather than the nominal 0.01, and decays with a time
constant of 0.96 s—comparable with the whole 1 s record. For the clamped—clamped and
free—clamped discs the corresponding time constants are 10.2 and 18.9 ms, so their transients
are long dead before the record ends. This is precisely why, at the baseline settings (Trec = 15,
step onset, { = 0.01), the strongest non-driven peak lies 119.5 dB below the driven line for the
C—C disc and 106.6 dB below it for the F-C disc, but only 4.3 dB below it for the C-F disc.

3.7.2. Sensitivity of the Record

Figure 10b—d and Table 9 track the driven line and the strongest non-driven peak as
the record duration, the ramp time and the damping ratio are varied. Three behaviours
should be distinguished.

The driven line is completely insensitive to the onset: it changes by less than 0.1 dB
as t, is taken from an ideal step to 200 ms. Its absolute level does depend on the record
length, but in a way that is a property of the estimator and not of the mechanics: a
deterministic sinusoid of amplitude A in a Hann-windowed, density-scaled periodogram
has PSD( fexc) = A2Trec /3, so the level rises by 3 dB per doubling of Ty, uniformly for all
traces. Every quantity reported in this paper is a level difference between traces recorded
with the same Tye, and such differences are exactly invariant to the record length. The
driven line does depend on {, as any resonance must: over ¢ = 0.002 to 0.05 it falls by
26.9 dB for the C—C disc and 27.3 dB for the F-C disc, close to the 28.0 dB expected from the
1/ scaling of a resonant amplitude, and by 16.6 dB for the near-critical C-F disc.

The non-driven peaks behave in the opposite way. They fall by 59.4, 120.7 and 72.8 dB
for the C-C, C-F and F-C discs between a step onset and a 200 ms ramp; they fall by
14-15 dB per doubling of Ty for the C—C and F—C discs, as a fixed amount of transient
energy is spread over a longer record while the driven line grows; and they fall with
roughly as the transient decay allows. For the C-F disc the non-driven level is nearly
independent of Tye. over the range examined, because its transient has not decayed by the
end of even the longest record. Nothing about these peaks is a steady-state property, and
no conclusion in this paper is drawn from them.
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Figure 10. Separation of the switch-on transient from the steady state. (a) PSD of the clamped—free
disc, n = 2 family driven at f3, for a step onset, for a 50 ms half-cosine ramp, and for a record taken
after the transient has decayed; the star is the steady-state amplitude from the resolvent, Equation (52),
on the periodogram scale, and the dashed lines mark the natural frequencies of the family. (b—d)
Peak level, in dB re 1 m?> Hz ™!, of the driven line (solid, filled) and of the strongest non-driven
natural-frequency peak (dashed, open) against the record duration, the force ramp time and the
modal damping ratio. In (c) the leftmost point of each curve is the ideal step onset, plotted off the
logarithmic scale and labelled “step”.

Table 9. Sensitivity of the switch-on spectra. Levels in dB re 1 m?2Hz ! of the driven line and of the
strongest non-driven natural-frequency peak, for a single unit force at r; = 0.066 m, ¢; = 77/6 tuned
to f3 of each boundary condition. Baseline: Tiec = 1's, ideal step onset, = 0.01.

C-C C-F F-C
Parameter Value Driven Non-Driven Driven Non-Driven Driven Non-Driven
Trec [8] 0.25 —135.4 —220.2 —141.5 —141.8 —-132.7 —205.0
1 —130.3 —249.8 —135.8 —140.1 —126.9 —233.5
4 —123.9 —279.8 —-129.1 —144.6 —-120.1 —263.4
ty [ms] 0 (step) —130.3 —249.8 —135.8 —140.1 —126.9 —233.5
5 —130.3 —300.9 —135.8 —194.2 —126.9 —285.8
200 —130.3 —309.2 —135.9 —260.8 —126.9 —306.3
z 0.002 —116.3 —208.8 —123.6 —136.6 —-112.9 —194.6
0.01 —130.3 —249.8 —135.8 —140.1 —126.9 —233.5
0.05 —143.2 —291.7 —140.2 —154.5 —140.2 —275.3

3.7.3. Steady-State Parameter Sweeps

The three parameter sweeps of Sections 3.4-3.6 were repeated using Equation (52)
alone, on grids ten to twenty times finer than the sweep grids of the waterfall diagrams.
The results are collected in Figure 11; the open circles mark the coarse grid actually used for
the waterfalls. Comparing these steady-state levels with the driven-line levels read from
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the transient records gives the strongest available check on the whole parametric study:
over the three sweeps and the three boundary conditions, at all 81 sampled parameter
values at which the response is not numerically cancelled (10 radial positions, 8 angular
separations and 9 phase differences for each support), the two agree to within 0.09 dB once
a common offset of 1.1 dB is removed. That offset is not a discrepancy: the three excitation
frequencies happen to fall 0.4 of a frequency bin off the discrete Fourier grid, for which
the Hann scalloping loss of a pure sinusoid is 0.91 dB. Every parametric conclusion of this
paper is therefore a statement about the forced steady state.

— C-C — F-C —— total n=0-6
C-F —— targetedn=2 =—-' analytical law
10 A
— —110 A
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o —120 A S S
@ 9 T -10 1
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Figure 11. Steady-state harmonic response from the resolvent, Equation (52), for the three parameter
sweeps of Sections 3.4-3.6, excitation at f3 of each boundary condition. (a) Amplitude of the physical
transverse displacement at the observation point against the radial force position; the dotted vertical
lines are the interior nodes of the driven radial family taken from Figure 3. (b) Response of the
targeted n = 2 family (solid) and of the total over the families n = 0-6 (dashed) against the angular
separation of two equal in-phase forces, with the interference law |cos(nA/2)|. (c) Response against
the phase difference of two forces at 1 = 7/6 and ¢, = /2, with the resonant-wave law of
Equation (53). Open circles mark the coarse grid used for the waterfall diagrams; solid lines are the
fine steady-state sweep.

The finer grids also sharpen three of the reported numbers. The radial minima of
Section 3.4 are deeper than the 5 mm sweep grid could resolve: 27.7 dB at r; = 52.5 mm
(C-Q), 15.1 dB at 68.0 mm (C-F) and 28.0 dB at 44.0 mm (F-C), each within 0.5 mm of
the interior node of the driven radial family computed from the mode shapes of Figure 3
(52.4, 68.4 and 43.8 mm). The angular-separation law is confirmed to 0.3 dB: the targeted
n = 2 family falls by 14.3, 13.9 and 14.2 dB at Ay = 771/16 against the theoretical 14.2 dB,
and is suppressed to the level of numerical cancellation at Ay = /2. Measured at the
observation point rather than as a circumferential root-mean-square, the total over the
families n = 0-6 falls by 13.9 dB (C-C) and 15.6 dB (F-C) at Ay = 7r/2 and rises by 0.9 dB
(C-F); the difference from the values quoted with Figure 8 reflects the different measure of
“total response”, not a different model. Finally, the phase-difference minima of Section 3.6
lie at A¢p = 0.3067 (C—C) and 0.3177t (F-C), within 0.037t of the null at & — nAy, = 71/3
predicted by Equation (53), the small offset being the coherent contribution of the forward
wave at the observation point; the dips are 26.6 and 30.2 dB deep, against the 14.4 and
13.9 dB seen on the coarse 71/8 grid, which simply steps over the null.

3.7.4. Scope

The resulting division is a clean one. The dependence of the response on the excitation
frequency, the radial force position, the angular separation and the phase difference—that
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is, the entire parametric content of Sections 3.3-3.6 and of the conclusions—is carried by
the driven line and is a steady-state result, reproduced independently by Equation (52).
The peaks at the non-driven natural frequencies, and any reading of the waterfalls in terms
of energy being redistributed among modes, belong to a 1 s record of a step-applied force
with ¢ = 0.01 and would change with a different onset, record length or damping; they
are retained in the figures because they make the modal structure of each disc visible in a
single diagram, but they are not claimed as general forced-vibration characteristics.

3.8. Design Implications and Limitations

The results provide a compact design interpretation for rotating discs under space-
fixed transverse forcing. The support condition first determines the frequency band of
concern: C—C support moves the resonances to higher frequencies, whereas C-F support
can place backward travelling waves at very low frequencies near critical speed. The radial
position of a force then controls which radial family is preferentially excited through the
value of Ry(r1), while the angular separation and phase difference of multiple forces
control the circumferential travelling-wave content through phasor interference. These
mechanisms are directly relevant to engineering systems where the excitation is effectively
fixed in space, such as disc-brake pads, read /write-head interactions in computer HDDs
and other rotating storage media, guide/support contacts in circular saws and stationary
aerodynamic forcing in rotating machinery.

These examples should be interpreted as design analogies rather than complete in-
dustrial models. Brake squeal, for example, involves friction-induced instability and
distributed pad contact [18], and gas-turbine excitation is usually distributed and aerody-
namic rather than a small number of ideal point forces. Nevertheless, the present results
show how the angular placement or phasing of multiple space-fixed excitation paths can
be used to avoid feeding a selected nodal-diameter family. For instance, in a multi-piston
brake-caliper idealisation, placing two equal force paths at approximately Ap = 7/n
would minimise the direct excitation of the n-nodal-diameter transverse disc mode—with
the important qualification of Example 5 that this silences the targeted family only, and
that the overall response reduction is limited by the other nodal-diameter families, whose
residual level depends on the boundary conditions. In an HDD or optical-disc idealisation,
a secondary actuator could be placed and phased to apply a counter-force to the dominant
travelling-wave component, exploiting the wave-selective interference law of Equation (53).
Such extensions would require application-specific modelling of contact, damping, actuator
bandwidth and closed-loop stability; they are therefore outside the scope of the present
analytical benchmark.

The design interpretation of the four excitation parameters can be summarised as
follows. The boundary condition sets the resonance frequency band and the stiffness
ordering of the disc, so the support flexibility should be established before any force-
placement optimisation is attempted. The excitation frequency selects the travelling-wave
pair that dominates the spectrum, and operation near backward-wave critical speeds
should be avoided or controlled. The radial force position scales the modal forcing of each
radial family through R, (r1), so force or contact paths should be placed away from the
antinodes of undesirable radial families—and, where suppression of a family is sought, near
its interior node, whose location is boundary-condition dependent (Figure 3). The angular
separation of two equal in-phase forces produces phasor cancellation or reinforcement
of an n-diameter family and can suppress the targeted family when Ay ~ 7/n, subject
to the residual response of the remaining families. Finally, the phase difference between
two forces acts on the two counter-rotating waves in opposite directions according to
Equation (53), so active or multi-source excitation requires the joint tuning of phase and
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angular position; a phase difference alone can nearly null the resonant travelling wave
only where that wave dominates the response. These statements are implications of the
present idealised space-fixed point-force model and are not intended as complete industrial
design rules.

4. Conclusions

The forced transverse vibration of a thin rotating annular disc under space-fixed
harmonic point forces has been analysed with a generalised Galerkin formulation for three
sets of boundary conditions—clamped—clamped, clamped—free and free-clamped—and
the effects of the excitation parameters have been investigated systematically through PSD
waterfall diagrams of the physical response at a fixed observation point, using a lightly
damped state-space model. The main conclusions are as follows.

First, the formulation is verified and the results agree closely with the literature. A
convergence study shows that six radial functions converge the tabulated frequencies of all
three boundary conditions, and an independent radial finite-element solution of the same
rotating Kirchhoff model reproduces the converged Galerkin frequencies to within 0.001%
for every case examined, including the stationary hard-disk comparison. On the forced
side, the driven spectral line of the simulated records reproduces the exact steady-state
response obtained from the frequency-domain resolvent to within 0.09 dB over all three
parameter sweeps and all three boundary conditions. These are verification results; no
experimental validation of the forced response is claimed. The computed space-fixed
natural frequencies of the rotating clamped—free disc agree with the published values
of [27] to within 0.03%, and the residual 2-3% offset with respect to the stationary hard-disk
values of [7] is shown to be uniform across the nodal diameters and attributable to the
unreported material constants and numerical treatment of that reference rather than to the
present formulation. The published forced-response spectra are reproduced on a consistent
PSD basis, and the clamped—clamped and free—clamped implementations reproduce the
rotational behaviour (gyroscopic splitting and speed-induced frequency shifts) of [7].

Second, the boundary conditions govern the frequency range of the forced response.
At the same rotation speed the clamped—clamped disc responds resonantly only in the
kilohertz range, while the clamped—free disc, whose n = 2 backward wave approaches
zero frequency near (2* = 5, can be driven resonantly below 50 Hz. Every resonance
of the spinning disc appears as a backward/forward travelling-wave pair separated by
exactly 2nQ).

Third, the excitation parameters act as largely independent levers on the response,
but the quantitative action of each lever is set by the boundary conditions. The excitation
frequency selects the dominant mode. The radial position of the force selects the dominant
radial family, with the optimal placement dictated by the boundary conditions through the
node and antinode pattern of the targeted family rather than through proximity to a free
edge: the radial position at which a chosen radial family is least excited is that family’s
interior node, at 52.5, 68.0 and 44.0 mm for the second family of the clamped—clamped,
clamped—free and free—clamped discs, and the position at which it is most excited is the
corresponding antinode, at 40.0 mm (clamped—clamped), 49.5 mm (clamped—free) and at
the inner end of the swept range for the free-clamped disc, whose response rises steadily
towards the free inner edge. Only in the last of these three cases does the optimum lie
at a free edge: for the clamped—free disc the free rim remains 3.4 dB below the interior
antinode, and the local minima of the driven response coincide with the interior nodes
of the driven radial family, whose positions move with the boundary conditions. The
angular separation of a pair of equal in-phase forces modulates the resonant amplitude
according to the interference law 2|cos(nAy/2)|, providing complete suppression of the
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targeted nodal-diameter family in the ideal equal-amplitude case; the residual response of
the non-targeted families, however, limits the overall reduction to between 0.1 and 15 dB
in the cases examined as a circumferential root-mean-square, and to between —0.9 and
15.6 dB measured at the observation point, in a boundary-condition-dependent manner set
by the modal neighbourhood of the excitation frequency. Finally, the phase difference of
a pair of forces acts on the two counter-rotating waves of a family in opposite directions,
with wave amplitudes proportional to 2|cos[(A¢ & nAp15)/2]|: the angular position of
each force enters as an equivalent phase, so a phase difference can nearly null the resonant
travelling wave at A¢ = 7w — nAipy,, and the effect of phasing is inseparable from the force
positions. This is confirmed by the waterfall diagrams for all three boundary conditions.

Fourth, the scope of the reported spectra is stated explicitly. The waterfall diagrams
are power spectral densities of a 1 s record that begins when the force is switched on. Their
driven line is a steady-state quantity, invariant to the onset to within 0.1 dB and reproduced
by the resolvent solution; their peaks at the non-driven natural frequencies are switch-on
transient content, which falls by 59-121 dB when the same force is applied through a 200 ms
ramp and which is significant relative to the driven line only for the clamped—free disc,
whose near-critical waves decay with a time constant comparable with the record. All
parametric conclusions above are read from the driven line.

These results indicate that unwanted resonant amplitudes of a rotating disc can
be suppressed, or its vibrational characteristics deliberately tailored, by an appropri-
ate design of the excitation force system, and that such a design must account for the
boundary conditions of the disc. Several limitations bound the scope of these conclu-
sions. The excitation is idealised as a small number of harmonic point forces fixed in
space; real excitation paths—brake-pad patches, aerodynamic loading, read /write-head
interactions—are distributed, may involve friction and follower-force effects, and can add
stiffness, damping and instability mechanisms that the present linear model does not con-
tain. The supports are idealised as perfectly clamped or perfectly free edges, whereas real
mountings have finite flexibility that interpolates between these bounds; the damping is
a uniform light modal damping introduced for well-posedness of the spectra rather than
a measured dissipation model, is exactly modal only for the associated non-gyroscopic
system, and departs from the nominal ratio by more than a factor of two for the near-critical
clamped-free waves; and the plate model is a classical Kirchhoff plate, adequate for the thin
discs analysed but not for thick discs or very high modes. Finally, all results are numerical
verification of the stated model; experimental validation of the forced response on a phys-
ical rotating disc remains to be done. The extension of the formulation to the remaining
classical and elastic boundary conditions, distributed frictional and aerodynamic loads,
measured damping models, multiple nodal-diameter families excited simultaneously, and
closed-loop control applications are left for future work.
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