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We give an explicit description (in component fields) of a holomorphic theory associated to a general
supersymmetric background of A/ = 1 supergravity in ten dimensions. Conjecturally, this provides a
sought-for holomorphic realization of the supergravity twist in such backgrounds, generalizing the minimal
type IBCOV theory for Calabi-Yau manifolds. Our theory unpacks the recently introduced Courant contact
model associated to a holomorphic Courant algebroid. We also show that a coisotropic reduction of this
model reproduces the recent model of Ashmore, Ibarra, Strickland-Constable, and Svanes [J. High Energy
Phys. 03 (2026) 152]. which is formulated in terms of constrained fields.
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Introduction.  Ten-dimensional A =1  supergravity
coupled to super Yang-Mills theory, first constructed in
[1-3], plays a prominent role in string theory, arising in
particular in the low-energy limit of type-I and heterotic
string theory. Recently, the framework of generalized
geometry has been used to explicitly construct its full
Batalin-Vilkovisky (BV) description [4,5].

In [6] Costello and Li introduced the notion of twist of
any given supergravity as the formal expansion of the
associated BV action around a critical point with non-
vanishing supersymmetry ghost. We will call such a
configuration a twisted background. Such a twist provides
a more computationally tractable variant of the closed-
string field theory (or of its low-energy limit), while still
retaining some key features of the original setup. From the
mathematical viewpoint it is strongly linked with the
deformation theory of complex manifolds.

In the simplest possible case with all the fluxes vanishing,
a twisted background corresponds to a Calabi-Yau metric
and a choice of a covariantly constant pure spinor. Costello
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and Li conjectured that in this case the twists of ten-
dimensional supergravities can be identified with particular
flavors of the associated Bershadsky-Cecotti-Ooguri-Vafa
(also known as BCOV or Kodaira-Spencer) theory [7].

The recent BV formulation of the A/ =1 theory in
particular provides an opportunity for checking this con-
jecture by a direct calculation. Unfortunately, although
explicit formulas exist on both sides of the correspondence,
the checking of their equivalence is still highly nontrivial and
open at present. Nevertheless, the generalized-geometric
formulation bears fruit already at this stage, as it suggests
what the twist of the theory should be for an arbitrary twisted
background—including nonzero H-flux, curved gauge con-
nection, and a nontrivial dilaton.

More specifically, as described in [8], in the context of
N =1, D = 10 supergravity there is a natural generalized-
geometric construction,

Courant contact model

twisted background BV theory,
which, when applied to a Calabi-Yau case, outputs (the
cotangent description of) the corresponding Kodaira-
Spencer theory [9,10]. The aim of the present letter is to
describe explicitly the output of this construction starting
with a general background. The result can be seen below in
formulas (20) and (21).

In the last section we show that after a suitable
coisotropic reduction of the Courant contact model one
recovers the recently introduced model [11], which
was formulated in terms of constrained fields. The latter
model was constructed in an independent fashion, as the
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ten-dimensional analog of the six-dimensional superpoten-
tial functional. Correspondingly, its purely bosonic critical
points involve Maurer-Cartan elements for the deformation
problem of (F-term) supersymmetric heterotic back-
grounds. The gauge sector of this model becomes hol-
omorphic Chern-Simons theory, matching the holomorphic
twist of super Yang-Mills theory that should appear upon
coupling to supergravity in a twisted background. Further,
on Calabi-Yau backgrounds its anomaly polynomial
matches the physical supergravity and in the case without
vector multiplets it was shown to match type-1 BCOV
theory. For these reasons, it was conjectured to describe the
twist of A/ = 1 supergravity on a generic supersymmetric
background. Our result here implies that the Courant
contact model for a general twisted background provides
a version of this model in which the constrained field space
is resolved into a space of smooth unconstrained fields, as
is needed for a proper BV treatment [12]. This implies the
consistency of the conjecture of [11] with that of [8],
which says,

the twist of A/ = 1 supergravity in ten dimen-
sions is the Courant contact model for the twisted
background.

Generalized geometry. Fixing a principal G-bundle P (for
G compact) the bosonic field content of N’ =1, D = 10
supergravity is given by a metric g, 3-form H, dilaton ¢,
and a G-connection V, subject to the constraint [13]

dH =Tr(F A F), (1)

where F is the curvature of V. Following [14,15], we now
describe how this data can be encoded more abstractly,
using the language of generalized geometry, in terms of a
triplet,

(Courant algebroid, generalized metric, half-density).

Concretely, the Courant algebroid consists of the vector
bundle [here ad(P) is the adjoint bundle],

E=TM &® ad(P) & T*M, (2)
equipped with the following bracket on its sections:

x+stay+t+pl=Ly+ (Vi = Vs + 5.1
+iyi F) + (Lf —i,da + iyi . H
+ Tr[(Vs)t = (i, F)t 4 (i,F)s]). (3)
It also carries a pairing
(x+s+ay+i+p) =aly)+px)+Te(st), (4)

and the obvious projection map (called the anchor),

pE—TM, plx+s+a)=x, (5)
and all this data satisfies a suitable set of axioms [16,17].

A generalized metric is by definition the datum of an
orthogonal splitting £ = C, @ C_. In this case we take the
splitting to be determined by

C. = graph(g) = {x +g(x.-)|xeTM}.  (6)

Finally, the half-density (on M) is 0 = ¢™?+/|g]|.

One of the advantages of the generalized-geometric
framework is the fact that various operations and con-
structions take a very succinct and conceptually clear form.
For instance, the entire bosonic part of the supergravity
action becomes simply

Sbosonic _/ R521 (7)
M

where R is the generalized scalar curvature, constructed
analogously to the ordinary scalar curvature by treating the
Courant algebroid (with its bracket) as the analog of the
tangent bundle (with the commutator of vector fields).
Similarly, the fermionic part of the action [15,18] simplifies
drastically, as do the supersymmetry transformations. In
particular, this led to the recent construction of the BV
action for the supergravity in [4,5].

The implication for the present work is the characteriza-
tion of the twisted background, which now depends on the
generalized metric, half-density, and the supersymmetry
ghost e. The latter is a positive chirality spinor associated
to the subbundle C_, twisted by (i.e., with values in) half-
densities on M. The twisted background conditions, describ-
ing the criticality of the BV action, take the elegant form,

Pe =0,

Here the Latin and Greek indices refer to the subbundles C
and C_, respectively, D is a generalized Levi-Civita con-
nection, and Jp = y“D,,. It follows (see, e.g., [8]) that

ey,e =0, D,e =0. (8)

L := annihilator(e) C C, ® C 9)

is a complex rank 5 isotropic subbundle of £ ® C whose
sections close under the bracket (3). This in particular
defines a complex structure on M, with T%!'M = p(L).

Courant contact model. Before focusing on the details of
the concrete model, let us briefly sketch the abstract
construction of the Courant contact model [8] associated
to the above twisted background.

First, the properties of L imply that the bracket, pairing,
and anchor of E descend to the corresponding operations
on L-invariant sections of L' /L, turning the latter object
into a holomorphic Courant algebroid [19]. This can then
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be resolved to yield a complex
(& =Q%(L/L).0¢) (10)

of vector bundles, equipped again with a bracket [, -]¢,
pairing (-, )¢, and an anchor map pg [20]. The Courant
contact model associated to the twisted background is then
the theory with the field space,

Feem 1= Q0 X TIE" x (Q37)%, (11)

where T1 denotes the parity reversal [21], and (Q3)*
denotes Q>°-forms with everywhere nonzero Q>C-part.
Let us denote a general element of F ., by (f,&A).
The field space carries an odd BV symplectic form,

o =0 [ (o +50009:). a2

as well as an (even) action functional,

Sum = [ 2(pe(@0F g 616 8e)e 435 + 5160681 ).
(13)

which satisfies the classical master equation,

{Sccm’ Sccm} = 0' (14)

The conjecture put forward in [8] is that this model
coincides with the twist of supergravity for a chosen
twisted background.

Decomposing the construction. Let us now unpack this
construction in terms of the original supergravity variables.
We start with the twist data conditions. Regarding ¢ :=
o~ 'e as an ordinary (tangent space) spinor with respect to g,
Eq. (8) can be rewritten as (cf. Appendix C.4 of [15])

1
v;;Cé’ - g Hyy/)yyﬂél =0,
- 1
$y il = EHC— (VECo)re = F¢ =0, (15)

where, to distinguish it from V, we denoted the Levi-Civita
connection by VC. In particular ¢ is the pure spinor
associated to the aforementioned complex structure / on
M. Setting @ := gl, the equations in particular imply
H=-do, i,H=d9p, i,F=0, F"=0, (16)
where d° =i(0—0) and 7 = w™'. The last condition
ensures that the original smooth principal bundle P with
connection V gives rise to a holomorphic principal bundle

P with connection V& with respect to the complexified
Lie group G¢ [22].

The reduced holomorphic Courant algebroid was
described in [23]: its resolved version £ takes the form,

£ = QO (T'OM @ ad(Po) @ T'°M).  (17)

The remaining operations are

B 0 0 0
de=| Fc' (VO™ 0], (18)
2idw —F&' 9

x4+ s+a,y+t+plg =Ly + (VEr = Vs + [s, tlqe)
+ (L9 — i,0a + Tr(V§ s)1), (19)

where L7 is the holomorphic Lie derivative, extended
naturally to the Dolbeault-resolved complex (cf. Example
3.12 of [8]). The pairing and anchor map are formally the
same as (4) and (5).

The resulting Courant contact model then has the field
space F .. given by

QO X TIQY (T'OM @ ad(P¢) @ T*°M) x (Q3)* (20)

with fields denoted f, x, s, @, 4. The symplectic form and
action are

1 1 1
@eem = 5/ /1<5f+2ix5a+2i5xa+2Tr(s5s)>,
M

1 1
Seem = / M Lo + =i Lo+ =Tr(sVis)
. 2 2

1 - 1. - 1,
—i-gTr(s[s,s]) +af +51x0a+515xa

+ %Tr(svgls) — Tr(si, F&') — ixix(iaa))> . (21)

We note that, as appropriate for a twisted theory, the
resulting model only depends on the holomorphic part of
the original physical data. This is conveniently encoded in
the intermediate holomorphic Courant algebroid structure.

It is also interesting to study critical points of this theory;
the simplest are the ones with f, xg, ¢, @y vanishing and
o = Qe Q0 invertible. The criticality condition is then
0Q = 0. Thus, the existence of such a critical point forces
M to be a Calabi-Yau fivefold [24]. Expanding the differ-
ential Q = {S..m, -} around Q we then obtain [cf. formula
(10) in [8]]
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0= / (5f+lLf3f —linga—lTr(szfs)
M 2 4

4
1 5 1,6
—ETr(s[s sl )) 5f (dx—l— 2L > o
v FLt 4 veg ] 0
+ (V515 = i FE 4 VEs 2ol )

_ 1
+ (aa —2i,(idw) — Tr(Fg's) + of + ELQa

1. 1 0 . 1)

+3 i0a + zTr sV“ﬁos> P (04 + L92) 5 (22)
As usual, the linear, quadratic and cubic terms encode the
unary, binary, and ternary brackets of the associated L
algebra.

Reducing to the constrained model. Fixing now a holo-
morphic volume form Q as above, let us show how the
Courant contact model recovers the constrained theory of
[11] via a coisotropic reduction. We will in fact not need the
explicit formulas (20)—(21) but can work already on the
level of the general construction (11)—(13).

The field space of [11] is given by the middle-degree
cohomology of the complex,

dva

Cq = Q% 2one s QO (23)

where D is defined by (u, Df )¢ = pe (&) f. We note that this
complex has an invariant pairing in which the norm of

(.2.8) is
o (f N §>) (24)

and with respect to which we have D* = divg,.
In order to recover this model from the Courant contact
model we start by considering the subspace,

So ={(/.&. )1 = Q.diveé = 0} C Feem. (25)

where divgé = Q‘ILZX( 5)9. For the tangent space at any
p ESQ we then get Tp]:ccm = QO’. ® ne ) QS" and

T,Sq = Q" @ I(ker(divg)) & 0. (26)
Note that the natural embedding 7',So — Cg intertwines
Dcern] s, With the pairing on Cq. Finally, calculating the

symplectic orthogonal of 7,Sq with respect to @ce, We
obtain

(T,Sa)* = Q°* @ M(ker(divg)): ®0,  (27)

where on the rhs the _L is taken with respect to the pairing
on Cg.

Assuming M is compact, we can now use Hodge theory
to show [25] that

(ker(divg))* = imD, (28)

implying (7,Sq)* € T,Sq, ie., the subspace Sq is
coisotropic. We can therefore perform a coisotropic reduc-
tion by quotienting out the directions in S in which
®cemls, 18 zero. The resulting reduced space Fq then

precisely gives

{£€TIE |divgé = 0}
{Dflf e}

Similarly, restricting the action we get

Fred = (29)

Senls, = [ 0(5(6%8: + geleda:). (O

Since this is constant along the null directions, it descends to
the quotient F .4, where it defines an action functional S,
which by construction satisfies the classical master equation.
The result is precisely the constrained model of [11].

The above procedure can be regarded as a particular case of
(the classical variant of) the BV fiber integration procedure
[26,27], in which one restricts the path integrand to a
coisotropic submanifold of the field space and then per-
forms the path integral along the null directions of the BV
symplectic form. We also remark that the relation between the
model[11]andthe Courantcontactmodelisakintotherelation
between the Kodaira-Spencer theory [7] (written in terms
of fields satisfying differential constraints) and Costello
and Li’s later model, (minimal) BCOV theory [28] (which
uses a resolved description in terms of smooth fields).

Conclusions. Starting from a twisted background we have
produced a BV theory (20)—(21). The construction used the
language of generalized geometry, with the result depend-
ing only on the holomorphic field data (encoded in the
associated holomorphic Courant algebroid). In [8] it was
shown that in the fluxless Calabi-Yau case this model
coincides with the corresponding BCOV theory, which is
the conjectural description of the twist of N' = 1 super-
gravity in 10 dimensions for such a background [9,10].
It is thus natural to conjecture that the Courant contact
model (20)—(21) is the twisted theory associated to an
arbitrary background with fluxes. It follows from the last
section that this conjecture is consistent with that of [11], as
coisotropic reduction of our model reproduces the one
found therein. However, our model (20)-(21) has the
advantage that it is written in terms of smooth fields,
which resolve the constrained fields of [11]. As another
check, we note that the gauge part of the action (21)
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correctly reproduces the holomorphic twist of the super
Yang-Mills theory, i.e., the ten-dimensional holomorphic
Chern-Simons theory.
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