
MNRAS 552, 1–22 (2026) https://doi.org/10.1093/mnras/stag1749 
Advance Access publication 2026 September 15 

Comparing gravitational wave background predictions from 

cosmological simulations to pulsar timing observations 

Stephanie Buttigieg ,1 , 2 ‹ Debora Sijacki,1 , 2 Christopher J. Moore ,1 , 2 , 3 Martin A. Bourne 2 , 4 and 

Alberto Sesana5 , 6 , 7 
1 Institute of Astronomy, University of Cambridge, Madingley Road, Cambridge CB3 0HA, UK 
2 Kavli Institute for Cosmology, Cambridge (KICC), University of Cambridge, Madingley Road, Cambridge CB3 0HA, UK 
3 Department of Applied Mathematics and Theoretical Physics, Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge 
CB3 0WA, UK 
4 Centre for Astrophysics Research, Department of Physics, Astronomy and Mathematics, University of Hertfordshire, College Lane, Hatfield AL10 9AB, UK 
5 Dipartimento di Fisica ‘G. Occhialini’, Università di Milano – Bicocca, Piazza della Scienza 3, I-20126 Milano, Italy 
6 INAF, Osservatorio Astronomico di Brera, via Brera 20, I-20121 Milano, Italy 
7 INFN, Sezione di Milano-Bicocca, Piazza della Scienza 3, I-20126 Milano, Italy 

Accepted 2026 September 11. Received 2026 August 25; in original form 2026 July 6 

A B S T R A C T 

The recent detection of a gravitational wave background (GWB) by pulsar timing arrays (PTAs) may represent the 
first evidence of gravitational waves from merging supermassive black hole binaries, opening a new window on the 
low-frequency end of the gravitational wave spectrum. These inspiralling binaries are expected to dominate the signal, 
although most theoretical models seem to predict somewhat lower amplitudes than what is observed. We present the 
first comprehensive statistical framework to quantify the tension between PTA measurements and theoretical predictions, 
maximizing the constraining power of current data and allowing straightforward application to future PTA data sets. 
We further investigate how different assumptions in the observational inference, particularly the use of a power-law 

model for the GWB spectrum, can bias tension estimates and potentially overstate discrepancies with theory. We apply 
our framework to compare predictions from the fable cosmological simulation with the North American Nanohertz 
Observatory for Gravitational Waves (NANOGrav) 15-yr data set. For our fiducial black hole population, we find tension 

values of 1 σ–2 . 5 σ , indicating no statistically significant disagreement with the observations. We further explore physically 
motivated modifications to the merging black hole population, guided by electromagnetic observations and theoretical 
uncertainties. In particular, scenarios with boosted black hole masses at high redshift and more equal-mass mergers 
substantially increase the predicted GWB amplitude, improving agreement with PTA data. Finally, we investigate the high- 
mass end of the black hole mass function and the impact of finite simulation volume. We find that the (100 cMpc h−1 )3 
fable box is sufficient to robustly predict the GWB signal at the most constraining frequency. 

Key words: gravitational waves – quasars: supermassive black holes – black hole mergers. 
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 INTRODUCTION  

ulsar timing arrays (PTAs) have begun probing the nanohertz 
nHz) regime of the gravitational wave (GW) spectrum by mon- 
toring correlated timing residuals from arrays of millisecond 
ulsars. The measured angular dependence, consistent with 
he quadrupolar form predicted by the Hellings–Downs (HD) 
urve, likely constitutes evidence for a stochastic GW background 
GWB; R. W. Hellings & G. S. Downs 1983 ). Various different col-
aborations, including the European, Indian, Chinese, and Parkes 
TAs (J. Antoniadis et al. 2023 ; D. J. Reardon et al. 2023 ; H. Xu
t al. 2023 ; P. Rana et al. 2025 ), together with the North American
anohertz Observatory for Gravitational Waves (NANOGrav; G. 
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gazie et al. 2023a ), have detected this signal at levels of sig-
ificance between 2 σ and 4 σ . Their independent analyses are 
onsistent with each other, with discrepancies being lower than 
 σ (G. Agazie et al. 2024 ). 
One of the most likely sources of the GWB is a cosmologi-
al population of inspiralling supermassive black hole binaries 
SMBHBs; M. Rajagopal & R. W. Romani 1995 ; A. H. Jaffe & D.
. Backer 2003 ; J. S. B. Wyithe & A. Loeb 2003 ; A. Sesana, A.
ecchio & C. N. Colacino 2008 ; V. Ravi et al. 2015 ). Supermas-
ive black holes (SMBHs), with masses ranging between 105 and 
011 M�, are found at the centre of most massive galaxies (J.
agorrian et al. 1998 ; D. Richstone et al. 1998 ; J. Kormendy &
. C. Ho 2013 ), and observational evidence suggests that they
o-evolve with their host galaxies, likely via a variety of feed-
ack processes (J. Magorrian et al. 1998 ; K. Gebhardt et al. 2000 ;
. Ferrarese 2002 ; S. Tremaine et al. 2002 ; A. Marconi & L.
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. Hunt 2003 ; N. Häring & H.-W. Rix 2004 ; K. Gültekin et al.
009 ; J. Kormendy & L. C. Ho 2013 ; N. J. McConnell & C.-P. Ma
013 ). Within the hierarchical Lambda cold dark matter ( �CDM)
odel of structure formation (S. D. M. White & M. J. Rees 1978 ),
alaxies are expected to merge with each other (A. Toomre & J.
oomre 1972 ; J. E. Barnes 1992 ; M. Boylan-Kolchin, C.-P. Ma &
. Quataert 2005 ; V. Springel, T. Di Matteo & L. Hernquist 2005b ;
. Rodriguez-Gomez et al. 2015 ), with surveys confirming that
uch mergers are common (L. Lin et al. 2004 ; R. E. Ryan et al.
008 ; K. Duncan et al. 2019 ). Consequently, SMBH binaries are
xpected to form, and growing evidence from electromagnetic
EM) observations now points to the existence of dual and binary
MBHs (C. Rodriguez et al. 2006 ; M. Koss et al. 2012 ; J. M. Com-
rford et al. 2013 ; F. Mannucci et al. 2023 ; H. Übler et al. 2024 ; M.
erna et al. 2025 ). After various dynamical hardening processes
hat extract energy from the binary and shrink the separation,
he SMBH binary could reach separations where GW radiation
ecomes significant and drives the two SMBHs towards coales-
ence (M. C. Begelman, R. D. Blandford & M. J. Rees 1980 ). A
uperposition of signals generated by binaries at various stages of 
heir evolution would then source the GWB detected by PTAs (L.
. Kelley, L. Blecha & L. Hernquist 2016 ; L. Z. Kelley et al. 2017 ;
. Agazie et al. 2023b ). 
The predicted GWB from a population of SMBHBs is shaped
y a wide range of interconnected factors. These include the
MBH mass function, which in turn depends on scaling rela-
ions between host galaxies and their central black holes (BHs),
he distribution of binary mass ratios, the hardening mech-
nisms, and associated time-scales that govern merger rates,
he evolution of binary eccentricities, and the redshift distri-
ution of merger events. In recent years, significant theoreti-
al effort has been devoted to modelling SMBHB populations
sing a variety of approaches. Semi-analytic galaxy formation
odels combine empirically or theoretically motivated prescrip-
ions for galaxy and SMBH growth with merger trees derived
rom cosmological structure formation, allowing detailed predic-
ions for SMBHB merger rates and properties (R. S. Somerville
t al. 2008 ; A. Sesana, A. Vecchio & M. Volonteri 2009 ; D.
zquierdo-Villalba et al. 2022 ). Cosmological hydrodynamical
imulations evolve galaxies and SMBHs self-consistently within
 cosmological volume, capturing the complex interplay of gas
ynamics, star formation, feedback, and SMBH physics. SMBHB
opulations can then be extracted from these simulations and
ombined with post-processing prescriptions for sub-resolution
ardening (L. Z. Kelley et al. 2016 ; M. Volonteri et al. 2020 ;
. Buttigieg et al. 2025 ; N. Chen et al. 2025 ). Other models
im to incorporate BH dynamics directly on-the-fly in simu-
ations such as ramcoal , integrated in the ramses code (K.
i et al. 2025 , 2026 ), and ketju (A. Rantala et al. 2017 ; M.
annerkoski et al. 2023 ) that has been applied in cosmologi-
al zoom-in simulations (M. Mannerkoski et al. 2021 , 2022 ; A.
eitaanranta et al. 2026 ). Phenomenological parametrizations
ake a more flexible approach, describing SMBHB populations
sing simplified, tunable functions for merger rates, mass distri-
utions, and eccentricities, calibrated to observations or simula-
ions; these models allow rapid exploration of parameter space
A. Sesana 2013b ; S. Chen, A. Sesana & W. Del Pozzo 2017 ; S.
hen, A. Sesana & C. J. Conselice 2019 ; G. Sato-Polito, M. Zal-
arriaga & E. Quataert 2024 ; G. Sato-Polito & M. Zaldarriaga
025b ). 
These methods depend on, and are often calibrated against,

he BH mass function (BHMF), which at present is constrained
NRAS 552, 1–22 (2026)
lmost entirely by EM observations. In the local Universe ( z �
 . 1 ), spatially resolved measurements of stellar and gas kine-
atics around SMBHs enable direct mass determinations (K. L.
hapiro et al. 2006 ; J. L. Walsh et al. 2012 ; T. A. Davis et al. 2013 ;
. Onishi et al. 2015 ). These are complemented by EM surveys
hat detect low-luminosity active galactic nuclei (AGNs), tracing
MBHs in low-accretion states (L. C. Ho et al. 1997 ; L. C. Ho
999 ; Y. Terashima & A. S. Wilson 2003 ; N. M. Nagar, H. Falcke &
. S. Wilson 2005 ). Combining these detections with the well-
stablished correlations between SMBH mass and properties of 
he host galaxy allows the BHMF to be inferred from the broader
alaxy population (A. Marconi et al. 2004 ; A. W. Graham et al.
007 ; J. E. Greene & L. C. Ho 2007 ; J. Kormendy & L. C. Ho
013 ; N. J. McConnell & C.-P. Ma 2013 ). At high redshift, limited
ngular resolution makes direct mass measurements incredibly
hallenging, and our understanding of the SMBH population
elies largely on the Sołtan-type argument, which links the in-
egrated AGN luminosity density to the total mass accreted over
osmic time (A. Soltan 1982 ). However, mass estimates derived
rom AGN luminosities remain sensitive to assumptions about
adiative efficiency and the fraction of SMBHs that are actively
ccreting (Q. Yu & S. Tremaine 2002 ; S. W. Davis & A. Laor 2011 ).
nterestingly, recent observations from the James Webb Space
elescope ( JWST ) are now providing a new insight into this high- z
opulation through detections of broad emission lines and virial
H mass estimates calibrated on low-redshift sources. These early
WST results hint at a possible evolution in the SMBH–host
alaxy scaling relations (F. Pacucci et al. 2023 ; A. Bogdan & others
024 ; I. Juodžbalis et al. 2024 ; R. Maiolino et al. 2024b ; B. L. Jones
t al. 2025 ), whereby at high redshifts SMBHs are more massive
t a given host galaxy mass than their counterparts in the local
niverse. 
Based on current estimates of the BHMF, the measured spec-

ral slope of the GWB is consistent with a signal originating from a
opulation of SMBHBs, following the expected scaling of hc ( f ) ∝
f−2 / 3 (E. S. Phinney 2001 ). However, many models developed
rior to the PTA detections predicted amplitudes somewhat lower
han those now inferred from the observations, as discussed in
ore detail in Section 3 and shown in Fig. 1 (G. Agazie et al.
023b ; N. Chen et al. 2025 ; C. Matt et al. 2026 ). 
Previous studies have started quantifying the tension between
TA observations and theoretical predictions to statistically as-
ess this apparent underprediction. For example, G. Sato-Polito
t al. ( 2024 ) reported a 2 σ–4 . 5 σ discrepancy at the ‘reference’
requency of 1 yr −1 when comparing PTA observations with pre-
ictions based on the local SMBH population inferred from scal-
ng relations. They attributed this tension to an insufficient num-
er of the most massive SMBHs, suggesting that roughly an or-
er of magnitude more high-mass BHs would be required to
eproduce the observed signal, although the presence of even a
ew ultra-massive systems is disfavoured, as such binaries would
ikely be individually resolvable (G. Sato-Polito & M. Zaldarriaga
025b ). 
In this work, we revisit the tension between the fable pre-
ictions and the NANOGrav 15-yr data in greater detail. Our
oals are twofold: (i) to carefully quantify the level of discrep-
ncy between simulation and observation, and (ii) to explore how
ifferent physical properties of the SMBHB population shape
he GWB. In particular, we investigate the impact of hardening
ime-scales and mass ratios on the signal. We also examine the
nfluence of the BHMF from two complementary perspectives:
a) a mass–relation approach, in which we vary BH masses at
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Figure 1. Adaptation of the right-hand-side plot in Fig. A1 by G. Agazie et al. ( 2023b ). The top panel shows the measured NANOGrav amplitude 
assuming a power law with a fixed slope (solid) and a free slope (dotted) in their 15-yr data set. The grey shaded regions indicate the 68 per cent confidence 
interval of each distribution. These are then compared to theoretical amplitude predictions in the second panel. The models in teal show predictions 
from previous works, the ones in pink are direct predictions from the fable simulation, while the models in purple are more optimistic modifications to 
the population of SMBHBs in fable as discussed in Sections 4 and 5 . We emphasize that literature predictions in teal were made prior to the release of 
PTA results; fable results shown in pink are postdictions that were obtained independently of the PTA measurements; and the more optimistic fable 
results shown in purple are postdictions constructed with the observed PTA signal in mind. All fable models assume a 1 Gyr hardening time with the 
exception of the fable 5 Gyr delay model. The teal and dark pink/purple horizontal bars indicate the 16th–84th percentile uncertainty regions ( 1 σ ) 
for each prediction, while the light pink/purple bars show the 2.5–97.5 percentiles ( 2 σ ). The bottom two panels show the same comparison but for the 
second lowest frequency bin in the free-spectrum analysis of the same data set, ffree (2) = 0 . 12 yr −1 . In the top panel, in order to compare different models, 
all amplitude predictions are shifted to a common frequency of f = 0 . 1 yr −1 assuming the expected hc ∝ f−2 / 3 power-law scaling. The literature values 
are taken from M. Rajagopal & R. W. Romani ( 1995 ), A. H. Jaffe & D. C. Backer ( 2003 ), J. S. B. Wyithe & A. Loeb ( 2003 ), M. Enoki et al. ( 2004 ), A. Sesana 
et al. ( 2008 , 2009 , 2016 ), A. Sesana ( 2013b ), S. T. McWilliams, J. P. Ostriker & F. Pretorius ( 2014 ), V. Ravi et al. ( 2014 , 2015 ), A. Kulier et al. ( 2015 ), P. A. 
Rosado, A. Sesana & J. Gair ( 2015 ), E. Roebber et al. ( 2016 ), I. Dvorkin & E. Barausse ( 2017 ), L. Z. Kelley et al. ( 2017 ), A. Rasskazov & D. Merritt ( 2017 ), 
M. Bonetti et al. ( 2018 ), T. Ryu et al. ( 2018 ), S. Chen et al. ( 2019 ), X.-J. Zhu, W. Cui & E. Thrane ( 2019 ), Y. Chen, Q. Yu & Y. Lu ( 2020 ), M. S. Siwek, L. Z. 
Kelley & L. Hernquist ( 2020 ), and J. Simon ( 2023 ). 
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xed host galaxy properties, and (b) a convergence test to as-
ess how rare, extremely massive SMBHs, that are potentially
issing from a limited cosmological volume, could contribute to
he observed background. We will show that, while the fiducial
able model does predict a slightly lower amplitude than what
s observed, the resulting tension is not statistically significant.
urthermore, physically motivated modifications and observa-
ionally supported scenarios offer substantial flexibility, allowing
he predicted signal to rise and reach full consistency with the
easured GWB amplitude. 
The remainder of this paper is organized as follows. In Section

 , we describe the fable simulation, focusing on its catalogue of 
MBH mergers, and outline the use of the holodeck package (L.
. Kelley et al. 2017 ) to generate the corresponding GWB signal.
n Section 3 , we examine different approaches for quantifying
he tension between theoretical predictions and current obser-
ations, and evaluate the tension between the fable predictions
nd the NANOGrav 15-yr data set using the method detailed in
ppendix B . Section 4 discusses key astrophysical uncertainties
ffecting the theoretical modelling of the SMBH population and
MBHB hardening processes, and how these influence the pre-
icted GWB. In Section 5 , we assess the impact of finite simula-
ion volume on the predicted GWB and test whether the fable
imulation has reached convergence with respect to this observ-
ble. We revisit the tension between fable predictions and obser-
ations in Section 6 , demonstrating how the models presented in
ection 4 can further improve agreement between the predicted
WB amplitude and observations. Finally, we discuss our find-
ngs and conclude in Section 7 . 

 METHODS  

.1 The fable simulation 

n this work, we use the fable simulation suite to study the
redicted GWB from a population of merging SMBHs. fable
s a large-volume cosmological hydrodynamical simulation run
ith the arepo code, which tracks gas and collisionless dark
atter (DM), star, and BH particles. The simulation is evolved
o z = 0 from initial conditions consistent with a Planck cos-
ology ( �� = 0 . 6935 , �M 

= 0 . 3065 , �b = 0 . 0483 , σ8 = 0 . 8154 ,
s = 0 . 9681 , H0 = 67 . 9 km s−1 Mpc−1 = h × 100 km s−1 Mpc−1 ).
he largest simulation box has a volume of (100 cMpc h−1 )3 with
2803 DM particles of mass mDM 

= 3 . 4 × 107 h−1 M� and an ini-
ial number of 12803 gas resolution elements with a target mass
f m b = 6 . 4 × 106 h−1 M�, from which stars and BHs form. The
ravitational softening length is set to 2 . 393 h−1 kpc in physical
oordinates below z = 5 and in comoving coordinates for higher
edshifts. 
BHs are seeded in DM haloes above 5 × 1010 h−1 M� with an

nitial mass of 105 h−1 M� by converting the densest gas cell in the
alo into a BH particle. To ensure BHs remain near the centres
f galaxies, a repositioning scheme relocates each BH at every
ime-step to the local gravitational potential minimum within its
moothing length. 
BHs in fable grow through mergers and accretion. Accre-

ion happens at an Eddington-limited Bondi–Hoyle–Lyttleton-
ike rate. Two BH particles are considered to merge when they
ome within a particle smoothing length of each other. This
s an adaptive length that is used to estimate ‘local’ hydrody-
amic properties and is typically of the order of a few kiloparsecs
NRAS 552, 1–22 (2026)
kpc). The distribution of these merger separations is shown in
g. 8 of S. Buttigieg et al. ( 2025 , hereafter SB25 ). Because of 
he repositioning technique used, BH particle velocities are not
racked dynamically, and so two BH particles are merged inde-
endently of their relative velocity. The remnant BH inherits the
um of the progenitor masses, and merger events are recorded
ith higher time resolution than the simulation snapshots, in-
luding the scale factor and masses of both BHs at the moment
f merger. This catalogue of ‘numerical BH mergers’ forms the
asis of our analysis of the BH merger population relevant for
WB predictions. We keep all merger events from this catalogue
n which both BH particles have a mass ≥106 M� at the time of 
erger, to avoid results which sensitively depend on the seeding
rescription. 
More details about the original fable simulations with a

(40 cMpc h−1 )3 volume are given by N. A. Henden et al. ( 2018 )
nd N. A. Henden, E. Puchwein & D. Sijacki ( 2019 , 2020 ), and
ts extension to the larger (100 cMpc h−1 )3 cosmological volume
y L. Bigwood et al. ( 2025 ). We refer to these two cosmological
oxes as fable -40 and fable -100, respectively, for the rest of 
his paper. We note here that the two boxes have the exact same
ass and spatial resolution and differ only in their simulated
olume. The BH population is investigated and validated against
bservations in our recent work ( SB25 ). In this work, we use the
erger catalogue from the larger Fable simulation unless stated
therwise. 
As discussed in SB25 , BH mergers in fable , and other simula-

ions employing BH repositioning techniques, suffer from inaccu-
ate BH dynamics that can lead to premature BH mergers relative
o the merger time-scales of their host galaxies. During galaxy
nteractions, BH particles may come within a smoothing length
f one another and merge instantaneously in the simulation,
ven when the host galaxy merger is not yet complete. Additional
rtefacts arise when BH particles are repositioned during close
ncounters, causing them to lose association with their original
ost galaxies and resulting in incorrect merger histories. In SB25 ,
e address these issues by introducing ‘macrophysical’ delays,
hich account for the time difference between the simulated
H merger and the host galaxy merger and precede any ‘micro-
hysical’ delays associated with unresolved hardening processes.
hese delays reduce both the BH merger rate and the predicted
WB amplitude (see fig. 13 in SB25 ). In this work, our fiducial
odel uses the BH merger catalogue directly from fable with-
ut these corrections. We then reintroduce the macrophysical
elays to construct a more physically motivated BH population
nd quantify the impact of these numerical artefacts on the pre-
icted GWB amplitude and the consistency with current PTA
easurements. 

.2 Generating a GWB signal 

s discussed in Section 2.1 , the relevant output from a cosmologi-
al simulation like fable for predicting the GWB is a catalogue of 
iscrete BH merger events. Each entry specifies the masses of the
Hs, the redshift of the numerical merger event, and the separa-
ion at which they are merged in the simulation, which serves as
he initial separation for subsequent binary evolution. To investi-
ate astrophysical uncertainties, this catalogue of discrete events
s post-processed to modify selected properties of these binaries to
ccount for the possible BH pair/binary evolution on unresolved
cales (see Section 4 for more details). To generate predictions of 
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he GWB from such discrete populations, we use the holodeck 

ode introduced by L. Z. Kelley et al. ( 2017 ). 1 
The method implemented in holodeck is described in detail 
y N. Chen et al. ( 2025 ) (see their appendix B). In summary, the
haracteristic strain in a frequency bin [ f , f + � f ] for the i th
ealization is given by 

2 
c ,i ( f , � f ) = f 

� f 
∑ 

j 

�i j h2 s , j ( fr )

∣∣∣∣∣
fr = f (1+ z) 

, (1) 

here the sum runs over all binaries j, each contributing an 
ngle- and polarization-averaged strain hs ( fr ) . The binaries are 
ssumed to be on circular orbits (although see Section 4.4 for a
iscussion on eccentricity), and the source-frame frequency fr is 
elated to the detector-frame frequency f via fr = f (1 + z) . Each
inary is weighted by a Poisson factor �i j , which accounts for the
omoving volume from which its GW signal can reach the Earth
nd for the binary’s effective lifetime. This stochastic weighting 
aptures the discrete nature of the underlying population and the 
ssociated cosmic variance. By generating multiple realizations 
f the signal, we can quantify the intrinsic theoretical uncertainty 
n the predicted GWB amplitude, which is essential to robustly 
ssess the level of tension between models and data, as will be
iscussed in Section 3 . 
In this work, we evaluate the GWB on the frequency 
rid used in the NANOGrav free-spectrum analysis ffree (i ) = 

0 . 06 , 0 . 12 , 0 . 19 , 0 . 25 , 0 . 31 , ..., 1 . 87] yr −1 . Unless otherwise
tated, any value quoted at a given frequency corresponds to the
losest bin on this evaluation grid. 
BH particles in fable are numerically merged while still being 

eparated by kpc scales (see Section 2.1 and L. Z. Kelley et al. 2016 ;
B25 ). Unresolved sub-kiloparsec hardening processes, which in- 
roduce additional microphysical delays and are necessary to gen- 
rate a GWB signal, still have large associated uncertainties (see 
. Colpi 2014 , for a review). In this work, we adopt the simpli-
ed model of G. Agazie et al. ( 2023b ), in which all binaries are
ssigned a fixed total hardening time-scale τ f , which we set equal 
o 1 Gyr for our fiducial model unless explicitly stated. We explore
he impact of varying τ f in Section 4.3 . 
The GWB generated using this method from the fable simu- 

ation, together with that resulting from the model introduced in 
B25 , can be seen in the top-left panel of Fig. 2 . 

 IS  THERE  A  GWB  TENSION?  

ig. 1 reproduces, with modifications, the comparison presented 
y G. Agazie et al. ( 2023b ) between the GWB amplitude inferred
rom the NANOGrav 15-yr data set and a range of theoretical 
redictions (teal bars), at a reference frequency of f = 0 . 1 yr −1 .
hile some models are broadly consistent with the observed sig- 
al, many tend to predict amplitudes somewhat lower than those 
nferred from PTA observations. Subsequent studies have shown 
hat the observed amplitude can be reproduced with relatively 
odest adjustments to assumptions about SMBH populations 
nce the signal strength is known (see for example S. Bonoli et al.
025 ). The pink bars show results from the fable cosmological 
imulation, described in Section 2.1 . Our fable models shown 
ere assume a fiducial hardening time-scale of 1 Gyr for all bina-
ies to account for unresolved sub-grid physics governing SMBHB 
 The holodeck code can be accessed via: https://github.com/nanograv/ 
olodeck . 

y
v
c
t

rbital evolution, as well as a more conservative 5 Gyr case. They
lso incorporate macrophysical delay prescriptions that correct 
or premature SMBH mergers caused by numerical limitations 
 SB25 ). The purple bars highlight more optimistic scenarios that
an enhance the predicted amplitude, including modifications to 
he SMBHB population motivated by EM observations and astro- 
hysical uncertainties, as discussed further in Sections 4 and 5 .
he grey distributions shown in the top and second-to-bottom 

anels in Fig. 1 demonstrate that the inferred strain amplitude 
easured by PTAs depends on the adopted data analysis method: 
ssuming a fixed or free power-law slope, or using a free-spectrum
nalysis that allows each frequency bin to vary independently. 
ifferent assumptions thus yield varying amplitudes and, con- 
equently, different apparent levels of tension with theoretical 
redictions. 
While PTAs have now reported strong evidence for a common- 
pectrum process with the spatial correlations expected from a 
WB, it is important to note that the data itself is not free from
otential biases. For example I. Ferranti et al. ( 2025 ) show that
he recovered spectral properties of the background can be biased 
y the limited frequency coverage of present PTAs, while S. Val-
olina et al. ( 2024 ) demonstrate how realistic noise and sampling
ffects can mislead standard detection analyses. More recently, 
. Crisostomi et al. ( 2025 ), H. Quelquejay Leclere et al. ( 2026 )
oint out that a finite observation window could lead to inter-
requency correlations that might be biasing spectral inferences 
owards larger amplitudes and shallower slopes. Other studies 
lso caution that un-modelled noise sources and uninformative 
oise priors may bias the inferred signal properties (A. Zic et al.
022 ; B. Goncharov et al. 2025 ; R. Haasteren 2025 ). Together,
hese results emphasize the need for care when interpreting the 
tatistical significance or detailed spectral shape of the signal at 
his early stage. In this work, however, our focus is on the astro-
hysical interpretation, and we therefore examine the agreement 
etween theoretical predictions and the data constraints inferred 
nder the standard NANOGrav analysis, as has been done in 
revious works by, for example G. Sato-Polito et al. ( 2024 ) and
. Sato-Polito & M. Zaldarriaga ( 2025b ). 
Before quantifying the tension between the fable cosmolog- 

cal simulation and the NANOGrav 15-yr data set, as shown in
ig. 1 , in more detail, the first step is to define precisely what we
re comparing to. As mentioned above, pulsar timing residuals 
an be analysed in different ways depending on the assumptions
ade about the form of the GW signal: 

(i) Power-law analysis: One approach is to assume that 
he characteristic strain follows a power-law form, hc ( f ) = 

yr ( f /yr −1 )−α , where Ayr is the GWB amplitude at f = 1 yr −1 .
he slope α may be fixed to the theoretically expected value of 
 / 3 , which is appropriate for a population of circular, GW-driven
inaries (E. S. Phinney 2001 ). Otherwise, it can be treated as a free
arameter to allow for potential deviations from this scaling. In 
oth cases, the signal is assumed to follow the HD angular corre-
ation pattern, which isolates the quadrupolar spatial correlations 
xpected from a GWB (G. Agazie et al. 2023a , b ). Both variants of 
his analysis are shown in the top panel of Fig. 1 at f = 0 . 1 yr −1 . 
(ii) Free-spectrum analysis: Alternatively, the amplitude of 

he signal in each frequency bin can be treated as a free parameter,
ielding posteriors for the strain in each frequency bin. Different 
ariants of the free-spectrum analysis exist depending on which 
orrelated noise components are included. In this work, we adopt 
he HD-correlated free-spectrum model and compare different 
MNRAS 552, 1–22 (2026)
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Figure 2. Predictions for the GWB from the fable simulations under various post-processing modifications. In all panels, the coloured lines represent 
theoretical predictions generated from 1000 realizations of the discrete binary population. Solid lines show the median, and the shaded regions indicate 
the 68 per cent confidence interval (16th–84th percentiles or 1 σ ) for each model. The grey dashed line and shaded region correspond to the median 
and 68 per cent confidence interval from the NANOGrav power-law analysis with a fixed slope, i.e. hc ∝ f−2 / 3 . Grey violins (shown only in the top 
left panel) display the Hellings–Downs correlated free-spectrum posteriors for the first five frequency bins. The plotted frequency range corresponds 
to the sensitivity window of pulsar timing arrays (PTAs) after 20 yr of observations. The red arrow highlights the tension between the fiducial fable 
prediction and the power-law amplitude at a ‘reference’ frequency of 1 yr −1 . The panels show the impact of different model assumptions: top left, the 
GWB prediction from unmodified fable compared to the case including macrophysical delays (recreation of fig. 13 in SB25 ); top right, the effect of 
boosting BH masses by a factor fb = 5 for merger events at z > zt = 1 ; bottom left, the effect of equalizing mass ratios; bottom right, the effect of varying 
the fixed hardening time τ f of binaries (0.1, 1, and 5 Gyr). In the bottom left panel, the upper limit is shown by setting all mass ratios to one (purple 
line with arrows), while a less extreme scenario adjusts only binaries with original mass ratio q > 0 . 01 to qnew = 1 . Similarly, in the top right panel, the 
upper limit is set by boosting the masses in all merger events, while the less extreme scenario only boosts the masses of BHs involved in mergers with 
q ≥ 0 . 3 . Unless otherwise stated, all models assume a fixed 1 Gyr hardening time and use the unmodified fable population as the original population 
before the respective modification is applied. 
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ariants of the free-spectrum analysis together with their impact
n the inferred tension values in Appendix A . 

Several methods have been proposed in the literature to quan-
ify discrepancies between posterior distributions, which in this
ontext correspond to those derived from the data and from sim-
lations (see T. Charnock, R. A. Battye & A. Moss 2017 , for a
omparison of methods). In this work, we choose the difference
ector method, which we summarize in Appendix B . In order
o compare our tension with the values found by G. Sato-Polito
NRAS 552, 1–22 (2026)
t al. ( 2024 ), we first apply this method at f = 1 yr −1 , which is
ften treated as the ‘reference’ frequency. Since the free-spectrum
nalysis is highly unconstraining in this bin, we use the power-
aw results with a fixed slope, while noting the limitations of this
pproach, as will be discussed below. When compared to the dis-
ribution of hc ( f = 1 yr −1 ) generated from the fable population
obtained using the method discussed in Section 2.2 ), we find a
iscrepancy of 2 . 2 σ , which increases to 2 . 5 σ when accounting
or our macrophysical delays (see Section 2.1 and SB25 ). These
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alues are consistent with the 2 σ–4 . 5 σ discrepancies reported by
. Sato-Polito et al. ( 2024 ), although we do not reproduce the
argest tensions found in their analysis (see their discussion of fig. 
). This tension is highlighted by the red arrow in Fig. 2 . Although
e do not find a strong tension, the predicted amplitude remains
oticeably lower than that inferred from PTA observations under 
he power-law assumption at this frequency, as is apparent from 

isual inspection of the GWB spectrum. 
However, comparing theoretical models to observations using 

he power-law analysis at f = 1 yr −1 has important limitations. 

(i) The power law form hc ∝ f−2 / 3 is derived under the as- 
umption that the background is well described by a smooth su-
erposition of many sources. In practice, there is a finite number
f binaries contributing at these high frequencies since high- 
ass binaries merge before they can reach these frequencies, 
hich can lead to deviations from a simple power-law scaling (A. 
esana et al. 2008 ). Moreover, since the power-law model, by con-
truction, imposes an additional constraint on the spectrum, it 
herefore yields tighter error bars than the free-spectrum analysis. 
owever, these artificially narrow uncertainties should not be 
verinterpreted: if adopted directly, they would lead to systemat- 
cally higher tension values, despite the fact that the underlying 
ssumption of a smooth hc ∝ f−2 / 3 scaling may not hold at high
requencies. 
(ii) At the ‘reference’ frequency of 1 yr −1 , the free-spectrum 

nalysis provides no meaningful constraint, as this bin is mostly 
nconstrained by the data, giving only an upper limit on the
train. Any comparison at this frequency is therefore effectively 
n extrapolation from fits obtained at lower frequencies, where 
he signal-to-noise is higher. This means the apparent discrep- 
ncy at the ‘reference’ frequency is not directly supported by the
ata and may not be representative of the true tension. This was
lready discussed by G. Agazie et al. ( 2023b ) and by the EPTA
ollaboration ( 2024 ), and is why we plot the model comparison
t the lower frequency of 0 . 1 yr −1 in Fig. 1 . 

With the current data, a better comparison between PTA obser- 
ations and theoretical models would be to use the free-spectrum 

nalysis posteriors in the lowest five frequency bins, where the 
ata are most constraining (as also discussed by the EPTA Collab- 
ration 2024 , for example, in the discussion surrounding their fig. 
). The free-spectrum analysis from the NANOGrav collaboration 
s shown as the grey violin plots in Fig. 2 . In Appendix B , we
escribe in detail the procedure to obtain quantitative tension val-
es from the free-spectrum posteriors and explore the impact of 
sing different combinations of frequency bins on these tensions. 
The tension values we find using this approach for the fable
imulation together with various astrophysical models described 
n Sections 4 and 5 are discussed further in Section 6 . In sum-
ary, we find that the highest tension value for the unmodified
able simulation with a hardening time-scale of 1 Gyr is 1 . 7 σ ,
hich is found using the second and third lowest frequency bins
which are the most constraining), which then goes up to 2 . 5 σ
hen incorporating our macrophysical delays or 2 . 4 σ when pro-
onging the hardening time-scale to 5 Gyr. Although the fable 
imulation is still underpredicting the amplitude of the GWB, 
hen using the free-spectrum posteriors, the tension is not as 
ignificant as the power-law analysis seems to suggest. We note 
hat these tension values depend sensitively on the assumed hard-
ning time-scale, increasing for longer values of τ f ; a detailed 
xploration of this dependence is presented in Section 4.3 . 
 ASTROPHYSICAL  UNCERTAINTIES  

urrent observations provide limited constraints on the SMBH 

opulation and their merger rates, particularly at high redshift, 
hile significant uncertainties remain in theoretical models of 
MBH binary evolution, together leading to substantial uncer- 
ainty in the predicted GWB amplitude. Motivated by these uncer- 
ainties, we investigate how plausible variations in the underlying 
strophysical assumptions affect the predicted GWB signal and 
hether they can increase its amplitude and improve agreement 
ith current GWB observations. Specifically, we investigate the 
mpact of: (i) a different redshift evolution of the BH–host galaxy
ass relation, (ii) changing the merger mass ratios, (iii) a wide
ange of possible binary hardening time-scales, and (iv) BH spins 
nd eccentricities. 

.1 Boosted BH masses at high- z 
ecent JWST observations likely indicate the presence of over- 
assive BHs at high redshift relative to local scaling relations (I.
uodžbalis et al. 2024 , 2026 ; R. Maiolino et al. 2024b ). Observa-
ions at cosmic noon ( z ∼ 1 − 3 ) also identify SMBHs in low-mass
ost galaxies with BH masses two orders of magnitude larger than
hat the local scaling relations predict (M. Mezcua et al. 2024 ).
otivated by these observations, we test the impact of boosting 
H masses in mergers at early cosmic times. We implement a
imple empirical model in which we increase the masses of BHs
nvolved in merger events at z > zt by a factor fb , applying the
oost only to major mergers with mass ratio q ≥ 0 . 3 to avoid
xcessively altering the BH mass function (see Appendix C ). BHs
erging at z < zt or with q < 0 . 3 are left unchanged. Our goal is
o explore how enhanced early SMBH growth might influence the
mplitude of the GWB while keeping the local population largely 
onsistent with present-day observations. 
It is important to emphasize that this prescription is not in-

ended to be a self-consistent physical model. Modifying BH 

asses at high redshift would alter the subsequent evolution of 
he systems, including their dynamics, hardening time-scales, 
nd subsequent BH feedback. Moreover, any physical evolution 
n the BH–host galaxy mass relations is expected to occur rela-
ively smoothly with redshift, on some characteristic time-scale 
f the relevant physical process, rather than through a sharp 
ransition at zt as implemented here. None the less, this sim- 
lified model gives us insight into how such an evolving mass
elation could impact the GWB. In particular, it allows us to gauge
he magnitude of the BH mass ‘boost’ required to affect PTA-
and observables, identify which redshift ranges contribute most 
trongly, and build intuition for how early and efficient SMBH 

rowth might reconcile simulations with current data. We also 
ote that if BHs are indeed overmassive at high redshift, subse-
uent evolution may partially regulate this excess. At a given host
alaxy mass, more massive BHs will lead to stronger feedback, 
hus self-regulating their accretion rates (S. Koudmani, N. A. 
enden & D. Sijacki 2021 ), potentially leading to a very similar
bserved low-redshift BH population. In this sense, our model 
an be interpreted as redistributing BH growth to earlier cosmic 
imes rather than altering the z = 0 population. 
In the top right panel of Fig. 2 , we show results for a repre-
entative choice of parameters, zt = 1 and fb = 5 . To illustrate
he effect of our mass-ratio cut, we also show an upper bound
orresponding to boosting all high-redshift BH masses regardless 
f merger mass ratio. We focus on this redshift threshold choice
MNRAS 552, 1–22 (2026)
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Figure 3. BH mass ( MBH ) versus stellar mass within twice the half- 
mass radius of host subhalo ( M∗) for all primary BHs involved in SMBH 

mergers in fable . The scatter points show individual mergers while the 
contours indicate 50 per cent and 90 per cent of the population. The teal 
distribution shows all the merger events happening at z ≤ 1 with their 
masses unchanged from the simulation. The pink distribution shows all 
merger events happening at z > 1 with the BH mass boosted by a factor 
of five if q ≥ 0 . 3 . The BH mass and host galaxy mass are taken at the 
snapshot immediately before the numerical BH merger in the simulation. 
The dashed and dotted black lines show the mean of the local relation by 
A. E. Reines & M. Volonteri ( 2015 ) and J. E. Greene, J. Strader & L. C. 
Ho ( 2020 ), respectively. The solid black line shows the fit by F. Pacucci 
et al. ( 2023 ) for JWST objects at z = 4 − 7 . The grey stars indicate high 
redshift observations from Y. Harikane et al. ( 2023 ), H. Übler et al. ( 2023 ), 
R. Maiolino et al. ( 2024a ), and I. Juodžbalis et al. ( 2026 ). The grey dots are 
a compilation of high redshift quasar measurements from X. Ding et al. 
( 2023 ), M. A. Stone et al. ( 2024 ), M. Yue et al. ( 2024 ), and M. A. Marshall 
et al. ( 2025 ). 
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ecause boosting major mergers at higher redshifts ( zt � 2 ) has
 negligible impact on the predicted GWB amplitude, consistent
ith the fact that the signal is most sensitive to merger events at
elatively low redshift ( z � 1 . 5 ) as discussed by, for example A.
esana ( 2013b ) and V. Ravi et al. ( 2015 ), and illustrated for the
able population later in Fig. 8 . The choice of fb is also intended
s a representative choice, rather than being tuned directly to
eproduce the observed GWB amplitude. Smaller values of fb 
roduce small boosts in the GWB amplitude, while larger values
rovide a greater boost and broader agreement with observed
igh-redshift systems (see Fig. 3 ). However, such large values of 
fb require increasingly large amounts of synthetic BH growth
hat overshoot the growth of BHs in the fable simulation itself 
see Appendix C for more details). We therefore adopt fb = 5 for
he remainder of this work and refer the reader to simulations
f different BH formation channels that directly investigate the
H mass–host galaxy mass relation at high redshifts (e.g. A. K.
howmick et al. 2024 ; S. Koudmani et al. 2026 ). 
To investigate whether a boost for major mergers with zt =

 , fb = 5 would be consistent with current EM observations,
e plot the MBH −M� relation for all primary BHs involved in a
erger event in Fig. 3 , where M� is the total stellar mass within
wice the stellar half-mass radius hosting the BH with mass MBH .
he teal distribution shows the BHs involved in a merger event
ccurring at z ≤ 1 , while the pink distribution shows the primary
NRAS 552, 1–22 (2026)
H masses involved in a merger at z > 1 , boosted by a factor of 5
f q ≥ 0 . 3 . These are compared to the mean local scaling relations
y A. E. Reines & M. Volonteri ( 2015 ) and J. E. Greene et al.
 2020 ), and the high- z relation by F. Pacucci et al. ( 2023 ), which
ses JWST systems at z = 4 − 7 . From this plot, it can be noted
hat the vast majority of ‘boosted’ BH masses in the simulation lie
etween the local and high- z relations, which is what we would
xpect if the MBH −M� relation is evolving with redshift. 
Observations of high-redshift systems are shown by the grey
tars in Fig. 3 , taken from Y. Harikane et al. ( 2023 ), H. Übler
t al. ( 2023 ), R. Maiolino et al. ( 2024b ), and I. Juodžbalis et al.
 2026 ). A sample of high- z quasars from X. Ding et al. ( 2023 ), M.
. Stone et al. ( 2024 ), M. Yue et al. ( 2024 ), and M. A. Marshall
t al. ( 2025 ) is also included, represented by grey circles. While
ome low-mass systems are consistent with both the local scaling
elations and the unmodified fable distribution of primary BH
asses, most high-redshift quasars agree more closely with the
. Pacucci et al. ( 2023 ) relation and the boosted primary-mass
istribution above zt = 1 . A subset of these quasars appear even
ore overmassive relative to this boosted relation. For visual clar-
ty, error bars for these observed systems are omitted from Fig. 3 ;
owever, substantial uncertainties remain in both BH and host
alaxy stellar masses. Several data points represent only upper
imits on stellar mass, suggesting that the true BH-to-stellar-mass
atios may be even higher for parts of the quasar sample. BH mass
stimates themselves are uncertain by up to ∼0.3 dex. Upcoming
bservations with JWST and GRAVITY+ are expected to tighten
onstraints on both BH and host galaxy masses, potentially re-
ealing more massive systems at z � 2 (Gravity Collaboration
022 ; R. Abuter et al. 2024 ). 
Given the substantial scatter in current observational data, the
ossibility that the BH mergers contributing to the GWB at higher
edshifts are more massive than those predicted by fable or simi-
ar cosmological simulations remains entirely plausible, and may
elp reconcile the slight underestimation of the GWB amplitude
elative to PTA measurements. C. Matt et al. ( 2026 ) reach a similar
onclusion when investigating the impact of a redshift-evolving
BH −Mbulge on the GWB. 

.2 Mass ratios 

he mass ratio, q = M2 /M1 ≤ 1 , of each binary in the fable
opulation used to generate the GWB signal is determined by
onsidering individual BH masses when they are still at kpc-scale
eparations, owing to the limited spatial resolution of the simu-
ation (see Section 2.1 ). As these binaries evolve through various
ardening mechanisms, their individual masses may change, po-
entially altering the mass ratio. For example, during gas-driven
ardening, preferential accretion on to the secondary BH, an
ffect suggested by theoretical studies (e.g. B. D. Farris et al. 2014 ;
. Gerosa et al. 2015 ; M. Siwek et al. 2023a ), could modify the
ass ratio and consequently affect the resulting GWB. 
To explore the possible impact of such evolution, we consider

wo empirical models. The first imposes an absolute upper limit
n the amplitude boost attainable through variations in q , by
edistributing the component masses such that every binary has
 = 1 . The second, less extreme model, equalizes the mass ratio
nly for binaries with an initial value of q > 0 . 01 . This choice
eflects the expectation that systems with highly unequal masses
re unlikely to evolve towards equal mass ratios before binary
oalescence. In such cases, the secondary BH would need to ac-
rete an unrealistically large amount of gas to approach the mass
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f the primary, making significant mass ratio evolution highly 
nlikely. 
This procedure should be regarded as a purely numerical ex- 
eriment, in which mass is redistributed between the two BHs 
n each binary rather than added or removed. By construction, 
t preserves the total accreted mass of the system while altering
nly its distribution between the two components. This ensures 
hat any change in the predicted GWB signal arises solely from
odifications to the mass ratio, rather than from variations in the
verall binary mass budget. In this way, our approach isolates the
ole of mass-ratio evolution in shaping the GWB, allowing us to
ssess its impact independently of other effects such as enhanced 
ccretion or changes to the binary mass function. 
The effect of these models is shown in the bottom left panel of 
ig. 2 . Forcing all binaries to have q = 1 substantially increases
he GWB amplitude, even exceeding the observed signal (purple 
ine). The second approach, where the mass ratio is adjusted only 
or systems with q > 0 . 01 , yields a GWB amplitude that is more
onsistent with the data without overamplifying the signal (pink 
istribution). Importantly, this selective modification leaves the 
verall BH–host galaxy mass relation (Fig. 3 ) largely unchanged, 
ince the remnant BH masses remain the same as in the original
imulation. However, even this latter model should be regarded 
s an upper limit, since we do not expect all binaries to evolve
o q ≈ 1 in practice, even under preferential accretion on to the
econdary BH. Moreover, preferential accretion is expected to be 
ignificant in gas-rich mergers, whereas mergers occurring in 
as-poor systems would largely retain their initial mass ratio as 
hey do not accrete significantly during the hardening phase. The 
ontrast between the two models indicates that the binaries with 
he most extreme mass ratios dominate the enhancement in the 
qual-mass case, as these systems contribute disproportionately 
o the boosted signal when their masses are equalized. While hy- 
rodynamical simulations reveal a complex picture of mass-ratio 
volution during gas hardening (see for example M. A. Bourne et 
l. 2024 ), our results suggest that any preferential accretion on to
he secondary could help boost the GWB amplitude, a conclusion 
lso found by J. M. Comerford & J. Simon ( 2025 ). 
The impact of the mass ratio re-distribution on the GWB strain
an be seen through an analytical argument. For example, un- 
er certain simplifying assumptions, one finds that h2 c ( f ) ∝ 〈 η〉
here 〈 η〉 is the average of the symmetric mass ratio η = q/ (1 +
 )2 (E. S. Phinney 2001 ; G. Sato-Polito et al. 2024 ; G. Sato-Polito &
. Zaldarriaga 2025a ). This implies that changes in the mass ratio
istribution directly rescale the overall signal amplitude. In the 
ost extreme case, when q = 1 for every binary, 〈 η〉 = 1 / 4 , which
ets an upper limit to the ‘boost’ in hc ( f ) purely from varying
he distribution of mass ratios, corresponding to the upper limit 
hown in the bottom left panel of Fig. 2 . 

.3 Hardening time-scale 

s discussed in Sections 1 and 3 , one of the largest theoreti-
al uncertainties in modelling SMBH binaries is the hardening 
ime-scale that shrinks their separation from the kpc scales at 
hich they are merged in cosmological simulations down to 
oalescence. To assess the impact of this variable, we vary the
otal binary lifetime τ f and compute the resulting GWB for τ f = 

 . 1 , 1 , 5 Gyr, as shown in the bottom right panel of Fig. 2 . Extend-
ng the lifetime to 5 Gyr suppresses the amplitude by reducing the
umber of mergers occurring before z = 0 , while shortening it
rom 1 Gyr to 0.1 Gyr produces only a small amplification. Reduc-
ng τ f to below 0.1 Gyr, which is likely too short of a delay, would
esult in a suppression of the power at low frequencies as binaries
pend less time at wide separations. These trends indicate that 
ven under minimal delay assumptions, the GWB from fable 
ergers remains slightly below current measurements. 
It is useful to place the hardening time-scales adopted in our
henomenological model in the context of studies that explicitly 
odel SMBHB evolution. These studies find time-scales ranging 
rom ∼ 0 . 1 Gyr to several Gyr, with substantial variation depend-
ng on the properties of the host galaxy and binary. For exam-
le, the ketju simulations find an average coalescence time of 
200 Myr after binary formation (A. Rantala et al. 2017 ), while
imulations that include nuclear star formation find merger times 
f ∼100 –500 Myr for disc mergers and ∼1 –2 Gyr for elliptical
ergers (S. Liao et al. 2024 ). ramcoal simulations find hard-
ning time-scales of � 100 Myr when viscous torques from a cir- 
umbinary disc are included (K. Li et al. 2025 ). Semi-analytic
odels coupled to cosmological simulations likewise predict a 
road distribution of hardening time-scales. For example, L. Z. 
elley et al. ( 2017 ) find binary lifetimes that can extend to sev-
ral Gyr using the Illustris simulation. These results suggest that 
lthough efficient binary hardening with time-scales � 1 Gyr is 
lausible, particularly for binaries in dense stellar or gaseous 
nvironments, substantial variation between systems motivates 
his exploration of a range of effective hardening time-scales. 
In our analysis of BH mass and mass ratio modifications so far,
e adopted a relatively efficient hardening time-scale of 1 Gyr 
nd neglected macrophysical delays to isolate the direct impact 
f these population changes ( SB25 ). Here, we reintroduce the
acrophysical delay correction to account for premature mergers 
f BHs due to the limited resolution, and investigate the joint
ffect of varying the hardening time-scale together with the as- 
rophysical population modifications described in Sections 4.1 
nd 4.2 . 
Fig. 4 shows the predicted GWB strain in the second-lowest 

requency bin of the NANOGrav 15-yr free-spectrum analysis 
s a function of τ f . The teal curve corresponds to the fable
opulation after applying macrophysical delays ( SB25 ). The pink 
urve includes the mass-boosting procedure for major mergers 
escribed in Section 4.1 for this delayed population of mergers, 
hile the purple curve further incorporates mass-ratio equaliza- 
ion for binaries with initial q > 0 . 01 (see Section 4.2 ). The hori-
ontal dashed line and shaded grey region show the NANOGrav 
5-yr measurement and its 1 σ uncertainty band, respectively. The 
op panel then shows the tension values of these models with
ncreasing hardening time-scale, calculated using the method 
escribed in Appendix B , using only this second-lowest frequency
in. To guide the eye, and as a threshold above which we consider
odels to start showing significant tension with the data, we 
ndicate a tension value of 3 σ as the horizontal dotted line. 
As the hardening time-scale τ f increases, the predicted GWB 

mplitude systematically decreases across all models, reflecting 
he reduced merger efficiency associated with prolonged binary 
volution. At τ f = 1 Gyr, the baseline SB25 model lies roughly
 σ below the NANOGrav measurement, whereas the most op- 
imistic scenario shows a tension of around 1 σ . Incorporating 
strophysical modifications increases the predicted amplitude, 
hereby improving consistency with the observed signal. The 
B25 model remains within 3 σ agreement with the data for 
ardening times up to ∼3 Gyr, while the boosted-mass model 
MNRAS 552, 1–22 (2026)
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M

Figure 4. Bottom panel: Predicted amplitude of the GWB at the second 
lowest frequency bin ffree (2) = 0 . 12 yr −1 , shown as a function of the total 
binary hardening time-scale τ f . The coloured lines represent theoretical 
predictions generated from 1000 realizations of the discrete binary pop- 
ulation. Solid lines show the median, and the shaded regions indicate 
the 68 per cent confidence interval (16th–84th percentiles or 1 σ ) for each 
model. The teal curve represents the fable population after applying 
the macrophysical delays described in SB25 . The pink curve shows the 
same population (i.e. with macrophysical delays) after boosting masses of 
major mergers above z = 1 by a factor of 5, while the purple curve addi- 
tionally includes mass-ratio equalization for systems with q > 0 . 01 . The 
dashed grey line shows the median from the NANOGrav free-spectrum 

posterior with the shaded region showing the 1 σ confidence intervals. 
Top panel: The tension value of these models. These are calculated using 
only the second-lowest frequency bin from the free-spectrum analysis. 
To characterize the trend of tension with τ f , we employ a Gaussian ap- 
proximation with an analytic p -value evaluation, rather than performing 
Monte Carlo sampling for each value of τ f . This approach captures the 
systematic behaviour of the tension while avoiding noise introduced by 
the Poisson sampling of holodeck , which can produce irregular be- 
haviour in the tails that become relevant at high tension values (see left- 
hand panel of Fig. B1 ). We have verified that for τ f � 5 Gyr, the Gaussian 
approximation produces results consistent with full Monte Carlo sam- 
pling, justifying its use here to illustrate the overall trend without being 
dominated by sampling fluctuations. 
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aintains consistency within 3 σ for τ f � 6 Gyr. Equalizing mass
atios extends this agreement to around τ f ∼ 7 Gyr. Overall, even
nder conservative assumptions of inefficient hardening, the pre-
icted amplitudes remain compatible with the observed GWB
ithin current astrophysical uncertainties. 
It is worth emphasizing that these scenarios are not meant

o represent a single physically realistic model of SMBH
inary mergers in our Universe. Rather, they demonstrate
he substantial astrophysical modelling freedom still permit-
ed within observational constraints. Even with conservative
erger rates and long inspiral times, the present GWB con-
traints are compatible with our models, which themselves
emain consistent with EM observations of the local SMBH
opulation. 
NRAS 552, 1–22 (2026)
.4 BH spins and eccentricity 

H spins affect the location of the innermost stable circular orbit
ISCO), which sets the separation, and thus the frequency, at
erger. For non-spinning BHs, the ISCO lies at 3 Schwarzschild
adii ( 3 rS ); maximally prograde spins (aligned with the orbit)
hift it inward to 0 . 5 rS , while maximally retrograde spins move
t outward to 4 . 5 rS (J. M. Bardeen, W. H. Press & S. A. Teukolsky
972 ). This will impact the separation, and thus the frequency,
ntil which the binary can emit GWs. However, merging BHs
ith different spin values produces no discernible change in the
redicted GWB. The reason is that the GWB in the PTA frequency
and is dominated by gravitational radiation from the long, low-
requency inspiral phase, when the two BHs are widely separated.
he precise location of the ISCO, which affects only the final
tages of coalescence, therefore has a negligible influence on the
ignal. 
Note that BH spins may also influence the dynamics of SMBH
inaries, and consequently their hardening time-scales, for ex-
mple by affecting the efficiency with which gaseous torques
xtract orbital angular momentum from the system (M. Sayeb et
l. 2021 ; M. A. Bourne et al. 2024 ). In our analysis, these effects
re incorporated in the exploration of different hardening time-
cales described in Section 4.3 . 
In addition, different spin orientations can produce a wide

ange of GW recoil kicks, with misaligned spins potentially able
o eject remnant BHs from even the most massive host galaxies (Z.
aiman 2004 ; D. Merritt et al. 2004 ; M. Volonteri & M. J. Rees
006 ; L. Blecha & A. Loeb 2008 ; D. Sijacki, V. Springel & M.
. Haehnelt 2009 ; D. Gerosa & A. Sesana 2015 ). Recent work
uggests that spin alignment may be inefficient even in gas-rich
ystems, with a non-negligible fraction of SMBH binaries retain-
ng misaligned spins prior to merger and resulting in some BH
emnants having a large recoil velocity (M. Sayeb et al. 2021 ,
ut see M. A. Bourne et al. 2024 ). While fable does not self-
onsistently model recoil- driven ejections, such events could re-
uce the SMBH occupation fraction and merger rates. However,
hese spin-dependent effects are likely encompassed within the
roader uncertainties associated with SMBH hardening and bi-
ary evolution (e.g. M. A. Bourne et al. 2024 ; M. Siwek, L. Z.
elley & L. Hernquist 2024 ), which already dominate the uncer-
ainties in the predicted GWB amplitude considered in this work.
Eccentricity can also play an important role in the evolution of 
MBHBs in the PTA frequency band. At large separations, eccen-
ricity can shorten binary lifetimes, potentially increasing merger
ates (L. Z. Kelley et al. 2017 ; M. Mannerkoski et al. 2022 ). Like
he impact of BH spins on binary dynamics, this effect is captured
henomenologically by varying the hardening time-scale in our
odels. However, if eccentricity persists into the PTA frequency
and, it redistributes GW emission across higher harmonics and
an therefore modify both the amplitude and spectral shape of 
he GWB (A. Sesana 2013a ; S. Chen et al. 2017 ; J. Raidal et al.
024 ) potentially increasing the tension between predictions and
bservations. 
Recent studies suggest that the residual eccentricity of SMB-
Bs in the PTA band may indeed be non-negligible. Gas-free
imulations of galactic mergers with cosmological initial con-
itions find eccentricities of e ∼ 0 . 2 − 0 . 8 upon entry into the
TA band (A. Gualandris et al. 2022 ; F. Fastidio et al. 2024 ),
hile simulations of consecutive major mergers find e > 0 . 85
or all binaries in their sample (F. Fastidio et al. 2025 ). When
onsidering binaries embedded in circumbinary discs, M. Siwek,
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Figure 5. The BHMF for all BHs at z = 0 . The solid lines show the BHMF 
obtained directly from the simulation, with the pink line corresponding 
to the smaller fable -40 box, and the teal line to the larger fable -100. 
The dashed lines show the extended BHMF using the MXXL HMF as 
described in Appendix D , with the corresponding colours showing which 
simulation box size was used for the extension. The grey solid line shows 
the BHMF calculated using the bolometric luminosity function of AGN 

in the local Universe by X. Shen et al. ( 2020 ) using their ‘deconvolution’ 
method. The dash–dotted grey line and shaded grey region show the 
median and 90 per cent confidence interval of the BHMF by E. R. Liepold 
& C.-P. Ma ( 2024 ), obtained by combining their galaxy stellar mass func- 
tion with the N. J. McConnell & C.-P. Ma ( 2013 ) BH–stellar mass scaling 
relation. The dotted grey line shows the BHMF obtained by G. Sato-Polito 
et al. ( 2024 ) to match the GWB strain. The vertical teal line indicates the 
maximum primary mass that contributes to the GWB at f = 0 . 1 yr −1 for 
merger events with q ≥ 0 . 1 in fable -100 (see Section 5.2 ). 
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. Weinberger & L. Hernquist ( 2023b ) and M. Siwek et al. ( 2024 )
nd that eccentricity evolves towards a mass-ratio-dependant 
quilibrium, reaching ∼0 . 5 at higher mass ratios. These results 
uggest that, despite significant uncertainty in the expected resid- 
al eccentricity, non-negligible eccentricities may plausibly per- 
ist into the PTA frequency band. In this work, we focus on the
ffects of the SMBHB population and its associated astrophysi- 
al uncertainties. Moreover, the eccentricity of SMBHBs at PTA 

requencies is difficult to constrain directly from the large-scale 
able simulations, which do not resolve the binary evolution 
t the relevant sub-pc scales. We therefore adopt the simplifying 
ssumption of circular binaries when computing the GWB. 

 THE  HIGH-MASS  END  OF  THE  BHMF  AND  

INITE-VOLUME  EFFECTS  

lthough the large (100 h−1 cMpc )3 fable box represents a sig- 
ificant improvement over the original (40 h−1 cMpc )3 box, this 
olume may still be insufficient to fully sample the most massive
alaxies hosting SMBHs. Since the GWB is particularly sensitive 
o the high-mass end of the SMBH population, incomplete sam- 
ling of these rare systems could bias the predicted amplitude. 
n this section, we first compare the GWB predicted from the
wo fable volumes and then use synthetic SMBH populations 
rawn from the fable BHMF extended to higher BH masses, 
n volumes up to (100 h−1 cMpc )3 , to assess convergence of the
redicted GWB signal in the PTA frequency range. 
We test for this finite-volume effect by extending the fa- 
le BHMF using the halo mass function (HMF) from the 
arge-volume, dark-matter-only Millennium-XXL (MXXL) simu- 
ation (R. E. Angulo et al. 2012 ). MXXL is used here to inform the
bundance of rare, massive haloes beyond those well sampled by 
able , rather than to provide direct SMBH merger catalogues. 
e then construct multiple synthetic SMBH populations over a 
ange of sampled volumes, up to the fable -100 volume, using
 semi-analytical framework that incorporates the merger statis- 
ics measured in fable . This approach enables us to quantify
ealization-to-realization variance in the predicted GWB and to 
est whether rare, high-mass systems absent from one particular 
ealization of a given simulated volume could significantly en- 
ance the background amplitude. 

.1 Inferring the high-mass end of the BHMF 

he BHMFs measured directly from the fable -40 and fable -100 
imulations at z = 0 are shown in Fig. 5 . As expected, the larger
able -100 volume samples rarer and more massive BHs than 
he smaller fable -40 box, illustrating the strong dependence of 
he high-mass end of the BHMF on simulation volume. In the
ass range where the two simulations overlap, their BHMFs are 
roadly consistent, indicating that the abundance of SMBHs is 
obustly captured at these masses. This agreement also persists 
t higher redshifts, as shown in fig. 2 of SB25 . 
The extended BHMFs are constructed by fitting a broken power

aw to the relation between SMBH mass and the mass of the host
ark matter halo, and then applying this fit to the analytic MXXL
MF to obtain an extended fable BHMF (details of the BHMF
xtension are provided in Appendix D ). In the mass range directly
ampled by the simulations, the extended BHMF reproduces the 
imulated BHMF well, preserving both the normalization and 
lope of the distribution. At higher masses, the method smoothly 
xtrapolates the BHMF beyond the regime directly sampled by 
he simulations. 
The BHMF extrapolated from the smaller fable -40 box pre- 
icts a higher abundance of SMBHs at the high-mass end com-
ared to the extrapolation based on fable -100, a trend that is
lso observed at higher redshifts. This likely reflects the limited 
ampling of rare, massive systems in the smaller cosmological 
olume. In particular, the fable -40 simulation does not contain 
nough high-mass SMBHs to robustly constrain the slope of the 
H mass–host halo mass relation at the high-mass end, which 
eads to an overestimation of the BH abundance when the rela-
ion is extrapolated. This should be interpreted as a limitation of 
pplying this method to an insufficiently large cosmological vol- 
me, rather than evidence for a genuinely higher underlying BH 

bundance predicted by the simulation. By contrast, the larger 
able -100 volume captures a greater number of massive systems
nd therefore provides a more reliable constraint on the high- 
ass behaviour of the BHMF. 
Nevertheless, the impact of uncertainties at the extreme high- 
ass end of the BHMF on PTA predictions, and the tension
alues calculated in this work, is limited. The vertical teal line in
ig. 5 marks the largest primary BH mass that contributes to the
WB at the most constraining PTA frequency, f = 0 . 1 yr −1 , esti-
ated from the fable merger population with q ≥ 0 . 1 assuming
 representative hardening time-scale of 1Gyr . This provides a 
seful indication of the mass above which the detailed shape of 
MNRAS 552, 1–22 (2026)
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he BHMF has little influence on the predicted GWB amplitude
ue to major massive mergers at frequencies where current PTA
onstraints are strongest. We return to this point in Section 5.2 . 
In Fig. 5 , we compare these results to observationally inferred

ocal BHMFs. The BHMF inferred by X. Shen et al. ( 2020 ) from
he bolometric luminosity function of AGN lies below both the
irectly measured and extended fable BHMFs at the high-mass
nd. The same is true when comparing to the BHMF of E. R.
iepold & C.-P. Ma ( 2024 ), although the abundances of BHs
atch better towards the high-mass end when comparing to sim-
lations. This difference is particularly important for the GWB
redictions considered here, since the nanohertz GWB is dom-
nated by mergers involving very massive SMBHs, especially at
ow frequencies. An enhanced abundance of massive SMBHs
herefore leads to a larger predicted GWB amplitude, such that
WB predictions based on the fable BHMF are expected to lie
bove those based on EM-inferred BHMFs. This behaviour is not
nique to fable . Fig. 13 of M. Habouzit et al. ( 2021 ) shows that
everal state -of-the -art cosmological simulations similarly pre-
ict an excess abundance of the most massive SMBHs relative to
bservationally inferred BHMFs at z = 0 . These simulations also
nd that the most massive BHs typically accrete at highly sub-
ddington rates and are therefore radiatively inefficient, suggest-
ng that a significant fraction of the high-mass population may be
aint or effectively dormant. Furthermore, theoretical arguments
uggest that even if accreting efficiently, SMBHs at the extreme
igh-mass end of the BHMF may be difficult to observe because
he ISCO exceeds the self-gravity radius of the disc, preventing
he formation of a stable accretion disc (A. King 2016 ). We return
o this point in Section 5.2 . This interpretation is supported by
he fact that, despite the apparent excess of massive BHs, the pre-
icted bolometric luminosity function in fable remains in good
greement with observational constraints (see fig. 3 in SB25 ), in-
icating that these systems contribute little to the observed AGN
opulation. 
It is also important to note that the high-mass end of the
HMF inferred from EM observations remains uncertain. As il-
ustrated by fig. 4 of E. R. Liepold & C.-P. Ma ( 2024 ), different
bservationally inferred BHMFs exhibit substantial disagreement
t MBH � 1010 M�, reflecting uncertainties in the galaxy stellar
ass function, velocity dispersion function, and the SMBH–host
caling relations. In addition, current galaxy surveys may not be
ufficiently large to fully probe the abundance or properties of the
arest and most massive galaxies that host these extreme SMBHs
M. Bernardi et al. 2013 , 2017 ; G. Sato-Polito et al. 2024 ). Because
he high-mass tail of the galaxy stellar mass function is sensitive
o both survey volume and systematic uncertainties in stellar–
ass estimates, even modest incompleteness or mass underesti-
ation can significantly affect the abundance of the most massive
Hs obtained from these surveys. 
We also compare our results in Fig. 5 to the BHMF obtained
y G. Sato-Polito et al. ( 2024 ), who assume a broken power
aw MBH −σ relation convolved with the M. Bernardi et al. ( 2010 )
elocity dispersion function, adopting low-mass parameters from
. J. McConnell & C.-P. Ma ( 2013 ) and calibrating the high-mass
lope to match the GWB strain measured by PTAs. The high-mass
nd of this BHMF is in very good agreement with the BHMF
xtended from the fable -100 simulation. Since G. Sato-Polito
t al. ( 2024 ) infer a similarly enhanced abundance of massive
MBHs relative to EM-derived BHMFs, this agreement indicates
hat cosmological simulations independently reproduce the same
xcess population inferred from PTA observations. Interestingly,
NRAS 552, 1–22 (2026)
ecent dynamical measurements have uncovered a growing pop-
lation of ultramassive BHs with masses exceeding 1010 M� that
ie systematically above the canonical MBH −σ relation (S. Nicola
t al. 2025 ). Such systems are qualitatively more consistent with
he steeper high-mass behaviour inferred by G. Sato-Polito et al.
 2024 ) and reproduced by the fable -100 extension. While the
urrent sample of ultramassive BHs remains small, they provide
vidence that the abundance of the most massive SMBHs may
ave been underestimated in previous EM-derived BHMFs. 
Together, these results support the interpretation that the
anohertz GWB is sensitive to a population of extremely massive,
eakly accreting SMBHs that is underrepresented in traditional
M-selected samples. This helps explain why fable GWB pre-
ictions show lower statistical tension with PTA measurements
ompared to BHMFs inferred from EM observations alone. 

.2 Convergence tests using synthetic merger populations 

he extrapolated BHMFs shown in Fig. 5 can be used to sample
ynthetic populations of BHs in a specified cosmological volume.
 semi-analytical method based on the fable merger popula-
ion (described in Appendix D ) can then be used to build syn-
hetic merger catalogues. In this work, we restrict these synthetic
opulations to the fable -100 volume and use them to quantify
ealization-to-realization variance arising from finite-volume ef-
ects. We do not use the extended BHMF to generate merger
atalogues in substantially larger cosmological volumes. While
he BHMF extension provides an estimate of the abundance of 
are massive BHs beyond those directly sampled by fable , the
erger statistics assigned to these systems are necessarily extrap-
lated from a very limited number of high-mass merger events
n the simulation. Applying the method to much larger volumes
ould therefore artificially populate the high-mass end with large
umbers of merger events whose merger rates are not directly
onstrained by fable . Restricting the analysis to the original
imulation volume avoids this additional extrapolation while still
llowing us to assess the impact of finite-volume sampling on the
redicted GWB. 
Fig. 6 compares the distributions of merger event counts as

 function of primary mass, secondary mass, chirp mass, and
ass ratio measured directly in the fable simulations with
hose obtained from these synthetic merger catalogues. The filled
istograms show the merger populations in the fable -40 and
able -100 volumes. The points with error bars indicate the me-
ian and scatter across 1000 synthetic realizations for a vol-
me of (100 h−1 cMpc )3 , constructed using the method described
n Appendix D . This procedure is performed twice, once using
he BHMF and merger statistics derived from each simulation,
able -40 and fable -100. Overall, we find good agreement be-
ween the simulations and the synthetic populations across the
ange where the simulations are well-sampled, indicating that
ur semi-analytical framework successfully reproduces the sta-
istical properties of the merger population. 
We note a slight overestimation of binaries with nearly equal
ass ratios in the synthetic catalogues. This is driven by the fact
hat our fable merger catalogue imposes a cut requiring both
he primary and secondary masses to be larger than 106 M� (see
ection 2.1 ), which artificially biases sampled mass ratios toward
quality when drawing BHs of around this mass from the BHMF.
ince these low-mass systems contribute negligibly to the GWB
nd to avoid adding complications to the semi-analytical model,
e do not correct for these artefacts. 
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Figure 6. Distributions of merger event counts as a function of primary mass (top left), secondary mass (top right), chirp mass (bottom left), and mass 
ratio (bottom right). Filled histograms show the merger populations directly obtained from the smaller fable -40 volume (pink) and the larger fable - 
100 volume (purple). Points with error bars summarize the ensemble of 1000 synthetic merger catalogues generated using the method described in 
Appendix D for a synthetic volume of (100 h−1 cMpc )3 . Teal points denote the median and standard deviation in each bin for synthetic populations 
informed by the fable -100 simulation, while pink points show the corresponding statistics for populations informed by fable -40 (but extended to the 
larger volume). The vertical dashed grey line in the top-left panel indicates the maximum BH mass attainable through luminous accretion as derived by 
A. King ( 2016 ). 
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At the high-mass end, where direct simulation statistics are 
imited, the synthetic catalogues extend the distributions and 
rovide an estimate for the expected contribution from rare mas- 
ive systems sampled from the extended BHMF. We note that 
he synthetic populations generated using information from the 
able -40 simulation include merger events with higher primary 
asses than those obtained using fable -100. This is due to the
HMF extended from fable -40 predicting a larger abundance 
f high-mass BHs, increasing the probability of sampling such 
ystems, together with limited merger information at these high 
asses, which can lead to an overestimation of merger rates in
his regime. 
The maximum BH mass in fable is limited by the different
imulation volumes, as can be seen in Fig. 5 , and the sub-grid
odelling of galaxy–BH co-evolution. The extension procedure 
resented here effectively compensates for these resolution con- 
traints while preserving the underlying physical scaling relations 
aptured by fable . However, theoretical considerations impose 
n upper bound on luminous BH growth: beyond a certain mass,
 BH can no longer sustain a stable accretion disc. As discussed
y P. Natarajan & E. Treister ( 2009 ) and A. King ( 2016 ), this limit
an reach ∼ 2 . 7 × 1011 M� for maximally spinning, prograde gas 
ccretion on to BHs. This limit is roughly three times larger than
he most massive fable primary BH and is indicated by the
ertical dashed line in Fig. 6 . BHs may still grow beyond this limit
hrough mergers and possibly radiatively inefficient accretion, 
hough such systems would no longer be observable as luminous 
GN. We do not explicitly account for this theoretical upper limit
MNRAS 552, 1–22 (2026)
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Figure 7. Distribution of the medians of hc from 1000 realizations of the GWB from 1000 synthetic populations as a function of the simulated patch 
size in cMpc h−1 (pink violins on the left). The teal distributions on the right then show the distribution of the 1000 realizations for the population 
whose median lies closest to the median of all the populations, i.e. a representative population. The left panel shows these distributions at a frequency of 
f = 0 . 1 yr −1 , while the right panel shows the higher frequency of f = 1 yr −1 . The darker distributions correspond to the synthetic populations generated 
from the larger fable -100 box, while the lighter distributions show the results from fable -40. The horizontal solid/dotted lines show the medians of the 
distributions for the larger/smaller fable box. The median of 1000 realizations of the GWB generated from the actual simulated populations is shown 
in the solid grey horizontal line for fable -100, and the grey cross for the smaller fable -40. 
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n luminous growth in our extended populations, as the primary
oal of this method is to determine whether a (100 h−1 cMpc )3 
olume is sufficient to achieve convergence in the GWB
mplitude. 
To assess convergence in the predicted GWB amplitude

rom fable , we generate synthetic merger populations for a
ange of cosmological volumes with side lengths between 10
nd 100 h−1 cMpc . For each volume, we construct 1000 inde-
endent populations by sampling from the underlying extended
HMF described in Section 5.1 , thereby capturing cosmic vari-
nce arising from different realizations of the BH population. For
ach synthetic population, we use holodeck to generate 1000
ealizations of the GWB following the procedure described in
ection 2.2 , and compute the median characteristic strain across
hese realizations. Fig. 7 shows the distribution of these popu-
ation medians when the synthetic catalogues are informed by
he fable -40 and fable -100 simulations. These distributions
pink violins) are compared to the distribution of GWB realiza-
ions obtained for a single representative population (teal violins),
hich captures the stochastic variance associated with gener-
ting multiple GWBs from the same discrete merger catalogue
sing holodeck . 
For small simulated volumes, cosmic variance from
ampling the BHMF is large, leading to a wide spread in
he median strain across different population realizations.
n this regime, individual volumes may or may not contain
are, massive binaries that dominate the GWB, producing
ignificant variation in the predicted amplitude. At the same
ime, the number of mergers within a given population
s small, so the additional variance introduced by Poisson
ampling within holodeck remains limited. As the simulated
olume increases, the variance associated with BHMF
ampling decreases because each realization contains a more
epresentative sampling of the underlying mass distribution,
NRAS 552, 1–22 (2026)
educing the sensitivity to the presence or absence of rare
igh-mass systems. Conversely, the variance captured by
olodeck grows as the number of contributing binaries
ncreases, before approaching a plateau at large volumes. 
Within this framework, we consider convergence to be
chieved when the variance arising from different BHMF realiza-
ions becomes smaller than the variance obtained by generating
ultiple GWB realizations from a single merger population. In
ther words, once the change in the median strain between dif-
erent population realizations lies within the intrinsic stochastic
ncertainty of the GWB calculation, increasing the simulated
olume no longer significantly alters the prediction. The shape
nd width of the distributions depend on frequency, reflecting the
act that different frequency bands are sensitive to different parts
f the SMBH mass spectrum, as will be discussed in more detail
elow. This is evident from the differences between the left and
ight panels of Fig. 7 , indicating that convergence is frequency
ependent. 
For populations informed by fable -100, which provides more

obust constraints at the high-mass end, convergence is reached
t a box length of approximately 80 h−1 cMpc at the lower fre-
uency of f = (10 yr )−1 , and at around 30 h−1 cMpc at f = 1 yr −1 .
n contrast, when using the BHMF informed by fable -40, con-
ergence is not fully achieved within volumes up to 100 h−1 cMpc
t f = (10 yr )−1 , while it is reached at roughly 40 h−1 cMpc at f =
yr −1 . These differences are driven primarily by the high-mass
ehaviour of the extended BHMF (see Fig. 5 ) and by differences
n the underlying merger populations, although the qualitative
rends are consistent across both simulations. 
To isolate the impact of modelling assumptions in the semi-
nalytical framework (Appendix D ), we also generate a synthetic
erger population by starting directly from the BH population in
able -100 rather than sampling from the extended BHMF. We
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Figure 8. Fractional contribution to the characteristic strain hc as a function of chirp mass Mchirp and redshift z for the fable -100 population. This is 
shown at a frequency of f = 0 . 1 yr −1 on the left and f = 1 yr −1 on the right. Light grey squares indicate bins with one to five merger events for which 
the GWB cannot be reliably computed using holodeck . Dark grey squares indicate a resulting GWB strain equal to zero from at least six merger events, 
while white squares indicate no merger events. A hardening time-scale of 1Gyr is assumed throughout. 
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f this synthetic population differs from that measured directly in 
able -100 by � log 10 hc ( f = 0 . 1 yr −1 ) = 0 . 13 . This indicates that
he offset between the strain measured in the simulation and the
alue towards which the synthetic populations converge is pri- 
arily due to small differences introduced by the semi-analytical 
odelling, rather than the inclusion of additional rare high-mass 
inaries. For this reason, we do not compute tension with PTA 

easurements and conclude that the absence of extremely mas- 
ive systems in fable -100 is unlikely to significantly affect the
redicted GWB amplitude. 
To assess which BH masses dominate the predicted GWB, 
nd to understand why convergence in the GWB amplitude 
s frequency-dependant as highlighted in Fig. 7 , we compute 
he fractional contribution to the characteristic strain, hc , as a 
unction of chirp mass and redshift for the fable -100 merger
atalogue. Starting from the discrete SMBH merger catalogue, 
e bin mergers in Mchirp − z space and compute the median 
WB from these sub-populations at two frequencies of f = 

 . 1 yr −1 and f = 1 yr −1 . The resulting strain amplitudes are 
ormalized by the value obtained from the full merger cata- 
ogue, yielding a fractional contribution to hc . This is shown in
ig. 8 . 
At both frequencies, mergers occurring at z � 2 dominate the
ignal. However, the masses that dominate the GWB depend on 
requency. At f = 0 . 1 yr −1 , the strain is primarily sourced by bi-
aries with Mchirp ∼ 109 M�, while at f = 1 yr −1 the dominant 
ontribution shifts to Mchirp ∼ 108 M�. This shift arises because 
inaries of different masses occupy different stages of their inspi- 
al at a fixed observed frequency. Heavier binaries reach a given 
requency later in their evolution, when the inspiral proceeds 
ore rapidly. Consequently, although they generate stronger 
train, they sweep through that frequency interval quickly and 
ontribute relatively little power there. The GWB strain, there- 
ore, peaks near the upper edge of the chirp-mass distribution
efore dropping sharply, where the increasing strain with mass 
s offset by the decreasing time spent emitting at that frequency. 
This sensitivity of the GWB spectrum to different masses at 
ifferent frequencies explains the frequency dependence of the 
olume convergence shown in Fig. 7 . Smaller cosmological vol- 
mes adequately sample the masses dominating hc ( f = 1 yr −1 ) , 
hereas larger volumes are required to capture the rarer, high- 
ass binaries that dominate hc ( f = 0 . 1 yr −1 ) . 
Fig. 8 visually shows which part of the high-mass tail of the
HMF matters for robust GWB predictions at the most con- 
training frequency. The highest-chirp-mass mergers at low red- 
hift do not contribute appreciably to the background even at 
f = 0 . 1 yr −1 . To connect this directly to the BHMF, we identify
he most massive primary BH in merger events with q ≥ 0 . 1
hat contributes at this frequency, finding MBH = 1 . 1 × 1010 M�,
ndicated by the vertical teal line in Fig. 5 . Thus, while larger
olumes are needed to sample the binaries that dominate the 
ow-frequency GWB, incompleteness in the extremely rare pop- 
lation above this mass is not expected to significantly affect 
he predicted amplitude at the PTA frequencies where observa- 
ional constraints are strongest. At lower frequencies, where more 
assive binaries may become more relevant, current observa- 
ional constraints on the background amplitude are substantially 
roader (see Fig. 2 ). 
MNRAS 552, 1–22 (2026)
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Table 1. Tension values ( σ ) between different theoretical models and the NANOGrav 15-yr data, computed using both the power-law and free- 
spectrum analyses. These are calculated using the method described in Appendix B with a GWB generated from 100 000 realizations, using 1 × 106 
Monte Carlo points and running the analysis 50 times. Tension values are quoted to one decimal place. When the associated 1 σ uncertainty from these 
50 runs lies at or below the second decimal place (i.e. smaller than 0.05), only the median value is reported. 

fable 
Long hardening 
time (5 Gyr) 

fable + macrophysical 
delays ( SB25 ) 

Boosted masses 
( zt = 1 , fb = 5 ) 

Equal mass ratio 
(for q > 0 . 01 ) 

Power law at f = 1yr −1 2.2 2.5 2.5 2.0 1.9 
Free spectrum (Bins: 2) 1.6 2.5 2 . 1 ± 0 . 1 1.2 0.6 
Free spectrum (Bins: 2, 3) 1.7 2.5 2.4 1.2 0.5 
Free spectrum (Bins: 2, 3, 4) 1.1 2 . 2 ± 0 . 1 2 . 1 ± 0 . 1 0.7 0.2 
Free spectrum (Bins: 2, 3, 4, 5) 0.8 1 . 9 ± 0 . 1 1 . 7 ± 0 . 1 0.3 0 
Free spectrum (Bins: 2, 3, 4, 5, 1) 0.5 1 . 5 ± 0 . 1 1 . 2 ± 0 . 1 0.2 0 
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 REVISITING  TENSIONS  

n Section 3 , we discussed the caveats of directly comparing
TA data with theoretical predictions and introduced a statistical
ramework for quantifying the level of agreement between our
odels and the current best observational constraints. Here, we
evisit the tension between the fable model and the NANOGrav
5-yr data set, extending this comparison to include the more op-
imistic models introduced in Sections 4 . We note that, as demon-
trated in Section 5 , the predicted GWB strain is fully converged
ith respect to simulation volume for fable -100, ensuring that
imited-volume effects do not impact the inferred tension values
resented below. 
Table 1 summarizes the resulting tension values for five theo-

etical models: the fiducial fable model with a 1 Gyr hardening
elay; a more conservative version with a 5 Gyr delay; fable
ncluding macrophysical delays ( SB25 ); a boosted-mass model for
ajor mergers with zt = 1 and fb = 5 ; and a model with equal
ass ratios for binaries with original q > 0 . 01 . All but the 5 Gyr
elay case assume a 1 Gyr hardening time-scale. For each model,
e report the tension derived from a fixed-slope power-law spec-
rum ( α = 2 / 3 ) at the ‘reference’ frequency of 1 yr −1 which, as
autioned in Section 3 , can overstate discrepancies. We also show
esults from various combinations of free-spectrum frequency
ins, which provide a more robust assessment of model–data
onsistency (see Appendix B for a detailed description of the
ethod). Fig. 1 provides a visual representation of the tension
alues in this table. 
The power-law tensions serve roughly as an upper bound on

he disagreement between data and theory, since the method
nforces a specific spectral shape that may not reflect the true
orm of the signal. Consequently, relying solely on the power-
aw analysis could lead to misleading conclusions about the level
f tension. In contrast, the free-spectrum results reveal a more
uanced picture: the largest tensions occur when only the second
nd third frequency bins, i.e. those with the strongest constrain-
ng power, are included (see Fig. 2 ). Adding higher-frequency bins
enerally reduces the tension, indicating improved agreement
etween the model predictions and the data at those frequencies.
Although Table 1 presents results for the optimistic 1 Gyr hard-
ning time-scale, Fig. 4 illustrates how increasing the hardening
ime systematically raises the tension values. Nevertheless, even
or longer time-scales, the models remain broadly consistent with
he NANOGrav 15-yr results as discussed in Section 4.3 . 
Overall, these results demonstrate that physically motivated
MBHB population models can reproduce the amplitude and
pectral shape of the observed GWB within current uncertainties.
hile certain astrophysical scenarios (e.g. extended hardening
NRAS 552, 1–22 (2026)
imes) can increase the apparent tension, none of the models
onsidered here are decisively ruled out by present PTA data,
nderscoring the consistency between theoretical expectations
nd the nanohertz GWB. We note, however, that the relatively
igh abundance of massive BHs predicted by fable compared
o that inferred from EM observations, in agreement with many
ther cosmological galaxy formation simulations (M. Habouzit
t al. 2021 ), likely contributes to the generally low tension values
ound in this work. 

 DISCUSSION  AND  CONCLUSIONS  

n this work, we used the population of merging SMBHBs from
he fable cosmological simulation to predict the GWB detected
y PTAs, employing the holodeck code to generate population-
ased strain spectra. Motivated by previous theoretical studies
hat somewhat underpredict the GWB amplitude with respect to
hat detected, we developed a quantitative method to measure the
ension between predictions and PTA observations. 
Applying this framework to the NANOGrav 15-yr data set, we
nd that the fiducial fable model slightly underpredicts the
bserved characteristic strain, though the discrepancy remains
elow 2 . 5 σ for total binary hardening time-scales shorter than∼5
yr. The hardening time-scale itself remains one of the dominant
ncertainties, as it depends sensitively on the stellar and gaseous
nvironments of merging SMBHs. Rather than attempting to con-
train it directly, we explore how physically plausible variations
n the SMBHB population, such as enhanced SMBH growth at
igh redshift or preferential accretion on to secondary BHs, can
ffset the impact of longer, more conservative hardening time-
cales. These adjustments, all broadly consistent with current
M constraints and theoretical expectations, boost the predicted
WB amplitude and bring the fable model into close agreement
ith present PTA observations. 
We find that the inferred level of tension depends on the
ata analysis techniques used to generate results from PTA ob-
ervations. Since realistic SMBHB populations deviate from a
c ( f ) ∝ f−2 / 3 power law, especially at high frequencies, tension
stimates based on fixed-slope power-law fits can be misleading.
omparisons using the free-spectrum analysis, in which each
requency bin is treated independently, provide a more robust,
odel-agnostic measure of consistency. Note that although we do
ot explicitly calculate tension values using a power-law model
ith a free slope, this would yield tension values intermediate
etween the two approaches, reinforcing our conclusion that
he Fable predictions are statistically consistent with current
bservations. 
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We also assess the impact of finite cosmological volume 
n the predicted GWB using merger populations from the 
40 cMpc h−1 )3 and (100 cMpc h−1 )3 fable boxes, as well as syn- 
hetic populations informed by the MXXL HMF to quantify 
ealization-to-realization variance in these volumes. We find that 
he effect of limited volume on the GWB amplitude is frequency- 
ependent. At high frequencies, even the smaller fable box ade- 
uately captures the GWB signal. However, at lower frequencies, 
he smaller box underestimates the amplitude due to the absence 
f the most massive binaries which can make particularly large 
ontributions to the GWB (J. Raidal et al. 2026 ). In contrast, the
arger fable box provides sufficient volume to statistically cap- 
ure the amplitude at the most constraining frequency bin of PTA 

xperiments ( f = 0 . 1 yr −1 ), demonstrating convergence with re-
pect to this observable. Furthermore, current PTA limits on 
ndividual sources disfavour the presence of extremely massive 
earby binaries, reinforcing the conclusion that SMBHs within 
he mass range predicted by the simulations are the dominant 
ontributors to the GWB. 
We emphasize that the relatively low tension values found 

hroughout this work reflect the effect of two important is- 
ues. Methodologically, free-spectrum analyses provide a more 
obust comparison to realistic SMBHB populations and generally 
ield lower tension values than power-law analyses. Astrophys- 
cally, fable predicts a relatively abundant population of high- 
ass BHs compared to EM-derived BHMFs. Because the GWB 

mplitude is dominated by the most massive binaries, this in- 
reases the predicted signal and contributes to the low tension 
alues reported here. 
In summary: 

(i) Quantifying tensions should be made with careful 
onsiderations. The GWB signal from a realistic population 
f SMBHBs is expected to deviate from a fixed power law, so
omparisons using a power-law model can overestimate tensions 
ith observations. Free-spectrum analyses provide a more robust 
asis for comparison, and we find that the tension inferred from
he power-law analysis represents an upper bound relative to the 
ree-spectrum results. Overall, the fable predictions show no 
ignificant tension with the NANOGrav 15-yr data. 
(ii) fable predicts a relatively high abundance of mas- 
ive BHs. The fable BHMF is in better agreement with BHMFs
nformed by the amplitude of the GWB, and is consistent with
ther state -of-the -art cosmological simulations. This contributes 
o lower tension values when compared to previous estimates 
ade purely based on EM observations. 
(iii) Astrophysical variations can reconcile models with 

ata. Modest and observationally consistent changes, such as en- 
anced secondary accretion or moderate boosts to SMBH masses 
t high redshift, could help amplify the predicted GWB ampli- 
ude, further decreasing the tension between observations and 
heory. 
(iv) Limited cosmological volumes might impact the pre- 
icted GWB amplitude. However, we find that a simulated box 
ith a side length of 100 cMpc h−1 is sufficient to capture the 
ajority of SMBHs that dominate the GWB signal at the best-
onstrained frequencies. 

In the coming years, PTA data sets will continue to expand 
n both sensitivity and frequency coverage, complemented by 
ncreasingly detailed EM observations of the SMBH population. 
t the same time, theoretical models and cosmological simula- 
ions are becoming more sophisticated, but still carry significant 
strophysical uncertainties. Recognizing these uncertainties and 
nsuring that observational inferences are compared to theoreti- 
al predictions in a consistent and physically motivated way will 
e essential for building a coherent and comprehensive picture of 
MBH evolution across cosmic time. 
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Figure A1. The posterior for the characteristic strain in the second low- 
est frequency bin of the free-spectrum analysis of the NANOGrav 15-yr 
data set. The teal solid line shows the results when assuming HD correla- 
tions only, the dashed teal line also fits for MP and DP (HD-w/MP + DP), 
while the dotted line also accounts for CURN (HD-w/MP + DP + CURN). 
The grey solid line fits for the HD correlation while also considering the 
dispersion measure (HD-DMGP). 
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PPENDIX  A:  FREE  SPECTRUM  ANALYSIS  

OMPARISON  

s discussed in Section 3 , several assumptions can be made when
eriving posteriors in a free-spectrum analysis. In this work, we 
dopt the HD-correlated free spectrum, which represents the 
implest model of a common red-noise process consistent with 
ellings–Downs (HD) correlations. However, alternative analy- 
es can include additional spatially correlated components such 
s the monopole (MP), dipole (DP), or common uncorrelated 
ed noise (CURN) terms. These components typically reduce 
he inferred HD-correlated amplitude, since part of the low- 
requency power may be absorbed by processes unrelated to the 
WB. Another important consideration is variability in the ion- 
zed interstellar medium, represented by the dispersion measure 
DM), which can introduce frequency-dependent timing noise 
G. Agazie et al. 2023b ). Fig. A1 compares posteriors for the char-
cteristic strain in the second-lowest frequency bin under these 
ifferent model assumptions from the NANOGrav 15-yr data set. 
roader comparisons across all frequency bins can be found in 
g. 1 of G. Agazie et al. ( 2023b ). 
Using the difference vector method described in Appendix B , 
e quantify the tension between the HD-only posterior and the 
hree alternative noise models in this frequency bin. We find a
ension of 0 . 3 σ between the HD and HD-DMGP posteriors, and
 . 5 σ (in the opposite direction) between the HD and HD-w/MP
 DP posteriors. This indicates that, depending on the chosen 
oise model, the inferred tension with theoretical predictions in 
his frequency bin could increase by roughly 0 . 3 σ or decrease by
bout 0 . 5 σ in cases where the signal is underpredicted. Conse-
uently, tension values presented in Section 6 should be inter- 
reted with this caveat in mind. 

PPENDIX  B:  BUILDING  A  TENSION  

ALCULATOR  

here exist several methods to quantify the tension between theo- 
etical predictions of the GWB and the latest PTA measurements. 
s discussed in Section 3 , in this work, we adopt the difference
ector method introduced by R. A. Battye, T. Charnock & A. Moss
 2015 ). A detailed description of this method and its implemen-
ation is provided below. 
Given two probability distributions, P1 (θ1 ) and P2 (θ2 ) , where θ1 
nd θ2 represent the parameters of each distribution, one can con- 
truct a new distribution for the parameter δθ = θ1 − θ2 through 
he the following integral of the original distributions 

 (δθ) =
∫ 
dθ′ P1 (θ′ ) P2 (θ′ − δθ) . (B1) 

n practice, P (δθ) can be obtained by independently sampling 
rom P1 (θ1 ) and P2 (θ2 ) , and constructing the distribution of the
ifferences between the sampled points. 
MNRAS 552, 1–22 (2026)
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M

Figure B1. Left: 2D distribution of the strain at the second and third lowest frequency bins, hc ( f2 ) and hc ( f3 ) , respectively. The distribution in teal 
corresponds to the free-spectrum analysis posteriors of the NANOGrav 15-yr data set in these frequency bins, while the pink distribution is generated 
from 1000 different realizations of the GWB generated from the discrete fable population using holodeck . Right: Distribution of the difference vector 
δθ. These distributions correspond to a tension value of 1 . 6 σ . 

Figure B2. Tension values computed using the method described in 
Appendix B , for GWBs generated from the fable simulation (teal points) 
and following the approach in SB25 with added macrophysical delays 
(purple points). These correspond to the GWBs shown in the same colours 
in the top left panel of Fig. 2 . The x -axis labels indicate which frequency 
bins are included in the tension calculation, with 2 denoting the second- 
lowest frequency bin in the free-spectrum analysis, and so on. The GWB 
distribution is built using 100 000 realizations, and tension values are 
calculated using 106 Monte Carlo points and with 50 iterations. Solid dots 
show the median tension, and error bars represent the 68 per cent credible 
interval. These correspond to the values given in Table 1 . 

 

a  

c  

q  

b  

a  

i  

q  

i  

t  (
 

s  

d  

b
 

b
o

 

v  

a  

t  

a

σ

w
t  

F
 

p
F  

a  

e  

s  

t  

D
ow

nloaded from
 academ

ic.oup.com
/m

nras/article/552/3/stag1749/8796208 by U
niversity of H

ertfordshire user on 07 O
ctober 2026
Because the frequency bins in the NANOGrav free-spectrum
nalysis are uncorrelated, an n -dimensional distribution, P1 (θ1 )
an be constructed by sampling independently from each fre-
uency bin. Similarly, a second n -dimensional distribution can
NRAS 552, 1–22 (2026)
e obtained from the simulated GWB, P2 (θ2 ) , using fable
nd holodeck as described in Section 2.2 . Fig. B1 visual-
zes these distributions using the second and third lowest fre-
uency bins from the NANOGrav data (see also the violin plot
n Fig. 2 ). The left-hand panel shows the original distribu-
ions P1 (θ1 ) and P2 (θ2 ) , where θ1 =

(
hdata c ( f2 ) , hdata c ( f3 )

)
and θ2 =

htheory c ( f2 ) , htheory c ( f3 )
)
. The right-hand panel shows the corre-

ponding distribution P (δθ) from equation ( B1 ). If the two input
istributions were identical, P (δθ) would peak at (0,0), indicated
y the grey lines in Fig. B1 . 
The tension between the two distributions is then evaluated
y calculating the p -value at the origin, i.e. the probability of 
bserving a difference vector more extreme than 0 under P (δθ) , 

p =
∫ 

{δθ| P (δθ) <P (0 ) } 
d(δθ) P (δθ) . (B2) 

In higher dimensions, the p -value is most efficiently estimated
ia Monte Carlo (MC) sampling: by drawing samples from P (δθ)
nd counting the fraction that have lower probability density
han P (0 ) . This p -value is converted to a z- score (or sigma value)
ssuming an equivalent one-dimensional Gaussian, 

= 
−1 
(
1 − p 

2 

)
, (B3) 

here 
−1 is the inverse cumulative distribution function of 
he standard normal distribution. For the distributions shown in
ig. B1 , this method yields a tension of 1 . 6 σ . 
As evident from the comparison between the free-spectrum
osteriors and the fable predictions in the top left panel of 
ig. 2 , the resulting tension depends on which frequency bins
re included in the analysis. To explore this, we apply the differ-
nce vector method to an increasing number of frequency bins,
tarting from the second lowest, then successively adding the
hird, fourth, fifth, and finally the first bin. The evolution of the
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esulting sigma values for both the unmodified fable simula- 
ion, and with the post-processing method introduced in SB25 is 
hown in Fig. B2 . For robustness, to calculate these tensions, we
enerate 100 000 independent realizations of the GWB to get a 
ore representative statistical distribution from our various mod- 
ls. We then repeat the above procedure 50 times with a million
C points and plot the median and 1 σ confidence intervals of 
he resulting tensions. The highest tension occurs when only the 
econd and third frequency bins are included; the significance 
ecreases as less constraining bins are added, since these broaden 
he agreement between data and predictions. Consequently, the 
ost conservative yet representative measure of the current data–
odel tension is obtained from the free-spectrum posteriors in 
he second and thirrd lowest frequency bins, which we adopt as
ur fiducial calculation. 

PPENDIX  C:  IMPACT  OF  MASS  BOOSTING  ON  

HE  BHMF  

n Section 4.1 , we apply a boost to the masses of BHs in early
ergers to explore how enhanced SMBH growth might influence 
he predicted GWB. To avoid excessively altering the underlying 
HMF, we restrict the boost to major mergers with mass ratio
 ≥ 0 . 3 . Fig. C1 illustrates the motivation for this choice. 
In this figure, the solid lines show the BHMF in the fable
imulation at z = 2 (pink) and at z = 1 (teal), representing the
rowth of the BH population over this redshift interval. We then
stimate the fraction of BHs involved in mergers between z = 2
nd z = 1 as a function of mass, boost the corresponding subset of 
Hs in the z = 2 population by a factor of fb = 5 , and reconstruct
he resulting BHMF. The dotted line in Fig. C1 shows the BHMF
btained when boosting all mergers regardless of q , while the
ashed line shows the result when only major mergers ( q > 0 . 3 )
re boosted. Comparing these to the original growth in the sim-
igure C1. The BHMF at z = 1 and z = 2 directly from the fable simu- 
ation (teal and pink solid lines, respectively), showing the evolution of 
he BHMF in the simulation in this redshift interval. The dotted pink 
ine shows the BHMF at z = 2 , modified by boosting the masses of BHs 
nvolved in any merger during this redshift interval. The dashed pink line 
hows the same result but considers only boosting BH masses for BHs 
nvolved in a merger with q ≥ 0 . 3 . 
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lation (solid lines), we see that boosting all mergers overshoots 
he growth that happens in the simulation, whereas restricting 
he boost to major mergers results in a more conservative mod-
fication to the BHMF. It is worth emphasizing here that this is
 conservative estimate of the BHMF modification caused by the 
oosted high redshift BH masses: due to the self-regulated nature 
f BH feedback, these BHs with boosted masses would experience
ess subsequent growth at low redshifts, resulting in the local 
HMF which does not depart much from FABLE predictions. 
Together with the results discussed in Section 4.1 , this shows

hat boosting a fraction of BHs at high redshift, which undergo
ajor mergers, can enhance the contribution of these binaries to 
he GWB, increasing its amplitude without introducing growth 
hat overshoots the evolution seen in the simulation itself. We 
lso apply this procedure for a larger boosting factor, fb = 10 ,
nd find that even when the boost is restricted to major mergers,
he resulting BHMF evolution exceeds that seen in the fable 
imulation. This justifies our choice of fb = 5 as our fiducial value
s discussed in Section 4.1 . 

PPENDIX  D:  SEMI-ANALYTIC  MODEL  FOR  

UILDING  SYNTHETIC  MERGER  CATALOGUES  

s discussed in Section 5 , the fable cosmological boxes might
ot be sufficiently large to capture BHs at the high-mass end of 
he BHMF, which might have a significant impact on the GWB.
n this appendix, we will describe the method used to extend the
HMF to higher masses informed by the HMF from the MXXL
imulation, and how we then generate synthetic populations of 
MBH mergers from these extended BHMFs. 
The MXXL simulation is a very large high-resolution N -body 
osmological simulation that follows the non-linear growth of 
M structures within a box size with side length of 4.11 cGpc
or 3 h−1 cGpc with h = 0 . 73 ) (R. E. Angulo et al. 2012 ). At z =
 , MXXL contains more than 700 million haloes with a mass
arger than 1 . 7 × 1011 M�, making it incredibly useful for large-
cale statistics. Since this large-volume simulation does not self- 
onsistently model a population of SMBHs, we use the fable 
imulation to synthetically produce a population of SMBH merg- 
rs from the MXXL HMF. 
By combining the results from the MXXL simulation with the 
maller, higher resolution Millennium Simulation (V. Springel 
t al. 2005a ) and the Millennium-II Simulation (M. Boylan- 
olchin et al. 2009 ), the HMF is analytically described by 

d n 
d M 

= ρ0 
d ln σ−1 

d M 

f (σ (M)) , (D1) 

here ρ0 is the mean mass density of the Universe and σ (M)
s the variance of the linear density field within a top-hat filter
ontaining total mass M (R. E. Angulo et al. 2012 ). The fitting
unction for subhaloes, i.e. structures identified using the sub- 
ind algorithm, is given by 

f (σ (M)) = 0 . 265 ×
[
1 . 675 
σ (M) 

+ 1
]1 . 9 

exp 
[ −1 . 4 

σ 2 (M) 

]
. (D2) 

ote that σ (M) is a function of z, which introduces a redshift
ependence to the HMF. 
Our aim is to use the analytical fit of the MXXL HMF,
hich extends to higher masses than those directly sampled by 
he fable simulations, to extend the fable BHMF. We apply 
he method described below independently to both simulation 
olumes, fable -40 and fable -100, thereby constructing two 
MNRAS 552, 1–22 (2026)
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ersions of the extended BHMF that reflect the different statistics
nd mass ranges probed by each box. 
For each simulation, we first calibrate the MXXL HMF to the
orresponding fable HMF to account for differences in the un-
erlying cosmology. This is achieved by multiplying equation
 D1 ) by the mean ratio between the analytical fit and the fable
MF over the mass interval where the two overlap and where
able has sufficient statistics to robustly capture the underlying
MF. 
We then use fable to obtain a relation between BH mass and

he total dark matter mass of the host subhalo. At a particular
edshift, we fit the relation between host halo mass MDM 

and
H mass MBH with a broken power-law model, allowing us to
apture the change in behaviour of the relation and, in particular,
he shallower slope at the high-mass end. Only systems with
BH ≥ 107 M� are included to minimize numerical effects associ-
ted with the seeding prescription. The fit yields the parameters
escribing the low- and high-mass slopes and normalization of 
he mean relation. 
Finally, we use the calibrated BH–halo mass relation to trans-

orm the analytical HMF (equation D1 ) into an extended BHMF,
hereby capturing the contribution of higher-mass systems not
irectly resolved in fable . The resulting extended BHMFs, to-
ether with those measured directly in fable -40 and fable -100,
t redshift zero are shown in Fig. 5 . 
To construct synthetic BH merger catalogues from the ex-

ended BHMF, we first bin all fable merger events into redshift
ntervals. These bins are adaptive and are chosen to balance the
umber of merger events they contain with the availability of 
napshot data, which differs between the two simulation vol-
mes. A synthetic population is then generated through the fol-
owing procedure: 

(i) Sampling the BH population. For each redshift interval,
e sample a population of BHs from the extended BHMF repre-
enting the BH population present at the beginning of the interval
or the specified synthetic volume. This sampled population con-
titutes one realization of the BH population expected within that
olume, given the underlying BHMF. 
(ii) Estimating the merger incidence. In bins of primary
H mass, we compute the ratio between the number of mergers
ccurring within the redshift interval and the number of BHs
resent at its start in the fable simulation. This provides an
stimate of the expected number of mergers per BH as a function
f primary mass. We fit a power law to these measurements and
se it to extrapolate the merger incidence to higher masses that
re not directly sampled in the simulations. We find that the
xpected number of mergers per BH increases with primary mass.
NRAS 552, 1–22 (2026)

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
( https://creativecommons.org/licenses/by/4.0/ ), which permits unrestricted reuse, dis
his trend reflects the hierarchical growth of structure, whereby
ore massive BHs reside in more massive haloes that experience
igher merger rates and host richer satellite populations, leading
o an enhanced probability of merger events. 
(iii) Modelling the mass ratio distribution. Using the
ame primary mass bins, we characterize the distribution of 
ass ratios as a function of primary mass. In bins with suffi-
ient merger statistics, we construct kernel density estimations
KDEs) of the mass ratio distribution. We also fit the mean
rend with primary mass and extrapolate it beyond the sam-
led range to describe mergers involving more massive sys-
ems. We find that the mean mass ratio decreases with in-
reasing primary mass, indicating that more massive black
oles preferentially grow through mergers with lower-mass
ompanions. 
(iv) Modelling the redshift distribution. We construct a
DE describing the distribution of merger redshifts within each
edshift interval. 
(v) Sampling the number of mergers. For each BH sampled

rom the BHMF, we compute the expected number of mergers
rom the fitted merger incidence relation and draw the realized
umber of mergers from a Poisson distribution with this mean. 
(vi) Building merger histories. For each BH, we construct

 merger history by sequentially sampling merger events. Mass
atios are drawn from the KDEs when the BH mass lies within
he range constrained by the simulations; otherwise, they are
rawn from a log-normal distribution whose mean follows the
xtrapolated trend and whose variance is set by the average vari-
nce measured in the well-sampled bins. After each merger, the
rimary BH mass is updated accordingly. 
(vii) Assigning initial separations. We assign an initial bi-
ary separation by sampling from KDEs constructed from the
imulation data, using the highest-mass bin when the system lies
utside the sampled range. 

This procedure can be applied to any synthetic simulation vol-
me by sampling the BH population directly from the BHMF at
he corresponding volume, keeping in mind that merger proper-
ies of BHs at the high mass end of the BHMF are extrapolated
rom the lower-mass population in fable . Populations generated
n this way represent different realizations of the underlying BH
istribution and therefore allow us to probe the impact of cosmic
ariance, under the assumption that the merger statistics are un-
hanged. Results from this method are discussed in Section 5 . 
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