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ordered single cluster condition, and provide its physical interpretation. This condition
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which allows for a similar bootstrap approach.
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1 Introduction

Cosmological correlation functions are central observables in modern cosmology, as they
encode the physics of the early universe. Traditional techniques for computing them quickly
become intractable. Recent developments have emerged by transferring mathematical methods
from scattering amplitudes in maximally supersymmetric Yang-Mills theory (SYM) to the
calculation of cosmological correlators in power-law Friedmann-Robertson-Walker (FRW)
cosmologies. In particular, progress has been made by considering the wavefunction coefficients,
which are the building blocks of the wavefunction of the universe. These coefficients have been
related to positive geometries, such as the cosmological polytope [1-3] and the cosmohedron [4—
6]; moreover, differential equations for these coefficients, derived using various methods, have
been proposed [7-19]. Another powerful mathematical structure which appears for scattering
amplitudes in SYM [20] is that of cluster algebras [21, 22]. Their emergence plays a central
role as they inform not only which singularities can appear, but also how these interplay.
The cluster algebraic structure of cosmological correlators has remained hidden until very
recently. In [23, 24] it was shown that the singularities of the wavefunction associated with
an n-site chain graph P, are related to coordinates of the cluster algebra As,_s. However, for
scattering amplitudes this is not the full story. Amplitudes exhibit cluster adjacency [25], the
statement that cluster variables can appear consecutively in the symbol for loop amplitudes
only if there exists a cluster where they both appear, while for amplitudes at tree level it
controls which poles can appear in individual BCFW terms. Until now, it was unclear whether
cluster adjacency would also be present in the cosmological setting. In this paper we not only
fill this gap but also show that cosmological correlators satisfy a stronger property, namely
a generalisation of cluster adjacency, which we call the ordered single cluster condition: all
letters appearing in a given symbol word must correspond to mutually compatible tubes,
and their ordering reflects the inclusion relations among these tubes. This condition comes
from the discontinuity structure of cosmological wavefunctions. We show how powerful this



condition is by bootstrapping the symbol of P,<4 and the star graph S4, where the cluster
constraints drastically reduce the space of allowed symbols.

This paper is organized as follows. In section 2 we will review all the notions needed for
the derivations of differential equations and symbols for cosmological wavefunction coefficients.
In section 3, we comment on the properties of the symbol alphabet for a given graph, and
recall the definition of extended graphs. We highlight there the fact that each word in
the symbol contains compatible tubes on the extended graph. In section 4 we state the
relation between tubes on chain graphs and edges and diagonals of an n-gon, showing that
the compatibility on both sides matches. We conclude that each word of the symbol contains
variables from a single cluster of As,_3 and provide an explicit embedding of alphabet letters
into Gr(2,2n). In section 5 we present a stronger version of cluster adjacency property. We
explain that this cluster-like structure is also present for all graphs. Finally, in section 6
we show how the symbol of wavefunction coefficients for tree graphs can be completely
fixed using the integrability condition, the ordered single cluster condition and a limited
number of basic physical constraints.

Note added. While finishing this draft, the paper [26] appeared with similar results.

2 Review on differential equations and symbols

In this paper we focus on the wavefunction coefficients in FRW cosmologies. Each such
coefficient is associated to a graph G. To write explicit expressions, for a given graph G,
we associate a variable X, to each vertex v € Vg, and a variable Y, to each edge e € Eg.
Then the FRW wavefunction coefficient for a graph G can be obtained by performing the
twisted integral:

bW (X, Y,) = / h (H d, x) Pt (X, + x,, Ye), (2.1)
0 v

where the parameters o, are related to the cosmological parameter € and the type of interaction
we consider (see [11] for more details). The flat-space functions 1% (X, + z,, Y;) are rational
functions of the kinematic variables associated with vertices and edges. In this paper, we
focus our attention on de Sitter wavefunctions and ¢ interactions, in which case all o, = 0,
and the integrals reduce to

Y& (X,,Y.) / devwﬂm Xy +1,,Y0). (2.2)

As advocated in [19], there exists a natural decomposition of the wavefunction wG using
functions labelled by tubings on the graph G. We recall here the definition of graph tubes and
tubings following [5]. Given a graph G, a tube T is the connected subgraph induced by a subset
of its vertices Viz. The graph G itself is also a tube which is called the root. A u-tubing 7 on
G is a collection of compatible tubes {T}}i=1,... p, where two tubes T; and T} are compatible
if either one is included in another (i.e. T; C T; or T; C T;), or they are not adjacent (i.e.
the vertex set of T; U Tj does not induce a connected subgraph of G). A maximal set of
compatible tubes is called a mazimal u-tubing. UH* is the set of all maximal u-tubings of G.



To each tube T on G, we can associate the linear function

HT(X’lM}/E) = Z (Xv + Z n) ) (23)

veVr e=[v,v’'|€G\T

where the second sum runs over the edges incident to v in G \ T, and self loops are counted
twice. Moreover, for a given tubing 7, we define a logarithmic form

pr (X, Ye) = N\ dlog Hr(X,, Ye), (2.4)
TeT

where d is defined to act only on the vertex variables X,, and the order in the wedge
product is fixed by an ordering of vertices of G and a map ¢, that associates to v € Vg
the smallest (by inclusion) tube T, € 7 that contains v. Then, to each tubing we associate
a function F, defined as

Fr(X0,Yo) = [ prlon + X0 Y0) (2.5)

where . is now a form in the integration variables {z,}, and the domain of integration
is {zy : 0 < x, < oo}

Using the functions F, the wavefunction coefficient deS can be decomposed as the sum
over subgraphs of G obtained from it by cutting all possible subsets of its edges:

UE(X,,Ye) =D (-1)e N Fr, (2.6)

e TeUZ

where Ge = G[Eg \ e]. For example, the wavefunction decomposition for the 2-site chain
graph reads

Y = Fe T fo—e (2.7)

Using a variety of methods [9, 19], it is possible to derive differential equations for the
functions F, by acting with the kinematic differential dy;, = > %dXv + aiyedYe. The
general form of these equations is

dkinFr = Z leg fTT’FT’ ) (28)

T

where the sum is over all possible u-tubings, not necessarily maximal, on Ge for all subsets
of edges e C Eg. The functions f,, have been identified in [23] as the region variables of
the graph G. We will not provide an explicit definition of regions in this paper, and we
refer the interested reader to [19] instead.

For example, for the 2-site chain graph, the set of all u-tubings, and therefore func-
tions F, is

F= {F®»F@7F®—©,F®—-, F—eg, F@’ F__.} (2.9)
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Figure 1. Extended 2-site chain graph.

where the last tubing is the empty tubing, and we set F,__, = 1. In this example, the
differential equations that we get are

X14Y;
Fe= 00 0 dlog(Xy—Yi.5) 0 dog% 0 '
F@ 000 0 dlog(X1—Y12) leg(Xi—iYiii) 0 F@
Fo—o 000 dlog(X2+Yi2) dlog(X;+Y72) 0 0 fo—e
diin | Fe—’ | =000 0 0 0 dlog(X1+Y12) | | fo—
F o 000 0 0 0 dlog(Xo+Y12) | | F—o
F— 000 0 0 0 dog(X1+X2) | | Feey
P 000 0 0 0 0 F__,
(2.10)

Knowing the explicit form of the differential equations, we immediately get a relation
between symbols of the functions

S(F’T) :ZS(FT’)@)fTT" (2'11)

Importantly, since the resulting matrix of coeflicients in the differential equations for the dS
wavefunctions is strictly upper triangular, one can find the symbol for any F, by multiplying
the matrix |7| times. This implies that the symbol of any function F; has length |7|.

Combining the last observation with formula (2.6), one can easily derive the symbol
of the dS wavefunction wgs.

3 Symbol alphabet

In the previous section we have reviewed a method to find the symbol of the de Sitter
wavefunction coefficient ngs. We observed that the entries of the symbol are region variables
associated to regions on the graph G. Importantly, not all region variables are present in the
final entries of the symbol, and only those corresponding to connected regions appear. This
has already been observed in earlier works on the kinematic flow [10-12], and the authors of
these papers introduced the notion of extended graph, which we now recall. The extended
graph G of the original graph G can be obtained by adding a vertex in the middle of each
edge of the graph G. We will indicate these new vertices with X to distinguish them from
the vertices of the graph G that we denote with e. For example, the extended graph of
the 2-site chain graph is a 3-site chain graph depicted in figure 1. In general, the extended
graph of graph G will have m = |Vg| + |Eg| vertices.

We now consider the tubes and tubings on the extended graph G since these tubes
naturally encode all letters appearing in the symbol alphabet of cosmological wavefunctions.
More explicitly, to each tube T on é, we associate a function

Hz=>"H;, (3.1)
ieT



where for tubes containing just one vertex H,=H (i} we associate

{H. = X. + Zxconnected to e YX (3 2)

ﬁx - _2Y><

With this definition, the root tube function H 5= Yoty H; represents the total energy. In
particular, every tube T on G has a corresponding tube 71" on G such that H ~= Hrp.

As a simple example, on the extended graph in figure 1 of the 2-site chaln graph, we
can define 6 tubes, associated with 6 variables

@O0 =X 1Y, & —K>—*=—2V,, —————®) =X, 1Y),

NN, D N Via G Nt

(3.3)
Then the symbol for the wavefunction coefficient for the 2-site chain graph reads [27]

X1+Y12 X2_Y1,2+X2+Y1,2 X1—Y12
X1+Xo  Xo+Yio Xi+Xo  Xi+Yip

e =
0 ——— &———

(3.4)

SWE )=

where we notice that the variable —2Y7 o never appears in the result.

As for the original graph G, we can also study compatibility of tubes on the extended
graph G. The notion of compatibility that we will use in this case slightly differs from the
one we introduced in section 2. We say that two tubes T; and TJ on G are compatible! if
cither one is included in another (i.e. T; C T or Tj C T;), or they are disjoint (7; N Tj = 0).
Using this notion of compatibility, we state below the most important result of this paper:

The letters in each word in the symbol of wés correspond to a set of compatible tubes on G.

This result is a significant generalisation of the usual statements in the literature on the
symbol, which refer only to two neighbouring letters in symbol words. We have explicitly
checked our generalised statement for symbols of various graphs, and we will provide the
physical origin of this statement in section 5.

To support the above result, notice that for the 2-site chain graph, there is only one
pair of non-compatible tubes, namely

{@_”_@} . (3.5)

The corresponding letters X; — Y7 2 and Xy — Yj 2 indeed never appear in the same word
in the symbol S(x35 ) in (3.4).

'For interested readers, this notion of compatibility was introduced in [5] for the so-called b-tubes.



4 Relation to type-A cluster variables

In this section we will focus our attention on chain graphs, for which we previously established
a relation between the symbol alphabet and cluster algebras of type A. We will provide a
modified version of our previous efforts, and show how one can associate a cluster algebra
Aoy, 3 with coefficients to a chain graph P, with n vertices. This differs from the results that
we presented in [23], see also [24, 26], where the associated algebra was Agy,_o.

For a chain graph G = P, with n vertices, the extended graph G = ]Sn 2 Py, is
isomorphic to a chain graph with 2n —1 vertices. To simplify our combinatorial considerations,
we will label this extended graph as

®- o
A 4 ®

2 3 4 2n —4 2n —3 2n — 2 2n —1

1

In this case, any tube on the extended graph can be labelled as T[i,j] ={i,i+1,...,5—1,7},
and it is just an interval on the line. There is a natural bijection between all tubes on the
extended graph P»,_; and edges and chords in a (2n)-gon, which we label d;;, given by

T[i,j} = di7j+1 . (4.1)

This bijection has the property that compatibility of tubes on Ps,_1 is equivalent to a
non-crossing condition of the corresponding edges and chords. Therefore any collection of
compatible tubes on Ps,_1 corresponds to a collection of non-intersecting chords, a partial
triangulation of the 2n-gon. Moreover, there is a natural relation between chords in an m-gon
and the cluster algebra A,,_3, which we can use to map the symbol alphabet for w?gi to
the cluster structure of the cluster algebra As, 3.

To illustrate it, let us take the simplest example of the 2-site chain graph P». As we
have already mentioned, there are 6 tubes on the extended graph P, >~ P3, and they can be
mapped to the 4 edges and 2 diagonals of a quadrilateral. Moreover, it is easy to check that
the corresponding 6 tube variables satisfy the following quadratic relation

(X1 —Y12)(Xo —Yi2) = (X1 +Yi2)(Xo+ Yi2) + (—2Y12) (X1 + X2), (4.2)

which is precisely the exchange relation of the A; cluster algebra where X; —Y; 2 and Xo—Y7 o
are the two mutable cluster variables of Aj, and the remaining 4 variables, associated with
the singleton tubes and the root, are the 4 frozen cluster variables. The exchange relation
can be illustrated on the quadrilateral as the following diagonal flip

AR
S

1

jw
.

(4.3)

N,

W

.

In general, among the (2n — 1)n tube variables of the extended graph for P,, the (2n — 1)
tubes containing just one vertex, together with the root, are the frozen variables, and they



Figure 3. General exchange relation for the tube functions on the extended graph.

correspond to the edges of the (2n)-gon. The remaining variables correspond to (2n — 3)n
chords in the 2n-gon, which is exactly the number of mutable cluster variables of As,_3.

A further example is given by the chain graph with 3 vertices, for which the extended
graph is isomorphic to Ps, and each tube on the extended graph can be mapped using (4.1)
to the hexagon depicted in figure 2.

As previously stated, under this correspondence compatlblhty of tubes is mapped precisely
to non-crossing diagonals. Two tubes T[l ;] and T[k ) are 1ncompat1ble if and only if the
diagonals d; ;11 and dj ;41 cross. On the algebraic level, since H =5 i HZ, any two
variables corresponding to non-compatible tubes T 1,T2 manlfestly satisfy the following
quadratic relation

Hz Hy = Hg = Hy = +H

Ts TWUTy " TiNTy fl \fz H%Q \fl ) (44)

which is exactly the Ptolemy’s exchange relation of the type A cluster algebra, as illustrated
in figure 3.

Finally, to end this section, we embed the symbol alphabet, which coincides with the cluster
variables of the Ag,_3 cluster algebra, into the Grassmannian Gr(2,2n). This construction
follows the standard realization of finite-type cluster algebras in terms of configuration spaces



Symbol letters Frozen variables Compatibility
Extended Graph Ps,_1 Tube Tj; ;1 Singlet tubes and root compatible tubes
2n-gon chords d; ;41 edges €; j+1 non-intersecting diagonals
Gr(2,2n) Minor (4,5 + 1) (i,1+1) non-overlapping minors

Table 1. Equivalent languages for symbol alphabet of P,.

of points on CP!, as discussed for example in [28]. In particular, the cluster algebra Ag,_3 is
naturally associated with the moduli space M 2, the configuration space of 2n punctures
on CP! modulo projective transformations. Concretely, one may represent a point in Mg 2,
by 2n coordinates {z;}i—1 2.2, defined up to a SL(2) transformation which allows us to
gauge fix three z;’s. In the Grassmannian description this corresponds to a 2 X 2n matrix
representative of Gr(2,2n)

21 22 23 ... Roan—1 22n

C:<111... 1 1)7 (45)

where the Plicker coordinates (ij) of Gr(2,2n) become the difference of puncture coordinates
(tj) = zj — z;. To make contact with the tube variables introduced earlier, we now give
an explicit parametrization of the coordinates z; in terms of the tube variables. In this
parametrization the Grassmannian representative takes the form

1 1 1 1 . 1 1
B (0 X1+Y1io X1 Yo X1+ Xo+Yes3 ... X1+ + X1 —Yoan Xi+...+ X, )’
(4.6)
where we fix z; to be 0 and 23, 29, to be two frozen variables X; + Y2 and > i X,
respectively. Consequently, the Pliicker coordinates (ij) reproduce precisely the symbol
alphabet of the chain graph, providing a concrete embedding of the symbol alphabet into
the Grassmannian Gr(2,2n).

In the table below we summarize the three languages: tubes on extended graphs, chords

in the polygon, and Grassmannian cluster structure.

5 Generalized cluster adjacency and its origin

In this section, we will first provide a physical origin for the generalised cluster adjacency we
stated in the previous sections. Additionally, we will state a stronger version of this condition,
which we call the ordered single cluster condition. This condition will play a crucial
role in the symbol bootstrap discussed in the next section.

As in the SYM case, the cluster adjacency of cosmological wavefunctions is closely related
to extended Steinmann relations [29]. The original Steinmann relation [30, 31] states that
the double discontinuity of two incompatible Mandelstams must vanish. The Steinmann
relations in SYM were originally proposed as constraints on the first two discontinuities of
the amplitudes [32], and were later extended to all depths in the symbol of amplitudes and
form factors [33, 34] and Feynman integrals [35, 36].

For cosmological wavefunctions, discontinuity structures for all graphs have been studied
in [27, 37]. In particular, the discontinuities of the wavefunction occur when one of the tube
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Figure 4. Discontinuity of the cosmological wavefunction.

variables of the graph G becomes negative. For a given tube 7" on G, the corresponding
function is always of the form (2.3). Importantly, there exists a tube T on the extended
graph G that has the same tube function FI% = Hp. Diagrammatically, the discontinuity
around Hp = 0 splits the graph into connected components as follows Explicitly, at the
level of symbols, we have [27]

Dise [S(uE(Xo, ¥o))| = Dise |S@E X Yo wi 37 ()™ S(U(XI ) (51

{Jec}
where
, Xy, +Ye,, if the edge e. is cut by T, and v, is an endpoint of e,
X, = _ (5.2)
X, otherwise
and
y Xy, +0e,Ye,, if the edge e. is cut by 7', and v, is an endpoint of e,
X! = (5.3)

X, otherwise

Here, X, belongs to the set of vertex energies in a given subgraph corresponding to vertices
with cut edges ending on them, and the Y, are the corresponding edge energies. The o,
can take on values +1 and the sum is over all such combinations, and ny counts the number
of +1’s among the o,.

First of all, the discontinuity condition implies that the first entry must be of the form
Hp as in (2.3). After taking this discontinuity, which removes the first entry of the symbol,
we can consider further discontinuities around ﬁ%, = 0, where now some terms with —Y
can appear in the expressions for ﬁf,. Taking such discontinuities again leads to a shuffle
product among the connected components similar to (5.1).

From figure 4 one can see that after taking the discontinuity around Hr = 0, the symbol
factorizes into a shuffle product of terms associated with the individual connected components.
This means that if we want to take further discontinuities, they will be located at ITI%, =0
for some tube T” that must be compatible with the tube T as tubes on extended graphs.



In fact, figure 4 reveals a stronger adjacency constraint between consecutive symbol
letters. Suppose a symbol contains ... ® H~T~1 ®...Q H@ ® ..., which corresponds to taking

the discontinuity ﬁﬁ = 0 before the discontinuity I;Ti = 0. By the argument above, this is

only possible if Ty is compatible with T:. Therefore, all letters appearing within a symbol
word must correspond to mutually compatible tubes. We emphasize that this property
does not hold for symbols of amplitudes or Feynman integrals of other theories such as
SYM [35, 36, 38], ABJM [39], or QCD [40].

Moreover, for two compatible tubes with T, > T 5, suppose we have already taken the
discontinuity around the channel flﬁ = 0. From (5.1), we see that the function FIT}’

corresponding to a subgraph of T, can only appear in the first factor of the equation (5.1).
This implies that Iflf2 can appear in the symbol after ﬁﬁv but not before it. These two
conditions together form what we call the ordered single cluster condition. We stress the
fact that, while in the case of chain graphs it can be phrased in the language of cluster algebras,
the ordered single cluster condition holds for all tree and loop graphs at the level of tubings.

6 Cluster bootstrap

Having established the cluster conditions in the previous section, we will now supplement them
with additional basic conditions that the symbol for wgs for any graph G needs to satisfy, which
will in turn allow us to bootstrap the symbol without referring back to differential equations
or recursion relations. We start our bootstrap of the symbol by writing down an ansatz

SWE = 3 Caroantor @ ... @ da, , (6.1)

Q] 4.y Qi

where ¢,,’s belong to the symbol alphabet of G, and C,, ..., are some unknown coefficients.

The main question is then how to constrain the coefficients Cl, ... o, using properties of the

symbol and the cluster conditions discussed above.

We start fixing the coefficients of the ansatz by considering the first entry. As a consequence
of locality, the wavefunction can only have singularities when the total energy of a connected
subgraph vanishes, i.e. Hy = > o7 Xy + > .c.. Ye = 0. This constrains the first entry of
the symbol, leading to the so-called first entry condition

First entry of S(4&) € {Hy = Z Xy + Z Y. : T is a tube on G} . (6.2)

veT ecec

For chain graphs, the first entry is therefore of the form Zi:i X +Yi1,; +Y 4.

The second condition that we impose on the symbol is the integrability condition: the
function must have commuting second derivatives with respect to any two independent
variables x; and x;

O’F  9°F
al'ial’j N 833]8:@ '

(6.3)

,10,



Disc
Xn+Ye,=0

Figure 5. Discontinuity condition for symbols.

Integrability is equivalent to the following condition on each pair of adjacent slots:

3" Casrantay @ .. ® @a, is integrable

Q1. y Qi
< Z Coi,.xom Pay @+ @ @q,, dlog da, Adlogda, , =0 Vie{l,2,...,n—1}.
Q1O e

omitting o, 41

(6.4)
After expanding all possible dlog ¢; A dlog ¢; into some basis, this leads to a set of linear
equations for the coefficients. Remarkably, we note that such conditions have a natural
interpretation from the tubing picture, which also gives an invariant formulation without
referring to any explicit parametrization: a complete set of independent relations among dlog
two-forms is generated from the tube pictures by the relations

dlog lLIfTv1 A dlog Hﬁuﬁ = dlog H@ A dlog Hﬁuf“z + dlog Hﬁ A dlog H1~,2 (6.5)

for any pair of disjoint tubes Ty and Tb. For details on how to construct integrable symbols,
see [38, 41].

We supplement the first-entry and integrability conditions with the cluster condition
we studied in the previous section. Moreover, we impose a discontinuity condition which
states that

Disc_ S(¥§) = S(vg)

Xn+Yec:

- S@E)

X=X —Yo, (6.6)

Xe—Xo+Ye,
where the vertex n is a leaf of graph G and the graph G is obtained from the graph G
by removing vertex n. Figure 5 provides a pictorial representation of this relation. We
claim that these four conditions completely fix the symbol of d)gs, at least for graphs with
a small number of vertices.

Let us illustrate our approach for the 2-site chain graph as a warm-up example. In this
case, the first entry condition indicates that the only letters that can appear in the first entry
of S(wjigg) are X1 + Y192, Xo + Y72 or X + Xo. Together with the integrability condition, it
leaves a five-dimensional space of integrable weight-2 symbols, and our ansatz becomes
S :65)§+5ﬁ,2 Xo—Yi2 +61X1+Y1’2 X1+Yio +C3X2+Y1,2 X1—Yi

1+ Xo X1+ Xo X1+ Xo X1+ Xo X1+ Xo X1+ Xo
Xi+Yie Xo+Yio Xo+Yio Xi+Yio Xo+Yio Xo+Yio
+c2 ( + > +cyq

Xi+Xo  Xi1+Xo Xi+Xo X1+ Xo X1+ Xo X1+X<2' )
6.7

— 11 —



Graph | Integrability+First Entry | Ordered Single Cluster | Discontinuity
P 5 1 0
Py 98 3 0
Py 2536 8 0
Sy 3522 7 0

Table 2. The dimensions of the ansatz space after imposing constraints.

Starting from this combination, and imposing the ordered single cluster condition, we
fix all but one coefficient in (6.7)

asy X1+Yie Xo—Yio Xi+Yia Xo+Yio
SWr) =c2 | — +
2 X1+ Xo X1+ Xo X1+ Xo X1+ Xo

CXo+Vip X1 —Yip n Xo+Yio X1+Y1,2) (6.8)
Xi+Xe  Xi+Xo Xi+Xo Xi+Xe/ .
To fix the overall coefficient, we can use the discontinuity condition (6.6) and we find ¢ = —1.

This bootstrap procedure works efficiently for any tree graph. In particular, the ordered
single cluster condition reduces the number of coefficients significantly in all cases we studied.
We summarise in table 2 the reduction we encounter for the graphs we studied. For example,
the 4-site star graph Sy has an alphabet consisting of 33 letters. This alphabet is a subset of
the 36 tubes on the extended star graph, obtained by removing the three tubes corresponding
to —2Yj j, which never appear.

As shown in table 2, the adjacency constraint turns out to be extremely restrictive.
Starting from the integrability and first-entry conditions, the dimension of the ansatz space
grows rapidly with the size of the graph. For instance, for the chain graph Py the space
contains 2536 possible integrable symbols. However, once the ordered single cluster condition
is imposed, the dimension collapses to only 8. A similar drastic reduction occurs for the
star graph Sy, where the ansatz space shrinks from 3522 to 7. In both cases, the ordered
single cluster condition removes about 99.7% ~ 99.8% of the degrees of freedom. We also
comment here that this condition already implies the final entry condition: the final entry
can only be a tube variable involving a single vertex of G i.e. X; + 3 . Zaec Oe.Ye,. This
condition can also be read off from differential equations [9, 10].

To assess the role of ordering, we repeat the bootstrap with the unordered single cluster
condition: in this case all letters in a word must correspond to a compatible set of tubes, but
repetitions are allowed and nested tubes may occur in either order. We start from the same
integrable first-entry ansatz spaces as in table 2 and then impose eq. (6.6), where we choose
Xp+Y,_1,=0for P, and X4+ Y74 = 0 for S4. The dimensions of the unfixed space after
each of the steps are shown in table 3. Unlike the ordered bootstrap, the unordered condition
together with the discontinuity condition leaves free parameters in all four cases.

7 Summary and outlook

In this work we investigated the cluster algebra structure underlying cosmological wavefunction
coefficients in conformally coupled scalar theories in de Sitter space. We showed that the
symbol alphabet of these wavefunctions admits a natural combinatorial description in terms
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Graph | Integrability+First Entry | Unordered Single cluster | Discontinuity
Py 5 5 2
Ps 98 82 48
Py 2536 1363 881
Sy 3522 1627 1039

Table 3. The numbers of unfixed parameters for the unordered bootstrap, allowing repeated letters.
The last column counts the remaining free parameters after imposing the discontinuity condition.

of tubes on the extended graph. For chain graphs P, this structure is equivalent to the
cluster algebra As,_3, where compatible tubes correspond to compatible cluster variables.
Furthermore, we proposed the ordered single cluster condition, i.e. a generalized version of
cluster adjacency, which means all letters appearing in a single word correspond to mutually
compatible tubes, and their ordering is related to the inclusion structure of these tubes. We
have shown how this condition follows directly from the discontinuity structure of wavefunction
coefficients, and thus it holds for any graph. Together with integrability, first entry and
discontinuity conditions, we fixed the symbol for graphs up to the 4-site chain and the 4-site
star. Remarkably, the ordered single cluster condition is extremely restrictive: it reduces the
dimension of the space of integrable symbols to only about 0.2 ~ 0.3%.

From a mathematical perspective, an important open question is to understand cluster
algebra-like structures for more general graphs. Combinatorially, the symbol alphabet of the
wavefunction is closely related to graph associahedra, whose boundary structures have been
studied both from a combinatorial point of view [42, 43] as well as in terms of u-equations
and binary geometries [44, 45]. It would be interesting to explore these connections further
and we leave this for future research.

Once the symbol for general graphs is understood, another natural direction is to inves-
tigate patterns in the coefficients in front of each word in the symbol. Such patterns may
reveal deeper structures, including more general properties that could be further explored
by machine learning [46, 47].

The ordering restriction in our single cluster condition is reminiscent of the genealogical
constraints on Feynman integrals [48]. Both constrain which discontinuities may follow earlier
ones, even when separated by other discontinuities. In our setting, this hierarchy is encoded
by tube inclusion and the factorisation in eq. (5.1), whereas genealogical constraints are
derived by tracking the integration boundaries removed by minimal cuts. Establishing a
precise correspondence between these mechanisms remains an interesting open question. It
would also be interesting to investigate whether particular classes of Feynman integrals in
SYM or other theories satisfy the single cluster condition.

Finally, it would be interesting to apply similar bootstrap techniques to loop diagrams,
which may reveal new analytic structures.
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