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Abstract

In this paper, an analytical time-domain model is presented to analyze the radio over free space

optical (RoFSO) systems considering scintillation effect with the log-normal distribution. This analytical

model uses general cases of a dual-drive Mach-Zehnder modulator (DD-MZM) and photodetector (PD)

for typical optical double sideband (ODSB) and single sideband (OSSB) signals. In addition, we show

output current of PD as a function of the summation of each frequency component in time domain.

Finally, we calculate the received signal power with the power spectral density (PSD) and derive a

closed-form average BER performance.
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domain.

I. INTRODUCTION

Recently, free space optical (FSO) systems are actively researched to support the future

broadband access network [1]-[4]. Especially, FSO systems is a necessary technology for tactical
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military communications due to the increasing bandwidth requirements particularly for the trans-

mission of high resolution imagery acquired by tactical sensors [5]. The United States Department

of Defense Advanced Research Projects Agency (DARPA) Strategic Technology Office has

specifically proposed the Optical RF Communications Adjunct (ORCA) [6]. Subsequently, there

are reported many works on radio over FSO (RoFSO) systems, useful and necessary in the

military communications [7]-[9].

In RoFSO systems, a dual-drive Mach-Zehnder modulator (DD-MZM) has been widely used

for high data rate services since it is robust against laser chirp and provides high spectral

efficiency [10]. Moreover, for analyzing complex nonlinear RoFSO systems with DD-MZM,

analytical model is used for a simplified estimation and optimization of a system performance

[11], [12]. For modeling the nonlinear part consisted of a DD-MZM and photodetector (PD),

there are two approaches which are based on frequency domain and time domain.

In a frequency domain based approach, the calculation of the convolution between input

signal in time domain and channel transfer function can be easily obtained by multiplication in

frequency domain. Additionally, it is easy to handle pure carrier signals since it can be simply

expressed as delta functions. [12] shows an exact analytical model with a closed form for fiber

optic links with general parameters of a DD-MZM in frequency domain, which solved complex

equations simply and efficiently by utilizing Fourier transform of an optical field signal at the

end of optical fiber and Graf’s addition theorem. Subsequently, the output photocurrent including

harmonics can be clearly expressed in [12].

In a time domain based approach, it is often difficult to numerically evaluate the convolution

since it requires infinite sum or integration. Furthermore, a time domain approach can generate

infinite sum of signals [11]. In spite of the above challenges, time domain based approach has an

alternative advantage to deal with complicated input signals which have been difficult to express

and handle in frequency domain such as phase noises from a laser and RF oscillator [13], [14].

Thus, [13] and [14] straightforwardly analyzed the system performance in time domain, and at

the last step of analysis, they utilized the power spectrum density to investigate the characteristics

of a received signal. Therefore, the time domain approach to model the entire RoFSO systems

can be used for efficiently analyzing the system as an alternative if the output of a channel can

be easily evaluated and final results can be expressed with a closed form.

In this paper, we present a time domain model for nonlinear optical link incorporating general
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parameters of a DD-MZM such as dc bias, phase shift, and each amplitude to each arm of

a DD-MZM in conjunction with a photodetector. Also, we derive a closed-form average BER

performance considering scintillation effect using the log-normal distribution. For the application

of this analytical model, we show simple typical modulation cases: optical single sideband

(OSSB) and optical double sideband (ODSB). Additionally, the power spectral density (PSD) of

the photocurrent is shown to describe the characteristics of a photocurrent in detail.

II. CHANNEL MODEL

FSO systems basically utilize free atmospheric space medium for transmission, and are inher-

ently affected by atmospheric conditions. Especially, in this paper we consider the scintillation

effect influencing the signal fading. Subsequently, its an interesting problem to analyze the

degraded signal strength and link performance against scintillation effect.

We use the log-normal distribution which well represents scintillation. The log-normal distri-

bution is modeled as follows [15], [16]:

fφ(φ) =
1

2φ
√
2πσ2

k

exp

(
−(ln(φ) + 2σ2

k)
2

8σ2
k

)
, φ > 0 (1)

where φ is the scintillation coefficient and σk is the standard deviation of K, K = ln(φ)/2.

According to the atmospheric conditions, σ2
k is defined as

σ2
k = exp

[
0.49σ2

R

(1 + 0.18d2 + 0.56σ
12/5
R )7/6

+
0.51σ2

R

(1 + 0.9d2 + 0.62d2σ
12/5
R )5/6

]
− 1 (2)

where d = (κD2/4L)1/2, D is the diameter of the receiver collecting lens aperture, L is the link

distance in meters, κ = 2π/λ is the optical wave number, λ is the wavelength and σ2
R is Rytov

variance which has been used as an estimate of the intensity variance. σ2
R is given by

σ2
R = 1.23 C2

n κ7/6L11/6. (3)

C2
n is the strength of the atmospheric turbulence and stands for the altitude-dependent index of

the refractive structure parameter. The scintillation index (SI) is defined as SI = e4σ
2
k − 1.

III. ANALYTICAL TIME-DOMAIN MODEL FOR THE RADIO OVER FSO SYSTEMS

Fig. 1 shows the overall architecture of the RoFSO system. A RF signal from the RF modulator

is split by a phase shifter. This RF signal is injected directly into the DD-MZM as shown in (6).

November 19, 2010 DRAFT



IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS, VOL. XX, NO. XX, AUG. 2009 4

Data
RF

Modulator

DD-MZM

0
o

90o

LD ( )LDx t

( )RFx t

( )TE t

( )RE t( )i t
Data

RF
Demodulator

BPF

Turbulence 
Channel

Phase
Shifter

PD

:  Optical signal

:  Electrical signal

Data
Demodulator

BPF

Fig. 1. Overall architecture of the radio over FSO system considering of optical transmitter, turbulence channels, and optical

receiver.

The output signal of the DD-MZM is transmitted via atmospheric turbulence channels between

telescopes. The received signals are detected by the photodetector (PD), and the photocurrent

corresponding to the transmitted RF signal is extracted by the bandpass filter (BPF). Finally,

data is extracted by the RF demodulator module. The optical signal, xLD(t) from the laser and

the RF signal, xRF (t) from the RF modulator are modeled respectively, as follows:

xLD(t) = A0 · exp(jωLDt) (4)

xRF (t) = VRF · cos(ωRF t)

where A0 and VRF define amplitudes from a laser diode (LD) and RF oscillator, ωLD and ωRF

are angular frequencies of the signals. After optically modulating xLD(t) by xRF (t) with a

DD-MZM, the output signal of a DD-MZM is represented as [14]

ET (t)=
Latt · xLD(t)

2
×
{
exp

[
j
πγ · x̃RF (t)

Vπ

+ jθ

]
+ exp

[
j
π
√
1− γ2 · xRF (t)

Vπ

]}
=A0 · ejωLDt

∞∑
n=−∞

an · exp(jnωRF t) (5)

where an = jn[Jn(β1) exp(jnθ1 + jθ) + Jn(β2)]. θ(= Vdc/Vπ), Vdc and Vπ are a normalized

DC, a bias voltage and a switching voltage of a DD-MZM, respectively. Latt

(
= 10−LDM/20

)
is

the attenuation of DD-MZM due to an insertion loss LDM . x̃RF (t) is the phase-shifted version
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of xRF (t). β1(= πγVRF/Vπ) and β2(= π
√

1− γ2VRF/Vπ) are the modulation indexes for each

arm and γ is the ratio of a power splitter.

After the transmission of turbulence channels, the received optical signal is expressed as

ER(t)=
√
φ · A0 · ejωLDt

∞∑
n=−∞

an exp(jnωRF t). (6)

By using a square law model, the photocurrent i(t) can be obtained as follows:

i(t)=ℜ|ER(t)|2 + n(t)

=ℜφA2
0

∞∑
n=−∞

∞∑
m=−∞

jn+3mej[(n−m)ωRF t]

{
Jn(β1)Jm(β1)e

j(n−m)θ1 + Jn(β1)Jm(β2)e
j(nθ1+θ)

+Jn(β2)Jm(β1)e
−j(mθ1+θ) + Jn(β2)Jm(β2)

}
+ n(t) (7)

where ℜ is the responsivity of a photodetector (PD) and n(t) are additive noises such as thermal

and shot noises. For simplifying (7), the Graf’s addition theorem [17] and n = m + a are

utilized. It is noteworthy that substituting m+ a for n is necessary to make double infinite sum

independent and can be extendedly applied in multicarrier to reduce an infinite sum. By using

the method, (7) is reduced to

i(t) = ℜφA2
0

∞∑
a=−∞

ga · ejaωRF t + n(t) (8)

ga = ja
[
e−ja(−θ1+Ψ1)Ja(Z1)+e−ja(−θ1+Ψ2)ejθJa(Z2)+e−ja(Ψ3)e−jθJa(Z3)+e−ja(Ψ4)Ja(Z4)

]
(9)

Zi =
√

u2
i + υ2

i − 2uiυi cos(αi) (10)

ui − υi cos(αi) = Zi cos(Ψi) (11)

υi sin(αi) = Zi sin(Ψi) (12)

where u1 = υ1 = β1 and α1 = 0 for Z1, u2 = β1, υ2 = β2, and α2 = −θ1 for Z2, u3 = β2,

υ3 = β1, and α3 = θ1 for Z3, u4 = β2, υ4 = β2, and α4 = 0 for Z4, and fRF (= ωRF/2π) is the

frequency of the input RF signal. It is noticeable that the form of the output photocurrent i(t)

in (8) is similar to the form of the input ET (t).
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A. Optical double sideband modulation (ODSB)

For ODSB modulation, β1 = β2 = β, θ1 = π, and Ψ1 = Ψ2 = Ψ3 = Ψ4 = 0. From (8), we

can obtain the photocurrent, id(t), for ODSB signals as follows:

id(t) = ℜφA2
0

∞∑
a=−∞

da · ejaωRF t + n(t) (13)

where da = ja[(−1)a + 1]Ja(0) + ja[j(−1)a − 1]Ja(2β). With (13), we can straightforwardly

obtain the PSD of a photocurrent in ODSB case as follows:

Pd =F{⟨i∗d(t)× id(t+ τ)⟩} (14)

=ℜ2φ2A4
0

∞∑
a=−∞

|da|2 · δ(f − afRF )

where ∗ denotes complex conjugate, ⟨·⟩ and F{·} denote mean and Fourier transfer functions,

respectively.

B. Optical single sideband modulation (OSSB)

For OSSB modulation, β1 = β2 = β, θ1 = π/2, Ψ1 = Ψ4 = 0, Ψ2 = −π/4, and Ψ3 = π/4.

From (8), we can obtain the photocurrent, is(t), for OSSB signals as follows:

is(t) = ℜφA2
0

∞∑
a=−∞

sa · ejaωRF t + n(t), (15)

where sa = ja[ejaπ/2 + 1]Ja(0) + ja+1[eja3π/4 − e−jaπ/4]Ja(
√
2β). From (15), we can evaluate

the PSD of a photocurrent in OSSB case as follows:

Ps = ℜ2φ2A4
0

∞∑
a=−∞

|sa|2 · δ(f − afRF ). (16)

IV. DERIVATION OF BER PERFORMANCE

In this section, we derive a closed form of the average BER considering considering scintil-

lation effect. First, we define the signal to noise ratio (SNR) as follows:

SNR =
Pd (or Ps)

Pth + Pshot

≃ ℜ2φ2A4
0Υ

4kTB + qℜA2
0φB

(17)

where Υ =
∑∞

a=−∞ |da|2 · δ(f − afRF ) for ODSB or
∑∞

a=−∞ |sa|2 · δ(f − afRF ) for OSSB,

Pth is the thermal noise power, Pshot is the shot noise power, k = 1.38 × 10−23J/K is the
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Boltzmann constant, q = 1.6 × 10−19C is the electron charge, T is the absolute temperature,

and B is the effective noise bandwidth. Using the above SNR and scintillation effect, we then

derive the average BER (Pb) as

Pb =

∫ ∞

0

Q(
√
SNR)fφ(φ)dφ

=

∫ ∞

0

Q

(√
ℜ2φ2A4

0Υ

4kTB + qℜA2
0φB

)
1

2φ
√

2πσ2
k

exp

(
−(ln(φ) + 2σ2

k)
2

8σ2
k

)
dφ.

(18)

Using the change of variable x = (lnφ+2σ2
k)/

√
8σk and the Gauss-Hermite quadrature formula

[18], (18) can then be simplified as

Pb =
1

2φ
√
2πσ2

k

∫ ∞

0

Q

(√
ℜ2A4

0Υe2(
√
8σkxi−2σ2

k)

4kTB + qℜA2
0Be(

√
8σkxi−2σ2

k)

)
exp

(
−x2

)
dx

=
1√
π

N∑
i=1

wiQ

(√
ℜ2A4

0Υe2(
√
8σkxi−2σ2

k)

4kTB + qℜA2
0Be(

√
8σkxi−2σ2

k)

) (19)

where N is the order of approximation, xi, i = 1, ...., N are the zeros of the N th-order Hermite

polynormial and wi, i = 1, ...., N are weight factors for the N th-order approximation; N = 10

is used for the analysis [19].

V. NUMERICAL RESULTS

In this section, we present numerical results for the BER performance of RoFSO systems

according to various metrics such as the scintillation index (SI), propagation distance (L), C2
n,

temperature (T ), the power of the laser diode, and wavelength (λ). The system parameters used

in the analysis are described in Table I.

Fig. 2 illustrates the results of the average BER as a function of the scintillation index under

the log-normal channel for ODSB according to three different temperature (e.g, 240 K, 290

K, 340 K). Generally, the transceivers of FSO systems are installed on rooftops so that they
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TABLE I

ROFSO SYSTEM PARAMETERS.

Parameter Value

Wavelength of LD (λ) 850 nm or 1550 nm

Diameter of receiver 3 cm

Date rate 1.2 Gbps

Switching voltage (Vπ) 2.5 V

DD-MZM insertion loss (LDM ) 6 dB

Ratio of a power splitter (γ)
√
0.5

Normalized DC (θ) π/2

Responsivity (ℜ) 0.6 A/W

0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75
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Fig. 2. Average BER as a function of the scintillation index under the log-normal channel for ODSB with three different

temperatures (e.g., 240 K, 290 K, 340 K).

are affected by the temperature of environment. As shown in Fig. 2, with the increase of the

temperature the BER performance for SI between 0.25 and 0.75 is getting worse.

Fig. 3 represents the relationship the average BER and the propagation distance for ODSB

according to two different wavelengthes (850 nm and 1550 nm). Using the relationship between

Rytov variance (σ2
R) and the optical wave number (κ = 2π/λ) as shown in (3), we can expect
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Fig. 3. Average BER as a function of the propagation distance for ODSB according to two different wavelengths (e.g., 850

nm, 1550 nm).

the influence of the wavelength to the FSO systems. As a result, we confirm that wavelength

affects the system performance and the systems using 1550 nm has the better performances than

that using 850 nm.

Since the turbulence channel is sensitive to C2
n as shown in (3), we represent the result of the

average BER as a function of C2
n according to three different propagation distances (e.g, 1000

m, 1500 m, 2000 m) for OSSB in Fig. 4. Furthermore, as the propagation distance increases,

the average BER increases rapidly since the long distance makes the turbulence channel strong.

Also, it is shown that the difference of average BER corresponding to L = 1.5 Km and L = 1

Km is almost 3.1 times larger than that between L = 2 Km and L = 1.5 Km at a given C2
n of

3 × 10−14.

VI. CONCLUSIONS

In this paper, we propose an analytical time-domain model for the radio over FSO systems

using a DD-MZM and PD. This model can be also extended to another link required to a

time domain such as phase noise from a laser and RF oscillator since this analysis is directly

evaluated in time domain. Additionally, this approach can be easily modified for multicarrier input
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Fig. 4. Average BER as a function of C2
n for OSSB with three different propagation distances (e.g, 1000 m, 1500 m, 2000 m).

signals because no complicated convolution is required. Also, we derive a closed-form average

BER performance considering scintillation effect using the log-normal distribution based on the

Gauss- Hermite quadrature formula for ODSB and OSSB. As a result, we could more easily

predict BER performance without requiring complicated calculations. In practical terms, when

establishing RoFSO systems, we could construct an engineering table using this derived BER

formula according to various conditions.
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