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Supergravity Fluxes and Generalised Geometry

LMS/EPSRC Durham Symposium on Higher Structures in M theory

Charles Strickland-Constablea,∗

We briefly review the description of the internal sector

of supergravity theories in the language of generalised

geometry and how this gives rise to a description of su-

persymmetric backgrounds as integrable geometric struc-

tures. We then review recent work, featuring holomorphic

Courant algebroids, on the description of N = 1 het-

erotic flux vacua. This work studied the finite deformation

problem of the Hull–Strominger system, guided by con-

sideration of the superpotential functional on the relevant

space of geometries. It rewrote the system in terms of the

Maurer–Cartan set of a particular L∞-algebra associated

to a holomorphic Courant algebroid, with the superpoten-

tial itself becoming an analogue of a holomorphic Chern–

Simons functional.

1 Introduction

In this contribution, we will briefly summarise recent re-
sults in the broad area of supersymmetric solutions and
compactification of the supergravity limits of string the-
ories and M-theory. This is a subject with a long history,
and we will not attempt to give a full discussion of it here
(see [1] for a review). Our purpose will be to describe
some specific developments over the last few years. In
particular, we will examine how the notion of generalised
geometry, as introduced in [2, 3], together with its excep-
tional [4, 5] and heterotic [6, 7] extensions, has provided
useful insights.

In Section 2, we give a schematic description of how
it provides a geometrical formulation of the internal sec-
tors of maximal ten- and eleven-dimensional supergrav-
ities, in a way that unifies their bosonic fields and sym-
metries. We mainly follow [8–10] and refer the reader to
them for both details of the construction and a more
complete bibliography. We then give an overview of how
this gives rise to an elegant characterisation of their su-
persymmetric Minkowski backgrounds as integrable geo-
metric structures. Then, in Section 3, we review how the
holomorphic bundle structures introduced in the study

of infinitesimal heterotic moduli [11, 12] carry the struc-
tures of holomorphic Courant algebroids, and make con-
tact with the generalised geometry picture. These alge-
broid structures further give rise to L∞-algebras and the
superpotential functional becomes an extension of the
holomorphic Chern–Simons functional which appears
to be a natural object associated to them. A separate arti-
cle to be published in this volume will include comments
on some of the open problems and future goals of these
programmes.

2 Generalised geometry, supersymmetric

backgrounds and consistent

truncations

Before we start to discuss generalised geometry, let us
note that we will mostly be discussing not the full ten-
and eleven-dimensional supergravity theories, but only
some internal sector. These sectors are defined by impos-
ing a warped metric ansatz on the theory of the type

ĝ = e2∆(x)ηµνdyµdyν
+ gmn (x)dxmdxn (1)

whereηµνdyµdyν will be the external (warped) Minkowski
(or possibly AdS) metric, and ∆ is a scalar warp factor
depending only on the coordinates of the internal space.
We then truncate the fields of the theory, keeping only de-
grees of freedom which are scalars with respect to the ex-
ternal Lorentz symmetry. This defines a Euclidean theory
living on the internal space, whose (supersymmetric) so-
lutions are (supersymmetric) Minkowski (or AdS) vacua
of the full ten- or eleven-dimensional theory. We refer the
reader to [10] for a detailed example of how this works
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in the case of eleven-dimensional supergravity. It will be
precisely these internal sectors which will become geo-
metrical when we study them in the language of gener-
alised geometry, and when we refer to supergravity in this
section, we are often meaning only this internal sector.
The full theory can be formulated in a language where
the internal sector is described by this construction, see
e.g. [13] in the context of exceptional field theory. For the
purposes of our discussion here, we will restrict to the
cases where the external space has dimension at least
four, though see [14, 15] for recent studies which go be-
yond this.

2.1 Supergravity as generalised geometry

One of the main ideas underlying the formulation of su-
pergravity in terms of generalised geometry is the unifica-
tion of symmetries. A key symmetry of gravitational the-
ories is provided by the diffeomorphism group of space-
time. In supergravity, one typically has additional p-form
fields in the bosonic field content, which carry additional
gauge symmetries. Generalised vectors unify these sym-
metries by combining a vector field, which generates a
diffeomorphism, with other differential forms (or some-
times also more general tensor fields) which generate the
gauge transformations of the remaining physical fields.
The combined transformations are often referred to as
generalised diffeomorphisms.

For example, in the NS-NS sector of type II supergrav-
ity, one has a two-form field B , which undergoes shift
symmetries δB = dλ. As such, the generalised vector in
this case is composed of a vector v together with a one-
form λ, so that V = v +λ is a section of the generalised
tangent bundle

E ≃T M ⊕T ∗M . (2)

In fact, due to the local nature of B , this representation is
also local, with the full picture involving transition func-
tions due to gauge transformations. This is often referred
to in the literature as twisting by the B field gerbe. We re-
fer the reader to [8] for a full discussion.

More generally, the generalised tangent bundle takes
the form E ≃ T M ⊕ . . . where . . . denotes a sum of addi-
tional differential form parts, and sometimes also more
general tensors. The gauge transformations which patch
it together live in a parabolic subgroup of some real
Lie group containing GL(d ,R), where d is the dimen-
sion of the internal space on which we are working.
This Lie group, here denoted G , is the generalised struc-
ture group and it is determined by the physical theory

under consideration. For example, for the NS-NS sec-
tor example above it is O(d ,d) ×R+, while for eleven-
dimensional supergravity on a d dimensional internal
space it is Ed(d)×R

+. These are of course the continu-
ous forms of the relevant T duality and U duality groups
that appear in compactifications on a torus. The fibre of
the generalised tangent space forms a representation of
G , whose Dynkin label follows a schematic pattern de-
scribed in [16] (see also [17] for further discussion).

One can introduce a generalised metric as a positive
definite inner product on the generalised tangent space
which breaks the structure group G to its maximal com-
pact subgroup, here denoted H . This corresponds pre-
cisely to the data of a physical field configuration of the
theory, unifying the metric and the supergravity gauge
fields.

Having defined the generalised tangent bundle E , one
then finds that many of the usual concepts of differen-
tial geometry carry over to the generalised geometry con-
struction. A very important example is the Lie deriva-
tive, which provides the action of infinitesimal diffeomor-
phisms on tensor fields. In generalised geometry, this be-
comes the Dorfman derivative which gives the action
of infinitesimal generalised diffeomorphisms on gener-
alised tensor fields. It follows a universal formulation [9]

LV = ∂V − (∂×ad V )·, (3)

where the second term denotes the adjoint action of
the partial derivative of the generalised vector V pro-
jected onto the adjoint bundle of the generalised struc-
ture group G . Decomposing this into ordinary vectors
and differential forms it is straightforward to see that it
becomes the Lie derivative along the vector part of V

together with the appropriate adjoint actions of the ex-
terior derivatives of the form parts of V . Acting on the
generalised metric, it provides the infinitesimal transfor-
mations of the physical fields under the bosonic symme-
tries when one decomposes into conventional objects.
Acting on generalised vectors, one can anti-symmetrise
the Dorfman derivative to obtain the Courant bracket.

One can also define generalised connections to be
linear differential operators acting on generalised tensor
bundles Y (i.e. vector bundles whose fibres are represen-
tations of G and whose transition functions match those
of E)

D : Y −→E∗
⊗Y , (4)

which act only in the Lie algebra of G , so that they pre-
serve invariant tensors of G . Using the Dorfman deriva-
tive one can then define a natural notion of generalised

2
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torsion, exactly analogous to the usual definition in terms
of the Lie derivative. One can then go on to study torsion-
free connections which preserve a given generalised met-
ric: the analogues of the Levi-Civita connections famil-
iar from ordinary geometry and general relativity. One
finds that such connections always exist, but contrary to
the usual situation, they are not uniquely determined by
the generalised metric. However, this does not turn out
to be of much concern for the formulation of supergrav-
ity equations; every time we wish to write such an equa-
tion, the undetermined parts of the generalised connec-
tion will cancel out.

These objects are essentially all we need to formu-
late the equations of our supergravity theory [8–10]. The
supersymmetry parameters and fermionic fields can be
viewed as sections of vector bundles transforming under
the maximal compact subgroup H of the generalised
structure group. We can then build operators acting on
these objects, by acting with a generalised Levi-Civita
connection D and subsequently projecting that object
(H -covariantly) onto one of its H -irreducible parts. For
example, one can write the supersymmetry variation
of the gravitino ψ by the supersymmetry parameter ǫ

schematically as

δψ=D ×ǫ, (5)

where the symbol × here denotes projection onto the
bundle of which the gravitino field is a section. As stated
above, the operator appearing in (5) will be uniquely de-
termined by the generalised metric, and thus indepen-
dent of the choice of generalised Levi-Civita connection.

Such operators provide generalised geometry expres-
sions encapsulating the supersymmetry variations of
the fermionic fields. Similar operators acting on the
fermionic fields can be used to write the fermionic equa-
tions of motion. Subsequently one can consider the su-
persymmetry variations of those fermionic equations.
Closure of the supersymmetry dictates that the result
must be the bosonic equations of motion. Indeed one
finds that there exists a generalised Ricci curvature ten-
sor which arises precisely out of considering this clo-
sure, and that its vanishing is precisely the bosonic equa-
tions of motion. Finally, the supersymmetry variations of
the bosons are simple H -covariant contractions of the
fermionic fields with the supersymmetry parameters.

Thus, we have a formulation of the equations of the
theory in terms of generalised geometry objects. A ma-
jor advantage of this formulation over the conventional
equations is that it has manifest enhanced symmetry,
which considerably simplifies calculational manipula-
tions. For example, the usual statement for Minkowski
backgrounds that the supersymmetry conditions (plus

the Bianchi identities) imply the equations of motion
becomes almost immediate in this language. This is di-
rectly analogous to the Ricci-flatness of Calabi–Yau or G2

holonomy manifolds.

2.2 Supersymmetric backgrounds

Having formulated the theory in generalised geometry
language, one would like to consider applications of the
machinery. One problem for which it is especially ap-
propriate is the classification of supersymmetric back-
grounds with non-zero fluxes 1. Again, we consider first
the situation for these in terms of ordinary geometric
structures.

One of the major tools that has been applied to the
classification of supersymmetric backgrounds, starting
with [20–23], is the notion of a G-structure. A G-structure
on the tangent bundle of a manifold is a covering of
the manifold with open sets equipped with local frames
êa for the tangent bundle, such that on the overlaps of
patches, the frames are related by transformations only
in the subgroup G ⊂GL(d ,R).

For example, given a Riemannian metric we can choose
local orthonormal frames êa on patches covering our
manifold. As orthonormal frames are related by SO(d)
transformations (assuming also an orientation), such
frames define an SO(d) structure on the tangent bundle.

Further reductions of the structure group are possi-
ble. For example, in seven-dimensions, one could have
a non-vanishing spinor field ǫ. Such a spinor would be
stabilised by G2 ⊂ SO(7) and frames êa with respect to
which only the first component of the spinor were non-
zero, would be related by G2 transformations. Thus the
spinor defines a G2 structure. It is useful to note that this
structure could also be specified by a three-form φ lying
in a particular (open) orbit of GL(7,R), which would also
be stabilised by G2 ⊂ GL(7,R). This would be related to
the spinor via the identification with its three-form bi-
linear φmnp = ǭγmnpǫ. There are many cases in which
a given G-structure can be defined either from the exis-

1 There are standard no-go theorems forbidding compact

smooth solutions with fluxes [18, 19] if the external space is

Minkowski. In order to have such compactifications in string

theory one needs to include negative tension sources: orien-

tifold planes lying along some hypersurfaces in the space. In

this article it is understood that in those cases, we are describ-

ing the geometry away from the locus of the sources.
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tence of preserved spinors or from the existence of pre-
served forms or tensors.

Another example of a G-structure is provided by an
almost complex structure on an even-dimensional man-
ifold. The endomorphism J ∈ EndT M (with J 2 = −1)
splits the complexified tangent bundle into a sum of ±i
eigenbundles. On our patches of the manifold we can
thus choose a frame for the +i eigenbundle and use the
union with its complex conjugate as a frame for T M .
Such frames are related by GL(n,C) ⊂ GL(2n,R) trans-
formations, where 2n is the dimension of the manifold,
so we have a GL(n,C) structure. This is an example of a
“non-metric" G-structure, as GL(n,C) is not a subgroup
of SO(2n).

For any G-structure, there is an associated tensor
known as its intrinsic torsion. Roughly, this is defined as
follows (see e.g. [24] for a more detailed treatment). A tan-
gent bundle connection is said to be compatible with a
G-structure if it acts only in the Lie algebra of the struc-
ture group G, equivalently if it preserves all invariant ten-
sors of the structure. If one considers the torsion of such
connections, one finds that a particular projection of the
torsion is the same for all compatible connections, and
it is generically non-zero. This projected object is called
the intrinsic torsion of the G-structure and it is defined
purely by the geometry of the structure. It’s vanishing is
equivalent to the existence of a torsion-free compatible
connection. In this review, we will label G-structures for
which the intrinsic torsion vanishes as integrable.

What does this condition imply for our examples
above? In the case of a metric it gives no additional condi-
tion, as we expect from the known existence of the Levi-
Civita connection. For the G2 structure, the condition
can be expressed either in terms of the spinor ǫ or the
three-form φ. For the spinor, we have that it is parallel
with respect to the Levi-Civita connection, so that this
connection has G2 (restricted) holonomy. Equivalently,
we could impose that φ is both closed and co-closed. For
the almost complex structure, vanishing intrinsic torsion
is equivalent to the usual Nijenhuis tensor condition, so
that the almost complex structure is integrable and we
have a complex manifold.

Such G-structures can be used to characterise su-
persymmetric backgrounds [20–23], where the Killing
spinors on the internal space (which provide the super-
symmetry) are stabilised by the group G. The differential
equations that they satisfy specify the intrinsic torsion of
the G-structure in terms of the fluxes present in the so-
lution. This approach has been very useful in construct-
ing and classifying solutions (see e.g. [21, 22, 25–29]) but
has some limitations. In particular, it is possible that the
stabiliser group G may not be the same at all points in

the space, leading to interpolating cases which are more
awkward to handle. Also, the structures are not torsion-
free, which can lead to significant complications if one is
interested studying further properties, such as their mod-
uli. We will see below that considering these systems as
generalised structures cures both of these issues.

A generalised G-structure is defined completely anal-
ogously to the above. One simply insists on the existence
of local frames (in the generalised frame bundle, see [9])
for the generalised tangent bundle which are related by
G-transformations on the overlaps of patches. Also, ex-
actly as above, there is a notion of generalised intrinsic
torsion associated to these structures [30], and we will de-
scribe structures for which this vanishes as integrable.

In SO(6,6)×R+ generalised geometry, the two Killing
spinors of an N = 2 vacuum of type II supergravity de-
fine an SU(3) × SU(3) structure [31], which can equiva-
lently be specified by a pair of polyforms Φ± of even and
odd degree respectively, constructed from their bilinears.
These polyforms can be seen as pure spinors of SO(6,6).
The conditions for supersymmetry (in the absence of RR-
flux, which is not included as part of SO(6,6)×R+ gen-
eralised geometry, but can be added by hand into the
equations) were seen [31] to be dΦ± = 0, which is the
condition for vanishing generalised intrinsic torsion of
this structure. This integrability can also be seen as the
existence of a generalised Levi-Civita connection with re-
spect to which the Killing spinors are parallel. By analogy
with the case of ordinary Riemannian geometry, where
vanishing intrinsic torsion is equivalent to special (re-
stricted) holonomy, this generalised geometry condition
was called generalised special holonomy in [30]. The
construction also avoids the problem of interpolating
structure groups by associating the spinors with differ-
ent SO(6) subgroups of SO(6,6). Viewing them in this way,
the stabiliser of the pair is always SU(3)× SU(3) regard-
less of their relative orientation. The pure spinor form of
the equations have been fruitfully applied to the classifi-
cation and construction of solutions [32–38].

The correspondence between supersymmetric Min-
kowski backgrounds and generalised special holonomy
can be extended to include the RR fluxes (i.e. all inter-
nal fluxes) in Ed(d)×R

+ generalised geometry. The re-
sult is that Minkowski backgrounds in Type II theories
or eleven-dimensional supergravity are precisely those
spaces admitting integrable generalised G-structures with
the structure groups listed in table 1. These results were
established by showing that the Killing spinor equations
precisely set the various components of the generalised
intrinsic torsion to zero [30, 39]. Descriptions of the con-
ditions in terms of bosonic bilinears of the Killing spinors
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d G H GN

4 E7(7) ×R
+ SU(8) SU(8−N )

5 E6(6) ×R
+ Sp(8) Sp(8−2N )

6 Spin(5,5)×R+ Sp(4)×Sp(4) Sp(4−2N+)×

×Sp(4−2N−)

7 SL(5,R)×R+ Sp(4) Sp(4−2N )

Table 1 Integrable generalised structure groups GN for d -

dimensional Minkowski backgrounds of type II and eleven-

dimensional supergravity preserving N supersymmetries.

in the 8-supercharge and half-maximal cases can be
found also in [40–43].

This picture can be adapted to give a description of
supersymmetric AdS backgrounds [41, 43–45]. The modi-
fication is simply to switch on a singlet generalised intrin-
sic torsion2, making these structures analogous to Sasaki-
Einstein manifolds or weak G2 manifolds, rather than
spaces with special holonomy. In both the Minkowski
and AdS cases, the (weakly) intergrable generalised struc-
ture immediately provides the Killing superalgebra of the
solutions [39, 45], providing a proof that these match the
expected symmetries of the dual CFTs in the AdS case.
These ideas were also used to demonstrate the gravity
dual of the statement that the exactly marginal deforma-
tions are the marginal deformations quotiented by the
complexified global symmetries [46].

3 Heterotic supergravity and

deformations of N = 1 backgrounds

A generalised geometry description of heterotic super-
gravity has also been proposed in [6, 7] based on the gen-
eralised tangent bundle

E ≃T M ⊕EndV ⊕End T M ⊕T ∗M (6)

where V is a vector bundle transforming under the het-
erotic gauge group. In this construction, a generalised
Levi-Civita type connection is determined not via the
condition that it is torsion-free, but via insisting that

2 Technically, one must make an assumption about the inner

products of the Killing spinors to guarantee the existence of

this structure for even-dimensional AdS spaces [45], though it

is expected that the other solutions are simply AdS foliations

of higher dimensional AdS geometries.

its associated operators and curvatures reproduce the
relevant supergravity equations. Indeed, the connection
does not satisfy the natural torsion-free condition with
respect to the Dorfman derivative, and the connection
between supersymmetric backgrounds and vanishing in-
trinsic torsion is lost.

However, it was found [12, 11] that the infinitesimal
moduli of generic N = 1 Minkowski backgrounds [47–
49] are given by H1

D̄
(Q) where the bundle

Q ≃T (1,0)X ⊕EndV ⊕EndT X ⊕T ∗(1,0)(X ) (7)

has a natural holomorphic structure

D̄ : Ω0,p (Q) →Ω
0,p+1(Q), (8)

built out of the Dolbeault operator on the complex mani-
fold X and the supergravity field strengths, which squares
to zero on imposing the Bianchi identity for the fluxes. In
light of this, it is natural to speculate that a generalised
geometry based on this bundle could be a useful tool in
studying these systems. In [50], the finite deformations of
the system were studied both as an interesting problem
in their own right, and as a means to uncover the relevant
generalised geometry of Q.

The Hull–Strominger system formulates the condi-
tions for a four-dimensional N = 1 Minkowski back-
ground in terms of a 2-form ω and a 3-form Ω given by

ωmn =−iη†γmnη, Ωmnp = e−2φηTγmnpη, (9)

where η is a non-vanishing spinor field on the inter-
nal six-manifold X . Their statement is that these ob-
jects, together with the heterotic supergravity 3-form
field strength

H =dB +
α′

4
(ωCS(A)−ωCS(Θ)) (10)

and the curvature F of the gauge fields A must satisfy the
equations

dΩ= 0, (11)

i(∂− ∂̄)ω= H , (12)

Ω∧F = 0, (13)

ωyF = 0, (14)

d(e−2φω∧ω) = 0, (15)

together with the heterotic Bianchi identity

dH =
α′

4
(trF ∧F − tr R ∧R). (16)

5
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Note that equation (11) implies that the manifold X is
complex with holomorphically trivial canonical bundle,
while (12) is the statement that the gauge bundle V is
holomorphic on X .

Equations (11), (12) and (13) are often referred to as
the F-term conditions, and we will focus on these condi-
tions only in what follows as it is argued in [50] that their
moduli space is in fact the full moduli space of the sys-
tem. They can be derived from the superpotential func-
tional [51]

W =

∫

X
(H + idω)∧Ω, (17)

by imposing both its vanishing and that its naive varia-
tions with respect to the objects in its definition are also
zero [52]:

W = δW = 0 (18)

A question which arises from this is: what exactly is the
space of geometries on which we have defined the func-
tional W ? Further still, we would like to know how to
describe some of its properties. In particular, consider-
ing the full (i.e. unreduced) ten-dimensional supergrav-
ity theory as a four-dimensional N = 1 supergravity the-
ory with an infinite number of fields (an approach pio-
neered in [53] in the N = 8 case and later exploited in
the N = 2 case in [54, 55, 40]), we see that this space
of geometries should correspond to scalar fields in four-
dimensions. Thus, as is standard in N = 1 supergravity,
it is should have a Kähler structure and in particular this
means that it should be complex. Below, we will be inter-
ested to know how to describe the complex structure on
this space.

To define the space of N = 1 structures more care-
fully, we consider first the simpler case of an ordinary al-
most complex structure. These can be viewed either as
an endomorphism of the tangent bundle J which squares
to minus the identity, or equivalently as a split of the com-
plexified tangent bundle into the ±i eigenbundles of J

T M
C

= T (1,0)
⊕T (0,1) (19)

One can specify a finitely deformed (but nearby) almost
complex structure by specifying the new −i eigenbundle
as the graph of a map

µ : T (0,1)
−→ T (1,0) (20)

(i.e. as the image of the map 1+µ acting on T (0,1)). Such a
map can also be thought of as a (1,0)-vector valued (0,1)-
form

µ ∈Ω
0,1(T (1,0)) (21)

As such objects uniquely label nearby almost complex
structures, we view the tensor fields µ as a set of (com-
plex) coordinates on the (infinite-dimensional) space of
almost complex structures in a neighbourhood of J . Note
that if we were to write the new (real) almost complex
structure J ′ in terms of the original one J and our co-
ordinate µ, we would get an infinite series of terms in-
volving both µ and µ̄. However, taking a formal holomor-
phic variation operator ∆ (which is roughly defined by
setting µ̄= 0), we obtain the simple expression ∆J =−2iµ.
More generally, these formal holomorphic variations are
defined (with respect to some complex coordinates) by
varying the complex coordinates, but not their complex
conjugates, thus locally complexifying the space.

Next, we wish to examine which of our nearby almost
complex structures is integrable, assuming that the origi-
nal J is itself integrable. One way to characterise an inte-
grable complex structure is that the corresponding Dol-
beault operator ∂̄ : Ωp,q →Ω

p,q+1 squares to zero. Simple
reasoning shows that the deformed Dolbeault operator is
exactly ∂̄′ = ∂̄+µa∂a . This squares to zero provided that
µ satisfies the Maurer–Cartan equation

∂̄µ+
1
2 [µ,µ]= 0 (22)

where the operator

∂̄ : Ω0,p(T (1,0)) →Ω
0,p+1(T (1,0)) (23)

and the bracket

[, ] : Ω0,p(T (1,0))×Ω
0,q (T (1,0)) →Ω

0,p+q (T (1,0)) (24)

define the Kodaira–Spencer differential graded Lie alge-
bra (DGLA) onΩ

0,•(T (1,0)). This equation is of finite order
in µ because we chose a particularly nice parameter µ

to label our deformations of the starting almost complex
structure. Essentially, our purpose here is to find a simi-
lar Maurer–Cartan equation for the full Hull–Strominger
system, rather than merely the complex manifold condi-
tion.

To proceed, let us consider how one might construct
the parameter µ which resulted in the neat equation (22).
Consider that, viewed as a GL(3,C) structure on the tan-
gent bundle, an almost complex structure is simply an
element of the coset

GL(6,R)

GL(3,C)
(25)

at each point of the manifold (varying smoothly). We can
consider the Lie algebra decomposition

gl(6,R) → gl(3,C)⊕
[

(3⊗ 3̄
′)⊕ (3̄⊗3

′)
]

R

(26)

6
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to see that a neighbourhood of the origin in 3⊗ 3̄
′ can be

used as a local coordinate chart around the origin of (25).
At each point of the manifold, our tensor µ above pro-
vides precisely a point near the origin in this representa-
tion.

We can also follow this group theoretical prescription
in the case of the full N = 1 geometry considered above.
For simplicity, we will truncate the gauge fields and ig-
nore the R ∧R terms (so that H =dB) for now, discussing
their reintroduction later in Section 3.2. This means that
the fields considered are described by SO(6,6)×R+ gen-
eralised geometry. In contrast to the SU(3)×SU(3) struc-
tures for N = 2 backgrounds discussed in Section 2, the
off-shell N = 1 geometries require the existence of a sin-
gle globally defined spinor field on X which defines an
SU(3)× SO(6) structure on the generalised tangent bun-
dle. This is equivalent to a smoothly varying element of
the homogeneous space

SO(6,6)×R+

SU(3)×SO(6)
(27)

One can then perform a decomposition of the adjoint
representation of SO(6,6) ×R+ to identify complex co-
ordinates on this space, which when allowed to vary
smoothly over the manifold X provide us with complex
coordinates on the space of structures. In [50] it is argued
that the relevant coordinates on the space of structures
can be identified with µ ∈ Ω

0,1(T (1,0)) (which is i
2∆J ex-

actly as for the almost complex structure), and x ∈ Ω
1,1

and b ∈ Ω
0,2 which are the (1,1) and (0,2) parts of the

holomorphic variation ∆(B + iω).

Armed with these complex coordinates on the space
of N = 1 structures, we can expand the superpotential in
them around a supersymmetric point where W = δW =

0. As the superpotential in N = 1 supergravity must be
a holomorphic function of the complex scalar fields, we
have that the variation of the superpotential is exactly
equal to its holomorphic variation. Thus we expand

W +∆W =∆W =

∫

X
(H + idω+d(∆B + i∆ω)

)

∧(Ω+∆Ω)

= 2

∫

X

(

µd
∧ ∂̄xd +

1
2µ

d
∧µe

∧Hde

+µd
∧µe

∧∂d xe −
1
2µ

d
∧∂d b̃

)

∧Ω

(28)

where we have suppressed the anti-holomorphic form in-
dices.

It is then natural to combine µ ∈ Ω
0,1(T (1,0)) and x ∈

Ω
0,1(T ∗(1,0)) into y =µ+x ∈Ω

0,1(Q′) where Q
′ is the holo-

morphic Courant algebroid [56]

Q
′
≃T (1,0)X ⊕T ∗(1,0)X . (29)

This algebroid is equipped with a natural holomorphic
structure D̄ :Ω0,p (Q′) →Ω

0,p+1(Q′)

(D̄ y)a
= ∂̄µa ,

(D̄ y)a = ∂̄xa + i(∂ω)eac̄ e c̄
∧µe .

(30)

which is a derivation of both the holomorphic analogue
of the Courant bracket and the natural pairing on Q

′

[·, ·] : Ω0,p (Q′)×Ω
0,q (Q′) →Ω

0,p+q (Q′), (31)

〈·, ·〉 : Ω0,p (Q′)×Ω
0,q (Q′) →Ω

0,p+q (X ). (32)

given by

〈y, y ′
〉 =µd

∧x ′
d +xd ∧µ′d . (33)

and

[y, y ′]a =µd
∧∂d x ′

a −∂d xa ∧µ′d
−

1
2µ

d
∧∂a x ′

d

+
1
2∂a xd ∧µ′d

+
1
2∂aµ

d
∧x ′

d −
1
2 xd ∧∂aµ

′d ,

[y, y ′]a
=µb

∧∂bµ
′a
−∂bµ

a
∧µ′b .

(34)

Unlike the Lie bracket appearing in the Kodaira–Spencer
DGLA, this bracket does not satisfy graded Jacobi, but
rather an identity of the type

[y, [y, y]] =−
1

3!
∂〈y, [y, y]〉, (35)

where ∂ : Ω0,p → Ω
0,p(Q′) is built from the usual Dol-

beault ∂ operator composed with the dual of the anchor
map Q

′ → T (1,0). As we describe below, the relation (35)
becomes part of the definition of an L∞ algebra rather
than a DGLA.

Returning to our expression for the superpotential ex-
panded in the parametersµ, x and b, we see that in terms
of our new parameter y = µ+ x and b ∈Ω

0,2 we have the
somewhat neater expression

∆W =

∫

X
〈y,D̄ y −

1
3 [y, y]−∂b〉∧Ω. (36)

The F-term conditions W = δW = 0 then (after some ma-
nipulation) take the concise form

D̄ y − 1
2 [y, y]− 1

2∂b = 0, (37a)

∂̄b −
1
2〈y,∂b〉+ 1

3! 〈y, [y, y]〉 = 0, (37b)

∂ıµΩ= 0. (37c)

7



P
ro

c
e

e
d

in
g

s
C. Strickland-Constable: Supergravity Fluxes and Generalised Geometry

The last of these equations can be interpreted as a vol-
ume preservation condition (and has been employed as
a gauge fixing condition in the Kodaira–Spencer gravity
of [57]). We turn our attention to the interpretation of the
first two equations below.

3.1 L∞-structure

Recall that an L∞-algebra is a graded vector space

Y =
⊕

n

Yn , n ∈Z, (38)

equipped with multilinear products ℓk of degree 2 − k.
These are graded commutative so that

ℓk (Y σ(1), . . . ,Y σ(k)) = (−1)σǫ(σ;Y )ℓk (Y 1, . . . ,Y k ), (39)

where (−1)σ is the signature of the permutation σ and
ǫ(σ;Y ) is the Koszul sign determined by

Y 1
∧ . . .∧Y k

= ǫ(σ;Y )Y σ(1)
∧ . . .∧Y σ(k), (40)

where Y ∧Y
′

= (−1)Y Y ′

Y ′ ∧Y . The ℓk must also satisfy
the generalised Jacobi identities. We refer the reader to
e.g. [58, 59] for full details of these constructions and
some of their applications to field theories in physics.

Here we note that in the field theory construction, the
degree two elements have the form of the field equations,
the degree one elements are the fields and the degree
zero elements are the gauge transformations, while the
tower of elements of negative degree form the tower of
successive gauge transformations of the gauge transfor-
mations. However, the construction can also be phrased
in terms of deformation theory. There, the field equa-
tion becomes the Maurer–Cartan equation, the fields be-
come the deformations, the gauge transformations be-
come the symmetries, while the lower degree elements
are “higher" symmetries. The field equation, or Maurer–
Cartan equation, takes the form

F (Y ) =
∞
∑

n=1

(−1)n(n−1)/2

n!
ℓn (Y n )

= ℓ1(Y )− 1
2ℓ2(Y ,Y )− 1

3!ℓ3(Y ,Y ,Y )+·· · = 0

(41)

where Y ∈Y1, while the gauge transformation or symme-
try of the system, takes the form

δΛY = ℓ1(Λ)+ℓ2(Λ,Y )− 1
2ℓ3(Λ,Y ,Y )−

−
1
3!ℓ4(Λ,Y ,Y ,Y )+·· · ,

(42)

where Λ∈Y0.

For the heterotic system (37), the relevant L∞-algebra
is built from the graded vector space with

Yn =Ω
0,n(Q′)⊕Ω

0,n+1 (43)

while the multilinear products ℓk on elements Y = (y,b)
of definite degree are given by

ℓ1(Y ) := (D̄ y +
1
2 (−1)Y ∂b, ∂̄b),

ℓ2(Y ,Y ′) := ([y, y ′], 1
2 (〈y,∂b′

〉+ (−1)1+Y Y ′

〈y ′,∂b〉)),

ℓ3(Y ,Y ′,Y ′′) := 1
3 (−1)Y +Y ′+Y ′′

(0,〈y, [y ′, y ′′]〉+

+ (−1)Y (Y ′+Y ′′)
〈y ′, [y ′′, y]〉+

+ (−1)Y ′′(Y +Y ′)
〈y ′′, [y, y ′]〉),

ℓk≥4 := 0.

(44)

As our highest degree non-trivial bracket takes three ar-
guments this is an L3-algebra. The Maurer–Cartan equa-
tion arising from this is then

F (Y ) = (D̄ y −
1
2∂b −

1
2 [y, y], ∂̄b −

1
2 〈y,b〉+

+
1
3! 〈y, [y, y]〉) = 0.

(45)

Remarkably, this encapsulates precisely equations (37a)
and (37b). In other words, the F-term conditions for a su-
persymmetric Minkowski vacuum are equivalent to

F (Y ) = 0, ∂ıµΩ= 0. (46)

The second condition here can be absorbed into the
Maurer–Cartan equation by restricting the graded vector
spaces to the sheaves of sections where this condition
holds.

We also note that there is a natural construction [60]
of an L3-algebra associated to any Courant algebroid,
with the degree zero elements as its sections and the de-
gree −1 elements the smooth functions on the base man-
ifold. This construction can be adapted to the holomor-
phic case, giving an L3-algebra on the two-term complex

OX
∂

−→ E . (47)

where E is the sheaf of holomorphic sections of Q
′. One

can then consider the Dolbeault resolution of this com-
plex (see Figure 1) and see that the resulting total com-
plex is that of our L3-algebra (43). One can go on to
see that the relation between (43) and (47) is a quasi-
isomorphism. This provides a natural mathematical con-
struction of (43) from the holomorphic Courant alge-
broid.
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0 OX C
∞(C) Ω

0,1
Ω

0,2

0 E Q
′

Ω
0,1(Q′) Ω

0,2(Q′)

ι ∂̄ ∂̄ ∂̄

ι D̄ D̄ D̄

∂ ∂ ∂ ∂

Figure 1 The Dolbeault resolution of (47).

3.2 Restoring the gauge fields

In the above, we truncated the gauge fields of heterotic
supergravity for simplicity. We now comment on how we
can include them in the construction. The first step is to
again simplify the problem by treating the tangent bun-
dle connection Θ appearing in (10) as an additional de-
gree of freedom (rather than fixing it to be a specific con-
nection determined by the physical fields as required by
supersymmetry). In this way, we can treat it as an ad-
ditional gauge field, as in the infinitesimal treatments
of [12, 11], so that the Bianchi identity can be written as
dH =dB +

α′

4 F ∧F .

The necessary modifications to our construction then
follow simply by replacing Q

′ ≃ T (1,0) ⊕T ∗(1,0) by an en-
hanced holomorphic Courant algebroid (also recently
discussed in [61, 62] with the nomenclature ‘holomor-
phic string algebroid’)

Q ≃T (1,0)X ⊕EndV ⊕T ∗(1,0)(X ). (48)

We refer the reader to [50] for the details of the modi-
fications to the pairing, bracket and holomorphic struc-
ture needed for this bundle. The main statement is that
having made these modifications, the exact same form of
equations (36) and (37) and those of Section 3.1 hold for
the case including the gauge bundle.

Strictly though, we have solved a different problem
to the original moduli problem, as we introduced extra
degrees of freedom to the theory. The true moduli space
will then be a subspace of the moduli space found in this
way, on which the additional ‘gauge field’ Θ is fixed to be
the Hull connection (see the discussion in [12]). How best
to describe these additional constraints remains an open
problem.

Key words. Supergravity, supersymmetric flux backgrounds,

generalised geometry, moduli spaces, L∞-structures
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