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Abstract

We present a nested algebraic Bethe ansatz for one-dimensional s05,- and sp;,,-symmetric open spin
chains with diagonal boundary conditions. The monodromy matrix of these spin chains satisfies the defining
relations on the extended twisted Yangians X (502, 5o§n)’ Yand X, (spyy,, spgn)t W respectively. We use a
generalisation of the De Vega and Karowski approach allowing us to relate the spectral problem of s05,,- or
spo,-symmetric open spin chain to that of gl,,-symmetric open spin chain studied by Belliard and Ragoucy.
We explicitly derive the structure of Bethe vectors, their eigenvalues and the nested Bethe equations. We
also provide a proof of Belliard and Ragoucy’s trace formula for Bethe vectors of gl,,-symmetric open spin
chains.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The Bethe ansatz is a large collection of methods to find the spectrum and common eigenvec-
tors of commuting families of operators (transfer matrices) occurring in the theory of quantum
integrable models. It was Faddeev’s Leningrad school of mathematical physics which refor-
mulated the spectral problem of quantum integrable models into a question of representation
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theory of certain associative algebras with quadratic relations, now generally known as quantum
groups [8,9]. More precisely, the spaces of states of such models, called quantum spaces, are
associated to tensor products of irreducible representations of these quantum groups. The com-
muting operators are then images of elements in the commutative subalgebra, known as Bethe
subalgebra, on the quantum space. By acting with appropriate algebra elements on the vacuum
vectors one then constructs the so-called Bethe vectors that depend on sets of complex param-
eters. In the case when these parameters satisfy certain algebraic equations, known as Bethe
equations, the corresponding Bethe vectors become eigenvectors of the commuting operators. In
this form, the Bethe ansatz is called the algebraic Bethe ansatz. The general conjecture is that
the constructed eigenvectors form a basis in the space of states of the model, see reviews [38,
43].

The algebraic Bethe ansatz has been very fruitful in the study of gly-symmetric integrable
models [30,4,36,37,11]. Finding eigenvectors and their eigenvalues provides the necessary first
step in the study of scalar products and norms [19,20,28], correlation functions and form factors
[23-27,42]. The study of the sox- and sp-symmetric models so far has been less productive.
One of the obstacles is that the R-matrix in this case is not quite of a six-vertex type, which is
the key property used in the study of the gly-symmetric models. Another obstacle is that not
every irreducible highest weight sox- or sp,-representation can be lifted to a representation
of the corresponding quantum group, such as Yangian or quantum loop algebra. Moreover, the
lifting itself is often not straightforward and requires use of the fusion procedure or some other
method, such as a spinor or oscillator algebra realization [3,18]. Consequently, the study of one-
dimensional soy - or sp y-symmetric spin chains has mostly been restricted to the cases when the
quantum space of the model is a tensor product of fundamental representations (“fundamental
models”). The nested algebraic Bethe ansatz for fundamental periodic spin chains in the orthog-
onal case was addressed by De Vega and Karowski [7] (see also [40]) and in the symplectic case
by Reshetikhin [39]. The latter paper uses a combination of analytic and algebraic methods to
study periodic spin chains with more general quantum spaces. The fundamental open spin chains
in the symplectic case were addressed by Guang-Liang, Kang-Jie and Rui-Hong [10] and, more
recently, in the orthogonal case by Gombor and Palla [13,12]. The algebraic Bethe ansatz for the
ortho-symplectic (supersymmetric) closed spin chain was studied by Martins and Ramos [32].
The analytical Bethe ansatz for orthogonal, symplectic and ortho-symplectic open spin chains
was studied by Arnaudon et al. in [1,2].

In the present paper we study the spectral problem of soy- and sp,-symmetric open spin
chains with more general quantum spaces and certain diagonal boundary conditions. The
R-matrix of the spin chain is that introduced by Zamolodchikov and Zamolodchikov [45] (see
also [5]) for so and by Kulish and Sklyanin [31] for sp, . We focus on the case when N = 2n.
We choose the left boundary to be a trivial diagonal boundary. The right boundary is chosen
to be a diagonal boundary corresponding to symmetric pairs of types CI, DIII, CII, DI and
CDO in terms of the Cartan’s classification of symmetric spaces (the precise details are given
in Section 2.3). Our approach relies on the decomposition C?" = C? ® C", which allows us
to rewrite the R-matrix as an End(C” @ C")-valued six-vertex matrix and thus apply conven-
tional algebraic Bethe ansatz methods, subject to necessary modifications, to solve the spectral
problem of the chain. The space of states is given by a tensor product of symmetric irreducible
507, -representations or by a tensor product of skew-symmetric irreducible sp,,,-representations.
We use fusion procedure to extend these s02,- and sp,,-representations to those of the Extended
Yangians X (s02,) and X (sp,,,) studied in [3]. The monodromy matrix of the chain satisfies the
defining relations of the extended Twisted Yangian X (g2, ggn)t ¥ studied by the second named
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author in [15], introduced in Drinfel’d J presentation in [6]. The key idea is to use the symme-
try relation of X (goy, ggn)t ¥ which allows us to rewrite the exchange relations involving the D
operator of the transfer matrix in terms of the A operator, thus effectively reducing the prob-
lem to that of the gl,-symmetric open spin chains studied by Belliard and Ragoucy in [4]. Our
main results are Theorems 5.21 and 5.29 stating eigenvalues of symplectic and orthogonal Bethe
vectors and the Bethe equations. Here by a symplectic Bethe vector we mean a Bethe vector
for a sp,,-symmetric open spin chain. An orthogonal Bethe vector means a Bethe vector for a
509, -symmetric open spin chain. The eigenvalues of Bethe vectors and Bethe equations for fun-
damental chains in this paper agrees with the results obtained in [12] and [1]. The differences
amount to a factor of 5 £ (22)7 7 which we have introduced in the definition of the transfer matrix
(Definition 5.16, see also (3.20)), and additional factors which appear in the definitions of the
reflection K-matrices (given by Lemma 3.10). We also present in Section 4 a detailed survey
of the algebraic Bethe ansatz for a gl,-symmetric open spin chain studied in [4], since it is a
prerequisite to our approach to sp,, - and s02,-symmetric open spin chains. Our main objectives
in this survey are Theorems 4.13 and 4.15. Theorem 4.13 rephrases the relevant to the current
paper results obtained in Section 6 of [4]. Theorem 4.15 states a trace formula for Bethe vec-
tors of a gl,,-symmetric open spin chain. This formula may be viewed as a special case of the
supertrace formula given by Theorem 7.1 in [4], which presented only an outline of the proof. In
the current paper we provide a detailed proof of the trace formula under consideration. However,
we were unable to find (reasonably simple) trace formulas for Bethe vectors of the sp,,- and
502,-symmetric open spin chains, and hence have limited ourselves to providing examples of
the explicit form of Bethe vector with a small number of excitations. These are given in Exam-
ples 5.23 and 5.32.

We note for the reader that the approach presented in this paper may be used for any irre-
ducible representations of sp,, and s02, that can be extended to representations of X (sp,,) and
X (s02;,). In Section 5.8 we have demonstrated this in case of the so-called SO,,,/(U, x U,) and
S Py, /(U, x Uy,) magnets, in the periodic cases studied in [39].

The paper is organised as follows. In Section 2 we introduce the notation used in the paper and
provide details of the symmetric pairs that describe boundary conditions of the open spin chains.
In Section 3 we set up the algebraic description of the spin chains. We recall the definition of
the orthogonal and symplectic extended Yangians and twisted Yangians, and relevant details of
their representation theory. We then present the fusion procedure. We also recall the necessary
details of the Molev-Ragoucy reflection algebra and present the six-vertex block-decomposition
of the extended twisted Yangian. In Section 4 we present the nested algebraic Bethe ansatz for
an open gl, -symmetric open spin chain first addressed by Belliard and Ragoucy in [4]. Section 5
contains the main results of this work. We first derive technical identities that provide key steps
of the algebraic Bethe ansatz. We introduce a creation operator of (multiple-)excitations and
describe its algebraic properties: we derive the exchange relations for the creation operator and
the monodromy matrix that lead to the so-called wanted and unwanted terms. We then present
the nested algebraic Bethe ansatz. We provide the complete set of Bethe equations and examples
of the Bethe vectors. We end this section with a brief discussion of the SOy, /(U, x U,) and
S Py, /(U, x U,) magnets and the nearest-neighbour Hamiltonian operator for the fundamental
open spin chain.
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No new data was created during this study.
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2. Preliminaries and definitions
2.1. Lie algebras

Fix n € N. Let gl,,, denote the general linear Lie algebra and let E;; with 1 <i, j < 2n be the
standard basis elements of gl,, satisfying
[Eij, Ex] =68k Eit — Si1 Ex;j.
The orthogonal Lie algebra soy, or the symplectic Lie algebra sp,, can be realized as a Lie sub-
algebra of gl, as follows. For any 1 <i, j < 2n set 6;; = 0;0; with 6; = 1 in the orthogonal case
and 0; = 8;>, — Ji <, in the symplectic case. Introduce elements F;; = E;j — 6;jE2p—j1,20—i+1
satisfying the relations
[Fij, Frl = 8k Fit — 8it Fj + 0ij8 2n—1+1Fr,on—i+1 — 0ij8i 2n—k+1Foan—j+1.1, 2.1
Fij + 0 Fon—j+1,20—i+1 =0, (2.2
which in fact are the defining relations of the Lie algebra soy, or sp,,,. Namely, we may identify
500, OF 5Py, with spanc{F;; : 1 <i, j <2n} and we will use by, =spanc{F;; : 1 <i <n}asa
Cartan subalgebra. It will be convenient to denote both Lie algebras so0y, and sp,,, simply by go,,.
For any n-tuple A = (A1, ..., A,) € C" we will denote by V (1) the irreducible highest weight
representation of the Lie algebra g»,. In particular, V (1) is generated by a non-zero vector & such
that
Fij§=0 for 1<i<
Fij§=x1& for 1<i<

The representation V (1) is finite-dimensional if and only if

Ai—Aiy1 €Zy for i=1,...,n—1 and
A1+ A €Zy if  gop =502,
A €Zy if  gon =5py,.
The subalgebra of g2, generated by the elements F;; with 1 <i, j <n is isomorphic to the
Lie algebra gl,,. We will be interested in the following restriction of V (A):
VO)={veV@Q) : Fypjv=0 for 1 <i,j<n}. (2.3)

The vector space V(1) is an irreducible representation of gl, C go,. It is finite-dimensional if
V() is.
Given a Lie algebra g its universal enveloping algebra will be denoted by U (g).
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2.2. Matrix operators

We need to introduce some operators on C¥ ® CV, where the tensor product ® is defined
over the field of complex numbers, ® = ®¢, and N =n or N = 2n (it will always be clear from
the context which N is used). Let ¢;; € End(C") be the standard matrix units and let e; be the
standard basis vectors of C"V. Then P will denote the permutation operator on C¥ @ CV and
we set Q = Pl = P2 where the transpose ¢ is defined by (e;;)’ = 6;j eny—j+1,N—i+1; explicitly,

N N
P= Z eij Qeji, 0= Z Oijeij ® eN—i+1,N—j+1- (2.4
ij=1 ij=1

Let I denote the identity matrix on C¥ ® CV or CV (again, it will always be clear from
the context which I is used). Then P2 =1, PQ = QP = +Q, 0% = N Q, which will be useful
below. Here, and further in this paper, the upper sign in = and = corresponds to the orthogonal
(or “+”) case and the lower sign to the symplectic (or “~") case. Also note that P(e;; ® ) = (I ®
e;j) P. Taking the transpose of this, we obtain a pair of relations for Q and any M € End(CV):

OQMRDN=0U’M", MeHQ=UM)Q. (2.5)
Note that the transposition ¢ can be equivalently written as
M =JM"J

.. . . N
where T denotes the usual transposition of matrices, i.e., el.Tj =ej,and J =) ;" € N_itl-
For a matrix X with entries x;; in an associative (or Lie) algebra A we write

N
X;=Y I® - ®I®e®I® - ®1®x;<End(C)® @ A.
i,j=1 s—1

Where appropriate, we will use the notation [X];; to denote matrix elements x;; of a matrix
operator X . Products of matrix operators will be ordered using the following rules:

s 1
l_[XiZXIXZ"'Xs and HXiZXsXsfl"'XL (2.6)
i=1 i=s

Here k > 2 and 1 <s < k; it will always be clear from the context what £ is.
We will denote the generating matrix of gl,, by E =), <i<j<om €ij ® Eij and the generating

matrix of g, by F = le’;:l eij ® Fij.

2.3. Symmetric pairs

The symmetric pairs that we are interested in are of the form (g, ggn), where p is an in-
volution of gy, and ggn denotes the p-fixed subalgebra of g,. The involution p is given by
p(F) = GFG™! for a particular matrix G € End(C?"); we will use the matrices G in agreement
with those in Section 2.2 of [16]. This allows us to view ggn as the subalgebra of g;, generated
by the elements F; = Fjj + (GFG™");;. Its generating matrix is given by F” = F + GFG ™.
We also recall the further refinement of Cartan’s classification of symmetric spaces introduced
in [16] that reflects the explicit form of G listed below and differences in the study of represen-
tation theory of twisted Yangians.
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Let p and g be such that p > g > 0 and p 4+ g = 2n. In the list below, for each Cartan type,
we indicate the corresponding symmetric pair and give our choice of matrix G:

o CL: (g2n, ggn) = (spyy,, 0l,) and G = Z?:l (€ii — entin+ti)-

o DI (824, gb,) = (5024, gl,,) and G = Y1 (€ii — enpin+i)-

o CII: (g2n, ggn) = (8P, 5p, ® sp,) such that both p and g are even and p > q. The matrix
Gis

2n—% z
2 2

G= Y ei—Y (ei+emitiomitl)- 2.7)
i=4+1 i=1

In this case the subalgebra of ggn spanned by F;; with % +1<i,j<2n-— % is isomorphic to
sp,, and the subalgebra of ggn spanned by Fj; with 1 <i,j <% and2n — % +1<i,j<2n
is isomorphic to sp,, .

e DI: (g2, g’z’n) = (5025, 50, ® 50,) such that both p and g are even and p > g. We choose G
to be the same as for CII case, i.e. given by (2.7). Hence the subalgebras s0,, and so, of ggn
are defined analogously.

e CDO: (g24, 95,) = (920, g20) and G = 1.

Note that we have excluded the DI case, when both p and ¢ are odd (called DI(b) in [16]). In
this case the matrix G can not be chosen to be diagonal. Also note that the last case, CDO, can
be viewed as a limiting case of types CII and DI, when p =2n and ¢ = 0.

3. Setting up symmetries and representations of the spin chain
3.1. The Yangian X (g2,)

We briefly recall necessary details of the Extended Yangian X (g»,) and its representation
theory, adhering closely to [3]. We will drop “Extended” part of the name to ease the notation.
We then use the fusion procedure of [21,22] and follow arguments presented in Sections 6.4
and 6.5 of [33] (see also Section 2 in [34]) to extend symmetric representations of so0y, and
skew-symmetric representations of sp,, to representations of X (gz,). They are examples of the
so-called Kirillov-Reshetikhin modules of X (g2,) [29]. A multiple tensor product of such repre-
sentations will serve as the bulk quantum space of the open spin chains.

Introduce a rational function acting on C%" ® C2"

1
Ru)=1——-P+ 0, where k=n7FI, 3.1
u

u—K

called Zamolodchikov’s R-matrix [31,45]. It satisfies the unitarity and cross-unitarity relations
RWR(—u)=RW)R w+)=1—-u"?)-1

and is a solution of the quantum Yang-Baxter equation,

Rip(u —v) Ri3(u — 2) Ro3(v — 2) = Ro3(v — 2) Ri3(u — 2) Ria(u — v). (3.2)
(r)
ij
these into formal power series #;; (1) = >
T(u)= Zizf}:] eij ®tij(u).

with 1 <i,j <2n and r > 0 such that tl.(;)) = §;j. Combining

l.(jr)u_’, we can then form the generating matrix

We introduce elements ¢

t

r>0
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Definition 3.1. The Yangian X (g,) is the unital associative C-algebra generated by elements

tl.(jr) with 1 <i, j <2n and r € Z> satisfying the relation

R(u—v)Ti(u) T,(v) =Tr(v) T1 (u) R(u — v). (3.3)
The Hopf algebra structure of X (g,) is given by

2n
A:tij(u)HZtik(u)@)tkj(u), S:Tu) Tfl(u), e:T(u)w— 1. (3.4)
k=1

We now collect several useful facts about the algebra X (g»,). The matrix 7 (u) satisfies the
symmetry (cross-unitarity) relation

TWT w+x) =T wu+)Tw) =zu) I, (3.5)

where z(u) is a formal series in u~! with coefficients central in X (gon).- Let c e C and f(u) €
C[[z~"]. The shift and twist automorphisms of X (g»,) are defined by, respectively,

T : Tw)y— T —c), wr s T fu)T ). (3.6)
We will make use of the following anti-automorphisms of X (g2,):
sign : T(u)— T(—u), tran @ T(uw)— T (), rev : Tw)— T ). (3.7)

Next, we recall the definition of the lowest weight representation of X (g2,).

Definition 3.2. A representation V of X (go,) is called a lowest weight representation if there
exists a non-zero vector n € V such that V = X (g,) n and

tijw)n=0 for 1<j<i<2n and f;w)n=~rw)n for 1<i<2n, (3.8)

where A; (1) is a formal power series in ~! with a constant term equal to 1. The vector 7 is
called the lowest vector of V and the 2n-tuple A(u) = (A1 (), ..., A2, (1)) is called the lowest
weight of V.

The Yangian X (g»,) contains the universal enveloping algebra U (gz,) as a Hopf subalgebra.
An embedding U (g2,) < X (g2,) is given by

) . 1., )
Fij 1, =57 =0ty iy 2p_is1) 3.9)

for all 1 <i,j < 2n. We will identify U(g,,) with its image in X (g»,) under this embed-
ding. However, in contrast to the Yangian Y (gl,,) of the Lie algebra gl,,, there is no surjective
homomorphism from the Yangian X (gp,) onto the algebra U (gy,). As a consequence, not ev-
ery irreducible finite-dimensional representation of gy, can be extended to a representation of
X (g2n). The fusion procedure allows us to extend any symmetric representation of s0y, and any
skew-symmetric representation of sp,, to a representation of X (g,). In the remaining part of
this section we briefly recall the main aspects of the fusion procedure starting with the vector
representation of gp,,.

The vector representation of g, on C2" is a highest weight representation of weight A =
(1,0, ...,0) and the highest vector e; given by the assignment F;; > e;; — 0;j €2n—j+1,2n—i+1-
The assignment



8 A. Gerrard, V. Regelskis / Nuclear Physics B 952 (2020) 114909

1 1
st (u 98"+—€"— 9"627' 1 2n—i+1
o l]() ij U ij P 1j 2n—j+1.2n—i+

equips C" with a structure of a X (gp,)-module. Since we are interested in the lowest weight
X (g2,,)-modules, we need to compose the map o with the anti-automorphisms sign and tran. We
also include the shift automorphism t.. Denoting the resulting map by ¢, :=p osignotranot,
we have
. 1 1
Q. : tij(u) = &ij — i + P— Oij €n—i+1,2n—j+1-
It follows that

0.,(T(u))=Ru—c),

1
0 (TW)@_c(T(—u)) = @ (T W) @ (T"(u+x)) =1~

u—o?
This allows us to view the space C2" as an irreducible lowest weight X (g2,)-module with weight
A(u) given by

1 1
M =1-——— l@@=...=rp1w)=1, tyu)=1+—--— (3.10)
u-—=c u—c—K

We denote this module by L(A).. We will use this notation for all irreducible finite-dimensional
representations of gp, that can be equipped with a structure of a X (g,)-module.

Consider the tensor product space (C2*)®* with k > 2. Each C?" carries the vector repre-
sentation of go,, so that the vector space (C2*)®* is a representation of ga,. The Brauer algebra
B (£2n) acts naturally on this tensor space and commutes with the action of gy, see e.g. Chap-
ter 10 of [14]. The Brauer-Schur-Weyl duality allows us to obtain irreducible representations of
g2, by studying primitive idempotents in By (£2n). Recall that irreducible representations of
By (£2n) are labelled by all partitions A = (Aq, A, ...) of the non-negative integers k, k — 2,
k —4,.... Denote by A the partition conjugate to A, e.g. if A = (2, 1, 1), then A’ = (3, 1). Then
the vector space (C>")®k decomposes as

Lk/2]
=@ G veLlr
F=0 Ark—2f
M +25<2n

in the orthogonal case, and as

Lk/2]

=P P weLw

F=0 AFk=2f
20 <2n

in the symplectic case; here V, and L(A) are irreducible representations of B (42n) and gj,,
respectively, labelled by the partition A. We will focus on the symmetric representation labelled
by the partition (k) and the skew-symmetric representation labelled by the partition (1, ..., 1)
of k. Assume that k > 1 in the orthogonal case and 1 < k < n in the symplectic case. By The-
orem 2.2 of [22] (see also Example 2.4 (iii) and Section 4 therein) the corresponding primitive
idempotents act on the space (C2")®¥ via operators l'[,;—L defined by

k
1 .
Mf=1 and H,f_ﬁl—[<R1,(:F(z—l)) ,1,(:F1)) if k>2. (3.11)
i=2
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The subspace L,f = Hff((Cz”)@k is a gp,-submodule of (C2m)®k isomorphic to the highest
weight representation L(A) of weight A = (k,0,...,0) in the orthogonal case and of weight
Ar=(1,...,1,0,...,0), where the number of 1’s is k, in the symplectic case. The highest vector
in the orthogonal case is

E=e1® - -Qey.

In the symplectic case it is

£= Z sign(o) e;(1) @ -+ @ eg (k)

oeBy

where Sy is the group of permutations on the set {1,2, ..., k}.

By combining the comultiplication in (3.4) with the map g, and an appropriate choice of the
shift automorphisms, we obtain a representation of X (ga,) on the vector space (C>")® given
by the assignment

T(u) — Roi(u —¢) Rpu —cF 1)+ Ro(u — ¢ Fk £ 1) € End((C?H)®*+Dy  (3.12)

where the “zero” space denotes the matrix space of T (u).

Proposition 3.3. The subspace L C (C*")®* is stable under the action of X (g2n) defined by
(3.12). Moreover, the representation of X (ga,) on Lf obtained by restriction is an irreducible
lowest weight representation of weight A(u) given by, for 1 <i <n,
) =1— A W) =1+ A
(u)=1-— , _it1(u) = ,
' u—c =it u—cFkx1l—«
where A = (k, 0, ...,0) in the orthogonal case and A = (1,...,1,0,...,0), with the number of
1’s being k, in the symplectic case.

(3.13)

Proof. Using the explicit form of the idempotent H,:—L and the Yang-Baxter equation multiple
times we find

Ro1(u — ) Rp(u — ¢ F 1) - Rog(u — ¢ Fh+ DT
=Ty Roc(u —c Fhk£ 1)+ Roa(u — ¢ F 1) Ror(u — ),

which implies the first part of the proposition. Since U (g2,) C X (g2,) we have X (go,)(e1®---®
e1) = L,f. By Lemma 5.17 in [3] adapted to lowest weight representations, the tensor product
of lowest vectors e] ® --- ® eq is again a lowest vector of Weilght given by the product of the
individual weights with respect to the action (3.12), namely [ | j;(l) Ai(u F j), where A; (u F j)
are those given by (3.10). This implies the second part of the proposition for the orthogonal case.
For the symplectic case we refer the reader to the proof of Theorem 5.16 in [3]. O

These representations of X (gp,) will be denoted by L(1).. We define the Lax operator £(u)
of X(g2,) by T (1) - L(A)e = L(u — ¢) L()),. It will be useful to know that

k—1

L) L (u+k)=Lu+k)L@w)= ]_[

i=0

which follows from the relations R(u) R’ (k +u) = R'(k + u) R(u) = (1 —u~2) I and (3.12).

wFd)?>—1  uxtl uFk
(uFi)? T ou uFktl

I (3.14)
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Remark 3.4. In the present work we do not need to know the explicit form of the Lax operators
L(u). We nevertheless provide an example of £(u) in the case when g, = sp4 and k = 2. Then
I, = %Rlz(l) projects the space C* ® C* to the 5-dimensional subspace L, , an irreducible
highest-weight representation of sp, of weight A = (1, 1). Choose

1 1 1 1
vfzzﬁel/\ez, v,1=ﬁe1/\63, Ulzﬁez/\a, UZZ%eg/\&;,

w=1(2@e3—e3®er—e @es—es®ey),

where a Ab=a ®b — b ® a, to be an orthonormal basis of L, . Let x;; € End(L; ) denote the
matrix units of End(L;) with respect to the above basis, namely x;;jvr = §;¢v; for all i, j, k.
Then the Lax operator can be written as L(u) = Zi,j,k,lgijkl(u) eij @ xi where £;jx(u) =
(e ® vf) Ro1 (u)Roz(u + 1) (e ® vy). In particular,

L =""1 (1= 2+ B),

where

P= % ((e12 — €34) ® (x0,—1 — x10) — (€13 + €24) ® (x0,—2 + x20))
+e33Q (x_1,—1+x22) +eas ® (x11 +x22) —e14 ® (x1,—2 +x2,-1)
+e3® (x_1,—2 +x21)

and P is obtained from P using the transposition rule e;; ® xi; — es_; 5_j @ X_x_;.
3.2. The twisted Yangian X p(g2n, 95,)""

‘We now focus on the Extended twisted Yangian X ,(g2,, ggn)t " and its representation theory
adhering closely to [15—17]. As before, we drop the “Extended” part of the name to simplify the
notation. We introduce an additional “shift” parameter p € C in the definition of X, (g2x, ggn)t w
which will play a role in the algebraic Bethe ansatz discussed in Sections 4 and 5.

Recall the definition of the matrix G from Section 2.3. Introduce a matrix-valued rational
function

dl —uG 1
Guy=2"""" Where d=-uG, (3.15)
d—u 4
so that d = 0 for symmetric pairs CI and DIII, d = n/2 for CDO0, and d = (p — q)/4 for CII and
DI

Definition 3.5. The twisted Yangian X ,(g2,, ggn)’ Y is the subalgebra of X (go,) generated by
the coefficients of the entries of the matrix

SW=Tw—-$Gu+T@—%  where i=k—u—p. (3.16)

The “p-shifted” twisted Yangian defined above is isomorphic to the one introduced by one of
the authors in [15]. The isomorphism is provided by the map X(u) — S(u + %). (Note that X(u)
is used to denote the special twisted Yangian in [15].) The Lemma below is due to Lemmas 4.1
and 4.3 in [15].
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Lemma 3.6. The matrix ¥(u) defined in (3.16) satisfies the reflection equation and the symmetry
relation:

R(u—v) X1 () R(u+v+p) X2(v) = X2(v) R(u +v + p) X1 (u) R(u —v), (3.17)
— (i P 1) — .
2%@:&52@ﬁtmw ?W)+MGW+2DE@)tdﬂw)I’ (3.18)
u—u U—u—=K

where the lower sign in (L) distinguishes symmetric pairs CI and DIII from the remaining ones.

The relations (3.17) and (3.18) are in fact the defining relations of X ,(g2,, ggn)’ Y Their form
in terms of matrix elements o;;(u) of X(u), for p = 0, can be found in (4.4) and (4.5) of [15]
(note that indices i, j, k, [ are indexed by —n, —n +1,...,n — 1, n in [15]). In this work we will
utilize a special “block” form of the defining relation; these are discussed in Section 3.3.

We want to obtain a more compact form of the symmetry relation (3.18). Introduce a rational
function

1 for CI, DIII,

g(u) = 2u—«x 14+ p for CII, DI when p =g, (3.19)
Uu—1Iu—kK

tr(Gu+ %))

Note that in the last case we have

u—1u—«K _(M—K—I-%)(u—d—l—%)

for CDO and CIL, DI when p > q.

w(Gu+5%5)  dQu—n+p)
Define the matrix
S(u) = g(u) T(u) € X, (g2n, g5,)"" (™). (3.20)

Lemma 3.7. The matrix S(u) satisfies the “compact” symmetry relation:

u—i  u—i—K
Proof. Substituting (3.20) to (3.21) gives
() = — 80 (1 - ) S(c—u—p) + E(”Z w(E@)-I (3.22)
g(u) u—1u —u U—u—K

For symmetric pairs CI and DIII we have g(u) = 1 giving

—@(I:I: 1~>=—1:|: 1~.
g(u) u—1u u—1u

For symmetric pairs CII and DI when p = g we have instead g(u) =2u — « 4+ 1 4 p and so

_g) (1:!: 1 ~>:1:F 1 _
g(u) u—1u u—1u

Thus for the above symmetric pairs (3.22) becomes

u—u u—u-—kK

(3.21)

which is equivalent to (3. 1 8), since the above cases have tr(G(u)) = 0.
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Let us now focus on all the remaining symmetric pairs. By Lemma 2.2 in [16] the matrix G (u)
itself satisfies the symmetry relation (3.18), namely

Gu+%5—-Gk—u—1%)

u—1u

Gu+45=Gk—-u—-5+
r(Gu+5) Gk —u—5) —t(Gu+ %) -1
+ .
U—u—K
Recall (3.19). Taking the trace of both sides we find

U—1ii—K 1 2 £2 . 1 ()
—3 lF—+— gy =\1F —+—— g(u)
u-+p U—u U—U-—KkK U—u uU—UuU-—«kK

and rearrange to

i 1 1 -1
_ 8@ (lj: ~): LI S ORY
g(u) u—u U—u U—U—kK
This allows us to rewrite (3.22) as

—1

U—u U—U—K u—1u U—Iu—kK

= X(ii) +

)

(u) — (i) N r(G(u+ 5)) (i) — tr(S(w)) - 1
u—u u—iu—kK

which coincides with the symmetry relation (3.18), as required. O

The “compact” symmetry relation (3.21) is more convenient than (3.18) in the context of the
algebraic Bethe ansatz for the X, (g2x, g‘gn)’ Y_chain. This will become evident in Sections 5.4
and 5.5, where the so-called exchange relations are obtained.

Next, we focus on the lowest weight representations. We will rephrase some of the statements
given in Section 4 of [16], where the highest weight representation theory of X, (g2x, ggn)’ ¥ was
introduced.

Definition 3.8. A representation V of X ,(g2x, ggn)’ ¥ is called a lowest weight representation if
there exists a non-zero vector 7 € V such that V = X ,(g2,, ggn)’ wn and

oijj)n=0 for 1<j<i<2n and o;w)n=mp;wn for 1<i=<n, (3.23)

where u;(u) are formal power series in u—1 with the constant term equal gj;. The vector 7 is
called the lowest weight vector of V, and the n-tuple w(u) = (1), ..., un(u)) is called the
lowest weight of V.

Symmetry relation (3.18) implies that 7 is also an eigenvector for o;; (1) with n <i < 2n.
Given an n-tuple u(u), we will often make use of the corresponding n-tuple fi(x) with compo-
nents defined by (cf., eq. (4.10) in [16])

i1
i () 2=(2u+,0—i+1)Mi(u)+ZMj(M)- (3.24)
j=1
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Our focus will be on the lowest weight X ,(g2,, ggn)’ *-modules obtained by tensoring lowest

weight X (g2,)- and X, (g2s, ggn)l "-representations. With this goal in mind we need the follow-
ing rephrase of Proposition 4.10 in [16].

Proposition 3.9. Let & be the lowest vector of a lowest weight X (gn)-module L(A(u))
and let n be the lowest vector of a lowest weight Xp(ggn,ggn)’w-module V(u(u)). Then

X, (920, ggn)’w(’g‘ ® n) is a lowest weight X, (g2, ggn)tw-module with the lowest vector £ Q@ n
and the lowest weight y (u) with components determined by the relations

Viw) =1 ) Ai(w — 5) Aop—iv1(@— 5) for 1<i<n, (3.25)
with y; (u) defined by (3.24).

Proof. The proof is very similar to that of Proposition 4.10 in [16] and is essentially the same as
that of Proposition 3.17 stated in Section 3.5 below; we refer the reader to the latter. 0O

We will restrict to the cases when V(u(u)) is a one-dimensional representation of
X, (920, ggn)’ W, It will be interpreted as the boundary quantum space of the open spin chain.
The Lemma below rephrases Lemma 2.3 in [16] and Lemma 5.4 in [17].

Lemma 3.10. Let a, b € C. Then the matrices

K() =G - - g (3.26)

L
2

when n > 1 and G is type CI, or n > 2 and G is of type DIII, and

b a a
K(”)=_<l_u+§>((l_u+§>e”_<l+u+§)m>
+<1+ b >((1— a ) —<1+ a ) ) (3.27)
u+§ M—I—% €33 M~|—§ €44 |, .

when n =2, and

w—a+5w+a—2d+5%) ! 2u+p 2u+p
— e — e ,
(u—d+%5)? u—a+5 ! u+a—2d+5 an.2n

Ku) =

(3.28)
whenn > 2 and d = 5 — 1, are one- or two-parameter solutions of (3.17) satisfying the symmetry
relation (3.18) (with X(u) replaced by K (u)).

The non-zero matrix elements of K (1) in (3.26-3.28) are power series in u~! of the form
gii +u~'C[[u~"1]], so that K (u) € G +u~'C[[u~']] with G type DI with p = 2 for (3.27-3.28).
This implies the following statement.

Proposition 3.11. (i) The assignment % (u) — K (u) yields a one-dimensional representation of
X, (921, ggn)’w of weight u(u) given by, in the case-by-case way,

e for CI and DIII by (3.26):
a

m(u)=..-=un(u)=1—u+—£, (3.29)
2
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e for DIwhenn =p =q =2 by (3.27):

w=(+73g) (-arg)

w=\-1+——= — ,

H u—i—% u+§
b

(3.30)
a
=1+ 1— s
“2(u)< u+%>< u+%>
e for DIwhenn >2, p=2n—2,q =2 by (3.28):
w+a+5)w+a—-2d+5%)
(M—d-’—j)
(3.31)
W @ (u—a+5u+a—-2d+%)
u)=...=pu,(u) =
w2 Hn (Li—d—‘r%)z

(ii) The assignment L(u) — Ku) = G(u + %) with G(u) defined by (3.15) yields a one-

dimensional representation of X ,(g2n, ggn)’ W of weight (u) given, case-by-case, by

e for CIl when p > q and DI when p > q > 4:

d— 5) gii
wi(u) = Ci(LZ)pg for 1<i<n, (3.32)
—u—2%
e for CDO:
wr(w)=...=u,(u) =1. (3.33)

3.3. Block decomposition of X (g2,) and X ,(g2n, ggn)’w

In this section, inspired by the arguments presented in [39,7] (see also Section 2.3 in [11])
we demonstrate a block decomposition of the Yangian X(gz,) and the twisted Yangian
X, (921, ggn)“”. We decompose the 2n x 2n dimensional matrices 7T (1) and S(u) into n X n
dimensional blocks as follows:

_(Aw) B) _(Aw) Bu)
rw=(gi b ) S©=(cl b ) 9

Our goal is to derive algebraic relations between these smaller matrix operators (blocks), which
is the crucial first step of the algebraic Bethe ansatz for a X ,(g2,, ggn)’ *-chain. We will denote
the matrix elements of A(u) by «;;(u) with 1 <1i, j <n, and similarly for matrices B(u), C(u)
and D(u), and their barred counterparts.

Recall that C?* = C2 ® C". Let ¢; ; with 1 <4, j < 2n denote the standard matrix units of
End(C?"). Moreover, let x; ; with 1 <i, j <2 (resp. e¢;; with 1 <, j <n) denote the standard
matrix units of End(C?) (resp. End(C")). Then, for any 1 <i, j < n, we may write

eij =x11Q¢€j, entij =X21Q¢€j, €int+;=X12Q€j, Entin+;=x2Re¢;. (3.35)
Hence any matrix M € End(C?") with entries (M); ; € C can be written as

2
M= Z Xap @ [M]ap € End(C?) @ End(C"),
a,b=1



A. Gerrard, V. Regelskis / Nuclear Physics B 952 (2020) 114909 15

where [M]qp = Zﬁj;l[M]i+n(a—1),j+n(b—l)€ij are blocks of M, viz. (3.34). Now let M €
End(C%" @ C%"). Then we may write
2
M= 3" Xu®%cd ® [M]apea € End(C* ® C*) @ End(C" ® C"),
a,b,c,d=1
where [M]apcq are obtained as follows. Writing M = Ziz,r;,k,lzl[M]ijkl eij ® ey we have

n
[M]abea = Z [(M]itn@—1), jrnb—1),k+nic—1),l4nd—1) €ij & €. (3.36)
ij.k, =1
Denote the R-matrix (3.1) acting on C?* @ C?* by ﬁ(u). Viewing ﬁ(u) as element in
End(C2®C?) ®End(C" @ C™[[u"!]] and using (3.36) we recover the familiar six-vertex block
structure,

R(u)
S Rl (k —u) U(u)
R(u) = Uw) R'(k — u) . (3.37)
R(u)
The operators inside the matrix above are each acting on C" ® C” and are given by

1 1 1

Ru)=1—--P, Uwy=—-P=£ o, (3.38)
u u u—kK

where both the transpose ¢ and the projector Q = ZlN j=1¢€ij ®ejr are of the orthogonal type
(recall the notation 1 =n — i + 1), and [ is the identity matrix. These operators satisfy the
following unitarity relations

RWR(—-w)=1—-uDI, R@WR0n—-u)=1. (3.39)

In a similar way, the matrices 7j (1) and T»(u), as elements of End(C? ® C?) ® End(C" ® C") ®
X (g2n)[[u~"1], take the form

Arw) Biw)
_ Ay (u) B (u)
nw=lew  Dw |
Ci(u) Dy (u) (3.40)
Ax(u)  Ba(u) '
_ | Cow) Da(u)
= L B |

Ca(u) Da(u)

where A1 () means A(u) ® I € End(C" ® C") ® X (g2,)[[u~']], and similarly for the other
blocks. Substituting (3.37) and (3.40) to (3.3) allows us to rewrite the defining relations of X (g2)
in terms of the matrices A(u), B(u), C(u) and D(u). The relations that we will need are:
R(u—v) Ay (u) A2(v) = A2 (v) Ay (u) R(u — v), (3.41)
R(u —v) D1 (u) D2(v) = D2(v) D1 (u) R(u — v), (3.42)
R'(k —u+v) Ci(u) A2(v) = A2(v) C1 () R(u —v) + Q(u — v) Ay (u) C2(v),  (3.43)
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Co(v) Di(w) R'(k —u+v)=R(u —v) D1 (1) C2(v) — D2(v) Ci(w) K(u —v),  (3.44)
A(0) D1 () R'(k —u+v) — R'(k —u +v) D (1) A2(v)
= Q(@u —v) Bi(u) C2(v) — B2(v) C1(u) Q(u — v). (3.45)
In particular, the coefﬁcients_ of the matrix entries of A(u) generate a Y (gl,) subalgebra of
X (g2,). The same is true for D(u). We will recall the necessary details of the Yangian Y (gl,,) in
Section 3.4 below.

We now repeat the same steps for the twisted Yangian X, (g2,, ggn)t ¥ We substitute (3.37) to
(3.17) and view the matrices S;(«) and S»(u) as elements of End(C? ® C2) ® End(C" ® C") ®
X, (921, ggn)‘ w((w1)), so that they take the same form as in (3.40). This allows us to write the
defining relations of X ,(g2x, ggn)”” in terms of the matrices A(u), B(u), C(u) and D(u). The

relations that we will need are:
R(u—v) A1(u) R(u+v+ p) Az(v)
=AW Ru+v+p) A1) R(u —v) — R(u —v) Bi(u) Qu + v+ p) C2(v)
+ B2(v) Q(u+ v+ p) Ci(u) R(u —v), (3.46)
A2(V) R(u+v+p) Bi(u) Q(u —v)
=R —v)Bi(w) Qu+v+p)A2(v) — B2(v) Q(u+v+p) Ar(u) Q(u —v)
—B2(v) Qu +v+p) Di(u) Q(u —v), (3.47)
R'(i—v)Ciw) R(u+v+p) A1 (v)
=A1(W) R —v) C1(u) R(u — v) — Q(u —v) A1 (u) R' (it —v) C2(v)
— R'(ii —v)D1(u) Q@+ v+ p) C1(v), (3.48)
R(u —v) By(u) R" (it — v) B2(v) = By (v) R' (it — v) By (u) R(u — v). (3.49)
It remains to cast the symmetry relation (3.21) in the block form. Observe that
t t
S () = ( L ) (3.50)

which allows us to immediately extract linear relations between the operators A(u), B(u), C(u)
and D(u), of which we will need the following two only:

D' () = _<1 + ;N>A(1Z) ORI IO (3.51)
u—u u—u u—u-—K

B'(u) = (:F | — %)B(ﬁ) 4 Bw (3.52)
u—u u—u

Let V be a lowest weight finite-dimensional representation of X ,(g2,, ggn)’ wandlet VO c Vv
be the subspace annihilated by the operator C (u). Then operators A(x) in the space VO satisfy
the defining relations of the extended reflection algebra B ;x (n,r), cf. (3.46). We will recall the
necessary details about the algebra 5 ;"‘ (n, r) in Section 3.5 further below.

3.4. The Yangian Y (gl,,)

We now briefly recall necessary details of the Yangian Y (gl,) and its representation theory
adhering closely to [33]. We will often use the superscript ° to indicate operators associated
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with the algebra Y (gl,,). This is to avoid the overlap of notation with operators associated to the
algebra X (g2,,) and having the same name.

We first recall the R-matrix R(u) = I —u~1 P stated in (3.38) and called the Yang’s R-matrix.
It is a unitarity solution of the quantum Yang-Baxter equation, i.e., (3.2). We then introduce

elements tlf}(r) with 1 <i,j <n and r > 0 such that ¢, O _ d;j. Combining these into for-

ij
mal power series 7 (u) = 3, t;}(r)u_’, we can then form the generating matrix T°(u) =
Z?,j:l €ij %) IZ’/ (u).

Definition 3.12. The Yangian Y (gl,,) is the unital associative C-algebra generated by elements
t;’j(’) with 1 <i, j <n and r > 0 satisfying (3.3) with the R-matrix R(u) = I —u~' P. The Hopf
algebra structure of Y (gl,)) is given by the same formulae as in (3.4).

Note that analogues of the (anti-)automorphisms (3.6) and (3.7) hold for the algebra Y (gl,,).
The symmetry (cross-unitarity) relation is replaced with an identity for quantum determinant and
quantum comatrix, which we will discuss a bit further below. We first recall the definition of the
lowest weight representation of Y (gl,,).

Definition 3.13. A representation V of Y (gl,,) is called a lowest weight representation if there
exists a non-zero vector n € V such that V =Y (gl,,) n and

tf}(u)é:O for 1<j<i<n and ;w)é=A7wm)& for 1<i<n,

where A7 (u) is a formal power series in u~! with a constant term equal to 1. The vector 7 is
called the lowest vector of V, and the n-tuple A°(u) = (A](w), ..., A, (u)) is called the lowest
weight of V.

Given a lowest weight representation V of Y (gl,,) and a lowest vector & € V the action of the
inverse matrix 7°~! () on & is defined as follows. Introduce the quantum determinant qdet T° (i)
of the matrix 7°(u) by (see Definition 1.6.5 and Proposition 1.6.6 in [33])

qdetT°(u) = Z sgn(a)tfa(l)(u —n+1)- "t;a(n)(”)-
oe6,

In particular, gdet 7°(u) is a formal power series in u~! with coefficients central in Y (gl,) and
constant term 1. Define quantum comatrix T°(u) with matrix elements ’t;‘}.(u) by T°(u) T°(u —

n—+1) = qdet 7°(u). Then the inverse matrix 7°~!(u) with matrix elements tl/;’ (1) can be defined
by
1) = (qdet T +n — D)™ T(w +n — 1).

It follows from the definitions of qdet 7°(u), T° (1) and & that
1w =0 for 1<j<i<n and fWé=1"wE for 1<i<n
with the “inverse-weights” 17°(u) defined by

o) = AMu+1)--- A7 (u+i—1)
! AS)---AS(u~+i—1)

(3.53)
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The latter expression follows from the fact that matrix elements 't;‘}(u) equal (=1D)i*/ times the
quantum determinant of the submatrix of 7°(u) obtained by removing the ith column and the
jth row, and application of the quantum determinant to &, see Proposition 1.9.2 in [33]. (Also
see the proof of Theorem 4.2 in [35], where an analogue of formula (3.53) for the highest weight
was obtained.)

The Yangian Y (gl,) contains the universal enveloping algebra U (gl,,) as a Hopf subalgebra.
An embedding U (gl,) = Y (gl,) is given by E;j > 17" for all 1 <, j <n. We will identify

U (gl,) with its image in Y (gl,) under this embedding. Conversely, the map tl.oj(l) — E;; and

tfj(r) > 0 for all » > 2 defines a surjective homomorphism ev : Y (gl,) — U(gl,) called the

evaluation homomorphism. We compose the map ev with the anti-automorphisms sign and tran
and the shift automorphism .. Denoting the resulting map by ev. := ev o sign o tran o t, we
have

ev. : () > 8ij — Eji(u— ). (3.54)

By the virtue of the map ev., any gl,-representation can be regarded as Y (gl,)-module.
Moreover, any irreducible gl,-representation remains irreducible over Y (gl,,), by surjectivity of
ev.. We will denote by L°(A°). the Y (gl,)-module obtained from the irreducible representation
L°(1°) of gl, via the map (3.54). Clearly, L°(A°). is a lowest weight Y (g[,)-module with the
components of the lowest weight given by

o

Aw)y=1-— for 1<i<n.

We will mostly be interested in the representations L°(A°). when A7 (u) for 1 <i < n coincide
with those in (3.13). Formula (3.53) implies that the “inverse-weights” of the lowest vector of
L°(1°). are given by

u—c u—cFkx1 Ai
u—cFk u—c=+l1 u—cFk+1)

AP () = (3.55)

3.5. Reflection algebra B;*(n, r)

We now focus on the extended p-shifted Molev-Ragoucy reflection algebra 3 pe" (n,r) and its
lowest weight representation theory, adhering closely to [35]. (We use notation B* instead of B
used in [35] to avoid overuse of the tilded notation.) We will need to prove some additional state-
ments that are necessary for the algebraic Bethe ansatz along the way. We start with introducing
the non-extended reflection algebra B, (n, r).

Definition 3.14. The reflection algebra B,(n, r) is the subalgebra of Y (gl,) generated by the
coefficients of the entries of the matrix

n r
B°u)=T°w)G°T° '(—u—p)  where G°= Y ei— ) ei.
i=r+1 i=1

The reflection algebra defined above is isomorphic to the usual one studied in [35]. The iso-
morphism is provided by the map B,(n,r) — B(n,n —r), B°(u) — —B(u — %). The matrix
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B°(u) satisfies the reflection equation (3.17) with the R-matrix R(u) =1 — u~1P and the uni-
tarity relation

B°(u) B°(—u — p) = I. (3.56)

The reflection equation and the unitarity relation are in fact the defining relations of B,(n, r).
Their form in terms of matrix elements bl‘?j (u) of B°(u), for p =0, are given by formulas (2.7)
and (2.8) in [35]. We will recall them in a suitable form in Section 4.1.

We now turn to the extended reflection algebra B;’" (n, r). We will use the same notation B°(u)
to denote the generating matrix of B;*(n, r).

Definition 3.15. The extended reflection algebra B;*(n, r) is the unital associative algebra
generated by the coefficients of the entries of the abstract generating matrix B°(u) satisfy-
ing the reflection equation and its constant part being equal to the matrix G°, that is bf’/. (u) =

gioj + Zrzl b;j(r)”_r'

By the same arguments as in Proposition 2.1 in [35], the product B°(u) B°(—u — p) is a
matrix

B°(u) B®(—u—p) = f°w) 1, (3.57)

where f°(u) is an even series in u ! with coefficients central in B ;'X (n,r). In fact, the algebra
By(n,r) may be viewed as the quotient of B;*(n,r) by the two-sided ideal generated by the
unitarity relation (3.56). It is important to note that the algebra B;*(n, r) has the same coalgebra
structure as B, (n, r),

n

A w) = Y 15,() 15 (—u — p) ® b, u).
a,b=1

Definition 3.16. A representation V of B;*(n, r) is called a lowest weight representation if there
exists a non-zero vector § € V such that V.= B;*(n,r)§ and

b;i(u)ézo for 1<i<j<n and bj;(u)é=p;m)é for 1<i<n,

where w;(u) are formal power series in u~! with constant terms equal to 1 if i <n —r and
—1 if i > n — r. The vector £ is called the lowest vector of V, and the n-tuple u°(u) =
(15 u), ..., uy,(u)) is called the lowest weight of V.

We note that any representation of V of B,(n,r) may be extended to a representation of
B (n,r) by allowing the series f°(u) to act as the identity operator on V.
The Proposition below is an analogue of Proposition 3.9 for the algebra B ;" (n,r).

Proposition 3.17. Let & be the lowest vector of a lowest weight Y (gl,,)-module L(A(u)) and let
1 be the lowest vector of a lowest weight B (n, r)-module V ((u)). Then B;’X (n,r)(E®n)isa
lowest weight B;X (n, r)-module with the lowest vector € @ n and the lowest weight y°(u) with
components determined by the relations

o) = @) A M (—u—p) for 1<i<n (3.58)
with Y (u) and Ji5 (u) defined by (3.24).
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Proof. The proof is very similar to that of Proposition 4.10 in [16]. We will use the symbol
“=" to denote equality of operators on the spaces C(§ ® 1) or C&. We begin by showing that
b;’j(u) -(6®n)=0foralli > j. We have

A=Y a7 )t (—u — p) ® by, (u).
1<a<b<n

Since t}’;(—u —p)&=0if b > j, we can assume b < j implyinga <b < j <iandt; (u)§ =0.
The defining relations (4.33) in [35]

1 n
[ 0. 15 ()] = > (Ban 15.0) 15 (0) = 83 53,0 17, () (3.59)
k=1

further imply 77, (u) t;‘;(v) = 0 unless a = b. Hence it suffices to show that 77, (u) t;‘l’.(v) =0 for
i>janda < j.By (3.59) we have, foralla < j,

L J
15, 15 (v) = — Z 15, () 153 (v)
b=1

Summing both sides over 1 <a < j we obtain

J . J
o o ] o o
E tia(“) tt;j(v) = —u 0 E tia(“) t‘;j (v),
a=1

a=1

implying ¢ (u) tc’fj’.(v) = 0. This proves that A(bf’/ m)(E®n)=0foralli < j.
It remains to compute A(b7;(u))(§ ® n) for all 1 <i < n. By similar arguments as above we
deduce that #;,(u) ;. (v) § = 0 whenever a < b. Therefore,

A5 @) E @) =Y 17, (u) 13 (—u — p)  ® b, () n = (b, ) §) @ n, (3.60)

a=1

where l;l"l (u) is the operator defined by the formula

by ) = Y 1) 15, () 15— — p).

a=1

Define the operator A; (u) = Zi t2 (u) t:;(—u — p). We first show that A; (u) & = u; (u) & for

a=1"‘ia
some formal series i} (1) € C [[u~11]. From (3.59) we obtain that, for all a < i,

1 i a
12.(u) 1S (—u — p) = <Z 5, () 115 (—u — p) = Y t73.(—u — p) t,ja(u)> . (3.61)
2u+ p k=1 k=1

Summing both sides over 1 <a < i we obtain

i—1 R
AW = ) 7 (—u = p) + 5= i) = 5 > Baw),
a=1
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where B, (u) = Zk 1 ( u — p) tra (u). We have thus shown that

i—1

2ut+p—i+1 ,
— A; =A? MNo(—u — p) — B . 3.62
e () =A@ AL (—u — p) 2u+p; 2 (1) (3.62)

In a similar way we find that, for 1 <i <n,

i—1
2u+p—i+1 , 1S
B =)° AMo(=u — p) — A .
T p i) =A; () A" (—u — p) 2u+p;:1 a(u)

A simple induction on i shows that B;(u) = A;(u) for all 1 <i < n. This allows us to rewrite
(3.62) as

i—1

LI L f ) = 350 A — ) - > a0 (3.63)

2u+p 2u+p

Recall the notation (3.24). Using induction on i once again we deduce that A;(u)§ = u; (u)§
with the series 7 (1) determined by
e () = Qu+ p) A2 ) A (—u — p), (3.64)
Since B;(u) = A;(u) = u?(u), we may rewrite (3.61) as 2, (u)t/5(—u — p) = ﬁw;(u) —
wy (1)) yielding the identity
i—1

LS s (wrw) - ).
+pa:1 a i a

biy = g () A7 () A (—u — p) + 5

We have thus shown that A(b7; (1)) (§ ® n) = y;°(u) (§ ® nn) with the series y,°(u) given by the
r.h.s. above. Next, using u7 () = 2u+,017—i+1 (ZZI' (u) — Z;;ll uy (u)) and the above expression for

~e . . o
ui (u) we rewrite the series y,°(u) as

Qu+p—i+1Dy W)

 2ut+p—i+1l o,
R s () 1P (u) —I— ;ua(u) 1 (u)
i—1
2u+p—i+1
gy Z g () puf () — TZua(umam) (3.65)

Induction on i then shows that
i—1

_ 1 2u+p—i—+1
Zn,() o ;lua(u)ub(u)+42 - Zua(u)ua(u).

By comblmng this with (3.65) and (3.64) we obtain
i—1
QuAp—i+ Dy +) W)

a=1

i—1
= ((2u +po—i+ D)W+ ZMZ(”)) A7 () AP (—u — p)

a=1

which, by (3.24), coincides with (3.58). O
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Remark 3.18. The components y;°(u) of the lowest weight y° () in the explicit form are given
by the formulas

8 150 A5 @) A7 (—u = p)

o _ t e} /o oy _
Y2 ) = () A9 () A (—u — p) ; PR : (3.66)
i—1 o
oy o )
u,-(u)—ui(u)+;2u+p_i+l. (3.67)

For p = 0 these agree with formulas (4.38) and (4.39) in [4].
Proposition 3.19. Let M be a lowest weight B;*(n, r)-module. For any 1 <k <n — 1 define a
subspace M® C M by

M® =weM: byj(w)yv=_0fori > jand j <k}.

Then operators

k1b°u+2)

b}f) ) =05 (u + 551) + 535 Z i T (3.68)

where k < i, j < n form a representation of the algebra g(n —k+1,r—k+1)or g(n —k+1,0)
in M® forr >k —1o0rr <k— 1, respectively.

Proof. The k =1 case is trivial. The k = 2 case follows by the same arguments presented in the
proof of Theorem 4.6 in [35], yielding bg) (n) = bl‘-’j (u + %) + dij ﬁ b‘l’l(u + %) The k > 3
case then follows by a simple induction. O

The Proposition above in fact rephrases Theorem 3.1 in [4] for the algebra B, (n, r).

Remark 3.20. We note the reader that an analogue of Proposition 3.19 for the “non-extended”
reflection algebra B, (n, r) would require operators bl.( i ) (#) in (3.68) to be multiplied by a suitable

series in u~! with coefficients central in B, (n,r) to ensure that the corresponding generating
matrix B°®) (u) satisfies the unitarity relation in the space V&),

For any a € C define a matrix-valued rational function

K°(u)=G° —

I. (3.69)
u+ %

It is a one-parameter solution of the reflection equation (3.17) with the R-matrix given by (3.38).
We thus have the following.

Proposition 3.21. (i) Let r = 0. The assignment B°(u) — [ yields a one-dimensional represen-
tation of B, (n, 0) of weight

wiw)=...=u,w)=1. (3.70)
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(ii) Let 1 <r <n. The assignment B°(u) — K°(u) yields a one-dimensional representation of
B,(n,r) of weight u°(u) given by

a a
—_—, ° u)=—...= ou :1— . 371
P My g1 () M (1) PR (3.71)

uiw) =...=p(u)=—1-

4. Algebraic Bethe ansatz for a B ;" (n, r)-chain

This section provides the necessary prerequisites to our main results stated in Section 5. Here
we study a spectral problem in the space:

M=L°@ V() =L°0D), ® - ®@L°LD), ® V(i)

where L°(A¢ ))C,. is an arbitrary lowest weight evaluation Y (gl,)-module (irreducible and
finite-dimensional) and V (x«°) is a one-dimensional B[f"(n, r)-module described by Proposi-
tion 3.21. In particular, the space M° is a lowest weight B;*(n, r)-module of weight y°(u) with
components y;°(«) determined by (recall (3.24), (3.53) and Proposition 3.17)

u—cj —)\lw

L
e = [[A7 @A @) with 2 @) = P
J

j=I1

“.1)

and @7 (u) given by (3.70) and (3.71). We say that M° is a (full) quantum space of a
B*(n,r)-chain, a gl,-symmetric open spin chain with (trivial left and non-trivial right) diag-
onal boundary conditions. The spectral problem for such a chain was first addressed by Belliard
and Ragoucy in [4], thus we will keep this section concise and provide the key steps in the proofs
only.

The main result of this section is Theorem 4.13 stating eigenvectors, their eigenvalues and
Bethe equations for a B;*(n, r)-chain with the quantum space M°. This provides a necessary
step in solving the spectral problem for a X, (g2, gg”)’ "-chain in Section 5.6 (in the symplectic
case) and Section 5.7 (in the orthogonal case). We note the reader that Theorem 4.13 may be
viewed as a special case of the results presented in Section 6 of [4].

We also provide a trace formula for Bethe vectors. This formula may be viewed as a special
case of the supertrace formula given by Theorem 7.1 in [4]. This is the second main result of this
section. We note the reader that only an outline of the proof of Theorem 7.1 in [4] was given;
here we provide a detailed proof of the trace formula under consideration.

4.1. Exchange relations

For any matrix A = Z?,j:l a;je;j with e;; € End(C") and any 1 < k < n define a k-reduced
matrix A®) = Z;l,j:k aijelgli)k+1,j7k+l with eg?) € End((C”_k‘H). We use this notation to define

k,l-reduced R- and R-matrices acting on the spaces VX' = C"=*+1 and Vb(l) xCritl py

(k,1) . u wn 1w 5 (k.1 . p&D) pk,D)
Ry (u) '_uTl(ab _;Pab )’ Ry (M)'_Pab Lo ().
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Note that P*De® @ e(” 0ifk <Zandi+k—1<0,and R""™ (u) and R""™ (u) are identity

operators. We denote the k-reduced generating matrix of 5 g" (n,r)in End(Va(k)) as Dék) (u) and
decompose it as

(k) (k)
k aw) By (u)
D[(l )(u) = (Cf,k)(u) D,(,I?H)(u)) . “4.2)
We also set

— a®(u+ 1) 1

D(k)(u) — D(k)( + le) + , 4.3)
~  2u+tp a
4o ) ( ki a®(u g (k) 0 (4 4 k
a® ) :=a®(u+5)+ B ) =B (u+5) (4.4)
- 2u + 1 + o’ ¢ a
leading to the following recursive relations:
R N 8ij
[DP @], =[D D+ 3]s, + —2u - [D*V(u+1)],,. (4.5)
a9 = [DP(u+ )], =[PV D]y + 5o d Ot ). @0
[ﬁfzk)(“)h 14+~ [B(k)( %)]1 “7)
+

for 1 <i,j =n-— k+1and 1 <[ <n — k. We note that operator ﬁék)(u) is a generalisation of
Sklyanin’s D(u) operator (see Section 5 in [41]) for arbitrary rank.

Lemma 4.1. Let M be a lowest weight B;'X (n, r)-module. For any 1 <k <n — 1 define a sub-
space

M® = (g e M : b, =0fori > jand j <k}. (4.8)
Let = denote equality of operators in the space V(k) ® Vb(k) QMW Then

B® ) B () = BP ) B (v) RETHFHD 0 —w), (4.9)
w—u+Dw+u+1+p)
(v—u)(v+u-+p)

2u+1+p

A 1 N .
) () gk *) (k+1)
_ me (U)a( )(M)+ me (v) D, (n),
(4.10)

N A~k A~k A
a® ) B ) = B uya® (v)

b;k+1)(v) gék)(u)
_(w—u—-Dw+u—-1+p)
T w-—w+tutp)
x D& () Rt(llz+1,k+1)(v — )
 @u-14p)Qut1+p) (k)( )R(k+1 KD 0y 4 gy PEHIKHD &) ()
Qv+ p)Qu+ p)(w+u+ p) ab

2v—1+p k k41,k+1 A (k (k+1,k+1)
ot B @R Qo D ) PG, (4.11)

B;Sk)( )R(k+lk+l)(v+u+p)
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~ A (k+1
a® ) DFD )

=DMV wy)a® ) + -

1
+(v—u)(2u—1+p)

1 KL+ (K)o | A A A Gk
—tr, Py (B w P - BPw P w)

wy (BP0 ¢ - BPw EP ) - i @)

Proof. The k = 1 case (M1 = M) is a restatement of the defining relations of Bg" (n,r). When
k > 1 we additionally need to use Proposition 3.19. O

4.2. Quantum spaces and monodromy matrices

Choose my, ..., my—1 € Z>0, which we call excitation numbers. Let k =1,...,n — 1. For

each my, assign an my-tuple u® = (ugk), e uﬁ,’fg) of complex parameters and a set of labels
= {a’l‘, e afnk}. We will use notation from [4] to denote multi-tuples:

w0 — (u(l), e u(k)), alk .= (al, .. .,ak). 4.13)

We will say that M°® is a level-1 quantum space and denote it by MV Then for each2 <k <n
we define a level-k quantum space M® recursively by

M® =wP, @ m*D) (4.14)
where

Wb = V(k)1 ®-avh

am k—1

and (M %=)0 is level-(k — 1) vacuum sector defined by
ME D)= (g e M*D b (u) & =0fori > jand j <k —1}. (4.15)

Pr0p051t10ns 3.17 and 3.19 imply that the space M® is a B nm—k+1,r —k+ 1)- or
B,(n —k+1,0)-module for k <r 41 or k > r + 1, respectively. In particular, for k > 2,

MO =W, @ Cell B2 g ... g (Ce®)®m
o140, @@Lt D), ® V()
where
L(k—l)(x(i))c ={tel® ()»(l))c, [ “(u)§ =0fori > jand j <k — 1}
are evaluation Y (gl,_s,,)-modules. (In the case when L°(A)) = C", i.. the bulk quantum

space is a tensor product of fundamental gl,,-modules, L*~D (1), = C.)

Definition 4.2. We will say that [A)ﬂ(,l)(v) = Dfll)(v) is a level-1 monodromy matrix. For each
2 <k < n we recursively define a level-k monodromy matrix, acting on the space M®, via

mi—1
k— k,k k—1
D((w)lkl( ul- 1) (l—[R( +( )+,o)>
1

><ﬁf,';)..,,k_z(v;u“""“”)( I1 RZ’;’fZ.(v—ul?kl))), (4.16)

i=ng_1
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where ﬁ(k)l__k_z (v; ul*=2)) is defined by (4.5),

L e A e B )
8ij
2v4p

14,14

[Dfrita (v + 51420 (*17)

aal-k—2

forl <i,j<n—k+1.

Proposition 4.3. Let = denote equality of operators in the space Va(k) QM® forany2 <k <n.

Then
1 m; ) .
DU i D) = [T TTRE ™V v+l + 55+ )
j=k—1li=1
x DO (v) ]_[ ]_[ R(k T —u 5 | @as)

j=li=m;j

Introduce a rational function

my

I +u® £14p)w—u® £1)

AT u®) =
’ k k
i w+u oy —u®)

(4.19)

The technical lemma below will help us to prove Proposition 4.3.

Lemma 4.4. Let A((lk)(v) € End(Vu(k))[[v_l]] be a matrix operator such that [A((lk)(v)]1+l~,1 =0
fori>1. Set

k)
A((l 1 (U u= 1))

mg—1
(1 it em o 1 atfieain),

lmj(l

Then, for 1 <i,j <n—kand & = (e{")®"-1 e W},
k k
[Apa@u® D] e =[AP W] 5 [A @D, E=0. @20)

® (e g &= _ 1 *)
(A, (v u )]1+i,1+j‘§_ A (v a1 ([Aa (”)]1+i,1+j

1— A (v;u®=D
= _(vlj:p )[A;">(v)]“>g. 421)

+8ij
Proof. The first two identities follow from
k.k k.k
[Rpi@]pg =€ [RED @], =0

To prove the third identity we need to use

(k. k) v
[R ](v)]]+11+]$ v_lsijs’
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vu 1

k.k) (k.k)
(Rl (Rl = 00—

3ij&

giving

(k) (k—1)
[M k— I(U u )]1+i,l+j$
1
_ ®) e =Dy [0
_WOMa (v)]IH,lH—S,jf(v,u [ M (v)]”>§
where
f;u®h)
mf 1 l_l(v+u"‘ D14 pw—u*V -1
= w+ul P+ —u) L w+ul T o) —u D)

A simple induction on my_ then yields
1— A" (v; u(k_”)
2v—1+4p

implying the third identity. O

fiu*h) =

3

Proof of Proposition 4.3. It is sufficient to prove that (cf. (4.17))

1 m;
Ak Co(Lk=2)y (k,j+1) Gy kel
Digraa@u 0 = T HRW_/ (v+u” + =52 +p)
j=k—2i=1 !

x DO (v) ]_[ ]_[ R“‘ R R I B (4.22)
j=li=m;j
We will use induction on & to prove the claim. The k = 2 case follows from the definition and

provides a base for induction. Now assume that the statement holds for ﬁ;l:;lg% (v; k=3,
Note that

k.l i i
[R," )], e §>_v—5,je§) (4.23)
for 1 <i,j <n—k+1andany k > /. Combining this with Lemma 4.4 we obtain
1
k— N
[D( 1. k 2(v+ (1 k= 2)) ( l_[ (l) >[Dék 1)(v+%)]ll’
1=k AT 2 )
(k—1) p-k=2)
[D gtk 2V F 3 )]1+i,1+j
1
Ak—1) 1
(H A= (v + =1L 1 L. (l))> ([Da (U+2)]l+i,l+j
I=k—2

1—- A_(v + i; u(k_z))

i 204p

[ﬁ;k”wm)
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for 1 <i, j <n —k+ 1. The identities above together with (4.17) and (4.5) imply

1
A () (k= _ 1 A (k
[Df s (v 472 ] =( [1 Ao kzll;u(l))> [DF W],

I=k—2

which is equivalent to (4.22), as required. O

The Corollary below follows from Propositions 4.3 and 3.19 and a virtue of the Yang-Baxter
equation.

Corollary 4.5. Let = denote equality of operators in the space Va(k) ® Vb(k) ® M® for any
2<k<n. Then

k.k k k— k.k k ke
R( )(v_w)D;a)l...k—l(v;u(l k “)R( )(v+w)D}(m)l___k—l(w;u(l k 1))

k _ k.k - k.k
=p® (w;u(l.i.k 1)) R )(v—i—w) D;al . ]( ;u(l...k 1)) R;b )(v—w).

bal-k—1

In other words, matrix entries of the level-k monodromy matrix satisfy the defining relations of
thealgebra[)’ m—k+1,r—k+1) orB n—k+1,00in MO forr >k —1orr<k—1,
respectively.

4.3. Transfer matrix, creation operators and Bethe vectors

We are now ready to introduce transfer matrices and creation operators acting on the level-k
quantum space M ®.

Definition 4.6. The level-k a-operator is the first diagonal entry of the level-k monodromy ma-
trix, namely

g i (v F0) = D)

aal-k—1

(v+ LuAD)] (4.24)

Definition 4.7. The level-k transfer matrix for a B;*(n, r)-chain is obtained by taking trace of
the level-k monodromy matrix, namely

.L,(k) (U; u(l..‘k—l))

A (k) k=1, (1..k—1
=tr, Daal...k—l (U i u( ))

ontp sm k. (l.k=1) AK+1) k. (l.k=1)
Tkt p Za (v—73iu )+ta D, i (v—giu ). (4.25)

Our goal is to find eigenvectors (Bethe vectors) of the level-1 transfer matrix (! (v) and the
corresponding eigenvalues. With this goal in mind we introduce a lowest weight vector with
respect to the action of the level-n monodromy matrix,

) (ein))@)mn—l R (652))®m1 ®Xne M(n).

This vector will serve as a vacuum vector for constructing Bethe vectors.
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Lemma 4.8. The level-k a-operator acts on vector n™ by

k—2 ~
1 Ve (v)
~ (k) k., (k=1 () _ k (n)
G (v—5u )™ = (]_{ A(v_%;u@)> el A (4.26)
1=

Proof. Recall that 7 is a lowest vector of weight y°(v) with components y,°(v) determined by
(4.1). It follows from (4.3) and (3.24) that

k—1 o ~o
A (k k=1 o Y (v) Ve (W)
[P =59 = (V" ORI +p>”(m R TR ki
i=1

All that remains is to apply Proposition 4.3, Lemma 4.4 and identity (4.23). O

From now on we will view B-operators (cf. (4.2)) of the nested monodromy matrix
ﬁ{(ll;)l_”k (v; u(l'"k_l)) as row-vectors, that is

0

aal-k-1

(U; u(]...k*l)) c (Va(k+1))* ®End(M(k))[v71]

These row-vectors will give rise to level-k creation operators and level-k Bethe vectors. Since
M® is a finite-dimensional vector space, we can evaluate the formal parameter v to any non-zero
complex number.

Definition 4.9. The level-k creation operator is defined by

mg

%fﬁ)k (u(l...k)) :=Hé(k) (u(k); u(li..k—l)).

a’{cal...k—l i
i=1

Note that operator %fﬁ)k (u(l"'k)) is a row-vector with respect to all tensorands in W(ﬁerl).

Definition 4.10. The level-k Bethe vector is defined by

-1
(D(k) (u(k...nfl); u(l,...k*l)) = h %(il) (u(ll)) . n(n)
a vl ’

i=k

where u"~*=D are viewed as fixed parameters.

The level-1 Bethe vector @V (u!"=D) € M1 is a vector in the level-1 quantum space. For
arbitrary u!-"~1 it is called an off-shell Bethe vector.

Example 4.11. Recall (4.7). Given e} ™" e V1) observe that

B (k)
Bakal...k—l (Mi ’
1

®).  (L.k=1)) Kk+1) _ 1 AK) ® | 1., (L.k=1)
u )e.,' = [Da[kau,,.k—l (u;” + :u )]1,1+j
SN k 1)y (k
— DR (4 Ly W

akal-+=1\"i

Letn>2,m;>1andmy=---=m,_; =0. Then
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1 (1 1 A (1 2
OO, = BP ) - B Wl oo o

[D(l)( 0 2)]12"'[D$n)] (“;(nl]) + %)]12 -

Letn>3,m=my=1andmz=---=m,_; =0. Then
Q@ D, A 2), 3 2
oD (", 1) = 30(55300;5 J)®4)®n

(2) ) (2) (1)

+W trte W +3 e A D 1

(2> a _ %) (1) e ) D (u;” +5)
+uy 2 +p u—up—5 1

1 A
waaunmfﬁ—;;;——jw$w®+9]<”

2
(2) (2) 2
(2)+u(1]) Z )]lze: )"7

+1 3 +0 i

1
=;3—;w—TQA”—A“+>Uﬂ%i”+a][D®(@+2nn
1 %1 T2

(”+A“+l+p

M, M [y
(D (i + )] ;5[0 (i +3)]
IO !
uy” —ui” + 3 M, (1) @, @
2 N 1 A 1
DV (uiy’ +35)|:| D5 (4" +5 7.
(2)+u§]) 2+,0[ all 1 2 ]13[ alz( 1 2)]22)
Letn >4, mi=mpy=m3=1andmyg=---=m,_1 =0. Then
l 2 3 l l 2 2 »(3 3 4 3 2

=w?>®w9>®@%“bﬁww+5

x R 7+ + 5+ 0) DR + 5) R () — )"+ 3)
(4.27)

X R+ 34 ) R a1 ) @28

xb@w@+%Rﬁ?@P—ﬂ“+0R§2@9—ﬂ”+9

(3) ® ef) ® e(z) ®n. 4.29)

Am@mm@%th%%%ﬁM@NwM&wmmmWMMM&

(3) + ”52)

3,3 1 (3) 2)
[D ()" +3)],-e” ®e” ®n
(”+AD+%+p a}
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1 AGY(3) 1 1 NOYROINE!
- — [D 1 DY, 1
<u(3)_u(2) n %[ @ (uy” + 2)] + (3) +u(2) n % A [ @ (ui” + 2)]22
e @e? @

Writing the above expression as Aj - eéz) ® 652) ®n+ Az egz) ® egz) ® 1 and acting with (egz))’k
and (4.27) we obtain, up to an overall scalar,

(2) M _
+u %+P([ﬁ<§>(u§2>+1)] A1+[[)(§)(u§2)+l)] Az) <2>®,7
2)+u(1)+%+p 27112 da; 2)113

([Dif;)(u§2>+%)]11Al (B3 + Dltr + B (wf” + 4 ”23/*2) Pe
o @) n

—ugl)—i-% (2)+u§1)+§+p
A2 () 1 NOYHe)
(DR e [PRGE+ Dl
.
(2) + ugl) + % +p uﬁz)— u(ll) + %

Finally, acting with (egl))* . ﬁ;ll) (ugl) + 1) yields, up to an overall scalar,
1

e M_ 1
U —5+p0 A
( o o+ D (O3 Do+ [ (7 + 1))

D} (”+2)]1z
<[D2)( 52)"' )]nAl [ﬁf)( 52)"‘ )]22A +[ (2)( (2)+ )]23A )
X
2

) 41 (2)+u§”+—+p

(D3 (7 + DAz [D2w” + )]s Al))
o

(2)+uil)+%+,0 ugz)—ugl)-i-g

(B0 + 2>]13(

The total overall scalar is A~ (u} @ 4 5 ugl)) A~ (uf S 2, (1)) A’(u(ﬁ) + 3 uiz)).

Set Spy..ompy_y =Gy X -+ xSy, . For any o®e S, with k <[ <n —1 define an action
of Gyy,....m,_; ON Q(k)(u(k"'"_l)) by
oD . ykn=1) (k n— 1) (u(k) u(lgl), L u(n—l))
I I I . . . .
where we have set uff?,) = (uff?,) 1y ”f;zl) (ml)). The relation (4.9) together with the identity

Iéillal,) (u) n™ = n®™ implies the following Lemma.

iy

Lemma 4.12. The level-k Bethe vector ®® (u(k"'"’l); u(l"'k’l)) is invariant under the action of

The Theorem below is the first main result of Section 4.
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Theorem 4.13. The level-1 Bethe vector CD(l)(u(l'""_l)) is an eigenvector of TV (v) with the
eigenvalue

A(l) (v. u(lA..nfl))

_2u—n+p o — L) ) + A (u— 25k D) Vi ()
2v—1+p 2 2u+p 2 2v—n+1+p
n— l ~0
2v—n+p i—1., (—D) A+ G v (v)
_icl At(o— L@y Y 430
+222U—l+,0 I R Gt S )2v—i+1+p *+30)
provided

Res AV (v+4;u""D)=0 4.31)
U*)Ll(/)

oralll <i<mj;and1<j<n-—1.
S j J

Remark 4.14. The equations (4.31) are Bethe equations for a B;*(n, r)-chain. Their explicit
form is

e+ %) me@® —ul + D@ +ul 1+ p)

l
~o k H k k k k
P +8) o 7~ =D+ =1 40)

J

”i_[ @ =+ PP+ + 50
- Pl (u(]c)_u(k—l) 1)( (k)+u(k h_ +p)

”ﬁl (u(k) (k+1) + i)(ujk) +u§k+1) + % +p)
X

k k+1 k k+1
zl(() (+) 2)(u§)+u§+)_%+p)

for 1 < j<myand 1 <k <n — 1 assuming mo = m, = 0. For example, when n = 2, we have
k =1 and the r.h.s. of (4.32) equals 1.

(4.32)

.....

and standard arguments, we obtain

~ (]i) o 1( _ g; u(l...kfl)) (I)(k) (u(k...nfl); u(]...kfl))

_ <A+(v _ g; u(k)) %z(zkl)k (u(l...k)) @(l? " 1(” ;u(l...k—l))

mg
1
+ (k) (k) (1...k) ~ (k) k), (1.k=1)

‘Z]m JResy Ao Bors W o) G (4730770)

1= 1

2u. +

_Z ® ® Res A”(w:u)

= (v— 2+u +0)Qu;”" —n+k+p) wsu

aal--k

k 1.k k+1 k 1.k k+1 k+1..n—1 l..k
) DT >)>q><+>(u<+ 1Dy (-0) (433
& |

1
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and

A (k+1 k. 1..k—1 k k..n—1). 1..k—1
try, D;alm,z,l (v -5 u' )) ol )(u( n=D. g ))

(o B ) B )

my
— Z 2v—n 4; p - Res AT (w;u®)
i1 Qu—k+p)(v— 5 tu; +p) w—>u§k)

(k) (1..k) ~ (k) &, (1..k=1)
X Bk (uai(k)’ul(k)_)v_%) Wi k-1 (”i U )

) Zl Qu + p)Qv —n + p) Res A~ (w;u®)

S Qu—k+p@—,5—u"u® —n+k+p) wou

l
i VT3 i

K o((k AU+ (). (Lk k1) () (kt1n—1). o (1. k
X %fll?,,k (”f;,(k) :Uﬂ o) ta Dial..z (" ufy,(k) ))><D( O (D 0-0),
(4.34)

Here o X € 6,,, denotes a cyclic permutation such that
2 k Y p

& _ k) (k) (ky k) (k) (k)
”U_(k)_(“i SUG s ey Ul Uy Uy e U )

i

Below we indicate key identities that were used in obtaining (4.33) and (4.34). For this we

: " : k _ ¢ k k k k k) _
need to introduce additional notation. Set a¢,; = (al,...,ajfl,ajﬂ,...,amk) and uu(k) =

J

k k k k
w@®, uil]ugl], ... u)). Then let
my
A+l (k) . (k+1,k+1) (k)
Daa‘)(“k (U, ua(k),l,t(.k)) = <1_[ Raa;‘ (v + l/to(_k)(l.) + ,0))
dk it i=2 /
2
A (k+1) . 1. k=1 (k+1,k+1) (k)
X Dy i (vi ! ) H Rk (v ”a?"’m)
i=my ! /
(4.35)
and

k k
Ai(wu("))-—ﬁ w—ul® £ Dw+u® £1+p)
’ &)

4 v (w — ugk))(w + ul(»k) +p)

i#]

so that

*)
2us’ 14 p
Res Aﬂt(w;u“‘)):j:’T
w—u® 214/ +p

J

+(, k). (k)
A (uj ,uﬁ(/{)).

J
Also note that

k1k+1 kLk+l)  U—n+k g1kl
try RUFIAD () plbt HZMT'I’EJF )

To obtain the second terms in the r.h.s. of (4.34) we used
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(k)
2u;” + 1+ 2v—k—1
Res A+(w; u(k)) = - p v +p
w—u® 2()+P 2v—n+p

i

+ (k) (k) (k+1,k+1) (k+1,k+1)
x A (u uu(,o)traRaf Qu—k+p)P .

To obtain the third term in the r.h.s. of (4.33) we used the second equality below, and to obtain
the third term in the r.h.s. of in (4.34) we used the third equality below:

Res A~ (s ) tr, DD %)

w—u® re Ji(k)
(k)
e, o)
== (k) i (k)
2ut +p 4
(k+1,k+1) [ (k) AGk+1) (k). (k) (k+1,k+1)
X trg (Raa,f (2u” + /O)Daulk..k (" u ,,4<k>)P )
1 13
2u§k) —n+k+p A (k) (k) ﬁ(k+1) k), (k)
T 2494, CRLAL) adait (st )
2 "‘)—n+k+p w—k—1+4p
2w (k) +p 2v—n+p
- (k) (k) (k+1.k+1) HEHD (3, 8, gy ®) (+LEH)
X A ( uu(k>)t“ (Raa’f (2v— k+'0)D ( it o w(k))P af )

1

Combining (4.33) and (4.34) gives
‘L'(k) (v; u(l..‘kfl)) CI)(k) (u(k...nfl); u(l.‘.kfl))

2v—n+ A _
_ %((lkl)k (u(l...k)) <2U — +Z At(v— 1%; u(k)) @,(,kl?..kfl (v— 1%; w1k 1))

+ A_(v _ %; u(k))tra b{(llj;lz (v _ g; u(l...k)))q>(k+l)(u(k+l...n—l); u(l...k))

my
— Z Fn,k (U, Ml(k)) %‘(ﬁ)k (u((;(‘k.)'k)(k) lzc)

U = v—5
i=1 i
x Res w A+(w; u(k))a’\/(/i) o (w; u(l.‘.kfl))
w%u,{k) 2w+p a
+ A7 (w; u(k)) tr, b‘(ll;m (w; "S&jk)))q’(kH) (u(k+l...n—l); u(l...k)) (4.36)
where
Qv —n+p)Qu+p)
Fn,k(vv M) = k

V=5 -w@-5+ut+pQu-n+k+p)
When k =n — 1 and n =2, using (4.24) and (4.26) we have that ®*+D (u*+1--1=D) — 3 and

e 1 ~o 1
o)y = LW T D) o D (g Yy 2 F2)
o (w)n 2w+1+p’7, a aal( Ui(l)) 72u)+,0

s
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yielding
10 ) oD (1)
2v—2 ye(v Yy (v
(% +p0 A+(v _ %;u(l)) YL () +A_(U— %;u(l)) vy (v) CD(l)(u(l))
2v—14p 2v+p 2v—1+,0

mi
2w—1+ w+ 1
[O) 2w+ p 2w+14p

w—)u
a0 @D gy 0
AT (w ) 2w+ p P (uai(l),ugl)%vf%)
= AV (= L u®) oD (u D)

m
=Y Paloaf”) Res AO@ia®) 00wl ).

w—u;

This completes the proof when n = 2. Assuming 1 < k < n and n > 2 introduce notation

A(k) (U; u(kfl.‘.nfl))

n—1 .
=2 221;:771;; A (v =5 aD) AT (v — 5 u®) %

=k

A (- sty T

2v—n+1+p

and notice that, forallk </ <n—1and 1 <i <my,

Res A(k)(w+k1 (k—l,k))z Res A(l)(w;u(l"'"_l))_
w— (1 w—)ul@

Hence, when k =n — 1 and n > 2, using similar arguments as before and symmetry of the Bethe

vector, we find that

.L,(nfl)(v; u(l...n72)) dD(nfl)(u(nfl); u(l..,an))

-1
2v—n+p B
<1_[A ] u(]))) (zv_n+l+pA (U— 2 : (n 2))

)7;_1(1))

X A+(v— "—_l'u("_l))—
2> w—n+2+p

_ Vs () _ _ _
A= (v — 221, =D Ya =D (1D, y(1.n=2)
AT (=g ) 2u—n+1+p ( )

Mp—1

n—2 -1
_ Z Fpn_ 1 (n 1) (nA—(ul(nl)_ %;u“ﬁ)
j=1

. Res (MA<w+%;u<nz>>A+( o) Fra w250

—uD 2w+ p 2w+ 1+p



36 A. Gerrard, V. Regelskis / Nuclear Physics B 952 (2020) 114909

_ _ °(w + 151 _
LA (w;u(n 1)) Vi o 2 ) ptn 1)( (1:” 11)) L uln— 2))
P 7

) —1
— <’i_[ A_(U . %; u(j))) A(n—l)(v; u(n—2,n—1)) q)(n—l)(u(n—l); u(l.‘.n—Z))
j=1

provided Res - A(l)(w; u(l'“”_l)) =O0forall 1 <i <my,_;.Next, when 1 <k <n—1 and

n > 3, using negatlve inductive arguments we obtain

w—u

® (U; u(l..ik—l)) cD(k)(u(k“.n—l); u(l.i.k—l))

—1

k—1
— (H A_(v _ %’; u(j))) A(k)(v; u(k—l..‘n—l)) cb(k) (u(k.‘.n—l); u(l..‘k—l))
j=1

provided Resl A(l)(w + %; u(l"'”_l)) =0forall 1 <i <my;and k <I <n — 1. Finally, when
w—)ul.)

k=1 and n > 2, we obtain
O () cD(l)(u(l‘.,nfl)) A(l)( 1.n— 1) q>(1)( (1..‘n71))
provided Resl A(l)(w + %; u(l“'"*l)) =0foralll <i <mjand 1 <l <n — 1, which com-

w%ui

pletes the proof. 0O
4.4. A trace formula for Bethe vectors

A trace formula for Bethe vectors for a gl,, |, -symmetric open spin chain was given in Theorem
7.1 of [4]. Below we state a specialization of that theorem for a gl,,-symmetric open spin chain,
namely a B;X(n, r)-chain.

Theorem 4.15. A Bethe vector for a B ;X (n, r)-chain can be written as

n—1 m® j—1
o0t = | (TTT((T1 ;%,:iw;fwugwpw)
J

i=1j=1

m®
(1 Figepeesene)

b=i—1c=1

xD“) O 4 (l—[ I1 ;2;1) (.">—u§b)+%)))>

b=1 c=m®

(n—1) (1
X (en,n—l)®m ®--® (621)®m :| -1, (4.37)
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where the trace is taken over the space V := Va1 ®---QV, ! = (CH®™ withm = Y 11 m®,

m(n—1)

vector 1 is a lowest vector in MV, and the matrix operator DL(:,.) (ug.')) is defined by
j

DY w() = Z cca ®| D(”(u(”ﬂcd € End(V,1) ® B (n. )ll(u) ™ l.
J c,d=i
Proof. We will make use of both the full expression of the Bethe vector,

n—1 m;

o -y = [TTT 89,y (s =Dy .y,
J

i=1 j=1

as well as a recursive definition,

aalll

q)(i)(u(i...n—l); u(l...i—l) 1—[ B(z) (z); u(l...i—l)) ) Cp(i+l)(u(i+l...n—l); u(l...i)).

Recall that the auxiliary space labelled by a'. is a copy of C"~. Our first step, however, is to
reconsider each such space as embedded within a copy of C”. As a slight abuse of notation, we
use the same labelling for these spaces. With this, we are able to write the following,

BO @il

aljal,,.i—l
= Z @D, W+ D) e

k=i+1
= D(l)al L 5_1)_|_%;u(1...i—1)) ¢ ®a,(,ln), l(u;l);u(l...i—l))_

Acting with e} € V;’ on the level-(i + 1) Bethe vector, we have
J
(e) cD(iJrl)(u(iJrl.‘.nf]). u(l..j)) -0 (4.38)
r’a ’ ’ .
J

as @D (y+1.n=1. 51Dy pelongs to the vector subspace in which each Vi is treated as a
J

copy of C"%. As such, we may write the following expression for the level-1 Bethe vector

n—1 m;

q)(l)(u(l-»-n—l)) ( )®mn Q.- ®(E*)®ml Hl_[D(l)l N l(u(l) 2 ul- l—l)) 77
i=1 j=I

From this expression, it is relatively simple to recover the form of the trace formula given in [4].
Consider now the expression, which we denote by \I!(’)(u(""”_l); u(l“"_l)), obtained from vec-

tor @) (=1 ; y(1--1=D) by inserting a permutation operator between the first two excitations
as follows,

\I_,(i)(u(i...n—l) (L...i— 1)) (e*)®m, D(z)( (t)+ (l”'i_l))Pa;'agbc(Z(“g)+%;”(l"'i_l))

A @) 1. (i—D)y . G+ (1 G+1n—1).  (1..i)
XHDa;'.(u/ + 350 ) - @D (u sutlt),
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This leads to the following sequence of equalities,

\Il(l)(u(lnfl)’ u(l‘..ifl)) (e )®m, P D(l)(u(l) ’ u(ll*l))f)[(;l) (ugl) + %’ u(l‘..ifl))
2
> l—[ ﬁ;i})(”.(/i) + %; u(l.,.ifl)) . q)(i+l)(u(i+1...n71); u(l...i))
(e*)®ml D(l)( (1)+ (1 e l))D(l)( (l)+ (l d— l))
% l_[ f)‘(ll;)(ugl) + %; u(l...i—l)) . (b(H-l) (u(i+1..‘n—1); u(l‘..i)).

The expression subsequently vanishes, due to (4.38). Such an argument applies to any permuta-
tion of the spaces Vi, provided each permutation operator is inserted between the D operators

associated with the auxiliary spaces on which it acts. Therefore, we may insert R matrices at
these positions in the formula for the Bethe vector,

Cb(l)(u(lmn_l))
— f(u(l‘..nfl))(eT)®m] R ® (e:;_l)®mn_1

n—1 m;

% 1—[ 1—[ (HR(z) u® +u]((t) 11 +,0)>D(l,) e 5_1) i %;u(l...i—l))_n(n)

i=1 j=I

] 1 u('>+u;€')+l+p

where f(u-"=D)y =TT/ l_[ _

=1 Py

From here we insert the expression for D(ll) il (uj»i) + %; u-1=D)y from (4.18),

A @) @@). ul- 1) (lb+1) (l) (b) lb
Daalll(uj - (l—[ l_[ aial +ul =70 +'0))

b=i—1c=1

b+1 i—1—
x D(l)(u(!)) <1_[ 1_[ ,(ja;_) @ _ gb>+l 12 b)>’

b=1c=m)

yielding

¢(1)(u(1n71)) — f(u(lnfl))(e*)®m1 ® . ® (e::f])®mn71

n—1 m;
[nn((nw Wi+ 1e0)

i=1j=1
mp
(b+1) (@) b i—b

(1T v 5t40)

b=i—1c=1

A ¢, @) (zb+1) (i) ®) | i—b )
x D! (u + )(HH Gt +’T)>)>-n".

b=1c=my

From here the result is obtained simply by noting, for a matrix M, ef M e; =tr(e;; M). O
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5. Algebraic Bethe ansatz for a X ,(g2x, gg ) -chain

This section contains our main results. We study a spectral problem in the space

M=L0V) @ LAL®),, ®...0 LAY), @ V(1) (5.1)

where each L(A(i))ci is viewed as a lowest weight X (gp,)-module obtained by the restriction
described in Proposition 3.3 with k set to k;, ¢ to ¢; and A to 29 and V () is the one-dimensional
X, (920, ggn)t ¥_-module described in Proposition 3.11. The generating matrix S(u) (cf. (3.20)) of
X, (g2n, 85,)"" acts on this space as

4 1
Su)-M = g(u)(]"[&(u —ci— %))K(u) (Hﬁﬁ(ﬁ —ci— §>> M, (5.2)
i=1

i=¢

where L;(u) are the fused Lax operators of X (gz,), K (1) are given by Lemma 3.10, and & =
k —u — p. By Proposition 3.9, the space M is a lowest weight X ,(g2,, ggn)’w—module of weight
y (1) with components defined by (3.25) with u; («) as in Proposition 3.11 and X; («) given by

14
rw =[Tr"w (53)

j=1

with weights A;J )(u) as in (3.13). We say that M is the (full) quantum space of a X, (g2,, ggn)t w.
chain, a go,-symmetric open spin chain with (trivial left and non-trivial right) diagonal boundary
conditions. The image of S(#) on M given by (5.2) is the monodromy matrix of the open spin
chain.

Our approach to the spectral problem of the X ,(g2,, ggn)’ Y-chain is as follows. We start by
defining creation operators that create rop-level excitations in the quantum space. They corre-
spond to the root vectors associated to the roots in @\ @', where ®* is the set of positive
roots of gy, and ®'T is the set of positive roots of the canonical gl, C gp,. We then determine
the exchange relations for creation operators. The exchange relations allow us to identify the
nested monodromy matrix which turns out to be a monodromy matrix for a B,(n, r)-chain. Our
main results are Theorems 5.21 and 5.29, which state eigenvectors, their eigenvalues and Bethe
equations for a X ,(g2x, ggn)“"—chain with the quantum space M is symplectic and orthogonal
cases, respectively.

5.1. Creation operator for a single excitation

We begin by reinterpreting the B operator of the generating matrix S(u), viz. (3.34), as a row
vector in two auxiliary spaces, Vé*1 ®V,, = (C")*®(C")*, with components given by the matrix
elements 6;;(u).

Definition 5.1. The creation operator for a single (top-level) excitation is given by

N

Baray )= Y ef @ €} ®b7j(u) € Vi ® V.o @ Xp(g2n. g5,)™ (™). (5.4)
i,j=1
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The exchange and symmetry relations involving the B operator may now be rewritten using
the above notation. In general, we may switch between the two notations using the following
relation, in matrix elements,

(Xq Ba(u) Yo)ij = Z Xik G () yij = (Baa () X5 Ya)ij (5.5)

1<k,l<n

where X, Y are matrix operators with entries in C ((x~")) and may act nontrivially on the addi-
tional auxiliary spaces. The Lemma below states some useful properties of the creation operator.

Lemma 5.2. The (top-level) creation operator satisfies the following two identities:

Bivay 1) Baray (U2) Rayay (—ut1 — ua — p) Rz, (1 — u2)
= /3[11a1 (MZ) ﬁﬁzaz (ul) Ra][lz (—Ml — Uz — ,0) éalaz (ul - u2)v (56)

1 aja aya
Barar () Qo Oura = (qc - m)ﬁm (5) Qupa 4 Pl ) Quia

V—UV

5.7

Proof. The operator B(u) satisfies the same exchange relation as the equivalent operator in [11],
with an additional shift of «. Following Lemma 3.2 in [1 1], with p replaced by p — k', we arrive at
(5.6). To prove (5.7) we work from (3.52). Acting from the right by Q,+, and using the equalities
X;, Qaia = XaQaya = PayaXay Qaya» W Obtain

Ba1 (v) Qa]a
v—10

1 -
Pala Bul (v) Qala = (:F 1— m)Bal (v) Qala +
Implementing (5.5) then yields the desired result. O
5.2. The AB exchange relation for a single excitation

Our next step is to rewrite the AB exchange relation (3.47) in terms of the creation operator
(5.4). Typically, the Bethe ansatz method would also require us to consider the DB exchange
relation. However, the operators A and D will enter the exchange relations under a trace. Because
of this the symmetry relation (3.51) will allow us to rewrite all the relations involving D operators
in terms of the A operators only. Indeed, the Lemma below allows us to rewrite the trace of the
monodromy matrix trS(u) = tr A(u) + tr D(u) in terms of the A operator only. We will often
make use of the following notation. For a function f we define a symmetrisation operation by

{f)}" = fu)+ f@). (5.8)

‘We also introduce the rational function

1
pu)=——:. (5.9
u—u

Lemma 5.3. We have

B tl‘S~(L7) _ trS~(u) — () AW}
Uu—u-+k U—u—K
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Proof. Adding A(u) to both sides of (3.51) and taking the trace we obtain
1 . k£ DtrS(u)
trSu)=1{1 :t —— Jtr(A(w) — A@@m)) - —.
u—u—kK
Rearranging this, and d1V1d1ng by (u — i £ 1), we find

wrSw)  w(Aw) — A®@))

u—Uu—kK u—u
which, by (5.8), proves the second equality. The first equality is obtained by sending u > i, and
noting that the r.h.s. remains unchanged. O

Applying Lemma 5.3 to (3.51) we obtain a new symmetry relation for the A and D operators:

D' (u) =—<1 + ulTﬁ)A(ﬁ)i AW _ {tr(A(”))'l} .

u—u

(5.10)

u—1u

This symmetry relation allows us to obtain a D-independent form of the AB exchange relation.

Lemma 5.4. The AB exchange relation (3.47) may be equivalently written as

Aa(V) Bayay () = Bayay (1 )5;1[31[11 (v;w)+UT+U, (5.11)
where
Sty (V5100 R (0 = 0) R = 0) Aa(0) Ry u = v D R (=0 £ D), (5.12)
Ut := 'Balal(v) Qiya ala(” u) Aq(u) Rala(il)Réla(ﬁ_uil)’ (5-13)
u—
—. /Salal(v) 1 n !
Uu—: Qala Qa]a 1 :b — | Aa() Ram( —u£l Rﬁla(il)‘ .14

The matrix S(ga) a (v; u) is the nested monodromy matrix for a single excitation. The matrices

U? are the “unwanted terms” (written in our equations as “UWT?”).

Proof of Lemma 5.4. The first step is to rewrite (3.47) in terms of B 4, (#). We obtain, using
(5.5),

Aa(V) Bayay () RE ,(u + v+ p) Ry, (k — u +v)
= Ba a; (1) Rala(u — V) R}, (i —v) Ag(v)
— Biray (V) Qaiya Paya Rl (i —v) Agy () Ugya (4 — v)
— Baja, (V) Qara PajaUaja( + v + p) Dy, (1) Rala(/c —u+v).

Since Q is a rank n projector, R’ (u) is invertible for u # n, with inverse R'(n — u) = R (k —
u + 1). Multiplying the expression above by the appropriate inverses, we have

Au (V) Bajay (1)
= Baya, () Rala(u—v) Rala(u V) Ag (V) Rula(u—v:l: I)Rgla(ﬁ—v:l: 1)
— Biyay (V) Qaya Paja Rl o (1 — v) Ay (0)Ugya(u — v)Rala(u—vil)Réw(ft—v:i:l)

aja
- ﬂﬁlal (U) Q[zla alaUala(u +v+ ,0) Da| (Lt) Rzla(u — v+ 1)
= Bara, ) S (wu)+UA+UP, (5.15)

aaya
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where
_ﬂfz]al (v) QZtla Pa1aR;1a(u — v)Aal (M)Uald(u U)Rala(u —vEl)
R;]a(ﬁ —vE1),
UP := —Bz,0,(v) Qdra PayaUaya(u + v + p) Dy, () Rj.”a(:; —vE1).

So far the first term, the “wanted term”, matches the desired expression (5.11). We must now
manipulate U A 4 UP to match the remaining terms. First, note that

Uu—-v)Ru—vE1)

-(-i5 =) ()

U—v U—V—K u—v=+tl

. P n 1 " 1 1 Kkx1

T ou—v ((u—v)(u—vil) M—U—K( u—v:l:l))Q

_ P +( 1 n 1 )Q
T ou—v uu—v)u—vxl) wu—v*l

_ P Rt(:lzl)
B u—v
Thus,
A _ ﬂalal(v) t _ t ro~
U " — Qala Pala Rala(u V) Aal(u) Pala Rala(il) Rdla(u vt1)
ﬁalal (U) t ~
0 Qala ala(” v) Aq(u) Rala(:lzl) Rﬁla(u_vil)' (5.16)

With UP, our strategy will be to use the symmetry relation (5.10), allowing us to combine the
term with U4 . We first make the following manipulations in preparation:

= —Bara (V) Qaya PajaUayau + v+ p) R; (@ — v £ 1) Dy, (1)
1 0 O
_ﬂﬁlal(U)lea(_u+v+p Milc:)) (l—i—u_gl;:l)l)al(u)
lea + Q&la Qala + Q&la (_ kt1 4 1 )
u+v+p u—v u—vF1 u+v+p u—7v

—Bara, (V) (—
x Dy, (u).
The final term may be factorised as follows:
B Kkx1 " 1 __ k(u—vF1)
u+v+p u—1v (u+v+p)(u—0o)
Thus,

ﬂalal (U)

Qala szla Qaw _ K Q&la ) W)
u+v+p u—7v w+v+p)w—1)) "

( ala Qala _ Qala
(

ﬂalal (v)
ﬂmal (v)

u—1v

)Dal (u)
v

u—70 u—

+ Qala Qala - Qéla)Dal (u).
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Although this expression is now a lot simpler, the D, (1) operator is acting on the auxiliary space
V4, , rather than V,, as desired. To remedy this, we use the following identity:

QélaDal () = lea tra(QalaDal m) = lea tra(QalaD;(”)) = lea QalaD;(u) Q&m,
where we have used that tr; (Qg,q) = I, . Therefore, using also Q4,4 Da, (4) = Qq,a D, (1),
lgalal( )

u—

UDI Qa|aQa1aD[ w)(=F Qala)

Applying the symmetry relation (5.10) we obtain

00, 0, (1 a2 frke-L )Y

x (1 F Qaya)-

Since all terms in U4 + UP contain A, (1) or A,(it), we reorganise the sum U4 + UP accord-
ingly. Define

ub =

u—1u

U+: IBlllal(v) Qa|a alg(u U)A (u) Rala(:l:l) R[t}la(ﬂ_vil)
=
Aulu) F (A
- o) (”) QalaQala(WN T 0a0),

U™ = ﬁulal (U) Qi1aQaja ((1 + uTlﬁ)Aa(ﬁ) - tr(A(u)))(l Qiia)

so that UA + UP = Ut 4+ U~. It remains to match the expressions for U and U~ with
those in the desired expressions (5.13), (5.14). With U™, we simply use Qg4 tr(A(@1)) =
Qaya Aa(it) Qq,q to obtain the required form,

lgalal (v)

u—10

U™ = QmaQam(liL)A (M) Rala(u U=+ 1) R;la(:l:l).

We now turn our attention to U . Using again the trace property of Qu,q»

Ut = P Rl =) Aatu) Rl D RE (=0 1)
u —
’3“1“1(”) 010 Qur “(3 R (ED(F 050).
L =

The Q;,, and R}, ,a(E1) matrices are present in both terms as desired. The simplest way forward
is to expand the remaining matrices in terms of projectors, then match term by term. Indeed,

Ag(u) Rl ,(£1) Qaya
(u—v)w—-vF1)

1
T =By (v) Qa1a< Ag(W) Ry, o (ED) +

1 1 1
+ < = )Qa.aA WRL ,(£1)
u—v\u—v u—
+ ! ! + ! AR, (1) Q;
u—f;(u—ﬁ (u_v)(u_ﬁq:l))Qala (u) alg( )Qam)

Aa(u) Ry, ,(£1D) Q14
(u—v)w—-vF1)

1
= Baya, (V) Qa1u< Ag(W) Ry, (£1) +
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4 u—v=xl
(u—wyu—-—v)w—vFl)
Although all the terms have been fully written out, it is still not clear that this is equal to the
desired expression. The discrepancy arises due to the terms on the last line. These terms contain

two Qj,, operators, and so elements sandwiched between these operators appear as a trace. This
leads to the following identities

Qéla QalaAa(”)Qala Q&.a = Q[zlaAa (M)Qélaa
Q&la Qa1aAa () Q&la = Qz?zlaAtl (”)Qam Q&lw
Then, expanding the R/

IBalal (U)

QalaA (M)Ralu(:tl)Q&la>-

(5.17)

2,2 (£1) matrices,

Ut = Oaa R (i — W) Ag@)RY (1)

+ ﬂ&lal (U)(Oll Q&la Qa]aAtz(u)Qéla + o2 Q&la QalaAa(u)Qala Q&la)s

where we find

B 3 1 n u—v=xl _ 1
T @) D@5 F D w0 —i)
So
Ut = IBZME(U) (Qala ala(u u)Ag, (M)Rala(il)
- Qa0 QuiaAa(0)Qaa QalaQalaAMQamQaw)
u—i u—u .
Writing

1 1 u—uFl 1 1
- = — - — = — 1:': = s
u—u u—u u—uFl u—uFl u—1u

and using (5.17) we obtain

Ut = :311|a1 (v) (Qala ala(u WA, (M)R;la(zl:l) - Q&]aAa(uzQala Qia
u— u—u=Fxl
+ Qlea QalaAa(u)QZzla Q&laAa(u)Q&m Q&la QalaAa(M) Qa.a Q&m)
u—u)yw—u=xl) u—uFl u—)wu—u=xl)
ﬂalal(v) t ~
0 — Qia ala(” u)A, (M)Rala(:tl)Rala(u—u:tl),

which matches (5.1 3), as required. O

From Lemma 5.4, to obtain most elegant form of the unwanted terms, written as a residue of
the “wanted term”, we must symmetrise over v — v. We will employ the notation (5.8).

Lemma 5.5. The AB exchange relation for a single excitation is

{p(v) Aa(v)}vﬂﬁlal () = By (u){ v) ch 63]0] (v; u)}v
+ p(lu){ () ﬂmal( )} Res {p(w) Stia)m]( ;u)}w_
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Proof. Evaluating the residue, the desired expression is

{PW) A} Bayay )
_ﬁalal(u){p(v) R(tlla(u_v) Rala(u U)A (U) Rala(u vt l) Rt (M—U:l: l)}

aya
{ ()ﬂ‘”‘”( )} Qaya RY il — 1) Ag ) R (D RE (i —ux1)  (5.18)
{ (v ),Bmm( )} Rctzla( — 1) Quya Aq(il) R;la(u—ﬁ:I:I)Réla(ﬂ:l).

We will work from (5.11), and obtain this expression. Multiplying (5.11) by p(v) and symmetris-
ing over v — ¥ reveals that the “wanted term” and U™ term are already of the correct form, while
U~ is of the form

{pyu=}’
p(v )’3‘”‘”( v Q- 0 1+ —)a @) R, ,u—a£1) R, (£1)
aja¥aya u—ii a aya aya :
From here, we will use the identity (5.7) to construct R (u — i), and arrive at the desired expres-
sion. We must split the r.h.s. into two portions, on one of which we will use the to construct the

“identity” part of the R’-matrix. Combining this with the other portion will result in the desired
R’-matrix. It turns out the correct proportions to take are given as follows:

1 1 1 1 1 1
el == ~ | = —( 1+ F + —
u—70 u—1u u—1v U—v uU—v uU—1iu
1 1 u—1v
—({ 1< F =
u—v u—v  (u—v)(u—nu)

1 mn 1 1
u—70 u—v :F(u—v)(u—ﬁ)'
Then,

{pwU}' = { ()ﬁalal(v)( v%l:F 1~>}

v u—v u-—u

x Qg QuyaAalil) RY o(u — i £ 1) RE  (£1).

Applying (5.7) to the first of these terms, we have

:I:{ ()‘3‘”“_1(”)< ”fl)} Qi1aQura

v v

{ p(v) <u —v=E 1)(( ),Bulal(v) Ouia + ﬂ&lal(v)9a1a>}
u—v u—70 vV—v

{p() ﬁ‘”“l() (( —aim(il— 1~)+”_”f1)} Oura
— D) v—10 u—v

=4+
{ ﬂalal(v) (u—f;:l:])(v—f)q:l)ﬂ:(u—v:tl))}”Q
aya

(u—v)(u—v vV—10

ﬂalal (v) (U - v)(u - U)
et )} eu

v—10
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_ { :Balal (v) } Qala
u—

Therefore

{pyu~}'= {()ﬂ“‘“‘()} Ry (= it) Quya Aa(it) Rl (u — it £ 1) RE (£1),

(5.19)
which agrees with the last term in (5.18). O

Lemmas 5.4 and 5.5 provide us with an insight into the expression for the nested monodromy
matrix of the spin chain. The next step is to generalise the result of Lemma 5.5 for an arbitrary
number of excitations.

5.3. Creation operator for multiple excitations

Choose m € N, the number of (top-level) excitations, and introduce m-tuple u = (u1, us,

., Uy) of formal parameters and m-tuples @ = (ay, ...,a,) and @ = (ay, ..., ay) of labels.
For each label we associate an auxiliary vector space, Vi, Vo, ..., Va,, Va,» each isomorphic
to C". Then we define a tensor space W, and its dual W by

Wia =Va Q@Vy ®---®V;, @V, Wi =Vi@V, @ Vs @V, . (5.20)

ap
Definition 5.6. The creation operator for m (top-level) excitations is given by
m 1
Baa@) =] ] </35,-a,- ) [ Raja i — uj)> € Wi, ® X (gan, g5, (', ... up,)).
i=1 j=i-1
Note that 85, (1) satisfies the following recursion relation:
ﬂﬁlal..ﬂmam (ul LR um) = ﬂﬁlal‘..&mflam 1(“1 PR l/tm,]) ﬂ&mum (Mm)

X Ry 1m (U — Upm—1) -~ Ra,a,, (m —uy).

Our next step is to obtain an identity relating Bz, (#) with Bz, (#ii+1), Wwhere u; ;41 denotes
the m-tuple obtained from u by interchanging u; with u;4; for any 1 <i <m — 1. For this
purpose, we define

R(u) = —— PR).
u—1
The normalisation here is chosen such that IY\’(u) ﬁ(—u) =1.

Lemma 5.7. The creation operator for m (top-level) excitations obeys the following é—symmetry

Bia (W) = Baa(Wicsit1) Raarey i — wit1) Iéa,-aiﬂ (Uit1 —u;)
forl1<i<m-—1.
Proof. The operator B(u) satisfies the same defining relations as those in [1 1], with an additional

shift of «. Following the same argument as in Lemmavl 3.2 of [11], with p—kK inste%d of p, we
arrive at the same conclusion. Finally, the normalised R allows us to write R! (u)=R(—u). O
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5.4. The AB exchange relation for multiple excitations

We now generalise the single excitation nested monodromy matrix S ()

adya (V3 U1) introduced
in Lemma 5.5 to multiple excitations.

Definition 5.8. The nested monodromy matrix for k (top-level) excitations is given by

k k
S((zl(i)lul...&kak(v; ULy .o, Ug) = (l_[ Rta,-a(”i — v)) (l_[ R;ia(ﬁi — v))
i1 i=l
1 1
x Aa(u)(]_[R;ia(ui —vt 1)) <HR2ia(ﬁ,- —vt 1)).
i=k

i=k
(5.21)
We will often omit the ajaj ... agag from the subscript, writing simply Stgl)(v; Uy .o, UE).

Lemma 5.9. The following identity holds

1
%Wﬂuqu%O(%mWU]j &@@k_wo
j=k—1
1

=(ﬁakak(uk) I1 Ra_,.aku?k—u,-))Sé”(v;ul,...,uk)+UWT,
j=k=1

where UWT denotes the “unwanted terms” that do not contain A,(v).

Proof. Working from the definition of S,El) (v;uy,...,ur—1), and commuting matrices which act
on different spaces, we use Lemma 5.4 to obtain

1
S§,1>(v;u1,...,uk_o(ﬂakak(uk) I1 Rajak(ﬁk—u,a)

j=k—1
k—1 k—1

= Biigay (k) ( [RS i — v)) (]"[ R! (i — v))
i=1

i=1
X Réka(uk — V)R (i —v) Ag(v) R!

axa axa

1 1 1
x( I1 R;ia(ui—v:izl)>( I1 Réia(ﬂi—v:tl)>< I1 Raj&k(ﬁk—uj))
i=k—1 i=k—1

i j=k—1

(uk—v:I:I)R}lka(ﬁk—v:I:l)

+UWT.

To obtain the result, we must move the rightmost product of R-matrices to the left, using the
Yang-Baxter equation. The first move is simply commuting the rightmost product of R-matrices
to the left, through the product of R’-matrices, as there is no intersection of spaces on which
these products act non-trivially.
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Next, we write

1 1
R;ka(ﬂk—vil)< I R;ia(u,»—vil)>( I1 Ra_,.ak(ﬁk—uj)>

i=k—1 j=k—1

k—1 1 la
=|:(1_[Raia(ui—Uil)>Raka(ﬁk—Ui1)< I1 Ra,.ak@k—u,-)ﬂ :
i=1

j=k—1
From here, repeated use of the Yang-Baxter equation allows us to swap the matrices on the left
with those on the right. Indeed, the Yang-Baxter equation is
Raja(ui —v 1) R0 (g — v £ 1) Ryyg, (g — u;)
= Raa, (i — 7) Ry (lix — v £ 1) Ryt — v £ 1),
Note that after performing each swap, the R-matrix swapped to the left commutes with the re-

maining product of R-matrices on the left, and similarly for the R-matrix swapped to the right.
Thus

R([Ika(ﬁk_v:t 1)( Raj&k(ﬁk_”j)>

1 1
]_[ R;ia(u,-—vzlzl)>( ]_[
=k—1 j=k—

1 k—1 ta
=[( [1 Ra/ak<ﬂk—u,~)>Raka<ﬁk—vi1)( Ra,.a(ui—vil)ﬂ
j=k—1 i=1

J ]

1 1
_ ( Raa Giix — uj)> ( [T Rotui—v =+ 1))R;w(ﬁk 1)
j=k—1

i=k—1

i 1

So far we have

k—1 k—1
Lh.s. = Baya, (i) ( [ RS (ui - v)) (]‘[ R! (i — v))
i=1

i=1

X RY (g = v) R (@ — v) Aa(v) Rl 4t — v £ 1)

ara aia

1 1 1
x( I1 Rajg,k(ﬁk—uj))< I1 R;ia(ui—vil))(nRéia(ﬁi—vil)>
i=k

j=k—1 i=k—1
+UWT.

Note that the product of R-matrices that we were moving commutes with R;k S —v) Ag(v) X

R;k ok —v £ 1). Then, moving further leftwards, we must use the Yang-Baxter relation again.
Specifically, we use

Rp o (it — v) RE , (ui — ) Ragy (i — i) = Ryyq, i — ui) RE, , (ug — ) Ry, (il — ),

giving

J

k—1
(]—[ R! (@ — v)) RL (i — v)(

1
i=1 =k—

Rajék (ﬁk - u]))

1
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| k-1
= ( l_[ Rajflk(ﬁk - M])) ik oWk — U)(l_[ Ra a U))
J

j=k—1 i=l
Therefore,
k—1 1
Lhs. —ﬂakakwk)(]"[zew —v))( [ Rejatiic — u,>> RL G —v)
i=1 j=k—1
1
Oj&u —m>%@ ﬂjwwluin)< éM%_mHO
i=k
+UWT
1 k
=f3akak(uk)( I Ra_,-&k(ﬁk_uj)><1_[ —)
j=k—1 i=1
([I@w m>A(w<[]&m viD)( —vilﬁ
+UWT

1

zﬁ&kak(uk)( I1 Rajakmk—u,-))sg”(v;ul,...,uk>+UWT

j=k—1

as required. O
We may apply this result inductively to the creation operator for m excitations Bz, (u).

Corollary 5.10. The AB exchange relation for multiple excitations has the form
v
(P©) AW’ Baa@) = Paa@) {p) SO 3w} +UWT (5:22)

where Sc(ll)(v; u) is the nested monodromy matrix for m excitations defined by (5.21) and UWT
denotes the terms that do not contain A, (v). O

5.5. Exchange relations for the nested monodromy matrix

We introduce a vector space M (D which we call the nested vacuum sector, and a ma-
trix sé” (v; w, u), called the generalised nested monodromy matrix, acting on this space, with
w = (wy,w2,..., Wy) and u = (u1, uy, ..., u,) being m-tuples of non-zero complex parame-
ters. We show that Sél)(v; w, u) satisfies the defining relations of the algebra B ;X (n,r) in the

space MV . This allows us to identify St(ll)(v; w, u) as the monodromy matrix for the residual
B;*(n, r)-chain, in a suitable sense. The space M (M is then reinterpreted as the (full) quantum
space of this residual chain, which we have studied in Section 4.

For each bulk vector space L(A(i))ci in (5.1) denote by LO(A(i))ci the subspace consisting of
vectors annihilated by the operator C(u) of the generating matrix 7' (u) of X (g2,), namely

L00.D) . :={c e LOD), : tyyr i) - ¢ =0 for 1 <k,l <n). (5.23)
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Lemma 5.11. The space LO(A(i))C; is an irreducible lowest weight Y (gl,,)-module.

Proof. Relation (3.43) implies that LO(A("),, is stable under the action of A(x). Then (3.41)
allows us to view Lo(k(i))ci as a Y (gl,,)-module. Thus we only need to show that LO(A(i))ci is an
irreducible Y (gl,)-module. Let & € L()»(i))ci be a lowest vector and note that £ € LO()»(i))C[. Set
L :=Y(gl,) & and note that L € LO(1()),.. Since there are no more lowest vectors in L°(A1))...,
it follows that L = L°(A®),,. O

Introduce a vacuum sector M of the full quantum space M by
MY =120, @0 L°0Y), @ V(1) C M.

The Lemma below is an analogue of Lemma 3.8 in [11].

Lemma 5.12. The operator C (1) of the matrix S(u) acts by zero on the space M°. Consequently,
MO is stable under the action of the operator A(u) of the matrix S(u). O
Recall (5.20). We define the level-1 nested vacuum sector by
MYV =Wz, @ M°. (5.24)

Here an overlap of notation with M1 defined in Section 4.2 is intentional. It will be shown
below that M) can be viewed as the (full) quantum space for a residual B;"‘ (n, r)-chain.

Next, we define a generalised nested monodromy matrix which differs from the one in Def-
inition 5.8 by an addition m-tuple of complex parameters, w. These parameters will play a
prominent role in Section 5.7.

Definition 5.13. The generalised nested monodromy matrix is defined by

SO (v; w,u) == (]‘[ RL (ui — v)) (]‘[ Rl (w; — v))
i=1

i=1

1 1
X Aa(v)<l_[ R (i — v+ 1)) ( ]‘[ RL (i — v+ 1)). (5.25)

i=m i=m

Matrix Sél) (v; u) defined by (5.21) is recovered by setting w; = u;. It will be useful to know
that (3.39) allows us to rewrite (5.25) as

Sél)(u; w,u) = <H Rzia(u,- — v)) <1_[R;ia(wi — v))
i=1 i=l1
m _1 m _1
x Ag(v) (]_[ R (wi +v+ ,0)) (]_[ RL (i +v+ p)) . (5.26)

i=1 i=1

Set r = 0 for types CI, DIl and CDO, and r =n — % for types DI and CIIL.

Proposition 5.14. The mapping
B (n,r) — End(M") ® X (g20. 05,)"™".  Bo) > S (v w, ) (5.27)
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equips the space MV with the structure of a lowest weight Bpex (n, r)-module with lowest weight
given by

l
Vi (v w, u) = g(v) fi5 () (Hx?)(v -6 - g)), (5.28)
i=1
Yo (v; w, )
m ~ ~
~o v—u;i+1 v—wi+1 v—w;Fl14+1 v—u;F1+1
=0 [[——- — . - —
il V— U vV — W v—w,-:Fl v—ui:Fl
e . .
x (]‘[xfp(u - 9@ - §)> (5.29)
i=1

for 1 < j <n—1 with g(v) defined by (3.19), u;(v), u,(v) defined in Proposition 3.11, and
WWw—5), 201 - %) given by
@) @)
A )‘j

Waoy=1—-—L— Paey=1+
V—Cj

5.30
v—ci Fkitl—« ( )

for 1 < j <n, where A0 = (ki,0,...,0) in the orthogonal case and A0 = 1,...,1,0,...,0),
with the number of 1’s being k;, in the symplectic case.

Proof. We start by proving the Proposition in the case m = 0. Relation (3.46) with Lemma 5.12
imply that A(v) satisfies the reflection equation on M. That is, for any ¢ € M?,

Rap(v = x)Aa (V) Rap (v +x + ) Ap(x) - £ = Ap(X) Rap (v +x + p) Aa (V) Rap (v — X) - £.

The remaining terms, which contain C(u) as the rightmost operator, vanish due to Lemma 5.12.
It follows that M? is a lowest weight B ;'x (n, r)-module, with weights obtained from (3.13) and
Proposition 3.9. The m > 0 case is then immediate from Proposition 3.9 and (5.26), as the aux-
iliary spaces are regarded as dual vector evaluation representations of Y (gl,,) with shifts of u; or
w; for 1 <i <m, and lowest weight vector e;. O

Proposition 5.14 implies that M1 can be viewed as the (full) quantum space for a residual
B;X(n, r)-chain (since Sél)(v; w, u) satisfies (3.57) but not (3.56)). We end this section with a
lemma which will assist us in finding the explicit expressions of the unwanted terms. Recall that
R(u) := -5 PR(u).

Lemma 5.15. The following identities hold:
Ru)ey®@e1=e1 ®ey,
Ria Wi — ui) spr(u; w, w) = s (v; W, Ui osit1) Raa,,, Wit — ui),
Ryaiy (Wip1 — wi) spr(v; w, u) = 55(V; Wi 15 ) Ry (Wi 1 — wy).

Proof. The first identity follows from the definition of R(u). To obtain the second identity we
need to move Ry, (ui+1 — u;) rightward through the products of R-matrices in the definition
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of Sél) (v; w, u) in (5.25). In each product we must use the (braided) Yang-Baxter equation once.
For Rz, (ui+1 — u;) in the leftmost product,
Rayy (it — up) RS (i — )R (i1 —v)

= Rf;l.a(ui+1 — )R,

v

ina Ui = VIRG G, (i) — ui),

and in the rightmost product,
R,y i1 — u)RY, i1 —vE DR, (@ —vE1)
=R} i —vEDRE (@i —v+ DRza;,, (i1 — 7).

Applying these identities, we obtain the second identity. The third identity is obtained simi-
larly. O

5.6. Transfer matrix and Bethe vectors for a X ,(sp,,,, 5pgn)’ Y-chain

We are now ready to introduce the transfer matrix acting on the quantum space M defined in
(5.1) and find its eigenvectors, the Bethe vectors.

Definition 5.16. The transfer matrix v(v) € End(M)[v, v~!] is the representative of

tr S(v)
20—2k—p

on the space M.

From arguments given in [41] (see also Section 2.2 in [44]) the reflection equation (3.17)
implies that transfer matrices commute,

[z(u), T(v)] =0.

Lemma 5.3 allows us to deduce the following symmetry properties of the transfer matrix.
Corollary 5.17. The transfer matrix satisfies the following equivalence relation:
(@) =10 ={p)rA(v)}".

Recall the generalised nested monodromy matrix Sc(ll)(v; w, u) defined in Definition 5.13,
and the nested vacuum sector MV from (5.24). By Proposition 5.14 we regard M (M) as the (full)
quantum space of a residual Bg"(n, r)-chain. Let @D (1"=D: w_u) denote the level-1 Bethe

vector constructed from SL(,I)(U; w, u) according to Definition 4.10.

Lemma 5.18. The level-1 Bethe vector satisfies

i (Wi —wip) PP @V w w) = 0D @ w4 w),

a
Raarey i — i) @D @D w ) = @D @D w wp41).
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Proof. The level-1 Bethe vector is constructed from a linear combination of products of matrix
elements s (v; w, u) of the generalised nested monodromy matrix acting on the highest weight
vector. The result is therefore immediate from Lemma 5.15. 0O

Recall the creation operator Sz, () for m excitations from Definition 5.6. In what follows we

will use the notation ul(") =u; — % =u; — % and m, := m. Additionally, we will use u + a to

mean (uy +a,...,uy +a).

Definition 5.19. The (top-level) symplectic Bethe vector is defined by
W) = faa@® + §) - @D @705 —u® —p u™ 1)
= Baa@) - &P @ "7V i, w),
where u = (1, ..., Uy) wWith i; =k —u; — p.
As with the B;X(n, r) case, 8, =Gy, X -+ X By, | X &, acts on the symplectic Bethe

vector by reordering parameters. The invariance of the Bethe vector under this action can then
be shown by combining Lemma 5.7 and Lemma 5.18.

Corollary 5.20. The symplectic Bethe vector is invariant under the action of Sp,. O

Recall the notation A*(v; #®) in (4.19) and in addition define

mp

AP, u®) = @+ +240)@ - 1" +2)
’ o w+u” +p)—u)

i

The Theorem below is our first main result.

Theorem 5.21. The symplectic Bethe vector W(u'") is an eigenvector of the transfer matrix
T(v) with eigenvalue

Aw; a7y = {p) AV (v; u)}" (5.31)
where

A(l) (v; u(l'“”)) = m A+(v _ l’ u(l)) )71(0)

2v—14p 2v4p

n—1 ~
2v—n+p  _ i—1 (-1 P Vi (v)

+ A (=L uNY At =L gDy — T
;21)—1’—}-,0 ( 2 ) AT (v =3 )2v—i+1+p
_ _ _ )711(7))

+A v— 1 l’u(n 1) A+2v—£,u(")
( 2 ) ( 2 )2U—7’l+1+p

and
L ) ¢ '
7w =g B0 [[Me-9H ]V e-9
i=1 i=1

for 1 < j <n, provided
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Res A(w+g;u-")=0  and Res A+ 5:u")=0 (5.32)

N N n)
v M] v le

forl<j<mj,1<i<n—1landl <k <m,.

Remark 5.22. The equations (5.32) are Bethe equations for a X, (spzn,spgn)’ Y_chain. Their

D

explicit form for u® with 1 <i <n — 2 is the same as in (4.32). Those for u;."_ receive an

additional factor due to the top-level excitations,

(n—1

V-1 (] ) "i”—‘[' (ui»n_l) —u" 1)(14;-”_1) +u" Y+ 14 p)
~ 1 _ - - I -
Pty @l = = Dl "V = 14 )
| iZ)
-1 -2 -1 -2
m2 @Y =P 1 DY 4 u" + L 4 p)

—1 -2 —1 -2
o @) — a7 = ha Y puP — L4 p)
mp (u;n—l) _ utgn) + 1)(u§'n—l) + ul(n) +14p)
X -1 _ ™ ) : (5.33)
e (uj —u; —1)(uj +u’ —1+p)

The top-level Bethe equations, for u;”), are

P +5) @l —u 42 +uf” +24 p)

’ l_[ (n) _

Pu(s — " = p) i @ —u” =@ +u —2+4p)

! i#]
et @l —u" D A D@ 4 u" 14 p)

= - - ) (5.34)
E @ —u" " = D@ +u""" =14 p)

Proof of Theorem 5.21. In order to prove the theorem, it will be necessary to calculate an
expression for the unwanted terms. As such, we will first expand on the exchange relations of the
twisted Yangian, studied in Section 5.4. Recall Corollary 5.10,

(P(v) Aa(W)}’ Baa (@) = Baa@) {p(v) SV (W W)} + UWT.
Let X g denote the subalgebra of X, (sp,,,, 5pgn)’ ¥ generated by elements of the B block matrix,

i.e. si(’];) 4 with 1 <i, j <n, k> 1. The closure of Xp is guaranteed by (3.49). Then, considering

repeated applications of Lemma 5.4, it is possible to write U WT above such that, in each term,
elements of the X p subalgebra appear to the left of the expression. That is, there exist Bij; ke

W: ® Xp((v™1)) such that
tra{p(v) Aa(0)}" Bia () = Baa (@) tra{p(v) S (v; u)}
m n
k —k -
+ 303 (B i) + B i),
k=1i,j=1
Since we will not need the exact form the Bij; ’k, we define the combination

n
Uk u) = Z (Bf;’k@ij(uk)+Bi;’k@ij(ﬁk)),
ij=1
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where we have made explicit the dependence on v and u. From Lemma 5.5 we obtain an exact
expression for the unwanted terms for a single excitation. Applying this to the leftmost creation
operator B; 4, (u1), followed by Lemma 5.9, we are able to extract an expression for U L(; u):

,3&101 (v) }U

up—v

U (v ) = #{p(v)
pur)

m 1

% [T (Baa ) TT Rajar(=uj =i = p) Res tra {p(w) S w:m)}".
i=2 j=i—1

! (5.35)

From here, to find U¥(v; u) for 2 < k < m we make use of Lemma 5.7. Specifically, by repeat-
edly applying transpositions, we may apply any permutation o € S, to the parameters u. Let
u, denote (Ug(1), - .., Us(m)), and let oy denote the cyclic permutation (k,k+1,...,1,m, ...,
k —1). Then

Bia() = Paa (o) Ralor] () Ralow] (@)
where Rq[o%](w) is the product of R matrices necessary to implement this cyclic permutation,

1 1
Ralow](u) = l_[ ( 1_[ I\éa,‘aiﬂ(uj_uj—&-l))-

j=k—1 =m-—1

With this permuted creation operator, repeating the arguments used to find (5.35) yields

v m 1
1
Uk(v; u) { (U) ﬂalal (U)} 1_[ (ﬂl}',‘a,‘ (uﬂk(i)) l_[ Rajl}',' (_Mak(j) — Uoy (i) — '0))

plui) i=2 j=i—1
X Res {p(w) try, S( (w; u(,k)} alor](u) R [ox](@), (5.36)
and therefore a full expression for the unwanted terms,

tra{p(V) Ag ()} Baa () = Baa () tra{p(v) S (v; w)}”

m 1 " !
+Z { - ﬂalm(v)} H(ﬂéiai(uak(i)) 1_[ Raj&i(_uak(j)_uak(i)_p)>

1 p(uk) Py imio1

x Res trg { p(w)S (w; uo)}" Ralowl() Ralox ().
w—>ug

Acting now with this expression on the level-1 Bethe vector gives the full action for the transfer

K

matrix on the top level Bethe vector with u E”) =u; — 7,

v m

() - @) = Baa @) walp(v) S Wi} - @D @i w)
1
ﬂalal(v)} H(ﬂa,-a,-(uaku)) l_[ Rajfz,-(_uak(j)_uok(i)_p))

+ Z { p(v)
i=2 j=i—1

x Res trg {p(w) SO (Wi ug) )" Ralow) (@) Ralow (i) - D @71 i, )

T p(uk)

= Baa @) tra {p()S (v; w)}? - @V @D 1 w)
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v m

+Z { - ﬂmal(v)} H(ﬁéfaf(udk(i)) 1_[ Raj&i(_ugk(j)_ugk(i)_p))

p(uk) i=2 j=i—1

x Res tr, {p(w)SL(ll)(w;ugk)} oM gU-n=b, S loys Ugy)-
w—>ug

The last equality follows from Lemma 5.18. From the full expression (5.31), the condition (5 32)

)

for the parameters u;”’ is equivalent to Res (/)A(l)(v +5 I u(l"'”)) =0 with ugn) =u; — 2, as

these poles are not present in A (3 — — (1 ”)) Therefore, from Theorem 4.13, using weights
from Proposition 5.14,

7(v) - \I/(u(l“'"))

. 1. (1)
= A(viu") W) +ZwliegkA(w “o )p(uk)

{ P) ﬁalal (U)}

m
X H(ﬂaiai(uam)) ]_[ Ra,-af(—uak<j)—uak<i)—ﬂ))‘¢(1)(u““'"_”;ﬁak,uak),

i=2 j=i—1
where A(v; u+") = {p(v)AD (v; u!)}" as required. Note that, owing to Corollary 5.20,
we have A(v; ul-") = A(v; uffl(‘n‘;")) for any 0™ € &,,, . Therefore, W(u'!™) is an eigen-
vector of 7(v) with eigenvalue A (v; ud-m) provided Res A(v; ul-my =0, or equivalently

v ug
Res A(v+7%; ul-"y=0,forl <k<m,. O

(n)
VU

Example 5.23. The symplectic Bethe vector with m top-level excitationsand m| = ... =m,_
0 is given by

W) = [B(”Yl) + ] (Bl + Dl

= [S(”gn) + %)]n,n+l e [S(I/l,(;:) + %)]n,n+l 1

Form;=m, =1and my = ... =m,_1 =0, the on-shell symplectic Bethe vector, that is, when
the parameters satisfy the Bethe equations, takes the form

(=D _ @™ — =D D™ + =D 4 p 4 1)
) - (u(”) — u("_l))(u(") + u(n_l) + p)

([B(u(n)+ )] [ Aln— 1)(u(" 1)+ )]

Y™y

Vo104 251y
S @™ =D — @™ +utD 4+ p 1)

x ([B(”(n) + %)]n,Z + [B(“(n) + %)]n—l,l)) 1 (5.37)

where A= (v) refers to the level-(n — 1) nested version of the A operator of S(v) obtained via
(4.3).
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5.7. Transfer matrix and Bethe vectors for a X ,(502,, sogn)’ Y-chain

We now focus on the orthogonal case. We define the transfer matrix 7 (v) acting on the quan-
tum space M defined in (5.1) in the same way as we did in the symplectic case. However, the
definition of the orthogonal Bethe vector will differ from its symplectic counterpart in Defi-
nition 5.19. Indeed, looking at Proposition 5.14, the weights ¥, (v; &; ) do not have poles at
v = u;j, and so making the same ansatz as in the symplectic case would yield Bethe equations
that are trivially satisfied. Such an ansatz therefore must be identically equal to zero. To remedy
this we use a limiting procedure proposed in [7]. Recall that @ (=1 w: u) denotes the

level-1 Bethe vector constructed from SC(,])(U; w; u) according to Definition 4.10.

Definition 5.24. The level-1 orthogonal Bethe vector is defined by
oD

i@ @0, )= lim @D @D @V a—§ —e)a - peutae).
€—>

In the above definition, as well as parameters u1-"=D the Bethe vector includes m additional
excitations at level-(n — 1), with parameters it; — 5 —e = 5 —u; — p — €. The shift of § = %(n -
1) is simply to account for the parameter shifts in the nested Bethe ansatz for the B (n, r)-chain.
Parameters a and B have been introduced to control the limit as € — 0. These parameters should
be thought of as additional Bethe parameters, which will eventually be determined by the Bethe
equations. We obtain the same parameter symmetry as Lemma 5.18.

Lemma 5.25. The level-1 orthogonal Bethe vector satisfies

v % 1 _ ~
Rayaiyy (i1 — i) Rayary (i — uis) @) @7V s, B)
— oM

s (u(]‘..nfl)
im

Jioid 1) Oicsitls Biosit1)-
Proof. We use Lemma 4.12 to write

oM

_ - 1 _ ~
D@m= g )y =) @V ;i a, B).
Then

Riai Wiv1 —ui)Raza; (Ui — ujt1)
X liII(l) oD (1= (=D 7 5—e€)i—Be u+ae)
€e—
= 611_% R it —ui + (Bi — Bi+1) € Rayay .y (i — ui1 + (ot — 1) €)
x @D @-n=2 =D 7 _ 5 —€);i— Be;u+ae)
= elgl% D@72 @D i — & — )i iicitt — Bioip1€ Uicitl + Rioit1€),

where the last equality follows from Lemma 5.15, as in the symplectic case. Then, using

Lemma 4.12 to exchange &t — % —ewithitjjy) — % — €, we obtain the desired result. O

Corollary 5.26. The level-1 orthogonal Bethe vector satisfies
e (s ii;w) ) @7V i, B)
= AV (v a2 @OV G — %), u) o)

lim

(u(l..,nf]), ﬁ; a, ﬁ)
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with
A(l)(v; u(l”'n_l); w, u) _ 2v—n+p A+(v _ %’ u(])) y1(v)
2v—14p 2v4p
n—1 ~
2v—n+p 1 (i1 G Yi(v)

= PA (- u At (=L gDy — T

+ZZ: 2v—i+p (U 2 ) (U 2 )2v—i+1+,0

Vn(v)

- n—1 _(n—1)\ A+ n n +(,, _n n
A (U 7 U )“ (U 2, W )“ ( 2 u 2)21) n+1+p
(5.38)

provided

Res AV w4+ Lut=m2 @Y G — &) iu)=0 forl<j<m;, 1<i<n-—1,
(1)

(5.39)
hr% Res A(l)(v u-1=2 (=D S =5 —€); il — ﬁe,u+ae)=0 forl1<j<m.
€—> v—>uj—6

(5.40)

Proof. By Theorem 4.13 and Proposition 5.14, vector oW (u-n=2D (=D 7 _ % —€);
it —Pe;u+ ae) is an eigenvector of the nested transfer matrix TV (v; &t — Be;u + ae)
with eigenvalue AD = AD(v; u1-"=2 @D 7 — 5 — €);u — Be;u + ae) provided
Resvﬁuﬁiu%j\(l) =0for 1 <j<m,1<i<n-—1and Resv—>ﬁj—§—6+% AD =0 for
1 < j <m. Taking the € — 0 limit gives the wanted result. O

Direct evaluation of the residue and the limit in (5.40) yield the following Bethe equations for
l<j=m,

2uj—n+p+2y,-1(ij) _ l-a 1 At(uj— w1y
2M.i_n+p 7}1(’7‘/) 1—}3/ A+(uj—%,u("*2))1\ (”j_T’u(n 1))

For any collection of Bethe roots !~ the above equations can be thought to constrain & in
terms of . With this perspective, for any m-tuple u, as the equations depend on «; and 8; only
through the combination (1 —a;)/(1 — B;), there is a 1-parameter family of eigenvectors of the
nested transfer matrix with the same eigenvalue. We conclude that any choice of § must give the
same nested Bethe vector. In particular, there will be two choices of interest:

1 R
O(j=0, ,3]'25]' and aj:l_l—(S'::(Sj’ ,BjZO,
J
with eigenvector
iy "D 10, 8) = dpy,, @ i 5,0). (5.41)

Note that this equality has only been shown to hold “on-shell”, i.e. when the u‘!"~1 satisfy

Bethe equations. We are now ready to define the top-level orhtogonal Bethe vector. In what

follows, we will write u(") =Uj—5=1Uj — %, v:=—v—pand m, =m.
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Definition 5.27. The (top-level) orthogonal Bethe vector is
W' 8) = Bra @) - @ "7, 50, 8)
= Baa@®™ +5) - @jjy "D @ 1 5:0.8)
with §; defined by, for 1 < j <m,,
2 +p—1 F@” +5) I A+ @, =)
2 4 p+1 7@ +5) A @ — L =) A= @l ut=)

8 =1+ (5.42)

We now have an &, :=6,,,; x --- x G, , x G, action on the orthogonal Bethe vector by
reordering parameters. The invariance of the Bethe vector under this action can then be shown
by combining Lemma 5.7 and Lemma 5.25.

Corollary 5.28. The orthogonal Bethe vector is invariant under the action of G,,. 0O
The Theorem below is our second main result. Recall (5.38).

Theorem 5.29. The orthogonal Bethe vector W(u''-"); §) is an eigenvector of the transfer matrix
T (v) with eigenvalue

A(v; u(l‘..n)) = {p(v) AD (U; u(l'“"fz), (u(nfl)’ l_l(")); a® %7 u™ 4 %)}” (5.43)
provided

Res_) A(v+ %; u(l...n)) =0 (5.44)

v—>u
J

forl1<j<m;, 1<i<n-2 and

ootV +5) ’"1_[1 @ —u VD@ a4
T8y @ —u Y = D@ w1
i#]

1
= (-1 _
A (u(/n )_i_%’u(n 2))

(5.45)

forl1 <j<myu_1, and

P +5) @ —u )@ a4 p 1) |

[

Faor @ +5) i @ = =D+ o= 1) AT+ 5 u2)
PED e 4

(5.46)
for1<j<m,.

Remark 5.30. The equations (5.44-5.46) are Bethe equations for a X, (502n,5ag'1)’w-chain.

Their explicit form for u® with 1 <i<n-—3and i =n — 1 is the same as in (4.32). For
i =n — 2 there is an additional factor, corresponding to the extra excitations at level n — 1,
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)/n ( (n 2) 4 = 2) Mmy—o (ugn—Z) N ul(n—Z) + 1)(14(-’1_2) +u(n—2) +14p)

)7n—l(u§'n 2)—}—%) ’1;} (ui_”—z)_ul(n—Z) 1)(14(” 2)+u(" 2) 1+
i#,
my_3 (I/t(n 2) Ml(ni3)+%)(1/i;n_2)+Ml(n_3)+%+p)
= 2 (uy, 2)—u§n73)—%)(u(”72)+u§n73)—%+,0)
an—l( En—Z)_ l(n—l) 2)(u(n 2) Ml(n_l)+%+,0)
i @ = = D 4w — L4 )
K W0~ 4 10D 1™ 4 1y p)

-2 -2
1 (u;." )y _ 5)(145»” ) +u§n> — j +,0)

1

(5.47)

The sets of parameters =1 and u correspond to the two branching Dynkin nodes of 505,

and are often denoted uP and u( ).

Remark 5.31. For n = 2, the Bethe equations (5.45) and (5.46) decouple into two sets of Bethe
equations for open sl spin chains, and can be solved separately. This is consistent with the
isomorphism s04 = sl @ slp. Similarly, for n = 3, the isomorphism s0¢ = sl4 is borne out in the

Bethe equations (5.45), (5.46) and (5.47).

Proof of Theorem 5.29. The calculation of unwanted terms is identical to the symplectic case.

In particular, using Lemma 5.25 we find

() - W@ 8) = Baa ) {p) TV (s ) - @) @D 60, 8)

my 1
+Z { PQ) ﬁalal(v)}

p(”])

Mn

x l_[(ﬂa,a, (Us;i)) l_[ Rya (= ua]<k)—uaj(z)—p))

=2 k=i—1
(1 (1)
X wR_)esj {pw) t P (w; iy, uaj)} D)

Recall notation u;")

Res A(l)(f) —i.y(n=2) (u(nfl) ,2('1)). a4k gy £) =0
Hu(v[) 2’ 9 9 9 27 2
j

@D iig,5 0, 85).

=u — 7. Corollary 5.26 applied to the wanted term together with the identity

forl <j<m;and 1 <i <n—2yields (5.43) and (5.44). The above identity does not hold for

i =n — 1. Thus the Bethe equations (5.45) for ug.”fl) are obtained by evaluating directly

Res AW(v— 25b a2, @D, ), a® + 5, u +5) =0
—U
J

and the help of

A (v a™)At(v—4a™ - Datv— L u™ 1) =AT(v,a™).
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The top-level Bethe equations (5.46) for ug.") are obtained from equating to zero the unwanted
terms. However, some care must be taken so as not to exchange the order of the residue and limit.

Using the same arguments as in the proof of Corollary 5.26 and assuming (5.44) and (5.45), so
that (5.41) holds, we write

Res {p(w) tV(wiilo i ue)}" - @i @D iig 5 0,64,)

w—u j

= lim Res <p(w) D (w; Ug; — 80,6 Ug;)

e—>0 w—uj
x @D @72 @Y iy — 8 — €)iilg; — 8o,€: Ug))

+ p(@) TV W1 dig,; Uy, + 8g,€)
X (D(l)(u(lmn_Z)v (u(n_l)v ﬁaj - % - 6)7 ﬁaj’ u(fj + Saje))-
This expression equates to zero if

lim Res (p(w) A(l)(w; u-n=2 (u(”_l), u— % —€); il — be, u)

e—0 w—u;

+ p() A(l)(ﬁ); u(l“'"_z), (u(n—l)’ i — % —€)iii,u+ S€)>

=lim R A (w—"F u" A (w-"F -5 -
lim Ry (p)A~(0 =251 u® D) A (0= 255 § )

T L T A T 71 CON
x AT (w—5,w—8e—5)AT(w u )2w—n+1+p

2
~ ~ ~ S )711(71))
xAT(W—2a—)AT (-2 u+de—2)—"——)=0
(=35 3) AT 3) 20—n+1+p
Note that the terms that contain a pole at u; are A+(w —5,u—75)and A (w - 5,0 — 3).
Now evaluate the residue and use identities A* (0, w) = AT (v, w), A* (v, w) = AT (v, w) and
p(w) = —p(w). Then, upon rewriting u;’s in terms of u§ "> ’s, we obtain

lim <A_(u§.">, u("_l))A_(ugn), u™ + E)A+(M5-n) — %, u™ 4 8¢ + %)

e—0

. (">+p (L uﬁ")—uf’” (")—i—u(n)—i—p—l
i#]

- A+(u5."), u(”_l))AJ’(u;"), u™ 4+ €)A” ( w4 3 Lou®™ 4 §e — —)

H g
(n) ™ (n)

x (n) )
2u +,o+1 u; +u +po+1

}7’1 (ﬁ(fl) ) my u(”) ('1) -1 (”) + u(") +p
=0. (5.48)

Observe that



62 A. Gerrard, V. Regelskis / Nuclear Physics B 952 (2020) 114909

(n) (n)
2u; +p—12u"+p+1
lim A~ (', u™ + ) AT (U — §u" + e+ 3) =9, w w
e—>0 2 +p 2 +p

my (1) (n) _ (n) () _ (n) _ (n) (n) ()

Xl_[u/ —u, lu,"+u; " +p—1 u; u; +u,; +,0+1
(n) l(n) (n) +u(n) T ui_n) _ul(n) 1 (n) +u(") T
t#/

and

(n) (n)
L 2uy+p—12uy +p+1
lim A+(u§."),u(")+e)A ( (")+2 u(”)+66——) LY

e—0 2 (n)+p 2 (")—i-p
my u&") (n) +1 M(n) +u(n) +p+1 uﬁn) _ ”En) (n) +u(n) +p—1
X
Pl ug.") _ul(n) (n) +u(n) +p u;n) _ulgn) +1 u(n) —i—u(”) +p
i#j
Hence taking the € — 0 limit in (5.48) gives
(n)

yn(u(") +3) 1"2[ ugn) — uEn) +1 u(") +u;
u(/n) _ u[{n)

t#/ ’

Vn(ﬁ(n) + ﬁ) mpy u(") _ M(n) -1 (") +u(”) +,0

J i _
1_[ (n) (n) =0.

2u (")—i—p—i—ll poup—u; (n)—i—u(")—i—p—i—l
i#]

+p

—(, (n) (n 1)
A (u; §i
(J ) (n) u(”) o—1

2(”)+p

—A+(u5.") (n— 1))8

Recall that § j=—38;/(1 —34;). We may thus rewrite the equality above as

2(”)+,0+1 ZICHREES
2+ p = 17,5 —ul” — p)

my ¢, () (n) (n) (n) +0,(0) (n—1)
y (u o+ D +u; +p+1)=_ 1 AT(u; u ).
o @ = (’” — D@ +u+p—1 T8 A @ u D)
i#j
Substltutmg the definition of §; from (5.42) and using A"‘(u(n) ,u(”_z))A_(uE.") +

2, u=2) = 1 we obtain (5.46), as required. O

Example 5.32. The orthogonal Bethe vector with a single top-level excitation and m; = ... =
my_1 =0 is given by

2u™ + p
1 1
1-8 2u™+4+p+1

(e

2u™® 4 p—1 a1y
V(™) = (‘ [BG™ + 2] [A“P @™ + ],

+

[B(”(n) + %)]n—l,l

_ [A" V@™ + D]y,
2u™ + p
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1 2u™ +p
1—68 2u™ 4+ p41

. A= () 4 1
x ([A(nl)(ﬁ(n) + %)]22 B [ ('™ + 2)]11)> -,

[B(u(n) + %)]n,2

2u™ + p

where A(”_l)(v) refers to the level-(n — 1) nested version of the A operator of S(v) obtained
via (4.3). Note that the level-(n — 1) excitations contribute only diagonal elements, which do not
modify the vacuum vector. Hence the expression above may be simplified by using (5.42) and

Vn @™ + %)
2u™ + p

P @™+ 5)
2u™ 4+ p—1

)

[‘4(’1) (’Z(n))]n n=-

[APD@™ + b)), -n= 0, x

resulting in

)7,,_1(12(”) + %)

7 (n) — <
@) O

(1564 9],y = [5G+ 5], ,00) -0
5.8. SOy, /(U, x Uy) and S P>, /(U,, x U,) magnets

In this section we focus on orthogonal open spin chains with the bulk quantum space
being an ¢—fold tensor product of the highest weight so;, representations L(X) of weight
A= (k,....,k,£k) with k € %Z+, and symplectic open spin chains with the bulk quantum
space being an /—fold tensor product of the highest weight sp,, representation L(A) of weight
A= (k, ..., k) with k € Z . Such spin chains were called SOy, /(U, x U,) and S Py, /(U, x Uy)
magnets in [39]. We will consider both chains simultaneously.

Define operators F;; by F;;L(A) = F;;L(X) and set F = Z%:l e;j ® Fij. The generating
matrix F satisfies the quadratic identity

Fr=k(k+K) +«F. (5.49)

Remark 5.33. For g,, = s05, and k = % an explicit realisation of the operators JF;; in terms of
anti-commuting variables is given in the proof of Theorem 5.16 in [3].

Define a Lax operator

Lay=1+— - (5.50)
Lemma 5.34. We have

R(u —v) L1 () Lo (v) = L) L1 ()R — v), (5.51)

L) L(—u) = L) L'+ 1) = L+ 1) L(u) = ”2;2(/{7;%)2 I. (5.52)

)
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Proof. Relation (5.51) follows from Lemma 3.4 in [22]. We only need to show that the quantity
U in that Lemma equates to zero. Indeed, using symmetry F' = —F and identity (5.49) we find

U= Q(F1 +Kk)Fr — Fa(Fi +k)Q = Q(Fak — F3) — (Fak — F3) O
=Qkk+k)—k(k+x)Q =0.

Relation (5.52) follows by a direct computation using similar arguments. O

Consider space M defined in (5.1) and replace each LG ))01 with a ¢;-shifted X (s0,,,)-module
of weight AY) = (k;, ..., k;, £k;) with 2k; € Z, or a c;-shifted X (sp,,)-module of weight
2D = (k;, ..., ki) with k; € Z. (Recall (5.23) and note that LO(A))., = C unless g, = 502,
and \) = (k;, ..., ki, —k;), in which case L°(A()), = C".) Then Proposition 5.14 holds except
(5.30) should be replaced with

_ N0 4 NG
Woy=1+——— Pw=1- ﬁ (5.53)
i 2 4 2

Finally, Theorems 5.21 and 5.29 also hold.
5.9. Hamiltonian for the fundamental open spin chain

In this section, we discuss the case in which each bulk quantum space is the fundamental
representation of gy, and each ¢; = —«/2,i.e., M = (C 2n)®¢L Additionally, set p = 0. Let K (u)
denote the K -matrix associated to a one-dimensional representation of X ,(g2x, ggn)’ W as listed
in Proposition 3.11. Additionally, let K*(u) denote a solution of the dual reflection (obtained by
substituting u — & and v — v in the reflection equation, so that K*(u) = K (i1)). Note that in the
above Sections we have taken K*(u) = I. For such an open spin chain, the transfer matrix given
in Definition 5.16 takes the form

4 1
) = % tr, (K:;(u) (1‘[ Ra,-(u)> Ko (1_[ Rai<u)>> .

i=1 i=t
Prior to extracting a Hamiltonian, we may cancel the poles at u = 0 and u = x by multiplying by
a certain rational function in u to obtain

l 1
t(u) =tr, (K:(w (1"[ Ra,-<u)) Ko (u) (H Rai (u))) , (5.54)

i=1 i=0
where

R =" pay = -0 L 0 p 1 g cBnd(@ © Cu)

and K (1), K*(u) are normalised such that K(0) = K*(x) = I, with trlKK(x) and trK*(0) both
non-zero.

Proposition 5.35. The following Hamiltonian commutes with t(u):

-1
H'=H)+Y H,,, + Hp, (5.55)
i=1
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where

0iit

tr, (K*(0)H°
0=<JLLJL__JE2 Hﬁ::%K%GD, H? P+ »

L rK*©0)

ii+1 =

Proof. Observe that R(0) = P, and K(0) = I, so Proposition 4 in [41] allows us to extract a
nearest neighbour interaction Hamiltonian for the system. O

The Hamiltonian (5.55) is equivalent to the one considered in [10]. The two-site interaction
term H; ;11 is equivalent to that given in [39].!

An additional Hamiltonian may be extracted from 7 (x) by looking instead at the point u = «.
At this point, R(k) is equal to Q, rather than P. Nevertheless, the following procedure allows a
nearest neighbour interaction Hamiltonian to be extracted.

Proposition 5.36. The following Hamiltonian commutes with t(u):

-1
H*=Hf + Y Hf, | + Hf. (5.56)
i=1
with
trq (HS K () 0ii
1 / t a {a _ p.. i,i+1
Hf = 5(K{'(©)) . HEZW» Hi’fi-‘rl_Pl,l-‘rl:F—K

Proof. We begin by differentiating ¢ («) at u = « to obtain

t/(K) =try <K2/(K) Qat -+ QueKa(k) Que - Qa1 + Qa1 -+ Que K;(K) Qac-+ 0Qal

14
+ Qar- R (6) - Qut Ka (i) Que -+ Qa
j=1

0
+) Qat - Qae Ka (k) Qae--~R;j<K>~--Qa]).
j=1

Repeated applications of Qi M, Q. = Qg tr M and tr, Q,; = I allow us to reduce this to:

') = trg (K3 () Qar ) trp K (i) + K’ (i)
-1
+ D trg (R () Qa. j+1 Qaf) 5 K () + trg (Rl (6)Ko () Q)
j=1
—1
+ 3t (Qaj Qa j4 1R} (1)) try Kp (i) + tra (QueKa ()R} (1))
j=1

Since R'(x) =1 — P/k + Q/k, it commutes with Q acting on the same spaces, allowing us to
apply the cyclicity of the partial trace. With this, and the identity Q,; M, = Qu; M, we obtain

1 We believe there is a sign typo in (5.2) of [39].
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1) = (K5 (1)) tra Ko () + trg K., (1)
-1

2, Ko () YRy (O Pyt + 21t (Ko (R} (6) Ota)-
j=1

From here we divide by tr, K, (k) and subtract appropriate constants to extract the Hamilto-
nian. O

Remark 5.37. Note that in the case where both conditions on K and K* hold, the Hamiltonian
H° 4 H* has nearest neighbour interaction in the bulk given by P; ;1.
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